
i 

 

 

 

MAGNETIC RESONANCE INSIGHTS  

INTO  

ENGINEERED BIOFILM-INSPIRED SYSTEMS 

by 

 

Matthew Richard Willett 

 

 

 

 

 

 

A dissertation submitted in partial fulfillment 

of the requirements for the degree 

 

of 

 

Doctor of Philosophy 

 

in 

 

Chemical Engineering 

 

 

 

MONTANA STATE UNIVERSITY 

Bozeman, Montana 

 

 

 

August 2025



ii 

 

 

 

 

 

 

ÉCOPYRIGHT 

by 

Matthew Richard Willett 

2025 

All Rights Reserved 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



iii 

 

DEDICATION 

To my father, for inspiring my curiosity. 

To my mother, for your steady love and support.  



iv 

 

ACKNOWLEDGEMENTS 

I am grateful for the support of the U.S. Department of Energy (DOE) Office of Science 

Graduate Student Research (SCGSR) award (2024, Solicitation 1) and the DOE Office of Basic 

Energy Sciences under Award No. DE-SC0021324. I also sincerely thank the C. Lester and 

Audrey P. Hogan Scholarship and Montana State Universityôs Graduate School for their 

generous and continued support. 

Catðthank you for giving me the opportunity of a lifetime. Your insight, kindness, 

integrity, and perseverance will never be forgotten. 

Adie and Brentðthank you for always being available when I needed guidance most.  

Joe and Sarahðyour passion for science and for teaching others is truly aspirational, and 

I am deeply grateful for the wisdom youôve shared with me. 

Dustinðthank you for your steady support and for encouraging me to apply for the 

SCGSR program. To the entire NETL teamðMike, Shelby, Sierra, Shane, Kody, Mengwei, Cat, 

Maggie, Megan, and Karlðthank you for making me feel so welcome. Your professionalism and 

dedication to science, even through difficult times, were inspiring to witness. Iôm grateful to have 

been part of such a remarkable group. 

Matt Y. and MimiðI couldnôt have asked for a better group to learn NMR alongside. Iôm 

also indebted to many past and present members of the Magnetic Resonance Lab for so willingly 

sharing their wisdom and support: Jen, Matt S., Schamali, Peng, and Quirine.  

Scott and (bummer) Brianðthank you for keeping the magnets up and running and for 

being great company. 



v 

 

Kayla, your positivity and insight made a tough project not just manageable, but truly 

enjoyable. I am also grateful to Al, Laura, and our two outstanding undergraduate researchers, 

Levi and Jess. 

Finally, my family:  

Mom and Dad, thank you for always checking in and supporting me from afar. 

Andy, thank you for all the movie nights and phone calls. 

Sarah, Emma, and Johnðthank you for always having my back. 

Being far from you hasnôt been easy. I carry you with me and look forward to the day 

weôre closer again. 

  



vi 

 

TABLE OF CONTENTS 

1. INTRODUCTION ........................................................................................................ 1 

Aerobic Granular Sludge (AGS) ................................................................................... 2 
Magnetic Resonance Imaging ................................................................................. 2 

Microbially-Induced Calcium Carbonate Precipitation (MICP) ................................... 4 
NMR Relaxometry .................................................................................................. 5 
Magnetic Resonance Velocimetry ........................................................................... 5 

Outline........................................................................................................................... 6 
References ..................................................................................................................... 8 

2. FUNDAMENTALS OF NUCLEAR MAGNETIC RESONANCE ........................... 12 

Semi-Classical Description ......................................................................................... 12 
Background ........................................................................................................... 12 
Excitation .............................................................................................................. 13 
Relaxation ............................................................................................................. 17 

Pulse Sequences .......................................................................................................... 18 
90ϲ Pulse................................................................................................................ 19 
Hahn Spin Echo .................................................................................................... 19 
Carr-Purcell-Meiboom-Gill (CPMG) ................................................................... 20 
Inversion Recovery ............................................................................................... 21 
Stimulated Echo .................................................................................................... 21 
Phase Cycling........................................................................................................ 22 

Signal Detection and Fourier Analysis ....................................................................... 22 
Signal Pathway and Quadrature Detection ........................................................... 22 
Fourier Transform and Frequency Domain........................................................... 24 

Magnetic Resonance Imaging ..................................................................................... 25 
Introduction to Gradients and Imaging ................................................................. 25 
Phase Evolution in the Presence of a Gradient & ▓-Space ................................... 27 
Spatial Fourier Relationship ................................................................................. 29 
Imaging Pulse Sequences ...................................................................................... 31 
2-D Image Acquisition .......................................................................................... 33 
▓-Space & Image-Space Relationship .................................................................. 36 
Slice Selection and 3-D Imaging .......................................................................... 37 

References ................................................................................................................... 38 

3. ADVANCED NUCLEAR MAGNETIC RESONANCE THEORY AND 
APPLICATIONS......................................................................................................... 39 

Relaxation ................................................................................................................... 39 
Introduction: Bloch Equations .............................................................................. 39 
Origins of Relaxation ............................................................................................ 40 



vii 

 

Ὕρ Relaxation ........................................................................................................ 42 
Relaxation by Spin Temperature ............................................................... 42 
Perturbation Theory .................................................................................. 43 

Ὕς Relaxation (Spin Density Matrix) ................................................................... 44 
Correlation Functions and Spectral Density Functions ........................................ 44 
Ὕρ and Ὕς Relaxation in Motionally-Narrowed Limit (BPP 

Theory) .................................................................................................................. 48 
Ὕρ and Ὕς Relaxation Outside Motionally-Narrowed Limit 

(Anderson & Weiss Local Field Theory) .............................................................. 51 
Pulsed Field Gradient (PFG) NMR............................................................................. 53 
Introduction: Motion Under a Gradient ................................................................ 53 
▲-space and Propagators ....................................................................................... 54 
PGSE Signal and Propagators for Diffusion ......................................................... 58 

Stejskal-Tanner relation ............................................................................ 58 
Diffusion Propagator ................................................................................. 58 

PGSE Signal and Propagators for Flow and Diffusion ......................................... 59 
Coherent Spin Motion and Gradient Moments ......................................... 59 
Flow and diffusion propagator .................................................................. 61 

PFG Velocimetry ......................................................................................................... 62 
Propagator Velocimetry ........................................................................................ 63 
Phase Shift Velocimetry ........................................................................................ 64 

Two ▲-step Method ................................................................................... 65 
Velocity Resolution Limit ......................................................................... 66 

Inverse Laplace Transform (ILT) ................................................................................ 66 
Fourier vs. Laplace Transform .............................................................................. 66 
Inverse Laplace Transform ................................................................................... 68 
Non-negative Least Squares and Tikhonov Regularization .................................. 69 
Multidimensional Laplace Method ....................................................................... 71 

References ................................................................................................................... 72 

4. RELAXATION-WEIGHTED MRI ANALYSIS OF BIOFILM EPS: 

DIFFERENTIATING BIOPOLYMERS, CELLS, AND WATER .............................. 74 

Contribution of Authors and Co-Authors ................................................................... 74 
Manuscript Information .............................................................................................. 75 
Abstract ....................................................................................................................... 76 
Introduction ................................................................................................................. 76 
Magnetic Resonance Imaging ............................................................................... 76 
Characterization of Biofilm EPS Using MRI ....................................................... 77 

Approach ..................................................................................................................... 77 
Aerobic Granular Sludge (AGS) Biofilm Models ................................................ 77 
Polysaccharides ..................................................................................................... 78 
Alginate-Like Exopolysaccharide (ALE) ............................................................. 78 
Granulan ................................................................................................................ 78 
Extracellular Proteins ............................................................................................ 78 



viii 

 

Microorganisms .................................................................................................... 78 
Materials And Methods ............................................................................................... 78 
Alginate Sample Preparation ................................................................................ 78 
Alginate Gelation Procedure ................................................................................. 78 
Gellan and Gellan/Alginate Sample Preparation and Gelation 

Procedure .............................................................................................................. 79 
Encapsulation Efficiency ...................................................................................... 79 
B. mojavensis Cell Culture .................................................................................... 79 
Aerobic Granular Sludge ...................................................................................... 79 
Magnetic Resonance Imaging (MRI) .................................................................... 79 

Results and discussion ................................................................................................ 79 
MRI Analysis of Alginate ..................................................................................... 79 
MRI Analysis of Gellan ........................................................................................ 81 
MRI Analysis of Bovine Serum Albumin (BSA) Encapsulated in 

Alginate ................................................................................................................. 82 
MRI analysis of B. mojavensis Encapsulated in Alginate..................................... 83 
MRI Analysis of Wastewater Reactor AGS Granules ........................................... 83 

Conclusions ................................................................................................................. 85 
Acknowledgements ..................................................................................................... 86 
References ................................................................................................................... 86 

5. BEYOND THE SURFACE:  NON-INVASIVE LOW-FIELD NMR 

ANALYSIS OF MICROBIALLY-INDUCED CALCIUM  

CARBONATE PRECIPITATION  IN SHALE FRACTURES .................................. 88 

Contribution of Authors and Co-Authors ................................................................... 88 
Manuscript Information .............................................................................................. 90 
Abstract ....................................................................................................................... 91 
Introduction ................................................................................................................. 92 
Background ........................................................................................................... 92 
MICP ..................................................................................................................... 92 
Polymer-Modified MICP ...................................................................................... 93 
NMR ..................................................................................................................... 93 
X Ray Computed Microtomography (Micro CT) ................................................ 94 

Materials and Methods ................................................................................................ 94 
Materials ............................................................................................................... 94 
X Ray Diffraction (XRD) Analysis ...................................................................... 95 
NMR Measurements ............................................................................................. 95 
Micro CT Scanning .............................................................................................. 95 
Media .................................................................................................................... 96 
Apparent Permeability .......................................................................................... 96 
Flow Through MICP Experimental Design .......................................................... 96 

Flow Through Reactor System ................................................................. 96 
Flow Through Injection Strategy .............................................................. 97 

Immersion MICP Experimental Design ................................................................ 97 



ix 

 

Experimental Workflow ........................................................................................ 97 
Results and Discussion ............................................................................................... 97 
Mineralogical Composition of Marcellus and Eagle Ford Shale .......................... 97 
Characterizing NMR Signal from Fractured Shale ............................................... 98 
Analysis of Flow Through Biomineralized Shale Core with 

Proppant ................................................................................................................ 99 
Apparent Permeability .............................................................................. 99 
NMR Analysis ........................................................................................... 99 
Micro CT Analysis .................................................................................. 100 

Analysis of Flow Through Biomineralized Core without Proppant ................... 101 
Apparent Permeability ............................................................................ 101 
Non Invasive Analysis ............................................................................ 102 

Comparing Quantifiable micro CT and NMR Results ....................................... 103 
NMR Analysis of Immersion Biomineralized Core with Proppant .................... 104 

Conclusions ............................................................................................................... 105 
Appendix A ............................................................................................................... 105 
Appendix B ............................................................................................................... 106 
Acknowledgements ................................................................................................... 107 
References ................................................................................................................. 108 

6. MEASURING FLUID FLOW AND TRACKING BIO-MEDIATED 

PRECIPITATION IN PROPPED SHALE FRACTURES WITH PFG 

VELOCIMETRY ....................................................................................................... 111 

Contribution of Authors and Co-Authors .................................................................. 111 
Manuscript Information .............................................................................................112 
Abstract ......................................................................................................................113 
Introduction ................................................................................................................114 
Experimental Methods ...............................................................................................117 
Core Sample .........................................................................................................117 
Flow-Through Setup ............................................................................................118 
MICP-Treatment ..................................................................................................119 
NMR Measurements ........................................................................................... 120 

Results and Discussion ............................................................................................. 123 
Unpropped Shale Fracture Flow ......................................................................... 123 
Propped Shale Fracture Flow .............................................................................. 128 
Biomineralized Propped Shale Fracture Flow .................................................... 132 

Conclusion ................................................................................................................ 137 
References ................................................................................................................. 139 

7. CONCLUSION ......................................................................................................... 143 

Aerobic Granular Sludge .......................................................................................... 143 
Microbially-Induced Calcium Carbonate Precipitation (MICP) in Shale 

Fractures .................................................................................................................... 145 



x 

 

CUMULATIVE REFERENCES .......................................................................................... 149 

APPENDICES ...................................................................................................................... 169 

APPENDIX A USING LOW-FIELD NUCLEAR MAGNETIC 

RESONANCE AND X-RAY COMPUTED 

MICROTOMOGRAPHY  IMAGING TO EXPLORE 

POTENTIAL OF  MICROBIALLY-INDUCED CALCIUM  

CARBONATE PRECIPITATION  TREATMENT TO  SEAL 

SHALE  FRACTURES....................................................................................... 170 
Manuscript Information ...................................................................................... 171 
Abstract ............................................................................................................... 172 
Introduction ......................................................................................................... 172 
Materials and Methods ........................................................................................ 174 
Results and Discussion ....................................................................................... 177 
Conclusion .......................................................................................................... 182 
Acknowledgements ............................................................................................. 182 
References ........................................................................................................... 183 
Appendix ............................................................................................................. 185 

APPENDIX B SURFACTANT-ENHANCED MICP FOR HIGH-

TEMPERATURE SHALE FRACTURE SEALING AND 

POROUS  MEDIA CONSOLIDATION ............................................................. 186 
Introduction ......................................................................................................... 187 
Materials and Methods ........................................................................................ 189 

Medias ..................................................................................................... 189 
Kinetics Study ......................................................................................... 189 
Batch Study ............................................................................................. 190 
Jung Assay .............................................................................................. 190 
Shale Rock Columns ............................................................................... 190 
Shale Rock Columns MICP Injection Strategy ....................................... 191 
Shale Rock Fracture MICP Sealing ........................................................ 192 
Low-Field Nuclear Magnetic Resonance (LF-NMR) ............................. 192 
NMR TEMCO Rock Core Holder .......................................................... 193 
Computed Microtomography (Micro-CT) .............................................. 194 

Results and Discussion ....................................................................................... 194 
Effect of Surfactants on S. pasteurii Growth .......................................... 195 
Effect of Temperature and Tween-80 on Batch Studies .......................... 195 
Effect of Tween-80 on Shale Surfaces .................................................... 197 
MICP-Treatment of Shale Rock Columns with Tween-80 ..................... 198 
MICP Shale Fracture Sealing with Tween-80 at 60ÁC............................ 205 

Conclusion .......................................................................................................... 208 
Acknowledgements ............................................................................................. 209 
References ........................................................................................................... 210 



xi 

 

APPENDIX C TEMPORAL NMR DATA ..................................................................... 213 
Ὕς Evolution During MICP-Treatment .............................................................. 214 
Ὕς Evolution of Guar Rehydration ..................................................................... 216 

APPENDIX D  IN SITU MICRO-CT AND COUPLED FLOW 

SIMULATIONS OF A PROPPED SHALE FRACTURE 

UNDERGOING  MICP-TREATMENT ............................................................. 218 
Acknowledgements ............................................................................................. 222 
References ........................................................................................................... 224 

  



xii 

 

LIST OF TABLES 

Table                Page 

Table 4.1: NMR Experiment parameters .......................................................................... 80 

Table 4.2: T2,eff  statistics of alginate model biofilms ........................................................ 81 

Table 4.3: T2,eff  statistics of mixed polysaccharide model biofilms ................................. 81 

Table 4.4: T2,eff  statistics of alginate/protein model biofilms ........................................... 82 

Table 4.5: T2,eff statistics of alginate with cells ................................................................. 83 

Table 4.6: T1-weighted statistics of alginate with cells ..................................................... 84 

Table 4.7: T2,eff statistics of Vroomshoop AGS granule .................................................... 84 

Table 4.8: T1-weighted statistics of Vroomshoop AGS granule ........................................ 85 

Table 4.9: T2,eff statistics of Utrecht AGS granule ............................................................. 85 

Table 4.10: T1-weighted statistics of Utrecht AGS granule .............................................. 86 

Table 5.1. NMR experimental parameters ........................................................................ 95 

Table 5.2. XRD analysis of shale ...................................................................................... 98 

Table 5.3. Propped shale fracture Ὕς modes ................................................................... 100 

Table 5.4. Comparing NMR and micro-CT measurements of biomineral 

volume formed from pulsed flow MICP-treatment ........................................................ 104 

Table 5.5. Biomineral volume measurements from core treated with 

ñimmersionò MICP-treatment ......................................................................................... 105 

Table 5.6. Injection flowrates, pressures, and apparent permeability 

calculations from cores treated with pulsed flow MICP-treatment ................................ 107 

Table 6.1. MSME  parameters ......................................................................................... 121 

Table 6.2. PFG velocity mapping parameters ................................................................. 121 

Table 6.3. PFG propagator parameters ........................................................................... 122 



xiii 

 

Table A1. NMR experimental parameters ...................................................................... 175 

Table A2. Propped shale fracture Ὕς modes ................................................................... 179 

Table A3. Comparing NMR and micro-CT measurements of biomineral 

volume............................................................................................................................. 181 

Table B1. NMR Ὕς  parameters. ..................................................................................... 193 

Table B2. NMR 1D profile parameters. .......................................................................... 193 

Table B3: CT scanning parameters for dry shale cores .................................................. 194 

Table B4. Porosity changes in the shale rock columns at room temperature 

and 60°C, with and without surfactant ............................................................................ 203 

Table C1. Ὕς times from profiles shown in control rock column (Fig. 1C) 

and surfactant rock column (Fig. 2C) ............................................................................. 216 

Table D1: CT scanning parameters for in situ shale core sealing on the 

Industrial CT scanner ...................................................................................................... 221 

  



xiv 

 

LIST OF FIGURES 

Figure                Page 

Fig. 2.1. Schematics of the trajectory of the magnetization vector ╜ as it 
tips due to the RF pulse ║  .............................................................................................. 16 

Fig. 2.2. 90Á RF pulse sequence ........................................................................................ 19 

Fig. 2.3. Hahn spin echo pulse sequence .......................................................................... 20 

Fig. 2.4. Carr-Purcell-Meiboom-Gill (CPMG) pulse sequence ........................................ 20 

Fig. 2.5. Inversion recovery pulse sequence ..................................................................... 21 

Fig. 2.6. Stimulated echo pulse sequence ......................................................................... 22 

Fig. 2.7. Schematic of NMR hardware ............................................................................. 23 

Fig. 2.8. One-dimensional magnetic resonance signal of a water-filled tube 

under different magnetic field conditions ......................................................................... 26 

Fig. 2.9. MRI orientation of magnetic field gradients ...................................................... 27 

Fig. 2.10. Effect of a magnetic field gradient on spin phase coherence 

following a 90Á RF pulse .................................................................................................. 29 

Fig. 2.11. 1D spin echo imaging pulse sequence .............................................................. 32 

Fig. 2.12. 1D gradient echo imaging pulse sequence ....................................................... 33 

Fig. 2.13. Schematic of ▓-space traversal during a 2D spin echo imaging 
sequence ............................................................................................................................ 35 

Fig. 3.1. Relaxation of net magnetization components in the rotating frame, 

as described by the Bloch equations ................................................................................. 40 

Fig. 3.2. Energy level diagram in a two-spin-1/2 system ................................................. 48 

Fig. 3.3. Dependence of Ὕρ and Ὕς relaxation times on rotational 
correlation time †ὧ at a fixed Larmor frequency ‫π ........................................................ 49 

Fig. 3.4. Illustration of the effect of a moving spin during a PGSE (Pulsed 

Gradient Spin Echo) experiment ....................................................................................... 55 



xv 

 

Fig. 3.5. PGSE pulse sequence ......................................................................................... 58 

Fig. 3.6. Illustration of the diffusion, uniform flow, and combined flow and 

diffusion propagators ........................................................................................................ 62 

Fig. 3.7. Pulse sequence for imaging the local propagator ............................................... 64 

Fig. 3.8. Examples of signal transformations in time-domain and ▲-space 
NMR ................................................................................................................................. 68 

Fig. 4.1: T2,eff maps of alginate model biofilms ................................................................ 80 

Fig. 4.2: T2,eff distribution profiles of alginate model biofilms ......................................... 80 

Fig. 4.3: T2,eff maps of mixed polysaccharide model biofilms .......................................... 81 

Fig. 4.4: T2,eff distribution profiles of mixed polysaccharide model biofilms ................... 81 

Fig. 4.5: T2,eff maps of alginate/protein model biofilms .................................................... 82 

Fig. 4.6: T2,eff distribution profiles of alginate/protein model biofilms ............................. 82 

Fig. 4.7: T2,eff maps and T1-weighted images of alginate with cells .................................. 83 

Fig. 4.8: T2,eff distribution profiles of alginate with cells .................................................. 83 

Fig. 4.9: T1-weighted signal intensity distribution of alginate with cells ......................... 84 

Fig. 4.10: T2,eff map and T1-weighted image of Vroomshoop AGS granule...................... 84 

Fig. 4.11: T2,eff distribution profiles of Vroomshoop AGS granule ................................... 84 

Fig. 4.12: T1-weighted signal intensity distribution profiles of Vroomshoop 

AGS granule...................................................................................................................... 85 

Fig. 4.13: T2,eff map and T1-weighted image of Utrecht AGS granule .............................. 85 

Fig. 4.14: T2,eff distribution profiles of Utrecht AGS granule ........................................... 85 

Fig. 4.15: T1-weighted signal intensity distribution profiles of Utrecht AGS 

granule............................................................................................................................... 86 

Fig. 5.1. Schematic of the reactor system ......................................................................... 96 

Fig. 5.2. Schematic of the experimental workflow ........................................................... 97 



xvi 

 

Fig. 5.3. Ὕρ-Ὕς map of a saturated Marcellus shale core before and after 
fracturing ........................................................................................................................... 98 

Fig. 5.5. Propped fracture photographs after MICP-treatment ......................................... 99 

Fig. 5.4. Propped fracture changes in apparent permeability ........................................... 99 

Fig. 5.6. Propped fracture Ὕς distributions before and after MICP-treatment

......................................................................................................................................... 100 

Fig. 5.7. Propped fracture void volume profile before and after MICP-

treatment ......................................................................................................................... 101 

Fig. 5.8. Propped fracture aperture map pre-MICP ........................................................ 101 

Fig. 5.9. Propped fracture aperture map post-MICP ....................................................... 102 

Fig. 5.10. Unpropped fracture changes in apparent permeability ................................... 102 

Fig. 5.11. Unpropped fracture photographs post-MICP ................................................. 102 

Fig. 5.12. Unpropped fracture Ὕς distributions before and after MICP-

treatment ......................................................................................................................... 102 

Fig. 5.13. Unpropped fracture aperture map and void volume profile post-

MICP ............................................................................................................................... 103 

Fig. 5.14. Propped fracture Ὕς distributions before and after ñimmersionò 
MICP-treatment .............................................................................................................. 104 

Fig. 5.15. Propped fracture aperture map after ñimmersionò MICP-

treatment ......................................................................................................................... 105 

Fig. 5.16. Ὕρ-Ὕς maps of saturated shale fractures pre-MICP-treatment ....................... 106 

Fig. 6.1. (a) Experimental setup for studying fracture flow in the shale rock, 

with vertical flow in the positive z-coordinate direction .................................................119 

Fig. 6.2. Transverse velocity maps in the z-, y-, and x-coordinate directions 

of a unpropped shale fracture in [mm/s] ......................................................................... 124 

Fig. 6.3. Three-dimensional velocity vector plot from Fig. 6.2, normalized 

to the maximum velocity magnitude............................................................................... 124 

Fig. 6.4. Transverse velocity maps in the z-coordinate direction of an 

unpropped shale fracture in [mm/s], with the flowrate varied from 2-5 

mL/min (note: slice location is different from Fig. 6.2) ................................................. 124 



xvii 

 

Fig. 6.5. One-dimensional profiles of ὺᾀ perpendicular to the aperture (y-

direction) and normalized to the local aperture (ὦ) ........................................................ 125 

Fig. 6.6. Average x-, y-, and z-component velocity measured in each one-

millimeter transverse slice along the unpropped shale fracture with the 

flowrate at 2 mL/min ...................................................................................................... 127 

Fig. 6.7 Longitudinal MRI image of propped shale fracture .......................................... 128 

Fig. 6.8. Transverse velocity maps in the z-, y-, and x-coordinate directions 

of a propped shale fracture in [mm/s] with flow at 2 mL/min ........................................ 129 

Fig. 6.9. Displacement propagator along the z-direction for varying 

observation windows (Ў) for flow through a propped shale fracture at 2 
mL/min ............................................................................................................................ 130 

Fig. 6.10. Displacement propagator along the z-direction for flow through a 

propped shale fracture at varying flow rates with a fixed observation 

window (Ў ςπ ms) ....................................................................................................... 130 

Fig. 6.11. Distribution of ὺᾀ derived from the propagator at æ = 20 ms 
compared with a histogram of velocities from phase shift velocimetry, 

across 20 one-mm slices along the core .......................................................................... 131 

Fig. 6.12. Longitudinal MRI image of biomineralized propped shale 

fracture ............................................................................................................................ 134 

Fig. 6.13. Transverse velocity maps in the z-, y-, and x-coordinate directions 

of a biomineralized propped shale fracture in [mm/s] with flow at 2 mL/min

......................................................................................................................................... 134 

Fig. 6.14. Approach to correct phase wrapping in velocity images ................................ 135 

Fig. 6.15. Transverse velocity maps in the z-, y-, and x-coordinate directions 

of a propped shale fracture in [mm/s], before and after MICP-treatment ...................... 136 

Fig. 6.16. Three-dimensional velocity vector plot from Fig. 6.15, 

normalized to the maximum velocity magnitude............................................................ 136 

Fig. 6.17.  Longitudinal velocity maps in the z-coordinate direction of a 

biomineralized, propped shale fracture in [mm/s] with varying flowrates (1ï

3 mL/min) ....................................................................................................................... 137 

Fig. A1. Schematic of the reactor system ....................................................................... 176 

Fig. A2. Schematic of the experimental workflow ......................................................... 177 



xviii 

 

Fig. A3. Propped fracture changes in apparent permeability .......................................... 177 

Fig. A4. Propped fracture photographs after MICP-treatment ....................................... 177 

Fig. A5. Ὕρ-Ὕς map of a saturated Marcellus shale core before and after 
fracturing ......................................................................................................................... 178 

Fig. A6. Propped fracture Ὕς distributions before and after MICP-treatment

......................................................................................................................................... 179 

Fig. A7. Propped fracture void volume profile before and after MICP-

treatment ......................................................................................................................... 181 

Fig. A8. Propped fracture 3D micro-CT image pre-MICP ............................................. 181 

Fig. A9. Propped fracture 3D micro-CT image post-MICP ............................................ 181 

Fig. A10. Ὕρ-Ὕς map of saturated Yawkey core pre-MICP-treatment ........................... 185 

Fig. A11. Ὕρ-Ὕς map of saturated Yawkey core post-MICP-treatment .......................... 185 

Fig. B1. Growth kinetics of S. pasteurii in the presence of various 

surfactants ....................................................................................................................... 195 

Fig. B2. Batch studies tracking ureolysis at room temperature and 60ÁC, 

with and without surfactants ........................................................................................... 196 

Fig. B3. Contact angle measurements of a drop of S. pasteurii culture on 

smooth shale surface ....................................................................................................... 198 

Fig. B4. Normalized Ὕς relaxation time distributions in the shale rock 
columns before and after 20 rounds of batch MICP-treatment at room 

temperature ..................................................................................................................... 199 

Fig. B5. Normalized 1D profiles of control and surfactant MICP-treated 

shale rock columns .......................................................................................................... 201 

Fig. B6. Normalized Ὕς relaxation time distributions in the shale rock 
columns before and after MICP-treatment at 60ÁC ........................................................ 203 

Fig. B7. Images of shale rock columns after 20 rounds of MICP-treatment .................. 204 

Fig. B8. CT-derived fracture aperture maps before and after MICP-

treatment at 60ÁC ............................................................................................................ 206 

Fig. B9. Normalized Ὕς relaxation time distributions before and after 
MICP-treatment of propped shale fractures at 60ÁC ...................................................... 207 



xix 

 

Fig. C1. Ὕς evolution of a shale rock column undergoing repeat, batch 
MICP-treatment at room temperature ............................................................................. 215 

Fig. C2. Ὕς evolution of a shale rock column undergoing repeat, batch 
MICP-treatment modified with surfactants.at room temperature ................................... 215 

Fig. C3. Changes in Ὕς as dried guar is rehydrated, with the initial profile 
in red and the final profile (after 4 h) in blue .................................................................. 217 

Fig. D1. Shale fracture flow-through experimental setup at NETL ............................... 220 

Fig. D2. Fracture aperture maps and corresponding flow simulations from 

ñin situò MICP core sealing experiment ......................................................................... 223 

           



xx 

 

ABSTRACT 

This dissertation explores how nuclear magnetic resonance (NMR) techniques can be 

applied to study engineered biofilm-inspired systems in environmental and geologic settings. 

Two systems were investigated: (1) aerobic granular sludge (AGS), biofilm aggregates used in 

wastewater treatment, and (2) microbially-induced calcium carbonate precipitation (MICP), a 

biofilm-based sealing strategy applied to seal fractures in subsurface shale rock formations. In 

the first system, magnetic resonance imaging (MRI) was used to characterize the relaxation-

weighted contrast of model biofilms (or ñphantomsò) constructed to mimic the extracellular 

polymeric substances (EPS) found in AGS. Key biofilm components were studied for their 

contributions to Ὕ and Ὕ contrast, including gel-forming polysaccharides, extracellular proteins, 

and bacterial cells. Results revealed that biopolymer structure and composition can play a major 

role in MRI contrast, demonstrating the potential of relaxation-weighted MRI to study biofilm 

heterogeneity without invasive labeling or sectioning. In the second system, NMR relaxometry 

and magnetic resonance velocimetry (MRV) was used to monitor MICP-treatment in shale 

fractures at elevated temperatures (60ÁC). Ὕ relaxation profiles tracked porosity changes during 
biomineralization and 3D velocity mapping provided insight into the evolution of flow 

channeling and tortuosity as sealing progressed. NMR findings were also complemented by X-

ray microtomography (micro-CT) imaging analysis and 2D local cubic law (LCL) flow 

simulations. Overall, effective permeability reductions were observed, though polymer additives 

and surfactants were explored to make MICP-treatment more efficient. Together, these studies 

highlight the versatility of NMR in assessing both biological structure and reactive transport 

processes in opaque systems. Future work should build on these methods by incorporating 

additional imaging contrast mechanisms (for example, CEST and CHESS) and exploring 

dynamic in situ measurements.



1 

 

INTRODUCTION 

The subject of this research is beneficial biofilm-based systems. At first glance, the 

concept of a ñbeneficial biofilmò might seem contradictory. Biofilms are aggregates of bacteria 

embedded in a self-produced matrix (Sutherland, 2001; Flemming & Wingender, 2010) and are 

widely associated with being harmful, destructive, and difficult to control. Common examples of 

biofilms include dental plaque and deadly chronic infections such as cystic fibrosis (Aparna & 

Yadav, 2008). The scale of their harm is underscored by their ubiquity; biofilms can be found in 

almost every environment on Earth. They are even found in space, notoriously causing 

catastrophic biofouling aboard the International Space Station (ISS) (Mettler et al., 2022). 

However, the ñgoodò or ñbadò labels applied to biofilms are artificial constructs. In reality, 

biofilms are just surviving and persisting in their environment, and their resilience has allowed 

them to thrive for billions of years. Fortunately, evolution breeds diversity, and in recent decades, 

researchers have realized that some biofilms can be harnessed for useful purposes (Philipp et al., 

2024). The ever-expanding list of applications includes areas such as catalytic biofilms for 

industrial bioprocessing (white biotechnology) (Mukhi et al., 2022), phototrophic biofilms for 

energy and environmental applications (green biotechnology) (Roeselers et al., 2008), and 

engineered biofilms as functional materials and coatings (Heveran et al., 2020; Li et al., 2022b). 

This dissertation contributes to this growing body of research by studying two biofilm-inspired 

systems that show promise in solving pressing environmental challenges. These complex 

biological systems, with wide-ranging properties and applications, benefit from highly versatile, 

non-invasive methods to study their behavior. In this work, the technique of choice is nuclear 

magnetic resonance (NMR). 
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Aerobic Granular Sludge (AGS) 

The first system involves aerobic granular sludge (AGS), a type of engineered biofilm 

used in wastewater treatment. AGS are unconventional biofilms in the sense that they are not 

bound to surfaces. Rather, they are free-floating, compact granules (>200 ɛm) formed from 

activated sludge that contain nitrifying, denitrifying, and phosphate-accumulating organisms that 

work in concert to efficiently remove carbon, nitrogen and phosphate from wastewater (Kirkland 

et al., 2020b). This dense and diverse community of cells is able to coexist in large part due to the 

biofilm matrix which engulfs them, which is also known as the extracellular polymeric substance 

(EPS). The EPS is fundamental in granule development and in shaping their useful structural and 

functional properties (for example, their high surface area-to-volume ratios and settling 

characteristics) (Beun et al., 1999; Hou et al., 2021). However, despite its importance, the EPS is 

surprisingly not well characterized, which is a broader issue in biofilm research (Seviour et al., 

2019). A deeper understanding of the EPS makeup and how individual components are arranged 

inside a biofilm is necessary for improving the control and performance of biofilm-based systems. 

Magnetic Resonance Imaging 

To address this challenge, innovative imaging tools are needed. The top methods used to 

visually study biofilms include confocal laser scanning microscopy (CLSM), Fourier transform 

infrared (FTIR) imaging, Raman spectroscopic imaging, scanning transmission X-ray (STXR) 

microscopy, and mass spectrometry imaging (MSI). However, while many of these techniques 

offer high spatial resolution and molecular specificity, they generally only provide surface-level 

information and/or require staining, dehydration or sectioning, which alters the native state of the 

biofilm (Azeredo et al., 2017; van Hoogstraten et al., 2023; Zhang et al., 2023). To overcome 
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these limitations, magnetic resonance imaging (MRI) has emerged as a powerful technique for 

analyzing biofilms in situ (Herrling et al., 2019). MRI is based on the principles of nuclear 

magnetic resonance (NMR) and offers a range of contrast mechanisms (Callaghan, 1991). Unlike 

the other methods, MRI has virtually no depth limitations and image contrast is endogenous, 

eliminating the need for fluorescent labels or sample sectioning. In particular, relaxation-weighted 

MRI has been increasingly used in biofilm research due to its sensitivity to the chemical and 

physical environment of water protons (Hoskins et al., 1999; Seymour et al., 2004; Herrling et al., 

2019; Kirkland et al., 2020b). Ὕ and Ὕ relaxation processes are influenced by many factors, 

including water mobility, chemical exchange, and susceptibility gradients from mineral 

inclusions. These mechanisms may allow MRI to differentiate between biofilm regions with 

distinct properties, such as cell clusters and tightly crosslinked biopolymers. Ultimately, a better 

understanding of relaxation-weighted MRI contrast will allow this method to complement other, 

more specific biofilm visualization techniques. 

However, since multiple EPS components contribute to the observed signal, contrast in 

relaxation-weighted images can be difficult to interpret. To approach this problem, a series of 

biofilm ñphantomsò were constructed using well-characterized components representative of the 

EPS of aerobic granular sludge (AGS). These included alginate to represent gel-forming 

polysaccharides, bovine serum albumin (BSA) for extracellular proteins, and others. While this 

methodology cannot replicate the heterogeneity of natural biofilms, it provides a controlled 

setting to explore how specific EPS components influence MRI contrast. This approach was also 

shaped by COVID-19 restrictions, which limited sampling of live AGS biofilms due to health 
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risks. Despite these constraints, the biofilm phantoms offered valuable insights and support future 

efforts to interpret MRI contrast in more complex, real-world biofilm systems. 

Microbially-Induced Calcium Carbonate Precipitation (MICP) 

The second biofilm-inspired system involves the use of microbially-induced calcium 

carbonate precipitation (MICP) to seal subsurface rock formations. MICP is a biotechnology 

recently commercialized for sealing fractures in gas and oil wellbores (BioSqueeze, 2023). This 

was preceded by countless field studies demonstrating its capabilities in sealing fractures in 

sandstone rock formations and cement casings several thousands of feet below ground surface 

(bgs) (Cuthbert et al., 2013; Phillips et al., 2016; Phillips et al., 2018; Kirkland et al., 2020a). 

Given its record of success, interest arose in applying MICP to control permeability in much 

deeper shale rock formations. Natural fractures which arise in shale caprock can cause harmful 

leakages of trapped carbon dioxide (Rutqvist, 2012; Espinoza & Santamarina, 2017), hydrogen 

(Zivar et al., 2021), or nuclear waste (Hansen et al., 2010). Additionally, artificial fractures 

created during hydraulic fracturing to extract natural gas often have poor productivity after the 

initial stimulation. MICP has potential to maximize the utility of these reservoirs by sealing 

fractures, either to create more stable geological formations for storage or to enable more 

productive refracturing operations. 

However, there are challenges applying MICP in this system. Elevated subsurface 

temperatures can be harmful to bacterial cells and degrade the enzyme which facilitates 

biomineralization (Bachmeier et al., 2002; Whiffin, 2004; Kim et al., 2018; Hommel et al., 2020; 

Wang et al., 2023). Indeed, while MICP is often described as a ñbiofilm-basedò sealing strategy 

(Phillips et al., 2013b), its application under harsh subsurface conditions raises questions about 
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whether or not a biofilm actually forms in this setting. Regardless, the core principles that make 

biofilms effective, such as cell-surface adhesion and localized biomineralization, are still critical 

in this process. 

NMR Relaxometry 

To study the efficacy of MICP-treatment in shale fractures at elevated temperatures, NMR 

analysis was moved to a low-field NMR magnet. Low-field systems minimize susceptibility 

gradients common in rock samples which can interfere with the NMR signal, though they also 

have lower signal-to-noise ratios (SNR) and are often not equipped for 2D or 3D imaging. 

However, there is another magnetic resonance method particularly well-suited to characterize 

fracture sealing: NMR relaxometry. Because the NMR relaxation time of a proton is sensitive to 

how it interacts with its environment, measuring the entire distribution of NMR relaxation rates 

can reveal information about the distribution of pores or fracture spaces in a given sample 

(Callaghan, 2011). This technique is much faster and cheaper than imaging and can reveal 

changes due to mineralization at the macroscopic scale. When combining this approach with X-

ray computed microtomography (micro-CT), which offers direct visualizations of mineral 

deposition (Kirkland et al., 2019), both quantitative and visual information can be used to assess 

the extent of biomineralization. Together, these methods were used to characterize both traditional 

flow-through and polymer-modified ñimmersionò MICP-treatment for faster sealing. 

Magnetic Resonance Velocimetry 

NMR relaxometry can non-invasively monitor bulk changes in porosity and water content 

during sealing, but MICP is inherently a reactive transport process (Wang, 2018). Consequently, 

this approach overlooks important fluid-rock interactions which drive the buildup of mineral, such 
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as preferential flow paths, proximity to the inlet, and changing fracture apertures. An additional 

NMR method well-suited to study these dynamics is magnetic resonance velocimetry (MRV), 

also known as pulse field gradient (PFG) velocimetry (Callaghan, 2011). By combining molecular 

motion encoding with imaging, quantitative velocity maps can be measured in opaque systems. 

NMR provides a unique opportunity to directly visualize and quantify flow through propped 

fractures before and after MICP-treatment.  

Outline 

Two chapters are dedicated to establishing the diverse NMR methodology used in this 

research. In Chapter 2, basic NMR principles are introduced, including the concept of nuclear 

magnetism, the processes of excitation and relaxation, common experimental methods, Fourier 

transforms, and how images are made. More advanced NMR concepts are introduced in Chapter 

3, including a deeper treatment of relaxation, velocity imaging, and the inverse Laplace method. 

The first biofilm-inspired system, aerobic granular sludge (AGS), is studied with magnetic 

resonance imaging (MRI) in Chapter 4. EPS phantoms modelled after these biofilms were used to 

gain further insights into relaxation-weighted MRI contrast, findings which were published in 

Biofilm. The next two chapters explore the second biofilm-inspired system: microbially-induced 

calcium carbonate precipitation (MICP) applied to seal shale rock fractures under elevated 

temperatures. In Chapter 5, low-field NMR relaxometry was used to characterize the extent of 

fracture sealing alongside X-ray computed microtomography (micro-CT), published in Rock 

Mechanics and Rock Engineering. In Chapter 6, magnetic resonance velocimetry (MRV) was 

used to characterize changes in flow and structure inside shale fractures as a result of MICP-

treatment. This research has been prepared for journal submission.  
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The author was fortunate to receive a 2024 Solicitation 1 Graduate Student Research 

(SCGSR) award from the U.S. Department of Energy (DOE) Office of Science, which enabled 

him to spend four months applying advanced micro-CT methods to characterize MICP fracture 

sealing at the National Energy Technology Laboratory (NETL) in Morgantown, WV. As this 

appointment occurred during the later stage of his PhD studies, the preliminary analysis of this 

work appears in Appendices B and D.  

Appendix A is a conference paper that was presented at the 57th U.S. Rock 

Mechanics/Geomechanics Symposium. It contains initial work on NMR relaxometry 

characterization of shale fracture sealing, work which was expanded on in the Rock Mechanics 

and Rock Engineering paper (Chapter 5) but is included here for completeness. Appendix B is a 

preliminary manuscript showing how surfactant modifiers can significantly enhance MICP-

treatment in shale at elevated temperatures; the micro-CT data which appears here is some of the 

work that was completed at NETL. Appendix C contains dynamic NMR relaxometry experiments 

which show (1) how Ὕ evolves during MICP-treatment in a shale porous media and (2) how Ὕ 

changes as dried guar is rehydrated; both datasets support NMR findings from Chapter 5. Finally, 

Appendix D showcases an ñin situò micro-CT shale fracture sealing experiment conducted at 

NETL. The evolution of shale fracture sealing is shown with high resolution, CT-derived fracture 

aperture maps and coupled flow simulations, which were generated from an in-house, modified 

local cubic law (MLCL) model. Notably, the changing flow field simulations qualitatively 

complement experimental fluid measurements collected with magnetic resonance velocimetry 

(MRV) (Chapter 6).  
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CHAPTER TWO 

FUNDAMENTALS OF NUCLEAR MAGNETIC RESONANCE 

Nuclear magnetic resonance (NMR) studies the molecular properties of matter by 

controlling atomic nuclei spin states with static and time-varying magnetic fields. The principles 

underlying this phenomenon are investigated in this chapter, including where NMR signal 

originates (Semi-Classical Description), how it can be manipulated (Pulse Sequences), how the 

signal is acquired and analyzed (Signal Detection and Fourier Analysis), and how images are 

formed (Magnetic Resonance Imaging). The stage is also set to explore more advanced theory and 

applications in chapter three by briefly exploring the origins of relaxation (Relaxation), how 

relaxation rates are measured (Carr-Purcell-Meiboom-Gill [CPMG] and Inversion Recovery), and 

how magnetic field gradients influence spin phase (Phase Evolution in the Presence of a Gradient 

& ▓-Space). This theory section draws heavily from Paul Callaghanôs seminal works, ñPrinciples 

of Nuclear Magnetic Resonance Microscopyò (1991) and ñTranslational Dynamics & Magnetic 

Resonanceò (2011), with other valuable references from Bernhard Bl¿mich, Ilya Kuprov and 

James Keeler. 

Semi-Classical Description 

Background 

Nuclear magnetic resonance (NMR) is based on the principle that certain nuclei (for 

example, 1H, 13C, and 19F) have properties of a magnetic dipole (Bl¿mich, 2005). This gives rise 

to a quantum mechanical property called spin, a form of intrinsic angular momentum. Although 

quantum mechanics provides a complete description of NMR phenomena for a single nucleus, 
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individual spins cannot be observed directly. However, a sample of material contains on the order 

of 1023 nuclei per mole (Bl¿mich, 2005). By taking a macroscopic approach, the vector model or 

semi-classical approach can be used to describe the aggregate behavior of spins (Callaghan, 

1991). This approach is particularly useful for explaining how time-varying magnetic fields, in 

the form of radiofrequency (RF) pulses, excite spins and how pulse sequences are designed to 

obtain a particular form of NMR signal.  

Throughout the following theory sections, only 1H nuclei (spin number Ὅ = İ) will be 

considered, due to their 99.98% natural abundance and their central role in aqueous-based 

samples which is the focus of this research. 1H will be interchangeably referred to as ñprotonsò or 

ñspinsò unless otherwise noted. 

Excitation 

Quantum mechanics states that spin-bearing nuclei have a magnetic moment that can be 

aligned in any direction (Callaghan, 1991). The magnetic moments are randomly oriented in a 

given sample and cancel each other out, resulting in zero net magnetic moment. However, when 

placed in the presence of an external magnetic field (ὄ), a Boltzmann distribution of spins will 

align in the spin up or spin down energy state (Callaghan, 2011). A slight majority of spins in the 

lower energy states are aligned with ὄ, so a net magnetization (╜) is created along the direction 

of the applied field. Unlike quantum mechanics, in which spins exist in discrete quantized states, 

╜ appears continuous and can be treated as a vector in classical physics. According to classical 

theory, a magnetic moment will experience a torque in the presence of an external magnetic field 

equal to the rate of change of angular momentum, resulting in the Bloch equation (Callaghan, 

1991): 
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 Ὠ╜ȾὨὸ ‎╜ ║ (2.1)  

 

where ╜ and ║ are in [T] and ‎ is the gyromagnetic ratio, a constant of proportionality 

unique to each spin-bearing nuclei in [(rad/s)/T]. This equation of motion predicts how the net 

magnetization behaves in the presence of external magnetic fields. In the case where ║ is a static 

magnetic field of magnitude ὄ applied in the +z direction: 

 

 
║

π
π
ὄ

 (2.2)  

 

The solution to Eq. 2.1 shows that ╜ will precess in the x-y plane around the direction of 

the applied magnetic field, with magnitude ὓ at a specific rate, :‫ 

 

 ‫ ‎ὄ (2.3)  

 

where is the Larmor frequency in [rad/s], proportional to the gyromagnetic ratio and ‫ 

strength of the applied magnetic field. 

It is not possible to measure the net magnetization of the spins in the z-direction because it 

is overpowered by the external ὄ field (Callaghan, 1991). Instead, it is the precession of ╜, i.e. 

the x- and y-components of the net magnetization, that is detected as signal. To obtain these 

components, ╜ must be tipped away from equilibrium along the z-axis, which is accomplished by 

applying additional, time-dependent magnetic fields in the form of radiofrequency (RF) pulses 

(Kuprov, 2024a).  
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Spin dynamics is easier to visualize by adopting a rotating coordinate reference frame, in 

which the observer rotates around the applied ὄ field at the Larmor frequency (Callaghan, 1991). 

In just the presence of the ὄ field, ╜ will appear to be static. Next, a RF pulse, ║, is applied in 

the transverse plane in resonance with the Larmor frequency: 

 

 
║ ὸ ὄ

ÃÏÓ‫ὸ •

ÓÉÎ‫ὸ •
π

 (2.4)  

 

However, in the rotating frame, the ║ field also appears static: 
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• is the phase in [rad], which controls the direction the ║ field is applied in the rotating 

frame of view (Kuprov, 2024a). Since ║ only has transverse components, it can be applied in the 

-x, +x, -y or +y directions (Callaghan, 1991; Kuprov, 2024a). After setting the phase and applying 

the ║ field, the equation of motion predicts that ╜ will start to precess around the direction of 

the ║ field at a particular frequency, :‫ 

 

 ‫ ‎ὄ (2.6)  

 

Where in [rad/s] is proportional to magnitude of the ║ field and the gyromagnetic ‫ 

ratio. For example, in the rotating frame, after setting the phase to zero, the ║ field will be 

applied in the +x direction and ╜ will precess around the +x axis and tip towards +y (Fig. 2.1, A-
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B). In the stationary frame of view, ╜ is precessing around both the ὄ field at frequency and ‫ 

the ║ field at frequency .(Fig. 2.1, C-D) ‫  

 

 
Fig. 2.1. Schematics of the trajectory of the magnetization vector ╜ as it tips due to the RF pulse 
║, which is precessing about the transverse plane at frequency • and ‫ π. In the rotating 
frame depicted in (a) and (b), ╜ tips towards +y and ║ appears static, pointing along the +x 
direction. In the stationary (laboratory) frame depicted in (c) and (d), ╜ rotates around the 
direction of ║ and ὄ in a ñcorkscrewò manner (║ not shown).   

If the RF field is applied for time ὸ, the angle of rotation (‍) is given by (Callaghan, 

1991): 
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 ‍ ‫ὸ (2.7)  

 

Changing the field strength or applied time will alter the angle ╜ is rotated. For example, 

to tip the magnetization 90Á, in order to obtain the maximum amount of x- and y-magnetization 

(ὓ, ὓ), the RF pulse is turned on and ╜ moves from equilibrium along the +z axis until it 

reaches the transverse plane, and then the RF power is switched off. 

Relaxation 

The RF pulse used to excite the spins is transmitted by RF coils, a small coil of wire 

placed around the sample and aligned in the transverse plane (Callaghan, 1991). After the 90Á 

pulse is complete, the same RF coils measure ὓ and ὓ. Initially, ╜ precesses in the transverse 

plane at the Larmor frequency, with a magnitude proportional to ὓ, inducing a voltage in the RF 

coils which is recorded as signal.  

However, due to Ὕ or spin-lattice relaxation, the net magnetization will start to return to 

equilibrium. During this process, the energy absorbed from the RF pulse is released to the 

surroundings, classically referred to as the lattice (Callaghan, 1991). ὓ, initially zero following 

the 90Á RF pulse, grows until it reaches thermal equilibrium, i.e. amplitude ὓ in the z-direction 

without any transverse components. A detailed description of Ὕ relaxation is given in Chapter 3. 

Another process called Ὕ or spin-spin relaxation is used to describe relaxation for ὓ 

and ὓ. As ὓ is restored, the transverse components exponentially decay to zero due to spin 

interactions that cause spin dephasing (Callaghan, 1991). For example, the magnetic moment of 

one spin can slightly alter the local magnetic field experienced by a neighboring spin, causing it 

to precess at a slightly different frequency. This phenomenon, known as dipolar coupling, 
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contributes to Ὕ and Ὕ relaxation, but under certain conditions, acts exclusively through Ὕ 

(Keeler, 2002). Consequently, Ὕ  Ὕ. A detailed description of Ὕ relaxation is given in Chapter 

3. 

Since the transverse magnetization components comprise the measurable signal, the signal 

collected from a 90Á RF pulse decays exponentially in amplitude, appearing as an oscillating 

waveform known as the free induction decay (FID). The FID is expressed as a complex signal, 

since quadrature detection of ὼ and y voltage is used (see ñSignal Detection and Fourier 

Analysisò) (Callaghan, 1991): 

 

 
Ὓὸ ὛÅØÐὭ‰ÅØÐὭɝ‫ὸÅØÐὸὝᶻ  (2.8)  

 

Ὓ is the signal immediately following the RF pulse, ÅØÐὭ‰ is a phase factor, ÅØÐὭɝ‫ὸ 

is the x- and y-components of the signal re-expressed as real and imaginary parts of a complex 

signal, and the ÅØÐὸὝᶻ term indicates that the signal decays exponentially at a rate of 1/Ὕᶻ. 

Note that ɝis the Larmour frequency offset with a reference carrier signal frequency, a result of ‫ 

heterodyne demodulation described later (see ñSignal Detection and Fourier Analysisò). Also, Ὕᶻ 

includes Ὕ relaxation caused by inhomogeneities in the external magnetic field, which causes the 

signal to decay away faster than Ὕ relaxation caused exclusively by spin dipolar interactions. 

Pulse Sequences 

Pulse sequences vary the timing of RF pulses and magnetic field gradients to generate 

specific forms of NMR signal. The most common pulse sequences are described in this section. 
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90ϲ Pulse 

The 90Á pulse sequence is the simplest NMR pulse sequence. Briefly, a 90Á RF pulse 

excites the spins and tips the magnetization into the transverse plane (Fig. 2.2). The signal 

collected is called a free-induction decay (FID), which decays at a rate of 1/Ὕᶻ. 

 

 
Fig. 2.2. 90Á RF pulse sequence. A free induction decay (FID) is generated which decays at rate 

1/Ὕᶻ. 
 

 

Hahn Spin Echo 

The Hahn spin echo pulse sequence begins with a 90Á excitation pulse which tips the net 

magnetization into the x-y plane (Fig. 2.3) (Callaghan, 1991). Initially the spins are in phase with 

each other, but they gradually lose phase coherence due to spin interactions and magnetic field 

inhomogeneities, and the x-y signal starts to decay. At time †, a 180Á RF pulse is applied which 

inverts the spin vectors in the transverse plane. This causes the phases of the spins to reverse 

direction and gradually come back into alignment, leading to a ñrebirth of the FIDò (Callaghan, 

1991). After this point the spins dephase again and the signal decays to zero. The signal collected 

is called a Hahn spin echo, which reaches a maximum at time 2†, also known as the echo time 

(Ὕ). An important feature of this pulse sequence is that it reverses the loss of phase coherence 

caused by static magnetic field inhomogeneities, though not Ὕ relaxation caused by dipolar spin 

interactions or other irreversible processes. 

 

RF

Acquire
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Fig. 2.3. Hahn spin echo pulse sequence. A spin echo is generated by applying two RF pulses, a 

90Á and a 180Á, spaced time † apart. 

Carr-Purcell-Meiboom-Gill (CPMG) 

The Carr-Purcell-Meiboom-Gill (CPMG) pulse sequence is a Hahn-spin echo pulse 

sequence followed by additional 180Á pulses evenly spaced apart (at times †, 3†, 5†, etc.), which 

generates a ñtrainò of spin echoes (Fig. 2.4) (Callaghan, 1991). With each subsequent 180Á pulse, 

the spin echo amplitude becomes smaller and smaller because of Ὕ relaxation. However, since 

dephasing caused by inhomogeneities in the external magnetic field is continuously refocused, the 

ñrelaxation envelopeò of the spin echo train decays at a rate of 1/Ὕ, making it possible to measure 

ñtrueò Ὕ relaxation time. Details on how Ὕ values are extracted from the CPMG decay can be 

found in ñInverse Laplace Transformò in Chapter 3. 

 

 
Fig. 2.4. Carr-Purcell-Meiboom-Gill (CPMG) pulse sequence. The CPMG extends the Hahn spin 

echo pulse sequence with additional 180Á pulses that generates an echo train. The peaks of the 

echoes map out Ὕ decay without the influence of magnetic field inhomogeneities.  
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Inversion Recovery 

The inversion recovery pulse sequence starts with a 180Á pulse, which inverts the net 

magnetization along the -z axis, initiating Ὕ relaxation (Fig. 2.5) (Callaghan, 1991). After time 

†, a 90Á pulse is applied which flips the magnetization into the transverse plane, where the 

remaining longitudinal relaxation is recorded. The pulse sequence can be repeated at varying † 

until the full Ὕ recovery curve is mapped out. Since the rate of signal recovery is 1/Ὕ, this pulse 

sequence is commonly used for measuring Ὕ. Details on how Ὕ values are extracted from the 

inversion recovery signal can be found in ñInverse Laplace Transformò in Chapter 3. 

 

 
Fig. 2.5. Inversion recovery pulse sequence. The magnetization is initially inverted with a 180Á 

RF pulse before recovering magnetization with a 90Á RF pulse after time †. This pulse sequence 
can be repeated with varying † values to map out the Ὕ recovery curve.  

Stimulated Echo 

In materials where Ὕ is much shorter than Ὕȟ a stimulated echo pulse sequence can be 

used to store the transverse relaxation components for recall at a later time (Fig. 2.6) (Callaghan, 

1991). An initial 90x pulse (90ϲ RF pulse applied along the x-axis in the rotating frame) tips M 

into the y-axis, where Ὕ and Ὕ relaxation occurs for time †. Next, another 90x is applied, which 

rotates part of the transverse magnetization (ὓ) into the -z plane, where it is effectively stored as 

longitudinal magnetization. At time † †, another 90ϲ pulse is applied which returns the 

magnetization into the transverse plane, and an echo occurs at time † after the last pulse (or after a 

RF

Acquire

time
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total time of ς† †). A homospoil gradient is typically applied after the second 90x pulse to 

eliminate interference from residual transverse magnetization created by the second RF pulse. 

 

 
Fig. 2.6. Stimulated echo pulse sequence. An echo is generated by applying three 90xÁ RF pulses. 

This pulse sequence is often used as a substitute for the Hahn spin echo when Ὕ<<Ὕ. 

Phase Cycling 

As discussed in the ñSemi-Classical Descriptionò, by altering the phase of the RF pulses, 

the magnetization can be tipped in different directions (Kuprov, 2024a). Most NMR experiments 

will repeat pulse sequences several times and average the voltage signal acquired while varying 

the phases of the pulses in order to amplify NMR signal and nullify background interference 

(Callaghan, 1991). 

Signal Detection and Fourier Analysis 

Signal Pathway and Quadrature Detection 

A flow-diagram of the instrument hardware and signal pathway is shown in Fig. 2.7. The 

synthesizer unit provides the radiofrequency (RF) source, consisting of an oscillator that creates a 

highly stable sinusoidal voltage at a particular frequency (Kuprov, 2024c). The length of the RF 

pulse is controlled by the modulator, which can turn the synthesizer on and off to control the 

length and timing of the pulse. Since the RF pulse is at a very low power (milliwatts), it passes 

RF

Acquire

time
homospoil
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through a transmitter and is amplified. Next, the RF pulse passes through a passive switch, or 

diplexer, which directs it to the RF coil for exciting the sample (Keeler, 2002). During relaxation, 

the magnetization induces a voltage which is detected by the same RF coil. The diplexer directs 

the weak RF signal to the preamplifier, where it is boosted and then passed to the receiver. 

Because the NMR frequency is too high to digitize the signal accurately (for example, protons 

resonate at a frequency of 300 MHz in a 7 T magnetic field), the RF signal must go through a 

process called heterodyne demodulation (Callaghan, 1991; Keeler, 2002; Kuprov, 2024c). In this 

step, the RF signal is ñmixedò with a reference or carrier signal oscillating at a particular 

frequency (typically the Larmor frequency). The carrier signal frequency can be subtracted from 

the RF signal frequency with a low pass filter, resulting in RF signal at ñoffsetò frequencies low 

enough for sampling accurately by the analog-to-digital (ADC) converter.  

 

 
Fig. 2.7. Schematic of NMR hardware, modified from Kuprov (2024c). A frequency synthesizer 

generates the RF signal, which is ñgatedò by a modulator and amplified by a transmitter before 

being directed through a diplexer to the RF coil for excitation. The same coil detects the NMR 

signal and delivers it to a preamplifier to be amplified, and then the receiver. Because NMR 

signals occur at high frequencies, the signal is heterodyned to shift it to lower frequencies and 

digitized by the ADC. 

Synthesizer Modulator

ADC Receiver
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An issue arises because the offset frequencies can be positive or negative, but this sign 

information is lost when only the x- or y-component of the magnetization is measured. To 

determine the correct sign, the RF signal is actually demodulated in parallel using two carrier 

signals that are 90Á out of phase. The result is two demodulated signals, representing the x- and y-

components of the magnetization signal. By treating these as a ñrealò and ñimaginaryò part of a 

complex signal, the Fourier transform can determine the correct sign of precession frequencies. 

This is the essence of the quadrature detection system, which is standard in most NMR 

instrumentation (Callaghan, 1991). 

Fourier Transform and Frequency Domain 

The Fourier transform allows signal that is a function of time (ίὸ) to be completely 

represented as signal as a function of frequency (ίand vice versa. The forward Fourier ,((‫ 

transform produces ί:and is defined as (Kuprov, 2024b) (‫ 

 

 
ί‫

ρ

Ѝς“
ίὸÅØÐὭ‫ὸὨὸ 

(2.9)  

 

The backwards Fourier transform produces ίὸ and is defined as (Kuprov, 2024b): 

 

 
ίὸ

ρ

Ѝς“
ί‫ ÅØÐὭ‫ὸὨ‫ 

(2.10)  

 

The (forward) Fourier transform of the complex time-domain NMR signal (Eq. 2.8), 

which consists of an oscillatory exponential decay, yields a Lorentzian in the complex frequency-
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domain (Kuprov, 2024b). The real and imaginary parts of this spectrum are called the absorption 

and dispersion mode Lorentzian lineshapes, respectively (Keeler, 2002). The absorption spectrum 

has a full-width-half-maximum (FWHM) of .z The faster the decay rate of the signal, the wider 

the peak appears. The integral of the spectra is also directly proportional to the number of protons 

precessing at that frequency (Callaghan, 1991). A sample may also contain multiple populations 

of spins precessing at different frequencies which contribute to the overall signal. Because of the 

linearity property of the Fourier transform, if the total time-domain signal is comprised of 

multiple functions added together, the frequency-domain signal will be a sum of the Fourier 

transform of those functions (Callaghan, 1991). Because of this principle, the complete spectrum 

of sample nuclear precession frequencies can be decomposed, providing information about the 

different spin environments. This is fundamental in the field of high resolution NMR 

spectroscopy (Callaghan, 1991). 

Magnetic Resonance Imaging 

Introduction to Gradients and Imaging 

Magnetic resonance imaging (MRI) is the process of imaging magnetic field moments by 

applying magnetic field gradients and utilizing spatial Fourier relationships (Callaghan, 1991). 

The basic principle behind MRI is illustrated in Fig. 2.8 (Kuprov & Utz, 2024). After placing a 

tube of water inside an NMR magnet, running an experiment, and Fourier transforming the signal, 

one obtains a single peak in the frequency spectrum. This is consistent with the Larmor equation 

(Eq. 2.3), which states that spins which experience the same magnetic field strength will precess 

at the same rate. However, if the same experiment is repeated in the presence of a constant 
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magnetic field gradient, which creates a linearly varying magnetic field, different parts of the 

sample will resonate at different frequencies, depending on their location in the sample. The result 

is a 1-D projection of the tube of water in the frequency spectrum. This example demonstrates 

that constant magnetic field gradients create a spatial dependence on the Larmor frequency, which 

can be expressed as: 

 

 ►‫ ‎ὄ ‎╖Ͻ► (2.11)  

 

where ╖ is the applied gradient in [T/m] and ► is the position of the spin in [m] 

(Callaghan, 2011). This fundamental relationship is the basis of magnetic resonance imaging. It is 

important to note that magnetic field gradients, though varying along the axis they are applied, are 

always aligned with the main external magnetic field (Fig. 2.9). 

 

 
Fig. 2.8. One-dimensional magnetic resonance signal of a water-filled tube under different 

magnetic field conditions. (a) In a uniform ὄ field, all nuclear spins precess at the same Larmor 
frequency, resulting in a single peak in the frequency spectrum. (b) In the presence of a linear 

magnetic field gradient, spins at different positions resonate at different frequencies, resulting in a 

one-dimensional projection of the spatial distribution of water in the frequency domain. Figure 

modified from Kuprov & Utz (2024). 
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Fig. 2.9. MRI orientation of magnetic field gradients. Although magnetic field gradients vary in 

strength along their respective axes, they are always applied in alignment with the main magnetic 

field, ὄ. Figure modified from Noll (2006). 

 

 

Phase Evolution in the Presence of a Gradient & ▓-Space 

This section will analyze the evolution of spin phase along the z-axis in the presence of a 

magnetic field gradient aligned in the same direction (Ὃ). Immediately following a 90ϲ pulse in 

the presence of a static ὄ field, spins precess at the same frequency and are ñin phaseò with each 

other (Fig. 2.10, a). If a gradient is turned on following excitation, the spins experience a different 

magnetic field strength due to their position and will precess at different rates (Fig. 2.10, b). The 

spins are now out-of-step with each other, acquiring different phases depending on their spatial 

location. Since the magnetic field is proportional to position, one obtains a ñhelical variation of 

phaseò, which can be seen by tracing the direction of the magnetic moments of the spins 

(Callaghan, 2011). This helix of phase has a characteristic wavelength defined as: 

 

 
‗

ς“

‎Ὃὸ
 (2.12)  
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where ‗ is in [m]. As time passes with the gradient strength held constant, the wavelength 

decreases and the helix of phase is wound tighter and tighter. Spins become more and more out of 

phase with each other, causing signal to decay away very rapidly. Another way of describing the 

wavelength is through a vector variable called ▓, first introduced by Mansfield & Grannel (1973): 

 

 
Ὧ

‎ὸὋ

ς“
 (2.13)  

 

▓ is the inverse of ‗ and has units of reciprocal space [m-1] and is also known as a ñspatial 

frequency.ò As the wavelength decreases with time, ▓ becomes larger. Traversing through ñ▓-

spaceò will be important for acquiring an image and will be discussed in ñ2-D Image 

Acquisition.ò 
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Fig. 2.10. Effect of a magnetic field gradient on spin phase coherence following a 90Á RF pulse. 

(a) After excitation in a uniform ὄ field, spins precess at the same Larmor frequency and are 
initially in phase. (b) When a linear magnetic field gradient is applied, spins at different spatial 

locations experience slightly different magnetic field strengths and therefore precess at different 

rates, resulting in a helical phase variation of phase (with wavelength ‗) along the gradient 
direction. As time progresses, the phase helix tightens and the observable signal decays rapidly 

due to this dephasing. Figure modified from Callaghan (2011). 

 

 

Spatial Fourier Relationship 

NMR signal acquired with time-dependent magnetic field gradients can be expressed in 

terms of the maximum signal before the gradient is applied (Ὓ) and the spin phase (Callaghan, 

2011; Kuprov & Utz, 2024): 

 

 Ὓᾀȟὸ ὛÅØÐὭ•ᾀȟὸ  (2.14)  
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where •ᾀȟὸ is the phase of a spin in [rad] at time ὸ and position ᾀ along the z-axis. In the 

rotating frame, the phase can be expressed as: 

 

 •ᾀȟὸ ‎Ὃᾀὸ (2.15)  

 

Combing Eqs. 2.14 and 2.15 yields: 

 

 Ὓᾀȟὸ ὛÅØÐὭ‎Ὃᾀὸ (2.16)  

 

Eq. 2.16 can be written more compactly with ▓ notation (Eq. 2.13): 

 

 ὛὯ ὛÅØÐὭς“Ὧᾀ (2.17)  

 

The net signal will come from the contribution of all of the spins, expressed by the spin 

density ”ᾀ, which describes how spins are distributed along the z-axis, leading to the new 

expression for the (normalized) signal, Ὓ: 

 

 
Ὓ Ὧ ÅØÐὭς“Ὧᾀ”ᾀὨᾀ (2.18)  

 

This is a Fourier integral which forms a Fourier transform pair with the spin density 

function: 

 

 
”ᾀ Ὓ Ὧ ÅØÐ Ὥς“ὯᾀὨὯ (2.19)  
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The spin density represents the spatial signal amplitude of the sample. By taking the 

inverse Fourier transform of the signal as a function of ▓, it is possible to reconstruct the spin 

density distribution and obtain an image: 

 

 ꞈ Ὓ ▓ ”► (2.20)  

Imaging Pulse Sequences 

To collect signal in ▓-space, pulse sequences described earlier can be used, but in the 

presence of magnetic field gradients. The classic imaging pulse sequence is the spin echo (Fig. 

2.11) (Callaghan, 2011). First, an excitation pulse is applied, followed by a gradient which winds 

up a helix of phase. Next, a 180Á pulse inverts the spin vectors and completely reverses the 

winding of the phase helix. This is followed by a gradient of equal strength and time duration, 

which unwinds the phase helix and leads to the formation of a spin echo. Signal acquisition 

occurs during the application of this second gradient, also called the readout gradient. The image 

contrast obtained from this sequence is dictated by Ὕ relaxation, since it removes the contribution 

of magnetic field inhomogeneities inherent in Ὕᶻ. 
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Fig. 2.11. 1D spin echo imaging pulse sequence. A 90Á pulse excites the spins, and a gradient 

induces spatially dependent phase shifts. A 180Á pulse flips the spins, reversing the phase 

winding. When a matching gradient is applied, the phase helix is unwound, and a spin echo is 

formed. Figure modified from Callaghan (2011). 

 

 

Another common imaging pulse sequence is the gradient echo (Fig. 2.12) (Callaghan, 

2011). As with the spin echo pulse sequence, a 90Á pulse is applied followed by a gradient. 

However, to unwind the phase helix and form an echo, another gradient, of equal area but 

opposite sign as the first one, is applied instead. Because only a single RF pulse is used in this 

sequence, the echo time is much shorter, and the signal can be recorded more quickly compared to 

the spin echo sequence. However, the image contrast will be dictated by Ὕ* relaxation, as it does 

not reverse the effects of magnetic field inhomogeneities. 
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Fig. 2.12. 1D gradient echo imaging pulse sequence. A 90Á pulse excites the spins, followed by a 

read gradient that induces spatially dependent phase shifts. When an equal and opposite gradient 

is applied, the phase helix is unwound, and a gradient echo is formed. Figure modified from 

Callaghan (2011). 

 

 

2-D Image Acquisition 

To acquire a two-dimensional image in real space, signal must be collected in two 

dimensions of reciprocal (▓) space. This will be described here briefly using the spin echo pulse 

sequence. As mentioned earlier, ▓-space is traversed with gradients. The gradient area, or ▓, 

determines how far in ▓-space is traveled, while the sign of the gradient determines the direction. 

After the 90Á pulse, a gradient applied in the x-direction (frequency encoding direction), takes the 

▓-space position to the edge of ▓-space. Next, the 180Á pulse transports the ▓-space position 

through the origin and to the opposite side of reciprocal space. Signal is collected while another 

gradient is applied in the x-direction. During this step, as the ▓-space position moves from left-to-

right, spins refocus and the signal builds until an echo forms near the middle of ▓-space, after 

timeRF

Gread
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which the spins start to dephase again and the signal decays away. To collect signal above and 

below the origin of ▓-space, a gradient is applied in the y-direction (phase encoding direction). 

With each phase encoding step, another row of ▓-space is collected, and this is continued until the 

entire ▓-space is filled with data. By taking the 2-D Fourier transform of the 2-D matrix of signal 

in ▓-space, a 2-D image in real space is obtained. An illustration of ▓-space mapping with the 

spin echo imaging pulse sequence is shown in Fig. 2.13. 
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Fig. 2.13. Schematic of ▓-space traversal during a 2D spin echo imaging sequence. (a) A phase-

encoding gradient is applied in the y-direction, shifting the ky-space position vertically. (b) A 

frequency-encoding gradient in the x-direction moves kx-space position to the edge of ▓-space. 
(c) A 180Á RF pulse inverts the ▓-space position. (d) A second frequency-encoding gradient is 

applied, and signal is collected as spins refocus, generating an echo that fills a line of k-space. 

Repeating this sequence with different phase-encoding steps fills ▓-space line by line. Figure 
modified from Kuprov & Utz (2024). 
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▓-Space & Image-Space Relationship 

A pixel in ▓-space does not correspond to a pixel in real space (Callaghan, 1991). Rather, 

a single pixel in ▓-space contains some frequency and phase information for the entire image. 

Nevertheless, different regions of ▓-space contribute to different aspects of the final image. The 

center of ▓-space contains high signal but low spatial frequency information, which is important 

for providing a bulk of the image contrast, while the periphery of ▓-space contains low signal but 

high spatial frequency information, which is important for obtaining spatial resolution. Going 

ñfurther outò in ▓-space enables higher spatial frequency information to be collected, leading to a 

reconstructed image with finer detail. This leads to the fundamental relationship between image 

resolution and field-of-view (FOV) in ▓-space and real space, where the resolution in one domain 

determines the FOV in the other: 

 

 
Ўὰ

ρ

ςὯ
 (2.21)  

 
ЎὯ

ρ

ςὍ
 (2.22)  

 

where Ўὰ and ЎὯ is the pixel width in real space and reciprocal space, respectively, Ὅ  is 

the maximum distance covered in real space where ςὍ  is the span of the image (i.e. FOV), and 

Ὧ  is the maximum spatial frequency covered in reciprocal space and ςὯ  is the ὑ . 

Resolution in the image depends on the maximum achievable Ὧ , which depends on the 

available gradient strengths. Other impacts on resolution include Ὕ relaxation and diffusion 
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effects (Callaghan, 1991). In practice, the absolute limit for image resolution is around 10 

microns. 

Slice Selection and 3-D Imaging 

To acquire a three-dimensional image, one spatial axis is designated as the frequency-

encoding (readout) direction, while the other two axes are encoded using phase encoding 

(Callaghan, 1991). Fully sampling all combinations of the two phase-encoding directions is time-

consuming, and often only a two-dimensional image slice of the sample is needed. This can be 

accomplished by applying a ñsoftò shaped RF pulse, which only excites a specific bandwidth of 

frequencies in the frequency domain, in the presence of a gradient. This in turn only excites a 

specific region of the sample along the gradient direction, enabling slice selection. In practice, a 

thin slice is chosen to minimize volume averaging, improving spatial resolution by reducing the 

size of each voxel (volume element). 
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CHAPTER THREE 

ADVANCED NUCLEAR MAGNETIC RESONANCE THEORY 

AND APPLICATIONS 

Chapter Two introduced Nuclear Magnetic Resonance (NMR) and Magnetic Resonance 

Imaging (MRI). This chapter builds on that foundation by exploring fundamental concepts 

integral to the present research in more depth, probing the origins of relaxation (Relaxation) and 

how a continuous distribution of relaxation rates can be extracted from multiexponential signal 

decay (Inverse Laplace Transform). The chapter also introduces applications of NMR in dynamic 

systems, showing how gradients can be used to track molecular motion (Pulsed Field Gradient 

[PFG] NMR) and how this technique can be combined with imaging to produce spatial velocity 

maps (PFG Velocimetry). As before, references to the books by Callaghan (1991, 2011) are 

abundant in this chapter, in addition to that of Keeler (2002) for his treatment of relaxation. 

Relaxation 

Introduction: Bloch Equations 

In Felix Blochôs landmark paper published in 1946, he introduced two relaxation time 

constants, Ὕ and Ὕ, to describe how the net magnetization of spins (╜) returns to thermal 

equilibrium following excitation (Bloch et al., 1946). The differential equations are: 

 Ὠὓ

Ὠὸ
‎ὓ ὄ

‫

‎

ὓ

Ὕ
 

Ὠὓ

Ὠὸ
‎ὄ ‎ὓ ὄ

‫

‎

ὓ

Ὕ
 

(3.1)  
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Ὠὓ

Ὠὸ
‎ὓὄ ὓ ὓ ȾὝ 

 

 

where ὓ is the magnetization at thermal equilibrium in [T] and is the frequency of ‫ 

precession in [rad/s]. The solutions in the rotating frame are illustrated in Fig. 3.1. This 

phenomenological description shows how the magnetization changes with time during relaxation, 

but with some exceptions, does not accurately characterize relaxation behavior (Callaghan, 2011). 

To do this, one must account for the origins of relaxation: spin interactions and molecular motion. 

 
Fig. 3.1. Relaxation of net magnetization components in the rotating frame, as described by the 

Bloch equations (Bloch et al., 1946). Following excitation, the longitudinal component ὓ 
recovers its magnetization (ὓ) at a rate of ρȾὝ (a), while the transverse components ὓ   decay 

with a rate of ρȾὝ (b). 

 

 

Origins of Relaxation 

Relaxation is the process by which spins return to thermal equilibrium following excitation. 

Equilibrium is reached when two conditions are met (Keeler, 2002): 

1. There is a Boltzmann distribution of spins in the different energy levels 

2. There is no phase coherence among the spins (no transverse magnetization) 

This discussion will consider a spin state system with two energy levels, which applies to 

nuclei with the spin-1/2 quantum number (such as 1H). To excite spins, spins must undergo 

0
time

0
time

(a) (b)
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transitions from the lower to the higher energy level. This is accomplished by applying an RF 

pulse, i.e. a secondary magnetic field in the transverse plane oscillating at the Larmor frequency, 

to the entire sample. For relaxation to occur, there must be transitions between the energy levels 

until a Boltzmann distribution of spins is reestablished. During relaxation, transitions do not occur 

because of an external RF pulse, but rather because of local magnetic fields which arise due to 

spin interactions. Due to Brownian motion, the orientation of the spins is constantly changing, 

causing local magnetic fields to change randomly in direction, amplitude, and time. When these 

local magnetic fields vary at the right frequencyðthe Larmor frequencyðand are in the right 

orientationðthe transverse planeðspin energy level transitions can occur. 

There are many different types of spin interactions which create these local magnetic fields 

(Keeler, 2002). For example, paramagnetic species such as metals and dissolved oxygen create 

strong magnetic fields due to their unpaired electrons, which have a large magnetic moment. 

However, for spin-1/2 nuclei, the dipolar coupling effect has the strongest impact on relaxation. 

This interaction arises because each spin has its own magnetic moment, or small magnetic field 

which interacts with the magnetic field of a neighboring spin. The size of the interaction depends 

strongly on the orientation between the spins and is directly proportional to the product of the 

gyromagnetic ratio of the two nuclei (Keeler, 2002). 

Just as there are many different types of interactions that can create local magnetic fields, 

there are also many types of molecular motion that can cause these local fields to vary randomly 

(Keeler, 2002). For example, molecular vibrations cause spins to fluctuate and generate oscillating 

magnetic fields. However, this motion occurs at too high of a frequency to induce spin state 

transitions. In the liquid-state, thermal energy (ὯὝ) causes molecules to undergo rotational 
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diffusion. This rotational diffusion molecular motion occurs at the right timescale to primarily 

cause relaxation in the liquid-state, the so-called motionally-narrowed regime (Callaghan, 1991; 

Keeler, 2002). 

Ὕ Relaxation 

Relaxation by Spin Temperature: Ὕ relaxation is the process where spins transition 

between the energy levels until they reach a Boltzmann distribution of spins. Hebel and Slichter 

described this phenomenon using the concept of ñspin temperatureò Slichter (1978). When the 

spins are in thermal equilibrium with their environment, or ñlattice,ò the spin temperature is equal 

to the lattice temperature and the population of energy levels can be characterized by Boltzmann 

statistical mechanics: 

 
ὴ

ὴ
ÅØÐ

Ὁ Ὁ

Ὧ—
 (3.2)  

 

 

where ὴ and ὴ are the thermal equilibrium probability of occupation of the nth and mth 

energy levels (Ὁ and Ὁ) and — is the temperature of the lattice. When not in equilibrium with 

the lattice, the spins are characterized by a spin temperature (—) that is unequal to the lattice: 

 
ὴ

ὴ
ÅØÐ

Ὁ Ὁ

Ὧ—
 (3.3)  

 

 

Ὕ relaxation captures the energy exchange process that occurs between the spins and the 

environment during relaxation. For example, to transition from a lower to higher energy state, a 

spin will require energy from the environment. To transition from a higher to lower energy state, a 
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spin will release energy to the environment. During Ὕ relaxation, spins ñheat upò or ñcool downò 

until the spin temperature is equal to the lattice temperature and thermal equilibriumðand a 

Boltzmann distribution of spinsðis reached. It must be noted that the ñlatticeò is not a solid or 

physical environment, but rather the motion of the atomic and molecular environment, which 

provides a comparatively much larger source of energy which can be exchanged with the spins. 

With this thermodynamic approach, an expression for Ὕ relaxation can be derived (Slichter, 

1978; Callaghan, 2011): 

 
ρ

Ὕ

ρ

ς

В ὡ Ὁ Ὁȟ

В Ὁ
 (3.4)  

 

 

where ὡ  is the rate of transitions induced from the Ὁ to Ὁ state by the environment.  

Perturbation Theory: The ὡ  transition rate can be calculated with time-dependent 

perturbation theory, treating the dipolar interaction as a perturbation to the comparatively much 

larger Zeeman interaction (i.e., the interaction between the spins and the external magnetic field) 

(Callaghan, 2011). Eq. 3.4 becomes: 

 
ρ

Ὕ

А

τ“
‎ᴐ

σ

ς
ὍὍ ρ ὐ ‫ ὐ ς‫  (3.5)  

 

 

where ‘ is the magnetic permeability of free space constant, ᴐ is the reduced Planck 

constant, Ὅ is the spin quantum number, and ὐ  and ὐ  are spectral density functions that result 

from the dipolar coupling interaction (Callaghan, 1991). Spectral density functions account for 

the origins of Ὕ relaxation, measuring the amount of random molecular motion at the right 
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frequency to cause transitions in the spin energy levels (Keeler, 2002). This will be explored 

further in ñCorrelation Functions and Spectral Density Functions.ò 

Ὕ Relaxation (Spin Density Matrix) 

The presence of the external ὄ field causes spins to precess around the direction of the 

applied field. The phase of a spin is the arbitrarily defined angle the magnetic moment of the 

nuclei makes in the x- or y-plane at a particular point in time. After excitation, the phases of the 

spins align and there is a net magnetization in the transverse plane. However, during the process 

of Ὕ relaxation, the phases become out-of-step with each other and eventually all phase 

coherence is lost. At thermal equilibrium, the spin phases are randomly oriented and there is no 

net transverse magnetization (Keeler, 2002). 

One cannot derive an expression for Ὕ relaxation using the same approach for Ὕ, since 

perturbation theory does not apply, i.e. there is no Zeeman interaction that dominates the dipolar 

interaction. Instead, Ὕ relaxation can be derived using the spin density matrix (details found in 

Callaghan (2011)), resulting in: 
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Compared to Eq. 3.5, there is an additional spectral density function ὐ  that appears here, 

which is also due to the dipolar interaction, but unique to Ὕ relaxation. 

Correlation Functions and Spectral Density Functions 
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Spectral density functions help account for the origins of relaxation by capturing the 

amount of random molecular motion that leads to relaxation (Keeler, 2002). Recall from earlier 

that rotational diffusion is the type of molecular motion that leads to relaxation in liquids. 

Rotational diffusion can be characterized the rotational correlation time † which is defined as the 

average time it takes a molecule to move through one radian (Abragam, 1962). Molecules with 

short correlation times move rapidly and molecules with long correlation times move slowly. To 

describe a stochastic processðin this case random rotational diffusion that creates fluctuating 

magnetic fieldsðan autocorrelation function can be used (Kubo & Shuler, 1969): 

 Ὃὸȟ†
ρ

ὔ
ὄ ȟ ὸὄ ȟ ὸ † ὄ ȟ ὸὄ ȟ ὸ † Ễ  (3.7)  

 

 

The autocorrelation function takes the ensemble average of the product of the local 

magnetic field at time ὸ with the local magnetic field at time † later for all ὔ spins in the sample. 

This can also be written using averaging notation: 

 Ὃὸȟ† ὄ ὸὄ ὸ † (3.8)  

 

 

in which the overbar represents an ensemble average. This function obeys the principle of 

stationarity, meaning the function depends on the difference in time (or time lag), rather than 

when it is measured (Keeler, 2002). Thus, it can be expressed solely as a function of †: 

 Ὃ† ὄ πὄ † (3.9)  
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The autocorrelation function has the largest value at † = 0, and goes to zero at long †. A 

simple form the autocorrelation function can take is for Brownian motion, a decaying exponential 

(Keeler, 2002): 

 Ὃ† ὋπÅØÐ
ȿ†ȿ

†
 (3.10)  

 

 

The reduced correlation function is normalized by the amplitude factor: 

 Ὣ† ÅØÐ
ȿ†ȿ

†
 (3.11)  

 

 

Note the decay rate depends on the rotational correlation time. This expression describes 

the amount of random molecular motion that can lead to relaxation, as a function of time. 

However, recall for energy level transitions to occur, this motion must be moving at the right 

frequency. By taking the Fourier transform, the reduced correlation function can be transformed 

from a function of time to a function of frequency: 

 ꞈὫ† Ὦ‫  (3.12)  

 

 

Ὦis a spectral density function, which returns the amount of molecular motion at some ‫ 

frequency The Fourier transform of the decaying exponential model for Ὣ† returns a .‫ 

Lorentzian with an absorption mode lineshape: 
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 Ὦ‫ ꞈ ÅØÐ
ȿ†ȿ

†

ς†

ρ †‫
 (3.13)  

 

 

Recall from the equations for Ὕ and Ὕ relaxation that there are three spectral density 

functions that appear after accounting for dipolar interactions. For the dipolar mechanism to 

occur, two spins must interact with each other, and in a two-spin state system there are four 

different energy levels that arise depending on the spin state of each spin in the coupling (Fig. 3.2) 

(Keeler, 2002). Because the dipolar interaction can cause transitions to occur between all possible 

pairs of energy levels, three autocorrelation functions are needed to account for these possible 

transitions. Dipolar coupling interactions which cause transitions that stay in the same energy 

state are described by Ὃ , transitions which causes one of the two spins to flip to a new energy 

state are described by Ὃ , and transitions which cause both spins to flip to the other energy state 

are described by Ὃ  (Keeler, 2002). Assuming that all three autocorrelation functions have the 

same reduced correlation function (a decaying exponential), the spectral density functions can be 

derived by modeling a sphere rotating in a viscous liquid (Slichter, 1978), resulting in (Callaghan, 

2011): 
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where ὶ is the distance between the magnetic moments and the dependence on ρȾὶ 

results from the dipolar nature of the coupling (Callaghan, 2011). 

 
Fig. 3.2. Energy level diagram in a two-spin-1/2 system, given by ‌ (spin-up) and ‍ (spin-down), 

modified from Keeler (2002). Zero-quantum transitions (green) occur when both spins flip in 

opposite directions. Single-quantum transitions (blue) occur when one spin flips and the other 

remains unchanged. Double quantum transitions (red) occur when both spins flip in the same 

direction.  

 

 

Next, the spectral density functions must be evaluated at the frequency which induces 

their specific transitions. Transitions where one spin flips to a new spin state occurs at the 

Larmour frequency, ὐ ‫ . Transitions where both spins flip to a new energy state occurs at 

twice the Larmour frequency, ὐ ς‫ . Lastly, ñflip-flopò transitions occur at zero frequency, 

ὐ π. This latter component is referred to as the secular contribution to the dipolar interaction, 

as it describes static local magnetic fields that cannot contribute to spin energy level transitions. 

Ὕ and Ὕ Relaxation in Motionally-Narrowed Limit (BPP 

Theory) 

The Ὕ relaxation profile shows a minimum in the Ὕ relaxation time when † ρȾ.Fig) ‫ 

3.3). Here, there is maximum spectral density and maximum Ὕ relaxation. Two different 

motional regimes can be characterized relative to the minimum in Ὕ: 

1. †ḺρȾFast-motion regime (ñextreme narrowingò) :‫ 
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2. †ḻρȾSlow-motion regime (ñextreme broadeningò) :‫ 

 
Fig. 3.3. Dependence of Ὕ and Ὕ relaxation times on rotational correlation time † at a fixed 
Larmor frequency † The Ὕ curve exhibits a minimum near .‫ ρȾdividing the behavior ,‫ 
into two regimes: fast-motion (†ḺρȾextreme narrowing") and slow-motion (†ḻρȾ,‫" ,‫ 
"extreme broadening"). In both regimes, Ὕ times are long due to molecular motion being too fast 
or too slow to efficiently induce spin transitions. The Ὕ profile mirrors Ὕ in the fast-motion 

regime but diverges at longer † due to the increasing influence of secular dipolar interactions, 
which cause dephasing without energy exchange. As a result, Ὕ becomes much shorter than Ὕ in 
the slow-motion regime. Figure modified from Callaghan (2011). 

 

 

Both the fast and slow-motion regimes exhibit long Ὕ relaxation times, though for different 

reasons (Keeler, 2002). Recall that spin transitions occur due to non-secular dipolar interactions, 

which depend on molecular motion to cause the local fields to vary at the right frequency. In the 

fast-motion regime (small †), as in fluids, because the molecules are moving very quickly, Ὕ 

relaxation is not efficient. In the slow-motion regime, as in solids, because molecules are moving 

very slowly (long †), there is less molecular motion to induce spin transitions and Ὕ relaxation 

takes longer. It is between these two extremes where there is the perfect amount of motion to 

obtain the most Ὕ relaxation.  

10210010-2

slow 

motion

fast 
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The Ὕ relaxation profile is equivalent to Ὕ in the fast-motion regime, but as the correlation 

time gets larger and larger, the profiles diverge (Keeler, 2002). This is due to fact that both the 

non-secular and secular dipolar interactions contribute to a loss of phase coherence among the 

spins (observe the presence of all three spectral density functions in the equation for Ὕ 

relaxation). When spins ñflipò to new energy states, the phase of the spins will change as well; 

thus, anything that causes Ὕ relaxation also causes Ὕ relaxation. Spins can also lose phase 

coherence if they start to precess at different rates, which happens when they experience different 

local magnetic fields. Recall this is described by the secular component of the dipolar interaction, 

or local magnetic fields oscillating at zero frequency. These variations in the local magnetic field 

cause spins to dephase but cannot induce spin energy level transitions since they are not at the 

right frequency. Thus, not everything that causes Ὕ relaxation also causes Ὕ relaxation. In the 

fast-motion regime, the molecules moving around quickly average out the local magnetic field 

experienced by a spin. Consequently, the secular contribution to the dipolar interaction is almost 

negligible, and it is the non-secular contribution that leads to Ὕ and Ὕ relaxation. In the slow-

motion regime, because there is less molecular motion, there is more variation in the local 

magnetic fields and the secular contribution leads to more rapid Ὕ relaxation. 

Since the linewidth in the frequency spectrum is proportional to 1/Ὕᶻ, the regime with the 

shortest Ὕ times (i.e. the slow-motion regime) will have broader frequency peaks; thus, it is also 

deemed the ñextreme broadeningò regime (Keeler, 2002). The broad linewidth is due to the larger 

range of resonant frequencies found within the sample, due to more variations in the local 

magnetic field. Conversely, the fast-motion regime has very long decay times and narrow peaks in 

the frequency domain and is called the ñextreme narrowingò regime. Since rapid molecular 
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motion averages out the local magnetic fields, there is a very small range of resonant frequencies 

found within the sample and the frequency peaks are sharp. 

Ὕ and Ὕ Relaxation Outside Motionally-Narrowed Limit 

(Anderson & Weiss Local Field Theory) 

A different approach is required to characterize the relaxation behavior of solids and semi-

solids. For nuclei in a crystal lattice, there is a large variation in the distance between the spins 

and their orientations in the lattice. Consequently, the dipolar fields vary considerably, and 

naturally there is very little molecular motion to average out these variations. This causes phase 

coherence to be quickly destroyed following excitation, on the order of microseconds (Callaghan, 

1991). In the frequency spectrum, there is a smearing of the linewidth characterized as 

inhomogeneous broadening, reflecting the large range of resonant frequencies found within the 

sample. To summarize, non-secular dipolar interactions are very weak and secular dipolar 

interactions are very strong in the solid or semi-solid state (Callaghan, 1991). 

The previous equation derived for Ὕ relaxation still applies outside of the motionally-

narrowed limit (Callaghan, 2011). Clearly, Ὕ relaxation will be very long in solids due to the lack 

of molecular motion. A different treatment is required, however, to describe Ὕ relaxation, as 

inherent assumptions in the previous analysis make it valid only within the motionally-narrowed 

limit. In the ñrigid-lattice regimeò, the timescale of the FID will be much shorter than the 

correlation time of the molecule. This timescale can be estimated as ρȾЎύ , where Ўύ  is 

the linewidth of the rigid lattice (Kimmich, 1997). The rigid-lattice and motionally-narrowed 

regimes can be defined as: 

Ўύ †ḻρ (rigid-lattice limit) 
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Ўύ †Ḻρ (motionally-narrowed limit) 

To characterize Ὕ relaxation within the rigid lattice limit, local field theory can be 

applied. The Anderson & Weiss treatment describes Ὕ relaxation in terms of fluctuating local 

magnetic fields (Kimmich, 1997). Recall that spins precess at a frequency proportional to the ‫ 

strength of the magnetic field they experience: 

 ‫ ‎ὄ ὄ  (3.17)  

 

 

where ὄ is the main magnetic field and ὄ  is the local magnetic field generated by spin 

interactions (i.e. dipolar interactions). Of course, the resonance frequency is defined by the 

Larmor equation: 

 ‫ ‎ὄ (3.18)  

 

 

The presence of local magnetic fields creates offsets to the frequency of precession 

relative to the resonance frequency: 

 ɱ ‫ ‫ ‎ὄ  (3.19)  

 

 

where ɱ is defined as the offset frequency. Because of molecular motion, ὄ  will 

fluctuate and therefore ɱ will as well. The full Anderson & Weiss treatment characterizes Ὕ 

relaxation in terms of these fluctuating frequency offsets, resulting in (Kimmich, 1997): 
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 Ὓὸ ÅØÐộ Ớ ὸ †Ὣ†Ὠ† (3.20)  

 

 

where Ὓὸ is the normalized FID, ộɱỚ is the ensemble average of the square of the offset 

frequency (i.e. the second moment of the linewidth), and Ὣ† is the reduced correlation function. 

This approach correctly predicts that the decay is fast when the molecular motion is slow and the 

FID is Gaussian (Callaghan, 2011). Therefore, the lineshape in the frequency spectrum is 

Gaussian as well. This approach also works outside the rigid-lattice limit, demonstrating that the 

magnetization decay is slow when the molecular motion is fast and the FID is a decaying 

exponential with a Lorentzian lineshape in the frequency spectrum.  

Pulsed Field Gradient (PFG) NMR 

Introduction: Motion Under a Gradient 

In Chapter 2, it was shown how spin phase could be manipulated by magnetic field 

gradients (Callaghan, 2011). For example, in the gradient echo pulse sequence, an applied 

gradient wound up a helix of phase following the excitation pulse. This was unwound by applying 

a gradient of equal magnitude but opposite sign, which lead to the formation of a gradient echo. 

However, the perfect refocusing depicted in Fig. 2.12 assumes that spin-bearing nuclei are fixed 

in place in the direction of the applied gradient throughout the sequence. In fact, molecular self-

diffusion is bound to occur, especially with liquid state molecules. This motion alters the 

accumulated phase and leads to attenuation of the echo signal, which can have negative impacts 

on the final image. On the other hand, the echo signal contains evidence of motion which 
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occurred during the experiment, which demonstrates another powerful application of NMR: 

gradients can be used to track molecular motion.  

▲-space and Propagators 

The normalized transverse magnetization of a spin at some time ὸ, which initially started 

at position ► and moved to position ►ὸ, is defined as (Callaghan, 2011): 

 
ὓ ►ȟὸ

ὓ ►ȟπ
ÅØÐὭ‰ὸ  (3.21)  

 

 

where ‰ὸ is the accumulated phase of the spin. If the spin follows path ►ὸ in the 

presence of a time-varying gradient ▌ὸ, then the phase shift is: 

 ‰ὸ ‎ ▌ὸ Ͻ►ὸὨὸ (3.22)  

 

 

This expression captures how a spin acquires phase from motion through the applied 

gradient over time. Spin phase is made sensitive to molecular motion through pulsed field 

gradient (PFG) NMR (Fig. 3.4) (Callaghan, 2011). In the pulsed gradient spin echo (PGSE) 

experiment, a gradient pulse with amplitude Ὣ and (narrow) pulse length ‏ is applied following 

the initial 90Á excitation pulse (Fig. 3.4). From Eq. 3.22, the accumulated phase of a spin at initial 

position ► is: 

‏‰  ‎ ▌ὸ Ͻ►ὸὨὸ ‎‏▌Ͻ► (3.23)  
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Next, a 180Á pulse inverts the phase shift. At time Ў, the same narrow gradient pulse is 

applied, and if the spin moves to position ►, the phase shift will be: 

‏‰  ‎ ▌ὸ Ͻ►ὸὨὸ ‎‏▌Ͻ► (3.24)  

 

 

Therefore, the net phase shift is simply the difference of Eq. 3.23 and 3.24: 

 ɝ‰ ‎‏▌Ͻ► ► (3.25)  

 

 

 
Fig. 3.4. Illustration of the effect of a moving spin during a PGSE (Pulsed Gradient Spin Echo) 

experiment. Spins acquire a position-dependent phase when a narrow gradient pulse is applied. 

After a 180Á RF pulse and a second identical gradient, stationary spins refocus, while moving 

spins accumulate a residual phase proportional to their displacement, leading to signal attenuation 

in the spin echo for random motion. Figure modified from Callaghan (2011). 
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Of course, the echo signal from a PGSE experiment, Ὁ▌ȟɝ), will come from the 

accumulated phase shifts from all of the spins. This will be expressed by multiplying each phase 

term by its probability of moving from position ► to ► after time Ў. This probability is given by: 

 ”►ȟπ ὖ►ȿ►ȟɝ) (3.26)  

 

 

where ”►ȟπ is the initial spin density at ► and ὖ►ȿ►ȟɝ) is the propagator, i.e. the 

conditional probability of moving to ► in time ɝ (Callaghan, 2011). The ensemble average over 

all displacements is given by: 

 Ὁ▌ȟɝ ”►ȟπ ὖ►ȿ►ȟɝÅØÐὭ‎‏▌Ͻ► ► Ὠ►Ὠ► (3.27)  

 

 

Eq. 3.27 can be rewritten in terms of the spin displacement ╡ ► ►  and the average 

propagator ὖ╡ȟЎ, defined as: 

 ὖ╡ȟЎ ”►ȟ ὖ►ȿ► ╡ȟЎὨ► (3.28)  

 

 

Eq. 3.27 can also be more conveniently expressed in terms of a displacement wavevector, 

▲: 

 ▲
‎‏▌

ς“
 (3.29)  
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where ▲ is in units of spatial frequency [m-1]. Combining these relations yields: 

 Ὁ▲ȟɝ ὖ╡ȟɝÅØÐὭ▲Ͻ╡Ὠ╡ (3.30)  

 

 

This establishes a Fourier relationship between the echo amplitude in ▲-space and the 

averaged propagator that describes the spectrum of spin displacements, i.e. the probability 

distribution of spin displacements over time ɝ (Callaghan, 2011). The wavevector ▲ is the Fourier 

conjugate to displacement, just as ▓ is the Fourier conjugate to position in imaging. Similar to 

how gradients are used to sample ▓-space in imaging, repeating the PGSE sequence at different 

gradient strengths is used to sample ▲-space. Note that ‏ is usually minimized so it can be 

assumed spins do not move during the pulsesðthe so-called narrow pulse approximation. There 

is also a similar reciprocal relationship between the resolution and FOV in these conjugate 

domains, i.e., the resolution in ▲-space (i.e., the difference between the ▲-steps) determines the 

FOV in displacement space, while the FOV in ▲-space determines the resolution of 

displacements. The displacement observation window (ɝ) is set experimentally and is generally 

much longer than ‏, with longer ɝ times allowing the spins more time to undergo motion. Once 

▲-space is sufficiently sampled, the propagator is measured by taking the inverse Fourier 

transform of the echo attenuation signal, Ὁ▲ȟɝ (pulse sequence shown in Fig. 3.5). 
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Fig. 3.5. PGSE pulse sequence is repeated at varying gradient strengths ▌ to encode ▲-space, 

where ▲
‎‏▌

ς“Ȣ 

 

 

PGSE Signal and Propagators for Diffusion 

Stejskal-Tanner relation: For spins undergoing free, isotropic diffusion, the PGSE signal is 

a Gaussian function, given by the Stejskal-Tanner relation (Callaghan, 2011): 

 
Ὁ▲

Ὁπ
ÅØÐτ“▲Ὀ ῳ

‏

σ
 (3.31)  

 

 

which corrects for motion during the finite pulse duration with ῳ . The PGSE 

method enables the diffusion coefficient Ὀ to be calculated by finding the slope the Stejskal-

Tanner plot, or ÌÎ
▲
 vs τ“▲ ῳ  (Callaghan, 2011). 

Diffusion Propagator: If the PGSE gradient pulses are assumed to be infinitely narrow, the 

echo attenuation in Eq. 3.31 is just ÅØÐτ“▲Ὀɝ. Consistent with Eq. 3.30, this forms a 

Fourier transform pair with the well-known diffusion propagator, also a Gaussian (Callaghan, 

2011): 

RF time

g

Acquire
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 ὖ╡ȟЎ τʌ$ɝ ȾÅØÐ
╡

τὈɝ
 (3.32)  

 

 

PGSE Signal and Propagators for Flow and Diffusion 

Coherent Spin Motion and Gradient Moments: The impact of steady flow on PGSE signal 

can be derived by revisiting the expression for the phase shift accumulated in the presence of a 

time-varying gradient field (Eq. 3.22) (Taylor & Draney, 2004; Callaghan, 2011), restated here: 

 ‰ὸ ‎ ▌ὸ Ͻ►ὸὨὸ (3.22)  

 

 

A Taylor series expansion of the time dependent spin position, ►ὸ, yields: 

 ►ὸ ► ○ὸ
ρ

ς
╪ὸ Ễ (3.33)  

 

 

in which ○
►
 and ╪

►

 
. For simplicity, only stationary spins and spins moving 

in the z-direction will be considered. The phase expression with the expansion becomes: 

 ‰ ‎ᾀ Ὣ ὸὨὸ ‎ὺ Ὣ ὸὸὨὸ
‎ὥ

ς
Ὣ ὸὸὨὸ Ễ (3.34)  

 

 

where ᾀ is the initial spin position, ὺ is the spin velocity, ὥ is the spin acceleration, and 

the time integrals of the gradients are the moments ὓ ᷿Ὣ ὸὸὨὸ. Since flow is steady, 

acceleration and the higher order terms will be ignored (though there are ways of cleverly 
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manipulating the gradients to make the echo sensitive to acceleration and the higher order 

derivatives) (Callaghan, 2011). Eq. 3.34 can be rewritten more conveniently in terms of the 

temporal gradient moments: 

 ‰ ‎ᾀὓ ὺὓ  (3.35)  

 

 

where ὓ is the zeroth moment and ὓ is the first moment of the z-gradient. In a PGSE 

experiment, it is standard that the gradient area is zeroðor to be more precise, the area of the 

effective gradient ▌ᶻ◄, which considers the effect of RF pulses on spin phase. This requires that 

ὓ π, so the phase becomes: 

 ‰ ‎ὺὓ  (3.36)  

 

 

The first moment is evaluated over the times the first and second gradients are applied: 

 ὓ ὫᶻὸὸὨὸ ὫᶻὸὸὨὸ (3.37)  

 ὓ Ὣɝ(3.38) ‏  

 

 

Therefore, the phase shift in a PGSE experiment from uniform flow is: 

 ‰ ‎‏Ὣὺɝ (3.39)  

 

 

Or more generally, in vector form: 
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 ‰ ‎‏▌Ͻ○Ў (3.40)  

 

 

This result demonstrates that there is a linear relationship between the measured phase of 

the PGSE signal and the velocity (Taylor & Draney, 2004; Callaghan, 2011). In the presence of 

flow and diffusion, uniform flow imparts a phase shift on all the spins which can be added to the 

Stejskal-Tanner relation (Callaghan, 2011): 

 
Ὁ▲

Ὁπ
ÅØÐὭς“▲Ͻ○Ў τ“ήὈ ῳ

‏

σ
 (3.41)  

 

 

 resulting in phase modulation of the signal due to coherent motion and attenuation due to 

random diffusive motion. 

Flow and diffusion propagator: The total propagator when there is flow and diffusion is the 

convolution of the two individual propagators (Callaghan, 2011). For uniform flow, the 

propagator is a delta function centered at ○Ў: 

 ὖ╡ȟЎ ɿἠ Ἶɝ (3.42)  

 

 

The result after convolving the uniform flow propagator (Eq. 3.42) with the diffusion 

propagator (Eq. 3.32) is: 

 ὖ╡ȟЎ ɿἠ ἾÔṧ τʌ$ɝ ȾÅØÐ
╡

τὈɝ
 (3.43)  
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 ὖ╡ȟЎ τʌ$ɝ ȾÅØÐ
╡ ○ɝ

τὈɝ
 (3.44)  

 

 

The propagators are illustrated in Fig. 3.6. It is clear that this result is an idealization, since 

velocities often vary inside a given system. For example, steady flow through a porous media is 

highly nonuniform, as spins travel through tortuous pathways or become trapped in stagnant 

zones. Mathematically, the propagator becomes asymmetric or even multimodal at all time scales 

(Fridjonsson et al., 2011; Shukla et al., 2016), unless the porous media is effectively 

homogeneous. In this case, the propagator may approach a Gaussian form at long time scales (i.e. 

long ɝ) due to enhanced mixing from diffusion and dispersion (Fridjonsson et al., 2011). 

 
Fig. 3.6. Illustration of the diffusion, uniform flow, and combined flow and diffusion propagators.  

(a) The propagator for (free) diffusion is described by a Gaussian function. (b) For uniform flow, 

the propagator is a delta function centered at ὺῳ. (c) The total propagator for combined flow and 
diffusion is given by the convolution of the individual flow and diffusion propagators (Callaghan, 

2011).  

PFG Velocimetry 

The previous section showed how PFG NMR encodes molecular motion into spin phase, 

introducing the concept of ▲-space and establishing the Fourier relationship between PGSE signal 

and the averaged propagator of spin displacements. PFG velocimetry takes this a step further by 

(a) (b) (c)
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spatially resolving the displacement measurements. The two main techniques are imaging the 

propagator at each voxel (propagator velocimetry) (Callaghan, 1991) and measuring spatial maps 

of the average velocity (phase shift velocimetry) (Caprihan & Fukushima, 1990). 

Propagator Velocimetry 

The pulse sequence for imaging the propagator is shown in Fig. 3.7 and combines spin 

echo imaging with PFG NMR (Callaghan, 2011). As described in Chapter 2, a slice-encoding 

gradient enables slice selection, and a combination of phase- and read-encoding gradients are used 

to map out ▓-space. Meanwhile, a narrow pulse gradient pair, separated by time ɝ, enables ▲-

encoding, which can be along any chosen direction. For each phase-encoding step in ▓-space, the 

entirety of ▲-space is collected, where the total number of ▲-steps needed (ὲ) depends on the ▲-

space resolution requirements. Unsurprisingly, this can lead to very long acquisition times. For 

example, a simple experiment with 64 phase encoding steps, two averages, and 8 ▲-steps would 

require over 1000 signal acquisitions.  
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Fig. 3.7. Pulse sequence for imaging the local propagator, combining ▓- and ▲-space encoding. 

 

 

Since this approach was of more limited utility for the present research, data processing 

will be described only briefly. The result is ὲ images, which were each acquired with a different 

value of ▲. These ▲-slices are first inverse Fourier transformed with respect to ▓, yielding a stack 

of spatially resolved real and imaginary images. Each voxel location has a complex valued signal 

that is a function of ▲. The inverse Fourier transform of this signal calculates the propagator for 

each voxel. Propagator velocimetry provides a wealth of information: the center of the peak of the 

propagator indicates the average voxel velocity, and the FWHM, or spread of the propagator, can 

be used to find the average voxel self-diffusion coefficient. Further details of this technique can 

be found in Callaghan (2011). 

Phase Shift Velocimetry 

RF time

g

Acquire

Gx

Gy

Gz
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Two ▲-step Method: To measure the average velocity at each voxel, a much faster 

approach is possible. Previously, it was shown that when there is coherent flow, the measured 

phase of the PGSE signal depends on the velocity: 

 ‰ ‎‏Ὣὺɝ (3.45)  

 

 

This suggests that just a single ▲-step is needed to calculate the average velocity, ὺ. 

However, it has been observed that the phase signal often contains spatially varying artifacts 

(Taylor & Draney, 2004). These distorted phase shifts can be reversed by running a PGSE 

experiment using two ▲-steps, with gradients of equal magnitude but opposite sign; calculating 

the phase in each ▲-slice; and then subtracting their phases (Caprihan & Fukushima, 1990): 

 ‰ ‎‏Ὣὺɝ (3.46)  

 ‰ ‎‏Ὣὺɝ (3.47)  

 ‰ ‰ ɝ‰ ς‎‏Ὣὺɝ (3.48)  

 

 

Since there can only be 2́ rad. of phase, the ὺ  variable is introduced, defined as the 

velocity which produces a phase shift of  ́rad. (Taylor & Draney, 2004): 

 ὺ
“

ς‎‏Ὣɝ
 (3.49)  

 

 

In practice, a velocity field of view is chosen and the acquisition software (for example, 

Bruker ParaVision 5.1) automatically adjusts the gradient amplitude to satisfy this equation. If a 
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higher ὺ  is chosen by the user, a lower gradient is applied, and vice versa. After combining Eq. 

3.48 and 3.49: 

 ὺ
ὺ

“
ɝ‰ (3.50)  

 

 

Thus, +ὺ  and -ὺ  represent the upper and lower bounds of velocities that can be 

measured for a given Ὣ, ‏, and ɝ. Spins with velocities outside of this range will alias, i.e. their 

phase wraps around and misregisters as flow in the opposite direction (Taylor & Draney, 2004). 

Note that the pulse sequence for phase shift velocimetry is identical to imaging the propagator 

(Fig. 3.7), but with just two ▲-stepsðmaking signal acquisition more efficient. 

Velocity Resolution Limit: The velocity resolution limit in phase shift velocimetry is the 

point where the displacement due to flow (ὺɝ) is comparable to the displacement due to diffusion 

(Ѝς꜠ ɝ) (Callaghan, 2011; Williamson et al., 2020). This can be estimated as: 

 ộὺ Ớ
ς꜠

ɝ
 (3.51)  

 

 

Inverse Laplace Transform (ILT) 

Fourier vs. Laplace Transform 

Spin Larmor frequencies are sensitive to local molecular interactions, such as chemical 

shift and dipolar interactions. The Fourier transform of the free induction decay signal reveals the 
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distribution of sample spin frequencies, thereby providing details of the sample molecular 

structure. This forms the basis of high-resolution NMR spectroscopy. 

In systems with mesoscale structure, for example, porous media and gels, it is more 

relevant to study the molecular rotational and translational dynamics of liquid molecules, which 

can reveal characteristics of the surrounding solid or biomolecular matrix structure (Callaghan, 

1991; Galvosas & Callaghan, 2010). For example, spins trapped in smaller pores relax faster due 

to increased surface interactions, so the distribution of spin relaxation rates correlates to pore 

surface-to-volume ratios (i.e., pore size distribution) (Callaghan, 2011). As another example, in a 

PGSE experiment, the decay rate of the signal reveals information about the diffusion coefficient, 

i.e. the ability of molecules to move within and between pores.  

There are different approaches to parse the relaxation rates or diffusion coefficients 

present in the signal (Callaghan, 2011). With relaxation, one option is to take the Fourier 

transform of the FID and measure the width of the spectral peaks, since the full width at half 

maximum height (FWHM) is ρȾ“Ὕᶻ. However, this approach is difficult if there are many 

different populations of spins with many different relaxation times, since each population 

contributes to the overall spectral peak width. This is the same case for measuring diffusion. The 

Fourier transform of the PGSE signal decay gives a spectrum of spin displacements, or 

propagator. While the diffusion coefficient can also be estimated by analyzing the FWHM of the 

propagator, if they are a superposition of Gaussians representing all of the different diffusion 

coefficients in the sample, this approach is insufficient. 

For relaxation or diffusion experiments which feature multiexponential signal decay, 

another simple approach is to fit the decay to the smallest number of exponential terms that best 
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fit the data, yielding a spectrum of isolated delta functions. However, this becomes inaccurate if 

there are more than 2-3 exponential components or when the time constants are similar 

(Provencher, 1982; Whittall & MacKay, 1989; Venkataramanan et al., 2002). A more natural 

approach is to represent the data as a continuous distribution of relaxation times or diffusion 

coefficients, which applies to samples which have a distribution of pore sizes (such as rocks) or 

cell diameters (such as wood) (Whittall & MacKay, 1989). This can be accomplished by 

transforming the NMR signal by the inverse Laplace method (Fig. 3.8). 

 
Fig. 3.8. Examples of signal transformations in time-domain and ▲-space NMR. (a) The Fourier 

transform of the free induction decay (FID) signal yields a spectrum of resonance frequencies; the 

FWHM of the peaks can, in theory, be used to find Ὕ. (b) The Fourier transform of the signal 
decay from a PGSE NMR experiment yields a propagator, or probability distribution of spin 

displacements, whose FWHM can also theoretically be used to measure .꜠ In both cases, Fourier 

analysis is limited when the signal arises from multiple environments with different relaxation 

rates or diffusion coefficients. For such systems, inverse Laplace transforms (ILTs) can be used to 

find Ὕ and  ꜠distributions. 

 

Inverse Laplace Transform 

The time-domain NMR signal, Ὓὸ, can be expressed as the forward Laplace transform of 

ὪὙ, i.e. the probability of finding the decay rate Ὑ (Callaghan, 2011): 

time

(a)

q

(b)
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 Ὓὸ flὪὙ ὪὙÅØÐὙὸὨὙ (3.52)  

 

 

where ÅØÐ Ὑὸ is the exponential term. The inverse Laplace transform (ILT) allows one 

to find ὪὙ from Ὓὸ: 

 ὪὙ fl Ὓὸ
ρ

ς“Ὥ
ὛὸÅØÐὙὸὨὸ (3.53)  

 

 

However, the ILT is considered an ñill-posedò problem. Experimental data contains noise, 

which becomes amplified when multiplied by the exponential term. Small errors in Ὓὸ lead to 

large errors in ὪὙ.  

Non-negative Least Squares and Tikhonov Regularization 

One approach to solve the ILT, as outlined by Stephen Provencher, returns to Eq. 3.52, 

which can be formally re-written as: 

 Ὓὸ ὑὸȟὙὪὙὨὙ (3.54)  

 

 

where ὑὸȟὙ is known as the ñkernelò, which can take the following form: 

 ὑὸȟὙ
ÒÅÌÁØÁÔÉÏÎȡ ÅØÐὙὸ 

ὖὋὛὉȡ ÅØÐτ“ή꜠ῳ
 (3.55)  

 

 



70 

 

Eq. 3.54 is a special class of integrals known as Fredholm integrals of the first kind 

(Venkataramanan et al., 2002). However, the problem is still ill-posed, since a solution may not 

exist or be unique. Writing the time domain signal in discrete form yields (Galvosas & Callaghan, 

2010; Callaghan, 2011): 

 Ὓὸ ÅØÐὙὸ ὪὙ Ὁὸ  (3.56)  

 

 

where the signal,  Ὓὸ, is represented as a sum of exponentials with a discrete set of 

relaxation times Ὑ, ὪὙ  is the ñspectral weightingò or unknown amplitude of the spectral 

component at relaxation time Ὑ, and Ὁὸ is the noise term. Provencherôs approach to this 

problem can be outlined with three main parts (Provencher, 1982; Callaghan, 2011):  

1. Assume ὪὙ  is positive 

2. Find the solution that minimizes the square of the residuals using a least squares analysis 

3. Apply the principle of parsimony by also finding a solution that avoids unnecessary or 

unexpected details. While such a solution may not capture every aspect of the ñtrueò 

answer, the information that is present is essential to fit the data and is less likely to result 

from noise. 

Eq. 3.56 can be rewritten more compactly in matrix form: 

 Ὓ K*  Ὢ ‐ (3.57)  
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After solving Eq. 3.57 for ‐, the sum of squares of the residual can be expressed in 

Frobenius notation as: 

 ‐ ὑὪ Ὓ  (3.58)  

 

 

To apply the principle of Parsimony, a Tikhonov ñregularizorò is added to Eq. 3.58: 

 ὠ‌ ὑὪ Ὓ ‌ ɜὪ  (3.59)  

 

 

where ‌ is an adjustable regularizor parameter which determines the strength of the 

regularizor and ɜὪ is some function of the calculated spectrum, usually the curvature. The non-

negative least squares algorithm finds the set of Ὢ (or spectral amplitudes) that minimizes Eq. 

3.59, based on a chosen ‌ and range of relaxation rates Ὑ. The (former) smoothing parameter is 

selected to just minimize the residuals, ensuring a solution that is smooth as possible with a 

minimum number of peaks (Venkataramanan et al., 2002; Callaghan, 2011).  

Multidimensional Laplace Method 

For multidimensional Laplace-Laplace correlations such as Ὕ-Ὕ or -꜠Ὕ experiments, the 

2D ILT cannot be applied because it is not linear or well-defined, unlike the Fourier transform. 

Instead, singular value decomposition (SVD) is used to truncate the matrix and make it one-

dimensional for solving. Next, the solution is re-organized into a 2D array (Venkataramanan et al., 

2002; Callaghan, 2011). 
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Table 4.1: NMR Experiment parameters 

Fig. 4.1: T2,eff maps of alginate model biofilms  

Fig. 4.2: T2,eff distribution profiles of alginate model biofilms 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


































































































































































































































































































