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(FULL) which here is close to the saddle nodeP− . . . . . . . . . . . . . . . . . . . . . . . . . 72

17. This figure shows the response of (FULL) for the stimulus amplitude
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anteez̄(Ī+) < z(t0 + T1) < zhc(Ī+). Notice that this curve lies
below the curveTA for all Ī+. For any pair(Ī+, T1) in the regions(c),
(e), and(g), lower and upper bound curves for the minimum duration
TSO needed to guarantee a rebound burst given anOn part are given
by (4.15), and (4.16) respectively. For any pair(Ī+, T1) in the region
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Imin < I0 < Īm. Also illustrated are the timest = t0 andt = t0 + T
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sponds to the decay rate of the input, notice that whenã is smaller,
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(ã, b̃)1 = (1,−1.3) are used with a durationT large enough to elicit
PIR. Figureb) shows the same experiment for(ã, b̃)2 = (5,−6.5). . . . . . . . 145
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ABSTRACT

Certain mammalian visual neurons exhibitOn andOff responses when given a light
stimulus. In addition to these responses, [51] showed that for retinal ganglion cells, the
neuron will also exhibit aMixedresponse when given two simultaneous stimuli in different
regions of the cell’s receptive field. ThisMixed response is a nonlinear combination of
the On andOff responses. In this dissertation, a single cell model which can reproduce
On, Off, andMixed responses is developed and examined using leading order analyses
and averaging. This model is developed from a current balance equation which includes a
non-autonomous inputI(t), and consists of three coupled, first-order nonlinear differential
equations which describe the dynamics of the membrane potential of the cell. WhenI(t)
is assumed to be a constant current pulse, theOn andOff responses can be reproduced but
will depend on both the duration and the amplitude of the input. WhenI(t) is assumed
to be monotone slowly decreasing, the model can reproduce the nonlinear properties for
two simultaneous stimuli. In this dissertation, conditions which will guarantee each type
of response will be found using the different subsystems of the model.
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CHAPTER 1

INTRODUCTION

The primary goal of this dissertation is to develop a phenomenological model capable

of reproducing qualitative dynamics which have been observed experimentally in neurons.

Generally, neurons will exhibit many different forms of electrical activity. In mammalian

sensory systems, for example, certain neurons exhibitOn andOff responses when given

appropriate excitatory and inhibitory stimuli. In some instances, such neurons can also

exhibit aMixedresponse where diminishedOnandOff responses are both present. For the

current study, a phenomenological model which reproduces each of these three responses

is developed. The model developed here will be referred to as(FULL). Upon completion of

the model development, we will analyze the dynamics and describe the solutions of (FULL)

in order to predict under which conditions (FULL) will be guaranteed to reproduce such

responses. To do this, a general theory for analyzing the class of models defined by

dx

dt
= f(x, y) + I(t), x ∈ R

M , (1.1)

dy

dt
= ǫg(x, y), y ∈ R

K , (1.2)

will be given, since (FULL) belongs to this class. In (1.1)-(1.2),I(t) is a non-autonomous

input, andǫ≪ 1.

The responses of neurons are characterized by the release ofaction potentials. Action

potentials are large shifts in membrane potential and neurons often “fire” these in brief
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bursts of high-frequency discharge. Usually, when these high-frequency discharge patterns

occur, the cell is said to be in its active phase. In bursting,the active phase is followed

by a dormant phase, or silent phase, where membrane potential changes slowly. It has

been shown that bursting behavior is implicated in synapticplasticity [62] and selective

communication between neurons [44]. As such, bursting is animportant behavior for the

model to reproduce. In (FULL), the multiple time scales between (1.1)-(1.2) play a key

role in reproducing bursting phenomenon.

In this study, the physiological goal is to reproduce theOn, Off, andMixed responses

and to determine under what types of external stimuli each response will occur. Both

Kuffler (1953) [51], and Wang, Liets, and Chalupa (2003) [80]measured all three types of

responses in retinal ganglion cells (cf. Figure 1). TheMixed response occurred when two

point light stimuli were presented simultaneously in different regions of the cell’s receptive

field. All three types of responses have also been measured insensory systems other than

the visual system. For example, Evans (1992) [24] and He (2002) [34] showed that all

three responses occur in auditory neurons as a result of having different acoustic stimuli.

Hartings, Temereanca, and Simons (2000) [33] showed that these responses can also occur

in sensory neurons in thalamic reticular nucleus of rats. The stimulus in these experiments

was vibrissa (whisker) deflection in a specified direction under some duration. With these

experiments in mind, it is clear that analyzing a mathematical model which reproduces

these responses may foster a greater understanding of neuronal communication in a variety

of sensory systems.
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Even though theOn, Off, and Mixed responses occur in many sensory systems, in

this study we will concentrate on visual system cells. Illustrated in Figure 1 are these

responses in retinal ganglion cells. In Figure 1a) anOn response is illustrated. In this case,

the activity of the cell immediately increases when a light stimulus is applied to thePlus

part of its receptive field. On the other hand, Figure 1b) shows anOff response. When

the stimulus is applied to theMinus part of the receptive field, the activity of the cell is

increased only when the stimulus is turned off. This type of response will also be referred

to as Post Inhibitory Rebound (PIR). Illustrated in Figure 1c) is theMixedresponse. Notice

that when two stimuli are given, the cell produces both anOn and anOff response. One of

the goals in this study is to reproduce these responses and tofind the necessary conditions

that will guarantee such responses.

Mathematically, (FULL) is a non-autonomous bursting model. In this study, a general

theory for analyzing (1.1)-(1.2) for specific classes of inputs is given. In the modelI(t)

represents the net synaptic input the cell receives due to anexternal stimulus. We will

consider only inputsI(t) that are physiologically relevant. It will be shown that constant

current pulses and smooth monotone slowly decreasing functions can reproduceOn, Off,

andMixed responses. WhenI(t) belongs to these classes, (FULL) can be analyzed using

bifurcation theory and singular perturbation techniques such as the method of averaging.

Some analyses of non-autonomous systems of the form (1.1)-(1.2) already exist. For

a constant current pulse input, Othmer and Watanabe (1994) [58], and Xie, Othmer, and

Watanabe (1996) [87] have studied harmonic and subharmonicsolutions in a two variable
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Figure 1. Shows typicalOn andOff responses in a retinal ganglion cell. In each figure, the
dark spot represents the location(s) of the stimulus. In theright column, the spike train of
the cell is shown over the time course of the stimulus amplitude. a) illustrates a typicalOn
response; b) shows a typicalOff response; c) shows theMixed response of a ganglion cell
when given two simultaneous stimuli [51]. Here theOnpart of the receptive field (indicated
by + signs) is surrounded by anOff component (indicated by - signs). Since theOn part of
the receptive field is surrounded by theOff part, this receptive field is often referred to as an
“On-Center” receptive field. Some ganglia have “Off-Center” fields where this orientation
is reversed.

model. Alexander, Doedel, and Othmer (1990) [2] analysed a similar model in which the

non-autonomous forcing occured in the slow variable. There, they mention that it is usually

reasonable to consider sinusoidal forcing or step functionforcing (constant current pulse).

In numerical experiments, they showed that the forced Fitzhugh-Nagumo model (described

in a later section) can undergo different types of oscillatory behaviors. In addition, He,

Zhang, Yang, and Shi (1999) [35] also investigated the effects of a non-autonomous sinu-

soidal input on chaotic behavior for a two variable model.

It is important to note that in certain experiments, such as [24, 49, 73], responses were
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measured as a consequence of a sinusoidal modulation stimulus. To simulate these exper-

iments (and thus gain a greater understanding of the responses of neurons) a sinusoidal

input may be an appropriate form forI(t). Although this may be the case, a complete

understanding of the dynamics of (FULL) for such an input is beyond the scope of this

study. Here, analyzing (FULL) for the class of smooth monotone slowly decreasing inputs

(or just monotone slowly decreasing inputs) provides a starting point for understanding the

dynamics of the model with a sinusoidal input.

For the class of monotone “slowly” decreasing inputsI(t), the “slow” rate of decay of

I(t) allows (1.1)-(1.2) to be augmented to a higher dimensional autonomous system:

dx

dt
= f(x, y), x ∈ R

M , (1.3)

dy

dt
= ǫg(x, y), y ∈ R

K+1. (1.4)

For the analysis presented in this study,M = 2 andK = 1. Therefore (1.3)-(1.4) is a

system of two fast variables and two slow variables. Some analyses of two fast and two

slow variable models already exist and can be found in [16, 19, 32, 74, 75]. In this study,

the augmented model will be used to reproduce theOff and theMixedresponses. For such

responses, the solution of the augmented model must exhibitPIR upon the release of a

stimulus. As such, the goal is to find conditions on the input which will guarantee PIR for

the augmented system.

Before the model development is fully described in Chapter 2, some basic physiologi-

cal background is necessary. Specifically, the fundamentalphysiology of the visual system

is given. Something to keep in mind is that the model can also be used to explain behaviors
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in other sensory systems even though this dissertation doesnot emphasize other systems.

For additional background, a description of some existing neuron models will be given.

Although the model presented here is a single cell model, network properties and connec-

tivity play a major role in the responses of neurons. Therefore, in addition to examples of

single cell neuron models, some network models are presented and discussed briefly. In the

description of the physiology and the existing models, the motivation for using a model of

the general form (1.1)-(1.2) will also be explained.

Physiology

In the mammalian visual system there are three principal compartments which help

process visual information. These three compartments are classified as the retina, the lateral

geniculate nucleus (LGN), and the visual cortex. The retinais connected to the LGN via the

optic tract, and the LGN is connected to the visual cortex through optic radiations [40]. Due

to the complexity of the brain, the exact connectivity and function of these compartments

has yet to be fully understood [55]. For example, the function of some cortical neurons

whose paths feed back to the LGN has yet to be determined [26, 72, 83]. Recognizing

these limitations, the assumption that visual informationfrom the retina travels along visual

pathways to the visual cortex in the back of the brain will be used throughout this work.

There are two major visual pathways; the information which comes from the left visual field

travels along the right pathway, and the information which comes from the right visual field

travels along the left pathway. Further information about visual pathways, connectivity and
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functions are well described in books such as [40, 55, 64]. These books are the primary

sources for the majority of physiology described in this dissertation.

Most individual neurons have a structure comprised of a dendritic tree, an axon, and

a soma (nucleus). Neurons are “connected” through synapseslocated on the dendritic tree

and along the axon. A single neuron may receive information (current input) from as few

as one other neuron to as many as 100,000 [64]. Information from a neuron travels along

its axon in the form of action potentials to a synaptic connection. Once the information

reaches the synapse, it can then be transferred to another neuron in its pathway. Thus,

visual information travels across many different neurons in different compartments.

The region on the back of the retina (or equivalently visual field) where a light stimulus

will cause a cell to release action potentials is called the cell’s receptive field. A cell’s

receptive field can play an important role in predicting the output of a cell. The receptive

field gives a convenient and simple description for the output of a cell when a stimulus is

applied [40]. In this section, a description of the receptive fields for cells in each of the

three compartments (retina, LGN, and visual cortex) will begiven. Often the receptive

field is comprised of aPlusand aMinusregion. When a light stimulus is given in thePlus

region, anOn response can occur. When a light stimulus is given in theMinus region, an

Off response (or PIR) can occur. Thus, the location of a light stimulus often determines

whether a given cell will exhibit anOn or Off response.

As illustrated in Figure 1, retinal ganglion cells have whatis normally referred to as

a center surround receptive field. If a narrow stimulus is applied to thePlus region of
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the receptive field of the cell, the activity of the cell immediately increases (cf. Figure 1a).

Conversely, as is illustrated in Figure 1b), if a similar stimulus is applied to theMinusregion

of the receptive field, anOff response occurs. When thePlus region is surrounded by the

Minusregion, the receptive field is called an “On” center receptive field. Conversely, when

the Minus region is surrounded by thePlus region, the receptive field is called an “Off”

center receptive field.

Although studies of the receptive fields for LGN cells are still incomplete [55], Hubel

and Wiesel [42] showed that certain neurons in the LGN also have “On” and “Off” cen-

ter surround receptive fields similar in shape to those of theganglion cells illustrated in

Figure 1.

Mapping the receptive field of cells in the visual cortex is anongoing process. Simple

cells in the primary visual cortex (layer V1) are defined by the shape and behavior of their

receptive fields. Simple cells also exhibitOn and Off responses but the shapes of their

receptive fields frequently differ from LGN and retinal ganglion cells. Typically these cells

respond better to bar stimuli of a preferred orientation (cf. Figure 2) [41, 42]. Hubel and

Wiesel [42] devised a hypothesis to explain the particularity in the shapes of the receptive

field of simple cells. Since LGN cells have center surround receptive fields and many

can connect to a single cortical cell, then perhaps the receptive field of a simple cell is an

accumulation of the receptive fields of the LGN cells. This hypothesis assumes (1) a feed-

forward model where the visual information only travels towards the visual cortex and (2)

that the connectivity of cells is related to the shape of their receptive field. Classifying
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cells according to their receptive fields is one way to describe how cells interpret visual

information. It is worth noting that other cells in the visual cortex have been classified as

complex cells. These cells do not have receptive fields whichcan be classified withPlus

andMinusregions and thus are beyond the scope of this study.
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Figure 2. Shows typicalOnandOff responses for simple cells in the primary visual cortex.
In each figure, the dark bar represents the location and shapeof the stimulus. In the right
column, the spike train of the cell is shown over the time course of the stimulus ampli-
tude. a) illustrates a typicalOn response; b) shows a typicalOff response; c) illustrates a
diminishedOn response when the stimulus bar covers bothPlusandMinus regions. The
angleθ shown in c) is the orientation angle of the stimulus. In a) theangleθ is said to be
in orientation preference for this particular type of receptive field whereas in c)θ is not in
orientation preference.

The primary interest in this work is in modeling neurons which have receptive fields

with PlusandMinusregions. The examples above show that certain cells (ganglion, LGN,

and simple) in each compartment have these types of receptive fields. Although the model
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(FULL) simulates visual system cells, in general other sensory neurons will also exhibit

these behaviors when given an appropriate stimulus.

ExistingModels

Many different mathematical models have been used to model the responses of vi-

sual neurons. Most biological models of such systems can be grouped into two classes:

biophysical and phenomenological models. Both classes have advantages and disadvan-

tages. Biophysical models attempt to incorporate as many known biological facts and data

as necessary to achieve quantitative results. Unfortunately these models are often very

complicated and are therefore not amenable to mathematicalanalysis. On the other hand,

phenomenological models attempt to grasp the qualitative features of a biological system.

Since phenomenological models are qualitative in nature, these models are often lacking

important biological features. The mathematical model presented in this study is phe-

nomenological in nature but contains aspects which can be related to biophysical features

and will be defined in greater detail in Chapter 2. In this section descriptions of some

existing biophysical and phenomenological models are given. These models have been

subdivided into two categories: single cell models and network population models.

SingleCell Models,BurstingandPIR

One of the most important biophysical models of a neuron is the Hodgkin-Huxley

model. Hodgkin and Huxley (1952) [39] were the first to develop a quantitative model

for the propagation of electrical current along an axon. Their experiments were conducted
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on the giant axon of a squid. In these experiments, Hodgkin and Huxley determined that

there were two primary ionic currents, sodium and potassium. They also noticed other

types of currents, but these currents were relatively smalland thus were lumped together

into a leak current. One of the most important features of this model is that it was able

to reproduce the spiking behavior observed experimentally. Since visual neurons typically

generate spikes, this model has been adapted and used to model spiking visual system

neurons [4, 7, 11, 17, 30, 38, 81].

In general, a Hodgkin-Huxley type model always has a currentbalance equation of the

form

Cm

dV

dt
= −

∑

x

Ix + I(t) , (1.5)

whereV is the (somal) transmembrane voltage,Cm is the total cell capacitance,Ix are ionic

currents of typex, andI(t) is the applied current. Typically, the ionic channels are written

in terms of voltage gated activation (or inactivation) variables,nx, as

Ix = ḡxn
p
x(V − Vx) = gx(V − Vx), (1.6)

where the evolution of the gating variable is

dnx

dt
=
nx∞(V ) − nx

τx(V )
. (1.7)

In (1.6),ḡx is the maximal conductance for a channel of typex, andgx is the time dependent

conductance for that channel;np
x describes the probability that a channel of typex is open

(p is an integer), andVx is the Nernst potential. In the Hodgkin-Huxley model [39], the

current balance equation included three terms of the type found in (1.6) corresponding
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to the sodium, potassium, and leak channels. Experimental data were used to establish

the relaxation timesτx(V ), the voltage dependent conductances, and the current activation

(inactivation) functions,nx∞. In general, it is often the case thatτx(V ) in (1.7) have very

different magnitudes for different channels. Models of this type have been used to study

the quantitative features of spiking neurons.

Some qualitative behaviors of the Hodgkin-Huxley model canbe reproduced using

simplified two-variable models. The Fitzhugh-Nagumo [25] model is one such model. An

important feature of the Fitzhugh-Nagumo model is that it can reproduce spiking behavior.

To do this the model incorporates a fast variablev, and a slow variablew. It can be written

in a general form as

dv

dt
= f(v, w) + I, (1.8)

dw

dt
= ǫg(v, w), ǫ≪ 1 (1.9)

where the nullclinef(v, w) + I = 0 has a cubic shape inv (with w fixed), g(v, w) =

0 intersectsf(v, w) = 0 at precisely one location, andI represents a constant applied

current [45]. For certain values ofI, the fixed point of (1.8)-(1.9) is unstable and lies in the

middle branch of the cubicf(v, w) + I = 0. When this happens, the Fitzhugh-Nagumo

model typically has a globally stable periodic orbit. Thus,the solutions of this model can

qualitatively reproduce spiking phenomena, such as continuous spiking, found in excitable

cells (such as neurons). In addition to the Fitzhugh-Nagumomodel, other two-variable

models such as Morris and Lecar (1981) [54], and Hindmarsh and Rose (1982) [36] have

also been used to study spiking and oscillatory phenomena.
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When certain neurons are given a “constant current pulse”I(t) with a specific ampli-

tude and duration they exhibit bursting electrical activity (bursting). For example,in vivo

recordings illustrated in Brumberg, Nowak, and McCormick (2000) [14] and Wang (1999)

[81] show that certain mammalian neurons exhibit short duration bursts when a constant

current pulse is used. As previously mentioned, this type ofbehavior is common in neu-

rons and is an important feature to include in a single cell model. Illustrated in Figure 3 are

four different types of oscillatory behaviors (including bursting) and their classifications

adapted from [59].

In addition to bursting, certain neurons elicit responses which can exhibit post in-

hibitory rebound (PIR) (as illustrated Figure 1b) and Figure 2b)). For example, in addi-

tion to those already mentioned,in vitro recordings of certain thalamocortical cells in rats

[18] show anOff response similar to those illustrated in Figure 1b) where multiple rebound

spikes occur (also referred to as a short post inhibitory rebound burst). Two-variable mod-

els like the Fitzhugh-Nagumo model can be made to generate a single post rebound spike,

but cannot reproduce any rebound bursts when given a constant current pulse. For these

models to generate spikes, the location and stability of thefixed point are important. For

example, a constant current pulse changes the location of the fixed point and as a conse-

quence affects its stability. If the pulse causes an unstable fixed point on the middle branch,

then the model will spike continuously during the pulse. When the pulse is turn off, either

the fixed point becomes stable or remains unstable (this depends on the amplitude of the

pulse). In the former, the spiking will cease immediately, but the solution may travel around
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the stable orbit once after the pulse. If on the other hand, the fixed point remains unstable,

the spiking will continue and will not stop and as such a PIR burst cannot occur. Although

the two variable models described above can reproduce some characteristics of neurons,

they cannot reproduce other features needed in a single cellmodel such as bursting and

PIR bursts.

Since bursting and PIR are important behaviors to include ina single cell model, two-

variable models may not be adequate when modeling single neurons. To include these be-

haviors (specifically bursting) many authors have incorporated additional variables in their

models. Again, with these models, there are two different classifications. Models such as

those in [4, 17, 29, 38, 63, 71, 82] are based on biophysical mechanisms, with parameters

and model functions derived from experimental data. These mechanisms and parameters

are often incorporated into a Hodgkin-Huxley type model, asdescribed above. Other mod-

els, such as those in [20, 37, 59], use a polynomial structureand aim at maintaining the

important qualitative features of these bursting models.

In these polynomial models, it is often the case that there are two fast variables and

one slow variable. For example, the introduction of the “adaptation” variable (slow) in the

Hindmarsh-Rose model (1984) [37] allowed the model to generate bursting behavior. The

general form of the Hindmarsh-Rose model of a thalamic neuron can be written as

u′ = v − F (u) + I − z (1.10)

v′ = G(u) − v (1.11)

z′ =
H(u) − z

τ
, (1.12)
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where the functionsF ,G, andH are polynomials. Usuallyτ is considered large, makingz

a slow variable compared tou andv. The Pernarowski polynomial model [59] is similar to

the Hindmarsh-Rose model and will be described in greater detail later. The Pernarowski

model will be used and expanded on for the majority of the modeling in this dissertation.

The biophysical models and the polynomial models describedabove can reproduce

bursting patterns. Since bursting was first modeled extensively for β-cells, the mathemat-

ical mechanisms for bursting were investigated in terms of these models. These investi-

gations led to many different classification schemes based on the different mechanisms.

Rinzel (1987) was the first to propose a classification scheme[69]. A good summary of

these classifications can be found in [45]. Other classification schemes have been described

in [10, 20, 43, 59, 70, 71]. In this dissertation the primary interest is in “square-wave” burst-

ing (cf. Figure 3), also referred to as a typeIa [69] or a “fold/homoclinic burster” [43].

A final model to consider is the integrate-and-fire (IF) model, which is often used to

model neurons. The basic IF model is:

cm
du

dt
= ur − u+ I(t), if u ≥ ϑ then u→ ur (1.13)

whereu is the transmembrane voltage,cm is the membrane capacitance,ur is the rest po-

tential, andI(t) is the driving current. The driving current is integrated until the membrane

potential is driven across the threshold value,ϑ, at which point an action potential is initi-

ated. Once the spike occurs, the potentialu is reset to a new valueur < ϑ, and the process

is repeated. Therefore, in these models, spikes are identified with the reset timestk for the

given applied current.
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Figure 3. Some examples of oscillatory behaviors (including three types of Bursting) with
their classifications given.

One of the most important features of the IF model is its simplicity. Although IF

models are simple in nature, like other phenomenological models they often lack impor-

tant physiological properties. IF models with one equationgenerally cannot reproduce any

bursting or rebound patterns. In order to reproduce these behaviors, many modelers have

augmented the basic IF mechanism with other equations. Unfortunately, when such mod-

els are expanded, many of the simple mechanisms become more complex and, in turn,
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more difficult to analyze. For example, the Integrate-and-Fire-or-Burst (IFB) model [73]

includes an equation which accounts for the inactivation ofa calcium current. By adding

this equation, the model can exhibit some of the important behaviors of neurons such as

bursting. In the experiments conducted in [73] a sinusoidalcurrent injection was used to

study the responses of thalamocortical relay neuronsin vitro.

The IF models have also been augmented to include spike adaptation and facilitation

(which will be described in greater detail in a Chapter 2). For example, Rauch, LaCamera,

Luscher, Senn, and Fusi (2003) [67] showed that an IF model augmented with an additional

current (which is included to model the effects of facilitation and adaptation) can predict

the mean firing rate of cortical pyramidal cells. Also, Brette and Gerstner (2005) [13]

showed that an exponential IF model including adaptation was able to reproduce dynamics

such as bursting and PIR. In conclusion, although IF models can be made to include more

visual system dynamics (bursting, PIR, etc.), they form a different class of models than

those described by (1.1)-(1.2) and therefore will not be discussed further here.

NetworkModels

When studying the visual system it may be that the importanceshould not be placed

on the single neuron but on network properties. Since neurons are often organized in pop-

ulations (often referred to as layers), the activity of the cells in a population may or may

not affect the activity of cells in other populations. For example, visual neurons in Layer 4

of the primary visual cortex (V1) are separated into occulardominace columns [42]. The

term occular dominance columns is used to refer to groups of cells (columns) which receive
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inputs specifically from a single eye. This suggests that thecell-to-cell connections of the

network may be group selective and may determine functionality of the population. Ulti-

mately studies like the one here may contribute to the modeling of network populations and

potentially to an understanding of the function(s) of different layers in the cerebrum. Al-

though there is a large history of population models including [1, 3, 15, 27, 28, 46, 56, 57],

a description of only a few will be given in this section.

In some studies of neuronal systems authors use Hodgkin-Huxley type models to model

the electrical activity in individual cells. For instance,[78] used such a model to examine

wave propagation in a two layer network model of a part of the thalamus. The model of

each cell in the layer is given by the Hodgkin-Huxley equations of the general form

v′ = f(v, h) (1.14)

h′ = ǫ
(h∞(v) − h)

τh(v)
, 0 < ǫ≪ 1 (1.15)

where the terms inf(v, h) are of the form defined in (1.6). In this model, intra- and inter-

layer synaptic coupling is modeled in a continuum by using anintegral term which weights

excitatory and inhibitory synaptic inputs as

vt = f(v, h) − gsyn(v − vsyn)

∫
∞

−∞

W (x− y)s(y, t) dy, (1.16)

ht = ǫ
h∞(v) − h

τh(v)
, (1.17)

st = α(1 − s)H(v − θ) − ǫβs. (1.18)

In this model,s represents the activation (inactivation) of the synaptic coupling between

cells in the layer. In (1.16),W (x − y) represents the probability that there is a synaptic
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connection between the cells located at positionx andy, andW (x) is referred to as the

“synaptic footprint”.

Using this model in a two layer simulation one can produce twotypes of waves: smooth

waves and lurching waves. A smooth wave is a wave which propagates with a constant ve-

locity. A lurching wave does not propagate with constant velocity but propagates according

to the coupling dynamics of the layer. The lurching wave phenomenon is described as be-

ing caused by the post inhibitory rebound properties of the cells in the layer. Thus, PIR can

cause interesting dynamics in a network model.

In contrast, in [12], Bressloff and Cowan (2002) have done much analysis on contin-

uum models to explain cortical pattern formation in the visual cortex. Incorporated in their

model and analyses are earlier works and results found in [85] and [86]. The model in

[12] considers excitatory (E) and inhibitory (I) cells at position r ∈ R2 in layer V1 of the

cortex which have certain orientation preference given byθ. Orientation preference is the

mechanism illustrated in Figure 2, where the cortical cell has the greatest response when

given a stimulus with a certain preferred orientation. The connectivity of cells in the layer

plays an important role in the modeling. Such continuum models of V1 have the general

form:

∂al(r, θ, t)

∂t
= −al(r, θ, t) + hl(r, θ, t) (1.19)

+
∑

m=E,I

∫

R2

∫ π

0

wlm(r, θ|r′, θ′)σ [am(r′, θ′, t)]
dθ′

π
dr′,

whereal (l = E, I) is the activity of the layer at timet; hl is the external stimuli;σ

are output functions; andw is the weight of connection from other cells in the layer. The
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weight,w, was motivated by experimental observations and is a combination of “local” and

“non-local” lateral connections between cells in the network. In [12], the orientation tuning

patterns of the visual cortex were explained to be a consequence of Turing instabilities

generated by the cell-to-cell coupling.

Large scale IF network models have been used to reproduce simple cell (cf. Figure 2)

behavior of cortical cells in V1. A good example of such a model can be found in [84]

where cortical architecture and connection strengths wereestimated from raw data. Since

the basic IF unit is simple, larger network models can be simulated (in [84],1282 IF neurons

were simulated). The population is divided into excitatory(E) and inhibitory (I) IF point

neurons. In the model these populations evolve according tothe following coupled system

of differential equations

dvj
P

dt
= −λvj

P − gj
PE(t)

[
vj

P − VE

]
− gj

P I(t)
[
vj

P − VI

]
(1.20)

whereP = E, I and the superscriptj = (j1, j2) indexes the spatial location of the neuron

within the cortical layer. Each conductance in (1.20) is time dependent and arises from

input forcing from LGN, noise to the layer, and from the cortical network activity of each

population (excitatory and inhibitory). The intra-cortical coupling is described by these

time dependent conductances. Although these large scale network models can be insightful

about the network properties, such network IF models are notamenable to analysis.

In the aforementioned studies, electrical activity of individual cells is highly dependent

on the network properties. Regardless of what assumptions are made in a network model,

many individual cells in the visual system exhibit stimulusresponse behaviors like those
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illustrated in Figure 1 and Figure 2. Without knowing the precise architecture of a visual

system network, such individual cell behavior can be viewedto be merely a consequence of

its net synaptic input. From this point of view,I(t) in (1.5) (or in (1.1)) can be interpreted

as the net synaptic input resulting from some stimulus givenin the cell’s receptive field

(visual stimulus for visual neurons). This assumption willbe used to develop a synaptic

model which describes some general types of inputs,I(t), that a cell may receive.

Outlineof Dissertation

The current chapter explored background information, existing models, and analyses.

In Chapter 2, development of the phenomenological model forthe responses of neurons,

(FULL), is presented. This model belongs to the class given by (1.1)-(1.2), where a non-

autonomous inputI(t) is included. Also in Chapter 2, a description of synaptic transmis-

sion will be given, leading to a simple two channel Hodgkin-Huxley synaptic model. By

incorporating different aspects of plasticity, the synaptic model solutions will be used to

generalize the shapes of the inputI(t) in the single cell model. These shapes incorporate

different activation and inactivation rates, and as a result, the need to analyze the model

under such inputs is manifested. The individual cell model is a generalization of the poly-

nomial model developed in [59] and [60] used to study bursting electrical activity. Previous

analyses of (FULL) [59, 60] make it easier to predict parameter regions where such behav-

ior occurs.

In Chapter 3, the necessary model definitions that will be used throughout the study



22

are given. First, the fast and slow subsystems are defined andthe dynamics of each are

described. Recall that in bursting, the solution travels through both an active and a silent

phase. The slow-subsystem will be used to describe the slow flow of solutions along the

silent phase. In order to approximate the slow flow of solutions along the active phase,

the averaged-fast-subsystem is derived. Using these subsystems, the active phase durations

and the silent phase durations are also derived. To reproduce bursting, the fast subsystem

of the model must have a region of bistability. In such a region, the basin of attraction of

the periodic orbits will play a major role in the descriptionof the numerical traces of the

solutions of (FULL). For certain initial conditions, solutions of the model may exhibit be-

haviors which are not observed in neurons. Examples of thesewill be given and explained

to be a consequence of the basin of attraction of the periodicorbits.

With the model definitions and issues arising from the basin of attraction having been

established, in Chapter 4 the model is analyzed under constant current pulses. It will be

shown that all of the responses in Figure 1 can be reproduced for certain current pulse

inputs. First, theOn response is reproduced and analyzed, showing that to guarantee anOn

response, certain threshold conditions on the amplitude must be satisfied. Also, the type

of On response will depend on the duration of the input. Examples of these different types

will be given and explored. Second, theOff response is reproduced and analyzed, showing

that to guarantee such a response, not only are certain threshold conditions necessary, but

the duration of the input must be of sufficient length. In addition to these two types of

responses, conditions which will guarantee aMixed response are also stated. In this case,
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the input will be defined as anOnandOff constant current pulse. TheMixedresponses will

be shown to depend on the thresholds and durations of both theOnand theOff parts of the

pulse.

Using some of the results of the analyses for a constant current input, the model is

analyzed for a monotone slowly decreasing inputI(t) in Chapter 5. First, the class of

monotone slowly decreasing inputs is defined. Under such inputs, (FULL) can also repro-

duce theMixed response. Since ultimately the goal of this study is to predict and describe

the solutions of (FULL) when such a non-autonomous input is applied, Chapter 5 gives

a general theory for doing this. When inputs from the monotone slowly decreasing input

class are used, the model can be augmented to a higher dimensional autonomous system, as

previously described. For this augmented model, the averaged-fast-subsystem is redefined.

The averaged-fast-subsytem will be analyzed and used to predict theOn part of theMixed

response. It will be shown that under certain conditions, anactive phase transition will be

guaranteed to occur in finite time. This transition will terminate at a homoclinic bifurcation

where a rapid transition to the silent phase of the solution will occur. Once this transition

occurs, the flow of the augmented model will be governed by theslow-subsystem of the

augmented model. With this in mind, the slow-subsystem willbe defined and analyzed.

In order to guarantee anOff part to theMixed response, the trajectories of the solution

must reach a specified target curve. The analyses conducted in Chapter 5 will establish

the conditions needed to guarantee aMixedresponse for a special class of inputs. The two

subsystems will then be pieced together to describe the fullcycle for aMixedresponse.
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Chapter 6 contains the conclusions of this study and the results of the analyses of

(FULL) are compared with selected experimental observations. There, by choosing an in-

put of the appropriate form, the model reproduces many of thebehaviors observed experi-

mentally. In addition, although analytical results are lacking, numerous numerical solutions

are illustrated. These responses are generated as a result of a sinusoidal input and show that

the model (FULL) does reproduce certain experimental responses.
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CHAPTER 2

MODEL DEVELOPMENT

Using elements of the physiology described in the introduction, the phenomenological

model will be developed in this chapter. First, a simple two channel Hodgkin-Huxley type

of synaptic model will be presented. This model will incorporate some aspects of synaptic

plasticity and thus a description of plasticity will be given. The solutions of the synaptic

model will be used to generalize the shapes of the non-autonomous inputsI(t) in the single

cell model. The synaptic input shapes will have a major effect on the types of responses

produced by the model. The description of synaptic dynamicsis discussed in the following

section and implemented in the modeling.

SynapticModel

In this section we introduce certain background information on some synaptic mecha-

nisms. Synapses are “contacts” between cells where signalscan be transmitted. The gen-

eral description of synaptic transmission has been well developed and explained in texts

such as [55] and [64], and will only be summarized here.

There are two main types of synapses, electrical and chemical. In an electrical synapse,

current flows directly from the presynaptic cell to the postsynaptic cell to affect its mem-

brane potential. This flow occurs throughconnexons, channels which cluster to form gap
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junctions. In a chemical synapse, current from the presynaptic cell causes a release of neu-

rotransmitters which then bind to receptors on the postsynaptic cell. These receptors can

affect (or themselves be) ion channels which can open to allow ionic flow into the postsy-

naptic cell. As in an electrical synapse, this current flow affects the membrane potential

of the postsynaptic cell. These changes in membrane potential on the postsynaptic cell are

called postsynaptic potentials (PSPs).

Generally, changes in membrane potential will result in theopening or closing of ionic

channels. These ionic channels are responsible for the “transmission” of action potentials

across a synapse. Terms such as depolarization and hyperpolarization are often used to

describe some of the mechanisms which cause changes in membrane potential. Typically,

a current flowing from outside the neuron to the inside is represented as a negative current.

The term depolarization is used to describe the reduction inthe magnitude of the mem-

brane potential towards zero (making the membrane potential less negative). The term

hyperpolarization refers to an increase in the magnitude ofthe membrane potential (mak-

ing the membrane potential more negative). An ionic channelis said to beactivatedwhen

the probability that the channel will open is increased. Activation results in the opening

of more ionic channels creating an increased current flow which then leads to changes in

PSPs. Alternately,inactivationwill cause closing of ionic channels. This terminology will

be used in modeling to describe the change in channel dynamics as it relates to an applied

current.

For the purposes of this study, a description of synaptic plasticity and how it affects
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PSPs will also be given. The PSP at a synapse can be characterized as either excitatory

(EPSP) or inhibitory (IPSP). An EPSP will cause an increase in the membrane potential

(depolarization) while an IPSP will cause a decrease (hyperpolarization) and will be re-

ferred to as excitation and inhibition, respectively.

The synaptic population of a postsynaptic cell can be divided into two populations: ex-

citatory and inhibitory. Excitatory synapses will cause EPSPs and inhibitory synapses will

cause IPSPs. The total (or net) synaptic input to the cell will be determined by total inputs

from each of these two populations. The current from each PSPat different synapses is in-

tegrated at the cell’s soma (in the spike initiation zone). When this accumulation reaches a

depolarization (or an excitatory) threshold the cell fires aspike. Since EPSPs are excitatory

and IPSPs are inhibitory, the net effects from each population can play a significant role

in the total change of the cell’s membrane potential. For example, if a cell only receives

inputs from excitatory synapses then the net synaptic inputwill be excitatory whereas the

net synaptic input will be inhibitory if a cell only receivesinput from inhibitory synapses.

In the following section, a description of how the presynaptic input affects the postsynaptic

potential is given.

Plasticity

Synaptic plasticity is a term used to describe a synapse’s ability to adapt according

to the different types of inputs it receives over a period of time. Usually the time course

which affects the adaptability of a synapse occurs on ashort-termor long-termperiod. For

instance, repetitive activity at a synapse can produce alterations in the synaptic efficacy on
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both theshort-term(milliseconds, seconds) and on thelong-term(hours, days). Since the

effects oflong-termplasticity occur on a much longer time scale than will be explored in

the modeling, they will be disregarded in this study. Books such as [47] and [55] provide

detailed descriptions of the different types of synaptic plasticity.

When discussing the flow of information across a synapse, questions about the effi-

cacy of the synapse are often asked. For example, given a presynaptic potential what is the

probability it will cause a postsynaptic current? Studies such as [5, 6, 48, 68] have shown

that synaptic connections are unreliable. Typically, the probability that a postsynaptic po-

tential occurs given a presynaptic potential can vary between0.1 and0.9. The probability

often depends on the timing and the history of the presynaptic potentials. In addition to

unreliability, the amplitudes of PSPs may also have high variability. Koch [47] (p. 327)

contends that one explanation for the unreliability of synapses is that it allows each synapse

to “adapt” to the dynamic range of synaptic mechanism.

Facilitation and depression are two examples of short-termsynaptic plasticity. Facil-

itation is the mechanism which describes a progressive increase in the amplitude of each

postsynaptic potential when a succession of presynaptic potentials (spike train) arrives at

the synapse (cf. Figure 4a)). The mechanism for facilitation can be described by an increase

in the efficacy of the release and binding of neurotransmitters from the presynaptic to the

postsynaptic cell as each spike arrives from a train. Synaptic depression on the other hand

can be described by a progressive decrease in the amplitude of postsynaptic potentials (cf.

Figure 4b)). In general, the mechanisms which regulate synaptic depression are not well
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understood but are often associated with a reduction in the efficacy of the release of neu-

rotransmitters. For a synapse that exhibits both facilitation and depression, the time scale

of the effects of facilitation is believed to be slightly faster than that of depression [53].

Thus, such a synapse will have an increase in PSP amplitude initially (due to facilitation)

followed by a decrease in PSP amplitude (due to depression).

a) b)

t t
Facilitation Depression

Figure 4. Shows the effects of synaptic facilitation and depression on the postsynaptic
potential as a function of time (adapted from Figure 12.2 in [55]). Each surge in membrane
potential corresponds to the effect of a presynaptic spike (4 spikes). Illustrated in a) is
the increase in amplitude after each spike (facilitation).Illustrated in b) is the decrease in
amplitude after each spike (depression).

Another form of plasticity of particular interest is calledspike frequency adaptation.

When a neuron receives a constant current pulse from anin vitro experiment of sufficient

duration, certain neurons’ responses will “adapt” (cf. Figure 5). Adaptation is the phe-

nomenon which causes a decrease in the spike rate as a function of time, and is also be-

lieved to be related to the learning behavior of neurons. This form of desensitization may

be related to the transmitter receptors’ responses during prolonged or repeated stimulus.
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u

t

Figure 5. Shows a response which adapts to a constant currentinput. This adaptation is
a decrease in spike rate as a function of time. The voltage of the membrane potentialu is
plotted as a function of timet over the constant current pulse.

SynapticModelFormulation

Because of synaptic plasticity alone, the net synaptic input to the soma of a neuron

can be difficult to describe. More generally, individual synapses not only have different

physiology, but will also behave differently to every presynaptic input. Thus, formulating a

model forI(t) in (1.1) can be complicated. In this section, a general description of I(t) is

given and a simple Hodgkin-Huxley synaptic model is used to postulate potential “shapes”

for the net synaptic inputI(t).

For a single synapse located at a positionx on the dendritic tree, the current felt at the

soma may be modeled as

Isyn = gsyn(t)(V (t) − Vs), (2.1)

wheregsyn is the conductance between the synapse location and the somaandVs is the

local postsynaptic potential. Adopting Rall’s equivalentcylinder approach [65, 66], this

conductance depends on the synapse location and the morphology of the dendritic tree,

and for simplicity, we assumegsyn(t) is constant, i.e.,gsyn(t) = ḡsyn. If the distribution of
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synapses is idealized as a continuum over the cell’s dendritic tree orsynaptic fieldΩs, the

net synaptic current felt at the soma can be modeled by

I(t) =

∫

Ωs

ρ(x)ḡsyn(x)(V (t) − Vs(x, t)) dx , (2.2)

whereρ(x) is the density of synapses at locationx. Since the synapses are divided into

excitatory (+) and inhibitory (-) populations, the currentI(t) can be split into the net somal

currents from each of these populations, i.e.,

I(t) = I+(t) + I−(t) , (2.3)

where each ofρ, ḡsyn andVs in (2.2) inherit additional superscripts as inρ+, ḡ+
syn andV +

s

for the excitatory current, for instance.

In general, the current balance equation for the postsynaptic membrane potentialVs of

a synapse with two types of channels can be written as

Cm

dVs

dt
= −gr(Vs − Vr) − gn(Vs − Vn) (2.4)

whereCm is the net synaptic capacitance,gn(Vs − Vn) represents the effects of the neuro-

transmitter dependent currents, and the effects of all other ionic channels are incorporated

in the termgr(Vs − Vr) (from [45] and [47]). In (2.4),Vr andgr summarize the resting po-

tential and resting conductance of the transmitter independent channels respectively,Vn is

the reversal potential for the transmitter dependent channels with a conductancegn which

is neurotransmitter concentration dependent. For example, acetylcholine (ACh) transmit-

ters cause ACh receptors to open and close according to the concentration of ACh in the
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synaptic membrane and thus affects the ionic current. More generally, action potentials at

presynaptic cells release neurotransmitters which may bind to some channels at the post-

synaptic receiving cell. Since the conductancegn depends on the concentration of these

transmitters, some models assume a time dependent conductancegn = gn(t). In the fol-

lowing synaptic model, the termgn(Vs − Vn) is viewed to be simply a function of time

represented byi(t). Thus, for a synapse with(1) a voltage-gated receptor independent

channel and(2) a receptor time dependent channel, the evolution ofVs in (2.2) can be

modeled by

Cs

dVs

dt
= −ḡrn(Vs − Vr) + i(t) , (2.5)

dn

dt
=

n∞(Vs) − n

τn
, (2.6)

wheren is the gating variable for the receptor independent channel, andḡr is its maximal

conductance. Ifi(t) > 0 the synapse is excitatory whereas ifi(t) < 0 the synapse is

inhibitory. Furthermore, if the time constantτn is small, the postsynaptic potential equilib-

riates very quickly. Such synapses will be referred to as “fast”. Similarly, if τn is large, the

synapse is “slow” due to a slowly equilibrating PSP.

Since postsynaptic potentials are small in magnitude, a linear approximation of (2.5)-

(2.6) about its equilibria(v∗, n∗) = (Vr, n∞(v∗)) can be used to study changes in PSPs.

Letting vl = v − v∗ andnl = n − n∗, the linearized system for(vl, nl) is decoupled. The

resulting equation forvl is

dvl

dt
= −λvl + i(t), vl(0) = 0 (2.7)
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wherevl is the linearized synaptic potential, andλ is a constant.

Now, consider a solution resulting fromN presynaptic action potentials each separated

by time∆t. For such an input, the neurotransmitter dependent currentcan be modeled by

i(t) = α

N∑

k=1

δ(t− k∆t) (2.8)

whereδ(t) is the delta function andα > 0 (excitatory) is chosen to be constant.

The solution to (2.7) can be computed using Laplace transforms and is given by

vl(t) = α

N∑

k=1

H(t− k∆t)e−λ(t−k∆t) (2.9)

whereH(t) is the Heaviside function. The solution in (2.9) can be interpolated by:

v̄l(t) =






α

e−λ∆t − 1
(e−λt − 1) if t ≤ N∆t

βe−λt if t > N∆t

(2.10)

whereβ = α
∑N

k=1 e
λk∆t, to generalize the behavior of the PSP for this type of model.In

Figure 6, the interpolation (2.10) is superimposed on the true solution (2.9) to show two dis-

tinct behaviors. Figure 6a) shows a synaptic model which is “slow” to activate and “slow”

to inactivate (equilibriates slowly). By varying the modelparameters (α, λ,∆t), Figure 6b)

shows a synaptic model which is “fast” to activate and “fast”to inactivate (equilibriates

quickly).

Notice that the model above does not account for any effects of plasticity. To include

plasticity such as facilitation or depression,α could be madek-dependent. To incorporate

facilitation in the synaptic model above,α(k) of the form illustrated in Figure 7a) is con-

sidered. Similarly, to incorporate the effects of synapticdepression,α(k) is assumed to
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Figure 6. Shows the solution to the linearized synaptic model with a spike train inputi(t)
(with 15 spikes). In each figure an interpolation (2.10) is superimposed on the true solution
(2.9). Two different parameter sets (α, λ,∆t) were used. a) shows a synaptic channel which
is “slow” to activate and “slow” to inactivate corresponding to parameters (1.2,6,0.3). This
behavior will be referred to as “slow” On and “slow” Off. b) shows a synaptic channel
which is “fast” to activate and “fast” to inactivate corresponding to parameters (0.3,0.8,0.3).
This behavior will be referred to as “fast” On and “fast” Off.

have a form similar to that illustrated in Figure 7b). The solution to (2.7) when

i(t) =
N∑

k=1

α(k)δ(t− k∆t) (2.11)

is given by

vl(t) =

N∑

k=1

α(k)H(t− k∆t)e−λ(t−k∆t). (2.12)

Whenα(k) is made to incorporate the effects of facilitation, a solution of (2.12) is illus-

trated in Figure 8a). Illustrated in Figure 8b) is (2.12) when the effects of depression are

considered. The resulting solution illustrated in Figure 8b) is very similar to the result

found in Figure 8a) of [79]. In [79],in vitro recordings of rat visual neurons were used to

illustrate the effects of synaptic depression on PSPs. Thisfact suggests that the assumptions

of the model are reasonable and can be used to explain post-synaptic potentials.

SinceI(t) in (2.2) depends linearly onVs, I(t) will inherit some of the aformentioned
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Figure 7. Thek-dependent functions for facilitation and depression, shown in a) and b)
respectively.
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Figure 8. Shows the solution to the linearized synaptic model with an k-dependent
amplitude functionα(k) to incorporate the effects of synaptic facilitation and depres-
sion. In a) the solution to (2.12) is shown withα(k) = arctan(k/3) (facilitation), and
the parameter set (α, λ,∆t)=(1.25, 3, 0.3). In b) the solution to (2.12) is shown with
α(k) = − arctan(k/3) + π/2 (depression), and the parameter set (1.25, 2, 0.3).

dynamics of the linearized synaptic model. For instance, were the synaptic input to the cell

purely excitatory andτn ≪ 1, thenI+(t) could have a shape similar to that in Figure 6b).

Alternately, wereτn ≫ 1 for purely inhibitory inputs,|I−(t)| could have a shape similar to

that in Figure 6a). The exact correlation between such excitatory and inhibitory inputs and

their respective postsynaptic potentialsVs would in reality depend on dendritic morphology.
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However, we will assume that the net synaptic input to the soma will also have these shapes.

The synaptic model described by (2.5)-(2.6) with varying plasticity assumptions, pro-

vides a simple way to generate different possible synaptic inputs that may be felt at the

soma (as in Figure 6 and Figure 8). However, the synaptic model (2.5)-(2.6) is one of many

possible synaptic models. For instance, the addition of other postsynaptic channels could

alter the linearized response to inputs such as those in (2.8). Also, since each synapse has

a different locationx in the cell’s synaptic fieldΩs, the parameters which define (2.5)-(2.6)

are most generally functions ofx as well. Moreover, within each of the excitatory and

inhibitory synaptic populations all of these parameters can be viewed as constant, with one

notable exception. The currenti = i(x, t) is a function ofx since different synapses may

have different inputs depending on a given stimulus.

In general, synapses will have many dynamics other than those produced by (2.5)-(2.6)

but incorporating them into a model may be difficult. For example, synaptic “spill over”

can affect the transmission at other synapses in a neighborhood, but is not fully understood

and thus difficult to include in modeling. Plasticity has been shown to play a major role

in synaptic dynamics but may also be difficult to incorporatein a model. Even though

these issues complicate modeling aspects, they may nevertheless be paramount for a more

complete understanding of visual system responses. Modelssuch as ones found in [8, 9],

include terms related to the physiology of synapses, and address some aspects of plasticity.

Instead of a detailed synaptic model incorporating plasticity and other dynamics to model

PSPs, we give a general description of some different types of possible net synaptic inputs.
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These different types (shapes) of inputs can incorporate any of the effects of plasticity and

other synaptic dynamics such as fast and slow mechanisms.

In Table 1 are some different types ofgeneralizednet synaptic inputs,|I(t)|, which can

be incorporated into a single cell model. The general shapesof these inputs have been char-

acterized by their activation and inactivation behaviors.Also included with these shapes

are the time courses of a presynaptic stimulus input (or applied current). For example,

included in rows 1 and 4 in Table 1 are the dynamics generalized from the interpolation

function (2.10) and the time course of a presynaptic current(given by the bar). When fa-

cilitation is incorporated into the activation of the synapses as in Figure 8, then the general

shape ofI(t) may be similar to those found on rows 5-7 in Table 1 (cf. Figure8a)). Sim-

ilarly, were the effects of depression incorporated into activation, I(t) may be similar in

shape to that illustrated in row 8 of Table 1 (cf. Figure 8b)).Row 7 of Table 1 shows the

general shape for a net synaptic current which incorporatesboth facilitation and depression.

Notice that the effects of facilitation are immediate and the effects of depression are felt

slightly later.

These general shapes will be used to reproduce the responsesillustrated in Figures 1

and 2. For purposes of modeling, “fast” activation or inactivation is idealized with a Heav-

iside function. In (FULL), a sufficiently large net excitatory synaptic input will be shown

to cause theOn response in Figure 1a). Likewise, a sufficiently large inhibitory input (of

sufficient duration) will be shown to cause theOff response in Figure 1b) (PIR response).
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Row Net Postsynaptic Current|I(t)| Plasticity Assumption General Description

1 None Fast On, Fast Off

2 None Fast On, Slow Off

3 None Slow On, Fast Off

4 None Slow On, Slow Off

5 Facilitation Facilitation On, Fast Off

6 Facilitation Facilitation On, Slow Off

7 Facilitation and Depression Facilitation and Depression On

8 Depression Depression On, Fast Off

Table 1. A description of the possible net synaptic current responses given a presynaptic
input (or visual stimulus). In the second column the bar under each shape represents the
duration of a presynaptic input (or visual stimulus).

Extracellular measurements made on retinal ganglion cellsby [51] also reproduce the di-

minished excitatory and PIR responses when two simultaneous stimuli are presented as il-

lustrated in Figure 1c). To reproduce these nonlinearities, excitatory synapses are assumed

to be fast relative to the inhibitory synaptic inputs. This relationship will be explained in

further detail in Chapter 5.
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SingleCell Model

With the preceding synaptic model development and description of existing models,

a three variable phenomenological model is presented. Ideally, a neuron model should

have terms which relate to a Hodgkin-Huxley equation of the form (1.5) and include all

possible dynamics already described in this study. Realistically, in order to have a model

be amenable to analysis, many of the dynamics must be simplified (such as synaptic input).

The Pernarowski polynomial model (1994) [59, 60] is such a model and will be a basis

for modeling in this study. This model was first used to model bursting pancreaticβ-cells

and has been adapted here to model neurons (specifically, visual neurons). This model

can be made to exhibit bursting and beating (tonic spiking) behaviors; adaptation; and by

including synaptic inputs similar in shape as those found inTable 1, can reproduce the

responses illustrated in Figures 1 and 2.

The model consists of the following set of differential equations:

du

dt
= f(u) − w − z + I(t) (2.13)

dw

dt
= g(u) − w (2.14)

dz

dt
= ǫ(h(u) − z) , 0 < ǫ≪ 1 , (2.15)

where the polynomialsf , g andh are defined by

f(u) = f3u
3 + f2u

2 + f1u , (2.16)

g(u) = g3u
3 + g2u

2 + g1u+ g0 , (2.17)

h(u) = β(u− α) (2.18)
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and the polynomial coefficients off andg are:

f3 = −
a

3
, f2 = aµ , f1 = 1 − a(µ2 − η2),

g3 = f3 + 1 , g2 = f2 , g1 = f1 − 3 , g0 = −3 .

Here,λs = (α, β) andλf = (a, η, µ) are the “slow” and “fast” parameters, respectively. In

the model (2.13)-(2.15),u is the transmembrane somal voltage,f(u) andw are fast currents

(analagous to sodium and potassium currents),z is a slow current (analagous to calcium

currents found in [52]), andI(t) is the net synaptic current integrated over the synaptic

field. For purposes of reference, equations (2.13)-(2.15) will be referred to as (FULL).

The complicated form of the polynomialsf andg is due in part to their derivation from

a Liénard form in [60]. In the Liénard form, much work has been done in classifying the

various fast-subsystem (FS) (ǫ = 0) bifurcation structures [20, 59] as previously mentioned.

This body of work is used here in choosing appropriate “fast”parameter setsλf = (a, η, µ)

so that (FULL) exhibits bursting.

This phenomenological model can be characterized as “Hodgkin-Huxley” in nature.

Consider a Hodgkin-Huxley equation with a slow current of the form

Cm

dv

dt
= −

∑

x

Ifx − ḡzz(v − vz) (2.19)

wherev is the membrane potential,Ifx represents fast currents of typex, andḡzz(v − vz)

is the slow current. Then, forv > vz, (2.19) can be written as

Cm

ḡz(v − vz)

dv

dt
= −

∑

fx

I∗fx − z (2.20)
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Definingu = ln(v − vz), then using

du

dt
=

1

v − vz

dv

dt
, (2.21)

equation (2.20) can be written in the form

Cm

ḡz

du

dt
= −

∑

fx

I∗fx − z. (2.22)

If the membrane potentialv, time, and the channel conductance are nondimensionalized,

then (2.20) can be written as

du

dτ
= −

∑

fx

I∗fx − z, (2.23)

with corresponding equation

dz

dτ
=
z∞(u) − z

τz(u)
, (2.24)

for the slow channel gating variable. Under this transformation, u retains all the mono-

tonicity properties of the biophysical voltagev. Also, (2.23), like (2.13) is linear in the

gating variablez, and whenτz(u) in (2.24) is close to a constant it has the same form as

(2.15). Thus, (FULL) provides a reasonable model for examining the qualitative behaviors

of many Hodgkin-Huxley type models.

Before this model is analyzed, we give numerical solutions of the temporal traces of the

“voltage” u(t) which reproduce (for certain stimuli) the behaviors illustrated in Figure 1.

For instance, Figure 9 reproduces theOn andOff responses illustrated in Figures 1a)-b).

The response in Figure 1c) will be examined in a Chapters 4 and5. These numerical

solutions were computed using an explicit one step Runge-Kutta integration method in

XPPAUT [23]. Many of the proceeding figures will also be generated using XPPAUT.
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In Figure 9, the net synaptic input current

I(t) = Ī (H(t− t0) −H(t− t0 − T )) (2.25)

is superimposed over the voltageu(t). This type of input corresponds to a constant cur-

rent pulse which one would generate duringin vitro experiments. Here,̄I is the current

amplitude,t0 is the starting time of the pulse,T is the duration, andH(t) is the Heaviside

function. This constant current pulse also represents an idealized “fast” On and “fast” Off

type of net synaptic input (cf. Figure 6 and Row 1 in Table 1). Figure 9a) simulates the

experiment where a stimulus is given in thePluspart of the cell’s receptive field. Figure 9b)

on the other hand, simulates the experiment where a stimulusis given in theMinuspart of

the cell’s receptive field.
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Figure 9. Shows typicalOn and Off responses in the model (FULL) with the constant
current stimuliI(t) superimposed on each figure. The (FS) parameter setλf = (a, η, µ)
was choosen asλf = (0.25, 0.75, 1.5) with a current amplitudēI = +0.8 and Ī = −1.8
for the On andOff responses, respectively. In both, the slow parametersλs = (α, β) =
(−1.5, 4) andǫ = 0.0025. In each figure,t0 = 500 andT = 150. The numerical traces in
this figure were generated using XPPAUT [23].
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In order to generate the responses in Figure 9, certain stimuli amplitudesĪ and dura-

tionsT must be used. To determine such appropriate values forĪ andT , we will present

certain model definitions and terminology. These definitions are included in the next chap-

ter and will be used throughout the remainder of this study.

In this chapter, the non-autonomous model (FULL) was developed. To reproduce the

responses illustrated in Figure 1, it has been established that PIR and bursting play an

important role. These dynamics were incorporated into a single cell phenomenological

model by adapting the Pernarowski model and including a synaptic input term. Since the

single cell model used in this study incorporates a time-dependent synaptic input, relevant

synaptic mechanisms were discussed (such as activation/inactivation, and plasticity). By

including these mechanisms, a simple synaptic model was used to postulate various general

shapes of net synaptic input to the cell. Lastly, (FULL) was shown to reproduce theOnand

Off responses when two distinct synaptic inputs were used.
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CHAPTER 3

SUBSYSTEM DERIVATION AND DEFINITION

The main goal of this study is to understand and explain the dynamics of (FULL)

when a time dependent inputI(t) is used. Since (FULL) is a non-autonomous bursting

model, I(t) can play a major role in the evolution of the numerical tracesof u(t). In

this chapter, we give the basic definitions and terminology needed to describe these traces.

For example, the traces illustrated in Figure 9 have been generated by a stimulusI(t)

of the form found in (2.25) and will be described in detail in the next chapter. Before

a description of these traces is given, the fast-subsystem (FS), the slow-subsystem (SS),

and the averaged-fast-subsystem (AFS) are defined. In this chapter (and in the next), the

definitions of the subsystems assume a constant current pulse inputI(t). When this type

of input is incorporated,I(t) can simply be viewed as being constant during the pulse.

The rapid transitions (att = t0 andt = t0 + T ) for such a pulse will play an important

role in the description of the dynamics of the model. Therefore, for inputsI(t) which

have rapid transitions such as those found in rows 1 (activation/inactivation), 2 (activation),

3 (inactivation), 5 (inactivation), and 8 (inactivation) in Table 1, the basin of attraction

for the periodic orbits and equilibria of the fast-subsystem will be discussed and defined

accordingly. In later analyses, this will be shown to have great impact on the solutions.

Most of the following subsystem definitions have been studied extensively and are mainly
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included here for completeness.

In addition to understanding the dynamics of (FULL), a goal of this study is to model

the responses of neurons. Since (FULL) can generate many types of responses, some will

not have physiological meanings. In this regard, there is a distinction between the dynamics

of (FULL) and the reasonable parameter or variable ranges when modeling neurons. When

applicable, this distinction will be discussed and described. Often, the dynamics of (FULL)

will include many behaviors which may be unrealistic for neurons. The understanding of

the dynamics is crucial when using (FULL) to model neurons.

Fast-Subsystem

When a constant current pulse is applied, different amplitudes and durations will cause

different responses. To understand what types of amplitudes and durations can causeOn

andOff responses, it is necessary to understand how the fast-subsystem (FS) of (FULL)

depends on the constantĪ in (2.25). Here (FS) is obtained by settingǫ = 0 in (FULL):

du

dt
= f(u) − w − z + Ī , (3.1)

dw

dt
= g(u) − w , (3.2)

where bothz and Ī are treated as parameters. By introducing the bifurcation parameter

γ = z − Ī, the (FS) bifurcation diagram in Figure 10a) is generated. In this figureu is

plotted againstγ. TheZ-shaped curve, given by

γ = G(u) ≡ f(u) − g(u) = −u3 + 3u+ 3, (3.3)
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is the projection of the equilibria of (3.1)-(3.2) onto the(γ, u)-plane. Note that despite the

fact that bothf andg depend on the fast parameter setλf = (a, η, µ),G does not. The solid

regions of this curve represent stable equilibria. The dashed region represents unstable

equilibria. Also labeled in Figure 10a) are theγ valuesγ− andγ+ corresponding to the

lower and upper saddle-node bifurcations, respectively. Using this labeling scheme, notice

that the lower and upper saddle-node bifurcations of (FS) will have the coordinates given

by (u−, G(u−)) and(u+, G(u+)) at γ− andγ+, respectively. On the upper region of the

Z-shaped curve, the stability of the equilibria changes at the Hopf bifurcation point labeled

γ = γhb. The periodic orbits emanating from this Hopf point terminate at a homoclinic

bifurcation atγ = γhc. Thus, forγ ∈ (γhb, γhc) the (FS) has stableTp(γ)-periodic limit

cycles

Ωp(t, γ) = (u, w) = (Ω1(t, γ),Ω2(t, γ)). (3.4)

Analytical results of the aforementioned bifurcations computed in Figure 10 with XP-

PAUT can be found in [59]. Forλf as chosen in Figure 10a), notice that whenγ ∈ (γ−, γhc),

(FS) has a region of bistability where both a lower branch equilibria and periodic orbits co-

exist.

Also found in [59] is a detailed description of the dynamics of (FULL) when the pa-

rameters ofλf are chosen differently. For example, the different oscillatory behaviors

illustrated in Figure 3 arise by choosing different values of η andµ. Illustrated in Fig-

ure 10b) is the bifurcation diagram whenη = 0.9 andµ = 1.5 (as opposed toη = 0.75

andµ = 1.5 for Figure 10a)). In this figure the homoclinic bifurcation occurs near (or at)
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Figure 10. Fast-subsystem bifurcation diagrams for (3.1)-(3.2). Labeled are the Hopf point
γhb, the homoclinic valueγhc, the right most saddle node bifurcation valueγ+, and the left
most saddle node bifurcation valueγ−. In figure a) the fast parameter set was chosen as
λf = (a, η, µ) = (0.25, 0.75, 1.5). Notice that for this choice ofλf , (FS) has a region
of bistability for γ ∈ (γ−, γhc). In figure b) the fast parameter set was chosen asλf =
(a, η, µ) = (0.25, 0.9, 1.5). For this choice of fast parameters, the bifurcation structure
does not have a region of bistability.

the lower saddle-node bifurcation. Thus, for this choice offast parameters, (FS) does not

have a region of bistability and (FULL) will not undergo a bursting cycle. When the fast

subsystem has this type of bifurcation structure, the solution of (FULL) will exhibit beating

patterns (fast spiking) as illustrated in Figure 3 (upper right figure).

When modeling neurons that exhibitOn andOff responses as illustrated in Chapter 2,

choosing fast parameters so that (FS) has a bifurcation structure which has a region of bista-

bility is important (since the responses are assumed to be short duration bursts). Although

bursting is an important feature, many neurons will not burst but will undergo different

oscillatory behaviors. For modeling such neurons, it is sometimes possible to alter the fast
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parameter set to obtain a (FS) with a desirable bifurcation structure. Since changing the

bifurcation structure can be done by simply choosing a different fast parameter set, this

gives another reason for choosing this particular set of equations to model visual neurons

(or neurons in general). Although other bifurcation structures are important when modeling

neurons, most of the modeling and analyses in this study willbe based on a fast parameter

setλf which exhibits square-wave bursting (as in Figure 10a)). This particular choice of

λf was used to match experimental results illustrated in [14].

For the fast parameter set used to generate the bifurcation diagram illustrated in Fig-

ure 10a), recall that the lower branch equilibria of (FS) forms a stable manifold for the fast

dynamics. When describing various solutions of (FULL), parts of the solutions of (FULL)

will travel near the stable lower branch manifoldSL of (FS) defined as:

SL = {(u, w, γ) : γ = G(u), w = g(u), u < u−}. (3.5)

The projectionSL of SL onto the(γ, u)-plane is defined as:

SL = {(u, γ) : γ = G(u), u < u−}. (3.6)

Using this projection will make it easier to visualize the trajectories of the solution. Sim-

ilarly, we define both the middle branchSM of (FS) and the upper branchSU of (FS)

respectively as:

SM = {(u, w, γ) : γ = G(u), w = g(u), u− < u < u+} , (3.7)

SU = {(u, w, γ) : γ = G(u), w = g(u), u+ < u} , (3.8)
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with associated projectionsSM andSU .

These manifolds will be needed to discuss solutions of and the location of equilibria of

(FULL). For example, a solution which goes through a burst cycle will typically go through

an “active phase” and a “silent phase”. During the active phase, solutions of (FULL) travel

near the periodic orbitsΩp of (FS) while in the silent phase they travel nearSL.

Slow-Subsystem

The slow-subsystem (SS) describes the slow flow of the trajectories of (FULL) along

(or near)SL. Again (as in (FS)), (SS) is defined in terms of the constantĪ. Using a slow

time transformationτ = ǫt in (FULL) gives the following system:

ǫ
du

dτ
= f(u) − w − z + Ī , (3.9)

ǫ
dw

dτ
= g(u) − w , (3.10)

dz

dτ
= h(u) − z , (3.11)

Letting ǫ = 0 and using the substitutionγ = z − Ī, the slow-subsystem (SS) is given by:

γ = f(u) − w , (3.12)

w = g(u) , (3.13)

dγ

dτ
= h(u) − (γ + Ī) . (3.14)

For the purposes of this study, (SS) is defined as (3.12)-(3.14) for u < u−. Solutions of

(SS) give trajectories onSL which are the leading order approximations to the silent phase

of (FULL).
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Notice we combine equations (3.12) and (3.13) to give the following algebraic condi-

tion which must be satisfied when the flow remains onSL:

γ = G(u) = −u3 + 3u+ 3. (3.15)

Using a trigonometric form of the cubic root formula, the lower branch rootuLB(γ) can be

found as

u = uLB(γ) =






2 cos
(

1
3
arccos

(
3−γ

2

)
+ 2π

3

)
, 1 ≤ γ ≤ 5 ,

−2 cosh

(
1
3
ln

(
γ−3
2

+
√(

γ−3
2

)2
− 1

))
, γ > 5 .

(3.16)

This allows one to rewrite (3.14) as,

dγ

dτ
= H1(γ) = h(uLB(γ)) − (γ + Ī) . (3.17)

This equation will be used to describe the silent phase and todetermine minimum durations

of a constant current pulse that will cause anOff response.

The evolution of the solution alongSL is referred to as the silent phase of the cycle. For

the purpose of this study, the duration of the silent phase isdefined as the time it takes for

the solution to travel alongSL from an entry pointγs
in to an exit pointγs

out. If a solution has

more than one burst cycle then it is possible that the solution will travel alongSL more than

once. When this happens, the silent phase durations can simply be indexed by the number

of occurrences (cf. Figure 17d)). Since (3.17) gives the leading order evolution of (FULL)

alongSL, it can be used to determine the silent phase duration. Separating and integrating

(3.17) over(γs
in, γ

s
out) gives the silent phase duration

TSP = TSP (γs
in, γ

s
out) =

∫ γs
out

γs
in

dγ

h(uLB(γ)) − (γ + Ī)
. (3.18)
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This equation will be used to describe the durationT needed when applying a constant

current pulse which guarantees anOff response (as illustrated in Figure 9b)). Notice that

the silent phase duration as defined by (3.18), depends on thevaluesγs
in andγs

out. Therefore,

the silent phase duration may be different for every pair(γs
in, γ

s
out).

The parameters which govern (SS) are given by the slow parameter setλs = (α, β).

Using the definition ofh(u) in (2.18), the nullcline for (2.15), is given by

h(u) = z = γ + Ī .

Illustrated in Figure 11 are (FS) and theγ̇ = 0 line with a bursting solution superimposed

(with Ī = 0). To illustrate a bursting solution,λs was chosen so thatγ̇ = 0 intersects (3.3)

onSM , andβ > 0. Notice that whenβ > 0, γ̇ < 0 below the nullcline anḋγ > 0 above the

nullcline. In this situation, the solution travels to the right along the periodic orbits. Once

the solution reaches the homoclinic point a rapid transition back toSL occurs. Once on

SL, the solution is below theγ-nullcline and will travel back to the left towards the lower

saddle node. Even though a complete description of the cycleis not given here, a detailed

description of the solution cycles illustrated in Figure 9 is given in Chapter 4.

Averaged-Fast-Subsystem

In order to describe the traces of the solutions of (FULL) in the active phase, the

averaged-fast-subsystem will be used. In this section the averaged-fast-subsystem (AFS)

is defined and an outline of how one derives a leading-order value for the active phase du-

ration is given. We incorporate the previous works in [32] and [61], where the method of
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Figure 11. Fast-subsystem bifurcation diagram for (3.1)-(3.2) with fast parameter set
(a, η, µ) = (0.25, 0.75, 1.5). Superimposed on (FS) are theγ̇ = 0 line and a bursting
solution. In this figure, the slow parameter set was chosen as(α, β) = (−1, 4).

averaging has been used to approximate the active phase of bursting cycles. First recall

that (FS) has a one-parameter family ofTp(γ)-periodic limit cyclesΩp(t, γ) = (u, w) =

(Ω1(t, γ),Ω2(t, γ)) for γ ∈ (γhb, γhc). The averaged-fast-subsystem (AFS) of (FULL) is

then obtained by averaging the vector field of the slow variables int over these limit cycles.

To be more specific, for any functionψ = ψ(u, w) the average is defined as

ψ̂(γ) ≡ 〈ψ(u, w)〉 =
1

Tp(γ)

∫ Tp(γ)

0

ψ (Ω1(t, γ),Ω2(t, γ)) dt . (3.19)

Next, define

γ(t) = z(t) − Ī
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whereĪ is constant. Then, fort ∈ (t0, t0 + T ), (FULL) becomes

du

dt
= f(u) − w − γ (3.20)

dw

dt
= g(u)− w (3.21)

dγ

dt
= ǫ(h(u) − (γ + Ī)), 0 < ǫ≪ 1 , (3.22)

In this form, a duplication of the multiple scales averagingmethod found in [61] is used to

derive the (AFS) of (3.20)-(3.22). The resulting (AFS) is

dγ

dτ
= 〈h(u)〉 − (γ + Ī) (3.23)

whereτ = ǫt is a slow time. Given the linearity ofh(u) in u, (3.23) can be written as

dγ

dτ
= h(û(γ)) − (γ + Ī) , (3.24)

whereû(γ) is defined as

û(γ) ≡
1

Tp(γ)

∫ Tp(γ)

0

Ω1(t, γ) dt . (3.25)

For initial conditions sufficiently close toΩp, the solution of (3.24) is the leading order

asymptotic approximation ofγ for timesτ = O(1) wheneverγ ∈ (γhb, γhc). Illustrated in

Figure 12 is the numerical computation of the averageû as a function ofγ. The averagêu

was computed using AUTO [22].

In order to describe the bursting cycle of the solutions of (FULL), the active phase

duration is defined. To be specific, the active phase durationTA is the leading order time

for γ(t) to increase from its entry point in the active phaseγa
in to its exit point atγa

out (for
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Figure 12. This figure showŝu(γ) for γ ∈ (γhb, γhc). Upper and lower branch equilibria
SL, andSm are also superimposed for reference.

the purposes of this study, it is often the case thatγa
in = γ0, andγa

out = γhc). Thus, in the

slow time scale, the active phase duration is found by separating and integrating (3.24):

TA = TA(γa
in, γ

a
out) =

∫ γa
out

γa
in

dγ

h(û(γ)) − (γ + Ī)
. (3.26)

Notice that to computeTA, the values of̂u illustrated in Figure 12 will be used.

RapidTransitions,Basinof Attraction

When given a constant current pulse, the bifurcation structure of (FS) will shift rapidly

left or right depending on the sign of̄I. When these rapid shifts occur, the trajectories

of the solution will also undergo a rapid change. Therefore,it is important to understand

where the trajectories go for any initial condition. With this in mind, suppose an initial
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condition such as(u0, w0, γ0) is given. For the values ofγ0 which lie in the monostable

region of (FS), the solution will undergo a rapid transitionto the only stable attractor which

occurs for that particularγ-value (eitherSU , SL, or the periodic orbit onΩp). On the other

hand, whenγ0 lies in the bistable region, in order to describe the solution in such a case,

it is important to know whether the trajectories will be attracted to the stable lower branch

SL or the stable periodic orbit onΩp. In this section, we give the descriptions of the basin

of attraction for the equilibria of (FS) which lie onSL and the periodic orbitΩp. These

descriptions are motivated by numerical results, and are explored in this chapter.

Before any numerical tools are used to determine the basins of attraction, we introduce

the definitions for the basin of attraction of the equilibriaof (FS) andΩp. If the trajectories

of (FS), starting at(u0, w0), are attracted to a periodic orbit, then the point(u0, w0) is said to

be inBP (γ), the basin of attraction ofΩp. Similarly, if the trajectories of (FS) are attracted

to an equilibrium onSL, then the initial condition(u0, w0) is said to be inBL(γ), the basin

of attraction of the equilibria of (FS) which lie onSL. Now that these basins have been

defined, a description of how to generate them can be given.

To help describe the basins of attraction, we use the Liénard form of (FULL) derived

in [59]. Differentiating (3.20) int and then eliminatingw, equations (3.20) and (3.21) can

be written as

ü+ F (u)u̇+G(u, γ) = −ǫ(h(u) − (γ + Ī)), (3.27)

where

F (u) = 1 − f ′(u),
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G(u, γ) = g(u) − f(u) + γ.

Rewritting (3.27) as a system and lettingǫ = 0, the fast-subsystem in Liénard form is

u̇ = v, (3.28)

v̇ = −F (u)v −G(u, γ). (3.29)

When (FS) is rewritten in this form, the equilibria of (FS) always lie on thev = 0 axis. This

will be useful for determining particularu0-values for which the initial condition,(u0, w0),

of (FS) is in the basin of attractionBP .

In the bistable regionγ ∈ (γ−, γhc), recall that (FS) will have three equilibria. Letūl,

ūm, andūu be the lower (stable), middle (saddle), and upper (unstable) equilibria of (FS),

respectively. The stability for these points has been established in [59] and is stated here

without further analysis. Depicted in Figure 13 is the stable manifold of the middle saddle

point ūm. Notice that the stable manifold has been divided into a lower and an upper part

labeledW−

S andW+
S , respectively. To be specific,W−

S is defined as the part of the stable

manifold which comes into the saddle from below (thev = 0 axis) andW+
S is the part

which comes into the saddle from above (thev = 0 axis). Thus, the stable manifold of the

middle saddlēum is the unionWS(ūm(γ)) = W−

S (γ)
⋃
W+

S (γ). In Figure 13,WS(ūm(γ))

was generated using XPPAUT.

Figure 13a) showsWS(ū(γ)) for a range ofu ∈ (−5.5, 7.5) whenγ = 1.5. Figure 13b)

showsWS(ū(γ)) for a range ofu ∈ (−5, 4) whereγ = 1.5. In each figure, given any

initial condition(u0, v0) in the region betweenW+
S andW−

S , the trajectories of the Liénard
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system will be attracted toΩp(γ). When (FULL) is used to model visual neurons, the

variableu represents voltage, andv represents current. Therefore, for modeling purposes

the ranges ofu and v illustrated in Figure 13a) are unrealistic since membrane voltage

has a physiological bound usually described by action potentials and this is represented by

theu-range of the periodic orbits. Although Figure 13a) shows thatWS can wrap around

the periodic orbits (illustrated in Figure 13b) as the dashed orbit), when modeling visual

neurons only Figure 13b) will be considered. This figure represents a caricature of the

typical stable manifold, for values ofγ in the bistable region, for a more realistic modeling

range ofu andv.

Although analytical results are lacking, the numerical results suggest that forγ ∈

(γ−, γhc), WS will intersect thev = 0 line at at least three points. Here, a definition

for these points is given and will be used to determine the basins of attraction. The points

uSl
, uSm

, anduSu
are the loweru-value, the middleu-value, and the upperu-value where

WS intersects the linev = 0 respectively. These points have been labeled in Figure 13b)

(notice that the two upperu-values whereWS intersects the linev = 0 as illustrated in

Figure 13a) have been disregarded as unrealistic transmembrane potentials).

In order to determine the basins of attraction, define the sets; Bp = {(u0, v0) : u0 ∈

(uSl
, uSm

)
⋃

(ūm, uSu
), v0 = 0} andBL = {(u0, v0) : u0 ∈ (−∞, usl

)
⋃

(uSm
, ūm), v0 =

0}. We would like to determine the values ofuSl
anduSm

for eachγ ∈ (γ−, γhc). Once

these values are determined, wheneverγ0 ∈ (γ−, γhc) and (u0, v0) ∈ Bp is used as an

initial condition, the trajectories of (3.28)-(3.29) willbe attracted to the periodic orbits
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Figure 13. Shows the stable manifoldWS(ūm(1.5)) for two different ranges ofu. Illustated
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ūu corresponding to the lower (stable), middle (saddle), and upper (unstable) equilibria of
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of the Liénard system. In contrast, givenγ0 ∈ (γ−, γhc), whenever an initial condition

(u0, v0) ∈ BL is used, the trajectories of (3.28)-(3.29) will be attracted to ūl. In order to

determine the valuesuSl
anduSm

, AUTO was used to find numerical solutions forW+
S and

W−

S for a set ofu-values of eachγ in the bistable range. To do this, the valuesuSl
and

uSm
were each incorporated into two separate two-point boundary value problems. Each

value was then found by solving the boundary value problem for everyγ ∈ (γ−, γhc). This

was done by first solving forW+
S and findinguSm

, then by solving forW−

S and finding

uSl
. Since bothuSm

anduSl
were computed using the same technique, only a description

of howuSm
was determined is given here.

To finduSm
, a solution to (3.28)-(3.29) with the following boundary conditions

(u(0), v(0)) = (uSm
, 0), (3.30)

and

lim
t→∞

(u(t), v(t)) = (ūm, 0), (3.31)

must be found. The solution to this problem is the part ofW+
S illustrated in Figure 13b),

with uSm
as an endpoint.

In order to use AUTO, the boundary condition (3.31) must be ona finite interval. To ac-

commodate this fact, the boundary value problem ((3.28)-(3.29) with boundary conditions

(3.30) and (3.31)) was redefined with the following change ofvariables.

Let s = tanh t, so that
dt

ds
=

1

1 − s2
for −1 < s < 1. Using this compactification, the
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boundary value problem above is redefined as

du

ds
=

1

1 − s2
v, (3.32)

dv

ds
=

1

1 − s2
(−F (u)v −G(u, γ)), (3.33)

with

(u(0), v(0)) = (uSm
, 0), (3.34)

and

(u(1), v(1)) = (ūm, 0). (3.35)

To use AUTO to solve this nonautonomous problem, the system must be augmented to

turn it into an autonomous system. The augmented system is given by

du

dτ
= F1(u, v, s) =

1

1 − s2
v, (3.36)

dv

dτ
= F2(u, v, s) =

1

1 − s2
(−F (u)v −G(u, γ)), (3.37)

ds

dτ
= 1, (3.38)

with

(u(0), v(0), s(0)) = (uSm
, 0, 0) (3.39)

and

(u(1), v(1), s(1)) = (ūm, 0, 1). (3.40)

This redefining of the boundary value problem was used instead of using HOMCONT

(a subroutine in AUTO) sinceW+
S from uSm

to ūm is neither a homoclinic nor heteroclinic

connection. Also note that the vector field of (3.32)-(3.33)appears to be singular ins
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ass → 1− (which is carried through to (3.36)-(3.38)). This apparentsingularity is not

theoretically relevant when computing the stable manifoldWS, however. For instance, if

(Us(t), Vs(t)) is the solution of (3.28)-(3.29) corresponding toWS in the t coordinates,

(Us(t), Vs(t)) remains bounded ast → ∞ and approaches the saddle(ūm, 0). Thus the

associated solution in (3.32)-(3.33), and consequently in(3.36)-(3.38), must be bounded as

well ass→ 1−.

For the system (3.36)-(3.38) with boundary conditions (3.39) and (3.40), an initial

solution was computed in XPPAUT. To compute this initial curve, XPPAUT computes the

eigenvalues and eigenvectors forūm and uses a shooting method to approximateWS(ūm).

The values of this initial solution were computed forγ = 1.5, and this data was inserted

into AUTO using the command@fc. To make sure that AUTO could initialize with this

initial solution the endpoints were adjusted to match the boundary values given by (3.39)

and (3.40).

First, AUTO was used to computeuSm
for 1.5 < γ < γhc by solving the autonomous

boundary value problem. To do this, bothγ anduSm
were treated as free parameters. The

resulting curveUSm
= uSm

(γ) is illustrated in Figure 14. As previously mentioned, a

similar process was used to calculate the curveUSl
= usl

(γ) which is also illustrated in

Figure 14. The region for whichUSl
(γ) < u0 < USm

(γ) andγ ∈ (γ−, γhc) is labeled as

regionB. Thus, for each(u0, γ0) ∈ B, the trajectory of the (FS) in Liénard form is attracted

to Ωp for the initial condition(u0, v0) = (u0, 0). Although there are other(u0, v0)-pairs

which lie betweenW+
S andW−

S , the pairs of the form(u0, 0) are easy to characterize by
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Figure 14. This figure shows the two curvesUSl
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(γ) for γ− < γ < γhc. The set
B = {(u, γ) : USl

(γ) < u < USm
(γ), γ ∈ (γ−, γhc)} is also labeled.

the two functionsUSl
(γ) andUSm

(γ). Furthermore, in later simulations of (FULL) where

the cell is assumed to be at rest,v0 is zero.

Recall that one of the goals in this section is to determine what types of initial con-

ditions of (FS) are inBp. To do this, note that associated with every initial condition

(u0, v0) ∈ BP of (3.28)-(3.29) andγ0-value is an initial condition(u0, w0) of (FS), where

w0 = f(u0)−γ0. With that said, given the initial condition(u0, w0), the trajectories of (FS)

will be attracted to the periodic orbits whenever the pair(u0, γ0) is in the regionB andw0 =

f(u0) − γ0 (for anyγ0 ∈ (γ−, γhc)). Furthermore, trajectories of (FS) (with initial condi-

tion (u0, w0)) will also be attracted toΩp wheneveru0 ∈ (ūm, uSu
) andw0 = f(u0) − γ0.

Therefore, givenγ0 ∈ (γ−, γhc), (u0, w0) ∈ BP wheneveru0 ∈ {(uSl
, uSm

)
⋃

(ūm, uSu
)}

andw0 = f(u0)− γ0. In contrast, the trajectories of (FS) will be attracted toSL, whenever
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an initial condition(u0, w0) with au0-value lies betweenuSm
(γ0) andūm(γ0) is used. The

trajectories of (FS) will also be attracted toSL when theu0-value of the initial condition

lies belowuSm
(γ0), even though the solution will travel aroundΩp first. In these cases

(u0, w0) ∈ BL where againw0 = f(u0) − γ0.

To illustrate these results four examples are shown in Figure 15. Illustrated in this

figure are the trajectories of (FULL) when given four different initial conditions. The dif-

ferent responses occur as a result of the basin of attractionof Ωp in (FS). In Figure 15a), a

trajectory of (FULL) with the initial condition

(u0, w0, γ0) = (u0, f(u0) − γ0, γ0), with uSm
(γ0) < u0 < ūm(γ0)

is shown. In this case(u0, γ0) = (−2.5, 1.25). As is seen, the trajectory is attracted toSL

since(u0, w0) ∈ BL. In Figure 15b), a trajectory of (FULL) with the initial condition

(u0, w0, γ0) = (u0, f(u0) − γ0, γ0), with (u0, γ0) ∈ B

is shown. In this case(u0, γ0) = (−3.5, 1.25). As is seen, the trajectory is attracted to the

periodic orbits since(u0, w0) ∈ BP . In Figure 15c), a trajectory of (FULL) with the initial

condition

(u0, w0, γ0) = (u0, f(u0) − γ0, γ0), with u0 < USl
(γ0)

is shown. In this case(u0, γ0) = (−4.75, 1.25). As is seen, the trajectory is attracted to

SL even though it travels aroundΩp before returning toSL since(u0, w0) ∈ BL. Lastly, in

Figure 15d), a trajectory of (FULL) with the initial condition

(u0, w0, γ0) = (u0, f(u0) − γ0, γ0), with ūm(γ0) < u0 < uSu
(γ0)
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is shown. In this case(u0, γ0) = (1, 1.25). As is seen, the trajectory is attracted to the

periodic orbits since(u0, w0) ∈ BP .

Since one of the goals in this dissertation is to predict and describe the solutions of

(FULL), understanding the basins of attraction is important. Whenever (FS) shifts rapidly

(due to an input such as constant current pulses), the trajectories of the solution of (FULL)

will also undergo a rapid change. Thus, knowing which initial conditions in (FS) will

cause the solutions to be attracted toΩp is key in predicting the responses of (FULL). The

numerical results presented in this section give a general description of the location of the

basin of attraction forΩp (andSL) with respect to (FS). As such, it can be used to predict the

response of (FULL) when an input incorporates rapid transitions similar to those illustrated

in rows 1, 2, 3, 5, and 8 of Table 1.

In this chapter the definitions for (FS), (SS), and (AFS) weregiven. These definitions

were derived in terms of the amplitudēI, of a constant current pulse. These subsystems

were used to compute (1) the active phase durationTA and (2) the silent phase durationTSP .

Both durations will be used in the next chapter to describe the solution cycle of (FULL)

when given a constant current pulse. In addition, the basin of attraction for the periodic

orbits wheneverγ ∈ (γ−, γhc) was also discussed. For eachγ ∈ (γ−, γhc), AUTO was used

to compute the valuesuSl
anduSm

(defined from the Liénard form of (FS)). Based on these

computations, it was determined that for an initial condition of (FULL) (in the bistable

region) with au-value betweenuSl
anduSm

(and appropriatew0-value), the trajectories of

(FULL) were attracted to the periodic orbits.
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Figure 15. This figure shows four different trajectories of (FULL) (thick lines) when four
different initial conditions are chosen. In each case, the dynamics of (FULL) are different
and are a result of the location of each initial condition with respect to the basin of attraction
of Ωp in (FS). In each figure, the (FS) bifurcation structure (thinlines) has been included
as a reference as well asγ̇ = 0 (dash-dot lines). Also illustrated in each figure is the
regionB which represents the range ofu (for eachγ in the bistable range) whereBp plays
a role in the trajectories of (FS) (cf. Figure 14). For the initial condition(u0, w0, γ0) =
(−2.5, f(−2.5) − 1.25, 1.25), a) shows that the trajectory of (FULL) is attracted toSL

since(u0, w0) = (−2.5, f(−2.5) − 1.25) ∈ BL. For the initial condition(u0, w0, γ0) =
(−3.5, f(−3.5)−1.25, 1.25), b) shows that the trajectory of (FULL) is attracted toΩp since
(u0, w0) = (−3.5, f(−3.5) − 1.25) ∈ BP . In c), an initial condition, which has au0-value
that lies belowUSl

, is used. Even though the trajectory of (FULL) is attracted to SL when
the initial condition(−4.75, f(−4.5)− 1.25, 1.25) is used, it first travels aroundΩp before
returning toSL. Figure d) shows the trajectories of (FULL) when an initial condition that
hasūm < u0 < uSu

is used. This figure shows that the trajectory of (FULL) is attracted to
Ωp when the initial condition(1, f(1) − 1.25, 1.25) is used .
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When using (FULL) to model neurons it is important to remember that certain dy-

namics can occur which are unrealistic. Specifically, many issues arise from the study of

the basins of attraction. For example, in the preceeding description,u was found to have a

range above the periodic orbits where an initial condition (of the form(u0, 0) in the Liénard

system) chosen from this range would be betweenW+
S andW−

S (cf. Figure 13a)). For such

an initial condition the trajectories of the Liénard system would be attracted to the periodic

orbit, and thus there would correspond an initial conditionof (FS) which would be inBP . If

one wanted to calculate this range, similar calculations (using AUTO) can be made as those

presented in this chapter. This would enhance the general knowledge for the dynamics of

(FULL), but would not provide any additional information for modeling neurons.

To further explain why this range is unrealistic in modeling, recall thatu represents

the transmembrane somal potential. As such, certain physical limitations on the value of

u must be made. For example, membrane potentials are typically in the millivolts range

between−100mV and150mV with a typical resting state around−60mV . Specifically,

for certain pyramidal cells, depolarization can cause action potentials at the soma which

can measure close to150 mV [55]. Since each burst cycle represents a series of action

potentials, the span between the rest state and the burst height helps determine a plausible

range for the potentialu. Since (FULL) is a phenomenological model, the rest stateur and

the maximum valueumax during a burst cylcle areur ≈ −1.5 andumax ≈ 3. If the larger

range ofu was incorporated, this would imply membrane potentials of double the maxi-

mum ranges observed experimentally. Thus, the range ofu, as described in Figure 13b)



67

would correspond to a more realistic physiological range than Figure 13a). Generally, it

is important to keep both the dynamics and realistic variable values in mind when using

this model. A few examples of these issues have been includedin the following chapter to

illustrate many of the possible dynamics of (FULL).
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CHAPTER 4

CONSTANT CURRENT PULSES

Having established key definitions in Chapter 3, an analysisof the numerical responses

illustrated in Figure 9 can now be given. Recall that both thedefinitions and the responses

presented so far are based on using a constant current pulse.These types of inputs constitute

a class, and a description of the solutions of (FULL) when this class of inputs is used will be

given in this chapter. To guarantee that either theOnor theOff response can occur, we will

show that the amplitudēI must attain a threshold. In addition to this threshold condition,

in order for anOff response to occur, the pulse must also be of sufficient duration. In

this chapter, the threshold conditions are determined and the necessary durations (for the

On andOff responses) are derived using both the active phase durationTA and the silent

phase durationTSP . These threshold conditions will also help to provide realistic ranges

for u when modeling neurons. Some examples that illustrate possible unrealistic neuron

dynamics are also included in this chapter. For these examples, the basin of attraction of

Ωp will be important.

Also presented in this chapter is a description of a solutionof (FULL) that reproduces

the Mixed response illustrated in Figure 1c). In order for (FULL) to reproduce this re-

sponse, a constantOn andOff current pulse is defined and incorporated in the model. In

order to guarantee a rebound burst, given anOn response, a minimum duration for the silent
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phase must be attained. By incorporating the analyses from theOn andOff responses, up-

per and lower bounds for the minimum duration are given. These curves will also depend

on the amplitudes and durations of the constantOn andOff current pulse.

Before the solutions illustrated in Figure 9 are described,we present some terminology.

First, in order to describe each response we must define and label certain point locations

and relevant transitions points. To do this, we adapt a subscript convention for dependent

variable values at these points for each of the different responses. For each response, if

Pk is the point label, thenPk(Ī) = (zk(Ī), uk(Ī)) is the point coordinate when the current

pulse is applied. Herek = hb, hc, +, and−, so, for example,P−(Ī) = (z−(Ī), u−(Ī))

is the location of the left most saddle-node bifurcation of (FS) when the amplitude of the

pulse isĪ. To further describe the cycles, the labelsN , F , andM are used for theOn, Off,

andMixed response, respectively. The labelsNi, Fi, andMi for i = 0,. . .,3, will be used

to track the numerical traces at important transition points for each type of response. Note

that the different labels (N , F , andM) are used to clearly identify the differing cycles for

theOn (N), theOff (F ), and theMixed(M) responses.

To illustrate how these labels will be used, relevant transition points for theOnresponse

(cf. Figure 16) are summarized in Table 2. There, when applicable, we summarize the

leading-order times at which the points occur. Heret0 is the time at which the constant

current pulse is turned on andT is the duration of the stimulus. In the table,TA is the

leading-order duration of the active phase for theOn response. Similar descriptions will be

used to summarize the transition points for both theOff response and theMixedresponse.
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Label Description t
Phb Hopf Point of (FS)
Phc Homoclinic point of (FS)
P+ Right most saddle node bifurcation of (FS)
P− Left most saddle node bifurcation of (FS)
N0 Equilibrium of (FULL) for Ī = 0 t = t0
N1 Solution coordinate upon release from the active phaset = (t0 + TA)+

N2 Solution coordinate before the stimulus is turned offt = (t0 + T )−

N3 Solution coordinate after the stimulus is turned off t = (t0 + T )+

Table 2. Definition of points needed to describeOn response cycles.

Second, the projections of the equilibriāX(Ī) = (ū, w̄, z̄) of (FULL) which are depen-

dent on the amplitude valuēI will also be labeled where necessary. Given (FULL),ū is a

root of

G(u) − h(u) + Ī = 0 , (4.1)

and depends on̄I. Then,w̄ = g(ū), andz̄ = h(ū). Initial conditions for all simulations of

(FULL) were chosen to bēX(0), corresponding to the cell at rest.

Given these definitions, a constant stimulusĪ effectively shifts the bifurcation structure

of (FS) inz. For example, theZ-shaped curve andΩp will shift right for Ī > 0, left for

Ī < 0, and fork = hb, hc, +, and−,

zk(Ī) = zk(0) + Ī .

Also note that parts of the solutions of (FULL) in these figures travel near the lower branch

(stable manifold)SL(Ī) of (FS) as previously defined (i.e.,SL in (3.5) withγ = z − Ī).
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OnResponse

In this section, we consider the dependence ofOn responses such as those illustrated

in Figure 9 on both the magnitudēI > 0 and durationT of an input of the form of a

constant current pulse. For the solution illustrated in Figure 16, the transitions ofI(t) in t

betweenĪ = 0 andĪ = 0.8 are rapid. As such, a singular approximation of that solution

can be described by the slow-subsystem (SS) and the averaged-fast-subsystem (AFS) of

(FULL) with transition points being pieced together from the fast-subsystems for̄I = 0

and Ī = 0.8. In what follows, the relevant subsystems are used to identify regions in the

(Ī , T ) parameter plane where differentOn responses occur.

Shown in Figure 16 are the bifurcation diagrams of (FS) inz for Ī = 0 and Ī = 0.8.

Superimposed on these diagrams is theOn response depicted in Figure 9a). Notice that

we have labeled the relevant locations of critical transition points of the overall cycles.

In Figure 16a), the Hopf pointPhb(0.8) = (zhb(0.8), uhb(0.8)) and the upper saddle-node

point P+(0.8) = (z+(0.8), u+(0.8)) of (FS) are labeled. In Figure 16, thez nullcline of

(FULL) is shown as the dashed-dot line passing through the lower branch of theZ-curve.

Given the definition ofh(u) and the values of the slow parametersλs = (α, β) used to

generate the responses in Figures 9, recall thatż > 0 above the nullcline anḋz < 0 below

the nullcline.

For the solution shown in Figure 16 the cell remains in its rest stateX̄(0) for t < t0.

At t = t+0 , the rapid transition from pointN0 to the active phase depicted can occur only if
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Figure 16. Shows anOn response solution of (FULL) projected onto the fast subsystem
diagrams for̄I = 0 (thin) andĪ = 0.8 (thick). Also shown in this figure is thez-nullcline of
(FULL). Diagram b) is a closeup of a) showing relevant transition points and the leading-
order times at which transitions occur. Also shown is the newequilibriaX̄(Ī) of (FULL)
which here is close to the saddle nodeP−.



73

Ī > Ī+ where

Ī+ = z̄(0) − γ−

is the current threshold for theOn response. Since (FS) has periodic orbits only ifz − Ī ∈

(γhb, γhc), solutions of (FULL) are then attracted toΩp of (FS) provided

Ī+ < Ī < Īhb , (4.2)

where

Īhb ≡ z̄(0) − γhb .

If (4.2) is not satisfied then two possibilities can occur. First, in the case when̄Ihb < Ī, the

trajectories will be attracted toSU and thus will not be initially attracted toΩp. Second,

if Ī < Ī+, the pointN0 is in the bistable region. Notice that for every amplitude value

0 < Ī < Ī+, the valueu0(Ī) will lie aboveUSM
and thus will be inBL. In this case

the solution will go toSL and move towards the new equilibria without going through a

bursting cycle (cf. Figure 15a)). For the response illustrated in Figure 16,̄I = 0.8 was

chosen to satisfy the conditions (4.2).

When the threshold conditions (4.2) are satisfied, solutions of (FULL) will be attracted

to the periodic orbits and will move slowly right sinceż > 0 above thez nullcline. For a

sufficiently large stimulus durationT , a transition from the active phase back to the lower

branch can occur i.e., when the pulse duration is greater than the active phase duration. In

this case,TA is defined as the leading-order time forz(t) to increase from its entry point
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z̄(0) in the active phase to the homoclinic point atzhc(Ī). Thus,

TA = TA(Ī) =

∫ γhc

z̄(0)−Ī

dγ

h(û(γ)) − (γ + Ī)
, (4.3)

where (recall from (3.25))

û(γ) ≡
1

Tp(γ)

∫ Tp(γ)

0

Ω1(t, γ) dt,

andΩ1 is theu component of the periodic orbits defined in (3.4). Note that althoughTA

depends explicitly on̄I, the averagêu does not.

Thus, ifT > TA a (rapid) transition atz = zhc(Ī) to SL(Ī) can occur (i.e., PointN1

on Figure 16b)). When such transitions occur, since the point N1 is below thez nullcline,

the projection of the solution will travel nearSL(Ī) and proceed slowly to the left until the

stimulus is turned off att = (t0 + T )+. SinceI(t) = 0 for t > (t0 + T ), (FS) shifts rapidly

(left) back to its original position and a transition back toSL(0) can occur (i.e., the rapid

transition from pointN2 to pointN3 in Figure 16b)). In this case the pointN2 lies in the

monostable range ofSL(0), and the transition fromN2 toN3 does occur. For all remaining

time afterwards the solution is attracted back toward the equilibria X̄(0).

For the model and stimulus parameters used to generate Figure 16 the aforementioned

description applies. For other values of(Ī , T ) the cycle description may differ, and we

include some comments here. For example, in Figure 16 note thatX̄(Ī) ∈ SL(Ī). However,

for Ī sufficiently large,X̄(Ī) ∈ SM(Ī). In this event, the solution of (FULL) could burst

persistently forT sufficiently large. Indeed, if̄X(Ī) intersects the homoclinic point of (FS),

chaotic dynamics are possible [77]. As an example, Figure 17d) shows that multiple bursts
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are possible if the durationT is sufficiently large. It is therefore of interest to determine

thoseĪ values for whichX̄(Ī) ∈ SL(Ī), and the values for which̄X(Ī) ∈ SM (Ī) and

z̄(Ī) < zhc(Ī) (to avoid the chaotic dynamic case). The threshold valueĪm, for which

X̄(Ī) ∈ SL(Ī) can be obtained by settingu = u−(0) = −1 in (4.1), is:

Īm = h(u−) −G(u−) = − (β(1 + α) + 1) . (4.4)

The valueĪhc for which X̄(Ī) intersects the homoclinic point can be obtained by setting

u = uhc(0) in (4.1):

Īhc = h(uhc(0)) −G(uhc(0)) . (4.5)

Depending on the fast parameter setλf , it is possible that either̄Ihb < Īhc, or Īhc < Īhb.

Thus, in order to guarantee a rapid transition to the active phase and assure thatX̄(Ī) does

not intersect the homoclinic point, the stimulus amplitudemust be smaller than the upper

bound valuēIub defined as:

Īub = minimum(Īhb, Īhc) . (4.6)

For the fast parameter setλf used to generate Figure 16,Īub = Īhc.

A second issue to note is that ifĪ+ < Ī < Īub andT < TA thenz(t0 + T )+ < zhc(Ī).

The response under these conditions depends on the value ofz(t0 + T )+. If the duration

is too short,z(t0 + T )+ may be in theγ-range(γ−, γhc) where (FULL) is bistable (cf.

Figure 10a)). Ifz(t0 +T )+ ∈ (γ−, γhc), then(u(t0 +T )+, w(t0 +T )+) will either be inBP

or in BL. If (u(t0 + T )+, w(t0 + T )+) ∈ BP , the solution will be attracted to the periodic

orbits and will travel to the right until it exits atzhc(0) (then the solution will travel on
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SL(0) towardsX̄(0)). Thus, the solution may continue to spike even after the stimulus is

turned off. The number of these post stimulus spikes (PSS) will depend on the (FS) and

the fast parameter setλf . An example of this type of response can be found in Figure 17a).

For the examples illustrated in Figure 17 the stimulus amplitude was chosen to bēI = 1.8.

On the other hand, if(u(t0 + T )+, w(t0 + T )+) is in BL, then the pointN1 will be on

SL(0) rather than onSL(Ī) (in contrast to the case illustrated in Figure 16). In this case

the solution will simply tend back to the equilibria of (FULL) atN0 without going through

the transitions at the pointsN2 andN3. Under these conditions the response will occur

for the entire duration of the stimulus (cf. Figure 17b)). For both of the cases described

above, the value ofu(t0 + T )+ cannot be explicitly computed using (AFS) and thus the

point (u(t0 + T )+, w(t0 + T )+) cannot be guaranteed (although it may be possible with

other analyses) to be in eitherBP orBL. Even though under certain conditions the response

may continue to spike upon release, theOn response (spiking) will at least occur during the

entire duration of the stimulus when̄I+ < Ī < Īub andT < TA.

It may also be possible to have (PSS) for a large durationT > TA. If the duration is

large enough to allow multiple bursts, then by choosingT properly, the stimulus may turn

off before the response can complete the next bursting cycle. Figure 17c) shows an example

where the stimulus is turned off before the solution can complete the second cycle. In this

case(u(t0 + T )+, w(t0 + T )+) ∈ BP , and results in the presence of PSS upon release of

the stimulus.

Many of the dynamics described above and specifically illustrated in Figures 17a) and
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Figure 17. This figure shows the response of (FULL) for the stimulus amplitude value
Ī = 1.8 and various durations. In each figure the black line represents the time duration
of the input. In a)T = 10 is chosen smaller thanTA, and the response continues to spike
after the stimulus is turned off. For a duration valueT = 50 < TA, b) shows that theOn
response will occur during the entire duration of the stimulus. Both responses in a) and b)
show that for the values(Ī , T ) corresponding to region (b) in Figure 19 theOn response at
least occurs for the entire duration of the stimulus. Figurec) shows that the (PSS) found
in a) may recur if the duration is large enough. By choosingT = 268 > TA the stimulus
is turned off before the solution goes through the second bursting cycle creating the post
stimulus spiking. For the durationT = 400 > TA, d) shows that multiple bursts may
occur. Also notice that in d), the cycle has two silent phase durations. The first duration,
TSP1

, occurs between the two bursting cycles, and the otherTSP2
is the duration between

the second burst and the time the pulse is turned off.
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Figures 17c), are examples of dynamics which may be unrealistic when modeling visual

neurons. Recall that a constant current pulse can be used to simulate anin vitro experiment

where current injection is used. When this is the case, neurons do not generally exhibit PSS.

If on the other hand, as a result of anin vivo experiment, a neuron has a response similar

to those in Figure 17a) or c), then perhaps the response comesas a result of the network

properties or synaptic plasticity. Therefore, knowing what types of neuronal responses that

can occur can help to determine the different dynamics of (FULL) which are applicable

when modeling neurons. On the other hand, understanding thedynamics of (FULL) can

help determine plausible responses of neurons. To concludethis section, a summary of the

preceding results are found in the Table 3. These results arealso depicted in Figure 19 for

positive values of̄I. In Figure 19, the region(b) corresponds to the first row of Table 3;

region(c) corresponds to the second row of Table 3: region(d) corresponds to the third row

of Table 3. Thus, the type ofOn response depends on both the synaptic current’s amplitude

and duration.

Stimulus Conditions Outcome

Ī+ < Ī < Īub , T < TA(Ī) On response for at least the entire duration of
stimulus (cf. Figures 17a) and b))

Ī+ < Ī < Īm , T > TA(Ī) On response always terminates before
stimulus terminates (cf. Figure 9a))

Īm < Ī < Īub , T > TA(Ī) Other dynamics possible (e.g. solutions such
as those illustrated in Figures 17c) and d))

Table 3. A description of the possible responses given anOn stimulus.
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Off Response

A similar cycle can be described for theOff responses illustrated in Figure 9b). The

conditions needed for anOff response differ from those of anOn response in such a way

that to guarantee anOff response, a sufficiently large duration is needed. Similar to the

regions in the(Ī , T ) parameter plane where anOn response can occur, we identify a region

in the(Ī , T ) parameter plane where anOff response can occur. Here again, the transitions

of I(t) in t are rapid, therefore the fast dynamics of trajectories of (FULL) can be pieced

together from different subsystems.

In Figure 18, the (FS) shown are forĪ = 0 andĪ = −1.8, and again the cell is assumed

to be at its rest statēX(0) for t < t0. The z nullcline of (FULL) is also shown as the

dashed-dot line passing through the lower branch of theZ-curve. Recall, thaṫz > 0 above

the nullcline andż < 0 below the nullcline.

At t = t+0 a rapid transition from the pointF0 to the pointF1 on the lower branchSL(Ī)

can occur (conditions for this transition are described at the end of this section). Since the

pointF1 is below thez nullcline, the projection of the solution will travel nearSL(Ī) and

proceed slowly to the left until the stimulus is turned off. At t = (t0+T )+ a rapid transition

to the active phase can occur only if the durationT of the stimulus is sufficiently large and

z(t0 + T ) ∈ (γhb, γ−). This latter restriction can be satisfied only if

Īlb < Ī < Ī− , (4.7)
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whereĪlb and Ī− are certain minimum and maximum thresholds for anOff response, re-

spectively. To compute these thresholds first note that for equilibria X̄(Ī),

z − Ī = G(u)

z = h(u) ,

from which we deduce

Ī = z −G(h−1(z)). (4.8)

Using this equation, the maximum threshold is given byĪ− ≡ z−−G(h−1(z−)). This con-

dition guarantees that̄z(Ī) < z−(0). Similarly, the minimum value of̄I which guarantees

thatzhb(0) < z̄(Ī) is given byĪlb ≡ zhb(0) −G(h−1(zhb(0))).

Moreover, as previously mentioned, a sufficiently large stimulus duration is also needed

to have anOff response. To determine this duration, we use the silent phase durationTSP .

For Ī < 0, the leading order approximation of this time is that duration where the solution

of (FULL) travels alongSL(Ī) from z = z̄(0) to z = z−(0). Thus, the threshold duration

given by

TS = TS(Ī) =

∫ z−(0)

z̄(0)

dz

h(uLB(z − Ī)) − z
, (4.9)

is defined as the minimum silent phase duration necessary foranOff response (or rebound

burst).

The value ofTS(Ī) in (4.9) is the leading-order value for the minimum durationwhich

assures that the pointF2 (cf. Figure 18b)) is in the monostable region ofΩp upon release of

the stimulus. IfT > TS and (4.7) is satisfied, a rapid transition to the periodic orbits occurs
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Figure 18. Shows anOff response solution of (FULL) projected onto the fast subsystem
diagrams for̄I = 0 (thin) andĪ = −1.8 (thick). Also shown in this figure is thez-nullcline
of (FULL). Diagram b) shows the relevant transition points and the leading-order time at
which these transitions occur.
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at t = (t0 + T )+. In this case,z(t) will increase slowly until it reachesz = zhc(0), where

a transition from the active phase to the pointF3 then occurs. The solution will then tend

back to the equilibria of (FULL) at pointF0, completing the cycle for a rebound burst. The

region in the(Ī , T ) plane for which these conditions are satisfied for (FULL) is illustrated

in Figure 19.

An issue to note with theOff response described above relates to the transition that

occurs fromF0 to F1. This transition will occur whenever̄I < Īb ≡ γ0 − γhc, since for

these values of̄I, F0 lies in the monostable region ofSL(Ī). On the other hand when̄Ib <

Ī < Ī−, att = t+0 ,F0 may lie in the bistable region of (FS) whenI = Ī. When this happens,

as long asF0 ∈ BL, then the transition fromF0 to F1 will occur as described above. This

condition is guaranteed sincēu0 lies above the computed curveUSm
(cf. Figure 15) and

below ūm(γ) for all values ofĪ ∈ (Īb, Ī
−) andγ ∈ (γ−, γhc) (i.e., (ū0, 0) ∈ BL defined in

Chapter 3). Thus the transition fromF0 to F1 is guaranteed to occur as described above.

The results of the preceding sections show that when a constant current pulse is used,

(FULL) can reproduce both theOn andOff responses. These responses will depend on

both the input’s amplitude and duration. Figure 19 illustrates parameter regions for̄I and

T where these responses can occur. In this figure, the minimum duration to guarantee an

Off response,TS, is shown on the left side of the graph as a function ofĪ. Thus, for the

amplitudes and durations in region (a), anOff response is guaranteed to occur. On the

right side of this figure, the active phase duration,TA, is shown as a function of̄I. Also

illustrated on the right side of this figure are the regions where certain types ofOnresponses



83

−6 −5 −4 −3 −2 −1 0 1 2 3
0

20

40

60

80

100

120

140

160

180

200
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Figure 19. A categorization for the different responses based on input durationT and
amplitudeĪ. For negative values of̄I, the threshold values̄Ilb, and Ī− are labeled. The
minimum durationTS for an Off response is plotted to provide the lower bound for the
region (a) where anOff response occurs (PIR). For positive values ofĪ, the threshold values
Ī+, Īm, andĪub have been plotted. The threshold durationTA for theOn responses has been
plotted to create the regions (b), (c), and (d). In region (b), spiking will occur at least during
the entire duration of the input. In region (c), the spiking will terminate before the input is
turned off. In region (d), the response will burst, but depending on the durationT , it may
go through more than one bursting cycle.

can occur. For the region (b), dynamics such as those illustrated in Figures 17a), and b) are

possible. There, theOn response will occur for the entire duration of the input eventhough

PSS may be present. For the region (c), only one burst cycle isplausible and a response

similar to the one illustrated in Figure 9a) can occur. For the region (d), dynamics such

as those illustrated in Figures 17c), and d) are possible. Inthe following paragraph, we
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brieftly discuss the response of (FULL) when the values(Ī , T ) are not in the regions (a)-

(d) of Figure 19. Although an example is included there, we will not give further analysis

for these regions in this study.

Illustrated in Figure 20 is an example of a numerical solution of (FULL) when the

amplitudeĪ = −55 is used. The response shows that for this amplitude and a duration

T = 10, a rebound burst occurs. Notice that (1) this amplitude of input is unrealistic

when modeling visual neurons, and (2) these conditions are out of the range discussed in

Figure 19. When (FULL) is given a constant current pulse withthis type of amplitude,

the fast-subsystem shifts far to the left. When this occurs,the fast dynamics attract the

solution toSL(−55). Once this transition occurs, the solution will travel along the lower

branch until the pulse is turned off. In this example,z-value att = (t0 + T )+ (i.e., the

pointF2 as illustrated in Figure 18) is to the left of the saddle node pointP− and thus is in

the monostable region ofΩp. Even though a short duration was used, a PIR response can

still occur. Due to the dynamics of (FULL), many different types of responses are possible

even though they may not all have realistic physiological meanings.

MixedResponse

To reproduce theMixedresponse illustrated in Figure 1c), we use a combination of the

On andOff responses discussed in this chapter. In this section we describe a numerical

example which reproduces theMixed response. This description will be presented in a

manner analagous to the previous descriptions for theOnandOff responses.



85

550 560 570 580 590 600 610 620 630 640
−6

−4

−2

0

2

4

6

8

u

t

Figure 20. This figure shows that a rebound burst can occur foramplitude and duration
values not discussed in Figure 19. In this figureĪ = −55, andT = 10. The time duration
of the input is given as the black line (thick). Even though a rebound burst occurs, this type
of input amplitude is unrealistic when modeling visual neurons. Notice that the resulting
initial spike also has an unrealistic amplitude value. Nevertheless, this illustrates that the
basins of attraction can play an important role when describing the dynamics of (FULL).

In order to reproduce theMixed response the constant current pulse must be altered.

Recall that in theMixed response, the cell is given two simultaneous stimuli. To model

this, assume that the cell is receiving input from both the excitatory and the inhibitory

synapses. Also assume that the stimuli in thePlusandMinusparts cause the cell to receive

inputs from excitatory and inhibitory synapses, respectively. In this case, the input from

the excitatory synapses is assumed to be felt immediatiately but will last only for a duration

T1 < T , whereT is the total stimulus duration. The input from inhibitory synapses is also

assumed to be felt by the cell immediately but lasts until thestimulus is turned off. For

convenience, define the durationT2 = T −T1 to describe the “Off” part of the stimulus. To
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be specific, define a “constantOnandOff current pulse” as

I(t) = Ī+ (H(t− t0) −H(t− t0 − T1))+Ī− (H(t− t0 − T1) −H(t− t0 − T )) . (4.10)

Even though this type of pulse is different from a constant current pulse, it still involves

rapid transitions att = t0, t = t0 + T1, andt = t0 + T1 + T2 similar to those for (2.25).

In Figure 21, the net synaptic current given by (4.10) is superimposed over the voltage

u(t). Notice that this reproduces theMixed response illustrated in Figure 1c). In this case

Ī+ = 0.8, Ī− = −1.8, T1 = 50, andT2 = 200. Similar to a constant current pulse, to

guarantee this type of response, certain thresholds forĪ+ andĪ−, and certain durationsT1

andT2 are needed. Many of the preceeding analyses can be implemented to describe these

thresholds and durations.
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Figure 21. This figure shows aMixed response of (FULL) when given a constantOn and
Off current pulse. For the response illustrated in this figure,Ī+ = 0.8, Ī− = −1.8, T1 = 50,
andT2 = 200.
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For the solution illustrated in Figure 21, the transitions of I(t) in t betweenĪ = 0,

Ī+ = 0.8, andĪ− = −1.8 are rapid. Thus, the fast dynamics of the trajectories of (FULL)

can be pieced together from the different subsystems in a similar fashion to theOnandOff

responses.

Illustrated in Figure 22a) is the first part of the solution (theOn part), and the second

part (theOff part) is shown in Figure 22b). Also illustrated in this figureare the bifurcation

diagrams of (FS) inz for Ī = 0, Ī+ = 0.8, andĪ− = −1.8. To describe thisMixedcycle,

we use the same subscript convention defined at the beginningof this chapter. Here, the

labelsPk(Ī) for k = hb, hc, +, and−, are used to illustrate the critical points of the (FS)

for each part of the solution. Also, the points labeled byMi for i = 0, 1, 2, 3, are the critical

transition points for theMixedresponse.

Again, the cell is assumed to initially be at its rest stateX̄(0) for t < t0. At t = t+0 a

rapid transition from the pointM0 to the active phase can occur only ifĪ+ > Ī+. In this

example the solution then moves right in the active phase until t = (t0 + T1)
+ where a

transition toM1 occurs. For this particular solution,T1 < TA, and a rapid transition toM1

occurs without a transition at the homoclinic bifurcation point. Note that sinceT1 < TA

theOn response occurs during the entire durationT1. Also, instead of a transition toSL(0),

as illustrated in Figure 16, a transition toSL(−1.8) occurs. This describes the first part of

theMixed response as illustrated in Figure 22a). Notice that theOn part will be governed

by the same threshold conditions given in Table 3.

The description for the second part of theMixedsolution is not very different from the
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Figure 22. Shows aMixedresponse solution of (FULL) projected onto the fast-subsystem
diagrams forĪ = 0 (thin), Ī = 0.8 (thick, right most), and̄I = −1.8 (thick, left most).
Diagram a) shows the relevant transition points for theOnpart of the solution. In a) a rapid
transition from the pointM0 to Ωp(0.8) occurs att = t+0 . The solution then travels along
the active phase untilt = (t0 + T1)

+, where a rapid transition to the pointM1 occurs. In
b) the continuation of the solution illustrated in a) is shown. The solution travels along
SL(−1.8) fromM1 toM2. At t = t0 + T1 + T2 the stimulus is turned off and a transition
fromM2 to ΩP (0) occurs. The solution will then travel right and will exit at the homoclinic
point where a transition to the pointM3 occurs. This finishes the rebound burst, and the
solution will travel alongSL(0) until it reaches the equilibria atM0.
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description of theOff response illustrated in Figure 18. For the times(t0 + T1)
+ < t <

(t0+T1+T2)
−, the solution travels alongSL(−1.8) to the pointM2. At t = (t0+T1+T2)

+,

a transition fromM2 to Ωp(0) can occur so long asz2 < z−(0) (which is the case in this

example). Once in the active phase,z(t) will increase slowly until it reacheszhc(0) giving

rise to a PIR burst, where a transition back toSL(0) (i.e., the pointM3) then occurs. The

solution will then tend back to the pointM0, completing theMixedresponse cycle.

The conditions which guarantee theOff part (or rebound burst) of theMixed response

will be different than those described in the previous section. To be specific, for theOff

responses (notMixed) the minimum durationTS needed to guarantee a rebound burst is

given on the left side of Figure 19, and only depends onĪ. For aMixed response, the

minimum duration needed to guarantee a rebound burst will also depend on the amplitude

and duration of theOn part (Ī+, andT1). Specifically, the minimum duration needed to

guarantee a rebound burst for a constantOnandOff current pulse will depend onz(t0+T1).

But this value is different for every(Ī+, T1) pair and therefore depends on theOn part of

the stimulus. Nevertheless, we compute this minimum duration, to leading order, using

(4.9) to be:

TSO = TSO(Ī+, Ī−, T1) =

∫ z−(0)

z(t0+T1)

dz

h(uLB(z − Ī−)) − z
. (4.11)

Using the (AFS) of (FULL),z∗ = z(t0 + T1) is defined implicitly by

T1 =

∫ z∗

z̄(0)

dγ

h(û(γ)) − (γ + Ī+)
(4.12)

so that, in principle,z∗ depends on̄I+ andT1, i.e.,z∗ = z∗(Ī+, T1). With this observation,
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we can rewrite (4.11) to more clearly delineate the dependence ofTSO on (Ī+, Ī−, T1) as

TSO(Ī+, Ī−, T1) =

∫ z−(0)

z∗(Ī+,T1)

dz

h(uLB(z − Ī−)) − z
. (4.13)

Unfortunately, explicit solutions ofz∗(Ī+, T1) from (4.12) elude us. Numerical methods

might be applied to determinez∗(Ī+, T1) but the approach taken here instead is to find

explicit conditions which are sufficient (but not necessary) for a rebound burst to occur in

the constantOnandOff current pulse case.

We would like to obtain sufficient conditions that guaranteean Off response given

(Ī+, T1). To do this, we first define different regions in the(Ī+, T1) plane. These regions

are illustrated as(c), (e), (f) and(g) in Figure 23. To define the sufficient conditions in

these regions, we use three different definitions of durations.

First, define the active phase duration:

TAM = TAM(Ī+) =

∫ z̄(Ī+)

z̄(0)−Ī+

dγ

h(û(γ)) − (γ + Ī+)
. (4.14)

This duration describes the leading-order time of a trajectory entering the active phase

at z = z̄(0) − Ī+ to reach az-valuez = z̄(Ī+) where z̄(Ī+) is thez-coordinate of the

equilibriaX̄(Ī+) = (ū(Ī+), w̄(Ī+), z̄(Ī+)) of (FULL) with I = Ī+. This duration will be

used to guaranteēz(Ī+) < z(t0 +T1) < zhc(Ī+) for particular choices ofT1. A numerically

computed graph ofTAM is illustrated in Figure 23.

Second, define the following two silent phase durations:

TSX = TSX(Ī+, Ī−) =

∫ z−(0)

z̄(Ī+)

dz

h(uLB(z − Ī−)) − z
, (4.15)
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Figure 23. This figure shows the durationTAM for eachĪ+ in the threshold range. This
curve gives the minimum duration for theOnpart that will guaranteēz(Ī+) < z(t0 +T1) <
zhc(Ī+). Notice that this curve lies below the curveTA for all Ī+. For any pair(Ī+, T1)
in the regions(c), (e), and(g), lower and upper bound curves for the minimum duration
TSO needed to guarantee a rebound burst given anOn part are given by (4.15), and (4.16)
respectively. For any pair(Ī+, T1) in the region(f), the upper bound curve for the minimum
durationTSO needed to guarantee a rebound burst given anOn part is given by (4.15).

and

TSH = TSH(Ī+, Ī−) =

∫ z−(0)

zhc(Ī+)

dz

h(uLB(z − Ī−)) − z
. (4.16)

Given the general definition of the silent phase durations (equation (3.18) in Chapter 3 for

TSP (γin, γout)), these are the leading-order durations for trajectories to travel alongSL(Ī−)

from z = z̄(Ī+) andz = zhc(Ī+) to z = z−(0), respectively. Now that the definitions of

TAM , TSX , andTSH have been established, a description of the leading-order dynamics for

(Ī+, T1) pairs in regions(c), (e), (g), and(f) of Figure 23 can be given.
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The durationsTSX andTSH will eventually be shown to be lower and upper bounds

for the minimum durationTSO needed to guarantee a rebound burst given anOn part.

We use the criteriāz(Ī+) < z(t0 + T1) < zhc(Ī+) (see Figure 22a) to see this is true

in that simulation) to show thatTSX andTSH are the lower and upper bound durations,

respectively. The conditions that guaranteez̄(Ī+) < z(t0 + T1) < zhc(Ī+) have been

divided into the regions(c), (e), and(g), and are described in further detail below. Also, a

summary of the bounds forTSO in the subsequent discussions and the sufficient conditions

(needed to guarantee a rebound burst) for the durationT2 are summarized in Table 4 for

each region of Figure 23.

Assume that̄I+ < Ī+ < Īm, andT1 > TA. These conditions will guarantee that

only a single burst in theOn part of the solution can occur, and represent the region(c) in

Figure 23. For the values of̄I+ andT1 in this region,̄z(Ī+) < z(t0 +T1) < zhc(Ī+). To see

this more clearly, consider the maximum and minimum locations of thez(t)-value in the

On part of the solution of (FULL) for the durationT1. While the solution is in the active

phase, thez(t)-value will cross thēz(Ī+)-value (at timet = TAM ) and will proceed to the

right through the active phase towards the homoclinic value. Once this crossing occurs,

the minimum value thatz(t0 + T1) can attain is̄z(Ī+). SinceT1 > TA the solution will

undergo a rapid transition toSL(Ī+) at zhc and will continue to travel onSL(Ī+) to the

left towardsX̄(Ī+). Thus, the maximum value thatz(t) attained iszhc(Ī+). Knowing that

in this regionz̄(Ī+) < z(t0 + T1) < zhc(Ī+), lower and upper bound durations for the

minimum duration (needed to guarantee a rebound burst givenan On part) are given by
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TSX andTSH , respectively.

In region(e), similar conditions will apply. In this region,̄I+ < Ī+ < Īm, andTAM <

T1 < TA. Again, while the solution is in the active phase, thez(t)-value will cross the

z̄(Ī+)-value (at timet = TAM ) sinceTAM < T1 < TA, but will not reach the homoclinic

pointzhc(Ī+) (sinceT1 < TA). Therefore in region(e), z̄(Ī+) < z(t0 + T1) < zhc(Ī+) and

lower and upper bound durations for the minimum duration (needed to guarantee a rebound

burst given anOn part) are once again given byTSX andTSH , respectively.

In region(g) of Figure 23,Īm < Ī+ < Īub andTAM < T1 < TA. For this region, notice

that theOn part of the pulseT1 terminates before the homoclinic point is reached by the

solution. In this case,̄z(Ī+) < z(t0+T1) (sinceTAM < T1) andz(t0+T1) < zhc(Ī+) (since

T1 < TA), and so the durationsTSX andTSH can be used for lower and upper bounds in

the region(g) as well.

In region(f) of Figure 23,Ī+ < Ī+ < Īub, andT1 < TAM . For these parameters it

is certain thatz(t0 + T1) < z̄(Ī+). Notice that sincez(t0 + T1) < z̄(Ī+), an upper bound

duration for the minimum duration needed to guarantee a rebound burst can be found. For

the region(f) the upper bound for the minimum duration needed to guaranteea rebound

burst given anOn response is given byTSX . Unfortunately, a useful lower bound value for

z(t0 + T1) cannot be determined sincez∗ = z(t0 + T1) can have any value in the interval

(z̄(0), z̄(Ī+)) for general durationsT1 < TAM . Consequently we do not find a useful lower

bound duration in this case.

Since the goal is to obtain sufficient conditions onT2 to guarantee a rebound burst given
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(Ī+, T1), the upper bound duration in each region gives such conditions. A summary of the

preceeding results for each region of Figure 23 can be found in Table 4. In this table the

sufficient condition onT2 is given in the last column for each corresponding region. Thus,

given (Ī+, T1), by choosingT2 appropriately a rebound burst is guaranteed (to leading

order) to occur.

Region Definition DurationTSO required for PIR Sufficient Condition

(c) Ī+ < Ī+ < Īm TSX < TSO < TSH T2 > TSH

T1 > TA

(e) Ī+ < Ī+ < Īm TSX < TSO < TSH T2 > TSH

TAM < T1 < TA

(g) Īm < Ī+ < Īub TSX < TSO < TSH T2 > TSH

TAM < T1 < TA

(f) Ī+ < Ī+ < Īub TSO < TSX T2 > TSX

T1 < TAM

Table 4. A description of the sufficient conditions on the durationT2 needed to guarantee a
rebound burst (PIR) given anOn response resulting from an amplitudeĪ+ and durationT1.

Illustrated in Figure 24 are the lower (where appropriate) and upper bound durations

for four different(Ī+, T1) pairs corresponding to the different regions of Figure 23. For

Figures 24a), b), and c),TAM < T1. In a) the valuēI+ = 0.5 was used, while b) shows the

bounds when̄I+ = 0.8, and c) shows them when̄I+ = 1.5. In figure c), these bounds are
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only valid whenTAM < T1 < TA. For every value of̄I+ the minimum durationT2 needed

for an Off response given anOn part will lie between these curves. Thus to guarantee a

rebound burst when a constantOn andOff current pulse is used, for values ofTAM < T1

one can simply choose the durationTSH(Ī+). In Figure 24d), the upper bound curveTSX

is shown forĪ+ = 1.5 whenT1 < TAM . In this case, to guarantee a rebound burst when a

constantOn andOff current pulse is used, for values ofT1 < TAM one can simply choose

the durationT2 > TSX(Ī+).

Even thoughMixed responses can be generated using a constantOn andOff current

pulse, they still can be difficult to analyze. Unfortunately, this type of synaptic input may

not be very realistic. In the next chapter, a similarMixed response is produced by using a

net synaptic input which incorporates some of the shapes from Table 1 and models a more

natural synaptic input than the constantOn andOff current pulse.

To summarize this chapter, first we described the numerical solutions of (FULL) which

reproduced each response illustrated in Figure 1. For a constant current pulse, certain

threshold conditions and durations were needed to guarantee On andOff responses. Using

a similar constantOnandOff current pulse, much of the same analysis was used to deduce

certain bounds to guarantee that both anOnand anOff part occur for theMixedresponse.
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Figure 24. Shows the appropriate lower and upper bound curves TSX andTSH for three
different values of̄I+. In a) the curves were generated for the valueĪ+ = 0.5 andTAM <
T1. In b) the curves were generated for the valueĪ+ = 0.8 andTAM < T1. In c) the curves
were generated for the valuēI+ = 1.5. In each of the figures a), b), the bounds are valid
only whenTAM < T1. In c) these bounds are valid only whenTAM < T1 < TA. In each
a), b), and c) the minimum duration for anOff response must lie between the two curves.
Figure d) shows the upper bound curveTSX whenĪ+ = 1.5 andT1 < TAM .
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CHAPTER 5

MONOTONE SLOWLY DECREASING INPUTS

Introductionto MixedResponse

The goal of this chapter is to understand and predict the responses of (FULL) when the

synaptic input is taken to have monotone slowly decreasing forms similar to those illus-

trated in Table 1. Since this can be in general very complicated, we will analyze (FULL)

only for a certain class of inputsI(t). The development of this theory leads directly to

a mathematical formulation for analyzing the class of non-autonomous bursting models

presented in (1.1)-(1.2).

First, we give a numerical example of the solutions of (FULL)as a consequence of

monotone slowly decreasing inputs. This example shows that(FULL) can reproduce both

the Off and theMixed responses with synaptic inputs of the forms found in Table 1.To

understand these responses, the class of “smooth monotone slowly decreasing” inputs will

be defined. In this chapter, the analysis is limited to the effects of synaptic inputs which

fall into this class. When inputs from this class are incorporated, we will show that (FULL)

(non-autonomous) can be augmented to an autonomous system of four equations. In this

study, it is assumed that the augmented system will have two fast-variables and two slow-

variables. To analyze the augmented system, and as a result describe the responses of

(FULL) under monotone slowly decreasing inputs, we redefinethe slow-subsystem and
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the averaged-fast-subsystem. These subsystems will then be pieced together to explain the

solutions of (FULL) and the dynamics behind each response.

NumericalExample

In this section, we give a numerical example of how (FULL) canreproduce theMixed

response. For this example, assume that the stimulusI(t) incorporates the input from both

excitatory and inhibitory synapses. In addition, we assumethat the cell’s receptive field

is given two stimuli simultaneously resulting in excitatory and inhibitory synaptic inputs

which activate quickly and slowly, respectively. To model this, assume that for the stimulus

I(t) = I+(t) + I−(t) (compare with (2.3)),

I+(t) = Ī+(H(t− t0) −H(t− t0 − T )) (5.1)

I−(t) = Ī−(H(t− t0) −H(t− t0 − T ))(
α

e−λT − 1
(e−λ(t−t0) − 1)). (5.2)

As in the model development described in Chapter 2,I+(t) defined in (5.1) models excita-

tory input (Ī+ > 0) to a neuron which activates and inactivates very quickly. In a similar

fashion,I−(t) defined in (5.2) models an inhibitory input (usinḡI− < 0 and the form

given by equation (2.10)) to a neuron which is slow to activate but quick to inactivate (at

t = t0 + T ). As a reference, the shapes forI+(t) andI−(t) described here correspond to

the shapes in rows 1 and 3 of Table 1, respectively. Temporal traces for these inputs are

illustrated in Figure 25a) and b). Illustrated in Figure 25c) is the synaptic input given by

I(t) = I+(t) + I−(t). Notice that when synaptic inputs of the forms illustrated in Fig-

ure 25b) and c) are used, (FULL) is a non-autonomous burstingmodel with a monotone
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Figure 25. In this figure, a) shows the general behavior for a “Fast”On “Fast” Off synaptic
input as in (5.1). b) shows the “Slow”On “Fast” Off behavior described in (5.2). c) shows
the sum of the inputs from a) and b)I(t) = I+(t) + I−(t).

slowly decreasing input.

In all simulations and analyses (in this chapter), the initial conditions are assumed to

be onSL at the equilibrium valuēX(0). When modeling neurons, recall that this condition

assures the cell is at rest before the effects of the inputI(t) are taken into account. By

using the stimulusI(t) = I+(t) + I−(t) defined by (5.1) and (5.2) we can reproduce the

Mixed response. Figure 26 shows the solution of (FULL) for the inputs represented in

Figure 25. Figure 26a) shows theOn response corresponding to a constant(Ī = 0.8)

stimulus idealizing a “fast” to activate “fast” to inactivate input. Figure 26b) shows that an

Off response still occurs when the stimulus is “slow” to activate and “fast” to inactivate. The

stimulus input in this case is given by (5.2). Illustrated inFigure 26c) is aMixedresponse.

Notice that theMixed response is similar to the one illustrated in Figure 21 even though a

monotone slowly decreasing input was used instead of a constantOnandOff current pulse.

To motivate the analysis needed to describe the responses inFigure 26, a crude descrip-

tion of the cycles in Figures 26b) and c) is given here. Noticethat the response illustrated

in Figure 26a) has already been analyzed in Chapter 4. In Figure 26b), the synaptic input
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Figure 26. This figure shows that each response in Figure 1 canbe reproduced using
(FULL). In each figure the thick line represents the net synaptic input. In a), anOnresponse
is shown. By assuming a “slow” to activate and “fast” to inactivate inhibitory synaptic in-
put, b) shows that (FULL) can reproduce the PIR response. In c), theMixed response is
reproduced using a synaptic input which is a combination of the excitatory input from a)
and the inhibitory input from b).
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is inhibitory and att = t0 a transition to the slowly varying lower branch occurs. For the

entire durationT , the solution travels near the lower branch in the “silent phase” of the

cycle. Then, att = t0 + T the synaptic input inactivates quickly and a rapid transition to

the “active phase” occurs. Even though theOff response is similar to that when a constant

current pulse is used, the description of the cycle is different due to the slowly activating

inhibitory input. Here again, the threshold conditions anddurations needed to guarantee

an Off response will be determined for a monotone slowly decreasing input. To describe

these, we define and analyze the slow-subsystem of the non-autonomous system.

The cycle for Figure 26c) is in general similar to the one described for the constant

On and Off current pulse. In this case, a rapid transition to the activephase occurs at

t = t0. This transition will occur so long as the threshold conditions for theOn response

(as illustrated in Figure 19) are satisfied. Under certain threshold conditions and input

durations, a transition from the active phase to the silent phase will occur at some timēTa

with t0 < T̄a < t0 +T (which is the case in this example). When this transition occurs, the

solution then travels near the lower branch in the silent phase portion of the solution until

t = t0 + T . If T is large enough then a rapid transition back to the active phase occurs and

the PIR part of theMixedresponse is manifested. To analyze this type of solution, weuse an

averaged-fast-subsystem to describe the solution in the active phase and a slow-subsystem

to describe the solutions in the silent phase.

Given the responses illustrated in Figure 26, one of the goals of this chapter is to find
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certain conditions on the type of inputs that can cause theseresponses. The numerical ex-

ample is meant to provide motivation for the possibility that different rates of activation can

have an effect on the types of responses seen in neurons. Thus, we will examine questions

such as “how do solutions change when different rates of activation (of the synaptic input)

are considered?”. To do this, we first give a description of the types of inputs that will be

used for the remainder of this study.

Classof Inputs

In this section, we define a different class of inputs that will be used in analyzing

(FULL). The objective in this section is to find an initial value problem whose solution is

the given synaptic input. This will allow (FULL) (non-autonomous) to be rewritten as an

augmented system of autonomous equations. To do this, we first define a class of smooth

monotone slowly decreasing inputs. We also assume that the evolution of the input occurs

on the slow time scale and can be written asI(τ) whereτ = ǫt. Thus, we make the

following definition:

Definition 1 The class of functionsC consists of all those functionsI : R → R such that

I(τ) = 0 for all τ < t0 and for all τ > t0 + T (5.3)

I(τ) ∈ C1[t0, t0 + T ] (5.4)

I ′(τ) < 0 for all τ ∈ [t0, t0 + T ]. (5.5)

If we defineI0 = I(t0) andIT = I(t0 + T ), then given anyI(τ) ∈ C there exists a
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functionH2(I),H2 : [I0, IT ] → R, such thatI(τ) is the solution to

dI

dτ
= H2(I), I(t0) = I0 (5.6)

for τ ∈ [t0, t0 + T ]. Indeed, notice thatI(τ) ∈ C implies IT < I(τ) < I0 for all τ ∈

[t0, t0 + T ]. Moreover, forI ∈ C, I ′(τ) < 0 for all τ ∈ [t0, t0 + T ] implies there exists a

functionΨ(I), Ψ : [IT , I0] → R with Ψ′(I) < 0 andτ = Ψ(I(τ)) for all τ ∈ [t0, t0 + T ].

Given this, considerτ = Ψ(I) and differentiate with respect toτ to get

1 = Ψ′(I)
dI

dτ
.

This implies that

dI

dτ
=

1

Ψ′(I)
≡ H2(I) (5.7)

from which it follows that forI ∈ C,

dI

dτ
= H2(I), for all τ ∈ [t0, t0 + T ]

for someH2(I) as is stated in (5.6). For example, suppose thatI(τ) = (H(t0) − H(t0 +

T ))(−τ + I0). Then forτ ∈ (t0, t0 +T ), I(τ) ∈ C with Ψ(I) = −I + I0. For this example

H2(I) = −1 < 0 for all IT < I < I0.

Note that the synaptic inputs−|I(t)| generated in Table 1, rows 3-6, fall within this

class. Illustrated in Figure 27 are two such generic examples of functions which are in the

classC, Notice that these shapes are similar to the ones generated by the synaptic model in

Chapter 2 which are illustrated in Table 1 (as previously mentioned).

Biophysical inputs typically will have some saturation effects andI(τ) will have a

uniform lower bound no matter how largeT is. This implies that there may exist anImin
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I(τ)

τt0

t0 + T

Figure 27. Two examples which illustrate the types of generic inputs that belong to the
classC.

such thatI(τ) > Imin for all τ . To consider this issue, we define a sub-class ofC. There

are many ways to describe a sub-class of inputsCs of C having this property. What will be

important is that they have a lower bound value for allT so that we may define a trapping

region later. Here, we choose to make the definition of the sub-class as follows:

Definition 2 The sub-class of functions,Cs, consists of any function inC such that

∃H2 ∈ C1[Īlb, Īm] ∋
dI

dτ
= H2(I) with I(t0) = I0 for all τ ∈ [t0, t0 + T ], (5.8)

∃ Imin ∋ H2(Imin) = 0, whereĪlb < Imin < I0 < Īm. (5.9)

The valuesĪlb and Īm are included in the definition since they are the lower bound

value for anOff response and the value that guarantees only one burst cycle can occur for

theOn response, respectively. As a consequence of the discussionimmediately following

(5.6), for anyI ∈ Cs the functionH2 is uniquely defined on[IT , I0] whereIT > Imin.

However, there are manyC1 extensions of(Ψ′(I))−1 defined on[Īlb, Īm]. The reasonCs
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is defined as it is in Definition 2 is so thatImin may be identified as a fixed point of (5.6)

and we note the aforementioned (extension) nonuniqueness is not relevant for our goal of

finding a trapping region. Rather, what is important is that for the durationτ ∈ [t0, t0 +T ],

I(τ) > Imin owing to the fact thatI ∈ Cs.

The restrictions (in the classCs) imposed onI, and as a consequence onH2(I), are

designed to prevent solutions from having potentially unrealistic dynamics when modeling

neurons. This sub-class of inputs will be referred to as “generic applicable” inputs. The

term “generic applicable” is used to describe inputs that are realistic with respect to the

membrane potential ranges in the model. Since in this classĪlb < Imin < I(τ) < Īm for all

τ ∈ [t0, t0+T ], issues concerning the basins of attraction (of the periodic orbits as discussed

in Chapter 3) will not arise under these restrictions. Furthermore, sinceI(τ) < Īm the

solution will not undergo multiple burst cycles (as discussed in Chapter 4). Therefore,

responses similar to those illustrated in Figures 17a), c) and d) and Figure 20 will not occur

as a result of a “generic applicable” input.

Now that the classCs of inputs has been defined, an example of a specific function

H2 = H2(I) is given. This example is given to bridge the modeling in Chapter 2 and the

specific forms illustrated in Table 1 with a corresponding input from the classCs and its

correspondingH2(I) function. Consider the synaptic input given by

I1(τ) =
b̃

ã
(1 − e−ea(τ−t0)) + I0e

−ea(τ−t0) (5.10)
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for τ ∈ (t0, t0 + T ), whereã > 0 andb̃ < 0. Notice thatI1(τ) ∈ Cs so long as

b̃

ã
< I0 < Īm.

When this is the case,I1(τ) is the solution to the initial value problem given by;

dI

dτ
= H2(I) = −ãI + b̃, with I(t0) = I0, andã > 0, b̃ < 0. (5.11)

Notice thatH2(I) < 0 for all I ∈ (
b̃

ã
, I0), and that for this example,

Imin =
b̃

ã
. (5.12)

The functionH2(I) defined in (5.11) will be used as an example in the analysis of the

solutions of (FULL). Illustrated in Figure 28 is the function I1(τ) for τ ∈ (t0, t0 + T ).

Notice that the solution to (5.11) has the same form as the synaptic input illustrated in

Figures 26b) and c) (for appropriate constants). Regardless, for all I ∈ C, wheneverI(τ)

is the solution to the initial value problem (5.6), (FULL) can be augmented to a system of

four equations. For the remainder of the chapter, we assume this is the case and that the

net synaptic input felt by the cell as a result of a stimulus isthe solution of the initial value

problem (5.6). In the following section we describe and analyze this augmentation.

Augmentationof (FULL)

Recall for a monotone slowly decreasing input, (FULL) is a non-autonomous bursting
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I(τ )
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t0 + T

Figure 28. This figure shows a “generic applicable” input which is the solution to the initial
value problem given by equation (5.11). In this caseĪlb < Imin < I0 < Īm. Also illustrated
are the timest = t0 andt = t0 + T along with the thresholdsI = Īlb andI = Īm (as the
dash-dot lines).

model with the form

du

dt
= f(u) − w − z + I(τ) (5.13)

dw

dt
= g(u)− w (5.14)

dz

dt
= ǫ(h(u) − z), 0 < ǫ≪ 1 (5.15)

By using synaptic inputs which belong to the classC, this non-autonomous model can be

augmented to the following autonomous system of four equations with two “fast” variables
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and two “slow” variables;

du

dt
= f(u) − w − z + I (5.16)

dw

dt
= g(u) − w (5.17)

dz

dt
= ǫ(h(u) − z) (5.18)

dI

dt
= ǫH2(I), 0 < ǫ≪ 1 , (5.19)

whereH2(I) < 0 for all IT < I < I0. Notice that the two systems above are equivalent

under the assumption thatI(τ) ∈ C (for the timest = (t0, t0 + T )). For purposes of

reference the augmented system in (5.16)-(5.19) will be referred, to as (FULLa).

To recapitulate, given a “generic applicable” synaptic input in (FULL), we found an

equivalent augmented system (FULLa). We will use the subsystems of (FULLa) when

describing theMixed response. First, a rapid transition fromI = 0 to I = I0 occurs at

t = t0. When this transition occurs, the leading order trajectories are given by (FS). Notice

that when the variableγ = z − I is introduced, the fast-subsystem of (FULLa) is identical

to the fast-subsystem of (FULL). Therefore (FS), as defined in Chapter 3, describes the

leading order trajectories of (FULLa) as well. Therefore, the solution will be attracted to

the periodic orbits for sufficiently largeI0.

To describe how the solution travels along the active phase,we analyze the averaged-

fast-subsystem of (FULLa). Once this has been done, assuming a transition from the active

phase to the silent phase occurs at some timeT̄a, wheret0 < T̄a < t0 +T , the solution will

then travel along the silent phase. Once this transition occurs, the leading order trajectories
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will be given by the slow-subsystem of (FULLa). Recall that for theMixed response, a

PIR component must also occur. To assure that PIR occurs, we will find conditions which

guarantee that the solution will enter the PIR region. The PIR region is a region in the(z, I)

plane where upon release of the stimulus (or in this case a transition fromI = I(t0 + T )

back toI = 0) a transition to the active phase occurs. The goal is then to piece together

the active phase analysis with the silent phase analysis andto find conditions which causes

either anOff or a Mixed response. In the following sections we define and analyze each

subsytem individually, followed by a section where they arecombined together.

Averaged-Fast-Subsystem(AFSa)

In this section, the averaged-fast-subsystem (AFSa) associated with (FULLa) is de-

fined. Here, (AFSa) describes the leading order approximation for thez andI components

of (FULLa) for slow timesτ = O(1). Once we define (AFSa), we give sufficient condi-

tions that guarantee a transition of solutions from the active phase to the silent phase at the

homoclinic point.

The details of the assumptions, expansions, and multiple scales procedure used to de-

rive (AFSa) can be found in [32]. By applying these procedures to (FULLa), (AFSa) is

derived to be:

dz

dτ
= Ĥ1(z, I) = h(û(z − I)) − z, (5.20)

dI

dτ
= Ĥ2(I) = H2(I), (5.21)

whereû is defined by equation (3.25). Notice that in this form, the averagêu of u depends
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on bothz and I. Since one of the goals is to understand and analyze the solutions of

(FULLa), it will be useful to investigate (FULLa) in terms ofthe variableγ instead ofz.

Then, (FULLa) can be rewritten in terms ofγ as follows:

du

dt
= f(u) − w − γ (5.22)

dw

dt
= g(u) − w (5.23)

dγ

dt
= ǫ(h(u) − (γ + I) −H2(I)) (5.24)

dI

dt
= ǫH2(I), 0 < ǫ≪ 1 . (5.25)

Now, let equations (5.22)-(5.25) be referred to as(FULLa)γ with associated averaged-fast-

subsystem(AFSa)γ defined by

dγ

dτ
= Ĥ1(γ, I) = h(û(γ)) − (γ + I) −H2(I), (5.26)

dI

dτ
= Ĥ2(I) = H2(I). (5.27)

For initial conditions sufficiently close to the fast-subsystem periodic orbitsΩp, solu-

tions of (AFSa)γ are the leading order asymptotic approximations of(γ, I) in (FULLa)γ

for timesτ = O(1) so long as(γ(τ), I(τ)) ∈ SA where

SA = {(γ, I) : γhb < γ < γhc}.

With the solution illustrated in Figure 26c) in mind, the goal of this section is to find

conditions that guarantee a transition from the active phase entry point to the homoclinic

point in finite time. This will guarantee that the solution travels along the active phase and

that a transition to the silent phase occurs for some timeT̄a wheret0 < t0 + T̄a < t0 + T .

When such a transition occurs, the solution will exhibit theOn part of theMixedresponse.
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Given anI(τ) ∈ Cs, what conditions will guarantee a transition from the entryvalue

γ0 to the exit valueγhc? To answer this question, first recall thatH2(I) < 0 for all I ∈

(Imin, I0) and thatImin < I(τ) < I0 for all τ ∈ (t0, t0 + T ). Under these assumptions

dγ

dτ
= h(û(γ)) − γ − I −H2(I) (5.28)

> h(û(γ)) − γ − I, (5.29)

sinceH2(I) < 0 as long asImin < I < I0. Also, sinceγ0 < γ < γhc, it follows that

−γ0 > −γ > −γhc. (5.30)

Similarly, sinceImin < I(τ) < I0 < Īm for all τ ∈ (t0, t0 + T ), it follows that

−Imin > −I > −Īm. (5.31)

Using the inequality (5.29), with (5.30), and (5.31), it follows that

dγ

dτ
> h(û(γ)) − γhc − Īm. (5.32)

Since the goal of this section is to find sufficient conditionsthat will guarantee a tran-

sition fromγ0 to γhc in the active phase, the objective is to show that
dγ

dτ
> r > 0 for some

r and allγ ∈ (γ0, γhc). If such anr exists, then
dγ

dτ
will be uniformly bounded below and

the solution must travel fromγ0 to γhc in finite time. In order to show that such anr exists,

we use information about̂u(γ). Specifically, although it cannot be verified analytically,

numerical confirmation thatuhb > û(γ) > uhc for all γ ∈ (γhb, γhc) is shown in Figure 12.

Thus, the numerical evidence supports the assertion thatû(γ) > uhc for all γ ∈ (γhb, γhc).



112

When the assumptionuhb > û(γ) > uhc is valid, it follows that

dγ

dτ
> h(uhc) − γhc − Īm (5.33)

for all γ ∈ (γhb, γhc). Thus, it remains to be shown that there exists anr such thath(uhc)−

γhc − Īm > r > 0. When the parameter valuesβ = 4, α = −1.5 are used,

h(uhc) − γhc − Īm = r = 1.4352 > 0, (5.34)

and a uniform positive lower bound on
dγ

dτ
exists. Notice that (5.34) was calculated for

the “standard” parameter valuesβ = 4 andα = −1.5. Therefore,r depends on these

slow parameter values. When these parameters are considered generally, the following

inequality must be satisfied:

β(uhc − α) − γhc − Īm > 0. (5.35)

Notice that the left hand side of this inequality is simply a lower bound for
dγ

dτ
and that

many different(β, α)-pairs will satisfy (5.35). For this study all simulations and analyses

are done with the “standard” choice(β, α) = (4,−1.5).

Given the discussion above, the following Lemma has been proven:

Lemma 3 If H2(I) < 0 for all I ∈ (Imin, I0) andβ(uhc − α) − γhc − Īm > 0, as long as

û(γ) > uhc then there exists anr independent ofI andγ such that

dγ

dτ
= Ĥ1(γ, I) > r > 0 for all γ ∈ (γ0, γhc). (5.36)

As a consequence, sincêH1 is uniformly bounded away from0, there exists āTa < ∞

such thatγ(T̄a) = γhc (i.e., an escape from the active phase to the silent phase must occur
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in finite time). Notice that such a transition will occur regardless of the form ofH2(I) (as

long asH2(I) < 0). After this transition occurs, the leading order analysis is no longer

given by (AFSa) but is given by the slow-subsystem of (FULLa)(defined in a later section).

To recap, in Lemma 3, (FULLa)γ was used to “prove” that a transition from the en-

try point γ0 to the exit pointγhc must occur in finite time. Since (FULLa)γ and (FULLa)

represent the same system (with different choice of variables), it will be useful to visualize

such transitions in the(z, I)-plane. To do this, first a description of the projection, in the

(z, I)-plane, of the trajectories of (FULLa) in the active phase isgiven. To illustrate the

solutions of (FULLa) along the active phase, Figure 29 showsa caricature of the projected

trajectories in the active phase. Shown in this figure are thetwo curvesΓ0 andΓhc rep-

resentingγ0 = z0 − I andγhc = zhc − I, respectively. Also shown is a trajectorŷγX

of (AFSa) showing a transition from the entry pointX0 to the exit pointXhc. In order to

be precise when describing the trajectories of (AFSa), we define the map̂Φ relating these

entry and exit points. Given that the hypotheses of Lemma 3 are satisfied, a trajectory of

(AFSa) that starts atX0 = (z, I), on the curve

Γ0 = {(z, I) : z − I = γ0}, (5.37)

must terminate atXhc, on the curve

Γhc = {(z, I) : z − I = γhc}. (5.38)

This defines a map̂Φ : R2 → R2, such thatXhc = Φ̂(X0).

Now that the definitions for the transitions have been definedabove, the goal is to show
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Figure 29. This figure shows a caricature of a typical trajectory of (FULLa) projected in
the(z, I)-plane. The map̂Φ describes an active phase transition from an initial pointX0 to
the terminating pointXhc.

that the active phase duration̄Ta can be computed for certain functionsH2(I). Consider the

functionH2(I) = −ãI + b̃ introduced in (5.11). When this function is used in (FULLa),

(AFSa) is

dz

dτ
= Ĥ1(z, I) = h(û(z − I)) − z, (5.39)

dI

dτ
= Ĥ2(I) = −ãI + b̃. (5.40)

Before the active phase duration is computed for this example, a comparison of the true

solution and the leading order solution is given. First, to demonstrate how (AFSa) ap-

proximates the solutions of (FULLa) in the active phase, both solutions are illustrated in

Figure 30. This figure shows an active phase trajectory of (FULLa) projected onto the

(z, I)-plane along with the (AFSa) approximation. These solutions have been generated
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for the functionH2(I) = −ãI + b̃ with ã = 1 and b̃ = −1. In Figure 30a),ǫ = 0.0025

has been used. Notice that whenǫ = 0.0005 is used, the projection of (FULLa) is asymp-

totically converging to (AFSa). Note that in both Figure 30a) and b), the initial conditions

for both trajectories were chosen to lie onΓ0 with (z0, I0) = (z̄(0), 0.8). In each figure the

oscillatory curve is the projection of (FULLa) while the smooth curve is (AFSa).

Having established that (AFSa) well approximates (FULLa),the active phase duration

can now be calculated. When the functionH2(I) = −ãI+ b̃ is considered, the active phase

durationT̄a will depend oña, b̃, andI0, and as such̄Ta = T̄a(I0, ã, b̃). The (leading order)

active phase duration is found by using (5.39)-(5.40) to determine the time needed for the

solution to travel fromΓ0 to Γhc. Even though equation (5.40) is decoupled and can be

solved explicitly forI(τ), an analytic formulation for the active phase duration cannot be

given sincêu in (5.39) can only be computed numerically. IfXhc = (zhc, Ihc) were known,

then the active phase duration can be explicitly computed using the solution to (5.40) and

by solving

Ihc =
b̃

ã
(1 − e−ea(τ−t0)) + I0e

−ea(τ−t0) (5.41)

for τ . Similarly, if the active phase duration were known, then the values of the point

Xhc = (zhc, Ihc) can also be calculated using the same equation. Unfortunately, a general

theory for analytically computing eitherXhc or T̄a eludes us. Instead, we give a numerical

computation ofT̄a for all I0 ∈ (Ī+, Īm) with two different parameter sets(ã, b̃). OnceT̄a

has been computed, (5.41) can be used to find the location ofXhc.

To obtain these durations, we solved (AFSa) using an explicit one step Runge-Kutta
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Figure 30. Figure a) shows the active phase trajectory of (FULLa) projected on the(z, I)-
plane (oscillatory curve) and the trajectory generated by (AFSa) (smooth curve) when
H2(I) = −ãI + b̃. Both figures show the same trajectories on two different intervals.
In a), ǫ = 0.0025 with ã = 1, and b̃ = 1. Figure b) shows the active phase trajectory
of (FULLa) projected on the(z, I)-plane and the trajectory generated by (AFSa) when
ǫ = 0.0005 (with ã = 1, andb̃ = 1) is used. Notice that when a smallerǫ is used, (AFSa)
is a “very good” approximation of the projected active phasetrajectory.

solver in Matlab (ode45) until the solution was sufficiently close toΓhc. Notice that at each

timestep, thêu(z − I)-value was needed. Recall that AUTO was used to computeû(γ)

for the range(γhb, γhc). In this latter computation, the range(γhb, γhc) was discretized to

find theû-values at each appropriate mesh point. To approximateû at non-mesh points, a
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‘spline’ interpolation was used in Matlab (interp1). Theû-values of the interpolation were

then used for the right hand side of (AFSa). Once the solutionof (AFSa) was computed

(z(τ), andI(τ)), the time needed to travel from the initial valueX0 to the homoclinic point

Xhc (or close to) could be calculated.

Illustrated in Figure 31 is the active phase duration as a function of I0 with the values

(ã, b̃)1 = (1,−1.3) and (ã, b̃)2 = (5,−6.5). The smaller the value of̃a, the slower the

rate of decay of the input, and thus the longer the active phase duration will be. Although

Figure 31 shows that this difference is small, the active phase duration will change in ac-

cordance to the parameterã. For the examples illustrated in Figure 31, the ratio
b̃

ã
was

chosen to be the same for each pair. This guarantees that the equilibrium of the equation

(5.40), orImin, is the same in both examples.

In this section it was shown that under certain assumptions,an active phase trajectory

(in the(z, I)-plane) travels fromΓ0 to Γhc in finite time and that the active phase duration

can be calculated using the averaged-fast-subsystem. Recall that in this study one of the

goals was to find sufficient conditions that will guarantee aMixedresponse. With this goal

in mind, (AFSa) describes theOnpart of a mixed response. When an active phase transition

from Γ0 to Γhc occurs, the solution to (FULLa) travels near the periodic orbits and proceeds

towards the homoclinic point where a rapid transition to thesilent phase then occurs. When

such a transition occurs, the trajectories will then be described by the slow-subsystem of

(FULLa). As such, the slow-subsystem for (FULLa) is described and sufficient conditions

that will guarantee a PIR response are given in the next section.
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Figure 31. This figure shows the active phase durationT̄a as a function of the initial value
I0. The duration was computed for two parameter sets:(ã, b̃)1 = (1,−1.3) and(ã, b̃)2 =
(5,−6.5). Since the valuẽa corresponds to the decay rate of the input, notice that whenã
is smaller, the active phase duration is longer.

Slow-Subsystem(SSa)

In this section, the slow-subsystem (SSa) associated with (FULLa) is defined. The

slow-subsystem (SSa) describes the slow flow of the trajectories of (FULLa) along the

silent phase. Using a slow time transformationτ = ǫt in (FULLa) and then settingǫ = 0,

the slow-subsystem (SSa) for the augmented system is given by:

z − I = f(u) − w , (5.42)

w = g(u) , (5.43)

dz

dτ
= h(u) − z , (5.44)

dI

dτ
= H2(I) . (5.45)
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Here (SSa) is defined as (5.42)-(5.45) foru < u−.

Using the fact that equations (5.42) and (5.43) combine to give the same algebraic

condition as described by (3.15), notice that the lower branch manifold for (SSa) is given

by

SaL = {(u, w, z, I) : z − I = G(u), w = g(u), u < u−} (5.46)

whereG(u) is described by (3.3). To leading order, the silent phase trajectories of (FULLa)

are close toSaL, and recall, ifX = (u, w, z, I) ∈ SaL, then theu component is given by

uLB (to leading order) defined in (3.16) forγ = z − I. Using this condition in equation

(5.44), (SSa) becomes:

dz

dτ
= H1(z, I) = h(uLB(z − I)) − z, (5.47)

dI

dτ
= H2(I). (5.48)

Notice thatuLB(z − I) is smooth for allz − I > z− = 1.

Given the system defined by (5.47) and (5.48) with the fact that H2(Imin) = 0, an

equilibria for (SSa) will exist ifH1(z, Imin) = 0 (for somez). Although (SSa) may have

an equilibria, solutions to (SSa) will never reach that equilibria since forImin < I(τ) < I0

for all τ ∈ (t0, t0 + T ). This fact will play an important role in describing the flow in the

silent phase. Before a description of the flow for (SSa) is given, we derive an expression

for thez-nullcline of (SSa) in the(z, I)-plane. Setting the right hand side of (5.47) equal

to zero gives:

h(uLB(z − I)) − z = 0
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from which it follows

uLB(z − I) = h−1(z) =
z

β
+ α.

SinceuLB is the lower branch solution of

(z − I) = G(u) = −u3 + 3u+ 3,

it follows that

uLB(z − I) = G−1(z − I),

and thus

I = z −G(h−1(z)) ≡ Θ(z), (5.49)

whereΘ(z) = z− (−(
z

β
+α)3 +3((

z

β
+α)+1). Equation (5.49) describes the z-nullcline

in the (z, I)-plane valid forz − I > z−, and has a form similar to (4.8). This curve will

be referred to as thez-null curve. Illustrated in Figure 32 isz-null curve along with theΓ−

and theΓhc curves as references. In this figure, for any(z, I)-pairs on the right ofz-null,

dz

dτ
< 0 and the flow is towards the left. For any(z, I)-pairs on the left ofz-null,

dz

dτ
> 0

and the flow is towards the right. Also illustrated in this figure is the equilibria of (SSa)

labeledX̄. Notice that the location of̄X occurs whereImin andI = Θ(z) intersect.

PIR Region

Now that the appropriate curves have been defined, we give a description of the con-

ditions that will guarantee PIR for both theOff and theMixed responses. The conditions

which guarantee PIR upon the release of a stimulus depend on the duration of the stimu-

lus and on certain amplitude thresholds of the input. When investigating monotone slowly
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Figure 32. This figure shows thez-null curve for (SSa) along with theΓ− and theΓhc

curves. Also shown is thez− = 1 curve (vertical curve) and the threshold values;Īm, Ī+,
Ī−, Imin, andĪlb. Also labeled is the position of the equilibria of (SSa). These curves will
play an important role when describing the trajectories of (SSa).

decreasing inputs, these conditions are in general difficult to track. With this in mind, the

goal in this section is to find sufficient conditions which guarantee PIR.

To do this, the valueszT = z(t0 +T )− andIT = I(t0 +T )− will play an important role

in a PIR response. These values are the location of solutionsof (FULLa) in the(z, I)-plane

just before the effects of the synaptic inputs (or stimuli) are turned off. When this occurs,

the inputI undergoes a rapid transition fromIT = I(t0 + T )− to I(t0 + T )+ = 0. Thus

when describing conditions for PIR, the stability of (FS) for eachz-value whenI = 0 must

be determined. Recall (from Chapter 3) that when

zhb < z < z−,

the leading-order trajectories of (FULLa) will be attracted to the periodic orbitsΩp. Thus,
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to guarantee PIR,zT = z(t0 + T )− must satisfy

zhb(0) < zT < z−(0). (5.50)

In addition to these threshold conditions onzT , there are conditions onIT = I(t0+T )−

that must also be satisfied. Recall (from Chapter 4) that to guarantee PIR, the conditions of

(4.7) must be satisfied. These conditions were found as a result of a constant current pulse,

but for PIR what really matters is that att = (t0 + T )−, IT = I(t0 + T )− satisfies

Īlb < IT < Ī−. (5.51)

Conditions (5.50) and (5.51) are necessary conditions for PIR and they create a region in

the(z, I) plane defined as

ΩPIR = {(z, I) : zhb(0) < z < z−(0), Īlb < I < Ī−}. (5.52)

Whenever(zT , IT ) ∈ ΩPIR, then a rapid transition toΩp will occur upon release of an

input.

Illustrated in Figure 33 is a sketch of the regionΩPIR along with thez-nullcline, the

curveΓ−, and three different paths, labeled(a), (b), and(c). These paths represent “typ-

ical” projections of solutions of (FULLa) on the slow subsystem manifold. Each of the

projections have the end pointPi labeled, fori = a, b, c, to help describe the different

scenarios when seeking a PIR response. Notice that since thez-nullcline intersectsΩPIR,

any path starting on the right of this curve will remain on theright for all τ ∈ (t0, t0 + T ).

Path(a) in Figure 33 shows the path of a solution whenI(τ) > Ī− for all τ ∈ (t0, t0 +

T ). Notice that in this case, upon release of the input, the point Pa = (zT , IT )a does not lie
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Ī−

Ilb

z-null

Γ−

Ωe

Figure 33. This figure shows a sketch of the regionΩPIR defined byzhb(0) < z < z−(0)
andĪlb < I < Ī−. Also illustrated in this figure are thez-nullcline for (SSa) along with the
Γ− curve. Three different paths are labeled(a), (b), and(c) with the terminal point labeled
by Pa, Pb, andPc respectively. Of these, onlyPc will exhibit PIR. The exit setΩe is also
illustrated.

in ΩPIR. Therefore, no rebound burst will occur since neither conditions (5.50) nor (5.51)

have been satisfied (zT > z−(0) andIT > Ī−). Path(b) on the other hand shows a path

for which the threshold conditions (5.51) have been satisfied but the conditions (5.50) have

not. Thus again, upon release no rebound burst will occur since the pointPb = (zT , IT )b

does not lie inΩPIR. For the examples illustrated by the paths(a) and(b), the input was

turned off beforezT crossedz−(0). Thus, when the input is turned off, a rapid transition to

the lower branchSaL(0) occurs instead of a transition to the periodic orbitsΩp. Path(c) on

the other hand, shows a path which has the pointPc = (zT , IT )c ∈ ΩPIR. In this case, since
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both conditions (5.50) and (5.51) have been satisfied, the solution will exhibit PIR upon the

release of the input. Also notice that no path will ever reachΓ− due to the location of the

z-nullcline. This prevents any possible transitions toΩp before the stimulus is turned off.

In order to describe the conditions which guarantee PIR, it will be easier to refer to the

exit setΩe defined as

Ωe = {(z−(0), I) : Īmin < I < Ī−}, (5.53)

instead of the regionΩPIR. For example, if for somet = T̄s, (z(T̄s), I(T̄s)) ∈ Ωe, then

for sufficiently largeT > T̄s, a PIR burst is guaranteed to occur (to leading order). This

set is also illustrated in Figure 33. Therefore, given the goal of finding conditions which

guarantee PIR, what can be determined about the durationT̄s for an initial condition(zs, Is)

in the (z, I)-plane? To answer this question, we give a general description of a trapping

region in the(z, I)-plane and relate it to the different types of paths that are plausible (as

are illustrated in Figure 33).

TrappingRegions

Now that Ωe (see Figure 33) has been defined and threshold conditions have been

established, we introduce a general theory for determiningthe conditions when such a

durationT̄s exists. Then, as a consequence of finding conditions that guarantee aMixed

response, conditions for theOff response illustrated in Figure 25b) can also be established.

To find these conditions recall that we assume that only inputs from the classCs will be

considered.
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First, because of the threshold conditions described in theprevious section, recall that

inputs from the classCs satisfy the conditions̄Ilb < Imin < I(τ) < Īm for all τ ∈

(t0, t0 + T ). Furthermore, sinceH2(I) < 0 for I > Imin andImin < Ī−, then there exist

a t− ∈ (t0, t0 + T ) such thatIT < Ī− if T is sufficiently large. Thus, ifT is sufficiently

large, a path such as example(a) in Figure 33 will not occur and will not be investigated

here.

In addition, it has been established for inputs from classCs that Īlb < Imin. This will

be used to guarantee that the flow of solutions in theI direction will not cross below the

Īlb-value and will in fact never cross theImin-value. Now that these conditions have been

discussed, define the trapping regionΩSSa (illustrated in Figure 34) by

ΩSSa = {(z, I) : z−(0) < z < zmax, Imin < I < Īm, I < Θ(z)}, (5.54)

wherezmax is defined as the maximum value thatz can attain given an input inCs. This

value corresponds to the homoclinic value whenI = Īm = 1, and thus can be calculated

usingΓhc to be

zmax = zhc(0) + 1. (5.55)

We will use the direction field of (SSa) in this region to guarantee that certain transitions

must occur. Also, as defined,ΩSSa contains the exit setΩe for ΩPIR on one of its edges.

Notice that in the regionΩSSa,
dz

dτ
< 0 and

dI

dτ
< 0. Thus, the regionΩSSa has no

fixed points and the only flow out of this region occurs at the exit set Ωe sinceI cannot

cross the lower bound valueImin (which may be as small as̄Ilb). The regionΩSSa, with
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the appropriate direction field components, is illustratedin Figure 34. Also illustrated in

Figure 34 is a “typical” trajectorỹγX of (SSa) showing a transition from the initial starting

pointXs = (zs, Is) to the terminating pointXT = (zT , IT ). Also shown on this trajectory

is the pointP− = (z(t−), I(t−)). For the illustrated trajectory, sinceXT is not inΩPIR, a

PIR response would not occur.
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Figure 34. This figure shows a sketch of the trapping regionΩSSa. Shown as the thin
striped box is the exit setΩe. The small arrows show the direction field along each edge of
ΩSSa. Note that no trajectories can cross theImin line at the bottom. Also shown in this
figure is a trajectorỹγX with starting and terminating pointsXs andXT , respectively. The
pointP− is also shown where the trajectory crosses the threshold value-Ī−.

Second, as for (AFSa), a trajectory of (SSa) that starts atXs and terminates atXT

defines a map̃Φ : R2 → R2, such thatXT = Φ̃(Xs). Furthermore, define the flow function

generated by (SSa) to beφSSa(τ,Xs) = φSSa(τ, (zs, Is)). This function describes the flow
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of (SSa) given the initial conditionXs. With the descriptions ofΩSSa and the exit set

Ωe, for any initial conditionXs ∈ ΩSSa an exit alongΩe must occur for sufficiently large

T . Therefore, there must exist āTs such thatφSSa(T̄s,Xs) ∈ Ωe. With this in mind, the

following Lemma has been established:

Lemma 4 For all Xs ∈ ΩSSa, there exists āTs such that

φSSa(T̄s,Xs) ∈ Ωe. (5.56)

This Lemma states that under the restrictions that define theclass of inputsCs (with the

appropriate threshold conditions) and the regionΩSSa, there exists a timēTs, such that if

T > T̄s, thenXT ∈ ΩPIR and a PIR response is guaranteed to occur.

Having stated Lemma 4, a description of the silent phase of the Mixed response can

now be given. First, to describe theMixed response illustrated in Figure 25c), notice that

the silent phase of the solution begins at timet = (t0 + T̄a)
+, whereT̄a is the active phase

duration of theMixed response. Recall that a rapid transition from the active phase to the

silent phase occurs alongΓhc. Thus, initial conditions for the silent phase, to leading order,

are located on theΓhc curve. With this in mind, the curveΓhc becomes a boundary for a

new region,ΩTs, inside ofΩSSa. Illustrated in Figure 35a) is the regionΩTs, along with

theΓhc curve (as a boundary). Notice that theΓhc curve intersectsΩe at the value

Iγ = z−(0) − γhc. (5.57)

One special case to consider is whenImin > Iγ (see Figure 35b)). In this case, knowing

that a transition from the active phase to the silent phase must occur alongΓhc, the initial
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condition for the silent phase will still be located along theΓhc curve, and a transition toΩe

will occur provided the duration is sufficiently large. Recall that whenH2(I) = −ãI + b̃

is considered,Imin =
b̃

ã
. For both the parameter pairs(ã, b̃)1 and(ã, b̃)2 used in Figure 31

for (AFSa),Imin = −1.3 (andIγ = −0.70613), so thatImin < Iγ .
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Figure 35. This figure shows a sketch of the trapping regionΩTs for two cases. In a),
Imin < Iγ, and in b),Iγ < Imin. Shown in each figure as the thin striped box is the exit set
Ωe and theΓhc curve. Initial conditions for the silent phase portion of the Mixed response
will lie on Γhc in both cases. For the parameter pairs(ã, b̃)1 and(ã, b̃)2 used in Figure 31,
casea) applies.

The goal now is to compute the minimum durationT̄s needed to guarantee a PIR re-

sponse given an initial condition alongΓhc of the silent phase. Thus,̄Ts is the time it takes

for a silent phase transition fromXs = Xhc ∈ Γhc to XT ∈ Ωe. First, note that Lemma 4

implies trajectories which enterΩSSa alongz = zmax must eventually exit alongΩe. For the

cases illustrated in Figure 35, this further implies trajectories starting onΓhc (with I < Īm)

must exit throughΩe in finite time (againH2(Imin) = 0 so trajectories cannot exit along the
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line I = Imin). The difference between figures a) and b) is the location ofImin with respect

to Iγ. Although trajectories are guaranteed to exit alongΩe, can a lower bound value for

theI component at the exit point be determined in these two cases?A lower bound value

for H2(I) = −ãI + b̃ will depend on both(ã, b̃) and the location ofImin. For the case

illustrated in Figure 35b),Iγ < Imin, and soImin is a lower bound on theI component

at the exit point. In Figure 35a) on the other hand,Imin < Iγ and a tighter lower bound

may be found by imposing restrictions on the parameter pair(ã, b̃) (even thoughImin is

still a lower bound in this case). In the following section, we determine conditions on(ã, b̃)

which will guarantee thatIγ is the lower bound value for theI component of the exit point.

Towards this end, define
−→
N = (−1, 1). This defines a normal vector on theΓhc curve

pointing into the regionΩTs. To guarantee flow onΓhc is intoΩTs one needs

−→
H ·

−→
N

∣∣∣
Γhc

> 0, for all Xhc ∈ Γhc, I ∈ (Imin, Īm), (5.58)

where

−→
H =

[
H1(z, I)
H2(I)

]
.

To be precise, illustrated in Figure 36 is the direction fieldunder such conditions. Notice

that this condition guarantees that the only exit fromΩTs occurs atΩe. Were this not the

case, a trajectory starting alongΓhc could drop belowΓhc and proceed outside the region

ΩTs. With this in mind, what conditions exist onH2(I) so that condition (5.58) is satisfied?
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Figure 36. This figure shows a sketch of the trapping regionΩTs (for the case in Fig-
ure 35a)) with the normal vector and the appropriate direction field alongΓhc.

To find such conditions, forH2(I) = −ãI + b̃ with ã > 0, andb̃ < 0, it follows that

−→
H ·

−→
N = −H1(z, I) +H2(I) (5.59)

= −h(uLB(z − I)) + z − ãI + b̃ (5.60)

Now evaluating (5.60) for values alongΓhc gives:

−→
H ·

−→
N

∣∣∣
Γhc

= −h(uLB(γhc)) + z∗ − ã(z∗ − γhc) + b̃, (5.61)

wherez∗ corresponds to eachz-value in(z−(0), zmax). The following Lemma gives the

appropriate conditions oña andb̃ which guarantee condition (5.58).

Lemma 5 If H2(I) = −ãI + b̃, with ã > 0 and b̃ < 0, then equation (5.58) is satisfied if

b̃ > ã(z−(0) − γhc) + k − z−(0) whenever̃a < 1, (5.62)

and

b̃ > ã(zmax − γhc) + k − zmax whenever̃a > 1, (5.63)
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wherek = h(uLB(γhc)).

Proof. Define the right hand side of (5.61) as

C(z∗) = −k + z∗ − ã(z∗ − γhc) + b̃. (5.64)

In order to guarantee condition (5.58), the condition

C(z∗) > 0 for all z−(0) < z∗ < zmax, (5.65)

must be satisfied, or equivalently the condition

b̃ > ã(z∗ − γhc) + k − z∗ (5.66)

must hold for allz∗ ∈ (z−(0), zmax).

First notice that for allz∗ ∈ (z−(0), zmax), (z−(0) − z∗) < 0 and suppose that̃a < 1.

It then follows that

ã(z−(0) − z∗) > (z−(0) − z∗), (5.67)

and

ã(z−(0) − γhc) − ã(z∗ − γhc) > k − z∗ − (k − z−(0)). (5.68)

Rewriting (5.68), we get

ã(z−(0) − γhc) + k − z−(0) > ã(z∗ − γhc) + k − z∗. (5.69)

Using inequality (5.69) with (5.66) gives the sufficient condition (5.62) oñb in Lemma 5.

Second, notice that for allz∗ ∈ (z−(0), zmax), (zmax − z∗) > 0 and suppose that̃a > 1.

It then follows that

ã(zmax − z∗) > (zmax − z∗), (5.70)
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and

ã(zmax − γhc) − ã(z∗ − γhc) > k − z∗ − (k − zmax). (5.71)

Rewiting (5.71), the following inequality is given:

ã(zmax − γhc) + k − zmax > ã(z∗ − γhc) + k − z∗. (5.72)

Using inequality (5.72) with (5.66) gives the sufficient conditions (5.63) for̃b in Lemma 5.

This completes the proof. 2

The conditions described in Lemma 5 define a regionΩ(ea,eb) in the (ã, b̃)-plane which

guarantees (5.58) is satisfied. Illustrated in Figure 37 is the regionΩ(ea,eb). Notice that

(ã, b̃)1 = (1,−1.3) is a pair inΩ(ea,eb). Recall that these values were used to describe the ac-

tive phase durations for aMixedresponse. Furthermore, although the active phase duration

was not computed for the pair(ã, b̃)3 = (1,−1), it is also inΩ(ea,eb). Here, we will use the

values(ã, b̃)1 = (1,−1.3) and(ã, b̃)2 = (5, 6.5) (one of which is inΩ(ea,eb) and one which

is not) to determine the minimum duration̄Ts in the silent phase for the special example

H2(I) = −ãI + b̃, as described inCs.

Before this duration̄Ts is calculated, illustrated in Figure 38 are examples of the tra-

jectories of (SSa) when the parameter values(ã, b̃)1 and(ã, b̃)2 are used. As in (AFSa), the

corresponding projections of (FULLa) have also been illustrated to show how well (SSa)

approximates (FULLa) (they are almost indistinguishable). In this exampleǫ = 0.0005.

Figure 38a) shows both the projection of (FULLa) and the solution of (SSa),z-null, and

theΓhc curve, for(ã, b̃)1 = (1,−1.3). Notice thatXs ∈ Γhc and that for these parameters
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Figure 37. This figure shows the regionΩ(ea,eb).

the conditions of Lemma 5 are satisfied. Figure 38b) shows thetrajectory and the same

curves for(ã, b̃)2 = (5,−6.5). In b), (ã, b̃)2 /∈ Ω(ea,eb), and the trajectory travels belowΓhc.

Figure 38 shows the silent phase portion of aMixed response with the parameters(ã, b̃)1

and(ã, b̃)2. In both examples,XT ∈ ΩPIR and a PIR reponse will occur. In this figure

the initial condition was chosen to lie onSaL defined in (5.46) at the appropriate location

corresponding toXs = Xhc = Φ̂(X0).

Having established that (SSa) well approximates the silentphase duration, the mini-

mum durationT̄s needed to guarantee PIR can now be calculated. Again,T̄s will depend

on ã, b̃, but more generally will depend on the location ofXs. In aMixedresponse, the lo-

cation ofXs depends on the active phase durationT̄a(I0, ã, b̃). Thus, for aMixedresponse,

T̄s = T̄s(ã, b̃,Xs; I0). Similar to finding the active phase duration, the silent phase duration

T̄s is found by solving (5.47) and (5.48) to determine the time needed for the solution to
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Figure 38. This figure shows the silent phase trajectory of (FULLa) projected on the
(z, I)-plane and the trajectory generated by (SSa) (curve which starts atXs ∈ Γhc) when
H2(I) = −ãI + b̃. In both figuresǫ = 0.0005 was chosen to show how well (SSa) ap-
proximates the projection of (FULLa) in the silent phase in the limit ǫ → 0+. Figure a)
shows a trajectory when(ã, b̃)1 = (1,−1.3) is used. Notice that this trajectory satisfies the
conditions of Lemma 5 and the trajectory does not crossΓhc. Figure b) shows the trajectory
when(ã, b̃)2 = (5,−6.5) is used. When this pair is used, the conditions of Lemma 5 are
not satisfied and the trajectory proceeds belowΓhc. Also notice that in this case, a transition
to ΩPIR still occurs due to Lemma 4. In both cases the pointXT ∈ ΩPIR (not labeled in
figure).

travel fromXs to the exit setΩe. Even though (5.48) is decoupled and can be solved explic-

itly for I(τ) (as was shown in the previous section to attain (5.41)), an analytic formulation

for the silent phase duration is difficult because of the formof uLB in (5.47). Instead, we

give a numerical computation of the time needed for solutions to travel from each starting

point onΓhc to the exit setΩe (or to thez-valuez−(0)). This duration defines̄Ts for each

starting pointXs = Xhc onΓhc.

Illustrated in Figure 39 are the durationsT̄s needed to guarantee PIR as a function of



135

zs, corresponding to thez-coordinate of the pointXs = (zs, Is). In this figure the dura-

tions T̄s are given for the two parameter pairs(ã, b̃)1 = (1,−1.3) and(ã, b̃)2 = (5,−6.5).

Similar to the active phase duration, the smallerã is, the longerT̄s is. This will play an

important role when describingMixed responses. To obtain the durationsT̄s, (SSa) was

also solved using an explicit one step Runge-Kutta method similar to the one used for the

active phase duration (ode45in Matlab). The lower branchuLB-values were computed by

solving equation (3.15) at each appropriate discretization point (γ = z−I) and chosing the

appropriate root. Once the solution of (SSa) was computed, we obtained the time needed

to travel from the initial valueXs to the exit setΩe.
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T̄s

Figure 39. This figure shows the minimum durationT̄s needed in the silent phase to guar-
antee PIR as a function of the initial valuezs ∈ Γhc for the two parameter pairs(ã, b̃)1 and
(ã, b̃)2.

Now that these durations have been defined, we can also give a description of theOff
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response. When using an input from the classCs to simulate anOff response, notice that

it has the initial valueI0 = 0. The starting point for such an input does not lie onΓhc, but

does lie inΩSSa. With that said, to describe theOff response illustrated in Figure 25b), the

initial condition isXs = (z̄(0), 0). For such an initial condition, Lemma 4 guarantees that

a PIR response can occur since the initial conditionXs = (z̄(0), 0) ∈ ΩSSa.

Illustrated in Figure 40 are two trajectories of (SSa) whichcorrespond to two different

Off responses. Notice that in both figures the initial conditionlies on theI = 0 line at the

equilibrium valuez = z̄(0). Also shown in each figure arez-null, Γhc, z−(0) = 1, and

the point(z(T̄s), I(T̄s)) with the timeT̄s. Illustrated in a) is the trajectory corresponding to

(ã, b̃)1 = (1,−1.3). Illustrated in b) is the trajectory corresponding to(ã, b̃)2 = (5,−6.5).

In each case,̄Ts is computed by solving (5.47) and (5.48) (again, using an explicit Runge-

Kutta formula) with the initial conditionXs = (z̄(0), 0) and the appropriate constants.
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Figure 40. This figure shows theOff response silent phase trajectory of (SSa) for two
different pairs(ã, b̃). In both figures the initial condition isXs = (z̄(0), 0). In a), (ã, b̃)1 =

(1,−1.3) and inb) (ã, b̃)2 = (5,−6.5). Notice that in both figures, the duration̄Ts has been
given, and that a PIR response is guaranteed to occur since the pointXT ∈ ΩPIR.
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Figure 41 shows the responses whenI0 = 0, representing anOff response for the

same(ã, b̃)-pairs as in Figure 40. For figure a),(ã, b̃)1 = (1,−1.3), and the minimum

duration which guarantees PIR was computed to beT0 =
T̄s

ǫ
= 171.96. The duration of

the input for this figure isT = 200, and as a result PIR occurs. Similarly, for figure b),

(ã, b̃)2 = (5,−6.5). The minimum duration which guarantees PIR for these parameters

was computed to beT0 =
T̄s

ǫ
= 83.12. Notice that these durations were computed for a

specific functionH2(I) as defined by the classCs. The theory presented in this section

gives a procedure for determininḡTs and can be extended for other functionsH2(I).

In this section we used (SSa) to describe the solutions of (FULLa) in the silent phase.

Since one of the goals is to find conditions that will guarantee aMixed response, (SSa)

was used to describe the conditions needed to guarantee PIR.With this goal in mind, we

developed a description of the PIR region, in the(z, I)-plane. In this description, we found

that certain threshold conditions must occur in order to elicit a PIR response, and these

were used to defineΩPIR. When the restrictions of the input classCs were incorporated,

we defined the exit setΩe. We showed that for any initial condition in the regionΩSSa,

a transition toΩe can occur. Recall that when such a transition occurs, it defines a silent

phase duration̄Ts (minimum time needed to guarantee PIR). This duration was computed

for two different parameter pairs(ã, b̃). To completely understand aMixed response, both

(AFSa) and (SSa) play an important role in the dynamics of (FULLa). As such, in the

following section, (AFSa) and (SSa) are pieced together to describe the solution cycle for

aMixedresponse.
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(ã, b̃)1 = (1,−1.3) with T = 200

(ã, b̃)2 = (5,−6.5) with T = 100

Figure 41. This figure shows twoOff responses for two different(ã, b̃)-pairs. In each, the
initial condition was chosen to be(z0, I0) = (z̄(0), 0). In a), (ã, b̃)1 = (1,−1.3) are used
with a durationT large enough to elicit PIR. Figureb) shows the same experiment for
(ã, b̃)2 = (5,−6.5).

MapComposition

Now that both the active phase and the silent phase have been defined, we summarize

a description of the solution cycle. Since the goal is to describe the conditions on the

input which will guarantee aMixedresponse, the solution of (FULLa) must travel through
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both phases for a certain time to elicit each part,On and PIR. As such, both the active

phase duration and the silent phase duration play an important role in the type of response

(FULLa) will exhibit. Recall that (AFSa) and (SSa) provide the leading order asymptotic

approximations of (FULLa) for the active phase duration andthe silent phase duration,

respectively. In this section, (AFSa) and (SSa) are pieced together and used to describe

Mixed responses. To do this, we define the PIR map and illustrate how(AFSa) and (SSa)

are used to describe the transitions of the initial condition X0 to the terminating pointXT .

In addition, we summarize the conditions which guarantee thatXT reaches the target region

ΩPIR.

First, the PIR map is defined asΦ : R2 → R2, such that

Φ(X0) = (Φ̃ ◦ Φ̂)(X0) (5.73)

whereX0 = (z0, I0) ∈ Γ0. Notice that the PIR map is well defined as the composition

of Φ̂ and Φ̃ sinceXs = Xhc = Φ̂(X0) andXT = Φ̃(Xs), and soXT = Φ(X0) if T is

sufficiently large.

To generate theOn part in aMixedresponse, the solution must first travel through the

active phase. The active phase portion of the solution is constructed from a trajectorŷγX

of (AFSa) which starts at the initial conditionX0 and terminates onΓhc at the pointXhc.

Recall that Lemma 3 guarantees that such a transition must occur in finite time (under cer-

tain threshold constraints). Once the trajectory reaches the homoclinic pointXhc, (AFSa)

is no longer valid since the solution has drifted into the monostable region. At this point,

a transition to the silent phase occurs. As such, when piecing these subsystems together,
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(SSa) now governs the leading order approximation of (FULLa) in the silent phase. The

silent phase portion of the solution is constructed from a trajectoryγ̃X of (SSa) which starts

at the initial conditionXs = Xhc and terminates at the pointXT .

To describe aMixed response, recall thatX0 must satisfy certain threshold conditions

to guarantee that anOnpart occurs. In addition, to guarantee PIR, orXT ∈ ΩPIR, the input

must also satisfy certain threshold conditions and the duration must be of sufficient length.

When these conditions are satisfied, the PIR map defines the transitions of solutions in the

active phase and in the silent phase which result in aMixedresponse.

To help understand and visualize the solutions of (FULLa), both the active phase and

the silent phase are illustrated on two different(z, I)-planes with rapid transitions (of FS)

connecting them. Illustrated in Figure 42 is a sketch of a PIRmap. Recall the cell is

assumed to be at rest labeled byX̄. At t = t0 a rapid transition to the pointX0 on Γ0

occurs (for the proper choice of thresholds). The PIR map then starts atX0 on Γ0 and

terminates atXT . Notice that atΓhc a rapid transition governed by (FS) from the active

phase (shown at the top) to the silent phase (shown at the bottom) occurs. Also illustrated in

the bottom plane of this figure are thez-null and thez−(0) curves. Shown in this figure is a

projection of a solution whereXT ∈ ΩPIR, and thus a PIR response is guaranteed to occur

upon release. Figure 42 shows a silent phase trajectory which does not satisfy condition

(5.58), and proceeds belowΓhc. This type of trajectory is representative of the trajectory

illustrated in Figure 38b).

The diagram presented in Figure 42 shows a transition through the active phase (On
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Figure 42. This figure shows theOnburst cycle in theMixedresponse along with the silent
phase transition.

part of aMixedresponse) and a transition in the silent phase along (SSa) terminating atXT .

In order to have a complete picture of aMixed response, Figure 43 shows the remaining

PIR part of the solution. There, the transition fromXT = (zT , IT ) to (zT , 0) is rapid, and

sinceXT ∈ ΩPIR, a rapid transition to the active phase occurs (vertical). Once in the active

phase, a transition from(zT , 0) to (zhc, 0) occurs (horizontal line in the (AFSa) portion of

Figure 43). Once the trajectory reachesΓhc, a rapid transition to the silent phase occurs and

then the solution travels back towards the equilibrium atX̄. By combining Figures 42 and

43, a complete picture for a mixed response is illustrated.

The diagrams presented in Figures 42 and 43 are meant to give the essence of the

role that both (AFSa) and (SSa) play in the solution cycle. Given an initial condition

X0 = (z̄(0), I0), the conditions that will guaranteeΦ(X0) ∈ ΩPIR have been established
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Figure 43. This figure shows the PIR burst cycle in theMixedresponse.

for a certain class of inputs, namely those inCs. First recall that to guarantee anOn part,

Ī+ < I0. This condition was established in Chapter 4. Whenever a transition to the active

phase occurs, the active phase duration can be approximatedusing (AFSa). As such, given

an input in the classCs the active phase duration can be computed for eachI0 ∈ (Ī+, Īm)

using (AFSa). In this study, the active phase durations werecomputed forH2(I) = −ãI+ b̃

with the two different pairs(ã, b̃)1 and(ã, b̃)2.

In addition to the active phase conditions, recall that certain threshold conditions on the

input must also be satisfied to elicit PIR. For inputs in the classCs, these conditions were

found to beĪlb < Imin < Ī− and thatT be sufficiently large. A sufficiently large duration

guarantees that upon release,XT ∈ ΩPIR. ForH2(I) = −ãI + b̃, the silent phase duration

T̄s was computed for eachz-value onΓhc. For aMixed response, the location ofXs plays
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an important role in determininḡTs. In describing the PIR map,Xs can be determined from

the active phase duration and (5.41). As a result, the silentphase duration can be calculated

as well and the minimum duration needed to guarantee aMixedresponse can be found.

In this section, different examples are given to show the role thatT̄a and T̄s play on

the solutions of (FULLa). These examples are also meant to provide verification for the

durations computed in the previous sections. In each of these, the input’s initial condition

was chosen so that̄Im > I0 > Ī+ (and is in factI0 = 0.8). Thus, it satisfies the conditions

for an On part in aMixed response. Illustrated in Figures 44a) and b) are two different

responses for two different choices of parameters(ã, b̃). In both a) and b), notice that an

On part occurs but no PIR response is attained since the duration of the input is not of

sufficient length. To describe the duration needed for aMixedresponse, both̄Ta andT̄s are

important. The minimum duration needed to guarantee aMixedresponse is defined as:

Tm =
1

ǫ
(T̄a(X0) + T̄s(Φ̂(X0))), (5.74)

and depends on the initial conditionX0.

For the computations illustrated in the previous sections,recall thatH2(I) = −ãI + b̃.

As such, for(ã, b̃)1 = (1,−1.3), Tm = 451.32. For(ã, b̃)2 = (5,−6.5), Tm = 227.6. Both

of these durations were calculated forǫ = 0.0025, but can be adjusted for eachǫ. For the

examples illustrated in Figure 44, the durations for a) and b) areT1 = 300 andT2 = 175,

respectively. Therefore, the conditions for aMixed response are not satisfied and no PIR

occurs.

Illustrated in Figure 45 are the same two examples (as in Figure 44) for longer stimulus
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(ã, b̃)1 = (1,−1.3) with T1 = 300

(ã, b̃)2 = (5,−6.5) with T2 = 175

Figure 44. This figure shows the dependence of the response onthe input duration. Ina),
(ã, b̃)1 = (1,−1.3) are used with an insufficient durationT to elicit PIR. Figureb) shows
the same simulation for(ã, b̃)2 = (5,−6.5).

durations. Recall that to attain aMixed response the minimum input durations were com-

puted to beTm = 451.32 for (ã, b̃)1 = (1,−1.3), andTm = 227.6 for (ã, b̃)2 = (5,−6.5).

Notice that PIR was attained in these examples since the durations,T1 = 475 andT2 = 250

were chosen to be sufficiently large.

In this section the active phase trajectories for(ã, b̃)1 and(ã, b̃)2 are shown along with



145

500 600 700 800 900 1000 1100
−2

−1

0

1

2

3

4

500 600 700 800 900 1000 1100
−2

−1

0

1

2

3

4

b)

a)

(ã, b̃)1 = (1,−1.3) with T1 = 475

(ã, b̃)2 = (5,−6.5) with T2 = 250

Figure 45. This figure showsMixedresponses for two different(ã, b̃)-pairs. Ina), (ã, b̃)1 =
(1,−1.3) are used with a durationT large enough to elicit PIR. Figureb) shows the same
experiment for(ã, b̃)2 = (5,−6.5).

the silent phase trajectories to illustrate a complete solution cycle in the(z, I)-plane. Il-

lustrated in Figure 46 are the projections of (FULLa) and of (AFSa) composed with (SSa).

In this figureǫ = 0.0025 (being larger than the previously used value,ǫ = 0.0005, in

Figure 38), and as a result, the difference between the projections of (FULLa) and the ap-

proximations given by the subsystems is more noticeable. Illustrated in Figure 46a) is the
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complete solution cycle for the parameters(ã, b̃)1 while Figure 46b) shows the cycle for

(ã, b̃)2. In both cases, the minimum durations needed to guarantee PIR have already been

computed and are included in each figure.

To summarize, givenH2(I) = −ãI + b̃, the conditions which guarantee aMixed re-

sponse are:

{Ī+ < I0 < Īm, Īlb < Imin < Ī−, T > Tm = T̄a + T̄s}, (5.75)

where,I0 is given,Imin =
b̃

ã
, T̄a is computed from (AFSa), and̄Ts is computed from (SSa).

One interesting issue which has not been addressed but may beimportant in the descrip-

tion of solutions, is the decay rate of the input. With this inmind, forH2(I) = −ãI + b̃,

it may be helpful to investigate the role thatã plays on the durations. For example, the

responses shown in Figure 44 and Figure 45 show that the durationsT̄a andT̄s may depend

on ã. Notice that wheña is smaller (̃a = 1), a longer active phase duration occurs and

the On part of the response is longer than when a largerã value (̃a = 5) is used. As a

consequence, the value ofã will also affect the silent phase duration̄Ts. The smaller̃a is,

the longer the silent phase duration must be to guarantee PIR. Therefore, for inputs of the

formH2(I) = −ãI+ b̃ a longer active phase duration will also require a longer silent phase

duration to attain PIR.

In Figure 47 we illustrate the active phase and the silent phase durations as a function

of ã. In the calculations of these durations, certain parameters were kept constant so that

the role ofã could be investigated. In Figure 47a), the durations were computed forI0 =

0.8 and Imin = 1. RequiringImin to be constant gives the appropriateb̃ value (and as
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Figure 46. This figure shows the trajectory of (FULLa) projected on the(z, I)-plane and the
trajectory generated by the subsystems (AFSa) and (SSa) whenH2(I) = −ãI + b̃. In both
figuresǫ = 0.0025 and as a result a visual difference between the projected solution and
the leading order solutions exists. Figure a) shows a trajectory when(ã, b̃)1 = (1,−1.3) is
used. Notice that this trajectory satisfies the conditions of Lemma 5 and the trajectory does
not crossΓhc. Figure b) shows the trajectory when(ã, b̃)2 = (5,−6.5) is used. When this
pair is used, the conditions of Lemma 5 are not satisfied and the trajectory proceeds below
Γhc. In both cases the durationT > T̄m and the pointXT ∈ ΩPIR, and as such aMixed
response is produced.
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such b̃ is not kept constant) for each̃a. Thus, under these restrictions̄Ta = T̄a(ã). In

Figure 47b) a similar computation was conducted for the silent phase duration̄Ts. In this

case, the appropriate starting pointXs ∈ Γhc was computed from (AFSa) and used in (SSa).

Under these restrictions,̄Ts = T̄s(ã). Notice that the minimum duration,Tm, needed to

guarantee aMixed response can be calculated from these two durations. Thus, given an

initial conditionX0 = (z̄(0), 0.8) and the ratio
b̃

ã
= 1, Tm =

1

ǫ
(T̄a(X0) + T̄s(Φ̂(X0)).

Notice that the smaller̃a is the longer the respective durations are. Although this implies

that there is a fine balance between the choice ofã and the subsystem durations, this may

also depend on the valueI0 and b̃. Since all cases cannot be examined in this study, only

the effects of̃a are investigated.
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Figure 47. This figure shows the role ofã on both the active phase and silent phase dura-
tions. In a), the active phase durationT̄a plotted as a function of̃a, for ã ∈ (0.1, 10). In
b) the silent phase duration̄Ts is plotted against̃a. Notice that wheña is smaller, both the
active phase and the silent phase durations are longer.



149

Presented in this chapter was a general theory for dealing with a non-autonomous burst-

ing model. First, the class of monotone slowly decreasing inputs,C, was defined and used

to illustrate anOff and aMixed response. The shapes of these inputs were motivated by

the synaptic model solutions shown in Chapter 2. When inputsfrom the classC were in-

corporated in the model, (FULL) was able to be augmented to anautonomous system. The

augmented system was defined as (FULLa) and was the basis for all analyses in the chap-

ter. Because of the definition ofC, (FULLa) has two-fast variables and two-slow variables.

In this chapter, the goal was to use (AFSa) and (SSa) to find conditions to predict when

(FULLa) can reproduce aMixedresponse.

To describe theOn part of aMixed response, (AFSa) was analyzed for a sub-class of

inputsCs. It was shown that for inputs of this type and the appropriatethreshold condi-

tions, an active phase transition must occur in finite time. Then, the active phase durations

were computed for different parameter pairs(ã, b̃) corresponding to the class of functions

H2(I) = −ãI + b̃. Furthermore, (SSa) was defined and also analyzed for inputsin Cs. In

these analyses, the goal was to find conditions which would guarantee PIR. The PIR region

ΩPIR was defined and was used as a target region for the trajectories of (SSa). For the

class of inputs inCs, we have shown that a silent phase transition toΩPIR is guaranteed

to occur if the duration of the input is of sufficient length. This was achieved by defining

the trapping regionΩSSa and determining the silent phase durationT̄s. Again, this duration

was computed for different parameter pairs(ã, b̃). AlthoughH2(I) = −ãI + b̃ is only a

sub-class of functions ofCs examined, the procedures used to compute the active phase
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and the silent phase durations can be extended to other functions.

Once the active phase and the silent phase durations were calculated, we definedTm as

the minimum duration needed to guarantee aMixedresponse. This response was described

as a composition of the solutions of (AFSa) and (SSa). To illustrate the solution cycle of

(FULLa) for aMixed response, the PIR map was defined and used to find the conditions

needed for such a response. When the functionH2(I) = −ãI + b̃ is used, it was also

shown that the response of (FULLa) depends onã. Recall that̃a corresponds to the decay

rate of the input. With the solution of the synaptic model illustrated in Table 1 in mind,

different decay rates may play an important role in the responses of neurons. We found that

the smaller̃a, the longer the active phase duration, and as a consequence,the silent phase

duration must also be longer to guarantee PIR. In conclusion, the analyses conducted in

this chapter describe the conditions needed for both theOff and theMixed responses, and

can be used to predict when such responses occur.
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CHAPTER 6

CONCLUSIONS AND SUMMARY

Summary

The goal of this dissertation was to develop and analyze a non-autonomous bursting

model which can reproduce each of the responses found in Figure 1. The model presented

in this study, (FULL), is a system of nonlinear equations having one equation analogous to

a current balance equation. First, we described and incorporated synaptic dynamics into a

simple synapse model. Since the membrane potential of a neuron is directly affected by the

synaptic input, we incorporated the solutions to the synaptic model into (FULL) as a time

dependent inputI(t). Under such inputs, we showed that not only can (FULL) reproduce

the On, Off, andMixed responses observed experimentally in neurons, but we foundthe

conditions which will guarantee these responses. We showedthat these conditions depend

on both the thresholds and the duration of the inputs.

Before we analyzed (FULL), the necessary subsystems neededto describe the solutions

were defined. We defined and used the averaged-fast-subsystem to describe the flow of

solutions along the active phase and to derive the active phase durations. Similarly, we

defined and used the slow-subsystem to describe the flow of solutions along the silent

phase and to derive the silent phase durations. For inputs which have rapid transitions, we

found that the solutions of (FULL) depend on the basin of attraction of the periodic orbits
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Ωp. We generated a numerical description of the basin of attraction of Ωp and showed that

it caused dynamics which may not be realistic when modeling neurons. With these issues

in mind, we chose initial conditions, input thresholds, anddurations throughout the study

so that only “realistic” solutions occurred.

When we considered a “constant current pulse”, theOnandOff responses illustrated in

Figures 1a)-b) were reproduced using (FULL). We used leading order analysis and averag-

ing to determine regions in the(Ī , T ) parameter plane, including minimum and maximum

threshold values, where theOn andOff responses can occur. Even though in Figure 17 we

demonstrated that different types of responses may be possible when using such an input,

by choosinḡI andT appropriately, theOnandOff responses can be reproduced to leading

order.

Furthermore, by including a monotone slowly decreasing input, conditions which guar-

antee anOff and aMixedresponse were found for the special sub-class called “generic ap-

plicable” inputs. Under smooth slowly varying inputs, we augmented (FULL) to a system

of autonomous equations. For the augmented system, we used the averaged-fast-subsystem

to guarantee that a transition from an entry point in the active phase to the homoclinic point

was possible. Although such transitions were guaranteed tooccur for the general class of

monotone slowly decreasing inputs, the examples presentedresulted from generic applica-

ble inputs. For these examples we established a procedure for computing the active phase

durations.

In addition, we used the slow-subsystem to describe the slowflow along the silent



153

phase. Given an initial condition on the slow-subsystem manifold and inΩSSa, we showed

that for generic applicable inputs, a transition in the silent phase to the target region called

ΩPIR can occur. Recall that reachingΩPIR guarantees a PIR response upon release of

the input. This transition was shown to depend on certain amplitude thresholds and on

the duration of the input. We also found the necessary conditions which guarantee such

transitions in the silent phase for the class of generic applicable inputs (to leading order).

Using both the averaged-fast-subsystem and the slow-subsystem, the minimum durations

needed to guarantee aMixed (or Off) response were computed (given a generic applicable

input). We found that these durations depend on both certainthreshold values and on the

decay rate of the input.

Although the examples illustrated in Chapter 5 were for generic applicable inputs, the

general approach and theory can be extended to the more general class of smooth slowly

varying inputs. Also, it gives a starting point for dealing with models which have other

non-autonomous inputs, and more specifically describes an approach for analyzing models

given by (1.1)-(1.2).

Applications

The responses presented in this dissertation can be verifiedexperimentally. Intracellu-

lar current injections and extracellular recordings with avisual stimulus are two examples

of experiments used to record the responses of neurons. By varying the duration and the

amplitude of the current used in intracellular current injections, one could verify the results
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found in Figure 19. For example, Figure 4 of [14] shows the responses of anin vitro ferret

visual neuron from different current injections. The response in part A) of this figure is

very similar to the response illustrated in Figure 17d) where the duration of the stimulus

was taken to be large enough to exhibit a bursting pattern (orchattering). For extracellular

recordings similar to those found in [41] and [51] varying the duration and the intensity of

the light stimulus may also help to verify the results found in Figure 19. In most experi-

ments, the two simultaneous stimuli case has not been fully explored, but may be needed

to explain more complex neural functions.

Regardless, individual cells must be able to reproduce the dynamics in Figure 1 for at

least some kind of time dependent input. For example, Wang, Liets and Chalupa (2003)

[80] showed that certain ganglion cells in ferrets exhibited all three types of responses due

to both light stimulus and current injection. Experiments like these not only show that

individual cells must reproduce these responses, but that the mechanism for such responses

may in fact be given by the individual cell and not network properties. By including at least

one slow somal and/or synaptic current, the results of the current study demonstrated that

relatively simple time dependent inputs can reproduce all behaviors in Figure 1.

Recall that the time dependent input was considered to be thenet synaptic input to the

cell, but it may also be regarded as a light stimulus input to the receptive field of a visual

neuron. By assumingI(t) to be proportional to the light stimulus one can still verifythe re-

sults of this dissertation. As previously discussed, by applying a stimulus in the appropriate

part of a cell’s receptive field and changing the duration of the stimulus, one can observe



155

whether or not the responses match the ones described in thisstudy. Moreover, by changing

the intensity of the stimulus, the threshold conditions might be confirmed. However, the

assumption that the net synaptic inputI(t) and the light stimulusS be proportionally re-

lated presumes a 1-1 relationship betweenS(x′, t) over the receptive field and the synaptic

input i(x, t) over the synaptic field. It is possible thati andS may not even be function-

ally related. These issues additionally complicate modeling aspects but are nevertheless

paramount for a more complete understanding of visual system responses.

AssumingI(t) is the net synaptic input also helps to extend the results of this study

to other sensory systems. For auditory neurons, the stimulus is sound intensity/frequency

and relating a cell’s receptive field with a particular response may not be as direct as in

visual cells. On the other hand, [49] showed that the receptive field of sensory neurons

in the weakly electric fish have a parallel structure to mammalian visual LGN cells with

center surround receptive fields. For these types of neuronsthe connectivity properties may

include feedback from higher processing stages and the exact correlation between electric

field stimulus and synaptic input can be difficult to measure.Thus, by consideringI(t) to

be the net synaptic input due to a stimulus, one does not have to substantiate a relationship

between stimulus and synaptic input.

NumericalResults

Now that the model has been developed, discussed, and analyzed for both constant

current pulses and monotone slowly decreasing inputs, various numerical examples of the
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solutions of (FULL) for other inputs are presented. These simulations include various non-

autonomous inputs such as those illustrated in Table 1. Alsoincluded in this section, the

numerical solutions of (FULL) when different sinusoidal inputs are used. These types of

inputs were applied experimentally in [21, 24, 49, 73], for example.

First, illustrated in Figure 48 are the numerical solutionsof (FULL) when

I(τ) = (H(τ − t0) −H(τ − t0 − T ))(
b̃

ã
(1 − e−ea(τ−t0)) + I0e

−ea(τ−t0)), (6.1)

with I0 = 0, for two different(ã, b̃)-pairs andT = 350. Illustrated in Figure 48a),(ã, b̃) =

(5, 4) while in b) (ã, b̃) = (3, 4). This type of input corresponds to slowly activating

excitatory synaptic input (with a fast inactivation). One thing to note here is that theOn

response has a small delay due to a slow excitatory synaptic input similar to the input

illustrated in row 3 of Table 1. Illustrated in a), only a single burst occurs due to the fact

that for this choice of parameters
b̃

ã
=

4

5
< Īm. In b) on the other hand,

b̃

ã
=

4

3
> Īm

and multiple bursts can occur (as was illustrated in Figure 19). Both of these patterns of

responses, including the delays have been illustrated in [14] and [49], for example.

When synaptic plasticity is incorporated, (FULL) can reproduce both anOnand anOff

response and these are illustrated in Figure 49. Illustrated in this figure are the solutions of

(FULL) when

I(t) = (H(τ − t0) −H(τ − t0 − T ))(I1(e
−ec(τ−t0) − e−

ed(τ−t0))) (6.2)

is used withc̃ = 4, d̃ = 8, andT = 250 for two different values ofI1. Illustrated in

Figure 49a),I1 = 4, and anOn response occurs. In Figure 49b),I1 = −4, and anOff
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Figure 48. This figure shows two different delayedOn responses for synaptic inputs with
slowly activating excitatory inputs. In a) a single burst isshown while b) shows multiple
bursts.
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Figure 49. This figure shows theOff response silent phase trajectory of (SSa) for two
different pairs(ã, b̃). In both figures the initial condition isXs = (z̄(0), 0). In a),(ã, b̃)1 =

(1,−1.3) and in b)(ã, b̃)2 = (5,−6.5).

response occurs. These types of inputs correspond to synaptic inputs which incorporate the

effects of depression and are similar to those illustrated in row 8 of Table 1. This type of

synaptic plasticity has been shown in [50] and [79].

As previously mentioned, in many experiments a sinusoidal stimulus input has been
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used to stimulate certain cells. For example, in visual system neurons, a sine wave grating

of various spatial drifting frequencies or contrast reversal stimuli has been used. Experi-

mental data has been recorded in [21, 49, 73] for these types of stimuli in visual system

cells. In auditory neurons, similar sinusoidal inputs havealso been used to study the re-

sponses of neurons. For example, in [24], auditory neurons’responses were recorded as a

consequence of sinusoidal frequency tone modulations. In general, the experiments men-

tioned above have been used to detail how the input/output properties of certain cells are

affected by the spatial and temporal frequency of the stimulus.

To simulate (FULL) with a sinusoidal input, consider

I(t) = I1 sin(
π

N
(t− t0)) (6.3)

with different amplitudesI1 and of various periods represented by the valueN . In the

following examples, the duration of the input was considered large enough for the steady-

state of (FULL) to be established. Illustrated in Figure 50a) is the solution of (FULL) when

I1 = 0.5, andN = 100. Notice that for this type of input, the majority of the burstpatterns

occur after the peaks of the sinusoidal input. This type of response is similar to those

illustrated in Figure 9(f) of [24] and in Figure 2(a) (OFF relay cell) of [49]. Illustrated in

Figure 50b) is the solution of (FULL) whenI1 = 1, andN = 100. In this example the

bursts occur just before and at the peaks of the input. This type of response matches those

shown in Figure 1(c) of [21], Figure 11 of [81], and in Figure 2(a) (ON relay cell) of [49].

It is interesting to note the responses of (FULL) illustrated in Figure 51. There, three

different responses are shown for three similar sinusoidalinputs. In a),I1 = 0.23 and
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Figure 50. This figure shows the response of (FULL) when a sinusoidal input is used. In a)
the amplitudeI1 = 0.5 and in b)I1 = 1. Notice that the location of the burst cyles occur at
slightly different locations relating to the peaks of the inputs.

N = 85; in b) I1 = 0.26 andN = 85; and in c)I1 = 0.29 andN = 85. For each

of theseI1-values, the bursts occur at different locations with respect to the input. First,

the response illustrated in Figure 51a) is very similar to the one illustrated in Figure 2(A)

in [73]. There, whole cell recordings of a single relay neuron during a sinusoidal current

injection over a range of modulation amplitudes is shown. Itis interesting to note that
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(FULL) can capture the qualitative behavior illustrated atthe top of Figure 2(A) while the

Integrate-and-Fire-or-Burst model presented in the same paper does not (for low amplitude

modulations).

In general, for experimental results not represented by those in this study, it may be

possible that a different (FS) could reproduce the results.In this dissertation (FS) was

chosen so that (FULL) exhibits square wave bursting patterns. These patterns have been

observed in many experiments. For example, results found in[14] and [81] showed similar

bursting patterns (chattering). However, by applying results from [59], fast parameters can

be chosen to alter the (FS) bifurcation diagram in such a way that (FULL) can reproduce

other experimental results found in [14], [31], [76], and [81]. In Figure 52, fast parameters

were chosen to match beating (fast spiking) patterns. Such patterns more closely resemble

those found in Figure 1 in [31] for instance.

In contrast, in Figure 53 fast parameters were chosen to match the “Nearly Parobolic”

fast subsystem discussed in [59]. These patterns well reproduce the experimental results

presented in Figure 3a) of [14] and Figure 1 in [76]. Thus, experiments like those described

above might be used to determine an appropriate (FS) for the specific cells at various lev-

els within the visual system (i.e., retinal ganglion, LGN, V1, V3, etc.) or other sensory

systems.
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Figure 51. This figure shows three different bursting patterns when three different ampli-
tudes are used.
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Figure 52. This figure shows the response of (FULL) when a constant current pulse is used
but (FS) exhibits a “fast spiking” or beating behavior (instead of bursting).

FutureWork

Although many issues in analyzing a non-autonomous bursting model have been re-

solved in this dissertation, a multitude of open questions remain. First, the class of inputs

given byC can be extended to include more physiologically relevant inputs. For exam-

ple, one might use inputs generated by a synaptic model whichwere not discussed in this

study, but are included in Table 1. Due to the physiological nature of the inputs, the more

general class of inputs must be bounded. These ideas can thenlead us to a more general

classification of inputs and further analyses of (FULL).

More specifically, the net synaptic input to the cell will have many different shapes

and forms, and being able to analyze (FULL) under such various inputs may foster new

mathematical methods and could answer many modeling questions. Extending the analyses

of Chapter 5 to include these different types of inputs may help to determine maximum
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Figure 53. This figure shows the response of (FULL) when the parameters of (FS) are cho-
sen to exhibit a “Nearly Parabolic” behavior [59]. In each figure the black line represents
the time duration of the input. In a), the fast parameter setλf = (0.25, 1.1, 1) was used with
a stimulus intensitȳI = 0.5 and a durationT = 250. These parameters were chosen to
match experimental results found in [14]. In b) the fast parameter setλf = (0.25, 1.15, 1)
was used with a stimulus intensitȳI = 0.5 and a durationT = 750. These parameters
were chosen to match experimental results found in [76]. Thedifference between these
responses and those in Figure 17 is that these patterns have action potential minima in the
bursting patterns which are below their silent phase values. The patterns in Figure 17 have
action potential minima which are elevated above the silentphase. Notice that these dif-
ferences may occur not only in different cells in different layers of the visual system but in
different animals (i.e. ferret vs. cat).

and minimum threshold values that such an input must have to generate different neuronal

responses. One example is to extend Lemma 4 to a more general class of inputs. Recall that

Lemma 4 stated that a transition fromX0 to XT ∈ ΩPIR in the silent phase was guaranteed

to occur (for a sufficiently large duration) only for inputs in the classCs.

In the sinusoidal input case, the objective of describing the necessary conditions needed

to guarantee aMixed response no longer applies. In this case, perhaps a more appropriate

approach would be to piece together the analysis of the decayportion of the input with an

analysis of growth of the input to predict when rapid transitions to the active phase occur.
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This may involve an approach similar to the one explored in [32] where the fixed points of

a return map correspond to bursting solutions.

Even though extending the class of inputs may be appropriate, for many types of inputs,

an augmentation to a higher dimensional autonomous system may not be plausible. Notice

that the augmentation of (FULL) was a valid transformation for smooth monotone slowly

decreasing inputs, but this may not always be the case. If theinputI(t) is the solution to an

initial value problem, then an augmentation can occur. Unfortunately, this may not often

be the case and dealing with such an input may require anothermathematical approach. A

question for future work is then “under what types of inputs can (FULL) be augmented to

a higher dimensional system?”

Another project that could easily parallel the one in this study is to analyze (FULL)

when different fast subsystem parameters are used. For example, in the previous section

it was shown that (FULL) can reproduce other forms (other than bursting) of neuronal re-

sponses. By changing the fast parameters, (FS) can be altered easily and a similar analytical

approach can be followed. This could lead to different synaptic input conditions which can

be used to guarantee that certain responses occur.

Lastly, in Chapter 3 a numerical description of the basin of attration of (FS) was given.

This description could be extended analytically. For example, using the Liénard form of

(FULL) and incorporating phase plane analysis, the existence of regions in the(u, v)-plane

that are in the basin of attraction ofΩp could be proved. This would then confirm the

numerical results that illustrate improbable responses when modeling neurons, and would
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help to explain the complete dynamics of (FULL).
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