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Abstract:
Methods are presented which optimally select the break points of a piecewise linear function used to
approximate a nonlinear functional.

On one hand, given the analytic functions which are to be approximated by piecewise linear functions,
and the number of segments of the linear function, break points are selected so as to minimize the total
absolute difference between the analytic function and the approximating piecewise linear functions. On
the other hand, given a table of raw data values presented in ordered array, which are to be fitted by
piecewise linear functions, break points are selected at the largest value of the independent variable
such that no infeasibility is incurred. Infeasibility occurs whenever the deviation of the observed data
from the fitted linear segment exceeds a prescribed value K, the maximum allowable deviation
specified. These break-point search methods are compatible with and incorporated into the usual
method of separable programming to obtain more precise approximating solutions.
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ABSTRACT

Methods are presented which optimally select the break points of
‘a piecewise linear function used to approximate a nonlinear functional,
On one hand, -given the analytic functions which are to be approximated
by piecewise linear functions, and the number of segments of the linear
function, break points are selected so as to minimize the total abso-
lute difference between the analytic function and the approximating
piecewise linear functions. On the other hand, given a table of raw
data values presented in ordered array, which are to be fitted by
plecewise linear functions, break points are selected at the largest
value of the independent variable such that no infeasibility is incurred.
Infeasibility occurs whenever the deviation of the observed data from
the fitted linear segment exceeds a prescribed value K, the maximum
allowable deviation specified. These break-point search methods are
-compatible with and incorporated into the usual method of separable
programming to obtain more precise approximating solutioms.




CHAPTER I

INTRODUCTION

The ?roblem Clags

Mathematical programming covers an extensive area composed of a
great variety of problems for which numeroqs'methods have been
developed for solving particular classes of problems.

Oné important class of problems occurs in nonlinear programming
in which the objective function and eéch,of the‘constraints consist of
sepérable functions. That is, minimize (maximize)

n
F = F.(x.)
421 379

n .
subject to z gij(xj){fﬁ =, Z}bi

j=1

x, >0
J-—

where i = 1, 2, .., m3 J =1, 2, ..., 10,

Such prbblems can be solvgd by replacing the functions fj(xj)
and gij(xj) with po;ygonal approximatio§s. "That is, each functioF is
approximated by straight line segments between selected points. Hence,
the original nonlinear programming problem is transformed into a linear
programming problem so that an approximate solution can be obtained by
a slight.modification of the simplex method. Thus, for the problem

stated above, the linear programming counterpart is,




n ~
minimize (maximize) F = Z £.(x.)-
L

n A
subject to jzlgij (xj){i , =, 3}bi

x, >0
i =

where 1 =1, 2, .v., m3 jJ =1, 2, ..., 103
fj(xj) is the polygonal approximation to the function fj(xj); and
gij(xj) is the polygonal approximation to the function gij(xj).

The key concept of this special technique is that a éeparable

concave (convex) function of a single variable can be approximated as

closely as desired by ‘piecewise linear functions. In fact, second

order conditions for the existence of an optimum require that all of the

fj(Xj) be concave (convex) functions when the objective is to maximize

n
(ninimize) Z

f,(x,).
j=1 33

Summary of Past Work

: Previous studies have resulted in the development of algorithms for
ithe separable convex programming problem. For example, Charnes and

-Lemke (6) and Miller (18) have developed linear approximation methods.

The main feature of these methods is to linearize the nonlinear func-

‘tions on a grid of points

1 2

the problem. Let X, X7,

T T T
(xl, Xo5 e xn)).

spanning a suitable portion of the space of

cees XT be a collection of n-vectors (XT =

Any point X, of this collection may be written as




3
T .
t t t C . .
X, = Z A X where ,ZA = 1 for all t. Then, given any function f(x),
t=1 t

the linearization of f(x) on the grid xl, x2, ceis xT is attained

through the approximation f£(x) = Zktf(xt). Thus, any nonlinear pro-
rd .

gramming problem becomes a linear problem in the new variable At if

£f(x) is replaced throughout by its representation above. The nonlinear

programming problem can now be stated in the approximate form:

t., t
Maximize (minimize) ZA f(x)
‘ t

‘'subject to JAT =1, afF >0
t

Zktgi(xt){f, =, >}0 for all i.
t

The transformed pfoblem can be solved by the usual simplex method.
Another similar method for the solution of the separable convex

programming problem is presented by Hillier and Lieﬁerman (13), and

also makes use of a 1ine§f programming -approximation of the original non-

. linear programming problem. Howgver, the approximation functioﬁ

CfL(x, to the frue curve f,(x, is constructed as f.(x.) = s..Xx, %

; where s,. is the slope of the piece-

§
e o o + s ik

LX. b .. ot s, WX, L
Jjk 3k Jmj~ jmj
i'wise linear approximating function. The original variable, Xj’ is

broken into mj segments at the breakpoints, bjk' The new variable, x,

is define& as the kth segment of xj. The problem is then transformed to:

jk’




m,
: 3
Maximize (Minimize) )( ) s. x. )
i k=1 jkjk

subject to ggij(xjmj){fﬁ =, >} 0 for all i . L

*jk < "jk|
. for all j, k.
xjk >0
In both cases, the closeness to'which the linearized solution
approximates the optimum is determined by the fineness of the grid. If‘
thg chosen grid is fine enough in the neighborhood of the solution,
answers of suitaBle accuracy can be obtained.
After the linear programming approximation is solved, if a more
‘ precise answer ig needed, a grid'refinement process can be used. The
algoritﬁm for grid refinement described by Dantzig (8) starts with
the computing of coefficients for each term of the approximating func-
tions, for instance at x = 0, 0.5, 1, with grid size 0:.5. Upon solving
the first linear programming approximation, halve the grid size and
compute coefficients for only those new values which are adjacent to’
the current solution for x. Thus, on the éecond piecewise approximation?
'if the previous solution were x = 0, compute the coefficient at x =
0.25, discarding the value at x = 1; if x = 0.5 compute coefficients

.at 0.25 and 0.75, and discard the values at 0 and 1; if the solution x

is a weighted average of two grid points 0 and .0.5, then include a grid
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value of x at .25 and discard the value at l; etc. In this way, for
each successive piecewise approximation problem, coefficients are
computed for at.most three values of each x and such that the range of
x is halved each time. It was pointed out that successive values of x
obtained in this manner will stay within the.range established by prev-
ious cyc}es. . |

Another grid refinement procedure is described by Alloin (2).

1 2 _
Suppose that a grid x , X , «..) xT is given, and the associated linear

programming approximation 1s solved, yielding'kl, Az, ...,_AT‘and the

dual solution GO’ a ey Gm' When refinement of the grid is needed,

l’
of several possible points that might be adjoined to the given grid as

a further refinement to obtain a better solution, which point would the

- simplex method choose as contributing the most to the solution? He

suggested that the decomposition procedure can be applied. The procedure
is to evaluate the reduced cost for each new column of ;he linear pro-
gramming problem and to choose the one with largest reduced cost. Or

equivalently, xT+l is the maximizing value of'fj(xj) - Zﬁigij(xj), (Xj
3 ‘

. unconstrained). Thus, a new column which tightens the grid is con-

structed, a new variable is added, and the simplex method again employed

]

to find a new solution to the expanded linear programming problem.

Purpose of This Study

The survey of past work reveals that the approximation techniques

" used in all the existing algorithms are simply based upon judicious
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selection of the break points of the piecewise linear function rather

than selection via a stated criterion. Hence, development of a solution:

technique to include '"non-subjective" selection of break points is

believed to be useful. Therefore, the main purpose of this study is té'

develop some criterion for the optimal segmentation of fj(xj) for piece-.

wise linear approximation. The solution technique is also to be
adaptable to the usual separable convex programming approach.
Closely related to this problem is the analysis of raw data which

exhibit no interactions between independent variables. . A method is

sought by which to analyze the objective function and constraints, which

may show strong nonlinearities, while still in raw-data form.
The development of solution techniques for separable convex func-—
tions and for the raw-data form of the problem is presented in Chapter

II and Chapter III, respectively. Chapter IV contains two illustrative

examples, one for the separable convex programming problem, and anotherl‘

for the analysis of raw data. A summary discussion and suggestions are

presented in Chapter V.




CHAPTER II

DEVELOPMENT OF BREAK POINT SEARCH METHOD ¥FOR THE
SEPARABLE CONVEX FUNCTION

The Approximation of a Separable Function ’

Consider the case where the given function can be written in the

" form f(xl, K5 eees xn) = fl(xl) + fz(xz) + ...+ fn(xn), where

ok
fj(xj) is a specified function of x.j only, for j =1, 2, ..., n. Thus,

_ 1f(xl, Xys vees xn) isﬂballed a "separable" function, éince it can be
written as a finite sum of separate terms; each of which involves ;nly
a single wvariable.

- An approximatiom technique is available for obtaining a solution
to the problem having such a séparable objectivé function. This tech-
nique involves reducing the problem to a linear programming problem by
approximating eacﬁ fj(xj) by several piecewise linear function;z Con-
sider, for example, the function sketched in Figure 2-1. The piecewise
1¥near approximation is given by fo) where the sfs represent the slopes
of the approximating lines and the b's repfesent the break points selec-
ted to give the desired degree of approximation. When f(x) is differen~
tiable, the valué df(x) /dx can be plotted against x as in Figure 2-2.
- The area under the df(x)/dx curve méy ge used to represent £(x) and the
histogram used to represent dex)/dx. By choosing appropriate bi'é (i-=
1, 2, ..., n), the absolute difference If(x) - fzx)l can be made as

small as desired; thus effecting a suitable approximation. That is,

an appropriate criterion to determine the suitability of a specific
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84

~1f (x)
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bg

) X

Figure 2-1. Piecewise Linear Approximation of an Arbitrary Concave-

Convex Function

df
dx A
df
dx
s./l
| /
bl b2 b3 b4 b

Figure 2-2. Histogram Approximation of df/dx
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approximation is to solve for the break points by minimizing the abso-
lute value of the total difference between the linear approximating lines

and the true curve.
For example, given f(x) = xz. Let x be bounded by 0 < x < 10 and

let the curve be approximated by two linear functions. Then, the break

point can be determined by minimizing the following function (see Figure

2-3):
X x,=10
i 2
Minimize z(l) = f|slx = x2|dx 13 fls
0 X,

\ J —

A ~~
% %9

2
1¥1 = sz(x - xl) - X ldx

where x1 is the break point, and S1 and s2 are the slopes of the corre-

sponding linear functions.

S ) . =y -
Bi definition, slx— f(xl)/xl = xl/x1 = X;. Then by convexity,

1
Z2. = fls 3 = x2|dx = f (x.x - x2)dx = x3/6. Therefore, minimize
1] 0 1 0 i I
x2=10
CUE a5t 3 & e
z x1/6 + [ (slxl tos,x - s,% - X )dx
%
i
e 'r1-3 e sy B R | nd
et 10x] + 38,%; 10s,x, + 50s, 1000/3 (2-1)
f(xz) - f(xl) 100 - x%
Since s, = = = 10 + x., substitute into equa-
2 X, = X 10" = Xy 1

tion 2-1 to obtain the following equation:

2 - 5xi 27508, EISOWT | Senrtetr it S o D (2-2)
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f (x)

Figure 2-3. Piecewise Linear Approximation of x2 Using One Break Point




i
Take the derivative with respect to Xy and set it equal to zero to

obtain the minimum. Thus,

lel - 50 =0 | e————————————eeee - —————————————— (2-3)
42 i
.. x,. =5, 8, =10 + x, = 15. Check the second derivative: 2 =
1 2 I 9%y
10 > 0. Therefore, X, = 5 is the desired minimum. The break point is

at x = 5, and the two approximating linear functions are 5x for the
first segment and -50 + 15x for the second segment.
For the same function above, when three linear functions are used

to approximate the curve, the objective becomes to minimize the following

function (see Figure 2-4):

% X
2
Minimize Z(z) = [|s,x - ledx + [ls,x, +s,(x-x,) - x2|dx
i : 1 B s 4 1
0‘ ) ;I .
ok i g
x3=10
2
oh flslxl -+ SZ(XZ - xl) ¥ s3(x - x2) - x“|dx
%\ : /)
: z,
3

A straightforward way to minimize the above function is simply to
take the derivatives with respect to the unknowns, xl and x2, and set

them equal to zero. Thus, the following simultaneous nonlinear equations

are obtained.

2 o X AL WL b
—X, X%, + 0.5x1 - 50 + le2 =0 (2-5)
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f (%)

x1 x2 x3=lO

2 : :
Figure 2-4. Piecewise Linear Approximation of x~ Using Two Break Points




X3

Solve the above equations to obtain x, = 0.5x2, X, =.20, or '6.66. X

1 2 2

20 exceeds 10, the bounding value of x. Hence, 6.66 is chosen and x

1
3335

It may be noted that when the given function is more complicated
than the parabola x2, simultaneous nonlinear equations which are diffi-
cult to solve will be obtained. An alternative way to find the minimum
is therefore desirable.

Assume that the minimum value of z, + z, is known for x2 = K,

1 2
where K is assumed to be the optimal second breaklgoint. Then, in order
x=

to minimize z(z), (the minimum of z. + z )+ [ “|s.x, + s, (x, - x,) +
iy s - ). "V

33(x - x2) - x2|dx must be minimized. If in"the previous solution, X, =

K is used instead of 10, equations 2-2 and 2-3 will be of the form:

3 )
7% PO 4 K K 2
-2l Dy e ——— S S — 2-6
: T a Ly (2-6)
2
kx, - K /2 =0 - ————————— —{(2=7)

Solving for Xl in terms of K, then Xy = 0.5 K leads to s2 = K + Xy =

1.5K. Therefore, the minimum value of ﬁ.and z, in terms of K can be

determined from equation 2-6 as the

3 2
minimum of z(l) = %— - %—(O.SK) +-12(-(0.5K)2 = 0.042K3, and
x3=10
(2) _ 3 ! 5 - 2
z = 0.042K™ + i l;lxl + s2(x2 xl) gt s3(x x2) x| dx
2
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100 - xg
Similarly s, = —— = 10 + K. Equation 2-8 can be written as
3 10 X,
z(z) = —0.125K3 i 5K2 - 50K + 166.7

Take the derivative with respect to K and set it equal to zero to obtain

the minimum. Hence,

--0.375K2 + 10K = 50'= 0

K =6.66 or 20
K = 20 exceeds 10, the bounding value of K, and hence must be discarded.
32 {2 (2)
Since i e e 5 > 0 at 'K = 6,66, 2 has been minimized. Therefore,
oK
X, = K = 6.66, X = 0.5K = 3.33. The break points are at X = 3.33 and
X, = 6.66, and are the same as the values obtained by using the previous

direct method.
In like manner, if four linear approximating lines are desired,

the same technique can be applied to x2 (see Figure 2-5). The objective

now is to minimize 2(3)
X, X
(3 - i T e
z = f [slx x“|dx + flslxl e sz(x xl) ledx
0 %
\ ~— ey l \ e B |
%1 e

%
3
2
+ Xf|slxl + s2(x2 = xl) . 33(x - xz) - x“|dx
2

N Y

29




1o

4
3
s
o
* X
0 -
xl x2 x3 x4—10

Figure 2-5. Piecewise Linear Approximation of x2 Using Three Break
Points
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x4=10 1
o+ & - - -/
+ i lx Xy s (x xl) = s3(x3 x2) + 34(x x3) 3¢ Idx
S S

24

First, using the direct method by taking the derivatives with respect to

the unknowns, x., x2, x3, and setting them equal to zero yields the

il

following simultaneous nonlinear equations:

1.2 A
~X, X, + 5%, - 50 + le3 = 0 e e e e e {2013

¢ i 2 y:
Solve the above equations for X, = 0.5x2, x2 l:) Xq and x3 = 155 lor

7.5. 15 exceeds 10, the bounding value of x. Hence, x3 = 7.5 is chosen,

x2 = 5 and x1 =R Bl

Now, solve for the minimum by the alternative step-by-step method.

If x, of the previous solution is some fixed value less than 10, then

3
the value of K in terms of Xq is again obtained from the minimum of
X,
2 CRi: &
2 T2, f|s X) + SZFX2 - xl) + s3(x - x2) - x“|dx. Similarly Sq =
X4 + K andzthe above expression can be transformed to:
—0.125K3 15 0.5K2x - O.SKx2 ax 0.167x3 ——————————————————————————— (2-12)

3 3 3

Take the derivative with respect to K and set it equal to zero:




0, 37582 - O.5x§ # Rty = 0 e e e (2-13)

Solve for K in terms of x. to obtain K = 0.666x3. The minimum value of

3
X
3
(minimum of zl+ zz)+ xflzlxl + SZ(XZ - xl) + 53(x - x2) - ledx equals
3 (3" 4
0.020x3. Thus, 2z can be written as follows:
x4=10
2(3) =0 020x3 + f Is S dE g (xl = g ELE () =t Y tTs TCSe = ledx
g 3 oA i e il g3 2 4 3
3

3 2
50.147x3 + 5x3 - 50x3 + 500/3

with x, = K = 0.666x3 and x, = 0.5K = O.SX2 = 0.333x3. Take the derivative

with respect to x., and set it equal to zero to obtain the minimum. Hence,

3

—O.44lx§ + 10x, - 50 = 0 b Bl L-s(2-14)

Xy = 7.48, X, = 0.666x2 = 4,98, X = 0.5x2 = 0.333x3 = 2.49.

These values are almost the same as those obtained from the direct method.
The small difference is due to the round-off error in calculation.

From the preceding example, one may conclude that if an additional
approximating linear function is required, one can simply add one more
segment and obtain new break points by modifying the prévious answer.
Thus, the refinement process is suitably carried out by the dynamic pro-
gramming approach. The original problem of n variables is transformed

to n problems of one variable only. And at each stage, a problem of one

variable is optimized.
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The solution technique as illustrated on the preyvious page can be
generalized to any single—variable function f£(x) eéhibiting conyexity or
concavity-. An objective function coﬁtaining such terms as eX, log x,
etc., éan be very difficult to handle, Howeﬁer, ahy single—va?iable
function can always be_éipénded in~é power series (l); That is to say,
ény single-yariable function can always be expressed in the form of a
polynomial and hence can be easily-integréted and‘differentiated. Thus,
applying the approéch:of the preceding example, a linear or nonlinear
equation of a single variable in each stage can always be obtained and
the solution easily identified.

The solution technique'présented_so far is actually nothing more
than a general approach to find the best approximation under the cri-
terion.that the total absolute difference between the apprqximating
function and the given function be minimized.

The genefal apprdach‘when n linear functions are used to approxi-
mate the'given function, f(x), is summarizéd as follows:

1. Check that the given function is convex Wiéhin the region

of the desired approximatién.

(1)

2. Minimize z where two linear approximating functions are
\

to be used.

xl ' X

2 ' :
z(l) = flslx - f(x)ldx +_.f{slxl + Sz(X - Xl) - f(x)|dx
0 %
\ — — —~ -
Loz : z

1 2




of z. + =z
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where x., is the break point, s

1 and s, are the slopes of the

1

corresponding linear approximating functions, and X, is the

assumed known optimal second break point. Or, minimize

J

x X
1 ,
z(l) = élal + s x - £(x) |dx + flal +toegx, F SZ(X - Xl) - £(x) |ax
\ . -/ Xl
: ~ \
zy . Zy

when f£(x) has the vertical intercept a

1°
. Solve for the value of X, in terms of Xy and express the
minimum value of z, + z, in terms of Xy

Formulate a new objective function as the sum of the minimum

1 2 and the total absolute difference of the third inter-

val of approximation. Then, apply the same minimization tech-
nique to solve for the value of the current unknown variable,

Xy» in terms of x3.

Formulate another new objective function as the sum of the

minimum of’21\+ z2 + z3 and the total difference of the fourth

interval of approximation. Apply the same technique to solve
L

Repeat the formulation and minimization of the new objective

for the value of the current unknown, x3, in terms of x

_function. Each time include one more interval of approximation.

Thus, the relationship between xl, b:4 «esy etc. is estab-

2’

lished step-by-step. When the relationship between X1 and
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X (xn = K, the boundary value) is.estabiished, the problem
is thep solved in its entirety.

This solution procedure déveloped for separable convex functions
can also be modified to handle the case of separable nonconvex functions.
It is known thaf linéar interpolation always. gives overestimation or
underestimation when the given function is convex or concave, respec-
tively. If the interval of "convexity" and "concavity" for a given func-
tion Within the boundary of desired apﬁroximation can be identified, the
difficulty in detérmining the absolute value is removed, and the same
procedure can be applied to obtain the optimal break points.

. The solution procedure suggested then is to identify the interval

of "convexity" by setting second derivatives greater-than or equal-to

zero to obtain the bound value and similarly to identify the interval of

"concavity". Then, the same technique of solving for the optimal break
points can be applied to each convex and concave part of the function.

This is illustrated via the following example:

_—
Given f(x) = %XB - %xz, where 0 < x < 10
3F(x) _ 12 _ o
el oX 3x
2
0 f(x) = x -3
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2 o
A x) x-3.>0 if x> 3
2 -~ , -~
ax
,.
Ef_éﬁl =x-3<0 . ifx<3

- 9x
Accordingly, the interval where convexity h§1ds is 3 £ x 5_10 and the
interval where coﬁcavity holds is O j_x-§_3.

The problem is then divided into two new probiems:

1. Approximate f(x) = E‘XB - g-xszy iinear functions on the
interval 0 < x 5:3.
) 1.3 3.2 . .
© 2. Approximate f£(x) = T T 3x by linear functions on the

" interval 3 f_x.j_lo.

‘Discussion and Adaptation of the Solution Technique to Separable Convex

Programming

. The develoﬁment of thg solution technique stems from the interative,
dyhémic prograﬁming approach; that is, to start with a sﬁall portion of
the prbblem and to find the optimal solutioﬁ.for this smaller problem.

Iﬁ then graduall§.eﬂlafges the problém, finding.the current op;imal'so;u;
tioﬁ from the prévibus one, until the original problem is solved in its
_entirety. T

Agy single-variable fﬁnction can alwéys be expanded iﬁ a power
series of the form‘aoxn % alén_l + .. .+ an-lx + an, a polynomial

approximation. Although the solution approach developed can be applied

to any single-~variable function, it does have certain limitations.
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First, .it can be applied only to functions of a single variable.
Therefore, when a-separéblé.funcéion Ts encountered, one can apply this
techniqﬁe to each single~variable subfunction, sepérately; .When a
nonseparable function is encountered, only~in:very'rare cases can one
apply this approach. However, it might be possiblé to use a suitable
‘transformation of variables to transform thé'original non-separable
function into a separaﬁle function of some new variables. For example,
let y.= %, + XX, + Xy This is a non—sepgrable function since it con-
tains a' cross product term. However, if we let X = u + w, and #
2

u-w, theny=u+w-+ u2 -w tu-w=2u+ uz - w2 has been trans-

2\:

férmed into a separable functioﬁ of the new variables u and w. In many
cases this kind of'transformation‘dpes,not work at all. Therefore,
the technique deveioped is generally limited to use with separable ™
fﬁnctions.

The secona pitfali in this approach is the possible ﬁecessity of -
solving for the roots of a nonlinear equatiﬁn'of polynomial form within
the region 0 S x < K. But, several methods exist for finding the roots.
. of nonlinear equaéions and are presented in Appendix II. -

Next, consider the application of optimal break points to the

separable conyex programming problem:

Maximize -

a .
lefj (sz
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n
subject to .Z aijxj f_bi for T sl 20, s T
j=1
and Xy 20 for.-J =15 2, 5 1

J

where fj(xj) is a concave function for § =1, 2, ++., n. Let mj be the

number of break points for the approximating function fj(xj) (see Figure

m,
i
> Z b,, be the values of x, at which the
= 2

- s b Ry oy
2-6), and bjl’le sz
3
break points occur, and where Z bjk is the upper bound of the value of
) k=1
X.. Also lets, (k=1, 2, ..., m,) be the slope of the piecewise
J LS ] I
linear function when X b'Z S X Ee Z b.,- Then,
=1 J 3 g=1d
r k=1
0 4F %, onlih
J j=1 J
k-1 kil E
x,, = {x - b if bl % xe . )8k
" 3 g 3 g1 38 T3 T 3
P st j
b b, if.x, > b
g=1 3% = 3 37 g1 3t
for k= 15 2, 5 10, andigo=n 1,02, P - |
It follows that
0 f-xjk f-bjk
and
O N . S BT o
j 312 jmj
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Ea(k.)
j

| £y(xy)

3.3

7 - T £(x,)

ji i
0 *M X_
b +b, 3
! 2 sl 7 Z b
k=1 3K
le sz xj3

Figure 2-6. Approximation of fj(xj) by fj(xj)
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~

The piecewise linear approximating function fj(xj) can be written as

- " A . igi
fj(Xj) 8,1%51 * 855%45 ‘0 8 5 m3%imj Thus, the original problem

can be reformulated as:

Maximize Z ( Z s

j=1 k=1 Jk Jk
subject to Z a . { Z x <l i for . sl e ) e T
j=1 * k=1
and xjk j-bjk for. sl r2 il 0 tke= Ly 2, My
m
and z e __0 for: 4 Et ks 240 seey T
kel ¥

This transformed problem can be solved as a linear programming

*
problem using the usual simplex method. If (xll, X12’ A xnmn) is
%
the optimal solution to this problem, then x. = 1 y X, =
m m 1 1k 2
2" % n % k=1
Z Xopr = xn = Z xnk must be the optimal solution to the approxi-

mate form of the original problem (13).

An alternative way téisolve the separable programming problem was
developed by Miller (18). Given the fuhction sketched in Figure 2-7,
let the range of x be 0 < x < K and suppose that m break points X have

been chosen, where X = 0, Xy < X, T R Fal K. When Xy < X i-xk+l’

2 f(x)

- £(x)
£(x) = £60), + etl

e+l T %k

k

(x - xk).
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f(x)

Xy Xy 3 4

Figure 2-7. Piecewise Linear Approximation of £(x) by £(x)
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Any x in the interval x, < x < x can be written as x = Ax 4

k k+1

1 - A)xk for some A, where 0 < A < 1, Subtracting x, from both sides,

k

- = -+ - - = -
B RS ARy RE S AKX TS X SOy Ty

so that
% ;3 - f
() = £, + (X)k“_ b Ayq = %) = M), + (1 - DEG), .
vl T %k
Let A = Ak+l’ 1-A= Ak
then, when xk < X 5-Xk+1 there exists a unique Ak and Ak+l such that
X = Akxk + Ak+lxk+1’ and f(x) = )\kf(x)k + )\k+lf(x)k+l with Ak + Ak+l =1
and Ak, Ak+l > 0. Hence for 0 < x <K,
Dy €60 = 1 )
x = A % Fx) = X, E(x).s A, = 1, and A, > 0.
k=0k k k=0 k k k=0 k k

In addition, no more than two of the A, may be positive and they must

k
also be adjacent.

Hence, for a separable programming problem, after the lineariza-
tion solution technique is applied to each single-variable function,
the problem can be transformed into a linear programming problem by the
procedure illustrated as follows.

Suppose that for each single variable, a sequence of break points

has been chosen. Assume for the moment that the same number of break

points m has been chosen for each variable. Then, xj can be expressed




























































































































































































































