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Abstract:

This thesis describes the creation and development of far-off-resonance diode-pumped cw Raman
lasers using high-finesse cavity enhancement from both theoretical and experimental standpoints.
Comprehensive theoretical models are developed for the cw Raman system in the classical and
quantum mechanical domains. The classical treatments include two separate derivations of the
time-dependent cw Raman equations (one as an appendix), derivations of the analytical steady-state
threshold power, impedance-matching power, all emitted powers, and conversion efficiency, as well as
the system optimization with respect to every parameter available, and a useful frequency tuning
picture (as an appendix). An entire chapter is devoted to the classical treatment of thermo-optic effects
in this laser system including mode pulling and thermal lensing.

The quantum mechanical treatment uses the Heisenberg/Langevin approach to derive the Stokes output
noise spectra analytically for this system. Subsequent analysis reveals the possibility of approaching
perfect photon statistics transfer from the pump to the Stokes and generating nonclassical photon
number statistics. An interesting and useful connection to the nondegenerate optical parametric
oscillator is uncovered. The quantum mechanical approach is also used to show that a similar system
can generate efficient cw anti-Stokes emission.

The process of constructing these laser systems and the subsequent measured behavior comprise the
experimental component of this thesis. Diode laser frequency locking for this system is treated
thoroughly as an exercise in precision frequency stabilization and control theory. The optimal designs
of the diode laser pump source, the high-finesse Raman laser cavity, and the electronic servo are
discussed. The use of injection locking and passive optical frequency stabilization are also addressed.

Using these construction and locking techniques, the results from diode-pumped cw Raman laser
experiments in diatomic hydrogen gas are provided and are shown to compare favorably with the
theoretical predictions. The results include steady-state data obtained from the first diode-pumped cw
Raman laser, the first high efficiency cw Raman laser, a cw Raman laser pumped by an
injection-locked diode laser, and the first cw Raman ring laser. Data confirming the effects of thermal
mode pulling and lensing are also provided.
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ABSTRACT

This thesis describes the creation and development of far-off-resonance diode-
pumped cw Raman lasers using high-finesse cavity enhancement from both theoretical
and experimental standpoints. Comprehensive theoretical models are developed for
the cw Raman system in the classical and quantum mechanical domains. The clas-
sical treatments include two separate derivations of the time-dependent cw Raman
equations (one as an appendix), derivations of the analytical steady-state threshold
power, impedance-matching power, all emitted powers, and conversion efficiency, as
well as the system optimization with respect to every parameter available, and a use-
ful frequency tuning picture (as an appendix). An entire chapter is devoted to the
classical treatment of thermo-optic effects in this laser system including mode pulling
and thermal lensing.

The quantum mechanical treatment uses the Heisenberg/Langevin approach to
derive the Stokes output noise spectra analytically for this system. Subsequent anal-
ysis reveals the possibility of approaching perfect photon statistics transfer from the
pump to the Stokes and generating nonclassical photon number statistics. An in-
teresting and useful connection to the nondegenerate optical parametric oscillator is
uncovered. The quantum mechanical approach is also used to show that a similar
system can generate efficient cw anti-Stokes emission.

The process of constructing these laser systems and the subsequent measured
behavior comprise the experimental component of this thesis. Diode laser frequency
locking for this system is treated thoroughly as an exercise in precision frequency
stabilization and control theory. The optimal designs of the diode laser pump source,
the high-finesse Raman laser cavity, and the electronic servo are discussed. The use
of injection locking and passive optical frequency stabilization are also addressed.

Using these construction and locking techniques, the results from diode-pumped
cw Raman laser experiments in diatomic hydrogen gas are provided and are shown to
compare favorably with the theoretical predictions. The results include steady-state
data obtained from the first diode-pumped cw Raman laser, the first high efficiency
cw Raman laser, a cw Raman laser pumped by an injection-locked diode laser, and
the first cw Raman ring laser. Data confirming the effects of thermal mode pulling
and lensing are also provided.
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Near-resonance SRS

Figure 3(a) shows the near-resonance case where both the pump and Stokes field
frequencies nearly match the single-photon atomic transition frequencies (i.e. the
single-photon detuning A is small). Gain for the Raman process is maximized in this
near-resonance regime. Through the process shown, energy can be converted from the
field at the pump frequency (w,) to the Stqkes frequency (w;). Energy conservation
requires that the atomic system be promoted to an excited state (level 2 in the figure)
during the interaction. The quantum structure of the atom therefore determines the
Raman frequency shift between the input pump and generated Stokes light.

By capitalizing on the enhanced gain in this near—resonaﬁc’é regime, cw Raman
emission has been achieved experimentally in ammonia [2, 3], neon [4, 5, 6, 7], and
atomic vapor [8, 9]. However, there are two significant drawbacks to operating in this
regime. First, these systems depend critically on the pump laser’s spectral proximity
to the single-photon transition frequency. As evident from the schematic in the center
of Fig. 3, small changes in the pump laser’s‘frequency alter the gain signiﬁcantly. This
limitation substantially restricts the suitable pump sources as well as the spectral
coverage and tunability of the Stokes output. Secondly, additional processes (other
than Raman) based on the population of level 3 complicate the behavior of these
syst.ems both theoretically and experimentally when the single-photon detuning is

small.




Far-off-resonance SRS

In sharp contrast to the near-resonance systems, Fig. 3(b) depicts the far-off-
resonance Raman regime, where A is very large. This means that the field frequencies
are not even remotely close to the single-photon atomic transition frequencies. Note,
however, that the two-photon Raman transition is assumed re;onant [wp—ws = way =
(Eo — E1)/H], as it was for the near-resonance case. The relative energy level spacings
shown, including the virtual level (represented by a dashed line in the figure), are to-
scale for fhe molecéular system analyzed in this thesis (diatomic hydrogen gas). Again,
energy is transférred from the pump to the Stokes frequency, with the difference
remaining in the medium. But this time, as will be shown in later chapters, the
extreme single-photon detuning isolates the Raman process from population-based
effects. Furthermore, as can be seen from the center schematic in Fig. 3, tuning the
pump laser frequency (which therefore tunes the Stokes output frequency) results in
very little change in the Raman gain when A is this large. For hydrogen, this means
that all visible and near infrared pump lasers will experience very similar gain and
allows for the possibility of broadly tunable Stokes output. The primary drawback
of this regime is the abysmal gain realized for such large single-photon detuning. In
fact, esteemed Raman researcher and Nobel laureate Nicolaas Bloembergen stated
in 1967: “The light intensity required to obtain an émppreciable gain is so high that

pulsed solid-state lasers are essential [10].”
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Since that time, two techniques ha\_/e led to the realization of cw Raman amplifica-
tion and laser oscillation in the far-off-resonance regime. Both substantially increase
the effective interaction length/time for Raman conversion in order to compensate
for the reduced gain far from resonance. The first of these techniques involves the
propagation of both the pump and the Stokes fields in Raman-active single-mode
optical fiber [11, Chapter 8]. The glass core of the fiber itself serves as the Raman
medium [12]. Due to the amorphous nature of glass, Raman gain occurs for vibra-
tional transitions over a very broad spectral region with a peak at 13.2THz (440cm™1).
The process will likely play a significant role in telecommunications where multiple
Raman shifts in optical fiber are used to convert existing cw lasers to wavelengths
needed for telecommunicatioﬁs ;exmpliﬁers [13]. However, in spite of the increased
interaction length within the fiber, multi-watt pump lasers are typically reguired for
these devices and cascaded Stokes shifts are often necessary to reach the target wave-
length because a single shift is too small [14, 15, 16]. Furthermore, other nonlinear
processes can compete with the Raman conversion [11].

The second technique currently used for far-off-resonance cw Raman conversion
is that of high-finesse cavity enhancement. Instead of propagating long distances in
a fiber, this method capitalizes on the prolonged photon storage time and the cor-
responding optical power enhancement within a high-finesse Fabry-Perot cavity [17,
Chapter 11] to dramatically improve the effective interaction length for cw Raman

conversion. This technique provides the foundation for the work presented in this




thesis and I'll therefore now narrow the focus of this introductory discussion accord-

ingly.

Cavity-Enhanced CW Raman Lasers

Due to relatively recent improvements in mirror coating technology, ‘Fabry—Perot
optical cavities, or resonators, can now exhibit optical power enhancement factors ex-
ceeding 105 [18].. Furthermore, the high-finesse cavity (HFC) mirrors can be coated
for two wavelengths, rather than just one. As a result, by enhancing both the pump
and the Stokes fields within a. HFC containing a gaseous Raman medium, the third-
order nonlinear Raman transition can be enhanced by facto?s exceeding 10°. This can
reduce the typical far-off-resonance Raman laser threshold from hundreds of kilowatts
to hundreds of microwatts. Figure 4 illustrates the benefit of double cavity enhance-
ment by comparing the Raman laser threshold for three different cavity styles: a
multi-pass cell, a HFC that is resonant just for the Stokes, and a HFC that is reso-
nant for both the pump é,nci the Stokes. As a resulf of the HFC enhancemeént at both
wavelengths, the stimulated Raman laser threshold can be reached using low-power

(<100mW) cw pump sources.
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index [29] and coherent anti-Stokes generation [30]. But perhaps most importantly,
it provided experimental confirmation of a Raman laser threshold below 1mW with
measured cavity finesses near 13,000 for each of the two wavelengths. This pioneering

work therefore confirmed the possibility of using diode lasers as pump sources.

Diode Pumping and Applications

Diode lasers are ideal pﬁmp sources for cavity-enhanced cw Raman lasers from
an applications standpoint owing to their relative low cost, small physical size, broad
spectral coverage, and tunability [20, 31]. It can be seen from Fig. 3 that if the input
pump frequency is tunable, then the output Stokes frequency can tune as well (i.e.
the virtual level will shift). In fact, Fig. 6 shows that by Raman shifting existing room
temperature diode lasers in just two gases, gap-free spectral coverage from the visible
past 5um can be obtained. This diode laser frequenéy conversion technique becomes
éven more attractive when one considers the modest pump power requirements [32],
high output power possibilities [33], high conversion efficiencies [34], as well as the
exceptional spatial and spectral purity of the output [27]. The primary drawback of
using diode lasers as pump sources is the limited single-mode output power currently

available from commercial devices.
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In the field of precision metrology, cw Raman lasers may also provide a new method
of frequency comb generation for laser stabilization ‘[22']. Additional applications will
undoubtedly also be found in other scientific fields and industries.

Clearly, the possibility exists for widespread use of cw Raman lasers. How-
ever, their niche will develop amongst higher power cw optical parametric oscillators,
simpler diode pumped fiber lasers, less expensive communications wavelength diode
lasers, as well as the cryogenically-¢ooled quantum cascade and lead salt lasers, just
to name a few. The precise role that cw Raman lasers will play in the near-infrared

arena remains to be seen.

Ring-Cavity Geometry

Most of the applications for cw Raman lasers rely on their long and short-term
émplitude and frequency stabilities. Several factors, including stability, favor a ring-
cavity geométry [17, pages 532-538| over a linear (two-mirror) geometry for cavity-
enhanced cw Raman conversion. Examples of these two cavity geometries are shown
schematically in Fig. 7. Furthermore, the traditional challenge of obtaining unidirec-
tional output from a ring laser is elegantly averted in the Raman system, as discussed

below.
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generation [29, 36] and also offers additional gain with each pass. In contrast to most
applications, it is not necessary to focus tightly since the gaseous gain medium fills
the entire intracavity region. Additionally, even though it has not been an issue for
the linear cavity Raman lasers, the traveling wave nature of the circulating field in
the ring cavity also prohibits standing wave effects such as spatial hole burning [17,
pages 316-323]. This is an enormous advantage for other ring-cavity laser systems.

Perhaps the most intriguing aspect of the ring-cavity Raman laser is its inherent
unidirectional operation. In typical ring lasers, symmetry in the gain between the
forward and backward directions can cause‘non—stable,lbi—stable, or dual-mode op-
eration. [17, pages 534-535] Intracavity optical elements are therefore often required
to coerce the laser to oscillate stably in a single direction. However, due to prefer-
ential Doppler broadening of the Raman transition in the backward direction, the
ring-cavity cw Raman laser exhibits inherent stability in the forward direction when
tuned to the Raman transition line-center.

The drawbacks of using a ring cavity for Raman conversion include the added
complexity in design, the cost of additional mirrors, and a slightly lgwer cavity finesse.
As will be shown in Chapter 2, any transmission through the extra mirrors enters as
a loss in the Raman equations, and will therefore degrade the conversion efficiency
from pump to Stokes power. However, with high-quality and properly chosen mirrors,

this drawback is insignificant.
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Overview of this Thesis

This thesis describes the classical, quantum, and thermo-optic fundamentals of the
diode-pumped cw Raman laser from both theoretical and experimental standpoints.
It is intended as an educational tool rather than a reproduction and collection bf
publications. I attempt throughout to either describe each conceptual jump in detail
through the extensive use of appendices, or.to refer the reader explicitly to adequate
resources. In light of this, the reader who finds the.material overly explanatory
can alternatively find the essential results and informatioﬁ in the pértinent journal
publications.

The remainder of the thesis can be partitioned into two segments. The theoretical
segment includes classical, quantum, and thermo-optic treatments of the cw Raman
laser system. The experimental segment describes the construction, operation, and
measured results of diode-pumped cw Raman lasers.

The classical treatment in Chapter 2 is used to derive analytical equations to
describe the basic cw Raman processes. I make a concerted effort to retain as much
simplicity and clarity as ﬁossible in this treatment. The chapter focuses on tile
ring-geometry Raman laser cavity, but the methods can be applied equally well to
the linear cavity. In fact, a comparison is made between the f,wo cavity styles as
part of Appendix B. Also included in the classical analysis is a mathematically and

practically oriented discussion of the optimal construction and operation parameters
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for the Raman system.

The quantum optical tréatment provided in Chapter 3 is used to derive the time
dependent operator equations for the cw Raman laser in the Heisenberg picture start-
ing from the system Hamiltonian. The Heisenberg picture facilitates physical under-
standing of the system. As a result', interesting connections are drawn between the
cw Raman laser and the nondegenerate optical parametric oscillator as well as the
traditional (population-based) laser. The quantum optical treatment also predicts
the possibility of nonclassical behavior from the cw Raman system and generates
analytical expressions for the output intensity noise (which include quantum noise).

Important thermo-optic effects are addressed theoretically in Chapter 4. The
treatment deals with both the thermally-induced mode pulling and the thermal lens-
ing that occur within the Raman laser cavity as functions of the generated Stokes
power. The reéulting modifications to the basic cw Raman laser equations are derived
and discussed. The thermo-optic effects present the largest fundamental obstacle to
be overcome in creating stable, high-power cw Raman systems.

Chapter 5 focuses on the frequency stabilization of the diode pump source to the
HFC for Raman conversion. This is perhaps the most important and challenging
experimental task involved in the construction of these systems. Both passive and
active stabilization techniques are discussed, but a detailed description of only the
active electronic locking procedure is given. Specific descriptions of the external-cavity

pump laser, the high-finesse Raman laser cavity, and the high-bandwidth locking servo
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are given. The chapter also describes the implementation of the injection locking
technique to enhance the often-meager power of the external-cavity diode laser pump
source.

Some experimental resulf,s that have been measured when the puﬁp laser, is stabi-
lized to the high-finesse Raman laser cavity are provided in Chapter 6. Specifically, the
chapter documents the first diode-pumped cw Raman laser, the first high-efficiency
Raman laser, the implementation of injection locking in the Raman laser system, the
thermal mode pulling and lensing, and the unidirectional operation of the first cw Ra-
man ring laser. All of the experimental results ére compared to the theoretical models
developed in Chapters 2-4. The final chapter is used to review the primary achieve-
ments and findings presented in this thesis and to discuss possible future research

directions.
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CHAPTER 2

CLASSICAL THEORY

The goal of this chapter is to provide the most straightforward time-dependent
theoretical description of the far-off-resonance éw Raman laser possible. I therefore
strongly favor simplicity at Fhe expense of rigor. Although many subtleties are lost in
the process and are left to be discovered in later chapters, it is my hope that the results
presented here allow insight into the basic physical processes that are involved in cw
Ra’man’lasers. When appropriate, I try to mention the shortcomings or limitations
of the results. I also use four appendices to cover some important topics in more
depth. In particular, Appendix B is used to derive the Raman laser equations from
first principles using the Lamb approach. Consequently, some may find this appendix
more useful than the cursory treatment given in the main chapter. I find myself
referring back to this appendix perhaps more than any other part of the thesis. Also
of particular interest is Appendix D, which documents the development of a useful
physicél tuning picture for the cw Raman system.

The treatment in this chapter is purely classical. Here, the quantum structure of
the atom is conveniently avoided by connecting the Raman gain to an empirically-
based parameter (the plane-wave gain coefficient). Indeed, this is how the Raman

gain is typically obtained in practice when theory is compared to experiment. Also
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note that an adequé,te physical description of the Raman gain can be established using
strictly classical considerations [37]. The chapter following this provides the opposite
extreme where both the fields and the atoms are treated quantum mechanically.

This chapter begins with a review of previous theoretical studies of ¢cw Raman
systems. In the second section, rate equations for both the pump and the Stokés in-
tracavity optical powers are derived. Along the way, the gain constant for the Raman
medium in the focused geometry is obtained simply by connecting to the results of
éxisting pulsed Raman laser work. In the third section the steady-state limits of the
intracavity Raman power equations are taken in order to generate the laselr thresh-
old condition. Equations describing the output versus input powers in the steady
state also follow directly from the intracavity powers. The fourth section combines
mathematical with practical considerations in determining the optimum construction
and operation parameters for cw Raman systems. The last section consolidates the
findings of the chapter and connects with the material to follow.

The appendices that are associated with this chapter are as follows: Appendix A
provides a simple method of obtaining a very useful general laser cavity field equation.
The equation can be applied to both the pump and the Stokes fields for the system
at hand. Appendix B provides a rigorous derivation of the Raman laser equations
in the focused geometry starting from the Maxwell equations. This appendix can be
viewed as an alternative to the treatment given in the main chapter. Appendix C

shows that the fundamental eigenmode of a single pass through the bow-tie ring cavity
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can be approximated by that of a linear cavity when the reflection angles are small.
Appendix D provides a very useful physical picture of the frequency tuning behavior
for the cw Raman laser. Throughout the chapter and the appendices, I attempt to

follow Siegman’s notation in Lasers as closely as possible [17].

Previous Work

The origins of cw Raman laser theory can be traced to the mid-1960’s where
amplifier theory (based in the spatial domain rather than the time domain) was
the dominant approach [38, 39]. Most of this early work was devoted to predicting
and optimizing the laser threshold in the plane-wave limit, but subsequent treatments
incorporated beam focusing. In particular, Boyd and coworkers developed very useful
analytic relations between the often-measured plane-wave gain coefficient and the
Raman gain in the focused geometry [40].

The experimental realization of far-off-resonance cw Raman lasing in 1998 was fol-
lowed by several theoretical treatments. Repasky and coworkers developed a steady-
state interferometric model, predicting a peak photon conversion efficiency of 50% for
symmetric mirrors (meaning the front and back mirrors have identical reflectivities)
and 100% for asymmetric mirrors (meaning the front and back mirrors have different
reflectivities) [41, 42]. The researchers discovered that the peak conversion efficiency
occurs at a pump rate of four times the threshold value. Peterson and coworkers used

an amplifier theory approach in another steady-state treatment [43]. They showed
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that under certain circumstances, a reduction in the mirror reflectivities could lead to
greater power extraction, thereby reinforcing the findings of Repasky et al. Brasseur
and coworkers developed the first time-dependent cw Raman laser theory [44] based
on a general laser derivation that was introduced by Lamb long ago [45]. In the
appropriate limits, all the treatments mentioned above can be shown to generate
equivalent results in the steady state (aside from a factor of two error in the Repasky
treatments). Quantum optical treatments that are related to cw Raman lasers are

discussed in the next chapter.

Raman Power Rate Equations

Starting from the general laser cavity field equation derived in Appendix A, this
section derives tﬁne—dependent equations for both the pump and Stokes optical pow-
ers. The Raman gain is obtained by connecting to previous pulsed Raman work.

The treatment given here is based upon the bow-tie ring cavity depicted in Fig. 8,
but it can be applied equally well to the linear cavity geometry as discussed at the end
of Appendix B. In the figure, the E’s represent one-way traveling wave electric field
amplitudes, while the r’s represent amplitude reflectivities. The cavity is assumed to
exhibit a high finesse so that all the reflectivities are very nearly unity. The mirror
with reflectivity o serves as both the input (for the pump) and output (for the Stokes)
coupler. The other three mirrors exhibit identical reflectivities (r1). It will be shown

that r; should be chosen as high as possible. All the mirrors have equal curvature so
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field amplitude (also real), c is the speed of light, 7+ = p/c is the round-trip time
in the cavity, p ~ 4L is the round-trip cavity length, o, is Siegman’s gain (or loss)
coefficient that is due to interaction with the atomic medium [17, page 272], Tp is the

power transmissivity of the input coupler!, and
y=75 (1= Ry) (2.2)

is the cold-cavity power decay rate, where R, = RoR} is the round-trip power
reflectivity for the ring cavity (Ry = r%). Eq. (2.1) simply indicates that three
factors can affect the circulating field dynamics. Specifically, the first term on the
right represents decay due to tr’ansmission and absorption of the mirrors '(1<')ss), the
second term represents the ’effec)"c of the intracavity medium (loss or gain), and last
term is due to an external input field (gain).

Because the optical power is proportional to the field magnitude squared (P =

const. x E? for real F) differentiation of this power leads to the equatioﬁ

dP(t) dB(t)
— = const. X 2E(t)7. (2.3)

Using this expression, Eq. (2.1) can be converted to a power rate equation to yield

%ﬁt) = —yP(t) + 2c 0m P(£) + 275 V/Tor/ POV Prao(d). (2.4)

This expression is also quite general and applies to a wide variety of laser systems. All

the parameters in the equation can be directly measured with the possible exception

1

The variable Tp used here for the input coupler transmissivity is also used for temperature in
Chapter 4. '
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o_f the laser gain coefficient, a.,. Attention will now be focused on this parameter for

the specific Raman' gain medium at hand.

Raman Gain Coefficient,

This subsection is devoted to relating Siegman’s laser gain coefficient, o, (units
1/m), in Eq. (2.4) to the commonly-measured Raman plane-wave gain coefficient,
denoted as « (units m/W). This is accomplished somewhat superficially by simply
connecting to previous Raman research in the pulsed laser regime. A more thorough
treatment of the laser gain beginning with the Maxwell equations is given in Ap-
pendix B, but the results are identical. That appendix also compares the results to
that of a standing-wave cavity.

Boyd and coworkers contributed substantially to the field of nonlinear optics
through (among other things) their analyses of parametric and stimulated interactions
in the focused geometry [40, 46]. Of primary interest here is their expression for the
fractional increment in Stokes power per pass given by Eq. (3.8) of Ref. [40]. For
the case when the confocal parameters for the two wavelengths are the same (this
is true when a single cavity is used to resonate both wavelengths), Rabinowitz and

coworkers simplified Boyd’s expression to [47]

AP, 4aP, . .
P /\po_:_ Z)’\ - tan~1(L/b), | (single pass, traveling wave) (2.5)

where the pump and Stokes are distinguished by the subscripts p and s, respectively,

the circulating pump power P, is assumed to be constant over a single pass, « is the




25
plane-wave gain coefficient (no¢ Siegman’s gain coefficient), \’s are wavelengths, b is
the confocal parameter, and L is the length bf one focused pass in the cavity (not the
round-trip length).

There are several obstacles presented with applying Eq. (2.5) to the ring cavity.
First off, due to the non-zero reflection angle from each mirror, the stable fundamental
resonator mode exhibits elliptical beam profiles at the four waists. As a result, the
confocal parameters for the two radial dimensions are not the same. Second, the
lengths and confocal parameters for the short passes are different from those of the
long passes. However, Apbendix C shows that when the reflection angle is small, one
can assume that each of the four passes in the bow-tie cavity is effectively identical
to that of a linear cavity, but with a traveling- rather than a standing-wave axial
dependence.

To connect Eq. (2.5) with the power rate equation derived above, one can consider
just the medium gain term in Eq. (2.4) for the moment (the second term on the right).
Whén the terms involving the mirrors are ignored, the resulting differential equation

is separable and can be written

= 2C 0ty dit. (2.6)

This equation can be directly integrated over the round-trip time (1+ = p/c). The

integration is particularly easy when one notes that P,(f) can be assumed nearly
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constant over the round-trip time. The result can then be written

AP;
5= 2D Ot s, (round trip) (2.7)

where AP, = P,(7:+) — Ps(0). Note that this last step is incompatible with systems
for which the single-pass gain is significant. The total fractional change in Stokes
power given by Eq. (2.7) is just the sﬁm of the contributions from each of the four
single passes from Eq. (2.5). That is, when the angle 6 is small (See Fig. 8), the four

passes yield a total fractional Stokes power change of

AP, . _daP,
P, T N+

tan™*(L/b). (round trip, traveling wave)  (2.8)

Equating Egs. (2.7) and (2.8), and solving for Siegman’s gain coefficient for the Stokes

gives

Om,s = , (2.9)

where the constant

_ et
~ 16 atan™(L/b)

P (bow-tie cavity unity gain constant) (2.10)

has units of power and can be interpreted as the circulating pump power required to
achieve unity gain over a distance of one round trip. As indicated in Appendix C, P,
can be modified to accommodate larger reflection angles in the bow-tie cavity.

To obtain an expression analogoﬁs to Eq. (2.9) for the pump gain coefficient, oyne

can notice that energy conservation requires the power gained by the Stokes per pass
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to be related to the power lost by the pump through
AP, = ——AP,. (2.11)

With this, and using expression (2.7) as well as an identical equation for AP,/ FP,, one

can quickly identify the pump gain coefficient as

s P :
PN 20 Py

(2.12)

With the gain constants given by Egs. (2.9) and (2.12), Eq. (2.4) can now be used to

generate the time-dependent equations for the pump and Stokes circulating powers

dP \s _ PP, _
—2 = 3B, — it R+ 270 /T 00/ P/ Pine (2.13)
dt Ap P
dP, P.P '

2 = —y, P+t =52 2.14
dt ry + Trt P]_ ( )

The explicit time dependence was omitted here for simplicity and it was assumed that
no incident Stokes beam exists (no “seed”). These two equations are the primary
results of this section. They gi\;*e the dynamic behavior of the circulating powers
in the two active cavity modes. 'All coefficients are given in terms of measurable or
tabulated quantities. To find the laser system’s intensity noise, the equations can
be solved numerically or they can be linearized about the steady-state values and
solved analytically. Such a treatment will be postponed until the next chapter so

that quantum noise can be included.

Steady-State Powers

The steady-state limit of Egs. (2.13) and (2.14) can be taken by setting the time
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derivatives to zero. In this limit, and using Eq. (2.2), the circulating pump and Stokes

powers above threshold become

Pp = Pi(1— Ry,xt), (2.15)
Ao | (4T PLPime\ Y |
P, = A_P [(%) —P(1— Rp,rt)} : (2.16)

It should be noted that a second set of solutions is also possible from Egs. (2.13)
and (2.14). The second set corresponds to zero Stokes power generation and represents
stable solutions only below threshold.

Note that the circulating pump power given by Eq. (2.15) is clamped (independent
of incident power) above threshold. The system therefore acts as an optical power
limiter for the incident pump light. As discussed in Chapter 3, similar clamping
behavior is also observed in both the nondegenerate 6ptical parametric oscillator
and the traditional (population-based) laser. Also, the intracavity Stokes power is
predicted to grow as the square root of the i;lcident pump power. However, it should
be mentioned here that the intracavity pump power ceases to clamp and the Stokes
power departs from a strictly square-root dependence on the incident pump power
when significant Stokes power is generated (typically 210mW for the ring cavity).
These effects and the associated modifications to Egs. (2.15) and (2.16) are due to

thermal lensing within the laser cavity and are discussed at length in Chapter ?7.

Threshold Power

The incident pump power necessary to reach the Stokes laser oscillation threshold




29

can be obtained by sétting Eq. (2.16) to zero. This yields

P (1= Rpw)? '
Pgp=—t 20 (1R, 2.
I S (1= Ry 1) (2.17)
LI (T,o~1— Ry ) (2.18)
j:pj.'s’ P, , 16/

where the approximate equality holds when the input coupler transmissivity domi-
nates the other cavity losses for the pump. The symbols F, and F; are the cold-cavity
(i.e. no intracavity medium) finesses of the resonator at the pump and the Stokes

wavelengths, respectively. They are of the form [17, page 436]

TA/T vt
F = -
1- Trt
2
~ . , 2.19
— R | (2.19)

Approximation (2.18) highlights the usefulness of enhancing both the pump and
Stokes fields in the cavity since the threshold pump power scalés inversely with the

product of the two finesses.

Emitted Powers

The optical pévvers outside the cavity pain be easily obtai_ned by multiplying
Egs. (2.15) and (2.16) by the appropriate power transmission coefficients, with the
exception of the pump power reflected frorﬁ the input coupler. In this case, the total
reflected field is a coherent sum of the the transmitted portion of the circulating pump

field and the (out of phase) reflected portion of the incident field

Ereq = 2(;p,O Ep —Tp0 Eine. | (220)
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Converting this equation to optical power yields

Rﬁ=<¢%ﬂ%—¢&w&9% (2.21)

Using this result and Eqgs. (2.15) and (2.16), the output Stokes power, the reflected

pump power, and the transmitted pump power are found to be

P out = Ts tot

4T, i
)\p < p,0 P1P1nc ’ (222)

1/2
e 2 —P(1-R,.
)\s 1- Rs,rt ) 1( P t)

2
reﬂ = {[Pl 1 — Rs rt) p0]1/2 LV Pinc} , (223)
P

Ptrans (1 Rs,rt)Tp,b (224)

where T 1o = Ts0 + 311 for the ring cavity. The overwhelming similarities between
these equations and those of the non-degenerate parametric oscillator are disctissed
in Chapter 3. One can also ‘derive the previous three expressions for the emitted
powers from the work of Repasky (aside from a factor of 2 error) [41], Peterson [43],
and Brasseur [27] when modified for the ring cavity and in the appropriate limits.
Interestingly, it is shown at the end of Appendix B that Egs. (2.22) - (2.24) can
also be directly applied to the two-mirror linear cavity with T sor = Ts0 + T2 and
Ry = RoRy.

Using Eq. (2.17) for the threshold pump power, a handy dimensionless pumbing

ratio can be defined as

Pinc
Py,

Ty =

(2.25)

- So 1, called the pump rate, represents the incident pump power normalized to the
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The first curve in Fig. 9(b) shows the reflected pump power from Eq. (2.27) for
the same parameters. The other two curves in Fig. 9(b) will be discussed in the next

subsection.

Impedance-Matching Power

Eq. (2.23) can be used to determine the pump power for which the active cavity
is impedance matched; that is, the input pump power for which the reflected pump

power vanishes [17, page 423]. Setting Eq. (2.23) to zero gives

Pmatch = Pl(l - Rs,rt)Tp,O

_ 4P, (i) 2 (2.28)
1= Ryt .
Qe it (229
where
Ry = Rp:oRz,l

= (1= To0 — Apo)(1 — Tp1 — Ap1)®

~1—Tpo—Apo — 3Tp1 — 34,1

=Ty Apg (230)

Here, the A’s are mirror power absorption coefficients and the generalized absorption

is defined as

Ap,gen =A 0 -+ 3Tp,1 + 3Ap’1. (23]_)
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Approximation (2.29) shows that the pump power required to reach the impedance-
matching condition approaches 4 x Py, (1, = 4) in the limit of small generalized
absorptions. Fig. 9(b) shows the reflected power for three different. choices of the
ratio A, gen/Tpo. As the ratio decreases, impedance matching occurs for higher input
pump rates, meaning more and more pump light can enter the cavity for Raman
conversion. However, the impedance-matching pump rate can never exceed r, = 4.
As will soon be shown, this particular pump rate is also (not coincidentally) significant
for the system’s conversion efficiency.

The impedance-matching phenomenon can be explained from a physical stand-
point. For an empty cavity, no optical power is reflected when the input coupler losses
exactly equal the other mirror losses [17, page 423]. This is because the portion of
the circulating intracavity field that is transmitted back through the input coupler
exactly cancels the portion of the incident field that is reflected from this mirror (they
are out of phase). All the light is transmitted through an impedance-matched empty
cavity with no absorptions.

However, for the active laéer cavity currently under investigation, thé circulating
pump power is clamped by the Raman process above threshold. This means that the
transmitted portion of the circulating field no longer perfectly cancels the reflected
portion of the incident field. As a result, some optical power is reflected off the input

coupler above threshold and is therefore not available for Raman conversion.
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This problem is not unique to the cw Raman laser and is faced In every cavity-
enhanced nonlinegmr process. The solution is to increase the transmissivity of the
input coupler relative to the other intl‘acavity losses at the pump wavelength. This
means that incomplete cancellation of the two fields occurs below threshold (the
transmitted intracavity portion is initially larger than the reflected incident portion),
but that perfect cancellation will occur for one specific incident pump power value

above threshold, as shown in the lower two curves of Fig. 9(b).

Raman Laser Optimization

This section is devoted to finding the optimal operation and construction param-
eters for the cw Raman laser. Note that the results of this section will not hold when
thermo-optic effects are significant. The derivation process simply consists of taking
derivatives with respect to the parameter of interest, setting to zero, and solving for
the parameter. A useful equation for this purpose will be that of the photon con-
version, or extraction efficiency, which is related to the ratio of the output to input

powers through

— _A_.iplout
Teh = )\p Pinc ‘
Ts o 47, PPinc 172 5
- P"tt < 1@}; - > —Pl(l—R?’rt)} (2.32)

As a function of pump rate, this equation can be written

TpO Ts tot 1 1y
= ’ : — — — ). 2.
Tob (1_&,%) <1_'Rs,rt) (\/7"10 Tp) (2:33)
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With these equations, the photon extraction efficiency can now be optimized with

respect to the pump rate.

Optimum Pump Rate

Differentiating Eq. (2.33) with respect to the pump rate, setting to zero, and

solving for the optimum pump rate quickly yields
Tp, opt = 4, or equivalently Popy =4 X Py, (2.34)

This indicates that, regardless of mirror absorptions, transmissions, Raman gain, or
cavity geometry, the optimal pump rate is alwayys Tp,opt = 4. It is interesting that
the impedance-matched condition approaches this optimal pump rate for high Tho-.
Inserting rp, ops = 4 into Eq. (2.33) and only considering Stokes power emitted from

the output coupler gives the optimum usable photon conversion efficiency

)\S POU A en . AS eI _1
Mph,opt = — LIPS (1 + &) (1 + _T—g> ) (2_35)
. 5,0

which approaches unity in the limit of small generalized absorptions, where the gen-
eralized absorption terms A, gen and A gen are of the form given in Eq. (2.31). 'fhis
is an important result because it states that the only parameters that limit the con-
version efficiency for cw Raman lasers are the ratios of the generalized absorptions to
the input/output coupler transmissions at the two wavelengths. Eq. (2.35) as well as
the results to follow caﬁ be modified to include all the output Stokes po;;ver (not just

that emitted out the input coupler) by setting As gen — As 1ot and Ts0 — T, tot-
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Optimum Input and Output Coupling

The choice of mirror transmissions for optimum power extraction is now discussed.
In this case, it is assumed that the maximum amount of incident pump power avail-
able is a fixed quantity (Pyex) and the input and output coupling coefficients are
determined in order to optimize the Stokes power extraction. Because T},; and T
enter equivalent to absorptions in Eq. (2.35), these transmissivities should clearly
be chosen as low as possible (this can be proven more rigorously). This allows T}
and T;o to be considered as the only optimization parameters. It is now possible to
determine whether there is any advantage to be gained by choosing the the mirror
transmissivities higher for one wavelength than the other and what the values must
be to optimize the Stokes power extraction. Specifically, by differentiating Eq. (2.32)
once with respect to Tp, o and again with respect to Ty, the resulting two equations

can be set to zero and solved simultaneously for the transmissions to yield

A en Pmax
T5.0,0pt = Ap,g P, (2.36)
s, gen
A P
Ts0 ot = el mex Ag gen- 2.37
,0,0pt Ap,gen P 8 ( )

Ipterestingly, these equations indicate that, to extract the most power from the sys-
tem, the transmission coeflicients for the input/output coupler will in general be
different for the two wavelengths. One might be tempted to assume that these trans-
mission coefficients should reproduce the condition Pyax = 4 X Py, (i.e. satisfy the

four-times-threshold condition). However, when Eqs. (2.36) and (2.37) are inserted
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into Eq. (2.17) the result is

Prna 4P 12
Py, opt = T" [1 + <P_1Ap,genAs, gen) } , (2.38)

which indicates that the optimum threshold is slightly larger than Ppax/4. In other
words, the optimum input/output coupling is such that the system will run slightly
under the four-times-threshold condition when the maximum incident pump power
is used. This seems to contradict the findings of the previous subsection. However,
one must remember that the four-times-threshold condition optimizes the power ex-
traction efficiency with respect to pump rate rather than mirror transmissions.
Figure 10 helps to further clarify this issue. The figure shows the photon con-
version efficiencies for three different choices of transmission coefficients, as functions
of the pump rate for the curve labeled A. In other words, the incident pump powers
for all the curves are normalized to the threshold of curve A. The vertical dashed
line represents the maximum available pump power. Pump powers greater than this
(rz(,A) > 4) are therefore inaccessible to the system. Curve A represents a choice for
mirror transmissions such that Pnax = 4 X Py,. Note that the conversion efficiency
peaks at Pnax as predicted by Eq. (2.34). However, by increasing the output cou-
pling coefficient (and thereby raising the threshold) while holding all other parameters
constant, one can increase the conversion efficiency from the previous situation even
though this means that the conversion efficiency does not peak with respect to inci-

dent pump power. Curve B represents the optimal mirror transmissions calculated
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Electro-Optics (REO) in Boulder, Colorado can coat mirrors with transmission accu-
racy better than 95%. But perhaps more importantly, as discussed in the next two
chapters, the input/output transmission coefficients should be chosen larger for the
pump than for the Stokes for the purposes of stability, regardless of power extraction

efficiency.

Optimum Detuning

A very useful physical picture of cw Raman laser frequéncy tuning is givéen in
Appendix D. To this point in the chapter, it has been assumed that the pump and
Stokes cavity modes differ in frequency by precisely the Raman shift. In other words,
the HFC length is adjusted such that the Stokes cavity mode falls directly on the line
center of the Raman transition (see Fig. 63 in Appendix D). Frequency tuni;lg of the
Raman laser away from this situation can yield some interesting behavior and was
first addressed in Ref. [28]. For optimization purposes, detuning of the Stokes cavity
mode from the Raman gain line center can be incorporated into all of the previous

equations using the following simple transformation:

P — —L—Z&E, (2.39)
where
1
L(Aqp) = m (2.40)

is the Lorentzian lineshape of the Raman transition in the high-pressure limit [48].

Here, A1y = w, — ws; — wo; is the detuning from the transition line center, where
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Wp, Ws, and wp; are the pump, Stokes, and vibrational frequencies, respectively. The
constant -ys; represents the full width at the half maximum of the Raman gain. This
treatment assumes that no mode hops (spatial, longitudinal or directional) occur
during the tuning.

With Eq. (2.39) included, Eq. (2.32) can be differentiated with respect to the
detuning Ajy. The result can be set to zero and solved for the optimal detuning to

A

yield

Al?,opt =0 ( Tp < 4) (24:1)

_ g [P g (ry > 4) (2.42)

Figure 11(a) shows the output powers versus detuning for four different choices
of pump rate (2, 4, 6, and 8). For a pump rate of r, = 8, the Stokes power peaks at
+31/2 as predicted by Eq. (2.42). Figure 11(b) illustrates the bifurcation predicted

by Egs. (2.41) and (2.42) with increasing pump rate. Note also that for pump rates

between r, ~ 4 and r, ~ 6, the Stokes power output is nearly constant with detuning

out to about =ye; /2. This feature can be used to determine the maximum constant

power detuning as discussed in Appendix D.
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depleted or nonlinear refractive index effects (such as heating) are significant. Regard-
less, P, does play a role in determining the laser threshold. Using the trigonometric’

relation [49, page 467|

csc™Hz) = tan"(%) )

Eq. (2.10) can be recast as

>\p+)\s

P=
"7 16acset+/2R/L

where R is the mirror radius of curvature and the following relation for the confocal

(2.43)

parameter of a cavity has been used [50, page 140]

b= L,/% ~1. (2.44)

To most effectively utilize the Raman gain, one can therefore maximize the inverse
cosecant in Eq. (2.43). This function is plotted versus R/L in Fig. 12. Two well-known
cavity geometries (the concentric and the confocal) are indicated on the plot by solid

circles and the open squares indicate R/L ratios that have been used spccessfully.
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coupling of the simultaneously resonant transverse modes.” Thus one may want to

avoid rational fractions for B/L such as 1 (confocal), 2/3, 3/2, etc.

Chapter Summary

This chapter has been devoted to developing the cw Raman laser theory in a
manner that hopefully facilitates basic understanding of the system. Equations (2.13)
and (2.14) gave the time dependent, coupled behavior of the circulating pump and
Stokes powers. The conditions for the laser threshold and impedance matching were
given in Eqgs. (2.17) and (2.28). Perhaps most useful were Egs. (2.22) - (2.24), which
gave the steady-state output powers. It was also shown that the optimal pump
rate is four times the threshold value and that the peak photon conversion efficiency
can approach 100% in the limit of small generalized‘absorptions (which include all
transmissions other than the input/output coupler). Optimization was also performed
with respect to the input/output coupling, detuning from the Raman line-center, and
cavity geometry. In the next chapter, the emphasis shifts from simplicity toward rigor

as the quantum mechanical aspects of the cw Raman laser are addressed.
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CHAPTER 3
QUANTUM THEORY

The primary goal of this chapter is to provide detailed insight into the quantum
mechanical proc¢esses involved with cw Raman lasing. The work presented here is the
result of the better part of a wonderful year spent in Australia interacting with Tim
Ralph and Andrew White, both of whom were at the University of Queensland.

Rather than simplifying matters by assuming a real, non-transient, macroscopic
polarization that only includes the Raman process as I did in Appendix B, I now start
with a more fundamental microscopic picture of the underlying atomic structure and
allow the physical system itself to determine any simplifications. And instead of
treating the optical modes as fields that can assume any value of energy, I start with
quantized cavity modes so that their energies are discretized and exchanges of energy
must involve the creation or annihilation of a photon. By the end, this treatment
allows for determination of all the populations, both the fields, and the intensity noise
behavior of the emitted light with quantum noise included. The system is eventually
shown to be capable of exhibiting intensity noise below the standard quantum limit
(amplitude squeezing) for certain operating conditions. Along the way, an interesting

and useful connection is uncovered between the far-off-resonance cw Raman laser and
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the nondegenerate optical parametric oscillator (NDOPO). Additionally, the anal-
ysis given here lends itself naturally to investigation of parametric anti-Stokes and
second-Stokes generation. A streamlined treatment of anti-Stokes generation in the
semiclassical limit is provided in Appendix G.

This chapter begins with a review of past quantum mechanical treatments of
related systems to provide context. The second section is used to assemble the ap-
propriate components of the Hamiltonian for the far-off-resonance cw Raman laser
system at hand. Due to the extraordinarily large detunings present in this system,
the rotating wave approximation (RWA) is not valid, and is therefore not invoked.
The quantum Langevin equations for the system operators are generated in the third
section following the work of Gardiner and Collett [52]. In the fourth section, the large
single-photon detuning is exploited to simplify the equations of motion éigniﬁcantly.
In the fifth section, the semiclassical limit of the quantum Langevin equations is taken
and the results are compared to the previous chapter. Returning to the quantum do-
main in the sixth section, direct connections are drawn between the cw Raman system
and the NDOPO. In the seventh section, the simplified quantum Langevin equations
for the two fields are linearized and the noise spectra. of the emitted Stokes light is
determined analytically. The eighth section is used to analyze and explore the param-
eter space of these equations. The final section consolidates the work of this chapter.
Throughout this chapter, I attempt to follow the notation of Gardiner and Zoller [53].

The appendices associated with this chapter are provided primarily to supplement
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large mathematical gaps in the main chapter. However, Appendix G documents the
development of the semiclassical anti-Stokes theory when cavity enhancement of the
anti-Stokes field is included. It is shown that the photon conversion efficiency can

approach the quantum limit of 50% under ideal experimental conditions.

Previous Work

The literature addressing the quantum mechanical nature of pulsed Raman sys-

tems is prodigious, [54, and references therein] but little éttention was devoted to the

N

cw regime until the late 1980’s and the 1990’s, when three-level atoms interacting
with quantized field modes were analyzed in the process of identifying and charac-
terizing nonclassical sources of light. For such atoms in the A—conﬁguratioﬁ, many
competing processes (including Raman) often contribute to the overall dynamics of
the system. The dominance of certain processes over others is determined by the rel-
ative strenéfhs of the rgtes involved (decay rates, detunings, Rabi frequencies, etc.)
and the pumping scheme (coherent versus incoherent).

In particular, three level A-systems can exhibit optical bistability [55, and refer-
ences therein] traditional population-based lasing (see, for example, Ref. [56], lasing
without inversion .[57, 58, 59], electromagnetically induced ;cransparency [60, .and ref-
erences therein] in addition to Raman lasing [61, 62, 63, 64]. General treatments

of three level systems have also been performed, which can accommodate many of

these processes {65, 66, 67, 68]. All of the specifically Raman laser studies mentioned
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above address the case where no decay path to the ground state is included to close
the pump cycle. In these systems, the middle level population returns to the ground
state via coherent interactions with the cavity fields (anti-Stokes process). On the
other hand, Ritsch, et al. [65, 66] as well as others [67, 68] accommodate decay to the
ground state as part of the pump cycle. These works provide useful general treatments
of three level systems interacting with two cavity modes in the Schrédinger picture.
Presumably none of fhem dealt with detunings large énough to become incompatible
with the rotating wave approximation (RWA) since it was invoked in all.

The present treatment is directly based on the far-off-resonance cw Raman laser
systems that have been experimentally realized [69, and references therein]. Specif-
ically, this treatment assumes a collection of diatomic hydrogen molecules (approx-
imated by three-level systems in the A-configuration) interacting with two strongly
cavity-enhanced field operators. The field operators are very far detuned in frequency
from the single-photon transitions, so the RWA is not invoked. Decay of all the level
populations and coherences is allowed. In this treatment, the single-photon detun-
ings are by far the largest rates in the system. The energy level diagram and specific
descriptions of the interactions are included in the next section.

Another closely related work is that of Poizat, et al. [70] who examine two field
modes interacting with a system of three-level atoms in a ladder or cascade configu-
ration. It is pointed out by Olsen et al. [71] that this system can behave very similar

to the corresponding A-configuration under similar conditions.
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Hamiltonian

In the interest of retaining as much clarity as possible, attention will be focused on
the temporal aspects of the system in this work and only a nonrigorous treatment of
the spatial dependence will be provided. Also for simplicity, the cavity is assumed to
be lossless and single-ended (i.e. only the input/output coupler has a reflectivity less
than unity), but other mirror transmissions and losses can easily be included using
the same formalism [72, and references therein]. It should be noted that thermal
population of the pertinent excited states is negligible for the system at hand because
they differ in energy from the ground state by more than 20 x kgT'. The generation
of anti-Stokes radiation is neglected in the main text because it is very small in
practice [30] and does not appreciably affect the dynamics of the other fields when it
is not cavity enhanced. The effect of cavity enhancing the anti-Stokes field is treated
in Appendix G. The complicating effects of heat generation are diverted umtil the
next chapter [29, 36].

The atom-photon interactions that are included in this treatment, and the cor-
responding energy level diagram, are somewhat unconventional due to the extreme
single-photon detuning that exists. Asshown in Fig. 13, the hydrogen molecule is ap-
proximated by a three-level system in the A-configuration where level 1 is the ground
state, level 2 is the first excited vibrational state, and level 3 is the first excited elec-

tronic state. The figure shows these three levels and all the pertinent fields to-scale
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The total Hamiltonian describing the atoms, the fields, the baths (to incorporate

decay and noise), and their mutual interactions is
H:H1+H2+H3+H4+H5+Hbath87 (31)

where the components of H are given as follows.

Free Energy
Hj represents the free energy of the atoms and fields in the absence of any inter-
actions and is given by

3
Hy = hwiSi+ Y hwgala, (3.2)
i=1 q

=p)s

where Aw; and S;; are the 'enérgy and collective population operator for the i-th atomic
level, respectively. Throughout this work, the subscript p refers to the pump while
s refers to the Stokes. In this way, the operators a, and ajl refer to the annihilation
and creation of pum’p‘(q = p) and Stokes (¢ = s) photons, respectively, while wS and
w¢ are the frequencies of the cold cavity modes nearest to the pump and Stokes laser

frequencies, respectively.

Reversible Interaction Energy
H, represents the reversible interaction energy associated with the atom-field

couplings in the electric dipole approximation and is given by

Hy, =1h Z (a; — aq) <gq,13 513 + 9g,03 Soz + H.C.>? (33)

9=p,s'




o2

where H.c. denotes the Hermitian conjugate, the collective coherence operator be-
tween levels 4 and j is given by S;;, and g,;; represents atom-field coupling constant

for the traveling wave field mode ¢ driving the i—j atomic transition. This coupling

Hij | hwg
i] = T ’ 4
gq, J h 260‘/:1 (3 )

where p;; is the dipole matrix element between levels ¢ and #, and V is the effective

constant is given by

volume of the g-th fundafnental cavity mode. Note that Eq. (3.3) includes the inter-
action energy associated with both fields driving each of the two allowed transitions.
Moreover, it includes the counter-rotating terms associated with each field. This is in
contrast to the case of near-resonance interactions where the counter-rotating terms,
which do not “conserve energy” (so to speak), are neglected in the RWA as discussed
by Scully and Zubairy [73, page 196] as well as Orszag [74, page 84]. In the present
case, all of the terms are horrendously detuned and are therefore similarly abysmal
in their (lack of) energy conservation. This severely decreases the probability for the
transitions involved and also dictafces that no single field component will dominate

the interaction. They shall all, therefore, be retained.

Irreversible Interaction Energy

H3 represents the coupling between the two active cavity modes and the external
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field baths for decay and noise purposes and is given by

Hy=1ihY / dw\/z‘; bl (w)aq — alb (w)], (3.5)

9=p,s

where the external field bath operators, b, and bg, are coupled to the ¢-th internal
mode of the cavity through the (amplitude) cavity decay rate x,. The decay rate, and
therefore the mirror reflectivity for each mode is assumed to be constant over a large
frequency bandwidth compared to the cavity resonance (the first Markoff approxi-
mation), which is easily achieved in practice. Mirror absorptions can be included in
direct analogy with Eq. (3.5) [72].

H, represents the coupling between atomic coherences and atomic bath operators

to generate damping and noise in the atoms and is given by

H, = zh/ {\/_7; Bly(w)S1 — 5{2312(0))]
/22 [Bla) S - SlaBste)]
+ \/? [323(w)5'23 553323(@] } (3.6)

where the the decay rates of the level populations, given by the %;’s, can be in-
terpreted as coupling constants between the system operators and the atomic bath
operators, which are given by B;; and BJJ It has again been assumed that the decay
rates are constant over a large frequency bandwidth compared to the atomic reso-
nances (the first Markoff approximation). Population decay downward from levels 2
and 3 is assumed to be due to inelastic molecular collisions and spontaneous emission,

respectively.
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Similarly, Hy represents the coupling between atomic populations and atomic bath
operators to generate decay and noise of the atomic coherences through dephasing

and is given by

H5=z'hg /_ ZdW\/% BJ,(w)Si — Si u(w)] (39

where the #;;’s are the dephasing rates associated with each level due to elastic colli-
sions, while BL and B;; are the corresponding atomic bath operators. This interaction

is modeled after Gardiner and Zoller [53] and Eschmann et al. [68].

Bath Energy

Finally, Hpaths represents the free energy of the external bath or reservoir modes

(one operator for each decay path available to the system) and is given by

Hbaths = Z/ d’U)h_,CUbT q(w)

q=p,S

/ dw hw [Bm( )Blg(w)—i-Blg( )313(w)+323( )Bas(w )]

+Z/ dw Fw Bf,(w) By (w). | (3.8)

The above components of H do not deviate drastically from previous treatments
aside from the reversible interaction emergy Hj, which includes several additional

terms due to the large single-photon detunings.

Multiplications and Commutations

The following sum will be referred to as the “system” Hamiltonian

Heyo=Hy+ Hp. - (3.9)
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This is the portion of the total Hamiltonian that does not include the reservoirs or
their interactions with the atoms and fields inside the cavity. The system opera-
tors are therefore the cavity field operators as well as the population and coherence
operators. They obey the following standard equal-time commutation relations and

multiplication rules
[aq, CLZ,] = (5qu, ,S’Z-jSkl = S,;l 5jk; [Sij, Sk;l] = Sil 5jk - ‘S’;k 5il; (3.10)

where it should be noted that S;-rk = Sg;. The reservoir operators obey standard
boson commutation rélations. |

In the Heisenberg picture, one can now use the above Hamiltonian and commuta-
tion relations to generate the quantum Langevin equations for the system operators.
An alternative approach is to proceed in the Schrédinger picture and generate a
master equatioﬁ for the time dependence of the density matrix. The benefits and

drawbacks of these two approaches are discussed in Ref. [75].

Quantum Langevin Equations

In this section, the Heisenberg equation of motion is used to generate Langevin
equations for the system operators. Unfortunately, as will become evident, the choice
not to use the RWA corhplicétes matters when converting to rotating coordinate
frames. The crux of the problem lies in the fact that the (non-RWA) coherences are
composed of multiple Fourier frequencies "rather than just one. This means that there

is no single coordinate frame to which one can transform in order to produce the
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desired slowly varying coherence coefficients (one Fourier component will be slowly
varying but the others will not). Fortunately, the Fourier components are spectrally
separated by optical frequencies so that one can assume there is no mutual interac-
tion. This allows a Langevin equation to be generated for each independent Fourier
component of the S13 and Sss coherence operators. For reasons discussed below, this
is not an issue for the two-photon coherence (S12), the populations, or the fields, and
they are readily converted to rotating frames. It must also be stated here that the
equations generated in this section are undeniably nasty, but they can be interpreted

from physical standpoints and are greatly simplified in the following section.

Heisenberg Equation of Motion

Using the Hamiltonian and commutation relations from the previous section, one

can now calculate the quantum Langevin equations using the Heisenberg equation of

motion. This procedure is greatly facilitated by the work of Gardiner and Collett [52]

who showed that the Heisenberg equation of motion can take the form

. 8
. 4 Ys in
by =~ [0, Honl = Y _lap, of}{ Zos — v 62(8)}

=1

(AT el G

Jj=

for the pump field operator, for instance. The equations for the other system operators
are obtained by simply replacing a, with the desired system operator. The first term
on the right side accounts for the free evolution and reversible interactions of the

system operators, whereas the last two terms generate decay and noise of the system
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operators through irreversible interactions with the reservdirs from H, and Hy of the
previous section.

The elements of the array c, which are indexed with the subscript j, include
the system operators that are coupled to external reservoir operators, with the arrayv

given by
¢ = (ap, @s, S12, S13, 523, S11, Saz, Sa3). (3.12)

This array includes all of the system operators for the system considered here because
each of the eight system operators is coupled to one reservoir as described in the
previous section. The «;’s in Eq (3.11) are the constants with which the system
operators of ¢ are coupled to the reservoir operators from Egs. (3.5) - (3.7). The v;’s

also compose an array, which is given by

¥ = (2Kp, 265, Fo1, Va1, Va2, V11, Va2, T33)- (3.13)

As described in Ref. [52], the b;-“ 's are reservoir input operators that result from the

system-reservoir coupling. The array of input operators is given by

i

in __ in _in in in in in in in
b _(a’p:as)Bma 13> 23> 11>B227 33)7 (3'14')

each component of which is defined in the following manner [76]

duw e~ 0100 () (t > to), (3.15)

bn(t) = _\/%_ﬂ [

7

-

where bY(w) is the value of b;(w) at ¢ = to with the corresponding reservoir operators
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bj(w) given by the array
b = (b, bs, Bz, Bis, Bas, Bu1, Baz, Bas). (3.16)

Note that the input operators given in Egs. (3.14) and (3.15) have units of vVHz as
opposed to the system operators, which are unitless. This is so the square of an input
operator gives a photon flux (s7). It should also be pointed out that all of the input
operators except for that of the pump represent stochastic noise inputs with zero
expectation values (for instance, (a*) = 0). The pump field input operator is a bit

different because it is assumed that there exists an input pump beam into the cavity.

For this case, (al’) = al'\/Tr, where 7y is the round-trip time in the' cavity and eie
is the unitless classical input pump field (a complex, or c-number; not an operator).
The input operators obey the same mutual commutation relations as their reservoir

counterparts, given by
67, 05 () = 1 8¢ — £). (3.47)

However, it should be noted that although the reservoir operators (elements of b)
commute with the system.oper‘ators at equal times, this is not necessarily true for the
input operators (elements of bi®), whose commutation relations are given in refer-
ence [52]. With the knowledge of the total Hamiltonian and all the pertinent commu-
tation relations, Eq. (3.11) can be used to obtain a complete set of first order coupled
differential equations‘ for the system operators; the so-called quantum Langevin equa-

tions.
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Rotating Coordinate Transformations

The standard next step is to use Eq. (3.11) to generate quantum Langevin equa-
tions of motion for the system operators. The operators are then transformed to
rotating coordinate systems in order to extract the slowly varying behavior from the
rapidly oscillating carrier frequencies.

In the preseént case, this procedure is straightforward for both of the field operators
and for the 1-2 cohérence operator. This is because the pumI; and Stokes field opera-
tors are very nearly resonant with the associated cavity modes (w, =~ w$ and w, = wg)
and the two-photon Raman transition (w, — ws = wy — wy). Therefore, each of the
three operators will exhibit slowly varying behavior around a single carrier frequency
that is close to the corresponding resonance. Fourier components that are detuned
from the resonances by optical frequencies (~ 100THz) will be heavily attenuated
because the cavity and Raman linewidths are ~ 1MHz and ~ 1GHz, respectively.
These components can be ignored when compared to the resonant components. The

validity of this assumption can be proven rigorously. One can therefore perform the

simple transformations

I —dwpt 1 —twgt _  —i(wp—ws)t
ap = a,e """, as = ae ", and Sip = Syt wrws) (3.18)

to extract the slowly varying behavior (now contained in the primed operators) from
the rapidly oscillating carrier frequencies. The associated noise operators are trans-

formed similarly.

The situation is not so straightforward for the 1-3 and 2-3 coherence operators.
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This is because the pump and Stokes field operators are not remotely resonant with
the single-photon transitions (w, # ws —w; and w, # ws —wz)) as shown in Fig. 13. As
a result, no carrier Fourier component dominates the interaction and all contribute
significantly to the coherence. This means that there is no single rotating coordi-
nate systém to which one can transform Si3 and Sos in order to extract the slowly
varying behavior from the rapid carrier oscillations. A transformation directly follow-
ing Eq. (3.18) will not produce a slowly varying coefficient because _multiple carrier
frequencies exist.

However, because the carrier frequencies differ from one another by optical fre-
quencies, it is possible to treat the slowly varying behavior associated with each carrier
frequency as a separate degree of freedom. As will become evident later in this sec-
tion both Sis and Se exhibit six carrier frequencies. One can therefore perform the

transformations

513 =S§;“’P)e—iw},t + S]Si'wp)e—l-iwpt -+ S:EEWS)eTiwst + Sg-ws)e+iwst
-+ S§;was)e—iwast + Sﬁo”-wSS)e-'_iwsst, ) . (3'19)
Spg =SS5 ) emist 4 Gliws)gtivst | glCwp) pmivpt 4 Glbwr) oty
e e e (3.20)
where wes = 2w, — ws is the anti-Stokes frequency and w,s = 2w,s — w, is the second

Stokes frequency. All the coefficients in Egs. (3.19) and (3.20) are slowly varying in

time. Using the coordinate transformations of this subsection, it is now possible to
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generate quantum Langevin equations for the slowly varying system operators.

| \
Field Equations

Using Eqgs. (3.11) and (3.18), the Langevin equations for the slowly varying field

operators are found to be

ap = — (Kkp +10p) ap + 9p,135£3 “r) + gp 13 <S(+wp)>

+ 9923555 7 + Gl s (5(+°"”)) 26p 0y (3.21)
for the pump and

w\ T
— (o +100) g + 013557 + g5 (ST)

+gs,2gS§3_“’s)+g:,23 (S(+“S)> + v/2ks a® (3.22)

for the Stokes, where the Ay = w{ — w, represent the detunings of the driving fre-

q
quAencies from the cold cavity resonances. Note that the primes from Eq. (3.18) have
been dropped and it should be understood that a, and a; now refer to slowly varying
operators. Also note that-only the components of Si3-and Sog that‘ produce oscilla-
tions near the cavity resonances have been retained. The nonresonant components

have been discarded as discussed in the previous subsection. A sample derivation of

Eq. (3.21) is provided in Appendix E. y

Two-Photon Coherence Equation

The Langevin equation for the 1-2 coherence is obtained in a similar fashion with
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the result
5'12 = — (721 + 1A12) 512
—Was * 4 Was T Ws * —Wg T
-+ a; [9p,235£3 - Ip,13 (52(.;r )) J — Gp l:gp,23S:E-3|. - 9p,13 (52(3 )> }
~{—Ww, * W, T Wss) * —Wsg T
+ ai [93,23S£3 ?) — 9s,13 <S§; ,,)) ] — Qs [93,235'{; )~ 9s,13 (52(3 )>

+ F1o, _ (3.23)

where Ay = (w2 —wq) — (wp —ws) is the two-photon Raman detuning and again, only
the near-resonant terms have been included. The nonresonant Fourier components are
detuned from the Raman transition by optical frequencies and are therefore neglected.

The overall coherence decay constant is defined as

1 ~ ~ A
Yo1 = 3 (o1 + H11 + F22) , (3.24)

and the noise term is

(—wa1)

] . N (~war)
Fig =4 /701 (S11 — S22) Bs — /731 (SigBi%) — 32 <B$35'13>

~ VA (S1Bl — BiS1) + /A (5B — Ba'Si) (3.25)

respectively, where the superscript (—ws;) indicates that only the products that os-

cillate near the Raman transition frequency are retained.

Single-Photon Coherence Equations

The 1-3 and 2-3 coherences are a bit more complicated. As alluded to earlier in

this section, it is not possible to generate slowly varying Langevin equations for the
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S13 or Sas operators themselves. Instead, one can generate slowly varying Langevin

" equations for the separate Fourier components of the two operators. To see this, one

can first use Eq. (3.11) again to generate Langevin equations that are not slowly

varying for Siz and Spg. With the use of Eq. (3.18), this yields

S13 = — [ya1 + i(ws — w1)] Sia
— [g;,l?, aP(Sll - 5'33‘) + g:,zs assm] % e—iwpt
+ [g:,ls aI(Su — Ss3) + g;’23 aZ,Su] w gt

+ 9;113 a';(‘Sll - 833) X e+iwpt - g:,l.?, as(Sll — 833) X e-—’iwst

. o
— G303 GpSip X €7 gr a1 Sy x e 4 g,

Soa = — o + i — )] s
- [9:,23 as(S22 — S33) + gp13 apSIQ} X e iwst
+ [9;,23 al(Sez — Sa3) + gl 13 aISI2] x g Tiwpt
+ G523 al(Szz — Sas) x €77 — 923 @p( Sz — Saz) X g it

~ 9513 a5y x e st 4 Ip13 a;SIZ x gtiPep=welt 4 Py,

(3.26)

(3.27)

where all the coeflicients of the exponentials are slowly varying in time. The primes

on the slowly varying field operators have again been dropped. A sample derivation

of Eq. (3.26) is provided in Appendix F. The decay constants in these equations are

1 . .
Y1 = = (a1 + a2 + F11 + Ya3)

[N

(3.28)
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and

1 _ _ _ - - .
Y32 = 5 (a2 + Ya1 + Fo1 + Ya3 + Fa2) (3.29)

and the noise terms are

Fig =/¥51(S11 — S33) Bis + (V75251285 — V/Fo1523B5) x e Hwn—walt

— VA11(S13 B35 — Bilifslz) + /As3(S13 B — B;i;%TSls), (3.30)
and

Fys =+/72(S22 — Sa3) B3 + (vVAa151, Bi + \/%—IBETS&;;) x gtir—ws)t

— /H22(S23 B — By Sa3) + 1/Fas(Saa B — BETSas). (3.31)

The forms of Eqs. (3.26) and (3.27) make clear the fact that the 1-3 and 2-3 co-
herences each exhibit Fourier components at six different carrier frequencies. But
because none of them aré nearly resonant with the atomic transition, one must as-
sume that they all contribute in a non-negligible manner to the coherences. Note the
appearance of carrier Féurier components at the anti—Stokes' (Was = 2w, — ws) and
second Stokes (wss = 2ws — wy) frequencies. Generation of light at the anti-Stokes
frequency is addressed in Appendix G.

To generate slowly varying operators for the 1-3 and 2-3 coherences, one can
now substitute Eqs. (3.19) and (3.20) into Eqgs. (3.26) and (3.27). Because the carrier
frequencies differ from one another by optical frequencies, while the coefficients are all

slowly varying in time, the terms with different carrier frequencies will not interact.
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This can be proven rigorously. Therefore, the terms with like carrier frequencies can
be equated to generate six separate slowly varying first-order differential equations;

one for each carrier frequency. For the 1-3 coherence, these are given by

5’{;“"’) — [ys1 + 34 S( wp) — Gp13 0p(S11 — S83) — 9593 @512 + F(—wp)a (‘3-323)
S’pr) — a1 + ZAas] S(_Hdp) + Gp13 a}:(S’u — 533) + Fl(;wp)’ (3.32b)
S5 = — a1 + i8] 857 — g5 0a(S11 — Sas) + 5™, (3.32¢)
‘S<+ws) = — [ys + A7 ST 4 9513 6(S11 — Sss) + g 05 a}S12 + Fg™,  (3.32d)
S = = a1 + ilas) Sz - Ip,23 @12 + I 1, ‘ (3-32e)

S(+w”) — a1 +3A%] SHWN) + ga2s alSia + Fl(;rwu)- : (3.32f)

This last step is only possible because the slowly varying portions corresponding to
each carrier frequency do not overlap spectrally. The new slowly varying operators

represent separate degrees of freedom (they commute). The detunings in these equa-

tions are defined in Table 1 and are shown in Fig. 13.

Table 1. Definitions of single-photon detunings.

Rotating _ Counter-Rotating

= (w3 — w1) — wp = (w3 — W) — ws A= (wg —wi) +ws & (Ws —ws) + wp
Aas = (w3 —_ LUQ) — cup ‘A;s = (w3 —_ wl) + wp
Ags = (w3 — wy) — ws Al = (ws — wa) + wy
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The analogous slowly varying equations corresponding to the Fourier components
of Sys are the same as Egs. (3.32a) - (3.32f) but with the transformations p = s,
as = ss and 1 = 2. The symmetry that allows these transformations is also evident

from Fig. 13.

Population Equations

The populations are are also obtained using Eq. (3.11) and are given by

Si1 =791522 + F21.583 + 9p,13 a,tsfs_wp) — 9p,13 ap51(3+“"’)

+ 95,13 alsgws) — Js,13 asSgwé) + H~C} + Fis, (3.33)
Sha =732.533 — Fo1.50 + 9p,23 ajﬁég “) — 9p,23 apSé;f“’”)
+ Ge2s al S5 — go0s as ST + HCJ + Fy, (3.34)

Sss = — S11 — Sm, ‘ (3.35)

where atom conservation (S1; + S+ S33 = N) has been used in obtaining Eq. (3.35),

and the noise terms are given by

= t pin , ‘pin = in in de ,
Fi1 = = /a1 (SB35 + Bis'S12) — vAar (S1s Bl + Bl3T513)( ), (3.36)
and
= in in C = in int o
Fyy = — /753 (S5s B3 + Big'5) " + /i (S5, B + B1S1,), (3.37)

where the superscript ( dc) indicates that only the dc Fourier components are retained.
The next section is devoted to simplifying the rather unwieldy quantum Langevin

equations that were developed in this section.
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Simplifications Based on Large Detunings

Up to this point, the large single-photon detunings have only complicated matters
by adding additional Fourier components to the single-photon coherences. In this
section, the large detunings are used to our advantage by simplifying the quantum
Langevin equations. For reference purposes, estimated values of the pertinent rates

in this system are provided in Table 2.

Table 2. Parameters used for simplifying the quantum Langevin equations.

Parameter Symbol Value
Effective Atom/Field Coupling Constants Gq.ij/2m ~ 10* — 10° Hz
Level 2 Population Decay rate No1/2m ~ 10* — 10° Hz
Cavity Amplitude Decay Rates Kq/2m ~ 10° — 10° Hz
Level 2 Coherence Decay rate Yo1/ 27 ~ 108 — 10° Hz
Level 3 Coherence Decay Rates Ya1/2m, ya2/2m  ~ 10° — 10%° Hz
Single-Photon Rabi Frequencies Qq,ij/2m < 10'° Hz
Single-Photon Detunings A/2n ~ 101 — 106 Hz

The extreme single-photon detunings allow one to make the following simplifica-
tions:
(i) Adiabatically e‘liminvate the upper level coherences. As shown by Raymer et
al. for a single frequency component [77], all of the 1-3 and 2-3 coherence Fourier
components can be adiabatically eliminated when the single-photon detunings are

much larger than the other rates in the system. One can therefore solve for the
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steady-state Fourier components from Eqgs. (3.32a)-(3.32f) and their S3 counterparts
and insert these into the remaining six equations.

(ii) Disregard the single-photon absorption/gain and mode pulling. Terms arise

in the two field equations that represent linear absorption/gain (real parts) as well

as dispersion (imaginary parts). For near-resonance systems, the real portions can
supply the population inversion necessary for laser gain. In the present system, they
effectively broaden and pull the frequency of the cavity resonances due to single-
photon inte;"actions with the medium. In the limit A2%x, > ’Yijlg‘q,ijl2, where the
subscript ¢ denotes an optical mode and 45 refers to a single-photon transition, the
absorption terms can be disregarded. The mode pulling is small and is assumed here
to be nullified by active electronic stabilization of the cavity length to the pump
laser frequency (i.e. the cavity length is changed to compensate for the refractive
index change). It is also assumed that the Stokes field will build on the active cavity
resonance line-center. Appendix H describes this simplification in more detail.

(iii) Ignore power broadening and AC Stark shifts. Terms arise in the 1-2 coher-
ence equation that are quadratic in the field operators (linear in optical power), and
linear in the coherence. In direct analogy with simplification (ii), these terms cause
power broadening (real part) and AC Stark shifts (imaginary parts) of the two-photon
(1-2) atomic transition. In the limit A%ye1 > 7,5|Qq;|%, where Qg5 = 944 ag is the
Rabi frequency for the optical field ¢ driving the ¢j single-photon atomic transition,

the power broadening can be ignored. The AC Stark shift is predicted to be very
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mild (S 10M Hz) compared to the two-photon resonance width, o1, for the optical
powers considered, and can be compensated easily in practice by tuning the pump
laser (with the cavity following). The AC Stark shift is much larger and plays a
critical role in electromagnetically induced transparency [78, and references therein].
Appendix I describes this simplification in more detail.

(iv) Neglect spontaneous emission. In the limit of large single-photon detuning rel-
ative to the level 3 decay rate, one can make the approximation (v, +4A)~! & (A)~1
and likewise for similar terms. As one might expect from the fluctuation/dissipation
theorem [73], because the upper level decay can be neglected, it can also be shown
that that the associated noise terms entering from the 1-3 and 2-3 coherences are
severely diminished by the detuning as well. In the above limits, spontaneous emission
will therefore contribute negligibly to the noise of the field and remaining coherence
operators, and is neglected (i.e. ignore Fiz and Fyg).

With these simplifications, the field and remaining coherence equations become

; - | 1 1 * / in
Ap = — KpQyp +1 <Z + E) Op,13 93’23 CZ,SSlg + 2/‘&;, Cl,p ) (338)
. - 1 1 * in
As = — KgQs + 17 <Z + —A-—,> 9p,13 95,23 apSIQ +V2ksay, (339)

. . 1 1 .
S1p = — (Yo1 +1812)S12 + 4 | =+ = | 9513 Gs23 (S11 — Saz)ap al + Fia. (3.40)
A A

These equations are significantly more manageable than those of the previous sec-

tion. In essence, the system initially described by Fig. 13 can now be described by

the simpler energy level diagram given in Fig. 14. The large single-photon detunings
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Similarly, after adiabatic elimination of the upper level coherences, the popula-

tions become -

5’11 =%31533 + Y21.592

[1 1 . .
s m} Zrlgpaal” (St = i) gl

1
(A7)? Az J 27311 9s, 13' (811 - 533)|as|

/11 ‘ |
+ <A A/> 9p,13 gs 23 CL a’SSI2 +H.c.| + Fll; ' (341)

Sas =%32533 — 21,522

1 1 .
- E + (T)2:| 2’732]:9‘3,23‘]2(522 - 533) Ia,s|2 |
F ] 2 2
- (A/)Q + (A )2 2’)’32|g;b,23| (522 — 533) ,a:bl
(11 | |
- <A A’) G 13 9,28 Op ALST, + He. | + Py, (3.42)
Ss = = Su1 — S, ‘ (3.43)

where the terms arising from single-photon interactions have been retained here so

that the populations of the upper level can be estimated later.

Semiclassical Analysis

At this point, one can take the semiclassical limit -of the remaining field and
atomic equations of motion. This simply entails taking the expectation values of

Egs. (3.38) - (3.43). As noted previously, this eliminates the contributions from the
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input operators (except the input'pump operator) because the expectation values
of their stochastic noise contributions are zero. The following definitions are there-
- fore assigned to distinguish the semiclassical complex variables (c-numbers) from the

quantum operators

1
(53 (3.44)

5
il

5
&

"GQS'
o
=]
O,

oy = (ag), o] Jij

All of the newly assigned variables are unitless. It can be noted here that ||* now
represents the unitless semiclassical incident pump power, which is valid for large
photon number. Also note that the total population variables have been renormalized
to unity so that Ji1 + Jog + J3z = 1.

Furthermore, because the atomic decay rates 7s1, 31, and s, are all much larger
than the cavity decay rates s, and s, one can also adiabatically eliminate the 1-2
coherence and the level 3 population. ‘One can therefore use the steady-state values

of these two variables in the remaining four equations of motion.

Simplified Population Equations
Solving for the steady-state 1-2 coherence and plugging it in to the steady state- |

level 3 population yields

T ' Ty;
Y PR (3.45)

(] - 7 EEEE— — —_
» (731 + 732) 1 (31 + Fs2)

where the single-photon absorption (upward transition) rates of population from level
y
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1 to 3 and from level 2 to 3 are defined as

{
S A R S [ T e [T
I'is = [ VR ALy + L + o) 231, (3.46)
Qussl? | |Qasl® | |Upssl? | [Upos]? .
1_\23 = [l A’?;?)I + I(A;23>|2 : |(z/2§2| + !(K’23)I2} 2’732) (347)

respectively. Because the single-photon detunings (A’s) are all much larger than any

of the Rabi frequencies (2’s), one can conclude

Jsz < 1. (3.48)

This simply verifies what may have been suspected from the start; the two-photon

Raman process contributes nothing to the upper level population and this population

. A
is much less than unity when the single-photon detunings are much greater than the

Rabi frequencies.
Similarly, one can define the upward transition rate that is due to the two-photon

Raman process as

2921 112 2 12
lMo=4—"7"1|1=—+—] |2 Qg 4
2= (75) (3 5) efinst, (849

which has typical value of I'15/27 <1Hz for the fields and detunings of this system.
This means that each atom in the beam path is excited by the two-photon process
on average less than once per second. The remaining two populations, which are still

time dependent, can now be simpliﬁ'ed to

Jag = —Fo1Jag + T'a, (3.50)

Ji = —Ja, (3.51)
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where the fact that 451 > I'ig,I's3,I'13 has been used. These represent simple first
order differential equations except for the fact fchat there is actually field dependence
hidden within I'y5 in the form of Rabi frequencies. To approximatel the behavior of
the populations analytically, one can therefore assume that the fields decay rapidly
compared to level 2 population. This is typically a very reasonable assumption. In
that case, all coefficients are constant and the differential equations can be solved

analytically to give

To(t) = 1;— [1 - exp (—Turt)], (3.52)

Jii(t) = 1 — Jna(t), (3.53)

where it has been assumeéd that all the population is initially in the ground state.
Equation (3.52) is plotted in Fig. 15, where it can be seen that the level two population
simply rises monotonically to its steady-state value of I'1o/Fa;. Th_e time it ‘takes to
reach steady state depends only on the level 2 decay rate 7y, for the conditions

considered here.
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Simplified Field Equations

Using this knowledge, one can obtain the following simplified Raman field equa-

tions

bp = — Kpo — G | [P0, + T3/ Tp0 07, (3.55)

Qs = = K55 + G1 ||, : (3.56)

where the Raman gain (rad/s) is defined as

_ [ 7N 1 1 2 ) )
G = <7§1+Af2> <A + A’) |9p,131%|9s 231, (3.57)

and dispersion due to the Raman resonance (imaginary contribution to G;) has been
neglected because it is small (< 1MHz mode pulling relative to a ~ 500MHz Raman
linewidth). Note that the field equations decouple from those of the populations
because the amount of population in the upper two states is not sufficient to affect
the dynamics of the fields.! These equations exactly match the forms of Eqns. (B.36)
and (B.37) from Appendix B (note, however, that Gy # G). This consistency between
the classical and quantum mechanical derivations is reassuring. Of course, the steady-

state limits of Egs (3.55) and (3.56) also match the classical results.

Steady-State Behavior

Setting Eqgs. (3.55) and (3.56) to zero gives a stable steady-state solution of zero

for the (unitless) intracavity Stokes power below threshold. Above threshold, the

1

Strictly speaking, when thermal effects are included, the fields once again become coupled to the
populations.
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solutions for the intracavity pump and Stokes unitless powers are

lol” = &2 (3.58)
ol = & (Vi = 1), (3.59)

where the cavity field decay rates are given by x =~ (1 — Ry)/27. and the pump rate,

defined by the relation
=P (3.60)

is the incident unitless pump power normalized to threshold. The unitless input

threshold pump power is given by

2 2
thy2 RpRsTrt
= CplteTrt 3.61
T =G, (3.61)

Note that in the process of obtaining these equations from Egs. (‘3.55) - (3.56), deter-
mination of the Stokes field phase is not p;armitted. This is a characteristic common
to phase insensitive amplification processes and indicates phase diffusion of the Stokes
field [79]. Note also that the association of quantities like |a,|? with an optical power
is a semiclassical approximation that is only strictly valid for photon numbers much
greater than one.

The unitless powers from above can be converted to optical powers with standard

units [J/s] using the relation

Py=—Fag|*. . ‘_ _ (3-62)‘
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Equations (3.58) - (3.59) can then be directly compared to Egs. (2.15) ~ (2.17) from

Chapter 2. This allows one to solve for G in terms of measurable quantities, with

the result
_ 8hw,a tan™(L/b)
G = =) ot (3.63)

where « is the plane wave gain coefficient and the fact that 7, = 4L/c has been
used. By solving Eq. (3.63) for o and using Eq. (3.57), one might be tempted to in-

terpret the resulting relation as a definition of « in terms of fundamental parameters

of the medium. This would be reasonable if the fields were nearly resonant with the

single-photon transitions. For the present far-off-resonance case, however, one must
remember that only one upper level (level 3) was considered in this work, whereas all
the upper levels (including the continuum) must be included for an accurate estima-
tion of a based on the fundamental parameters of the medium.

Even though the fields no longer depend on the populations, the reverse is defi-

nitely not true. The simplified steady-state populations are given by

Jpy = 112 < 104, (3.64)
Yo1

J= B <1071, ‘ (3.65)
(Y31 + Ys2)

Jiun=1—Ja3 — Jop = 1, (3.66)

where the fields are embedded as Rabi frequencies in the I's. It should also be noted
that the thermal population of level 2 is ~ 107° for the system at hand. Despite

the meager amount of upper state population, the atoms decaying from level 2 can

f
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still dramatically affect the behavior of the fields via heat deposition, as discussed in

Chapter 4.

Spatial Cor‘lsiderations

As a side note, the dependence of the gain G; from Eq. (5.57) on the spatial
characteristics of the pump and Stokes cavity modes can be incorporated by simply
defining the number of atoms as that contained in the effective interaction volume of

the two cavity modes. That is
N = pv’int) } (367)

where p is the gas density in the Raman cell and the effective volume of the interaction

region is given by

V= [ [ / () 21 (r) P, (3.69)

where 1i,(r) and ,(r) are the pump and Stokes spatial modes of the cavity. This is
effectively equivalent to including the Boyd-Klienman factor, which was performed in
the classical regime for Raman interactions in Ref. [40]. It can be shown rigorously
within a quantum mechanical formalism using methods similar to those of Xiao, et

al. [80).

Connection to the NDOPO

Returning to the fully quantum formalism, but with the knowledge that the vast

majority of the population always remains in the ground state, Egs. (3.38) - (3.40)
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can be simplified by setting S11 — Sa2 = N, where N is the total population in the
interaction volume. Furthermore, although it may not seem natural at the moment,

one can also make the enlightening variable changes

) and

YOWN

in — 1

= ———_F 3.69
12 \/W 12, ( )

where the noise term Fy, is given by Eq. (3.25). Substitution of these into Egs. (3.38)

- (3.40) and dropping the prime for notational simplicity yields

ap = —FKplp + ig asS19 + /26, A, (3.70)
(s = —Kqs + 19" apSly + /26 a, ' (3.71)
Shia = —(721 + iA12)S12 + ig*ap al + \/2—72;511%, , (3‘72)4
where
1 1) : .
9= VW (545 ) s i (3.73)

A clear symmetry now begins to emerge between Eqgs. (3.71) and (3.72). Indeed, the
S1p operator plays a very similarly to the Stokes field operator in Eqgs. (3.70) - (3.72).
Moreover, the similarities between Siy and an optical mode annihilation operator

extend beyond the semiclassical domain as shown in the next subsection.

Operator Correlation Functions

To determine the intensity noise spectra of the emitted light from this system, one

must calculate the second order correlation functions of the input operators. For the
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field input operators, this is not too tricky, but the coherence input operator requires
a bit more thought. Here it is shown that all of the input operators, including 513
exhibit identical second order correlation functions.

The nonvanishing second order correlation functions of the field operators are

where the commutation relations from Eq. (3.17) have been used and it has been
assumed that the input fluctuations are ordinary vacuum so that (afznT — 0 and
a?) — 0.

To calculate the correlation functions for the coherence input operator, one has
two choices. First one can continue to use the normal rules of calculus and apply the
commutation rules between the system and input operators given in Ref. [52]. For
this path, some extra terms show up in the second order correlations that eventually
integrate to zero when the noise spectra is calculated. An easier path is to convert
to Ito calculus, where the rules of calculus are different, but the system operators
commute with the input operators. In this case, no extra terms appear in the second-
order correlations. Identical results are obtained using either approach.

Following the latter path, one can verify that the 1-2 input operator is delta
correlated [(S13()S55T(#) ) = 6(¢ — t')] when the input fluctuations are vacuum, just
like the field operators. That is, using the commutation relations from Eq. (3.17),

the definitions given by Egs. (3.69) and (3.25), and the fact that the input operators

(ay()ay '(t)) = (al(®)ad () ) = 6t ~ 1), (3.74)
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commute with the system operators for Ito calculus, one can show

(SBOSEE) =(S5OSEX)) = 0 (5.75)
(SBIOSBE)) = Sul®)) 6t~ 1) ~0 (3.76)

(SB@)SEH)) =N21721 ‘[721( S11(t) + Sa3(t) ) + Ys1( Sas(t) )

+ Fu( S1()) +Foo( Su(t) )] 6(¢ — )
“i{(’_)’zl + F11 + Fa2)6(t — t)

=5t — 1), (3.77)

just as for the input operator of an optical mode. Note that this is a luxury afforded

by the dearth of population in the upper two states.

System Comparison

With the equivalence of the input operator correlation functions established, one
can now say that the quantum cw Raman laser equations defined by Eqs; (3.70) -
(3.72) are formally identical to those of the nondegenerate optical parametric oscillator
(NDOPO) [81] with the following associations: Pump « Pump, Stokes < Signal, 1-2
Coherence « Idler.

The connection between the stimulated Raman and optical parametric processes
was actually established from a theoretical standpoint shortly after the discovery of
both [82]. At that time, both of the processes were only experimentally achievable

in the pulsed regime, making precise experimental comparisons difficult. Since then

cw NDOPOs have been experimentally realized and have received a good deal of
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theoretical attention [83, and references therein]. But not until recently has the cw
Raman process been so isolated from the complicating éffects of the single-photon
transitions. Indeed, the experimental realization of the far-off-resonance cw Raman
laser now allows for detailed comparison with the cw NDOPO and it is fascinating
that such a precise correspondence resurfaces after a 35-year hiatus.

The predicted steady-state behaviors of the two systems afe identical and have
been experimentally verified. They exhibit pump clamping (power limiting) behavior
above threshold, which was first identified theo/retically for the NDOPO by Siegman
[84]. Furthermore, the output modes of both systems exhibit square root dependences
on the input pump power, and peak photon conversion efﬁciegcies approaching 100%
at four times threshold for single-ended cavities.

All of the population for both systems effectively remains in the ground state. And
both systems exhibit phase insensitive amplification when only one output mode is
observed. There is actually phase sensitivity hidden between the two output modes
for the NDOPO case and between the Stokes and 1-2 coherence for the Raman case.
This can be observed by expressing the field operators in terms of amplitude and
phase operators (for example a, = |as| exp(—igs)). It is then straightforward to show
from the steady-state solutions of Eq. (3.71) that the following phase relationship

holds between the pump, the Stokes (signal) and the 1-2 coherence (idler)

$p =5 + b12 + /2 (3.78)

This relation is consistent with the findings of Giordmaine [82] for both the Raman
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and NDOPO cases. It is also consistent with other amplification processes for which
the driving polarization is 90 ° out of phase with the amplified light.

Both systems also exhibit the attractive feature of frequency insensitive gain. In
other words, the gain doesn’t change much if one uses a visible versus a near-infrared
pump laser. This is afforded by the large detuning from any single-photon transitions
in both the Raman and NDOPO cases and allows for large tuning ranges and spectral
coverage of the emitted light.

The only formal differenée between these systems lies in what has become the
fundamental difference between parametric and stimulated processes [85]. That is,
the NDOPO must cope with phase matching difficulties, while the cw Raman laser
must deal with challenges associated with heat deposition. There are also differences
on a more practical level that can cause their behaviors to deviate from Egs. (3.70) -
(3.72) and from one another. [36, 86]

It is also noted briefly here that there exist less direct connections between the cw
Raman laser and the standard (based on population inversion) laser. For instance,
when the atomic variables can be eliminated, one can associate the population inver-
sion of the normal laser with the intracavity pump photon number of the NDOPO
and Raman systems. Consequently, it is the population inversion that is clamped
in the normal laser rather than the intracavity pump power [17, page 514]. Other
connections also exist between these systems.

This entire discussion therefore begs the question: “Is the Raman system a laser
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or a parametric amplifier?” As unsatisfying as it may be, the answer to this question
lies entirely in semantics. Indeed, the word “laser” is a human construction and inter-
estingly, there exist an astounding number of different definitions. Most definitions
would probably consider this Raman system a laser, but there is an undeniable link

between it and the NDQOPO.

Alternative Forms of the Hamiltonian

Due to similarities between the Raman and NDOPO systems, it is natural to
think that an alternative form of the Raman Hamiltonian, similar to that of the
NDOPO, may be valid. Indeed, such an alternative Hamiltonian does exist and can
significantly simplify the quantum mechanical treatment of the cw Raman system.
For reference, the original system Hamiltonian from the second section of this chapter

is given again here as [see Egs. (3.2), (3.3), and (3.9)]

Hsys =77/.u15’11 + h(.d2522 + hw35'33 + hwpa;f,a,p -+ ﬁwsalas
+ ih(a;r, — ap) <gp,13 S13 + Op,23 Sos + H.C.)

+ iki(al — a,) <gs,13 S13 + gs,93 So3 + Hc> (Original Form) (3.79)
Also for reference, the system Hamiltonian for the NDOPO is

Hys =hwpaj,ap + hwsalas + ﬁwia;rai

8§77

—h (gopo apatal + H.c.) : (NDOPO) (3.80)

One can obtain a simpler Hamiltonian for the Raman system simply by analogy
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with that of the NDOPO. Alternatively, Gerry and Eberly [63] utilized the RWA
to model two optical modes interacting with a single atom in a A configuration,
with no decay paths. The optical modes were assumed to be far detuned from the
single-photon atomic transitions, but exactly resonant with the two-photon transition.
The researchers showed that when the upper level could be adiabatically removed,
the single-photon Jaynes-Cummings model ‘for atom-photon interactions [examples of
which are shown in Eq. (3.79) without the RWA] could be simplified to a two-photon
version. The effective interaction Hamiltonian that they generate is very similar to
that of the NDOPO.

I have not assessed the validity of the Gerry and Eberly method. So instead,
using the analogy between the far-off-resonance cw Raman system and the NDOPO
that was established above, one can obtain the two-photon version of the ‘Raman

Hamiltonian

H oys =hwiS11 + AwySas + Fuwyala, -+ Awsalas

—h (g* apalSl, + H.c.) , (Alternate Form 1) (3.81)

where g is given by Eq. (3.73). One can quickly verify that applying the Heisen-
berg equation of motion to this Hamiltonian yields equations that are equivalent to
Eqgs. (3.38) - (3.40) and therefore averts a good deal of mathematical complexity that
was carried out earlier in this chapter. To be clear, the system Hamiltonian given

in Eq. (3.81) neglects all single-photon interactions, level 3 population, Stark shifts,
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and power broadening. The decay and noise processes associated with level 3 are also
implicitly ignored with this system Hamiltonian. It describes only the effects of the
two-photon Raman process.

The Hamiltonian given in Eq. (3.81) isn’t precisely analogous to that of the
NDOPO due to the presence of the level 2 population. However, when the rate
of level 2 Raman excitation [see Eq. (3.495] is small compared t/o the level 2 decay
rate, one can additionally assume that that there is negligible population in level 2.
This is the situation that exists for the Raman system that is currently under consid-
eration. Interestingly, in this limit, the 1-2 coherence operator behaves suspiciously
like & boson operator (note the commutation relation [Sys, ST, = 1 when Sy — 0).

The coherence can then be treated in the samé manner as a field operator (including

reservoir interactions) so that the system Hamiltonian becomes

Hgys :Mpa;f,ap + Fwsala, 4 Fwy STy S

—h (g* apalSl, + H.C.> : (Alternate Form 2) (3.82)

This form of the Raman system Hamiltonian is truly analogous to that of the NDOPO
given by Eq. (3.80). It neglects the same processes as the first alternate form, but
now none of the free energy of the system resides in the populations. Instead, all
of it resides in the fields, as for a parametric process. Here, the coherence “field”
operator between the lower two levels can be viewed as the annihilation operator of

a molecular vibration or an optical phonon.
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It now becomes clear why some authors have successfully applied Hamiltonians
similar to Eq. (3.82) but with 51, replaced by a phonon operator to Raman systems
(see, for instance Ref. [54]). One can now accurately estimate the limits of validity
for such an appfoximate Hamiltonian. Applying the Heisenberg equation of motion
to this the second alternate Hamiltonian form yields Eqgs. (3.70) - (3.72). As long as
one does not need information about the level 2 population (which can be important
for thermo-optic considerations), the system Hamiltonian given by Eq. (3.82) accu-
rately describes the behavior of the cw Raman system when the appropriate reservoir

interactions are included.

Output Intensity Noise Spectra

he output intensity noise spectra of the generated Stokes light is calculated in
this section using the linearization proc,edure developed by Yamamoto [87] and oth-
ers [88] and the input/output formalism developed by Collet and Gardiner [89]. The
technique has proven to be a valuable tool for analyzing the spectra of parametric sys-
tems [81, 90, 91] as well as systems that explicitly involve atomic degrees of freedom
[70, 58, 72].

First, the 1-2 coherence can be adiabatically eliminated from Egs. (3.70) - (3.72)
above as for the semiclassical case. However, now quantum noise from the 1-2 coher-

ence finds its way into the remaining two field equations explicitly. Specifically, the




89

equations become

bp = —fpap — G1 asala, +1iv/2G1 a, S5 + 2Kp a;,n, (3.83)
G5 = —ksas + Grapala, +i1/2G1 a, (S5)" + V25, o, (3.84)

where G is given by Eq. (3.57). These serve as the starting equations for the fol-
lowing derivation of the Stokes laser output intensity noise. They are identical to
the semiclassical equations of motion except that the noise contributions are now
included.

The procedure is now described. A change of variables is first introduced to
decouple the amplitude and phase portions of the field operators. Only the two am-
plitude equations are of interest for the intensity noise calculation given here. Each
amplitude operator is then separated into two portions; the semiclassical mean value,
and the small time-dependent fluctuations about this mean value. Such a distinction
allows one to linearize the two amplitude equations for small fluctuations about the
stable semiclassical mean amplitudes. This linearization dramatically simplifies the
subsequent analysis by enabling the use of linear algebra. Accordingly, the equa-
tions for the amplitude fluctuations are recast in matrix form and are transformed to
the Fourier domain in preparation for an eventual intensity spectra calculation. Us-
ing the cavity boundary conditions, the intracavity amplitude fluctuation equations
are then transformed to equations for the amplitude fluctuations outside the cavity..

From the these fluctuation equations, the intensity noise of the emitted light can be
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determined.

Amplitude/Phase Decoupling

As will be shown later, direct detection of a laser’s intensity noise only involves
the field amplitude; not the phase. It may therefore seem natural to separate the field
amplitudes in Egs. (3.83) and (3.84) from the phases. One can perform the following

variable transformation to amplitude and phase operators [87]
ag = Gge”"%, forg=p,s (3.85)
. . . ' \
and similarly for all the input operators, where

8y = 1/ agah and by = —;—ln <%> : (3.86)
g

The transformation given above is only valid when the photon number is much larger
than unity [87, and references therein]. This condition is easily satisfied for the system
at hand. It should also be noted here that a field quadfature expansion yields identical
results to this amplitude/phase expansion [81]. Inserting the transformations given by

Eq. (3.85) into Eqgs. (3.83) and (3.84) produces the following two amplitude equations

d

20 =~ fiplip — G aza,

+ivV2G 8, Sige Pt o | SOk, (3.87)
d ’ - |
285 = = sl + G108,

+1V2G 8, Sige Prmt12=ds) | (o Gin, (3.88)
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Using the phase relationship between the fields given by Eq. (3.78), the amplitude
operators completely decouple from the phase operators. This is quite expected for
phase insensitive amplification processes like Raman lasing. Because only the am-
plitude equations are of'interest for the intensity noise, this decoupling therefore
conveniently reduces the number of pertinent equations from four (a,, af, as, and‘ai)

to two (@, and a,).

Linearization
The two remaining equations are still nonlinear, thereby prohibiting straightfor-

ward analytical solutions. To alleviate this difficulty, one can first make an explicit

distinction between the semiclassical steady-state field amplitude, and the small am-

plitude fluctuations about this mean value as is often done (see, for instance Ref. [92,

page 34]). Accordingly, the following field fluctuation operator is defined
B(t) = 2 (@(t)  log) (3.89)
so that
_ 1 _ .
Gq(t) = |ag| + §5aq(t)7 (3.90)

where the factor of two is included for later mathematical convenience. Now all
the time dependence (and all the quantum nature) of each field amplitude is con-
tained within the fluctuation operator 6a4(t), while |oy| represents the real-valued

steady-state semiclassical field amplitude, which is independent of time. The input
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fluctuation operators are represented in a similar manner. However, only the iﬁput
pump operator will have a nonzero mean deteérministic value. The other two input
operators represent purely stochastic noise and fluctuate about zero meaﬁ values (it
is assumed that there is no Stokes seed).

These newly-defined field and input fluctuation operators can be inserted into
Eqgs. (3.87) and (3.88). Doing this generates both the behavior of the semiclassi-
cal steady-state amplitudes as well as that of the amplitude fluctuations. For the
steady-state behavior above threshold, one recovers the previous semiclassical results

(Egs. 3.58 and 3.59), which are written here as

= |5 N
la,| = G and s g, (3.91)

s=/rp— 1, (3.92)

with

where thé pump rate r,, is defined in Eq. (3.60). And for the tirﬁe—depend‘ent amplitude

fluctuation operators, one obtains the two linear equations

d L _ _
%(5@, = — (kp + Glllozs|2) 08y, — 2G|l |as| das

— V2G 655 + /2k, 632, (3.93)
d

Eéas = — (ks — G1|a|?) 835 + 2G|yl 05| 6

+ V2G 655 + /25, 6G", o (3.94)

where it is understood that all the fluctuation operators are functions of time. In

obtaining these fluctuation equations it has been assumed that the steady-state field
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amplitudes are very large compared to the associated fluctuations (Ja,| > |6a,(t)])

so that second order fluctuation terms can be neglected. In practice, this linear

approximation is incredibly good.

The fact that the above amplitude fluctuation equations are now linear signifi-

cantly simplifies subsequent analysis by enabling the use of linear algebra. Specifically,

Egs. (3.93) and (3.94) can be written in the compact form

Edi fa(t) = —A da(t) + B §S™(t) + C sa™(t),

where the following vectors and matrices have been defined

_ [ da, in _ _ir; 1 h 56—7:;?
6a—<5as>, 58 _5512<1>, 6a-<5a§n>,

A= fp+ Gilasl®  2Gi|epllas| \ _ [ (L+8)kp  2,/FFRpRs )
= —2G1|apl|as|  Ks — Gilay|? —2./SFpFs 0 ’

3
B— —v/2G1 |l 0 _( =25k 0
= 0 V2Gi|oyl 0 V2kp )’

C = diag (1/26,,v/2ks) .

Note that the relations given by Egs. (3.91) and (3.92) have been used.

Input/Output Formalism

(3.95)

(3.96)

(3.97)

(3.98)

(3.99)

The previous analysis has generated a set of linear equations describing the am-

plitude fluctuations in time for the fields within the cavity. However, the noise spectra

in the Fourier domain for the field fluctuations outside the cavity are sought. One can
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therefore next take the Fourier transform of Eq. (3.95) and solve for the intracavity

field fluctuations (in the frequency domain) to give
$a(w) = (iw+ A) " [B 68" (w) + C 52 (w)] (3.100)
where the fact has been used that the Fourier transform of the derivative of an

operator can be expressed by multiplying the transform of the operator by 4w. The

operators in Fourier space are denoted with tilde’s and are defined by

1 *° -
da(w) = ———/ dt sa(t)e™”®, 3.101
@ == | arda) (3.101)
and similarly for the input operators.

One can now use the cavity boundary conditions [52]
68°"(w) = C da(w) — 6™ (w), (3.102)

to find the output amplitude fluctuations as functions of the input amplitude fluc-
tuations. The vector §a®* is defined analogously to its input counterpart. Inserting

Eq. (3.100) into Eq. (3.102) yields
§5°%(w) = C (iw + A) " B 6§"(w) + [Ciw+A) C — 1] 6a"(w),  (3.103)
where 1 is the identity matrix. One can now relate these output amplitude fluctua-

tions to the measured intensity noise of the laser.

Intensity Noise

One can define a (unitless) output intensity operator for the field through

I = aafo, . forg=ps (3.104)
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The expectation value of this operator gives the mean photon flux (photons/second)
exiting the cavity when the photon number is much larger than one. Like the input
operators, the output field operators are deﬁneci with units vHz. hInserting the
expression for the field operator given by Eq. (3.85), and using the fluctuation operator
definition given by Eq. (3.90) this equation becomes

I5(8) = [ag™ &)’
2

1
= |oz;’“t |+ 3 6&3“(75)‘
R [0 + |og™] 6ad"(t), (3.105)
where the second order fluctuations have again been neglected in the last step. This
relation shows that direct detection of a laser’s intensity noise is proportional to the

fluctuations in the field amplitude, and has nothing to do with the field phase. One

can now define the fluctuation operator for the intensity as
OI90(t) = |ad™| 6ag™ (), (3.106)

In practice, the intensity noise spectra of the laser output is obtained using a power

spectrum analyzer which measures the power spectral density as a function of rf
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1

frequency. Mathematically, this measurement is described by

Sp) = | {SI e n)aI ) e s

= |og""? / (0ag™(t + 1) 0ag™(¢t) Ye ™ dr
= log P07 w) (085"(w))')
= |og™[2 (|sa (w)]?), (3.107)

where the Wiener-Khintchin theorem has been used to get from the second to the
third step [81]. This valuable result shows that the output intensity noise is simply
related to the variance of the amplitude operator.

The noise spectra are often normalized to that of a coherent state light source of
the same average power. This universal noise reference is called the standard quantum
limit (SQL) and is often referred to as shot noise. Many sources of light can closely
approximate a coherent state, making this an incredibly useful normalization from
an experimental standpoint.

To normalize Eq. (3.107) to the SQL, it can be divided by a power spectral density
of the same average intensity, but with the output fluctuation operators replaced by
vacuum field fluctuation operators (i.e. a coherent state). As shown in Appendix J,
the power spectral density for a. coherent state is simply S (w) = |ag"[?. Using the
symbol V"*(w) to represent the power spectral density normalized to the SQL, onle

obtains

-

_5w)

out —
-Vq (w) - choh(w)

= ([6ag""(w)]?). (3.108)
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One can now use Eq. (3.109) to obtain the output intensity noise as a function of the

input intensity noise. Specifically, the matrix defined by the vector product

_Yout(w) — <5éout(w) (55_out(w))T>

- ([oag (w)l*) (6agt(w) (sast(w))")
( ( 680" (w) ((5&;‘;‘."“((41))1‘ ) ( I5agut(w).|2 ) ) ) (3.109)

exhibits the desired quantity in the bottom right diagonal element, V;3"*(w). It should
be noted that a dagger superscript of a vector quantity represents the conjugate
transpose of that vector. Using a computer to calculate the elements of V3 (w)

analytically yields

Vot (w) =Va"(w)
42 [w? + K2(s — 1)?]
(W? — dkprss)” + K2(s +1)%w?
2,2
16/;;p/$ss X V()
(W2 — dhipes)” + K2(s + 1)%w? P

N w* + [63(1 + 5) + 4K2 — Bhphes) w? + 4drZk2(s — 1)?

Viatoms ()

: x V2(w),
(w? = drpkss)’ + K2(s + 1)%w? ;)
(3.110)
where the input variances are defined as
Vaircl:ms‘(w) =< '5~11r§(w)|2 >) (3111)
Vi (w) =(l6a, w)|*) - (3.112)
Vot (w) =(1665 (w)[*) (3.113)

The first term on the right side of Eq. (3.110) represents the noise contribution from
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the atoms while the second and third terms are the contributions from pump and
Stokes input fields, respectively.
Taking the input variances of the atoms and the Stokes field to be ordinary
vacuum (Vi (w) = V®(w) = 1), but leaving the input pump variance as a variable
parameter gives the following analytical result for the the output Stokes intensity

noise

w* + [512,(1 + 8)2 + 8/1'13 — 8'I<GPI<JSS] w? + 8/1}27,%? [(5 — 1)2 + 2'5‘/}311(&})]

(W2 — dhpkys)? + K3(s + 1)2w?

)

Vo w) =
(3.114)

This analytical solution for the Stokes laser intensity noise spectra is the primary
result of this section. _An' analogous result for the emitted pump light intensity noise
can be calculatedl in the same manner. Furthermore, using the formalism of this
section, one can also calculate the intensity correlations between the output pump
and Stokes. A thorough analysis of the Stokes intensity noise is given in the next

subsection.

Stokes Intensity Noise Analysis

Although it may seem difficult to extract much insight from Eq. (3.114), several
limiting cases can shed some light on the underlying physics involved. In particular,
one can analyze the Stokes intensity noise behavior as a function of pump rate for very
low and very high Fourier frequencies'. Figure 16 illustrates the pump rate behavior

of the intensity noise for Fourier frequencies below the cavity linewidths (w < #p, &)

and for several different input pump noise levels. A coherent state input pump noise
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corresponds to V,*(w) = 1. The behavior is plotted on both linear [Fig. 16(a)] and a
log-log [Fig. 16(b)] scales. Also, Eq. (3.114) becomes

[(s = 1)2 + 25V (w)]

V(W) = =

(W <K Kp, Ks) (3.115)

in the limit of low Fourier frequency. From the figures and from Eq. (3.115), first note
that the Stokes intensity noise is well above the SQL near threshold (s = 0, r, ~ 1)
for all curves. This system is therefore inherently noisy near threshold, a trait that
is shared with other laser systems. However, it is very important to note that the
output Stokes intensity noise is equal to the input. pump noise [V (w) = Vi*(w)]
at four times threshold (s = 1, r, = 4) fo_r all curves. Vertical lines at 7, = 4 have
been provided on both plots to emphasize this point. This feature can be confirmed
using Eq. (3.115) with s = 1. The system therefore displays perfect photon statistics
transfer from the input pump to the output Stokes for a pump rate of fO;lJ,T times
threshold and frequencies below the cavity linewidths. This is also consistent with the
steady-state results of Chapter 2 indicating a. photon conversion efficiency of 100%

occurring at r, = 4.
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contribution to the output Stokes intensity noise far above the cavity bandwidths’
is the reflected vacuum noise. This can be confirmed by taking the limit w — oo
in Eq. (3.114). Using Eq. (3.110), it is also possible to determine the particular
contributions to the total intensity noise from each of the three noise sources (input
pump noise, input Stokes noise, and input coherence noise).

Although the low and high frequency limits are simpler from a mathematical
standpoint, much of the interesting behavior can occur for frequencies between the
extremely low and extremely high limits. This behavior depends critically on the
ratio of the two cavity decay rates. Figures 17 and 18 help to illustrate the issues
involved.

Figure 17(a) shows the Stokes intensity ’noise as a function of Fourier frequency
for a pump rate of four times threshold (s = 1, 7, = 4) and an input pump noise 10
times greater than shot noise [V*(w) = 10]. The Fourier frequency on the horizontal
axis is given relative to sqrt(kpks) so that the curves can be compared on even ground.
In the figure several curves are given corresponding to several different values of the
cavity decay rate ratio (ks/k,). As this ratio increases, relaxation oscillations become
undamped as evidenced by the increasing noise peak. In general, decreasing the cavity
decay rate ratio (i.e. making the Stokes cavity finesse greater than that of the pump)
suppresses relazation oscillations. This is consistent with previous findings in the

time domain {69].




























































































































































































































































































































































































































































































































































































































































































































