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ABSTRACT

Subglacial hydrological systems have impacts on ice dynamics as well as nutrient and
sediment transport. There has been an extensive e�ort to understand the dynamics of
subglacial drainage through numerical modeling, however these models have focused on
freshwater, neglecting the consideration of brine. Saline 
uid can exist in cold-based glacier
systems where freshwater cannot. Therefore, there exist subglacial hydrological systems
where the only 
uid is brine. Understanding the routing of saline 
uid is important for
understanding geochemical and microbiological processes in these saline cryospheric habitats.
In this thesis, I present a model of channelized drainage from a hypersaline subglacial lake and
highlight the impact of saline 
uid on melt rates in an ice-walled channel. The model results
show that channel walls grow more quickly when 
uid contains higher salt concentrations,
which results in greater peak discharge and faster drainage for a �xed lake volume. This
model provides a framework to assess the relative impact of brine on discharge and drainage
duration.
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INTRODUCTION

A subglacial hydrological system is the drainage and storage network of water at the

bed of a glacier. As meltwater and runo� accumulate at the bed, channels, cavities, and

reservoirs form to store and move water beneath the glacier. Subglacial hydrology has

important implications for glacier dynamics as water at the bed in
uences ice 
ow and glacier

sliding [7]. There has been extensive work in modeling subglacial hydrology to understand

the physical aspects of freshwater drainage [5,14,20,29,32,34,38].

Rothlisberger was the �rst to explore the physical theory behind subglacial drainage

[32]. He hypothesized that water 
ows through ice-walled channels, now referred to as an

R-channels, at the bed of glaciers and that these conduits either grow due to melting of

the walls or close due to ice over-burden pressure, also known as creep closure. Using this

theory, [29] built a model to describe drainage from a subaerial lake, which has been used

in many subsequent models describing subglacial hydrology [37]. [36] built a very detailed

model with more relevant physics describing the same phenomenon as [29]. [5] and [14] both

adapted the work of [29] to explore di�erent characteristics of subglacial drainage. [20] built

on the work [29] and [14] to consider periodic 
ooding through ice-walled channels.

In the novel work of [32], he assumes water 
ows through a circular conduit at the bed

of a glacier. He describes the 
ow of water through this conduit using an ordinary di�erential

equation (ODE). An important part of the derivation of this system is the energy transferred

to the ice-walled channel by water through heat. The energy loss per unit time as water


ows along the channel is described as a di�erential by

dE = Qdp; (1.1)
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Figure 1.1: Schematic of a Rothlisberger channel. (a) The water pressurePw acts to open the
channel, while the ice overburden pressurePi acts to close the channel. (b) The orientation
of the channel and water 
ow is shown, wheredz is the change in elevation,dx is the change
in the horizontal distance, andds is the distance along the channel length [37, Fig. 1].

whereE(x; t ) is energy,p(x; t ) is water pressure, andQ is discharge. This equation relates

the change in energy with respect to pressure to the discharge. The energy generated raises

the water temperature to the pressure-dependent melting point and the rest of the energy is

used to melt surrounding ice. This results in

dEm = dE � dEt ; (1.2)

whereEm and E t are the energy lost to melting and temperature change respectively.

The change in the pressure melting point with pressure isct = � 7:5x10� 8 deg J� 1m3

and the speci�c heat capacity of water iscw = � 7:5x10� 8 J kg� 1 deg� 1. The density of water

at the melting point is � w = 999:84 kg m� 3. This gives

dEt = � ctcw � wQdp = 0:316Qdp (1.3)

and

dEm = 0:684Qdp = 0:684dE: (1.4)
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This value for the change in energyEm due to melting has been used in almost all subsequent

models.

The closure rate of ice due to ice-overburden pressure, �rst discussed in [28], is given

by
dr
dt

= r
�

P � p
nA

� n

; (1.5)

wherer is conduit radius,p is water pressure,P is the ice-overburden pressure, andn and A

are ice 
ow parameters from [16]. Using this, [32] arrived at an ordinary di�erential equation

(ODE) for the pressure gradient in a horizontal conduit,

dp
dx

= Bn06=11(nA)� 8n=11Q� 2=11(P � p)8n=11; (1.6)

whereB = 212=11� 2=11
� cm � i

0:684

�
(� wg)3=11 and g is acceleration due to gravity,cm is the energy

of fusion,Q is discharge,x is the horizontal distance along the channel, andn0 is Manning's

roughness coe�cient related to channel roughness.

Nye built on the work of [32] by using R-channels to model the physical processes of

drainage during outburst 
oods [29]. Outburst 
oods, also known as j•okulhlaups, are 
oods

that occur from subglacial or marginal glacial lakes when an ice dam fails and water rapidly


ows from the lake subglacially to the glacier terminus. [29] coupled the equations for R-

channels to equations describing the water pressure from the lake. He arrived at an equation

for the total change of internal energy,

�E = Sl� w �
d� w

dt
�t + ml�t [� u + � (� w � � i )]; (1.7)

where � is the speci�c heat capacity of water, � u is the di�erence in the internal energy

between water and ice at the melting point,S is the cross-sectional area of the channel,m

is the melt rate, � w is the density of water,� w is the temperature of water,� i is the melting
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point of ice, andl is a short section of the conduit. Water is assumed to be incompressible.

Nye [29] arrives at the following �ve partial di�erential equations (PDEs) describing the

geometry and 
ow of ice in a channel, continuity, 
ow of water, energy, and heat transfer.

Geometry and 
ow of ice:

@S
@t

= � i m � KS (pi � p)n (1.8)

Continuity:
@S
@t

= � wm �
@Q
@s

(1.9)

Flow of water:

� wgs �
@p
@s

=
Q2N
S8=3

(1.10)

Energy:

Q
�

� wgs �
@p
@s

�
= mL + m� (� w � � i ) (1.11)

Heat Transfer:

0:205(
2Q� w

� 1=2S1=2�
)0:8� (� w � � i ) = mL + m� (� w � � i ); (1.12)

wheres is the distance from the lake along the channel,gs is acceleration due to gravity in

the s direction, � i and � w are the viscosities of ice and water respectively,pi and p are the

pressures at the seal due to ice overburden pressure and due to water depth respectively,

and N is Manning's roughness coe�cient which is a measure of channel roughness.K and

n are constants from Glen's Flow Law [16], which describes the deformation rate of ice and

L is the latent heat of fusion for water. The cross-sectional area of the conduit,S(s; t),

evolves by melting and creep closure, and consequently the dischargeQ, e�ective pressureN

(ice-overburden minus water pressure), and melt ratem vary temporally and spatially. [29]
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assumesd� w=dt = 0 and � w = � i and thus Eq. (1.12), the heat transfer equation is not

included in the model. This model has been built upon to understand subglacial drainage,

as well as outburst 
oods.

Nye [29] assumes the temperature of water and ice are equal and at the pressure-

dependent melting point and therefore eliminates the heat transfer equation from his model.

The majority of subsequent work has followed in this assumption that heat transfer is

negligible [14, 17, 26]. However, others have tried to address the heat transfer equation

as it is important for modeling some subglacial systems [5,6,8,11,36].

In order to understand the impact of the temperature di�erence between the water and

melting point of ice, [36] used a similar equation to [29] representing heat transfer from the

water to the ice-walled channel. By neglecting the termm� , they arrive at the heat transfer

equation,

0:023� (Re)0:8(P r)0:4� (� i � � w) = mL : (1.13)

In this study, [36] test the e�ect of water temperature� w = 0; 1; 2; 4� C with constant ice

temperature, � i = 0 � C and �nd when the temperature of the water is warmer than the ice,

peak discharge is higher Fig. 1.2. This is due to heat being transferred from the water to the

ice and as a result, melting of the channel walls is favored over creep closure which acts to

enlarge the channel more quickly. The study of [36] reveals the rate of change with respect

to time of internal energyE is not negligible when modeling j•okulhlaups.

Similar to [36], [5] also accounts for temperature di�erence, but only allows the water

temperature to vary with time and not distance. He makes a number of simplifying

assumptions to reduce the system of PDEs developed by [29] to a single equation which

describes the rate of change over time of the conduit given by,

@S
@t

=
S4=3(� @�=@s)3=2

� i L0N 1=2
+

0:205S2=3

� i L0

�
2� w

�

� 4=5 �
(� @�=@s)

� N

� 2=5

kw(� 0 � � i ) � KS (pi � p)n

(1.14)
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Figure 1.2: Modeled e�ects of temperature on discharge during j•okulhlaups, whereTo is the
initial water temperature at the lake [36, Fig. 14].

where � is the 
uid potential, L0 is e�ective latent heat of fusion for water,� 0 is the initial

temperature of the water, andN = (4 � )2=3� wgn02. All other notation is the same as in

[29]. [5] uses this simpli�ed model to explore the in
uence of lake temperature and lake

geometry on outburst 
ood magnitude. He expresses the di�culties in predicting outburst


ood magnitude due to uncertainties such as 
ood initiation mechanisms.

Outburst 
oods often initiate before the lake has reached 
otation depth, the depth of

the lake such that the ice-overburden pressure due to the glacier is equal to the water pressure

at the outlet (Fig. 1.3). To investigate this phenomenon, [14] built on the work of [29]

and allowed the water to 
ow into the lake by letting the basic hydraulic gradient become

negative at the lake. An ice divide is the location along the channel where water above this

divide 
ows into the lake and where water below 
ows in the down-glacier direction. [14]

hypothesizes that the ice divide migrates toward the lake as the lake �lls and 
oods initiate

when the ice divide reaches the lake.

Clarke [6] was also interested in outburst 
oods, speci�cally the hydraulics of 
oods.
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He used outburst 
ood data from three classic outburst 
ood lakes and compared the data

to a model which he modi�ed from the Spring{Hutter equations [36]. By comparing the

observational and theoretical data, he claimed the hydraulic roughness coe�cientN used

in both [29] and [36] is inaccurate. He claimed this discrepancy is due to an assumption

about the heat transfer equations in [36]. [29] ignores the change in temperature along the

channel and underestimates the in
uence of temperature on the system, while the model

of [36] suggested the impact of the change in temperature along the channel was greater

than suggested by the data. [6] arrived at modeled exit water temperatures higher than

observed when using the model equations and coe�cients of [36].

Similar to [5], [26] reduced a system of PDEs to a single equation to explore the

relationship between the peak magnitude of an outburst 
ood and the volume of water

drained from the lake. They used the simpli�ed model to explore the physical theory behind

the Clague{Mathews relationship, a power law relationship between peak discharge and

volume drained [4].

[11] built on the works of [6,14,29,36] by modifying the equations and adapting model

parameters to describe a subglacial lake. [11] modeled two lakes with signi�cantly di�erent

storage capacities and explored a number of parameters including temperature. They claim

periodic 
ooding is the typical drainage mechanism for sub-ice sheet lakes.

Numerous models assume subglacial drainage through an ice-walled channel. These

are referred to as a channelized or e�cient drainage systems. In less e�cient systems, it is

assumed there is a system of linked cavities which consist of a network of connected cavities,

referred to as a distributed system (Fig. 1.4). Both channelized and distributed systems

can exist beneath the same glacier or transition from one system to another over time [9].

Models which assume a distributed system account for this by assuming some thickness of

water with an ice-roof which is the bed of the glacier. Research has investigated how channels

develop from a distributed system [17].
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Figure 1.3: Schematic demonstrating glacier and basin geometry [19, Fig. 2.3]

Further research has been conducted to understand how cavities in a distributed system

change over time. [8] uses a model of subglacial drainage to explore the impact of varying

bed topography on the stability of cavity growth. They relate the melting rate of the ice

roof to the temperature di�erence between the water and the melting point of the ice roof

by

mL = c(T � Tm ) � q0; (1.15)

whereT is the interior temperature of the water sheet,Tm is the melting temperature of ice,

c is the heat transfer coe�cient between ice and water, andq0 is heat 
ux from geothermal

heat or other heat sources/sinks. They �nd that protrusions at the bed reduce some of the

ice-overburden pressure on the water. [8] investigate the impact of subglacial topography on

drainage and include the heat transfer from the water to the ice.

Kingslake [20] builds on the work of [29] and [14] by assuming a semi-circular conduit

at the bed which 
ows from a subaerial lake through the glacier to the glacier terminus. [20]

assumes the ice divide can move along the channel length which allows water to 
ow into

the lake from the channel. [20] assumes that the conduit at the terminus is open to the

atmosphere and the lake is dammed by the margins, or sides, of a glacier (Fig. 1.4). With a
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Figure 1.4: Schematic showing a channelized vs. distributed subglacial hydrologic system [19,
Fig. 2.1].

number of simplifying assumptions, the model is reduced to a system of four equations that

conserve mass, momentum, and energy as water 
ows through a conduit evolving with time.

This subglacial hydrology model is used to describe outburst 
oods and periodicity of 
ood

cycles.

The densities of ice and water are denoted as� i = 917 kg/m 3 and � w = 1000 kg/m3,

gravitational acceleration asg, and the latent heat of fusion for water asL = 3:34� 105 J/kg

[9]. The equation for the basic hydraulic gradient is

 (s; t) = � wgsinB �
@Pi
@s

;

whereB is the conduit slope assumed to be the same as the bed slope and constant along

the channel, ands is the along-
ow coordinate parallel to the bed (following [14]). The

ice-overburden pressurePi is given byPi = � i gH whereH is the glacier thickness.

The channel walls grow due to melt and close due to creep closure which governs the

rate of change of conduit cross-sectional area,

@S
@t

=
m
� i

� KSN n ; (1.16)
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whereK = 2A=nn [10]. ThenA = 2:4� 10� 24Pa� 3s� 1 and n = 3 are the 
ow law parameter

and exponent, respectively, in Glen's Flow Law [16]. Mass conservation relates the rate of

change of conduit area to the spatial gradient in discharge, the production of water due to

melt, and additional water added to the system along the conduit, such that

@S
@t

+
@Q
@s

=
m
� w

+ M; (1.17)

where M is the additional water supplied to the conduit from other smaller channels with

greater water pressure.

Manning's equation is used to describe conservation of momentum. This results in an

equation relating the discharge and conduit cross-sectional area to the hydraulic gradient

and e�ective pressure,

 +
@N
@s

= f � wg
QjQj
S8=3

; (1.18)

where f = (2( � + 2) 2=� )3=2N is a friction factor with N , the hydraulic roughness. The

conservation of energy gives,

mL = Q
�

 +
@N
@s

�
: (1.19)

[20] follows after [29] by neglecting the heat transfer equation which results in four

fundamental equations. Two boundary conditions are imposed to solve this system. They

set the e�ective pressure at the terminus toN (L; t ) = 0 and at the conduit adjacent to the

lake, the e�ective pressure is

N (0; t) = � i gH � � wgh(t); (1.20)

where H is the ice thickness adjacent to the basin andh is water depth of the basin lake.

Summarizing, the model equations are as follows:



11

Channel evolution:
@S
@t

=
m
� i

� KSN n

Conservation of mass:
@S
@t

+
@Q
@s

=
m
� w

+ M

Conservation of momentum:

 +
@N
@s

= f � wg
QjQj
S8=3

Conservation of energy:

mL = Q
�

 +
@N
@s

�

The numerical methods to solve this system are described in full in [19].

Many of these models have been used to investigate periodic drainage of lakes through

outburst 
oods. Although many subglacial lakes do not experience drainage via outburst


oods, there have been observations of subglacial lakes draining with periodic behavior. For

examples, the subglacial lakes located beneath Whillans and Mercer Ice Streams have been

observed to drain periodically [9]. Modeling e�orts also suggest the periodicity of subglacial

lake drainage [11]. These models provide a framework to investigate subglacial drainage.

I aim to further the understanding of subglacial hydrology with saline 
uid from a

modeling perspective. I have adapted an existing system of equations describing freshwater

subglacial drainage to account for saline 
uid. I consider how channel geometry and discharge

rates change when the 
uid is hypersaline at the source and salinity changes along the channel

length. The parameters I use are similar to the hypothesized subglacial system of the Devon

Ice Cap.
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MOTIVATION

Despite the extensive work on subglacial hydrological systems, some aspects of drainage

have been neglected. For example, there has been no published research to the author's

knowledge that investigates brine 
ow through ice-walled channels and the impacts of salinity

on drainage. In models of subglacial drainage through ice-walled channels, it has been

assumed that the 
uid 
owing through the system is at the pressure-dependent melting

point and the 
uid is not saline. These are realistic assumptions for most systems, but there

are subglacial systems where this is not the case.

Subglacial hypersaline lakes can exist at temperatures below the pressure-melting

point where a fresh water lake would not. In cold regions such as Antarctica and the

Canadian Arctic, hypersaline lakes exist and are a source of 
uid in the subglacial system

at temperatures below the pressure-dependent freezing point of water. Hypersaline 
uid


owing through ice-walled conduits has been observed in places such as Blood Falls [1].

The existence of a unique hydrological system in cold ice at the Taylor glacier has been

proposed by [18] and [1]. The subglacial system consists of iron-rich brine which allows

the 
uid to remain liquid at temperatures as low as� 18� C [1]. The brine content at the

source is over 13% NaCl and this content decreases as brine 
ows away from the source,

presumably through hydrofracture or subglacial channels. At the out
ow at Blood Falls, the

brine has a total iron concentration of� 3:8 mM and similar Cl values to marine water that

has experienced cryogenic concentration [25]. The source of the hypothesized brine location

is in an overdeepened part of the bed more than a 1km wide and 75m deep and sits under

400� 500m of ice [1]. Blood Falls is an out
ow on the Taylor Glacier where the iron-rich

brine dyes the ice as the iron oxidizes.

Recently, two hypersaline lakes were discovered beneath the Devon Ice Cap (DIC) [33].

These lakes lie 700 meters beneath the ice surface at the bed. The 
uid in the lakes is
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Figure 2.1: Brine out
ow at Blood Falls on the Taylor Glacier [30]

estimated to be� 15:5� + =� 3:5� C with salinity of 140 � 160 practical salinity units (psu).

The ice temperature surrounding the lake is approximately� 18:5� C. It is hypothesized that

the hydrological system drains lakes to the north where 
uid 
ows out of the terminus of

the Sverdrup Glacier or to the south where 
uid 
ows out of the terminus of the North or

South Croker Bay Glaciers (Fig. 2.2) [33].

The study of brine in subglacial cold ice may have implications for other extreme

terrestrial environments and for hyrological systems on icy moons [13]. This research is part

of a larger NASA PSTAR (Planetary Science and Technology Through Analog Research)

and ESCHER (Exploration of Saline Cryospheric Habitats with Europa Relevance) funded

project which aims to investigate the DIC drainage system using ice-penetrating radar and by

collecting samples from out
ows at the terminus of di�erent glaciers using submersible-borne

instruments. Another aim of this modeling project is to help improve the understanding of

the hydrological system beneath the DIC and to provide an initial exploration of channelized

brine 
ow in this particular subglacial system.
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