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ABSTRACT

Certain mammalian visual neurons exhi@ih and Off responses when given a light
stimulus. In addition to these responses, [51] showed tiratetinal ganglion cells, the
neuron will also exhibit Mixedresponse when given two simultaneous stimuli in different
regions of the cell’s receptive field. ThiMixed response is a nonlinear combination of
the On and Off responses. In this dissertation, a single cell model wharh reproduce
On, Off, and Mixed responses is developed and examined using leading ordisesa
and averaging. This model is developed from a current belagaation which includes a
non-autonomous inputt), and consists of three coupled, first-order nonlinear dffgal
equations which describe the dynamics of the membrane fatenthe cell. When/(¢)
is assumed to be a constant current pulse(handOff responses can be reproduced but
will depend on both the duration and the amplitude of the infhen(¢) is assumed
to be monotone slowly decreasing, the model can reprodwcadhlinear properties for
two simultaneous stimuli. In this dissertation, condisamhich will guarantee each type
of response will be found using the different subsystemb@fhodel.



CHAPTER 1

INTRODUCTION

The primary goal of this dissertation is to develop a phenwtagical model capable
of reproducing qualitative dynamics which have been olekexperimentally in neurons.
Generally, neurons will exhibit many different forms of @lgcal activity. In mammalian
sensory systems, for example, certain neurons ex@ibiand Off responses when given
appropriate excitatory and inhibitory stimuli. In sometarges, such neurons can also
exhibit aMixedresponse where diminish€h andOff responses are both present. For the
current study, a phenomenological model which reproduaek ef these three responses
is developed. The model developed here will be referred (BEEL). Upon completion of
the model development, we will analyze the dynamics andriesthe solutions of (FULL)
in order to predict under which conditions (FULL) will be gaateed to reproduce such

responses. To do this, a general theory for analyzing tres cdmodels defined by

dx

o = Jwy) 10, weRY, (1.)
dy K
a = Eg(flf,y), Yy € R ) (12)

will be given, since (FULL) belongs to this class. In (1.1)2), /(¢) is a non-autonomous
input, ande < 1.
The responses of neurons are characterized by the releas@af potentials. Action

potentials are large shifts in membrane potential and msuoften “fire” these in brief
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bursts of high-frequency discharge. Usually, when thegk-fiequency discharge patterns
occur, the cell is said to be in its active phase. In burstihg,active phase is followed
by a dormant phase, or silent phase, where membrane pétemiiages slowly. It has
been shown that bursting behavior is implicated in syngpiasticity [62] and selective
communication between neurons [44]. As such, bursting isrgrortant behavior for the
model to reproduce. In (FULL), the multiple time scales bestw (1.1)-(1.2) play a key
role in reproducing bursting phenomenon.

In this study, the physiological goal is to reproduce @ Off, andMixed responses
and to determine under what types of external stimuli easpaese will occur. Both
Kuffler (1953) [51], and Wang, Liets, and Chalupa (2003) [B@asured all three types of
responses in retinal ganglion cells (cf. Figure 1). Migedresponse occurred when two
point light stimuli were presented simultaneously in diet regions of the cell’s receptive
field. All three types of responses have also been measumhsory systems other than
the visual system. For example, Evans (1992) [24] and He2AR[®%] showed that all
three responses occur in auditory neurons as a result afidnaifferent acoustic stimuli.
Hartings, Temereanca, and Simons (2000) [33] showed thaetlesponses can also occur
in sensory neurons in thalamic reticular nucleus of rat® thmulus in these experiments
was vibrissa (whisker) deflection in a specified directiodemsome duration. With these
experiments in mind, it is clear that analyzing a mathemahticodel which reproduces
these responses may foster a greater understanding ohaéaommunication in a variety

of sensory systems.
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Even though theOn, Off, and Mixed responses occur in many sensory systems, in
this study we will concentrate on visual system cells. tHated in Figure 1 are these
responses in retinal ganglion cells. In Figure 1laparesponse is illustrated. In this case,
the activity of the cell immediately increases when a ligithalus is applied to th&lus
part of its receptive field. On the other hand, Figure 1b) shawOff response. When
the stimulus is applied to thilinus part of the receptive field, the activity of the cell is
increased only when the stimulus is turned off. This typeesponse will also be referred
to as Post Inhibitory Rebound (PIR). Illustrated in Figucgi$ theMixedresponse. Notice
that when two stimuli are given, the cell produces botlQarand anOff response. One of
the goals in this study is to reproduce these responses dimdi tihe necessary conditions
that will guarantee such responses.

Mathematically, (FULL) is a non-autonomous bursting modielthis study, a general
theory for analyzing (1.1)-(1.2) for specific classes ofutgpis given. In the model ()
represents the net synaptic input the cell receives due &xtamnal stimulus. We will
consider only inputd (¢) that are physiologically relevant. It will be shown that stant
current pulses and smooth monotone slowly decreasingitursctan reproduc®n, Off,
andMixedresponses. Wheh(t) belongs to these classes, (FULL) can be analyzed using
bifurcation theory and singular perturbation techniqueshsas the method of averaging.

Some analyses of non-autonomous systems of the form (L) #lready exist. For
a constant current pulse input, Othmer and Watanabe (1984) énd Xie, Othmer, and

Watanabe (1996) [87] have studied harmonic and subharngohitions in a two variable
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Figure 1. Shows typicaDn andOff responses in a retinal ganglion cell. In each figure, the
dark spot represents the location(s) of the stimulus. Inrititeé column, the spike train of
the cell is shown over the time course of the stimulus amghditua) illustrates a typic&bn
response; b) shows a typidalf response; c¢) shows thiMixed response of a ganglion cell
when given two simultaneous stimuli [51]. Here thapart of the receptive field (indicated
by + signs) is surrounded by @iff component (indicated by - signs). Since e part of

the receptive field is surrounded by O part, this receptive field is often referred to as an
“On-Center” receptive field. Some ganglia have “Off-Cehtmlds where this orientation

is reversed.

model. Alexander, Doedel, and Othmer (1990) [2] analyseidhdas model in which the
non-autonomous forcing occured in the slow variable. Thbey mention that it is usually
reasonable to consider sinusoidal forcing or step fundteoring (constant current pulse).
In numerical experiments, they showed that the forced EghRiNagumo model (described
in a later section) can undergo different types of oscithatoehaviors. In addition, He,
Zhang, Yang, and Shi (1999) [35] also investigated the &ffeEa non-autonomous sinu-
soidal input on chaotic behavior for a two variable model.

It is important to note that in certain experiments, such?ds 49, 73], responses were
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measured as a consequence of a sinusoidal modulation g§intd simulate these exper-
iments (and thus gain a greater understanding of the respafsneurons) a sinusoidal
input may be an appropriate form fé(t). Although this may be the case, a complete
understanding of the dynamics of (FULL) for such an inputeydnd the scope of this
study. Here, analyzing (FULL) for the class of smooth monetslowly decreasing inputs
(or just monotone slowly decreasing inputs) provides diatapoint for understanding the
dynamics of the model with a sinusoidal input.
For the class of monotone “slowly” decreasing inpls), the “slow” rate of decay of

I(t) allows (1.1)-(1.2) to be augmented to a higher dimension@reomous system:

dx ,

E - f(xvy)v T e RI\J) (13)
dy K+1

= = eg(z,y), y € R (1.4)

For the analysis presented in this study, = 2 and K = 1. Therefore (1.3)-(1.4) is a
system of two fast variables and two slow variables. Soméyses of two fast and two
slow variable models already exist and can be found in [1632974, 75]. In this study,
the augmented model will be used to reproduceQffeand theMixedresponses. For such
responses, the solution of the augmented model must ex®iiRitupon the release of a
stimulus. As such, the goal is to find conditions on the inphiciv will guarantee PIR for
the augmented system.

Before the model development is fully described in Chapteohe basic physiologi-
cal background is necessary. Specifically, the fundamehtadiology of the visual system

is given. Something to keep in mind is that the model can at¢seded to explain behaviors
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in other sensory systems even though this dissertationmmtesmphasize other systems.
For additional background, a description of some existiagran models will be given.
Although the model presented here is a single cell modelyoritproperties and connec-
tivity play a major role in the responses of neurons. Theggfim addition to examples of
single cell neuron models, some network models are presantkdiscussed briefly. In the
description of the physiology and the existing models, tlogivation for using a model of

the general form (1.1)-(1.2) will also be explained.

Physiology

In the mammalian visual system there are three principalpastments which help
process visual information. These three compartmentdassified as the retina, the lateral
geniculate nucleus (LGN), and the visual cortex. The ratirannected to the LGN via the
optic tract, and the LGN is connected to the visual cortesubh optic radiations [40]. Due
to the complexity of the brain, the exact connectivity anddfion of these compartments
has yet to be fully understood [55]. For example, the fumctid some cortical neurons
whose paths feed back to the LGN has yet to be determined 2&83]. Recognizing
these limitations, the assumption that visual informafiom the retina travels along visual
pathways to the visual cortex in the back of the brain will sedithroughout this work.
There are two major visual pathways; the information whigimes from the left visual field
travels along the right pathway, and the information whiames from the right visual field

travels along the left pathway. Further information abasitial pathways, connectivity and
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functions are well described in books such as [40, 55, 64ks€&tbooks are the primary
sources for the majority of physiology described in thisdrsation.

Most individual neurons have a structure comprised of a dendree, an axon, and
a soma (nucleus). Neurons are “connected” through synépssted on the dendritic tree
and along the axon. A single neuron may receive informawomrént input) from as few
as one other neuron to as many as 100,000 [64]. Informatan & neuron travels along
its axon in the form of action potentials to a synaptic cotioec Once the information
reaches the synapse, it can then be transferred to anothernmia its pathway. Thus,
visual information travels across many different neurangifferent compartments.

The region on the back of the retina (or equivalently visugtiliwhere a light stimulus
will cause a cell to release action potentials is called #léscreceptive field A cell’s
receptive field can play an important role in predicting tiigpat of a cell. The receptive
field gives a convenient and simple description for the ougpa cell when a stimulus is
applied [40]. In this section, a description of the recepfirelds for cells in each of the
three compartments (retina, LGN, and visual cortex) willgpeen. Often the receptive
field is comprised of #lusand aMinusregion. When a light stimulus is given in tidus
region, anOn response can occur. When a light stimulus is given inMiveus region, an
Off response (or PIR) can occur. Thus, the location of a lightudtis often determines
whether a given cell will exhibit a®@n or Off response.

As illustrated in Figure 1, retinal ganglion cells have wisahormally referred to as

a center surround receptive field. If a narrow stimulus isliegpto the Plus region of
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the receptive field of the cell, the activity of the cell imnegely increases (cf. Figure 1a).
Conversely, as isillustrated in Figure 1b), if a similanatius is applied to th®linusregion
of the receptive field, a®ff response occurs. When tRéusregion is surrounded by the
Minusregion, the receptive field is called an “On” center receptigld. Conversely, when
the Minusregion is surrounded by thelus region, the receptive field is called an “Off”
center receptive field.

Although studies of the receptive fields for LGN cells ard stcomplete [55], Hubel
and Wiesel [42] showed that certain neurons in the LGN alse H@n” and “Off” cen-
ter surround receptive fields similar in shape to those ofgéueglion cells illustrated in
Figure 1.

Mapping the receptive field of cells in the visual cortex isoagoing process. Simple
cells in the primary visual cortex (layer V1) are defined by sihhape and behavior of their
receptive fields. Simple cells also exhil@in and Off responses but the shapes of their
receptive fields frequently differ from LGN and retinal géing cells. Typically these cells
respond better to bar stimuli of a preferred orientation ggure 2) [41, 42]. Hubel and
Wiesel [42] devised a hypothesis to explain the partictyan the shapes of the receptive
field of simple cells. Since LGN cells have center surrourcepéive fields and many
can connect to a single cortical cell, then perhaps the teeefeld of a simple cell is an
accumulation of the receptive fields of the LGN cells. Thipdipesis assumes (1) a feed-
forward model where the visual information only travels émds the visual cortex and (2)

that the connectivity of cells is related to the shape ofrtheceptive field. Classifying
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cells according to their receptive fields is one way to déschiow cells interpret visual
information. It is worth noting that other cells in the vi$eartex have been classified as
complex cells. These cells do not have receptive fields wtachbe classified witRlus

andMinusregions and thus are beyond the scope of this study.
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Figure 2. Shows typicaDn andOff responses for simple cells in the primary visual cortex.
In each figure, the dark bar represents the location and sifape stimulus. In the right
column, the spike train of the cell is shown over the time seuf the stimulus ampli-
tude. a) illustrates a typic@®n response; b) shows a typicaff response; c) illustrates a
diminishedOn response when the stimulus bar covers eits andMinusregions. The
angled shown in c) is the orientation angle of the stimulus. In a)ahgled is said to be

in orientation preference for this particular type of renepfield whereas in cj is not in
orientation preference.

The primary interest in this work is in modeling neurons vhiave receptive fields
with PlusandMinusregions. The examples above show that certain cells (gamdlGN,

and simple) in each compartment have these types of reedj#lds. Although the model
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(FULL) simulates visual system cells, in general other sgngeurons will also exhibit

these behaviors when given an appropriate stimulus.

ExistingModels

Many different mathematical models have been used to mbeetdsponses of vi-
sual neurons. Most biological models of such systems carrdugpgd into two classes:
biophysical and phenomenological models. Both classes hdvantages and disadvan-
tages. Biophysical models attempt to incorporate as maawkrbiological facts and data
as necessary to achieve quantitative results. Unfortlyndtese models are often very
complicated and are therefore not amenable to mathematiedysis. On the other hand,
phenomenological models attempt to grasp the qualitatisufes of a biological system.
Since phenomenological models are qualitative in natinesd models are often lacking
important biological features. The mathematical modekg@need in this study is phe-
nomenological in nature but contains aspects which canlbtedeto biophysical features
and will be defined in greater detail in Chapter 2. In this isectescriptions of some
existing biophysical and phenomenological models arergivEhese models have been

subdivided into two categories: single cell models and nétywopulation models.

SingleCell Models,BurstingandPIR

One of the most important biophysical models of a neuron ésHlodgkin-Huxley
model. Hodgkin and Huxley (1952) [39] were the first to depetoquantitative model

for the propagation of electrical current along an axon.ifTéeperiments were conducted
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on the giant axon of a squid. In these experiments, HodgkihHuxley determined that
there were two primary ionic currents, sodium and potassidimey also noticed other
types of currents, but these currents were relatively saradlthus were lumped together
into a leak current. One of the most important features & thodel is that it was able
to reproduce the spiking behavior observed experimentdihce visual neurons typically
generate spikes, this model has been adapted and used td spddeg visual system
neurons [4, 7, 11, 17, 30, 38, 81].

In general, a Hodgkin-Huxley type model always has a cutvafgnce equation of the

form
dv
—=—3 L, +I(t), 15
Cngy == 2 T+ 10) (1.5)
whereV is the (somal) transmembrane voltagg, is the total cell capacitancé, are ionic

currents of typer, and/(¢) is the applied current. Typically, the ionic channels ardtem

in terms of voltage gated activation (or inactivation) edtesn,, as

where the evolution of the gating variable is

dng  Nao(V) — 1y
dt (V)

(1.7)

In (1.6), g, is the maximal conductance for a channel of typandg.. is the time dependent
conductance for that channek, describes the probability that a channel of typis open
(p is an integer), and’, is the Nernst potential. In the Hodgkin-Huxley model [3%iet

current balance equation included three terms of the typadan (1.6) corresponding
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to the sodium, potassium, and leak channels. Experimeatal Were used to establish
the relaxation times, (1), the voltage dependent conductances, and the currenaémtiv
(inactivation) functionsp,... In general, it is often the case that{V") in (1.7) have very
different magnitudes for different channels. Models ofttyipe have been used to study
the quantitative features of spiking neurons.

Some qualitative behaviors of the Hodgkin-Huxley model banreproduced using
simplified two-variable models. The Fitzhugh-Nagumo [2%]dal is one such model. An
important feature of the Fitzhugh-Nagumo model is thatiit igroduce spiking behavior.
To do this the model incorporates a fast varialland a slow variable. It can be written

in a general form as

dv
dw
- = eg(v,w), ek 1 (1.9)

where the nullclinef (v, w) + I = 0 has a cubic shape in (with w fixed), g(v, w) =

0 intersectsf(v,w) = 0 at precisely one location, antirepresents a constant applied
current [45]. For certain values éf the fixed point of (1.8)-(1.9) is unstable and lies in the
middle branch of the cubi¢(v,w) + I = 0. When this happens, the Fitzhugh-Nagumo
model typically has a globally stable periodic orbit. Thilng solutions of this model can
gualitatively reproduce spiking phenomena, such as coatis spiking, found in excitable
cells (such as neurons). In addition to the Fitzhugh-Nagomodel, other two-variable
models such as Morris and Lecar (1981) [54], and HindmarshRose (1982) [36] have

also been used to study spiking and oscillatory phenomena.
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When certain neurons are given a “constant current pulge”with a specific ampli-
tude and duration they exhibit bursting electrical acfigliursting). For examplan vivo
recordings illustrated in Brumberg, Nowak, and McCormi2&0) [14] and Wang (1999)
[81] show that certain mammalian neurons exhibit short iumabursts when a constant
current pulse is used. As previously mentioned, this typleebfavior is common in neu-
rons and is an important feature to include in a single cetiehdllustrated in Figure 3 are
four different types of oscillatory behaviors (includingrbting) and their classifications
adapted from [59].

In addition to bursting, certain neurons elicit responsésctyv can exhibit post in-
hibitory rebound (PIR) (as illustrated Figure 1b) and Feg@b)). For example, in addi-
tion to those already mentioned, vitro recordings of certain thalamocortical cells in rats
[18] show anOff response similar to those illustrated in Figure 1b) wheréipia rebound
spikes occur (also referred to as a short post inhibitorgued burst). Two-variable mod-
els like the Fitzhugh-Nagumo model can be made to generatglke post rebound spike,
but cannot reproduce any rebound bursts when given a carstaent pulse. For these
models to generate spikes, the location and stability ofikeel point are important. For
example, a constant current pulse changes the locatioredixd point and as a conse-
guence affects its stability. If the pulse causes an unsfatadd point on the middle branch,
then the model will spike continuously during the pulse. Wkiee pulse is turn off, either
the fixed point becomes stable or remains unstable (thisndispen the amplitude of the

pulse). In the former, the spiking will cease immediately, the solution may travel around
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the stable orbit once after the pulse. If on the other haredfiXled point remains unstable,
the spiking will continue and will not stop and as such a PIRsbaannot occur. Although
the two variable models described above can reproduce sbharaateristics of neurons,
they cannot reproduce other features needed in a singlenocelél such as bursting and
PIR bursts.

Since bursting and PIR are important behaviors to includesimgle cell model, two-
variable models may not be adequate when modeling singl®nguTo include these be-
haviors (specifically bursting) many authors have incoaipet additional variables in their
models. Again, with these models, there are two differessifications. Models such as
those in [4, 17, 29, 38, 63, 71, 82] are based on biophysicahar@ésms, with parameters
and model functions derived from experimental data. Thesehanisms and parameters
are often incorporated into a Hodgkin-Huxley type modeljescribed above. Other mod-
els, such as those in [20, 37, 59], use a polynomial stru@ndeaim at maintaining the
important qualitative features of these bursting models.

In these polynomial models, it is often the case that thesetwo fast variables and
one slow variable. For example, the introduction of the fadaon” variable (slow) in the
Hindmarsh-Rose model (1984) [37] allowed the model to gatedsursting behavior. The

general form of the Hindmarsh-Rose model of a thalamic neaam be written as

W o= v—Flu)+1-=z (1.10)
Vo= Gu)—w (1.11)
g oo Hw== (1.12)
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where the function$’, G, andH are polynomials. Usually is considered large, making
a slow variable compared toandv. The Pernarowski polynomial model [59] is similar to
the Hindmarsh-Rose model and will be described in great@ildater. The Pernarowski
model will be used and expanded on for the majority of the rindén this dissertation.

The biophysical models and the polynomial models descrddma/e can reproduce
bursting patterns. Since bursting was first modeled extelysior 3-cells, the mathemat-
ical mechanisms for bursting were investigated in termshefé models. These investi-
gations led to many different classification schemes baseth® different mechanisms.
Rinzel (1987) was the first to propose a classification sch@&® A good summary of
these classifications can be found in [45]. Other classifinatchemes have been described
in[10, 20, 43,59, 70, 71]. In this dissertation the primargrest is in “square-wave” burst-
ing (cf. Figure 3), also referred to as a tylag69] or a “fold/homoclinic burster” [43].

A final model to consider is the integrate-and-fire (IF) moaéiich is often used to
model neurons. The basic IF model is:

d
cmd—?:ur—ujtl(t), if u > Jthenu — u, (1.13)

whereuw is the transmembrane voltage, is the membrane capacitaneg,is the rest po-

tential, and/ (¢) is the driving current. The driving current is integratedithe membrane

potential is driven across the threshold val@gat which point an action potential is initi-
ated. Once the spike occurs, the potentiad reset to a new value. < «, and the process
is repeated. Therefore, in these models, spikes are idehtifith the reset timef, for the

given applied current.
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Figure 3. Some examples of oscillatory behaviors (inclgdimee types of Bursting) with
their classifications given.

One of the most important features of the IF model is its sicitgl Although IF
models are simple in nature, like other phenomenologicalefsothey often lack impor-
tant physiological properties. IF models with one equagienerally cannot reproduce any
bursting or rebound patterns. In order to reproduce thesavii@'s, many modelers have
augmented the basic IF mechanism with other equations. rtumiately, when such mod-

els are expanded, many of the simple mechanisms become mongex and, in turn,
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more difficult to analyze. For example, the Integrate-aird-Br-Burst (IFB) model [73]
includes an equation which accounts for the inactivatioa oélcium current. By adding
this equation, the model can exhibit some of the importaham®rs of neurons such as
bursting. In the experiments conducted in [73] a sinusaidalent injection was used to
study the responses of thalamocortical relay neunorgro.

The IF models have also been augmented to include spikeaiaapand facilitation
(which will be described in greater detail in a Chapter 2). &ample, Rauch, LaCamera,
Luscher, Senn, and Fusi (2003) [67] showed that an IF modghaated with an additional
current (which is included to model the effects of faciibatand adaptation) can predict
the mean firing rate of cortical pyramidal cells. Also, Beetind Gerstner (2005) [13]
showed that an exponential IF model including adaptatiosn atde to reproduce dynamics
such as bursting and PIR. In conclusion, although IF modeise made to include more
visual system dynamics (bursting, PIR, etc.), they formfeent class of models than

those described by (1.1)-(1.2) and therefore will not beuised further here.

Network Models

When studying the visual system it may be that the importahceild not be placed
on the single neuron but on network properties. Since neugiom often organized in pop-
ulations (often referred to as layers), the activity of tlediscin a population may or may
not affect the activity of cells in other populations. Foaaxle, visual neurons in Layer 4
of the primary visual cortex (V1) are separated into occdaminace columns [42]. The

term occular dominance columns is used to refer to groupslisf @olumns) which receive
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inputs specifically from a single eye. This suggests that#élleto-cell connections of the
network may be group selective and may determine functitynail the population. Ulti-
mately studies like the one here may contribute to the mogeli network populations and
potentially to an understanding of the function(s) of diéiet layers in the cerebrum. Al-
though there is a large history of population models inaigdL, 3, 15, 27, 28, 46, 56, 57,
a description of only a few will be given in this section.

In some studies of neuronal systems authors use Hodgkitelitype models to model
the electrical activity in individual cells. For instand¢é8] used such a model to examine
wave propagation in a two layer network model of a part of tramus. The model of

each cell in the layer is given by the Hodgkin-Huxley equasiof the general form

v'o= f(v,h) (1.14)
B o= ew, N<e<1 (1.15)
Th(’l})

where the terms itf (v, h) are of the form defined in (1.6). In this model, intra- and linte
layer synaptic coupling is modeled in a continuum by usingéggral term which weights

excitatory and inhibitory synaptic inputs as

Uy = f('Uv h) - gsyn(v - 'Usyn) /_OO W([L’ - y)s(y, t) dy> (116)

h, = EM, (1.17)
7 ()

s = a(l—s)H(v—20)—efls. (1.18)

In this model,s represents the activation (inactivation) of the synapbigpling between

cells in the layer. In (1.16)l/ (z — y) represents the probability that there is a synaptic
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connection between the cells located at positicendy, andW () is referred to as the
“synaptic footprint”.

Using this model in a two layer simulation one can producettyes of waves: smooth
waves and lurching waves. A smooth wave is a wave which pettpagvith a constant ve-
locity. A lurching wave does not propagate with constanbeiy but propagates according
to the coupling dynamics of the layer. The lurching wave mmeenon is described as be-
ing caused by the post inhibitory rebound properties of #iks i the layer. Thus, PIR can
cause interesting dynamics in a network model.

In contrast, in [12], Bressloff and Cowan (2002) have donemmanalysis on contin-
uum models to explain cortical pattern formation in the gsistortex. Incorporated in their
model and analyses are earlier works and results found hgi8% [86]. The model in
[12] considers excitatory (E) and inhibitory (1) cells atgitionr € R? in layer V1 of the
cortex which have certain orientation preference give.b@rientation preference is the
mechanism illustrated in Figure 2, where the cortical call the greatest response when
given a stimulus with a certain preferred orientation. Therectivity of cells in the layer

plays an important role in the modeling. Such continuum neodeV1 have the general

form:
W = —al(r,ﬁ,t) —i—hl(r,ﬁ,t) (119)
" Y Il do’ /
+ Z wlm<r76|r76)a [am<r797t)]_dr7
m=E,1YR* /0 T

wherea; (I = FE,I) is the activity of the layer at timeé h; is the external stimulip

are output functions; and is the weight of connection from other cells in the layer. The
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weight,w, was motivated by experimental observations and is a caatibimof “local” and
“non-local” lateral connections between cells in the netwdn [12], the orientation tuning
patterns of the visual cortex were explained to be a conseguef Turing instabilities
generated by the cell-to-cell coupling.

Large scale IF network models have been used to reprodugeesaall (cf. Figure 2)
behavior of cortical cells in V1. A good example of such a mada be found in [84]
where cortical architecture and connection strengths estienated from raw data. Since
the basic IF unit is simple, larger network models can be Eited (in [84],128% IF neurons
were simulated). The population is divided into excitat@y and inhibitory (I) IF point
neurons. In the model these populations evolve accorditigetéollowing coupled system
of differential equations

dv’ ) ) ) . )
—L = —\vp — gpp(t) [vh — Vi] — gp,(t) [vp — Vi (1.20)

whereP = E, I and the superscrigt= (ji, j2) indexes the spatial location of the neuron
within the cortical layer. Each conductance in (1.20) isetidependent and arises from
input forcing from LGN, noise to the layer, and from the coatinetwork activity of each
population (excitatory and inhibitory). The intra-coglccoupling is described by these
time dependent conductances. Although these large sdatenkanodels can be insightful
about the network properties, such network IF models aramanable to analysis.

In the aforementioned studies, electrical activity of indual cells is highly dependent
on the network properties. Regardless of what assumptiensiade in a network model,

many individual cells in the visual system exhibit stimutesponse behaviors like those
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illustrated in Figure 1 and Figure 2. Without knowing theqise architecture of a visual
system network, such individual cell behavior can be vietedae merely a consequence of
its net synaptic input. From this point of viewt) in (1.5) (or in (1.1)) can be interpreted
as the net synaptic input resulting from some stimulus givetie cell’'s receptive field
(visual stimulus for visual neurons). This assumption Wwél used to develop a synaptic

model which describes some general types of inpitg, that a cell may receive.

Outlineof Dissertation

The current chapter explored background information,texjsmodels, and analyses.
In Chapter 2, development of the phenomenological modetiferresponses of neurons,
(FULL), is presented. This model belongs to the class giwe(ilhl)-(1.2), where a non-
autonomous inpuf(¢) is included. Also in Chapter 2, a description of synaptiasrais-
sion will be given, leading to a simple two channel Hodgkinxt¢y synaptic model. By
incorporating different aspects of plasticity, the symaptodel solutions will be used to
generalize the shapes of the indit) in the single cell model. These shapes incorporate
different activation and inactivation rates, and as a tetlué need to analyze the model
under such inputs is manifested. The individual cell mog@ generalization of the poly-
nomial model developed in [59] and [60] used to study bugstilectrical activity. Previous
analyses of (FULL) [59, 60] make it easier to predict paranetgions where such behav-
ior occurs.

In Chapter 3, the necessary model definitions that will bel ukeoughout the study
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are given. First, the fast and slow subsystems are definedhandynamics of each are
described. Recall that in bursting, the solution travetsulgh both an active and a silent
phase. The slow-subsystem will be used to describe the stewdt solutions along the
silent phase. In order to approximate the slow flow of sohgialong the active phase,
the averaged-fast-subsystem is derived. Using these siénsy, the active phase durations
and the silent phase durations are also derived. To repedolursting, the fast subsystem
of the model must have a region of bistability. In such a regtbe basin of attraction of
the periodic orbits will play a major role in the descriptiohthe numerical traces of the
solutions of (FULL). For certain initial conditions, soioms of the model may exhibit be-
haviors which are not observed in neurons. Examples of théklee given and explained
to be a consequence of the basin of attraction of the perabits.

With the model definitions and issues arising from the babattoaction having been
established, in Chapter 4 the model is analyzed under aunstarent pulses. It will be
shown that all of the responses in Figure 1 can be reprodumedeftain current pulse
inputs. First, th@Onresponse is reproduced and analyzed, showing that to gaaranOn
response, certain threshold conditions on the amplitudst ivei satisfied. Also, the type
of Onresponse will depend on the duration of the input. Exampiésese different types
will be given and explored. Second, t&éf response is reproduced and analyzed, showing
that to guarantee such a response, not only are certairhtiidesonditions necessary, but
the duration of the input must be of sufficient length. In #iddito these two types of

responses, conditions which will guarante®lixed response are also stated. In this case,
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the input will be defined as adn andOff constant current pulse. Théixedresponses will
be shown to depend on the thresholds and durations of bothrila@d theOff parts of the
pulse.

Using some of the results of the analyses for a constantrmuimput, the model is
analyzed for a monotone slowly decreasing inp(t) in Chapter 5. First, the class of
monotone slowly decreasing inputs is defined. Under sualtsnpFULL) can also repro-
duce theMixedresponse. Since ultimately the goal of this study is to jteaiid describe
the solutions of (FULL) when such a non-autonomous inpupiad, Chapter 5 gives
a general theory for doing this. When inputs from the monetslowly decreasing input
class are used, the model can be augmented to a higher donalsutonomous system, as
previously described. For this augmented model, the aeeréast-subsystem is redefined.
The averaged-fast-subsytem will be analyzed and used tiicptbe On part of theMixed
response. It will be shown that under certain conditionsa&ive phase transition will be
guaranteed to occur in finite time. This transition will témate at a homoclinic bifurcation
where a rapid transition to the silent phase of the solutidhoacur. Once this transition
occurs, the flow of the augmented model will be governed bystbe-subsystem of the
augmented model. With this in mind, the slow-subsystem belldefined and analyzed.
In order to guarantee a@ff part to theMixed response, the trajectories of the solution
must reach a specified target curve. The analyses conductedapter 5 will establish
the conditions needed to guaranteiaedresponse for a special class of inputs. The two

subsystems will then be pieced together to describe theyualé for aMixedresponse.
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Chapter 6 contains the conclusions of this study and thdtsestithe analyses of
(FULL) are compared with selected experimental obsermatidhere, by choosing an in-
put of the appropriate form, the model reproduces many obétaviors observed experi-
mentally. In addition, although analytical results ar&lag, numerous numerical solutions
are illustrated. These responses are generated as a fesgihasoidal input and show that

the model (FULL) does reproduce certain experimental neses.
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CHAPTER 2

MODEL DEVELOPMENT

Using elements of the physiology described in the introdn¢the phenomenological
model will be developed in this chapter. First, a simple thharinel Hodgkin-Huxley type
of synaptic model will be presented. This model will incorgte some aspects of synaptic
plasticity and thus a description of plasticity will be giveThe solutions of the synaptic
model will be used to generalize the shapes of the non-aatons inputd (¢) in the single
cell model. The synaptic input shapes will have a major efbecthe types of responses
produced by the model. The description of synaptic dynamidsscussed in the following

section and implemented in the modeling.

SynapticModel

In this section we introduce certain background infornrrabo some synaptic mecha-
nisms. Synapses are “contacts” between cells where sigaalbe transmitted. The gen-
eral description of synaptic transmission has been welkld@ed and explained in texts
such as [55] and [64], and will only be summarized here.

There are two main types of synapses, electrical and chériman electrical synapse,
current flows directly from the presynaptic cell to the pgstgptic cell to affect its mem-

brane potential. This flow occurs throughnnexonschannels which cluster to form gap
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junctions. In a chemical synapse, current from the presymegll causes a release of neu-
rotransmitters which then bind to receptors on the posfsymaell. These receptors can
affect (or themselves be) ion channels which can open tavadioic flow into the postsy-
naptic cell. As in an electrical synapse, this current flofe@t the membrane potential
of the postsynaptic cell. These changes in membrane patentihe postsynaptic cell are
called postsynaptic potentials (PSPs).

Generally, changes in membrane potential will result indpening or closing of ionic
channels. These ionic channels are responsible for thesftmession” of action potentials
across a synapse. Terms such as depolarization and hygézptbn are often used to
describe some of the mechanisms which cause changes in ar@enotential. Typically,
a current flowing from outside the neuron to the inside isespnted as a negative current.
The term depolarization is used to describe the reductidhenmagnitude of the mem-
brane potential towards zero (making the membrane potdasia negative). The term
hyperpolarization refers to an increase in the magnitudbe@fmembrane potential (mak-
ing the membrane potential more negative). An ionic chaisnghid to beactivatedwhen
the probability that the channel will open is increased. ivation results in the opening
of more ionic channels creating an increased current flonckvthien leads to changes in
PSPs. Alternatelynactivationwill cause closing of ionic channels. This terminology will
be used in modeling to describe the change in channel dysamsiit relates to an applied
current.

For the purposes of this study, a description of synaptistjgidy and how it affects
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PSPs will also be given. The PSP at a synapse can be chazadtes either excitatory
(EPSP) or inhibitory (IPSP). An EPSP will cause an increasthé membrane potential
(depolarization) while an IPSP will cause a decrease (Ipgdarization) and will be re-
ferred to as excitation and inhibition, respectively.

The synaptic population of a postsynaptic cell can be divideo two populations: ex-
citatory and inhibitory. Excitatory synapses will causeSPB and inhibitory synapses will
cause IPSPs. The total (or net) synaptic input to the cellbgidetermined by total inputs
from each of these two populations. The current from eachd&®8Rferent synapses is in-
tegrated at the cell's soma (in the spike initiation zoneheWthis accumulation reaches a
depolarization (or an excitatory) threshold the cell firepike. Since EPSPs are excitatory
and IPSPs are inhibitory, the net effects from each popmratan play a significant role
in the total change of the cell’s membrane potential. Formgxa, if a cell only receives
inputs from excitatory synapses then the net synaptic ijjdube excitatory whereas the
net synaptic input will be inhibitory if a cell only receivegput from inhibitory synapses.
In the following section, a description of how the presyim@apiput affects the postsynaptic

potential is given.

Plasticity

Synaptic plasticity is a term used to describe a synapsdisyaio adapt according
to the different types of inputs it receives over a periodimiet Usually the time course
which affects the adaptability of a synapse occurs shat-termor long-termperiod. For

instance, repetitive activity at a synapse can produceadilb@s in the synaptic efficacy on
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both theshort-term(milliseconds, seconds) and on tleeg-term(hours, days). Since the
effects oflong-termplasticity occur on a much longer time scale than will be exgdl in
the modeling, they will be disregarded in this study. Bookshsas [47] and [55] provide
detailed descriptions of the different types of synaptasfitity.

When discussing the flow of information across a synapsestimuns about the effi-
cacy of the synapse are often asked. For example, given ynaigtsc potential what is the
probability it will cause a postsynaptic current? Studiesisas [5, 6, 48, 68] have shown
that synaptic connections are unreliable. Typically, thabpbility that a postsynaptic po-
tential occurs given a presynaptic potential can vary betwel and0.9. The probability
often depends on the timing and the history of the presyogutientials. In addition to
unreliability, the amplitudes of PSPs may also have higlatéity. Koch [47] (p. 327)
contends that one explanation for the unreliability of $8&s is that it allows each synapse
to “adapt” to the dynamic range of synaptic mechanism.

Facilitation and depression are two examples of short-smaptic plasticity. Facil-
itation is the mechanism which describes a progressiveaser in the amplitude of each
postsynaptic potential when a succession of presynaptengals (spike train) arrives at
the synapse (cf. Figure 4a)). The mechanism for facilitet&n be described by an increase
in the efficacy of the release and binding of neurotransmsifrtem the presynaptic to the
postsynaptic cell as each spike arrives from a train. Symdppression on the other hand
can be described by a progressive decrease in the amplitpdstsynaptic potentials (cf.

Figure 4b)). In general, the mechanisms which regulateimdepression are not well
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understood but are often associated with a reduction inffltaey of the release of neu-
rotransmitters. For a synapse that exhibits both faditeand depression, the time scale
of the effects of facilitation is believed to be slightly fasthan that of depression [53].
Thus, such a synapse will have an increase in PSP amplititadlyn(due to facilitation)

followed by a decrease in PSP amplitude (due to depression).

a) b)

Facilitation Depression
Figure 4. Shows the effects of synaptic facilitation andrdepion on the postsynaptic
potential as a function of time (adapted from Figure 12.5B]). Each surge in membrane
potential corresponds to the effect of a presynaptic spilkepfkes). lllustrated in a) is
the increase in amplitude after each spike (facilitatidt)strated in b) is the decrease in
amplitude after each spike (depression).

Another form of plasticity of particular interest is callegike frequency adaptation
When a neuron receives a constant current pulse from aitro experiment of sufficient
duration, certain neurons’ responses will “adapt” (cf. fg5). Adaptation is the phe-
nomenon which causes a decrease in the spike rate as a funttione, and is also be-

lieved to be related to the learning behavior of neuronss Ttnim of desensitization may

be related to the transmitter receptors’ responses durwsigmyed or repeated stimulus.
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t
Figure 5. Shows a response which adapts to a constant cimparit This adaptation is

a decrease in spike rate as a function of time. The voltageeofrtembrane potentialis
plotted as a function of timeover the constant current pulse.

SynapticModel Formulation

Because of synaptic plasticity alone, the net synaptictibpuhe soma of a neuron
can be difficult to describe. More generally, individual agees not only have different
physiology, but will also behave differently to every preaptic input. Thus, formulating a
model forI(¢) in (1.1) can be complicated. In this section, a general detsmn of 7(¢) is
given and a simple Hodgkin-Huxley synaptic model is usedistydate potential “shapes”
for the net synaptic input(z).

For a single synapse located at a posittoon the dendritic tree, the current felt at the

soma may be modeled as
Lsyn = Gsyn(H)(V (1) = V5), (2.1)

wheregs,, is the conductance between the synapse location and the &g is the
local postsynaptic potential. Adopting Rall's equivalegtinder approach [65, 66], this
conductance depends on the synapse location and the mogyhail the dendritic tree,

and for simplicity, we assume,,,,(t) is constant, i.€gy,, () = gsy». If the distribution of
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synapses is idealized as a continuum over the cell's denthee orsynaptic field2,, the

net synaptic current felt at the soma can be modeled by

I(t) = / P an () (V (t) = Vi(x, 1)) dx | (2.2)

E]

wherep(x) is the density of synapses at locatiwn Since the synapses are divided into
excitatory (+) and inhibitory (-) populations, the curréiit) can be split into the net somal

currents from each of these populations, i.e.,
I(t) = L(t) + 1-(t) , (2.3)

where each op, g,,, andV in (2.2) inherit additional superscripts asn, g7, andV;*
for the excitatory current, for instance.
In general, the current balance equation for the postsimaggmbrane potentidf; of

a synapse with two types of channels can be written as

dv

Cmgt

= _gr(Vs - V;”) - gn(‘/:s - Vn) (24)

where(,, is the net synaptic capacitaneg(V; — V,,) represents the effects of the neuro-
transmitter dependent currents, and the effects of allratiméc channels are incorporated
in the termg,. (Vs — V;.) (from [45] and [47]). In (2.4)}, andg, summarize the resting po-
tential and resting conductance of the transmitter indépenhchannels respectively, is
the reversal potential for the transmitter dependent cblanmith a conductance, which

is neurotransmitter concentration dependent. For exarapkylcholine (ACh) transmit-

ters cause ACh receptors to open and close according to tleeation of ACh in the
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synaptic membrane and thus affects the ionic current. Meneglly, action potentials at
presynaptic cells release neurotransmitters which may tarsome channels at the post-
synaptic receiving cell. Since the conductaggedepends on the concentration of these
transmitters, some models assume a time dependent condegta—= ¢, (¢). In the fol-
lowing synaptic model, the term, (Vs — V},) is viewed to be simply a function of time
represented by(t). Thus, for a synapse witfl) a voltage-gated receptor independent

channel and2) a receptor time dependent channel, the evolutiof,oin (2.2) can be

modeled by
0T = (V- V) ilh), (2.5)
dn Neo(Vs) =m0
E —_ T 3 (2.6)

wheren is the gating variable for the receptor independent chammelg, is its maximal
conductance. If(t) > 0 the synapse is excitatory whereas(f) < 0 the synapse is
inhibitory. Furthermore, if the time constantis small, the postsynaptic potential equilib-
riates very quickly. Such synapses will be referred to ast*f&Similarly, if 7,, is large, the
synapse is “slow” due to a slowly equilibrating PSP.

Since postsynaptic potentials are small in magnitude,eafimpproximation of (2.5)-
(2.6) about its equilibrigv*, n*) = (V,., n.(v*)) can be used to study changes in PSPs.
Lettingv, = v — v* andn; = n — n*, the linearized system fdw,, n;) is decoupled. The

resulting equation fou; is

— =y +i(t), v(0)=0 (2.7)
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wherev, is the linearized synaptic potential, akds a constant.
Now, consider a solution resulting from presynaptic action potentials each separated

by time At. For such an input, the neurotransmitter dependent cureanbe modeled by

i(t) =a) ot —kAt) (2.8)

k=1
whered(t) is the delta function and > 0 (excitatory) is chosen to be constant.

The solution to (2.7) can be computed using Laplace tramsf@nd is given by
N
n(t) =a) H(t— kAt)e M0 (2.9)
k=1

whereH (t) is the Heaviside function. The solution in (2.9) can be iptéated by:

ﬁ(e_)\t — 1) |f t S NAt

v (t) = (2.10)
Be N if t>NAt

where = a 31?41, to generalize the behavior of the PSP for this type of model.
Figure 6, the interpolation (2.10) is superimposed on te $olution (2.9) to show two dis-
tinct behaviors. Figure 6a) shows a synaptic model whiclsle” to activate and “slow”
to inactivate (equilibriates slowly). By varying the mogarametersd, \, At), Figure 6b)
shows a synaptic model which is “fast” to activate and “fast'inactivate (equilibriates
quickly).

Notice that the model above does not account for any effdqtéasticity. To include
plasticity such as facilitation or depressiencould be madé-dependent. To incorporate
facilitation in the synaptic model above(k) of the form illustrated in Figure 7a) is con-

sidered. Similarly, to incorporate the effects of synapiépression (k) is assumed to
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Figure 6. Shows the solution to the linearized synaptic maité a spike train input(t)
(with 15 spikes). In each figure an interpolation (2.10) igesimposed on the true solution
(2.9). Two different parameter sets, (\, At) were used. a) shows a synaptic channel which
is “slow” to activate and “slow” to inactivate correspongdito parameters (1.2,6,0.3). This
behavior will be referred to as “slow” On and “slow” Off. b)®hs a synaptic channel
which is “fast” to activate and “fast” to inactivate corresyuling to parameters (0.3,0.8,0.3).
This behavior will be referred to as “fast” On and “fast” Off.

have a form similar to that illustrated in Figure 7b). Theuion to (2.7) when

N
i(t) =) a(k)s(t — kAt) (2.11)
k=1
is given by
N
w(t) =Y a(k)H(t — kAt)e R0, (2.12)

k=1

Whena(k) is made to incorporate the effects of facilitation, a santof (2.12) is illus-
trated in Figure 8a). lllustrated in Figure 8b) is (2.12) whbke effects of depression are
considered. The resulting solution illustrated in Figukg B very similar to the result
found in Figure 8a) of [79]. In [79]in vitro recordings of rat visual neurons were used to
illustrate the effects of synaptic depression on PSPs.fabisuggests that the assumptions
of the model are reasonable and can be used to explain posptsy potentials.

Sincel(t) in (2.2) depends linearly oW;, I(¢) will inherit some of the aformentioned
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Facilitation Depression

Figure 7. Thek-dependent functions for facilitation and depressionwsh a) and b)
respectively.

a) b)
’Ul(t) i ’Ul(t) i

t t
Figure 8. Shows the solution to the linearized synaptic rhedéh an k-dependent
amplitude functiona(k) to incorporate the effects of synaptic facilitation and résp
sion. In a) the solution to (2.12) is shown witt{k) = arctan(k/3) (facilitation), and
the parameter setx(\, At)=(1.25,3,0.3). In b) the solution to (2.12) is shown with
a(k) = —arctan(k/3) 4+ m/2 (depression), and the parameter §e2g, 2, 0.3).
dynamics of the linearized synaptic model. For instancegwlee synaptic input to the cell
purely excitatory and,, < 1, then/, (¢) could have a shape similar to that in Figure 6b).
Alternately, werer,, > 1 for purely inhibitory inputs|/_(¢)| could have a shape similar to

that in Figure 6a). The exact correlation between sucha&barit and inhibitory inputs and

their respective postsynaptic potentiglsvould in reality depend on dendritic morphology.
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However, we will assume that the net synaptic input to thessait also have these shapes.

The synaptic model described by (2.5)-(2.6) with varyingsgicity assumptions, pro-
vides a simple way to generate different possible synappats that may be felt at the
soma (as in Figure 6 and Figure 8). However, the synaptic hfddg-(2.6) is one of many
possible synaptic models. For instance, the addition aérgblostsynaptic channels could
alter the linearized response to inputs such as those ih (Rl8o, since each synapse has
a different locatiorx in the cell’'s synaptic field),, the parameters which define (2.5)-(2.6)
are most generally functions of as well. Moreover, within each of the excitatory and
inhibitory synaptic populations all of these parameterslmaviewed as constant, with one
notable exception. The current= i(x, t) is a function ofx since different synapses may
have different inputs depending on a given stimulus.

In general, synapses will have many dynamics other thar thasluced by (2.5)-(2.6)
but incorporating them into a model may be difficult. For exdéen synaptic “spill over”
can affect the transmission at other synapses in a neighbdybut is not fully understood
and thus difficult to include in modeling. Plasticity has beslhown to play a major role
in synaptic dynamics but may also be difficult to incorporates model. Even though
these issues complicate modeling aspects, they may nelesshbe paramount for a more
complete understanding of visual system responses. Madelsas ones found in [8, 9],
include terms related to the physiology of synapses, antead@dome aspects of plasticity.
Instead of a detailed synaptic model incorporating plagtand other dynamics to model

PSPs, we give a general description of some different typpsssible net synaptic inputs.
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These different types (shapes) of inputs can incorporate@htine effects of plasticity and
other synaptic dynamics such as fast and slow mechanisms.

In Table 1 are some different typesgdneralizedhet synaptic inputg/(¢)|, which can
be incorporated into a single cell model. The general shaftdese inputs have been char-
acterized by their activation and inactivation behaviokso included with these shapes
are the time courses of a presynaptic stimulus input (oriegpmlurrent). For example,
included in rows 1 and 4 in Table 1 are the dynamics genedhfizen the interpolation
function (2.10) and the time course of a presynaptic curf@ren by the bar). When fa-
cilitation is incorporated into the activation of the sysap as in Figure 8, then the general
shape ofl (t) may be similar to those found on rows 5-7 in Table 1 (cf. Figgag. Sim-
ilarly, were the effects of depression incorporated inttivation, 7(¢) may be similar in
shape to that illustrated in row 8 of Table 1 (cf. Figure 8hw 7 of Table 1 shows the
general shape for a net synaptic current which incorpolattrsfacilitation and depression.
Notice that the effects of facilitation are immediate and #ffects of depression are felt
slightly later.

These general shapes will be used to reproduce the respiuseated in Figures 1
and 2. For purposes of modeling, “fast” activation or ingattion is idealized with a Heav-
iside function. In (FULL), a sufficiently large net excitagosynaptic input will be shown
to cause th@®nresponse in Figure 1a). Likewise, a sufficiently large iitbity input (of

sufficient duration) will be shown to cause t&4f response in Figure 1b) (PIR response).
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Row | Net Postsynaptic Currehk(t)| Plasticity Assumption General Description

1 EL None Fast On, Fast Off

2 E\ None Fast On, Slow Off

3 i None Slow On, Fast Off

4 L\ None Slow On, Slow Off

5 lL Facilitation Facilitation On, Fast Off

6 L\ Facilitation Facilitation On, Slow Off

7 K Facilitation and Depression Facilitation and Depression Op
8 h Depression Depression On, Fast Off

Table 1. A description of the possible net synaptic curresponses given a presynaptic
input (or visual stimulus). In the second column the bar uredeh shape represents the
duration of a presynaptic input (or visual stimulus).

Extracellular measurements made on retinal ganglion bgll$1] also reproduce the di-
minished excitatory and PIR responses when two simultamstimuli are presented as il-
lustrated in Figure 1c). To reproduce these nonlineariéigsitatory synapses are assumed

to be fast relative to the inhibitory synaptic inputs. Thesationship will be explained in

further detail in Chapter 5.
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SingleCell Model

With the preceding synaptic model development and desanitf existing models,
a three variable phenomenological model is presented.llydeaneuron model should
have terms which relate to a Hodgkin-Huxley equation of threnf (1.5) and include all
possible dynamics already described in this study. Reéalist, in order to have a model
be amenable to analysis, many of the dynamics must be sietp{guich as synaptic input).
The Pernarowski polynomial model (1994) [59, 60] is such aleh@nd will be a basis
for modeling in this study. This model was first used to modebkbng pancreati¢-cells
and has been adapted here to model neurons (specificallgl\igurons). This model
can be made to exhibit bursting and beating (tonic spikimdjaviors; adaptation; and by
including synaptic inputs similar in shape as those foundahle 1, can reproduce the
responses illustrated in Figures 1 and 2.

The model consists of the following set of differential etijoias:

du

o = flu) —w—z+1(t) (2.13)
Cil_t: = g(u)—w (2.14)
dz

- = elh(w)—2) , 0<e<, (2.15)

where the polynomialg, g andh are defined by
flu) = fsu® + fou” + fiw | (2.16)
g(u) = gsu®+ g’ + gru+go (2.17)

h(u) = Blu—a) (2.18)
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and the polynomial coefficients gfandg are:
a 2 2
f3:_§7f2:a':u7f1:1_a'(:u _77)7

g=fs+1l,0=fi,qn=f—-3,90=-3.

Here,\s = (a, 8) and\s = (a, n, 1) are the “slow” and “fast” parameters, respectively. In
the model (2.13)-(2.15), is the transmembrane somal voltagé&;) andw are fast currents
(analagous to sodium and potassium current$$, a slow current (analagous to calcium
currents found in [52]), and(t) is the net synaptic current integrated over the synaptic
field. For purposes of reference, equations (2.13)-(2.1%bpw referred to as (FULL).

The complicated form of the polynomiafsandg is due in part to their derivation from
a Liénard form in [60]. In the Liénard form, much work hashedone in classifying the
various fast-subsystem (FS)£ 0) bifurcation structures [20, 59] as previously mentioned.
This body of work is used here in choosing appropriate “fasfameter sets; = (a, 7, ;1)
so that (FULL) exhibits bursting.

This phenomenological model can be characterized as “Hoddlxley” in nature.

Consider a Hodgkin-Huxley equation with a slow current @& thrm

dv _
Cm% = - Z ]fx - gZZ(’U - 'Uz) (219)

wherev is the membrane potentidl;, represents fast currents of typeandg,z(v — v.)

is the slow current. Then, far > v,, (2.19) can be written as

Cn dv .
ARy I, -z (2.20)
fx

g.(v—v,
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Definingu = In(v — v, ), then using

du 1 dv
it 2.21
dt v—wv, dt’ ( )
equation (2.20) can be written in the form
Cp, du .
% i ; I, — = (2.22)

If the membrane potential, time, and the channel conductance are nondimensionalized

then (2.20) can be written as
du _ S I, -z, (2.23)

with corresponding equation

dz _ Zoo(U) — 2
dr T, (u)

(2.24)

for the slow channel gating variable. Under this transfdroma » retains all the mono-
tonicity properties of the biophysical voltage Also, (2.23), like (2.13) is linear in the
gating variablez, and whenr,(u) in (2.24) is close to a constant it has the same form as
(2.15). Thus, (FULL) provides a reasonable model for examgithe qualitative behaviors

of many Hodgkin-Huxley type models.

Before this model is analyzed, we give numerical solutidrie®temporal traces of the
“voltage” u(t) which reproduce (for certain stimuli) the behaviors ilhased in Figure 1.
For instance, Figure 9 reproduces tBa and Off responses illustrated in Figures 1a)-b).
The response in Figure 1c) will be examined in a Chapters 45andhese numerical

solutions were computed using an explicit one step RungéKuategration method in

XPPAUT [23]. Many of the proceeding figures will also be gexted using XPPAUT.
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In Figure 9, the net synaptic input current

I(t)=T(H({t—ty) — H(t—ty—1T)) (2.25)

is superimposed over the voltagé). This type of input corresponds to a constant cur-
rent pulse which one would generate duringvitro experiments. Herel is the current
amplitude t, is the starting time of the puls#, is the duration, and{(¢) is the Heaviside
function. This constant current pulse also representsealiméd “fast” On and “fast” Off
type of net synaptic input (cf. Figure 6 and Row 1 in Table liguFe 9a) simulates the
experiment where a stimulus is given in Rleispart of the cell’s receptive field. Figure 9b)
on the other hand, simulates the experiment where a stinsftigen in theMinus part of

the cell’s receptive field.

a)|

Figure 9. Shows typicaDn and Off responses in the model (FULL) with the constant
current stimuliZ (¢) superimposed on each figure. The (FS) parametek set (a, 7, ;1)
was choosen as; = (0.25,0.75, 1.5) with a current amplitudé = +0.8 and/ = —1.8

for the On and Off responses, respectively. In both, the slow parameters («, ) =
(—1.5,4) ande = 0.0025. In each figuret, = 500 and7" = 150. The numerical traces in
this figure were generated using XPPAUT [23].
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In order to generate the responses in Figure 9, certain k@mplitudes/ and dura-
tionsT must be used. To determine such appropriate values émd7’, we will present
certain model definitions and terminology. These defingiare included in the next chap-
ter and will be used throughout the remainder of this study.

In this chapter, the non-autonomous model (FULL) was dexexlo To reproduce the
responses illustrated in Figure 1, it has been establidmadRIR and bursting play an
important role. These dynamics were incorporated into glsinell phenomenological
model by adapting the Pernarowski model and including agymanput term. Since the
single cell model used in this study incorporates a timesddpnt synaptic input, relevant
synaptic mechanisms were discussed (such as activaaotiiation, and plasticity). By
including these mechanisms, a simple synaptic model waktagmstulate various general
shapes of net synaptic input to the cell. Lastly, (FULL) wiasven to reproduce th@nand

Off responses when two distinct synaptic inputs were used.
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CHAPTER 3

SUBSYSTEM DERIVATION AND DEFINITION

The main goal of this study is to understand and explain theanohycs of (FULL)
when a time dependent inpitt) is used. Since (FULL) is a non-autonomous bursting
model, /(t) can play a major role in the evolution of the numerical tracks(¢). In
this chapter, we give the basic definitions and terminologgded to describe these traces.
For example, the traces illustrated in Figure 9 have beerrgéd by a stimulug(t)
of the form found in (2.25) and will be described in detail retnext chapter. Before
a description of these traces is given, the fast-subsystS) (he slow-subsystem (SS),
and the averaged-fast-subsystem (AFS) are defined. Inhhjgter (and in the next), the
definitions of the subsystems assume a constant currerd pudat/(¢). When this type
of input is incorporated/(¢) can simply be viewed as being constant during the pulse.
The rapid transitions (at = ¢, andt = ¢, + T') for such a pulse will play an important
role in the description of the dynamics of the model. Thewsfdor inputs/(¢) which
have rapid transitions such as those found in rows 1 (acivé@activation), 2 (activation),

3 (inactivation), 5 (inactivation), and 8 (inactivatiom) Table 1, the basin of attraction
for the periodic orbits and equilibria of the fast-subsyst&ill be discussed and defined
accordingly. In later analyses, this will be shown to haveagjimpact on the solutions.

Most of the following subsystem definitions have been saidigensively and are mainly
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included here for completeness.

In addition to understanding the dynamics of (FULL), a gdahis study is to model
the responses of neurons. Since (FULL) can generate maayg tffresponses, some will
not have physiological meanings. In this regard, there istandtion between the dynamics
of (FULL) and the reasonable parameter or variable rangenwiodeling neurons. When
applicable, this distinction will be discussed and desadilOften, the dynamics of (FULL)
will include many behaviors which may be unrealistic for r@s. The understanding of

the dynamics is crucial when using (FULL) to model neurons.

Fast-Subsystem

When a constant current pulse is applied, different angidistand durations will cause
different responses. To understand what types of ampbtadd durations can cau€m
and Off responses, it is necessary to understand how the faststabsyFS) of (FULL)

depends on the constahin (2.25). Here (FS) is obtained by setting- 0 in (FULL):

du

il flu)—w—z+1T, (3.1)
% = g(u) —w, (3:2)

where bothz and ! are treated as parameters. By introducing the bifurcatavarpeter
v = z — I, the (FS) bifurcation diagram in Figure 10a) is generatedthls figureu is

plotted againsy. The Z-shaped curve, given by

7= G(u) = f(u) - g(u) = —u’ +3u +3, (3:3)
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is the projection of the equilibria of (3.1)-(3.2) onto the u)-plane. Note that despite the
fact that bothf andg depend on the fast parameter 3et= (a, 7, 1), G does not. The solid
regions of this curve represent stable equilibria. The édglegion represents unstable
equilibria. Also labeled in Figure 10a) are thevaluesy_ and~, corresponding to the
lower and upper saddle-node bifurcations, respectivetyndJthis labeling scheme, notice
that the lower and upper saddle-node bifurcations of (F8)have the coordinates given
by (u_,G(u_)) and(uy,G(uy)) at~y_ and~,, respectively. On the upper region of the
Z-shaped curve, the stability of the equilibria changesatbpf bifurcation point labeled
v = v The periodic orbits emanating from this Hopf point terméat a homoclinic
bifurcation aty = ;.. Thus, fory € (yu, vn.) the (FS) has stabl&),(~)-periodic limit
cycles

Qp(tvfy) = (u,w) = (Ql(tvfy)vQ?(t?’y))' (34)

Analytical results of the aforementioned bifurcations ported in Figure 10 with XP-
PAUT can be found in [59]. Fox, as chosen in Figure 10a), notice that whea (y_, yx.),
(FS) has aregion of bistability where both a lower branchildxgia and periodic orbits co-
exist.

Also found in [59] is a detailed description of the dynami¢gFIULL) when the pa-
rameters of\, are chosen differently. For example, the different ostitja behaviors
illustrated in Figure 3 arise by choosing different valués)and .. lllustrated in Fig-
ure 10Db) is the bifurcation diagram when= 0.9 andy = 1.5 (as opposed tg = 0.75

andyu = 1.5 for Figure 10a)). In this figure the homoclinic bifurcatioocoirs near (or at)
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Figure 10. Fast-subsystem bifurcation diagrams for (819). Labeled are the Hopf point
~np, the homoclinic valuey,., the right most saddle node bifurcation vatug and the left
most saddle node bifurcation valge. In figure a) the fast parameter set was chosen as
Ar = (a,n,p) = (0.25,0.75,1.5). Notice that for this choice ok, (FS) has a region

of bistability fory € (v_, 7). In figure b) the fast parameter set was chosen as-
(a,m, ) = (0.25,0.9,1.5). For this choice of fast parameters, the bifurcation stmect
does not have a region of bistability.

the lower saddle-node bifurcation. Thus, for this choicéast parameters, (FS) does not
have a region of bistability and (FULL) will not undergo a bting cycle. When the fast
subsystem has this type of bifurcation structure, the soiwf (FULL) will exhibit beating
patterns (fast spiking) as illustrated in Figure 3 (uppghtiigure).

When modeling neurons that exhilin andOff responses as illustrated in Chapter 2,
choosing fast parameters so that (FS) has a bifurcatioctsteuwhich has a region of bista-
bility is important (since the responses are assumed to dm dhration bursts). Although
bursting is an important feature, many neurons will not bbrg will undergo different

oscillatory behaviors. For modeling such neurons, it isstmes possible to alter the fast
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parameter set to obtain a (FS) with a desirable bifurcatinuctire. Since changing the
bifurcation structure can be done by simply choosing a difiefast parameter set, this
gives another reason for choosing this particular set oatopis to model visual neurons
(or neurons in general). Although other bifurcation staues are important when modeling
neurons, most of the modeling and analyses in this studybeibbased on a fast parameter
setA; which exhibits square-wave bursting (as in Figure 10a))is Plarticular choice of
Ar was used to match experimental results illustrated in [14].

For the fast parameter set used to generate the bifurcathgmnasn illustrated in Fig-
ure 10a), recall that the lower branch equilibria of (FShfsra stable manifold for the fast
dynamics. When describing various solutions of (FULL) tpaff the solutions of (FULL)

will travel near the stable lower branch manif@g of (FS) defined as:

St ={(u,w,v):7=G(u),w=g(u),u <u_}. (3.5)

The projectionSy, of S;, onto the(v, u)-plane is defined as:

S ={(u,7) :v=G(u),u <u_}. (3.6)

Using this projection will make it easier to visualize thajéctories of the solution. Sim-
ilarly, we define both the middle bran@y, of (FS) and the upper brandy, of (FS)

respectively as:

S =A{(w,w,7):v=GCGu),w=g(u),u- <u<uy}, (3.7)

Sv = {(u,w,7) 1 v =G(u),w = g(u),us <u}, (3.8)
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with associated projectiorts,; andSy,.

These manifolds will be needed to discuss solutions of aatbitation of equilibria of
(FULL). For example, a solution which goes through a burstewill typically go through
an “active phase” and a “silent phase”. During the activesphaolutions of (FULL) travel

near the periodic orbite, of (FS) while in the silent phase they travel n&ar

Slow-Subsystem

The slow-subsystem (SS) describes the slow flow of the t@jes of (FULL) along
(or near)S;. Again (as in (FS)), (SS) is defined in terms of the consfariysing a slow

time transformation = et in (FULL) gives the following system:

ej—z = flu)—w—2+1, (3.9
(—:Cji—l: = g(u) —w, (3.10)
Z—j_ = h(u) —z, (3.11)

Letting e = 0 and using the substitution= = — I, the slow-subsystem (SS) is given by:

7 = flu)-w, (3.12)
w = g(u), (3.13)
D= b~ (D). (3.14)

For the purposes of this study, (SS) is defined as (3.12%(3at v < u_. Solutions of
(SS) give trajectories o8, which are the leading order approximations to the silenspha

of (FULL).
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Notice we combine equations (3.12) and (3.13) to give thieviohg algebraic condi-

tion which must be satisfied when the flow remainsSen
v =G(u) = —u® + 3u + 3. (3.15)

Using a trigonometric form of the cubic root formula, the Embranch root:;, () can be
found as

2cos(%arccos(3_77)+2§), 1<~y <5,

u=up(y) = —2 cosh (%ln (%3 + (77_3)2 — 1)) , Y>5H. (3.16)

This allows one to rewrite (3.14) as,

T = Hi(y) = hlugs(7) — (v +1). (3.17)

This equation will be used to describe the silent phase addtgrmine minimum durations
of a constant current pulse that will causeQ@iiiresponse.

The evolution of the solution alorfy, is referred to as the silent phase of the cycle. For
the purpose of this study, the duration of the silent phasgefised as the time it takes for
the solution to travel alon§;, from an entry pointy;, to an exit pointy;,,. If a solution has
more than one burst cycle then it is possible that the salwtid travel alongS; more than
once. When this happens, the silent phase durations catyd@mdexed by the number
of occurrences (cf. Figure 17d)). Since (3.17) gives thditeporder evolution of (FULL)
alongsS,, it can be used to determine the silent phase duration. &apgand integrating
(3.17) over(v;,, v5.:) gives the silent phase duration

T :T f}/fnv gu :/ 7\ (318)
SP sp( Yout) . h(urs()) — (v + 1)

mn
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This equation will be used to describe the duratiomeeded when applying a constant
current pulse which guarantees @if response (as illustrated in Figure 9b)). Notice that
the silent phase duration as defined by (3.18), depends ealiresy; andy;,,. Therefore,
the silent phase duration may be different for every pair, v:.;)-

The parameters which govern (SS) are given by the slow paearset\, = («, ).

Using the definition of.(u) in (2.18), the nullcline for (2.15), is given by

hu)=z=~y+1.

lllustrated in Figure 11 are (FS) and the= 0 line with a bursting solution superimposed
(with I = 0). To illustrate a bursting solution,, was chosen so that= 0 intersects (3.3)
on Sy, andg > 0. Notice that whers > 0, 4 < 0 below the nullcline ang > 0 above the
nullcline. In this situation, the solution travels to thght along the periodic orbits. Once
the solution reaches the homoclinic point a rapid transiback toS; occurs. Once on
Sp, the solution is below the-nullcline and will travel back to the left towards the lower
saddle node. Even though a complete description of the ¢yclet given here, a detailed

description of the solution cycles illustrated in Figures@iven in Chapter 4.

Averaged-Fast-Subsystem

In order to describe the traces of the solutions of (FULL)he &ctive phase, the
averaged-fast-subsystem will be used. In this section\heaged-fast-subsystem (AFS)
is defined and an outline of how one derives a leading-ordeeviar the active phase du-

ration is given. We incorporate the previous works in [324 &il], where the method of
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Figure 11. Fast-subsystem bifurcation diagram for (331) with fast parameter set
(a,m, 1) = (0.25,0.75,1.5). Superimposed on (FS) are the= 0 line and a bursting
solution. In this figure, the slow parameter set was chosén.a$) = (—1,4).

averaging has been used to approximate the active phasesingucycles. First recall
that (FS) has a one-parameter familyIofy)-periodic limit cycles,(t,v) = (u,w) =
(Q(t,7), Qa(t,v)) for v € (Y, 7). The averaged-fast-subsystem (AFS) of (FULL) is

then obtained by averaging the vector field of the slow véggln¢ over these limit cycles.

To be more specific, for any functiah= ¢ (u, w) the average is defined as

~ 1

Tp(’Y)
90 = (i) = 7 / (0 (1), (t, ) dt (3.19)

Next, define
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wherel is constant. Then, fare (ty,t, + T), (FULL) becomes

du

- = Jw—w—y (3.20)
cfl_ztu — () —w (3.21)
dry 7

o= elh() = (v+1), 0<e<1, (3.22)

In this form, a duplication of the multiple scales averagimethod found in [61] is used to

derive the (AFS) of (3.20)-(3.22). The resulting (AFS) is

T~ (hw) — (v + 1) (3.23)

wherer = et is a slow time. Given the linearity df(u) in «, (3.23) can be written as

D~ hi) ~ (v +1) (3.24)
whered() is defined as
R _ 1 Tp(v)
u(y) = e /0 Qq(t, ) dt . (3.25)

For initial conditions sufficiently close tf,, the solution of (3.24) is the leading order
asymptotic approximation of for timest = O(1) whenevery € (v, Yie)- lllustrated in
Figure 12 is the numerical computation of the average a function ofy. The averageé
was computed using AUTO [22].

In order to describe the bursting cycle of the solutions afl(E), the active phase
duration is defined. To be specific, the active phase durdtiois the leading order time

for v(t) to increase from its entry point in the active phageto its exit point aty? , (for
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05

Min. comp.
of Q4 (7)

Figure 12. This figure show&(v) for v € (vu, 71). Upper and lower branch equilibria
S, ands,, are also superimposed for reference.

the purposes of this study, it is often the case tffat= ~,, andv2,, = 7). Thus, in the

slow time scale, the active phase duration is found by sépgrand integrating (3.24):

A/gut dfy
Ty=T Z‘-ln,’ygu :/ - _. (3.26)
1 =Ta0h o) = | R G D

Notice that to computé’,, the values of; illustrated in Figure 12 will be used.

RapidTransitions Basinof Attraction

When given a constant current pulse, the bifurcation streatf (FS) will shift rapidly
left or right depending on the sign df When these rapid shifts occur, the trajectories
of the solution will also undergo a rapid change. Therefires, important to understand

where the trajectories go for any initial condition. Withstlhin mind, suppose an initial
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condition such asug, wg, v0) is given. For the values of, which lie in the monostable
region of (FS), the solution will undergo a rapid transitiorthe only stable attractor which
occurs for that particulay-value (eitheiSy, Sy, or the periodic orbit ofi2,). On the other
hand, wheny, lies in the bistable region, in order to describe the sotutiosuch a case,

it is important to know whether the trajectories will be atfied to the stable lower branch
Sy, or the stable periodic orbit af2,,. In this section, we give the descriptions of the basin
of attraction for the equilibria of (FS) which lie ddy, and the periodic orbif2,. These
descriptions are motivated by numerical results, and gooed in this chapter.

Before any numerical tools are used to determine the bagattraction, we introduce
the definitions for the basin of attraction of the equilitsfgFS) and2,. If the trajectories
of (FS), starting atu, wy), are attracted to a periodic orbit, then the pdint w, ) is said to
be inBp(7v), the basin of attraction dd,,. Similarly, if the trajectories of (FS) are attracted
to an equilibrium orS, then the initial conditiorju,, wy) is said to be in3.(v), the basin
of attraction of the equilibria of (FS) which lie d®y,. Now that these basins have been
defined, a description of how to generate them can be given.

To help describe the basins of attraction, we use the Liefeam of (FULL) derived
in [59]. Differentiating (3.20) int and then eliminatingy, equations (3.20) and (3.21) can
be written as

i+ F(u)t+ G(u,y) = —e(h(u) — (v + 1)), (3.27)

where
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Gu,v) = g(u) = f(u) + .

Rewritting (3.27) as a system and letting- 0, the fast-subsystem in Liénard form is

v = v, (3.28)

v = —F(u)v—G(u,7y). (3.29)

When (FS) is rewritten in this form, the equilibria of (FSyvalys lie on the) = 0 axis. This
will be useful for determining particular,-values for which the initial conditior{ug, wy),
of (FS) is in the basin of attractiofi.

In the bistable region € (v_, ), recall that (FS) will have three equilibria. Let,
i, andu, be the lower (stable), middle (saddle), and upper (unstajeilibria of (FS),
respectively. The stability for these points has been &shaddl in [59] and is stated here
without further analysis. Depicted in Figure 13 is the stabhnifold of the middle saddle
pointu,,. Notice that the stable manifold has been divided into a teawel an upper part
labeledWy andW¢, respectively. To be specifit)s is defined as the part of the stable
manifold which comes into the saddle from below (the= 0 axis) andW¢ is the part
which comes into the saddle from above (the 0 axis). Thus, the stable manifold of the
middle saddlei,, is the unionWs (., (7)) = Wg (v) U W4 (7). In Figure 13Ws(ti,,(7))
was generated using XPPAUT.

Figure 13a) showsVs(u(7)) for arange of, € (—5.5,7.5) wheny = 1.5. Figure 13b)
showsWs(u(y)) for a range ofu € (—5,4) wherey = 1.5. In each figure, given any

initial condition (ug, vo) in the region between{ andWy, the trajectories of the Liénard
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system will be attracted t€,(v). When (FULL) is used to model visual neurons, the
variableu represents voltage, andrepresents current. Therefore, for modeling purposes
the ranges of, and v illustrated in Figure 13a) are unrealistic since membranléage
has a physiological bound usually described by action piatlerand this is represented by
theu-range of the periodic orbits. Although Figure 13a) shovet W5 can wrap around
the periodic orbits (illustrated in Figure 13b) as the dasbsbit), when modeling visual
neurons only Figure 13b) will be considered. This figure @spnts a caricature of the
typical stable manifold, for values afin the bistable region, for a more realistic modeling
range ofu andwv.

Although analytical results are lacking, the numericaulsssuggest that fory <
(7=, 7ne), Ws Will intersect thev = 0 line at at least three points. Here, a definition
for these points is given and will be used to determine thenbad attraction. The points
us,, us,,, andug, are the lowewn-value, the middle:-value, and the uppetr-value where
Ws intersects the line = 0 respectively. These points have been labeled in Figure 13b)
(notice that the two upper-values wheré/Vs intersects the line = 0 as illustrated in
Figure 13a) have been disregarded as unrealistic transraampotentials).

In order to determine the basins of attraction, define the Bet= {(uo, vo) : ug €
(us,, us,,) U(tm, us,), vo = 0} andB, = {(ug, vo) : up € (—o00,us,) U(us,,, tm), vo =
0}. We would like to determine the values @f, andug,, for eachy € (y_,vn.). Once
these values are determined, wheneywgre (y_,v.) and (ug,v9) € B, is used as an

initial condition, the trajectories of (3.28)-(3.29) witke attracted to the periodic orbits



Figure 13. Shows the stable manifoid (u,,(1.5)) for two different ranges of. Illustated

in a) is the phase portrait for (3.28)-(3.29) over a largenpiyysical range ofi andwv.

b) illustrates the stable manifold&’ (u,,) and Wy (u,,) for v € (y_,ys.) for a more
realistic modeling range. Also illustrated in b) is the adé manifoldVy (u,,(1.5)) and
the periodic orbit (dashed curves). Whenever an initiabidion, (u, vy ), for (3.28)-(3.29)
is chosen to lie betweeW{ (u,,) and Wy (u,,), the trajectories will be attracted to the
periodic orbits of the Liénard system. Labeled in theserégare the-valuesu,, u,,, and
u, corresponding to the lower (stable), middle (saddle), gopku (unstable) equilibria of
(FS), respectively.
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of the Liénard system. In contrast, given € (v_,v..), whenever an initial condition
(ug,v9) € By is used, the trajectories of (3.28)-(3.29) will be attrdctew,. In order to
determine the valuess, andug,,, AUTO was used to find numerical solutions a7 and

Wyg for a set ofu-values of eachy in the bistable range. To do this, the valugs and

ug,, were each incorporated into two separate two-point boyndgalue problems. Each
value was then found by solving the boundary value problemaery~ € (y_, y4.). This

was done by first solving forVs and findingus,,, then by solving folWg and finding

ug,. Since bothug, andugs, were computed using the same technique, only a description
of howug, was determined is given here.

m

To findug, , a solution to (3.28)-(3.29) with the following boundarynciitions

(u(0),v(0)) = (us,,,0), (3.30)
and
Jim (u(t), 0(1)) = (@, 0), (3:31)

must be found. The solution to this problem is the pa\¥f illustrated in Figure 13b),

with ug  as an endpoint.

m

In order to use AUTO, the boundary condition (3.31) must ba tnite interval. To ac-
commodate this fact, the boundary value problem ((3.289)3with boundary conditions

(3.30) and (3.31)) was redefined with the following changeasifables.

dt 1 : . e .
Let s = tanht, so thatd— = 5 for —1 < 's < 1. Using this compactification, the
S — S
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boundary value problem above is redefined as

Z—Z = ﬁv, (3.32)
W o P - ). (333)

with
(u(0),v(0)) = (us,,,0), (3.34)

and
(u(1),v(1)) = (tUm,0). (3.35)

To use AUTO to solve this nonautonomous problem, the systest be augmented to

turn it into an autonomous system. The augmented systemas gy

3—3 _ Fl(u,v,s)zl_lszv, (3.36)
Z—i = B(u,0,5) =~ (- F(u)o — Glu, 7)), (3.37)
oo (3.38)

with
(u(0), v(0), 5(0)) = (us, .0, 0) (3.39)

and
(u(1), v(1), 5(1)) = (iim; 0, 1). (3.40)

This redefining of the boundary value problem was used idstéasing HOMCONT
(a subroutine in AUTO) sinceVZ from ug,, to a,, is neither a homoclinic nor heteroclinic

connection. Also note that the vector field of (3.32)-(3.@Bpears to be singular in
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ass — 1~ (which is carried through to (3.36)-(3.38)). This appargingularity is not
theoretically relevant when computing the stable maniidlg, however. For instance, if
(Ug(t), Vs(t)) is the solution of (3.28)-(3.29) correspondingigs in the ¢ coordinates,
(Us(t), Vs(t)) remains bounded as— oo and approaches the saddte,,0). Thus the
associated solution in (3.32)-(3.33), and consequen{|$.86)-(3.38), must be bounded as
wellass — 17.

For the system (3.36)-(3.38) with boundary conditions §8.8nd (3.40), an initial
solution was computed in XPPAUT. To compute this initiahayrXPPAUT computes the
eigenvalues and eigenvectors for and uses a shooting method to approximatg ., ).
The values of this initial solution were computed for= 1.5, and this data was inserted
into AUTO using the comman@ fc. To make sure that AUTO could initialize with this
initial solution the endpoints were adjusted to match thendary values given by (3.39)
and (3.40).

First, AUTO was used to computg;, for 1.5 < v < 7. by solving the autonomous
boundary value problem. To do this, bottandugs , were treated as free parameters. The
resulting curvelUs,, = ug, () is illustrated in Figure 14. As previously mentioned, a
similar process was used to calculate the curye= u,,(y) which is also illustrated in
Figure 14. The region for whicl's,(v) < uy < Us,,(v) andy € (y—,v.) is labeled as
regionB. Thus, for eacfiug, 7o) € B, the trajectory of the (FS) in Liénard form is attracted
to 2, for the initial condition(ug, vg) = (uo,0). Although there are othédn, vy)-pairs

which lie betweenVd and Wy, the pairs of the fornjug, 0) are easy to characterize by
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m

Us,

o
3}
-
N
5}
N

= | Yhe

Figure 14. This figure shows the two curvég (v) andUsg,, () for y_ < v < .. The set
B ={(u,v) : Us,(7) <u<Us, (7),7 € (7=, 7ne) } is also labeled.

the two functiond’g, () andUs,, (v). Furthermore, in later simulations of (FULL) where
the cell is assumed to be at resfis zero.

Recall that one of the goals in this section is to determinatviypes of initial con-
ditions of (FS) are inB3,. To do this, note that associated with every initial cormaiti
(uo,v9) € Bp of (3.28)-(3.29) andyy-value is an initial conditiorju, wy) of (FS), where
wo = f(up) —"0. With that said, given the initial conditiofu,, wy), the trajectories of (FS)
will be attracted to the periodic orbits whenever the pajt ) is in the regionB andw, =
f(ug) — o (for any~y € (v, vne))- Furthermore, trajectories of (FS) (with initial condi-
tion (uo, wy)) will also be attracted té2, wheneven, € (u,, us,) andwy = f(uo) — 7o-
Therefore, giveny, € (v_,Vhe), (uo, wo) € Bp whenevery, € {(us,, us,,) U(tm, us,)}

andwg = f(ug) — 0. In contrast, the trajectories of (FS) will be attracte®to whenever
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an initial condition(u, wy) with aug-value lies betweeng, (v,) andw,, (7o) is used. The
trajectories of (FS) will also be attracted$@ when theuy-value of the initial condition
lies belowug,, (7o), even though the solution will travel arouny, first. In these cases
(uo, wo) € By, where againuy = f(ug) — 7o-

To illustrate these results four examples are shown in Eidis. lllustrated in this
figure are the trajectories of (FULL) when given four differénitial conditions. The dif-
ferent responses occur as a result of the basin of attractiQp in (FS). In Figure 15a), a

trajectory of (FULL) with the initial condition

(Uo,wo, 70) = (an f(uo) - %WO)a with us,, (%) < U < ﬂm(%)

is shown. In this caséug, v9) = (—2.5,1.25). As is seen, the trajectory is attractedsp

since(ug, wy) € Br. In Figure 15b), a trajectory of (FULL) with the initial coitidn

(1o, wo, v0) = (uo, f(uo) — Y0,7%0), With (uo,v0) € B

is shown. In this cas@ug,v0) = (—3.5,1.25). As is seen, the trajectory is attracted to the
periodic orbits sincéug, wy) € Bp. In Figure 15c¢), a trajectory of (FULL) with the initial
condition

(10, wo,Y0) = (uo, f(uo) — Y0,%0), With ug < Us,(70)
is shown. In this caseéug, v9) = (—4.75,1.25). As is seen, the trajectory is attracted to
S, even though it travels arourid, before returning t&}, since(ug, wy) € By. Lastly, in

Figure 15d), a trajectory of (FULL) with the initial condith

(w0, wo,Y0) = (o, f(uo) — Y0,%), With @, () < uo < us, (70)
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is shown. In this caséug,v,) = (1,1.25). As is seen, the trajectory is attracted to the
periodic orbits sincéug, wy) € Bp.

Since one of the goals in this dissertation is to predict aggtdbe the solutions of
(FULL), understanding the basins of attraction is impartahenever (FS) shifts rapidly
(due to an input such as constant current pulses), the tvajes of the solution of (FULL)
will also undergo a rapid change. Thus, knowing which ihitianditions in (FS) will
cause the solutions to be attractedXpis key in predicting the responses of (FULL). The
numerical results presented in this section give a genesairgption of the location of the
basin of attraction fof2, (andS) with respect to (FS). As such, it can be used to predict the
response of (FULL) when an input incorporates rapid tramsstsimilar to those illustrated
inrows 1, 2, 3, 5, and 8 of Table 1.

In this chapter the definitions for (FS), (SS), and (AFS) wgiven. These definitions
were derived in terms of the amplitude of a constant current pulse. These subsystems
were used to compute (1) the active phase durdtipand (2) the silent phase duratidgp.
Both durations will be used in the next chapter to descrileestiiution cycle of (FULL)
when given a constant current pulse. In addition, the bafksattmaction for the periodic
orbits whenevety € (v_, v,.) was also discussed. For eagkt (v_, v;.), AUTO was used
to compute the valuess, andug,, (defined from the Liénard form of (FS)). Based on these
computations, it was determined that for an initial comatitof (FULL) (in the bistable
region) with au-value betweeng, andug, (and appropriate),-value), the trajectories of

m

(FULL) were attracted to the periodic orbits.
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Figure 15. This figure shows four different trajectoriesi®J L) (thick lines) when four
different initial conditions are chosen. In each case, §radics of (FULL) are different
and are a result of the location of each initial conditiorhwéspect to the basin of attraction
of ©, in (FS). In each figure, the (FS) bifurcation structure (times) has been included
as a reference as well 8s= 0 (dash-dot lines). Also illustrated in each figure is the
region B which represents the rangewffor eachy in the bistable range) wheis, plays

a role in the trajectories of (FS) (cf. Figure 14). For theiaicondition (ug, wo, ) =
(—2.5, f(—2.5) — 1.25,1.25), a) shows that the trajectory of (FULL) is attracted4p
since(ug, wy) = (—2.5, f(—2.5) — 1.25) € By. For the initial condition(u, wo,y0) =
(—3.5, f(—3.5)—1.25,1.25), b) shows that the trajectory of (FULL) is attracted tpsince
(ug, wp) = (—3.5, f(—3.5) — 1.25) € Bp. In c), an initial condition, which hasa,-value
that lies belowUs,, is used. Even though the trajectory of (FULL) is attractedt when
the initial condition(—4.75, f(—4.5) — 1.25,1.25) is used, it first travels arourid, before
returning toSy. Figure d) shows the trajectories of (FULL) when an initiahdition that
hasu,, < ug < ug, is used. This figure shows that the trajectory of (FULL) isaatted to
2, when the initial conditior{1, f(1) — 1.25,1.25) is used .



66

When using (FULL) to model neurons it is important to rememtb@t certain dy-
namics can occur which are unrealistic. Specifically, masués arise from the study of
the basins of attraction. For example, in the preceedingrigé®n, « was found to have a
range above the periodic orbits where an initial conditimfritfe form(u,, 0) in the Liénard
system) chosen from this range would be betwaé&handWy (cf. Figure 13a)). For such
an initial condition the trajectories of the Lieénard systeould be attracted to the periodic
orbit, and thus there would correspond an initial conditbbd(FS) which would be itBp. If
one wanted to calculate this range, similar calculatiossIAUTO) can be made as those
presented in this chapter. This would enhance the geneoallkdge for the dynamics of
(FULL), but would not provide any additional informatiornrfmodeling neurons.

To further explain why this range is unrealistic in modejingcall thatu represents
the transmembrane somal potential. As such, certain phiyigicitations on the value of
u must be made. For example, membrane potentials are typioathe millivolts range
between—100mV and 150mV with a typical resting state around60mV'. Specifically,
for certain pyramidal cells, depolarization can causeoacgiotentials at the soma which
can measure close td0 mV [55]. Since each burst cycle represents a series of action
potentials, the span between the rest state and the bugstt inelps determine a plausible
range for the potential. Since (FULL) is a phenomenological model, the rest statend
the maximum value,,., during a burst cylcle are, ~ —1.5 andu,,., = 3. If the larger
range ofu was incorporated, this would imply membrane potentialsaflde the maxi-

mum ranges observed experimentally. Thus, the range af described in Figure 13b)
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would correspond to a more realistic physiological rangmtRigure 13a). Generally, it
is important to keep both the dynamics and realistic vagiafallues in mind when using
this model. A few examples of these issues have been incindée following chapter to

illustrate many of the possible dynamics of (FULL).
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CHAPTER 4

CONSTANT CURRENT PULSES

Having established key definitions in Chapter 3, an anabfdise numerical responses
illustrated in Figure 9 can now be given. Recall that bothdégnitions and the responses
presented so far are based on using a constant current phisse types of inputs constitute
a class, and a description of the solutions of (FULL) whes thass of inputs is used will be
given in this chapter. To guarantee that either@meor the Off response can occur, we will
show that the amplitude must attain a threshold. In addition to this threshold ctodj
in order for anOff response to occur, the pulse must also be of sufficient duratin
this chapter, the threshold conditions are determined lamehécessary durations (for the
On and Off responses) are derived using both the active phase dufétiamd the silent
phase duratiod’sp. These threshold conditions will also help to provide gadiranges
for « when modeling neurons. Some examples that illustrate lplessnrealistic neuron
dynamics are also included in this chapter. For these exasnfiie basin of attraction of
2, will be important.

Also presented in this chapter is a description of a solutioffFrULL) that reproduces
the Mixed response illustrated in Figure 1c). In order for (FULL) tmeduce this re-
sponse, a constafin and Off current pulse is defined and incorporated in the model. In

order to guarantee a rebound burst, give@amesponse, a minimum duration for the silent
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phase must be attained. By incorporating the analyses tnei@n andOff responses, up-
per and lower bounds for the minimum duration are given. &leesves will also depend
on the amplitudes and durations of the cons@nandOff current pulse.

Before the solutions illustrated in Figure 9 are descrilmpresent some terminology.
First, in order to describe each response we must define Aetidartain point locations
and relevant transitions points. To do this, we adapt a suydgtsmnvention for dependent
variable values at these points for each of the differertaeses. For each response, if
P, is the point label, the®,(I) = (2 (I), ux(I)) is the point coordinate when the current
pulse is applied. Heré = hb, he, +, and—, so, for exampleP_(I) = (2_(I),u_(1))
is the location of the left most saddle-node bifurcationf) when the amplitude of the
pulse isI. To further describe the cycles, the labals F', and M are used for th©n, Off,
andMixedresponse, respectively. The labé&ls F;, andM; for i = 0,...,3, will be used
to track the numerical traces at important transition pofat each type of response. Note
that the different labels, F', and M) are used to clearly identify the differing cycles for
theOn (), theOff (F'), and theMixed (M) responses.

To illustrate how these labels will be used, relevant tri@mrspoints for theDnresponse
(cf. Figure 16) are summarized in Table 2. There, when agplé& we summarize the
leading-order times at which the points occur. Hgrés the time at which the constant
current pulse is turned on arid is the duration of the stimulus. In the tablg, is the
leading-order duration of the active phase for @reresponse. Similar descriptions will be

used to summarize the transition points for both@iferesponse and thdixedresponse.
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Label Description t
Py Hopf Point of (FS)
Py Homoclinic point of (FS)
Py Right most saddle node bifurcation of (FS)
P Left most saddle node bifurcation of (FS)
Ny Equilibrium of (FULL) for I =0 t =t
N; | Solution coordinate upon release from the active phase (to + T4)*
Ny Solution coordinate before the stimulus is turned afft = (¢ + 7")~
N3 Solution coordinate after the stimulus is turned off ¢t = (¢y +7)"

Table 2. Definition of points needed to describeresponse cycles.

Second, the projections of the equilibAg 1) = (u, w, z) of (FULL) which are depen-
dent on the amplitude valuewill also be labeled where necessary. Given (FULL)s a
root of

G(u)—h(u)+1=0, (4.1)

and depends oh. Then,w = g(u), andz = h(@). Initial conditions for all simulations of
(FULL) were chosen to b& (0), corresponding to the cell at rest.

Given these definitions, a constant stimulieffectively shifts the bifurcation structure
of (FS) inz. For example, theZ-shaped curve an@, will shift right for 7 > 0, left for

I < 0, and fork = hb, he, +, and—,

Also note that parts of the solutions of (FULL) in these figuiravel near the lower branch

(stable manifold§; (1) of (FS) as previously defined (i.&;, in (3.5) withy = z — I).
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OnResponse

In this section, we consider the dependenc®nfresponses such as those illustrated
in Figure 9 on both the magnitude > 0 and durationl’ of an input of the form of a
constant current pulse. For the solution illustrated iruFégl6, the transitions df(t) in ¢
between/ = 0 andI = 0.8 are rapid. As such, a singular approximation of that sotutio
can be described by the slow-subsystem (SS) and the avelagjeslibsystem (AFS) of
(FULL) with transition points being pieced together frone thast-subsystems fdr = 0
and = 0.8. In what follows, the relevant subsystems are used to ifjer@gions in the
(I, T) parameter plane where differe@nh responses occur.

Shown in Figure 16 are the bifurcation diagrams of (FS) for / = 0 and/ = 0.8.
Superimposed on these diagrams is @eresponse depicted in Figure 9a). Notice that
we have labeled the relevant locations of critical traosifpoints of the overall cycles.
In Figure 16a), the Hopf poink;,,(0.8) = (z,,(0.8), un,(0.8)) and the upper saddle-node
point P, (0.8) = (2z4(0.8),u.(0.8)) of (FS) are labeled. In Figure 16, thenulicline of
(FULL) is shown as the dashed-dot line passing through tiwerdranch of theZ-curve.
Given the definition ofi(u) and the values of the slow parametats= («, 5) used to
generate the responses in Figures 9, recallihat0 above the nullcline and < 0 below
the nulicline.

For the solution shown in Figure 16 the cell remains in it$ state X (0) for ¢ < .

At t = tJ, the rapid transition from poin¥, to the active phase depicted can occur only if
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Figure 16. Shows a@n response solution of (FULL) projected onto the fast sulesyst
diagrams fol = 0 (thin) andI = 0.8 (thick). Also shown in this figure is the-nullcline of
(FULL). Diagram b) is a closeup of a) showing relevant tréasipoints and the leading-
order times at which transitions occur. Also shown is the eewilibria X (1) of (FULL)
which here is close to the saddle natle.
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I > I+ where
I =z(0) —~_
is the current threshold for th@n response. Since (FS) has periodic orbits only if I ¢

(Vb, Yne), SOlutions of (FULL) are then attracted @, of (FS) provided

]_+<]_<I_hb> (42)

where
jhb = 2(0) — 'Vhb .

If (4.2) is not satisfied then two possibilities can occursgiin the case wheh,, < I, the
trajectories will be attracted t§;; and thus will not be initially attracted t3,. Second,
if I < I*, the point, is in the bistable region. Notice that for every amplitudéuea
0 < I < I, the valueuo(I) will lie above Us,, and thus will be inB;. In this case
the solution will go toS; and move towards the new equilibria without going through a
bursting cycle (cf. Figure 15a)). For the response illusttdn Figure 16,/ = 0.8 was
chosen to satisfy the conditions (4.2).

When the threshold conditions (4.2) are satisfied, solstadifFULL) will be attracted
to the periodic orbits and will move slowly right sinée> 0 above thez nulicline. For a
sufficiently large stimulus duratiofl, a transition from the active phase back to the lower
branch can occur i.e., when the pulse duration is greaterttieactive phase duration. In

this case s is defined as the leading-order time fg) to increase from its entry point
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z(0) in the active phase to the homoclinic pointgt(I). Thus,

B s dry
Ta=Tall) = /Z@_I— W) -+ D #.3)

where (recall from (3.25))

Tp(’Y)
a(y) = / Ou(t, ) dt,
0

and(?; is theu component of the periodic orbits defined in (3.4). Note thidtoagh 74
depends explicitly od, the averagé does not.

Thus, if T > T4 a (rapid) transition at = z,.() to Sy (I) can occur (i.e., Poin;
on Figure 16b)). When such transitions occur, since thetpéins below thez nullcline,
the projection of the solution will travel neal, (1) and proceed slowly to the left until the
stimulus is turned off at = (¢t + 7') ™. Sincel(t) = 0 fort > (to + T'), (FS) shifts rapidly
(left) back to its original position and a transition backp(0) can occur (i.e., the rapid
transition from point/V, to point N5 in Figure 16b)). In this case the point, lies in the
monostable range ¢f;(0), and the transition fron¥, to N3 does occur. For all remaining
time afterwards the solution is attracted back toward thalibgia X (0).

For the model and stimulus parameters used to generateeFiguhe aforementioned
description applies. For other values (@ T') the cycle description may differ, and we
include some comments here. For example, in Figure 16 nat&tY) < S, (7). However,
for I sufficiently large,X (I) € Sy/(I). In this event, the solution of (FULL) could burst

persistently fofl” sufficiently large. Indeed, iX (1) intersects the homoclinic point of (FS),

chaotic dynamics are possible [77]. As an example, Figudy 4Hows that multiple bursts
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are possible if the duratiof is sufficiently large. It is therefore of interest to detemmi
those! values for whichX (I) € S;(I), and the values for whiclX (I) € Sy,(I) and
z(I) < z,(I) (to avoid the chaotic dynamic case). The threshold vdjyefor which

X (I) € S;.(I) can be obtained by setting=u_(0) = —1in (4.1), is:
In=hu_)—Gu_)=—(F1+a)+1) . (4.4)

The valuel,,. for which X (I) intersects the homoclinic point can be obtained by setting
u = up(0) in (4.1):

Ine = h(unc(0)) = G(une(0)) . (4.5)
Depending on the fast parameter 3¢t it is possible that eithef,, < I, Of Ij,. < Ip,.
Thus, in order to guarantee a rapid transition to the actiaesp and assure that /) does
not intersect the homoclinic point, the stimulus amplitndest be smaller than the upper

bound valud/,;, defined as:
jub = minimum(fhb, jhc) . (46)

For the fast parameter sk} used to generate Figure 18, = Ij...

A second issue to note is thatlif < I < I, andT < T, thenz(to + T)* < zp.(I).
The response under these conditions depends on the vahig of 7')*. If the duration
is too short,z(t, + 7)™ may be in they-range(vy_, v..) where (FULL) is bistable (cf.
Figure 10a)). I2(to + 1) € (7—, Yhe), then(u(to+T) ", w(te+T)T) will either be inBp
orinByg. If (u(to +T)",w(to +71)%) € Bp, the solution will be attracted to the periodic

orbits and will travel to the right until it exits af,.(0) (then the solution will travel on



76

S (0) towardsX (0)). Thus, the solution may continue to spike even after thagtis is
turned off. The number of these post stimulus spikes (PSBdepend on the (FS) and
the fast parameter sgt. An example of this type of response can be found in Figurg.17a
For the examples illustrated in Figure 17 the stimulus aiugdi was chosen to de= 1.8.

On the other hand, ifu(to + 7)), w(to + 7)) is in By, then the pointV; will be on
S1.(0) rather than or5, (1) (in contrast to the case illustrated in Figure 16). In thiseca
the solution will simply tend back to the equilibria of (FULAt /V, without going through
the transitions at the point8; and N;. Under these conditions the response will occur
for the entire duration of the stimulus (cf. Figure 17b)).r Both of the cases described
above, the value ofi(t, + 7)™ cannot be explicitly computed using (AFS) and thus the
point (u(ty + T)*,w(ty + T)*) cannot be guaranteed (although it may be possible with
other analyses) to be in eithBp or B;,. Even though under certain conditions the response
may continue to spike upon release, @reresponse (spiking) will at least occur during the
entire duration of the stimulus whet < I < I, andT < T4.

It may also be possible to have (PSS) for a large durdtian 7'4. If the duration is
large enough to allow multiple bursts, then by choosihgroperly, the stimulus may turn
off before the response can complete the next bursting clraere 17c) shows an example
where the stimulus is turned off before the solution can detefhe second cycle. In this
case(u(to + 1) ", w(to + 1)) € Bp, and results in the presence of PSS upon release of
the stimulus.

Many of the dynamics described above and specifically fastl in Figures 17a) and
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Figure 17. This figure shows the response of (FULL) for thenstus amplitude value
I = 1.8 and various durations. In each figure the black line repteste time duration
of the input. In a)I" = 10 is chosen smaller thafi,, and the response continues to spike
after the stimulus is turned off. For a duration vallie= 50 < T4, b) shows that th©n
response will occur during the entire duration of the stimsuBoth responses in a) and b)
show that for the valued, T') corresponding to region (b) in Figure 19 tbe response at
least occurs for the entire duration of the stimulus. Figyrehows that the (PSS) found
in &) may recur if the duration is large enough. By choosihg 268 > T4 the stimulus
is turned off before the solution goes through the seconstimgy cycle creating the post
stimulus spiking. For the duratioh = 400 > T4, d) shows that multiple bursts may
occur. Also notice that in d), the cycle has two silent phasatibns. The first duration,
Tsp,, occurs between the two bursting cycles, and the dilyey is the duration between
the second burst and the time the pulse is turned off.
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Figures 17c), are examples of dynamics which may be untieaibien modeling visual
neurons. Recall that a constant current pulse can be usedutate ann vitro experiment
where currentinjection is used. When this is the case, msuwto not generally exhibit PSS.

If on the other hand, as a result of emvivo experiment, a neuron has a response similar
to those in Figure 17a) or c), then perhaps the response casn@sesult of the network
properties or synaptic plasticity. Therefore, knowing wiyaes of neuronal responses that
can occur can help to determine the different dynamics ofL{fUvhich are applicable
when modeling neurons. On the other hand, understandindyti@mics of (FULL) can
help determine plausible responses of neurons. To conthiglsection, a summary of the
preceding results are found in the Table 3. These resulslsoadepicted in Figure 19 for
positive values ofl. In Figure 19, the regioih) corresponds to the first row of Table 3;
region(c) corresponds to the second row of Table 3: redircorresponds to the third row
of Table 3. Thus, the type @nresponse depends on both the synaptic current’s amplitude

and duration.

Stimulus Conditions Outcome

It <I<1I,,T <Ty4() | Onresponse for at least the entire duratior] of
stimulus (cf. Figures 17a) and b))

It <I<1I,,T>Ty) | Onresponse always terminates before
stimulus terminates (cf. Figure 9a))

I, <I<1I,,T >T4(I) | Other dynamics possible (e.g. solutions sych
as those illustrated in Figures 17c¢) and d))

Table 3. A description of the possible responses give@mastimulus.
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Off Response

A similar cycle can be described for ti@ff responses illustrated in Figure 9b). The
conditions needed for a@ff response differ from those of @n response in such a way
that to guarantee a®ff response, a sufficiently large duration is needed. Simidahe
regions in the I, T') parameter plane where @mresponse can occur, we identify a region
inthe (I, T) parameter plane where @ff response can occur. Here again, the transitions
of I(t) in t are rapid, therefore the fast dynamics of trajectories bfiL(E) can be pieced
together from different subsystems.

In Figure 18, the (FS) shown are for= 0 andl = —1.8, and again the cell is assumed
to be at its rest stat& (0) for t < ¢,. The z nullcline of (FULL) is also shown as the
dashed-dot line passing through the lower branch ofttoairve. Recall, that > 0 above
the nullcline and < 0 below the nulicline.

At t = t§ arapid transition from the poirf, to the point/; on the lower brancl;, (1)
can occur (conditions for this transition are describedhatend of this section). Since the
point I} is below thez nullcline, the projection of the solution will travel ne&f (1) and
proceed slowly to the left until the stimulus is turned oft.tA= (t,+7")* arapid transition
to the active phase can occur only if the duratioof the stimulus is sufficiently large and

z(to +T') € (v, v—). This latter restriction can be satisfied only if

jlb<j<j_, (47)



80

wherel;, and I~ are certain minimum and maximum thresholds forGffiresponse, re-

spectively. To compute these thresholds first note thatdailieria X (1),

z—1 = G(u)
z = h(u) )
from which we deduce
I =2z-G(h(2)). (4.8)

Using this equation, the maximum threshold is givenby= »_ — G(h~1(z_)). This con-
dition guarantees that7) < z_(0). Similarly, the minimum value of which guarantees
thatz,,(0) < z(I) is given byly, = 2,,(0) — G(h™1(21(0))).

Moreover, as previously mentioned, a sufficiently largenstus duration is also needed
to have arOff response. To determine this duration, we use the silenepthastion’s p.
ForI < 0, the leading order approximation of this time is that dunmativhere the solution
of (FULL) travels alongS, (1) from z = 2(0) to z = z_(0). Thus, the threshold duration

given by

- z-(0) dz
Ty = Ts(I) = /Z(O) eI (4.9)

is defined as the minimum silent phase duration necessagnfoff response (or rebound
burst).
The value offs(I) in (4.9) is the leading-order value for the minimum duratignich

assures that the poift (cf. Figure 18b)) is in the monostable region{df upon release of

the stimulus. Ifl" > T and (4.7) is satisfied, a rapid transition to the periodiaterticcurs
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Figure 18. Shows a@ff response solution of (FULL) projected onto the fast sulesyst
diagrams for/ = 0 (thin) and/ = —1.8 (thick). Also shown in this figure is the-nullcline
of (FULL). Diagram b) shows the relevant transition pointsl ahe leading-order time at

which these transitions occur.



82

att = (to + 7). In this casez(t) will increase slowly until it reaches = z;,.(0), where

a transition from the active phase to the pafjtthen occurs. The solution will then tend
back to the equilibria of (FULL) at point;,, completing the cycle for a rebound burst. The
region in the(Z, T') plane for which these conditions are satisfied for (FULL )lisstrated

in Figure 19.

An issue to note with th©ff response described above relates to the transition that
occurs fromF; to Fy. This transition will occur whenever < I, = vy — Vs, Since for
these values of, Fy lies in the monostable region 8f,(7). On the other hand wheh <
I < I, att =t}, Fy may liein the bistable region of (FS) whén= I. When this happens,
as long agry, € B, then the transition fronk}, to £; will occur as described above. This
condition is guaranteed sineg lies above the computed curtg;,, (cf. Figure 15) and
below,,(v) for all values ofl € (I,, 1) andy € (y_, V) (i.e., (i, 0) € By, defined in
Chapter 3). Thus the transition frofy to F; is guaranteed to occur as described above.

The results of the preceding sections show that when a gar=iaent pulse is used,
(FULL) can reproduce both th&n and Off responses. These responses will depend on
both the input’'s amplitude and duration. Figure 19 illustsgparameter regions férand
T where these responses can occur. In this figure, the minimuatidn to guarantee an
Off response]’, is shown on the left side of the graph as a functiod ofThus, for the
amplitudes and durations in region (a), @ff response is guaranteed to occur. On the
right side of this figure, the active phase durati®h, is shown as a function af. Also

illustrated on the right side of this figure are the regiongkeltertain types ddnresponses
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Figure 19. A categorization for the different responsestiam input duratiori” and
amplitudel. For negative values af, the threshold valueg,, andI~ are labeled. The
minimum durationTs for an Off response is plotted to provide the lower bound for the
region (a) where a@ff response occurs (PIR). For positive value$,dahe threshold values
I+, I, andl,;, have been plotted. The threshold durationfor theOnresponses has been
plotted to create the regions (b), (c), and (d). In regiongpiking will occur at least during
the entire duration of the input. In region (c), the spikinig) terminate before the input is
turned off. In region (d), the response will burst, but depeg on the duratiof’, it may

go through more than one bursting cycle.

can occur. For the region (b), dynamics such as those #itestiin Figures 17a), and b) are
possible. There, th@nresponse will occur for the entire duration of the input etreugh
PSS may be present. For the region (c), only one burst cygkissible and a response

similar to the one illustrated in Figure 9a) can occur. Fear tagion (d), dynamics such

as those illustrated in Figures 17c), and d) are possibleéhdrfollowing paragraph, we



84

brieftly discuss the response of (FULL) when the val(gs") are not in the regions (a)-
(d) of Figure 19. Although an example is included there, wik mat give further analysis
for these regions in this study.

lllustrated in Figure 20 is an example of a numerical solutidd (FULL) when the
amplitudel = —55 is used. The response shows that for this amplitude and ai@hura
T = 10, a rebound burst occurs. Notice that (1) this amplitude ptiins unrealistic
when modeling visual neurons, and (2) these conditions @irefathe range discussed in
Figure 19. When (FULL) is given a constant current pulse lhils type of amplitude,
the fast-subsystem shifts far to the left. When this occtlms,fast dynamics attract the
solution toS;(—55). Once this transition occurs, the solution will travel ajche lower
branch until the pulse is turned off. In this exampleyalue att = (¢, + 7)™ (i.e., the
point F;, as illustrated in Figure 18) is to the left of the saddle nodiefP_ and thus is in
the monostable region ét,. Even though a short duration was used, a PIR response can
still occur. Due to the dynamics of (FULL), many differenpgs of responses are possible

even though they may not all have realistic physiologicahniegs.

Mixed Response

To reproduce thdlixedresponse illustrated in Figure 1c), we use a combinatioheof t
On and Off responses discussed in this chapter. In this section weilblesc numerical
example which reproduces tiixed response. This description will be presented in a

manner analagous to the previous descriptions foQthandOff responses.
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Figure 20. This figure shows that a rebound burst can occuarfiplitude and duration
values not discussed in Figure 19. In this figlire —55, and7T = 10. The time duration
of the input is given as the black line (thick). Even thougklaound burst occurs, this type
of input amplitude is unrealistic when modeling visual reng. Notice that the resulting
initial spike also has an unrealistic amplitude value. Mtnadess, this illustrates that the
basins of attraction can play an important role when desagithe dynamics of (FULL).

In order to reproduce thklixed response the constant current pulse must be altered.
Recall that in theMixed response, the cell is given two simultaneous stimuli. To ehod
this, assume that the cell is receiving input from both theitatory and the inhibitory
synapses. Also assume that the stimuli inPhgsandMinusparts cause the cell to receive
inputs from excitatory and inhibitory synapses, respetyivin this case, the input from
the excitatory synapses is assumed to be felt immediatiatgwill last only for a duration
T, < T, whereT is the total stimulus duration. The input from inhibitorynsypses is also

assumed to be felt by the cell immediately but lasts untilgti@ulus is turned off. For

convenience, define the duratidn = T — T; to describe theOff’ part of the stimulus. To
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be specific, define a “consta@n andOff current pulse” as

It) =1 (Hit—t) —Ht—to—Ty))+I_(Ht—to—Ty)—H(t—to—T)). (4.10)

Even though this type of pulse is different from a constamtesu pulse, it still involves
rapid transitions at = tq, t = to + 11, andt = t, + 17 + 15 similar to those for (2.25).

In Figure 21, the net synaptic current given by (4.10) is sumgosed over the voltage
u(t). Notice that this reproduces tiMixedresponse illustrated in Figure 1c). In this case
I, =08, I_ = —1.8, Ty = 50, andT, = 200. Similar to a constant current pulse, to
guarantee this type of response, certain thresholds fand/_, and certain durations,
andT; are needed. Many of the preceeding analyses can be implediendescribe these

thresholds and durations.

uuwuuUL

I I I I I I I
450 500 550 600 650 700 750 800 850

—2b

Figure 21. This figure showsMixedresponse of (FULL) when given a const&n and
Off current pulse. For the response illustrated in this figlre= 0.8, I_ = —1.8, 77 = 50,
and7; = 200.
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For the solution illustrated in Figure 21, the transitiofis/¢) in ¢ betweenl = 0,

I, =038, and/_ = —1.8 are rapid. Thus, the fast dynamics of the trajectories of (U
can be pieced together from the different subsystems in igasifashion to thedDn andOff
responses.

lllustrated in Figure 22a) is the first part of the solutiong(©On part), and the second
part (theOff part) is shown in Figure 22b). Also illustrated in this figare the bifurcation
diagrams of (FS) in for I = 0, I, = 0.8, and/_ = —1.8. To describe thiixedcycle,
we use the same subscript convention defined at the begiohithgs chapter. Here, the
labels P, (I) for k = hb, he, +, and—, are used to illustrate the critical points of the (FS)
for each part of the solution. Also, the points labeledyfor i = 0, 1, 2, 3, are the critical
transition points for thdlixedresponse.

Again, the cell is assumed to initially be at its rest st&t@) for t < to. Att =t/ a
rapid transition from the point/, to the active phase can occur onlyfif > I*. In this
example the solution then moves right in the active phasi unrt (¢, + 7)™ where a
transition to)M; occurs. For this particular solutioit; < T4, and a rapid transition té/;
occurs without a transition at the homoclinic bifurcatiosirg. Note that sincd; < T4
theOnresponse occurs during the entire durafionAlso, instead of a transition t8;,(0),
as illustrated in Figure 16, a transition.$p (—1.8) occurs. This describes the first part of
the Mixedresponse as illustrated in Figure 22a). Notice thaitQheart will be governed
by the same threshold conditions given in Table 3.

The description for the second part of théxed solution is not very different from the
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b)

Figure 22. Shows Mixedresponse solution of (FULL) projected onto the fast-sutesys
diagrams for/ = 0 (thin), I = 0.8 (thick, right most), and = —1.8 (thick, left most).
Diagram a) shows the relevant transition points for@mgart of the solution. In a) a rapid
transition from the poinfi/, to ©2,,(0.8) occurs at = ¢/. The solution then travels along
the active phase unttl= (¢, + 71)*, where a rapid transition to the poiff; occurs. In

b) the continuation of the solution illustrated in a) is simowl he solution travels along
Sr(—1.8) from M; to M,. At t =ty + Ty + 15 the stimulus is turned off and a transition
from M, to 2p(0) occurs. The solution will then travel right and will exit &ethomoclinic
point where a transition to the poidt; occurs. This finishes the rebound burst, and the
solution will travel alongS7,(0) until it reaches the equilibria dt,.
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description of theOff response illustrated in Figure 18. For the tinfes+ 77)" < t <
(to+11+1T»)~, the solution travels alongj, (—1.8) to the pointh/,. Att = (to+T11+713)",
a transition from/\/, to 2,(0) can occur so long as, < z_(0) (which is the case in this
example). Once in the active phasé.) will increase slowly until it reaches,.(0) giving
rise to a PIR burst, where a transition backStq0) (i.e., the point)/;) then occurs. The
solution will then tend back to the point,, completing theMixedresponse cycle.

The conditions which guarantee tléf part (or rebound burst) of thdixed response
will be different than those described in the previous sectiTo be specific, for th©ff
responses (nd¥lixed) the minimum duratiorf’s needed to guarantee a rebound burst is
given on the left side of Figure 19, and only depends/orFor aMixed response, the
minimum duration needed to guarantee a rebound burst wil @pend on the amplitude
and duration of then part (I, andT}). Specifically, the minimum duration needed to
guarantee a rebound burst for a cons@nandOff current pulse will depend ot(t,+17).
But this value is different for everyl, , T;) pair and therefore depends on e part of
the stimulus. Nevertheless, we compute this minimum domatio leading order, using
(4.9) to be:

-(0) dz

Teo = Tso(I,. I, T :/ _ . (4.11)
s0 = Tsolly 1 s(to+my) Plurp(z —12)) — 2

Using the (AFS) of (FULL)z* = z(t, + T}) is defined implicitly by

*

[ dry
T= /Z(O) ) — (7 1 1) #-12)

so that, in principlez* depends or, andTy, i.e.,z* = 2*(I,,T}). With this observation,
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we can rewrite (4.11) to more clearly delineate the deperelefil's; on (I, I_,T}) as

Tso(I,, T T)—/Z(O) dz (4.13)
SOV c(fpm) Purp(z —12)) — 2 '

Unfortunately, explicit solutions of*(I,,T}) from (4.12) elude us. Numerical methods
might be applied to determing (I, T}) but the approach taken here instead is to find
explicit conditions which are sufficient (but not neces$doy a rebound burst to occur in
the constan©On andOff current pulse case.

We would like to obtain sufficient conditions that guarantaeOff response given
(I,,T7). To do this, we first define different regions in the_, 71) plane. These regions
are illustrated asc), (¢), (f) and(g) in Figure 23. To define the sufficient conditions in
these regions, we use three different definitions of dunatio

First, define the active phase duration:

Tuns = Tuna(LL) = / R B (4.14)
s0)-1,. P(a(y)) — (v + L)

This duration describes the leading-order time of a trajgcentering the active phase
atz = z(0) — I, to reach az-valuez = z(I,) wherez(I,) is the z-coordinate of the
equilibria X (1) = (a(l,),w(l),z(I.)) of (FULL) with I = I,. This duration will be
used to guaranteg 1) < z(to+Ty) < z.(1) for particular choices df}. A numerically

computed graph df'4,, is illustrated in Figure 23.

Second, define the following two silent phase durations:

Tox = Tsx (I, I )—/Z(O) dz (4.15)
SX SX +5 L= Z(I_+) h(uLB(Z _ ]_)) — ? "
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Figure 23. This figure shows the duratidi,, for eachl, in the threshold range. This
curve gives the minimum duration for ti@n part that will guaranteg(l,.) < z(t,+ 1) <
zne(I,). Notice that this curve lies below the cur¥g for all I,.. For any pair(I,T})

in the regiongc), (e), and(g), lower and upper bound curves for the minimum duration
Tso needed to guarantee a rebound burst give®@apart are given by (4.15), and (4.16)
respectively. For any pair’, , 7} ) in the region( f), the upper bound curve for the minimum
durationTso needed to guarantee a rebound burst give®apart is given by (4.15).

and

Tsu = Tsu(I1, 1) / - & (4.16)
SH — LSH s L) = = . .
’ ane(ly) Plurp(z — 1)) — 2

Given the general definition of the silent phase duratiogadton (3.18) in Chapter 3 for
Tsp(Vin, Yout)), these are the leading-order durations for trajectodésavel alongS,, (7_)
from z = z2(I,) andz = z,.(I,) to z = z_(0), respectively. Now that the definitions of
Tam, Tsx, andTsy have been established, a description of the leading-osagemdics for

(I.,Ty) pairs in regionsc), (e), (¢), and(f) of Figure 23 can be given.
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The durationsl'sy andTsy will eventually be shown to be lower and upper bounds
for the minimum duratioril’so needed to guarantee a rebound burst giverDarpart.
We use the criterig(I,) < z(to + T1) < zn.(I.) (see Figure 22a) to see this is true
in that simulation) to show thafsy and7Tsy are the lower and upper bound durations,
respectively. The conditions that guarantdé,) < z(to + T1) < zn.(I;) have been
divided into the regionéc), (e), and(g), and are described in further detail below. Also, a
summary of the bounds fdrs, in the subsequent discussions and the sufficient conditions
(needed to guarantee a rebound burst) for the durdticare summarized in Table 4 for
each region of Figure 23.

Assume thatl* < I, < I, andT; > T4. These conditions will guarantee that
only a single burst in th®n part of the solution can occur, and represent the regibm
Figure 23. For the values @f. andTj in this regionz(I}) < z(to+T1) < zn.(I.). To see
this more clearly, consider the maximum and minimum locetiof thez(¢)-value in the
On part of the solution of (FULL) for the duratidf;. While the solution is in the active
phase, the(t)-value will cross thez(7, )-value (at timet = T4,,) and will proceed to the
right through the active phase towards the homoclinic valdace this crossing occurs,
the minimum value that (¢, + 7}) can attain isz(I,). SinceT; > T4 the solution will
undergo a rapid transition 8, (1) at z,. and will continue to travel oi$;(I.) to the
left towardsX (I, ). Thus, the maximum value thatt) attained isz,.(1,). Knowing that
in this regionz(I.) < z(ty + T1) < zn.(I}), lower and upper bound durations for the

minimum duration (needed to guarantee a rebound burst giné€dn part) are given by
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Tsx andTysy, respectively.

In region(e), similar conditions will apply. In this region,* < I, < I,,,, andT 4y, <
T, < T4. Again, while the solution is in the active phase, #ié)-value will cross the
z(I,)-value (at timet = Ty,) sinceTay < 11 < T4, but will not reach the homoclinic
point z,.(I..) (sinceT} < T,). Therefore in regiotte), (1) < z(ty + T1) < z1.(I,) and
lower and upper bound durations for the minimum duratioe¢ieel to guarantee a rebound
burst given arOn part) are once again given B x and7sy, respectively.

In region(g) of Figure 23,1, < I, < I, andTy, < Ty < T,. For this region, notice
that theOn part of the pulsd€’ terminates before the homoclinic point is reached by the
solution. Inthis case;(1,) < z(to+T1) (SiNC€T 4y < T1) andz(to+11) < zne(I4) (since
Ty < Ta), and so the duratiorBsx and7Tsy can be used for lower and upper bounds in
the region(g) as well.

In region (f) of Figure 23,I" < I, < I, andTy < T4y For these parameters it
is certain that(¢, + T1) < z(I,). Notice that since:(t, + T}) < z(I.), an upper bound
duration for the minimum duration needed to guarantee austhburst can be found. For
the region(f) the upper bound for the minimum duration needed to guarantebound
burst given arDnresponse is given b¥s . Unfortunately, a useful lower bound value for
z(to + T1) cannot be determined sineé = z(t, + 77) can have any value in the interval
(2(0), 2(1,)) for general duration®; < Ta,,. Consequently we do not find a useful lower
bound duration in this case.

Since the goal is to obtain sufficient conditionsi@rio guarantee a rebound burst given



94

(I.,Ty), the upper bound duration in each region gives such comditid summary of the
preceeding results for each region of Figure 23 can be fonAdlle 4. In this table the
sufficient condition or¥; is given in the last column for each corresponding regiorusTh
given (I,,Ty), by choosingl’; appropriately a rebound burst is guaranteed (to leading

order) to occur.

Region Definition DurationTso required for PIR| Sufficient Condition
(C) j+ < I_+ < jm Tox <Tso < Tsy T5 > Ty
T, > Ty
(6) It < j+ < jm Tox <Tso < Tsy T5 > Ty

TAM<T1 <TA

(9) L, < I < Iy Tsx <Tso <Tsu 15 > Tsy
Tap <Tip < Ty

(f) j+ < j+ < jub TSO < TSX T > TSX
Tl < TAM

Table 4. A description of the sufficient conditions on theadian 75 needed to guarantee a
rebound burst (PIR) given adnresponse resulting from an amplituieand duratiori; .
lllustrated in Figure 24 are the lower (where appropriate) apper bound durations
for four different (7, T}) pairs corresponding to the different regions of Figure 28r F
Figures 24a), b), and cJ4; < 73. In a) the valud, = 0.5 was used, while b) shows the

bounds when', = 0.8, and c¢) shows them wheh. = 1.5. In figure c), these bounds are
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only valid whenTy,; < Ty < T4. For every value of , the minimum duratiorf}, needed

for an Off response given a@®n part will lie between these curves. Thus to guarantee a
rebound burst when a constadh and Off current pulse is used, for valuesBf,;, < T}

one can simply choose the duratidgy; (1, ). In Figure 24d), the upper bound cur¥ey

is shown forl, = 1.5 whenT; < T4,,. In this case, to guarantee a rebound burst when a
constantOn andOff current pulse is used, for valuesBf < T'4,; one can simply choose
the durationil, > Tsx (1..).

Even thoughMixed responses can be generated using a con§arand Off current
pulse, they still can be difficult to analyze. Unfortunatetys type of synaptic input may
not be very realistic. In the next chapter, a simNéixedresponse is produced by using a
net synaptic input which incorporates some of the shapes Trable 1 and models a more
natural synaptic input than the const@n andOff current pulse.

To summarize this chapter, first we described the numeridatisns of (FULL) which
reproduced each response illustrated in Figure 1. For ataansurrent pulse, certain
threshold conditions and durations were needed to guar@mtandOff responses. Using
a similar constan®n andOff current pulse, much of the same analysis was used to deduce

certain bounds to guarantee that bothCamand anOff part occur for theMixedresponse.
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Figure 24. Shows the appropriate lower and upper bound sUrye andTsy for three
different values of .. In a) the curves were generated for the value= 0.5 andT 4y, <

Ti. In b) the curves were generated for the value= 0.8 and74,, < 7. In c) the curves
were generated for the valdg = 1.5. In each of the figures a), b), the bounds are valid
only whenT's,, < T7. In ) these bounds are valid only whe&i,,; < T} < T4. In each

a), b), and c) the minimum duration for &ff response must lie between the two curves.
Figure d) shows the upper bound cufligy whenl, = 1.5 andT} < Tyy;.
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CHAPTER 5

MONOTONE SLOWLY DECREASING INPUTS

Introductionto Mixed Response

The goal of this chapter is to understand and predict theoresgs of (FULL) when the
synaptic input is taken to have monotone slowly decreasngn$ similar to those illus-
trated in Table 1. Since this can be in general very com@datve will analyze (FULL)
only for a certain class of input&(t). The development of this theory leads directly to
a mathematical formulation for analyzing the class of nateaomous bursting models
presented in (1.1)-(1.2).

First, we give a numerical example of the solutions of (FUlas)a consequence of
monotone slowly decreasing inputs. This example showgEwitL) can reproduce both
the Off and theMixed responses with synaptic inputs of the forms found in Tabldd.
understand these responses, the class of “smooth mondterig decreasing” inputs will
be defined. In this chapter, the analysis is limited to theat$f of synaptic inputs which
fall into this class. When inputs from this class are incogped, we will show that (FULL)
(non-autonomous) can be augmented to an autonomous sysfenr equations. In this
study, it is assumed that the augmented system will have dasteviriables and two slow-
variables. To analyze the augmented system, and as a resualtiltk the responses of

(FULL) under monotone slowly decreasing inputs, we redeffireeslow-subsystem and
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the averaged-fast-subsystem. These subsystems will thpiebed together to explain the

solutions of (FULL) and the dynamics behind each response.

NumericalExample

In this section, we give a numerical example of how (FULL) caproduce thélixed
response. For this example, assume that the stinf@tusncorporates the input from both
excitatory and inhibitory synapses. In addition, we asstimaé the cell’'s receptive field
is given two stimuli simultaneously resulting in excitat@nd inhibitory synaptic inputs
which activate quickly and slowly, respectively. To modest assume that for the stimulus

I(t) = 1.(t) + I_(t) (compare with (2.3)),

L(t) = I(H(t—1t)—H(t—t—T)) (5.1)

I(t) = L(H(t—t) = H(t —to = 1) (—m— (™ = 1)) (52)

As in the model development described in Chaptdr, 2¢) defined in (5.1) models excita-
tory input (/. > 0) to a neuron which activates and inactivates very quickiya kimilar
fashion, I_(¢) defined in (5.2) models an inhibitory input (usidg < 0 and the form
given by equation (2.10)) to a neuron which is slow to acévait quick to inactivate (at
t =ty + T). As areference, the shapes far(t) and/_(¢) described here correspond to
the shapes in rows 1 and 3 of Table 1, respectively. Temp@eds for these inputs are
illustrated in Figure 25a) and b). lllustrated in Figure RBcthe synaptic input given by
I(t) = I.(t) + I_(t). Notice that when synaptic inputs of the forms illustratedig-

ure 25b) and c) are used, (FULL) is a non-autonomous burstiodel with a monotone
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Figure 25. In this figure, a) shows the general behavior fdfast” On “Fast” Off synaptic
input as in (5.1). b) shows the “Slovwdn “Fast” Off behavior described in (5.2). ¢) shows
the sum of the inputs from a) and bjt) = I, (¢t) + I_(t).

slowly decreasing input.

In all simulations and analyses (in this chapter), theahitbnditions are assumed to
be onS;, at the equilibrium valueX (0). When modeling neurons, recall that this condition
assures the cell is at rest before the effects of the idpytare taken into account. By
using the stimulud(¢) = I, (t) + I_(t) defined by (5.1) and (5.2) we can reproduce the
Mixed response. Figure 26 shows the solution of (FULL) for the tapepresented in
Figure 25. Figure 26a) shows ti@n response corresponding to a constéht= 0.8)
stimulus idealizing a “fast” to activate “fast” to inactieainput. Figure 26b) shows that an
Offresponse still occurs when the stimulus is “slow” to act\atd “fast” to inactivate. The
stimulus input in this case is given by (5.2). lllustratedrigure 26c¢) is aMixedresponse.
Notice that theMixedresponse is similar to the one illustrated in Figure 21 ehengh a
monotone slowly decreasing input was used instead of aaot@3h andOff current pulse.

To motivate the analysis needed to describe the responBéegire 26, a crude descrip-
tion of the cycles in Figures 26b) and c) is given here. Nate the response illustrated

in Figure 26a) has already been analyzed in Chapter 4. Inré&26b), the synaptic input
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Figure 26. This figure shows that each response in Figure lbeareproduced using
(FULL). In each figure the thick line represents the net syisapput. In a), arOnresponse

is shown. By assuming a “slow” to activate and “fast” to inate inhibitory synaptic in-

put, b) shows that (FULL) can reproduce the PIR response), lthe Mixed response is
reproduced using a synaptic input which is a combinatiorhefexcitatory input from a)
and the inhibitory input from b).
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is inhibitory and at = ¢, a transition to the slowly varying lower branch occurs. Huaa t
entire durationl’, the solution travels near the lower branch in the “silerdq@i of the
cycle. Then, at = t, + T the synaptic input inactivates quickly and a rapid traositio
the “active phase” occurs. Even though O response is similar to that when a constant
current pulse is used, the description of the cycle is dffiedue to the slowly activating
inhibitory input. Here again, the threshold conditions aldations needed to guarantee
an Off response will be determined for a monotone slowly decrgasiput. To describe
these, we define and analyze the slow-subsystem of the noneamous system.

The cycle for Figure 26c¢) is in general similar to the one desd for the constant
On and Off current pulse. In this case, a rapid transition to the aqgtivase occurs at
t = to. This transition will occur so long as the threshold cortis for theOn response
(as illustrated in Figure 19) are satisfied. Under certameghold conditions and input
durations, a transition from the active phase to the silaasp will occur at some timg,
with t, < T, < to + T (which is the case in this example). When this transitioruogcthe
solution then travels near the lower branch in the silensphortion of the solution until
t =ty + T. If T is large enough then a rapid transition back to the activegbacurs and
the PIR part of thiMixedresponse is manifested. To analyze this type of solutionseean
averaged-fast-subsystem to describe the solution in tiheegghase and a slow-subsystem
to describe the solutions in the silent phase.

Given the responses illustrated in Figure 26, one of thesgafathis chapter is to find
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certain conditions on the type of inputs that can cause ttesg@wnses. The numerical ex-
ample is meant to provide motivation for the possibilitytthidferent rates of activation can
have an effect on the types of responses seen in neurons. Wauall examine questions
such as “how do solutions change when different rates ofaain (of the synaptic input)
are considered?”. To do this, we first give a description eftfipes of inputs that will be

used for the remainder of this study.

Classof Inputs

In this section, we define a different class of inputs that @ used in analyzing
(FULL). The objective in this section is to find an initial v problem whose solution is
the given synaptic input. This will allow (FULL) (hon-automous) to be rewritten as an
augmented system of autonomous equations. To do this, wediise a class of smooth
monotone slowly decreasing inputs. We also assume thavttet®n of the input occurs
on the slow time scale and can be written/ds) wherer = ¢t. Thus, we make the

following definition:

Definition 1 The class of function§ consists of all those functiords: R — R such that

I(t)=0forall T < tyandforallT >ty + T (5.3)
I(1) € C'[to, to + T (5.4)
I'(t) <0 forall 7€ [to,to + T7. (5.5)

If we definel, = I(ty) andIr = I(ty + 1), then given any(7) € C there exists a
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function Hy(1), Hs : [1y, IT] — R, such that/(7) is the solution to

dl
— = Hy(/ I(ty) = 1 5.6
o = (1), (to) = Iy (5.6)
for 7 € [to,to + 1. Indeed, notice that(r) € C impliesIy < I(1) < I, forall 7 €
[to, to + T']. Moreover, forl € C, I'(t) < 0 for all 7 € [ty,to + T'| implies there exists a

functionW (1), U : [Ir, Iy] — R with ¥'(I) < 0 andr = W (I(7)) for all 7 € [to, to + 1.

Given this, consider = ¥(/) and differentiate with respect toto get

dl
— I T
1=V (I)dT.
This implies that
dl 1
ar W) Hy(I) (5.7)

from which it follows that for/ € C,

dl
= M(I), forall 7 € [t, o + T
.

for someH, (1) as is stated in (5.6). For example, suppose tlat = (H(ty) — H(to +
T))(—7+Iy). Thenforr € (to,to+71), I(1) € Cwith W(I) = —I + I,. For this example
Hy(I)=—-1<0forall Ir < I < I,.

Note that the synaptic inputs|(¢)| generated in Table 1, rows 3-6, fall within this
class. lllustrated in Figure 27 are two such generic exasnpiéunctions which are in the
classC, Notice that these shapes are similar to the ones genenatbd bynaptic model in
Chapter 2 which are illustrated in Table 1 (as previously tioaed).

Biophysical inputs typically will have some saturationeeffs and/(7) will have a

uniform lower bound no matter how largeéis. This implies that there may exist dp;,
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Figure 27. Two examples which illustrate the types of genemputs that belong to the
classC.

such that/(7) > I,,;, for all 7. To consider this issue, we define a sub-clasg.ofhere
are many ways to describe a sub-class of infiytef C having this property. What will be
important is that they have a lower bound value foriao that we may define a trapping

region later. Here, we choose to make the definition of thectas as follows:

Definition 2 The sub-class of function§,, consists of any function i@ such that

R dl )
d1H, € Cl[]lb, Im] = E = Hg(]) with I(to) =1, forall 7 € [to,to + T], (58)
I Lnin D Hay(Lnin) = 0, Wherely, < i, < Iy < L. (5.9)

The valuesl, and I, are included in the definition since they are the lower bound
value for anOff response and the value that guarantees only one burst @rcleccur for
the Onresponse, respectively. As a consequence of the discussioediately following
(5.6), for any/ € C, the functionH, is uniquely defined o/, Iy] wherelr > I,.,.

However, there are marg! extensions of ¥/(1))~! defined on[ly, I,,]. The reasorC,
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is defined as it is in Definition 2 is so that,;, may be identified as a fixed point of (5.6)
and we note the aforementioned (extension) nonuniquesess relevant for our goal of
finding a trapping region. Rather, what is important is tieathe duration € [to, o + 77,
I(1) > I,,; owing to the fact thaf € C,.

The restrictions (in the clags,) imposed on/, and as a consequence 6R(/), are
designed to prevent solutions from having potentially ahséic dynamics when modeling
neurons. This sub-class of inputs will be referred to as égenapplicable” inputs. The
term “generic applicable” is used to describe inputs thatraalistic with respect to the
membrane potential ranges in the model. Since in this dlass I,,.;, < I(7) < I,,, for all
T € [to, to+T, issues concerning the basins of attraction (of the periodiits as discussed
in Chapter 3) will not arise under these restrictions. Femttore, sincd (7) < I,, the
solution will not undergo multiple burst cycles (as dis@gssn Chapter 4). Therefore,
responses similar to those illustrated in Figures 17a)yd)® and Figure 20 will not occur
as a result of a “generic applicable” input.

Now that the clas€, of inputs has been defined, an example of a specific function
H, = H,(I) is given. This example is given to bridge the modeling in Gaa@ and the
specific forms illustrated in Table 1 with a correspondinguinfrom the clas€, and its

corresponding?, (1) function. Consider the synaptic input given by

b - ~
(1) = =(1 — e7@ 1)) 4 [t (5.10)

a
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for 7 € (to, to + T'), whered > 0 andb < 0. Notice thatl; (1) € C, so long as

b _
=<1y <I,.
a

When this is the casé; (1) is the solution to the initial value problem given by;

I

= Ha(I) = —al + b, with I(to) = I, anda > 0, b < 0. (5.11)

Notice thatH,(I) < Oforall I € (%, Iy), and that for this example,
Lnin = E (5.12)
a

The functionH, (1) defined in (5.11) will be used as an example in the analysiseof t
solutions of (FULL). lllustrated in Figure 28 is the funatid,(7) for v € (to,to + 7).
Notice that the solution to (5.11) has the same form as thamiminput illustrated in
Figures 26b) and c) (for appropriate constants). Regazdiesall I € C, wheneverl (1)
is the solution to the initial value problem (5.6), (FULL)rche augmented to a system of
four equations. For the remainder of the chapter, we asshiméstthe case and that the
net synaptic input felt by the cell as a result of a stimulusiésolution of the initial value

problem (5.6). In the following section we describe and grakhis augmentation.

Augmentatiorof (FULL)

Recall for a monotone slowly decreasing input, (FULL) is a+aatonomous bursting
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Figure 28. This figure shows a “generic applicable” inputattis the solution to the initial
value problem given by equation (5.11). In this cage< I,.;, < Iy < I,,. Also illustrated
are the times = ¢, andt = ¢, + T along with the thresholds = I, and/ = I,, (as the
dash-dot lines).

model with the form

du

= = fu) —w—2z41I(1) (5.13)
W= gy (5.14)
dz

- = elhu)=2), 0<e<1 (5.15)

By using synaptic inputs which belong to the clé&§shis non-autonomous model can be

augmented to the following autonomous system of four equoativith two “fast” variables



108

and two “slow” variables;:

du
o = flu)—w—2z+1 (5.16)
Cil—t: = g(u)—w (5.17)
dz
— = e(h(u) = ) (5.18)
dl
— = eb(l), 0<e<1, (5.19)

whereH,y(I) < 0 for all I < I < I,. Notice that the two systems above are equivalent
under the assumption tha{r) € C (for the timest = (to,to + 7). For purposes of
reference the augmented system in (5.16)-(5.19) will berred, to as (FULLa).

To recapitulate, given a “generic applicable” synapticuinm (FULL), we found an
equivalent augmented system (FULLa). We will use the subsys of (FULLa) when
describing theMixed response. First, a rapid transition fralm= 0 to I = I, occurs at
t = ty. When this transition occurs, the leading order trajeesare given by (FS). Notice
that when the variable = = — I is introduced, the fast-subsystem of (FULLa) is identical
to the fast-subsystem of (FULL). Therefore (FS), as defime@hapter 3, describes the
leading order trajectories of (FULLa) as well. Therefores solution will be attracted to
the periodic orbits for sufficiently largg.

To describe how the solution travels along the active phasegnalyze the averaged-
fast-subsystem of (FULLa). Once this has been done, asguatmansition from the active
phase to the silent phase occurs at some fimavheret, < T, < t, + T, the solution will

then travel along the silent phase. Once this transitionmscthe leading order trajectories
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will be given by the slow-subsystem of (FULLa). Recall that the Mixed response, a
PIR component must also occur. To assure that PIR occurs,iwia conditions which
guarantee that the solution will enter the PIR region. THefbion is a region inthe, 1)
plane where upon release of the stimulus (or in this casenaitian from/ = I(ty + 7))
back to/ = 0) a transition to the active phase occurs. The goal is themetmegogether
the active phase analysis with the silent phase analysitodimt conditions which causes
either anOff or aMixed response. In the following sections we define and analyzle eac

subsytem individually, followed by a section where they@mbined together.

Averaged-Fast-SubsystgiiFSa)

In this section, the averaged-fast-subsystem (AFSa) ededcwith (FULLa) is de-
fined. Here, (AFSa) describes the leading order approxamdtir thez and/ components
of (FULLa) for slow timesr = O(1). Once we define (AFSa), we give sufficient condi-
tions that guarantee a transition of solutions from thevagthase to the silent phase at the
homoclinic point.

The details of the assumptions, expansions, and multiplles@rocedure used to de-
rive (AFSa) can be found in [32]. By applying these procedure(FULLa), (AFSa) is

derived to be:

dz ~

pri Hy(z,I)=h(u(z—1)) — 2, (5.20)
L~ B = ) (5.21)

whereu is defined by equation (3.25). Notice that in this form, therage: of « depends
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on bothz and . Since one of the goals is to understand and analyze the@swubf
(FULLa), it will be useful to investigate (FULLa) in terms tie variabley instead ofz.

Then, (FULLa) can be rewritten in terms ofas follows:

du
o = fw—-w—y (5.22)
cfl_z: — o) —w (5.23)
T~ bw) ~ (v + 1)~ HaD)) (5.24)
dl
— = eib(l), 0<e<1. (5.25)

Now, let equations (5.22)-(5.25) be referred tqe9LLa). with associated averaged-fast-

subsystenfAFSa)., defined by

Z—j = Hi(r,1) = h(@(y) = (v + 1) = Ha(D), (5.26)
% = Hy(I) = Hy(I). (5.27)

For initial conditions sufficiently close to the fast-subm periodic orbits2,, solu-
tions of (AFS4), are the leading order asymptotic approximationgof/) in (FULLa),

for timesT = O(1) so long ag~(7), I(7)) € Sa where

Sa={(v:1) : v <7 < Vhc}-
With the solution illustrated in Figure 26c) in mind, the gaod this section is to find
conditions that guarantee a transition from the active @leadry point to the homoclinic
point in finite time. This will guarantee that the solutioavels along the active phase and
that a transition to the silent phase occurs for some fijneheret, < to + T, < to + 1.

When such a transition occurs, the solution will exhibit @epart of theMixedresponse.
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Given an/(7) € C,, what conditions will guarantee a transition from the emajue
7o to the exit valuey,.? To answer this question, first recall thdt(/) < 0 for all I €

(Limin, Lo) and thatl,,,;,, < I(7) < I, for all 7 € (to,ty + T'). Under these assumptions

;l_z = h(i(y)) — v — I — Hy(I) (5.28)

> ha(y) —v—1, (5.29)
sinceH,y(I) < 0 aslong ad,,;, < I < Iy. Also, sinceyy < v < Y, it follows that
0> =Y > e (5.30)

Similarly, sincel .., < I(7) < Iy < I, forall 7 € (¢, t, + T), it follows that

—Ipin > —1 > —1,,. (5.31)
Using the inequality (5.29), with (5.30), and (5.31), itléaVs that

o7 > 1a(y)) = me = L. (5.32)

Since the goal of this section is to find sufficient condititimst will guarantee a tran-

sition from~, to 4. in the active phase, the objective is to show t%%lb r > ( for some
T

. dy . .
rand ally € (7o, vne)- If such anr exists, thend—z will be uniformly bounded below and

the solution must travel from, to ;.. in finite time. In order to show that such arexists,
we use information about(y). Specifically, although it cannot be verified analytically,
numerical confirmation thaty,, > @(vy) > wup. for all v € (v, Y4c) IS shown in Figure 12.

Thus, the numerical evidence supports the assertioriithat> u,. for all v € (vup, Yhe)-
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When the assumptiomy,, > u(y) > uy,. is valid, it follows that

d _
d—z > h(tne) — Yne — I (5.33)

forall v € (yu, vre). Thus, it remains to be shown that there exists anch thati(uy,.) —

Yhe — Ly > 7 > 0. When the parameter valugs= 4, o = —1.5 are used,

h(upe) — Yhe — Im = 7 = 1.4352 > 0, (5.34)

: . d . .
and a uniform positive lower bound %l exists. Notice that (5.34) was calculated for
T

the “standard” parameter valugs= 4 anda = —1.5. Therefore,r depends on these
slow parameter values. When these parameters are corigenerally, the following

inequality must be satisfied:
ﬁ(uhc - a) = Yhe — jm > 0. (535)

Notice that the left hand side of this inequality is simplyosvér bound for? and that
T

many different(3, «)-pairs will satisfy (5.35). For this study all simulationsdhanalyses

are done with the “standard” choi€g, o) = (4, —1.5).

Given the discussion above, the following Lemma has beevepro

Lemma 3 If Hy(I) < Oforall I € (i, lo) and B(upe — @) — Ype — I, > 0, @s long as
u(y) > upn. then there exists anindependent of and~ such that

d .
d—z = Hi(vy,I) >r>0forall v € (7, Yhe)- (5.36)

As a consequence, sinée, is uniformly bounded away from, there exists &, < oo

such thaty(T,) = . (i.e., an escape from the active phase to the silent phaseaneisr
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in finite time). Notice that such a transition will occur redi@ss of the form of{,(/) (as
long asH,(I) < 0). After this transition occurs, the leading order analysis® longer
given by (AFSa) but is given by the slow-subsystem of (FUL{d&fined in a later section).
To recap, in Lemma 3, (FULLa)was used to “prove” that a transition from the en-

try point -y, to the exit pointy,. must occur in finite time. Since (FULLajgnd (FULLa)
represent the same system (with different choice of vaegblt will be useful to visualize
such transitions in théz, I')-plane. To do this, first a description of the projection,hie t
(z, I)-plane, of the trajectories of (FULLa) in the active phasgii@n. To illustrate the
solutions of (FULLa) along the active phase, Figure 29 shawaricature of the projected
trajectories in the active phase. Shown in this figure arewloecurvesl’y andl';,. rep-
resentingy, = zo — I and~,. = z,. — I, respectively. Also shown is a trajectofix
of (AFSa) showing a transition from the entry poiX to the exit pointX,.. In order to
be precise when describing the trajectories of (AFSa), vime¢he map@ relating these
entry and exit points. Given that the hypotheses of Lemma Jatisfied, a trajectory of

(AFSa) that starts &, = (z, I), on the curve

Lo ={(z,1) : 2= 1 =}, (5.37)
must terminate aX,,., on the curve

The = {(21) 12— I = e} (5.38)

This defines a mag : R?2 — R2, such thafX,,. = <AI>(X0).

Now that the definitions for the transitions have been defatee, the goal is to show
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Figure 29. This figure shows a caricature of a typical trajgcof (FULLa) projected in
the(z, I)-plane. The ma@ describes an active phase transition from an initial pXinto
the terminating poinX,,..

that the active phase durati@j can be computed for certain functioAs(I). Consider the

function Hy(I) = —al + b introduced in (5.11). When this function is used in (FULLa),

(AFSa) is
dz ~ R
i Hi(z,I)=h(a(z—=1)) — z, (5.39)
% = Hy(I) =—al+Db. (5.40)

Before the active phase duration is computed for this exapglomparison of the true
solution and the leading order solution is given. First, émodnstrate how (AFSa) ap-
proximates the solutions of (FULLa) in the active phasehtsmtiutions are illustrated in
Figure 30. This figure shows an active phase trajectory ofL(Fl) projected onto the

(z,I)-plane along with the (AFSa) approximation. These solgtibave been generated
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for the functionH,(I) = —al + bwitha = 1 andb = —1. In Figure 30a)¢ = 0.0025
has been used. Notice that wher- 0.0005 is used, the projection of (FULLa) is asymp-
totically converging to (AFSa). Note that in both Figure B8ad b), the initial conditions
for both trajectories were chosen to lie Bawith (zo, Iy) = (2(0),0.8). In each figure the
oscillatory curve is the projection of (FULLa) while the satb curve is (AFSa).

Having established that (AFSa) well approximates (FULL#g,active phase duration
can now be calculated. When the functiin(/) = —al+b is considered, the active phase
durationT}, will depend ong, b, andl, and as suclf, = 7, (I,,a, b). The (leading order)
active phase duration is found by using (5.39)-(5.40) teteine the time needed for the
solution to travel froml’y to I';,.. Even though equation (5.40) is decoupled and can be
solved explicitly for/(7), an analytic formulation for the active phase duration cére
given sincei in (5.39) can only be computed numericallyXf,. = (zpc, In.) Were known,
then the active phase duration can be explicitly computetjube solution to (5.40) and
by solving

Ine = =(1 — 78 —0)) 4 [pe=a(r—t0) (5.41)

for 7. Similarly, if the active phase duration were known, thea talues of the point
Xne = (zne, Ine) €can also be calculated using the same equation. Unfortynatgeneral
theory for analytically computing eitheX,,. or T, eludes us. Instead, we give a numerical
computation off, for all I, € (I, I,,) with two different parameter sef&, b). OnceT,

has been computed, (5.41) can be used to find the locatiXn of

To obtain these durations, we solved (AFSa) using an exglie step Runge-Kutta
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Figure 30. Figure a) shows the active phase trajectory ot (&) projected on thez, I)-
plane (oscillatory curve) and the trajectory generated AlySa) (smooth curve) when
Hy(I) = —al + b. Both figures show the same trajectories on two differerdriratls.

In a), e = 0.0025 with a = 1, andb = 1. Figure b) shows the active phase trajectory
of (FULLa) projected on théz, I')-plane and the trajectory generated by (AFSa) when
e = 0.0005 (with @ = 1, andb = 1) is used. Notice that when a smalteis used, (AFSa)

is a “very good” approximation of the projected active phizagctory.

solver in Matlab ¢de45 until the solution was sulfficiently close ig,.. Notice that at each
timestep, thei(z — I)-value was needed. Recall that AUTO was used to compie
for the rang€yus, re)- IN this latter computation, the rangey, v..) was discretized to

find thed-values at each appropriate mesh point. To approximatenon-mesh points, a
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‘spline’ interpolation was used in Matlainerpl). Theu-values of the interpolation were
then used for the right hand side of (AFSa). Once the solwfqi\FSa) was computed
(z(7), andI(7)), the time needed to travel from the initial valXg to the homoclinic point
X e (or close to) could be calculated.

lllustrated in Figure 31 is the active phase duration as atfon of /;, with the values
(@,b); = (1,—1.3) and (@, b); = (5,—6.5). The smaller the value df, the slower the
rate of decay of the input, and thus the longer the activegtasation will be. Although
Figure 31 shows that this difference is small, the activesphduration will change in ac-
cordance to the parameter For the examples illustrated in Figure 31, the ragiwvas
chosen to be the same for each pair. This guarantees thaguiigeum of the equation
(5.40), orl,,;,, is the same in both examples.

In this section it was shown that under certain assumptemsctive phase trajectory
(in the (z, I)-plane) travels froni'y to Iy, in finite time and that the active phase duration
can be calculated using the averaged-fast-subsystem.l Retan this study one of the
goals was to find sufficient conditions that will guarantédigedresponse. With this goal
in mind, (AFSa) describes tl@n part of a mixed response. When an active phase transition
from I’y toI';,. occurs, the solution to (FULLa) travels near the perioditsrand proceeds
towards the homoclinic point where a rapid transition toditent phase then occurs. When
such a transition occurs, the trajectories will then be desd by the slow-subsystem of

(FULLa). As such, the slow-subsystem for (FULLa) is desediland sufficient conditions

that will guarantee a PIR response are given in the nextesecti
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Figure 31. This figure shows the active phase durafipas a function of the initial value
Iy. The duration was computed for two parameter sgisb); = (1, —1.3) and(a,b)s =
(5, —6.5). Since the valué corresponds to the decay rate of the input, notice that wihen

is smaller, the active phase duration is longer.

Slow-SubsysteniSSa)

In this section, the slow-subsystem (SSa) associated Wwlth.l(a) is defined. The
slow-subsystem (SSa) describes the slow flow of the trajest@f (FULLa) along the
silent phase. Using a slow time transformatioe- ¢t in (FULLa) and then setting = 0,

the slow-subsystem (SSa) for the augmented system is gjuen b

z—1 = f(u)—w, (5.42)
w = g(u), (5.43)

dz
pr h(u) — z, (5.44)
ﬂ = Hy(I). (5.45)

dr
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Here (SSa) is defined as (5.42)-(5.45) do& wu_.

Using the fact that equations (5.42) and (5.43) combine Ye tie same algebraic
condition as described by (3.15), notice that the lower dnananifold for (SSa) is given
by

Sap, = {(u,w,z,I): z—1=Gu),w=g(u),u <u_} (5.46)
whereG(u) is described by (3.3). To leading order, the silent phagediaries of (FULLa)
are close t®ay, and recall, ifX = (u,w, z,I) € Sar, then theu component is given by
urp (to leading order) defined in (3.16) for = z — . Using this condition in equation

(5.44), (SSa) becomes:

3_72_ — Hi(2,]) = h(urp(z — 1)) — =, (5.47)
% — H(D). (5.48)

Notice thatuyg(z — I) is smooth foralk — I > z_ = 1.

Given the system defined by (5.47) and (5.48) with the fadt thd7,,;,) = 0, an
equilibria for (SSa) will exist ifH,(z, I,,;,) = 0 (for somez). Although (SSa) may have
an equilibria, solutions to (SSa) will never reach that &oia since forl,,;,, < I(r) < Iy
for all T € (to,to + T'). This fact will play an important role in describing the flowthe
silent phase. Before a description of the flow for (SSa) iigiwe derive an expression
for the z-nullcline of (SSa) in thez, I)-plane. Setting the right hand side of (5.47) equal
to zero gives:

hMurg(z—1)) —2=0
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from which it follows

upp(z —I)=h"'(2) = % +a.

Sinceu 5 is the lower branch solution of
(z—1I)=G(u) = —u® + 3u+ 3,

it follows that

and thus

I=2-GhY(2) =0(2), (5.49)

whereO(z) = z — (—(% +a)*+ 3((% +a)+1). Equation (5.49) describes the z-nulicline
in the (z, I')-plane valid forz — I > z_, and has a form similar to (4.8). This curve will
be referred to as the-null curve. lllustrated in Figure 32 isnull curve along with thé_
and thel';,. curves as references. In this figure, for dny/)-pairs on the right ot-null,
Z—i < 0 and the flow is towards the left. For afly, I)-pairs on the left ot-null, % > 0

and the flow is towards the right. Also illustrated in this figus the equilibria of (SSa)

labeledX. Notice that the location X occurs wherd,,,;, andl = O(z) intersect.

PIR Region

Now that the appropriate curves have been defined, we giveaipgon of the con-
ditions that will guarantee PIR for both tl@ff and theMixed responses. The conditions
which guarantee PIR upon the release of a stimulus depenldeodutration of the stimu-

lus and on certain amplitude thresholds of the input. Wheestigating monotone slowly
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Figure 32. This figure shows thenull curve for (SSa) along with thE_ and thel’;,.

curves. Also shown is the = 1 curve (vertical curve) and the threshold valugs; I,

I, I,..n, andI. Also labeled is the position of the equilibria of (SSa). 3&eurves will
play an important role when describing the trajectoriesS84).

decreasing inputs, these conditions are in general diffiourack. With this in mind, the
goal in this section is to find sufficient conditions which targee PIR.

To do this, the valuesy = z(t,+7")~ andlr = I(ty+7")~ will play an important role
in a PIR response. These values are the location of solutidifdJLLa) in the(z, I)-plane
just before the effects of the synaptic inputs (or stimul@ turned off. When this occurs,
the input/ undergoes a rapid transition frolp = I(to +7)~ to I(t, + 7))t = 0. Thus
when describing conditions for PIR, the stability of (FS) éachz-value when/ = 0 must

be determined. Recall (from Chapter 3) that when
2y <2< zZ_,

the leading-order trajectories of (FULLa) will be attrattte the periodic orbits2,. Thus,
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to guarantee PIR; = z(to + 1)~ must satisfy
Zhb(O) <zp < zZ_ (0) (550)

In addition to these threshold conditionsan there are conditions oy = I(tg+7)~
that must also be satisfied. Recall (from Chapter 4) that swantee PIR, the conditions of
(4.7) must be satisfied. These conditions were found as # cdsuconstant current pulse,

but for PIR what really matters is thatiat (to + 7)), I = I(ty + 1)~ satisfies
Ilb <Ir< I~ (551)

Conditions (5.50) and (5.51) are necessary conditions lierdd they create a region in

the(z, I') plane defined as
Qprr={(z,1): 21p(0) < 2 < 2_(0), Iy < I < I }. (5.52)

Whenever(zr, It) € Qprgr, then a rapid transition t€, will occur upon release of an
input.

lllustrated in Figure 33 is a sketch of the regiQp;z along with thez-nullcline, the
curvel'_, and three different paths, labeléd), (), and(c). These paths represent “typ-
ical” projections of solutions of (FULLa) on the slow subsys manifold. Each of the
projections have the end poirit labeled, fori = a, b, ¢, to help describe the different
scenarios when seeking a PIR response. Notice that sincertbiicline intersect$)p;g,
any path starting on the right of this curve will remain on tigdt for all 7 € (¢o, to + 7).

Path(a) in Figure 33 shows the path of a solution whign) > I~ for all 7 € (¢, to +

T'). Notice that in this case, upon release of the input, thetgdin= (21, Ir), does not lie
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Figure 33. This figure shows a sketch of the redis ; defined byz;,,(0) < z < z_(0)
andl; < I < I~. Also illustrated in this figure are thenullcline for (SSa) along with the
I'_ curve. Three different paths are labeled, (b), and(c) with the terminal point labeled
by P,, P,, and P. respectively. Of these, onlk,. will exhibit PIR. The exit sef),. is also
illustrated.

in Qp;r. Therefore, no rebound burst will occur since neither coos (5.50) nor (5.51)
have been satisfied{ > »_(0) andI; > I~). Path(b) on the other hand shows a path
for which the threshold conditions (5.51) have been satigfig the conditions (5.50) have
not. Thus again, upon release no rebound burst will occuwedine pointP, = (zr, Ir),
does not lie i2p;z. For the examples illustrated by the path$ and (b), the input was
turned off beforez; crossed:_ (0). Thus, when the input is turned off, a rapid transition to
the lower branci$a (0) occurs instead of a transition to the periodic orbits Path(c) on

the other hand, shows a path which has the pBint (zr, I1). € Qp;r. In this case, since
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both conditions (5.50) and (5.51) have been satisfied, tliiao will exhibit PIR upon the
release of the input. Also notice that no path will ever reActdue to the location of the
z-nullcline. This prevents any possible transition$fpbefore the stimulus is turned off.

In order to describe the conditions which guarantee PIRilite easier to refer to the
exit set(), defined as

Qo = {(2-(0), 1) : Lpin < I < I}, (5.53)

instead of the regiofp;z. For example, if for some = T, (2(T,),I(T})) € Q., then

for sufficiently largeT” > T, a PIR burst is guaranteed to occur (to leading order). This
set is also illustrated in Figure 33. Therefore, given thal @ finding conditions which
guarantee PIR, what can be determined about the durAfifom an initial condition(z,, I,)

in the (z, I)-plane? To answer this question, we give a general desamipfi a trapping
region in the(z, I)-plane and relate it to the different types of paths that émagible (as

are illustrated in Figure 33).

TrappingRegions

Now that(). (see Figure 33) has been defined and threshold conditiores liesn
established, we introduce a general theory for determitiiegconditions when such a
durationT} exists. Then, as a consequence of finding conditions thatagtee aMixed
response, conditions for tl@ff response illustrated in Figure 25b) can also be established
To find these conditions recall that we assume that only gi/from the clas€C, will be

considered.
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First, because of the threshold conditions described ipteeious section, recall that
inputs from the clas€, satisfy the conditiond), < I, < I(7) < I, for all 7 €
(to, to + T'). Furthermore, sincél,(I) < 0 for I > I,,;, andl,,;,, < I—, then there exist
at™ € (to,to + T) such thatl; < [~ if T is sufficiently large. Thus, i is sufficiently
large, a path such as exampte in Figure 33 will not occur and will not be investigated
here.

In addition, it has been established for inputs from cl@sshat [, < I,.;,. This will
be used to guarantee that the flow of solutions inithrection will not cross below the
I,-value and will in fact never cross the,;,,-value. Now that these conditions have been

discussed, define the trapping regiogs, (illustrated in Figure 34) by
QSSa = {(271) : Z—(O) <z < Zmaxalmin <I< ]_ma I< @(Z)}7 (554)

wherez,,., is defined as the maximum value thatan attain given an input i€,. This
value corresponds to the homoclinic value whes I,, = 1, and thus can be calculated
usingl’;,. to be

Zmazr = th(O) + 1L (555)

We will use the direction field of (SSa) in this region to gudes that certain transitions
must occur. Also, as defineflgs, contains the exit set, for 2p;z on one of its edges.

. . . d dI .
Notice that in the regiofi)ss,, it <0 andd— < 0. Thus, the regiof2ss, has no
T

dr

fixed points and the only flow out of this region occurs at thi gst (). sincel cannot

cross the lower bound valug,;,, (which may be as small a&,). The region(gg,, with
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the appropriate direction field components, is illustratef&figure 34. Also illustrated in
Figure 34 is a “typical” trajectory y of (SSa) showing a transition from the initial starting
point X, = (zs, I) to the terminating poinK; = (27, I7). Also shown on this trajectory
is the pointP~ = (2(¢t7), I(t7)). For the illustrated trajectory, siné; is not inQp;r, a

PIR response would not occur.

Iy
4
4
4
- e
I I ’; ””””””””’/"/”
A 4
A 4
. e
A =
Q. ~ e
A Ve
v Ve
v Ve
]mz'n
Z_(0> Zma:v

z
Figure 34. This figure shows a sketch of the trapping rediggp,. Shown as the thin
striped box is the exit sé?.. The small arrows show the direction field along each edge of
Qssq. Note that no trajectories can cross the, line at the bottom. Also shown in this
figure is a trajectoryjx with starting and terminating poins, andXr, respectively. The
point P~ is also shown where the trajectory crosses the threshal@val.
Second, as for (AFSa), a trajectory of (SSa) that stariX aand terminates aK,

defines amap : R2 — R?, such thaiX; = ®(X,). Furthermore, define the flow function

generated by (SSa) to bes, (7, Xs) = dssa(T, (25, I5)). This function describes the flow
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of (SSa) given the initial conditioiX,. With the descriptions oflss, and the exit set
Q., for any initial conditionX, € Qgg, an exit along2, must occur for sufficiently large
T. Therefore, there must exist/a such thaipsg,(T,, X,) € .. With this in mind, the

following Lemma has been established:

Lemma 4 For all X, € Qgg,, there exists &, such that

(bSSa(Ts; Xs) S Qe- (556)

This Lemma states that under the restrictions that defineldss of inputsC, (with the
appropriate threshold conditions) and the redibf,, there exists a timé}, such that if
T > T,, thenX; € Qp;r and a PIR response is guaranteed to occur.

Having stated Lemma 4, a description of the silent phaseeMired response can
now be given. First, to describe tiMixed response illustrated in Figure 25c), notice that
the silent phase of the solution begins at time (¢, + T,)", whereT, is the active phase
duration of theMixedresponse. Recall that a rapid transition from the activesphia the
silent phase occurs alorig.. Thus, initial conditions for the silent phase, to leadinde,
are located on th€&),. curve. With this in mind, the curvg,. becomes a boundary for a
new region Qr,, inside ofQ2gs,. Illustrated in Figure 35a) is the regidn,,, along with

thel'),. curve (as a boundary). Notice that thig. curve intersect§), at the value

L, =2_(0) = Ve (5.57)

One special case to consider is when, > I, (see Figure 35b)). In this case, knowing

that a transition from the active phase to the silent phas& pecur alond’,,., the initial
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condition for the silent phase will still be located along th,. curve, and a transition tQ,

will occur provided the duration is sufficiently large. Re¢bat whenH, (1) = —al +b

. . b o ~ _—
is considered],,;, = =. For both the parameter paii&, b); and(a, b), used in Figure 31

for (AFSa),1,,;, = —1.3 (andl, = —0.70613), so thatl,;, < L,.

ic ic

Zmax

Figure 35. This figure shows a sketch of the trapping re@ien for two cases. In a),
Lyin < I,,and in b),l, < I,,,. Shown in each figure as the thin striped box is the exit set
Q. and thel';,. curve. Initial conditions for the silent phase portion of Mixedresponse
will lie on Ty, in both cases. For the parameter p&irsh),; and(a, b), used in Figure 31,
caseu) applies.

The goal now is to compute the minimum duratibhneeded to guarantee a PIR re-
sponse given an initial condition aloiy, of the silent phase. Thug, is the time it takes
for a silent phase transition frold, = X;. € I',. to X1 € .. First, note that Lemma 4
implies trajectories which enté€lsg, alongz = z,,,. must eventually exit along.. For the

cases illustrated in Figure 35, this further implies trajeies starting o'y, (with I < I,,,)

must exit throughf). in finite time (againfy(1,,;,) = 0 so trajectories cannot exit along the
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line I = I,,;,). The difference between figures a) and b) is the locatiah,gf with respect
to 7,. Although trajectories are guaranteed to exit aléhgcan a lower bound value for
the I component at the exit point be determined in these two cagds®er bound value
for Hy(I) = —al + b will depend on botr(’d,E) and the location of,,;,,. For the case
illustrated in Figure 35b)/, < I,,,, and sol,,;, is a lower bound on thé component
at the exit point. In Figure 35a) on the other hang,, < I, and a tighter lower bound
may be found by imposing restrictions on the parameter (ﬁzaﬁ) (even thoughl,,,;,, is
still a lower bound in this case). In the following sectiore determine conditions ofd, b)
which will guarantee that, is the lower bound value for thecomponent of the exit point.

Towards this end, defind’ = (—1,1). This defines a normal vector on thg. curve

pointing into the regio)r,. To guarantee flow of,,. is into {21, one needs

—

H-N| >0, forall Xp. € Thes I € (Inin, L) (5.58)

ic

where

A=

To be precise, illustrated in Figure 36 is the direction figtaler such conditions. Notice
that this condition guarantees that the only exit fr@m, occurs at2.. Were this not the
case, a trajectory starting alomg. could drop below ;. and proceed outside the region

Qr,. With this in mind, what conditions exist af, (1) so that condition (5.58) is satisfied?
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Figure 36. This figure shows a sketch of the trapping redien (for the case in Fig-
ure 35a)) with the normal vector and the appropriate dioediield alongl’},..

To find such conditions, foH,(I) = —al + b with @ > 0, andb < 0, it follows that
H-N = —H(z1)+ Hy(I) (5.59)
= —h(urp(z—=I)+z—al+b (5.60)

Now evaluating (5.60) for values alony,. gives:

H-N . = _h(ULB('th)) + 2 — a(z* - ’}/hc) + b, (561)
he

wherez, corresponds to eachvalue in(z_(0), 2z, ). The following Lemma gives the

appropriate conditions anandb which guarantee condition (5.58).

Lemma5 If Hy(I) = —al + b, witha > 0 andb < 0, then equation (5.58) is satisfied if

b>a(z—(0) — ) + k — 2_(0) whenever < 1, (5.62)

and

b > a(zZmazr — Yne) + k — Zmaz Wheneven > 1, (5.63)
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wherek = h(urp(Yae))-

Proof.  Define the right hand side of (5.61) as

C(z) = =k + 2. — a2z — Yre) + 0. (5.64)
In order to guarantee condition (5.58), the condition

C(ze) > 0forall z_(0) < z < Zmaa, (5.65)
must be satisfied, or equivalently the condition

b>a(ze —Yne) + bk — 24 (5.66)

must hold for allz, € (2_(0), znaz)-
First notice that for alk, € (2-(0), zmaz), (2-(0) — 2.) < 0 and suppose that < 1.

It then follows that

5(2_(0) - Z*) > (Z—<0) - Z*)7 (567)
and
a(z-(0) = Yhe) — alze — Ye) > k — 2 — (k. — 2-(0)). (5.68)
Rewriting (5.68), we get
a(z-(0) = Yhe) + k — 2-(0) > a(2ze — Yne) + k — 24 (5.69)

Using inequality (5.69) with (5.66) gives the sufficient daron (5.62) onb in Lemma 5.
Second, notice that for all. € (z_(0), zZimaz), (Zmae — 2+) > 0 @nd suppose that> 1.
It then follows that

A(Zmaz — 2¢) > (Zmaz — %), (5.70)
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and
a(Zmaz — Yhe) — 0(2e — Yhe) > k — 2o — (K — Zmaz)- (5.71)

Rewiting (5.71), the following inequality is given:
a(Zmaz — Yhe) + k — Zmaz > @(2e — Yne) + k — 2. (5.72)

Using inequality (5.72) with (5.66) gives the sufficient ddions (5.63) forb in Lemma 5.

This completes the proof. O

The conditions described in Lemma 5 define a re%) in the (a, b)-plane which

guarantees (5.58) is satisfied. lllustrated in Figure B'hdergionQ(a’g). Notice that

(a,b)1 = (1,—1.3) is a pairinQ; ;. Recall that these values were used to describe the ac-

tive phase durations forMixedresponse. Furthermore, although the active phase duration

was not computed for the pafi, b); = (1, 1), itis also in{2; 3. Here, we will use the
values(a, b); = (1,—1.3) and(a,b), = (5,6.5) (one of which is in2; 7 and one which
is not) to determine the minimum duratidi in the silent phase for the special example

Hy(I) = —al + b, as described ifT,.

Before this duratior?}, is calculated, illustrated in Figure 38 are examples of the t

jectories of (SSa) when the parameter vaI@%)l and(a, 5)2 are used. As in (AFSa), the
corresponding projections of (FULLa) have also been itatsd to show how well (SSa)
approximates (FULLa) (they are almost indistinguishable)this examples = 0.0005.
Figure 38a) shows both the projection of (FULLa) and the tsmuof (SSa),z-null, and

theT';,. curve, for(a,b); = (1,—1.3). Notice thatX; € I',. and that for these parameters
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-0.5[

b=a(z—(0) — yhe) + k — 2 (0)

N

b= a(zmaz - ’Yh,c) +k — Zmaz
-25

a

Figure 37. This figure shows the regi@r(hg).

the conditions of Lemma 5 are satisfied. Figure 38b) showdr#jectory and the same

curves for(a, b), = (5, —6.5). Inb), (a,b)2 ¢ 53, and the trajectory travels belol,.

Figure 38 shows the silent phase portion dflixed response with the parametérs b),
and (22,5)2. In both examplesXr € Qprr and a PIR reponse will occur. In this figure
the initial condition was chosen to lie &, defined in (5.46) at the appropriate location
corresponding tX, = X, = &)(XO).

Having established that (SSa) well approximates the spbase duration, the mini-
mum durationZ, needed to guarantee PIR can now be calculated. A@aiw;ll depend
ona, b, but more generally will depend on the locationXf. In aMixedresponse, the lo-

cation of X, depends on the active phase durafiQfiy, @, b). Thus, for aMixedresponse,

T, = Ts(&’,g, Xs; Io). Similar to finding the active phase duration, the silentgghduration

T, is found by solving (5.47) and (5.48) to determine the timedsal for the solution to



134

ic . ic

(@,b) = (1,-1.3) (@,b) = (5,—6.5)

Figure 38. This figure shows the silent phase trajectory &fL{Fa) projected on the

(z, I)-plane and the trajectory generated by (SSa) (curve whaotssatX, € I',.) when
Hy(I) = —al +b. In both figuress = 0.0005 was chosen to show how well (SSa) ap-
proximates the projection of (FULLa) in the silent phasethia timite — 0*. Figure a)
shows a trajectory whefa, b); = (1, —1.3) is used. Notice that this trajectory satisfies the
conditions of Lemma 5 and the trajectory does not ciggsFigure b) shows the trajectory
when(a,b); = (5, —6.5) is used. When this pair is used, the conditions of Lemma 5 are
not satisfied and the trajectory proceeds bdlgw Also notice that in this case, a transition
to Qp;r still occurs due to Lemma 4. In both cases the pdiat € Qp i (ot labeled in

figure).

travel fromX, to the exit sef).. Even though (5.48) is decoupled and can be solved explic-
itly for 7(7) (as was shown in the previous section to attain (5.41)), atyia formulation

for the silent phase duration is difficult because of the fofm ;5 in (5.47). Instead, we
give a numerical computation of the time needed for solsttortravel from each starting
point onT';,. to the exit set?, (or to thez-valuez_(0)). This duration define$, for each

starting pointX, = X;. onI',..

lllustrated in Figure 39 are the duratioiis needed to guarantee PIR as a function of
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2z, corresponding to the-coordinate of the poinK, = (z,, I5). In this figure the dura-
tions T, are given for the two parameter paiis b), = (1, —1.3) and (@, b), = (5, —6.5).
Similar to the active phase duration, the smallés, the longerZ, is. This will play an
important role when describiniflixed responses. To obtain the duratidfis (SSa) was
also solved using an explicit one step Runge-Kutta methodagi to the one used for the
active phase duratiorm@e45in Matlab). The lower branch; z-values were computed by
solving equation (3.15) at each appropriate discretingimnt (y = z — I) and chosing the

appropriate root. Once the solution of (SSa) was computedybtained the time needed

to travel from the initial valu& to the exit sef)..

14r

(57 ’5) 1

(av b)2

0.4

0.2

Figure 39. This figure shows the minimum duratifinpneeded in the silent phase to guar-

antee PIR as a function of the initial valuge I',. for the two parameter pai(&, b); and

(a,b)s.

Now that these durations have been defined, we can also gescaigtion of theOff
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response. When using an input from the cl@sgo simulate arOff response, notice that
it has the initial valud, = 0. The starting point for such an input does not lielon, but
does lie inQ)55,. With that said, to describe tH@ff response illustrated in Figure 25b), the
initial condition isX, = (z(0), 0). For such an initial condition, Lemma 4 guarantees that
a PIR response can occur since the initial condian= (2(0),0) € Qgsq.

lllustrated in Figure 40 are two trajectories of (SSa) whiolrespond to two different
Off responses. Notice that in both figures the initial condities on thel = 0 line at the
equilibrium valuez = z(0). Also shown in each figure arenull, I, z_(0) = 1, and
the point(z(Ty), I(T,)) with the timeT. lllustrated in a) is the trajectory corresponding to
(@,b); = (1,—1.3). lllustrated in b) is the trajectory corresponding@b), = (5, —6.5).
In each casel, is computed by solving (5.47) and (5.48) (again, using ati@kRunge-

Kutta formula) with the initial conditioX, = (2(0), 0) and the appropriate constants.

o o

I 7 I
CL) N T, = 0.4299 b)

—os|

Ts = 0.2078

(@,0) = (1, -1.3) (@,0)2 = (5, —6.5)

Figure 40. This figure shows theff response silent phase trajectory of (SSa) for two
different pairs(a, b). In both figures the initial condition X, = (2(0),0). Ina), (a,b); =
(1,—1.3) and inb) (@, b); = (5, —6.5). Notice that in both figures, the duratiGhas been
given, and that a PIR response is guaranteed to occur siag@thtX € Qp;r.
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Figure 41 shows the responses whigh= 0, representing ai®ff response for the

same(a, b)-pairs as in Figure 40. For figure &),b); = (1,—1.3), and the minimum

~

duration which guarantees PIR was computed tdipe- —° = 171.96. The duration of

™ |

the input for this figure i’ = 200, and as a result PIR occurs. Similarly, for figure b),

(a,b)2 = (5,—6.5). The minimum duration which guarantees PIR for these paense

S

was computed to b&, = = 83.12. Notice that these durations were computed for a

m|’ﬂ|

specific functionH, (/) as defined by the clags,. The theory presented in this section
gives a procedure for determinifig and can be extended for other functiditg( I).

In this section we used (SSa) to describe the solutions oL [l&Yin the silent phase.
Since one of the goals is to find conditions that will guararaé/ixed response, (SSa)
was used to describe the conditions needed to guarante@\RtiRthis goal in mind, we
developed a description of the PIR region, in thel )-plane. In this description, we found
that certain threshold conditions must occur in order toitefi PIR response, and these
were used to defin@p;z. When the restrictions of the input cla8s were incorporated,
we defined the exit se?.. We showed that for any initial condition in the regitR,,

a transition tof2, can occur. Recall that when such a transition occurs, it dgfmsilent
phase duratioff, (minimum time needed to guarantee PIR). This duration waspced

for two different parameter pai|(§,~). To completely understandMixedresponse, both
(AFSa) and (SSa) play an important role in the dynamics ofL{(f&). As such, in the

following section, (AFSa) and (SSa) are pieced togetheeszibe the solution cycle for

aMixedresponse.
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(@)1 = (1, —1.3) with T = 200
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(@,b)3 = (5,—6.5) with T = 100
Figure 41. This figure shows twoff responses for two diﬁerelﬁﬁ,g)-pairs. In each, the
initial condition was chosen to bey, Iy) = (2(0),0). Ina), (a,b); = (1,—1.3) are used
with a durationT’ large enough to elicit PIR. Figur® shows the same experiment for

(@,0)2 = (5, —6.5).

Map Composition

Now that both the active phase and the silent phase have lefieed, we summarize
a description of the solution cycle. Since the goal is to descthe conditions on the

input which will guarantee 8ixedresponse, the solution of (FULLa) must travel through
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both phases for a certain time to elicit each pam and PIR. As such, both the active
phase duration and the silent phase duration play an imgoxke in the type of response
(FULLa) will exhibit. Recall that (AFSa) and (SSa) providetleading order asymptotic
approximations of (FULLa) for the active phase duration #mel silent phase duration,
respectively. In this section, (AFSa) and (SSa) are piecgdther and used to describe
Mixedresponses. To do this, we define the PIR map and illustrate(ABBa) and (SSa)
are used to describe the transitions of the initial condi¥g to the terminating poinK.

In addition, we summarize the conditions which guarantaeXh reaches the target region

Qprr.

First, the PIR map is defined és: R? — R?, such that
(X)) = (P 0 D) (X,) (5.73)

whereX, = (z9,Ip) € T'g. Notice that the PIR map is well defined as the composition
of ® and ® sinceX, = X;. = @(XO) and X, = 5(Xs), and soXr = ®(Xy) if T'is
sufficiently large.

To generate th©n part in aMixedresponse, the solution must first travel through the
active phase. The active phase portion of the solution istcocted from a trajectoryy
of (AFSa) which starts at the initial conditio; and terminates oh;,. at the pointX,,..
Recall that Lemma 3 guarantees that such a transition mast atfinite time (under cer-
tain threshold constraints). Once the trajectory readhefiomoclinic poiniX,,., (AFSa)
is no longer valid since the solution has drifted into the ogiable region. At this point,

a transition to the silent phase occurs. As such, when medtiese subsystems together,
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(SSa) now governs the leading order approximation of (FUlihahe silent phase. The
silent phase portion of the solution is constructed fronapetitoryy y of (SSa) which starts
at the initial conditionX, = X,,. and terminates at the poidt;.

To describe aMixedresponse, recall th&, must satisfy certain threshold conditions
to guarantee that &@npart occurs. In addition, to guarantee PIRXor € Qp; g, the input
must also satisfy certain threshold conditions and thetauranust be of sufficient length.
When these conditions are satisfied, the PIR map definesathsitions of solutions in the
active phase and in the silent phase which resultNMix@dresponse.

To help understand and visualize the solutions of (FULLa}jhlihe active phase and
the silent phase are illustrated on two differéat/)-planes with rapid transitions (of FS)
connecting them. lllustrated in Figure 42 is a sketch of a Ri&p. Recall the cell is
assumed to be at rest labeled By Att = ¢, a rapid transition to the poirX, on I,
occurs (for the proper choice of thresholds). The PIR map 8tarts atX, on Iy and
terminates alX,. Notice that afi’,. a rapid transition governed by (FS) from the active
phase (shown at the top) to the silent phase (shown at thenbpticcurs. Also illustrated in
the bottom plane of this figure are thenull and thez_(0) curves. Shown in this figure is a
projection of a solution wherX € Qp;r, and thus a PIR response is guaranteed to occur
upon release. Figure 42 shows a silent phase trajectoryhvades not satisfy condition
(5.58), and proceeds beldw,.. This type of trajectory is representative of the trajegtor
illustrated in Figure 38b).

The diagram presented in Figure 42 shows a transition tihrdlig active phaseOn
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d(Xy) = Xr

Figure 42. This figure shows tl@n burst cycle in theMixedresponse along with the silent
phase transition.
part of aMixedresponse) and a transition in the silent phase along (S®aitting atX ;.
In order to have a complete picture oMixed response, Figure 43 shows the remaining
PIR part of the solution. There, the transition fra&s- = (zr, I1) to (27, 0) is rapid, and
sinceXr € Qp;g, arapid transition to the active phase occurs (verticaticédn the active
phase, a transition frorfer, 0) to (2., 0) occurs (horizontal line in the (AFSa) portion of
Figure 43). Once the trajectory reachigs, a rapid transition to the silent phase occurs and
then the solution travels back towards the equilibriunXaBy combining Figures 42 and
43, a complete picture for a mixed response is illustrated.

The diagrams presented in Figures 42 and 43 are meant totlgvessence of the
role that both (AFSa) and (SSa) play in the solution cycleve@ian initial condition

Xy = (2(0), 1y), the conditions that will guarantek(X,) € Q2p;r have been established
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T, (AFSa)

ic 3

Figure 43. This figure shows the PIR burst cycle inkhigedresponse.

for a certain class of inputs, namely thosedn First recall that to guarantee &n part,
I+ < I,. This condition was established in Chapter 4. Whenevemssitian to the active
phase occurs, the active phase duration can be approxinmsitegl(AFSa). As such, given
an input in the clas€, the active phase duration can be computed for dach (I, I,,)
using (AFSa). In this study, the active phase durations wemgputed forr, (/) = —al+b
with the two different pairsa, b); and(a, b)».

In addition to the active phase conditions, recall thataetthreshold conditions on the
input must also be satisfied to elicit PIR. For inputs in thessC,, these conditions were
found to bely, < I,.., < I~ and thatT be sufficiently large. A sufficiently large duration

guarantees that upon relea¥g; € Qp;g. For Hy(I) = —al + b, the silent phase duration

T, was computed for eachvalue onl',.. For aMixedresponse, the location &, plays
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the active phase duration and (5.41). As a result, the glesge duration can be calculated
as well and the minimum duration needed to guarantdexadresponse can be found.

In this section, different examples are given to show the tbat7, and7, play on
the solutions of (FULLa). These examples are also meantdwighe verification for the
durations computed in the previous sections. In each o&thbe input’s initial condition
was chosen so thdt, > I, > I* (and is in factl, = 0.8). Thus, it satisfies the conditions
for an On part in aMixed response. lllustrated in Figures 44a) and b) are two differe
responses for two different choices of parame(érg). In both a) and b), notice that an
On part occurs but no PIR response is attained since the darafithe input is not of

sufficient length. To describe the duration needed fietixedresponse, botl, and7, are

important. The minimum duration needed to guarantd®x@dresponse is defined as:

T = = (T,(Xo) + To(2(Xy))), (5.74)

and depends on the initial conditiog,.

For the computations illustrated in the previous sectioersall thatH, (1) = —al +b.
As such, for(a, b); = (1, —1.3), T}, = 451.32. For (a, b)s = (5, —6.5), T},, = 227.6. Both
of these durations were calculated o 0.0025, but can be adjusted for eaehFor the
examples illustrated in Figure 44, the durations for a) andré7; = 300 and7; = 175,
respectively. Therefore, the conditions foMaxed response are not satisfied and no PIR

occurs.

lllustrated in Figure 45 are the same two examples (as inr€igd) for longer stimulus
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Figure 44. This figure shows the dependence of the respone anmput duration. ),

(a,b); = (1,—1.3) are used with an insufficient duratidnto elicit PIR. Figureb) shows

the same simulation fdia, b), = (5, —6.5).

durations. Recall that to attainNixed response the minimum input durations were com-

puted to bel;, = 451.32 for (a,b); = (1,—1.3), andT,, = 227.6 for (a,b); = (5, —6.5).
Notice that PIR was attained in these examples since théioisgl; = 475 andT, = 250
were chosen to be sufficiently large.

In this section the active phase trajectories(fa),; and(a, b), are shown along with
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Figure 45. This figure showdixedresponses for two differeli&, b)-pairs. Ina), (a,b); =
(1,—1.3) are used with a duratioff large enough to elicit PIR. Figurtg shows the same
experiment for(a, b), = (5, —6.5).

the silent phase trajectories to illustrate a completetgwiicycle in the(z, I)-plane. |-
lustrated in Figure 46 are the projections of (FULLa) andAff$a) composed with (SSa).
In this figuree = 0.0025 (being larger than the previously used valae= 0.0005, in

Figure 38), and as a result, the difference between thegirofes of (FULLa) and the ap-

proximations given by the subsystems is more noticeallesttated in Figure 46a) is the
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complete solution cycle for the parameté¢iisb); while Figure 46b) shows the cycle for
(@,b)2. In both cases, the minimum durations needed to guaran@#le already been
computed and are included in each figure.

To summarize, givert/,(I) = —al + b, the conditions which guaranteeMixed re-

sponse are:

(It < Iy < Ty, Iy <Ilpin<I ,T>T,=T,+T,}, (5.75)

where,l, is given,,,,;,, = % T, is computed from (AFSa), arifl is computed from (SSa).

One interesting issue which has not been addressed but nrapbeant in the descrip-
tion of solutions, is the decay rate of the input. With thisnind, for Hy(I) = —al + b,
it may be helpful to investigate the role thaplays on the durations. For example, the
responses shown in Figure 44 and Figure 45 show that theiohsdt, and7, may depend
ona. Notice that wheru is smaller ¢ = 1), a longer active phase duration occurs and
the On part of the response is longer than when a laigegalue ¢ = 5) is used. As a
consequence, the value @fvill also affect the silent phase duratidh. The smalle is,
the longer the silent phase duration must be to guaranteeTPkefore, for inputs of the
form Hy(I) = —al +ba longer active phase duration will also require a longensphase
duration to attain PIR.

In Figure 47 we illustrate the active phase and the silens@ldarations as a function
of . In the calculations of these durations, certain pararaetere kept constant so that
the role ofa could be investigated. In Figure 47a), the durations wersprded for/, =

0.8 and I,,,;, = 1. Requiring/,,;, to be constant gives the appropriitealue (and as
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b)
I
T, = 451.32
b X,
~ z
(57 ) = (17 _13)
a) s
I
b X,
T, = 227.6
~ z
(57 ) = (57 _65)

Figure 46. This figure shows the trajectory of (FULLa) prégebon the 2, 7)-plane and the

trajectory generated by the subsystems (AFSa) and (SSa&) i) = —al +b. In both
figurese = 0.0025 and as a result a visual difference between the projectedicoland
the leading order solutions exists. Figure a) shows a t@jgevhen(a, b); = (1, —1.3) is
used. Notice that this trajectory satisfies the conditidissenma 5 and the trajectory does
not crosd';,.. Figure b) shows the trajectory whém b), = (5, —6.5) is used. When this
pair is used, the conditions of Lemma 5 are not satisfied amttéectory proceeds below
I'1.. In both cases the duratidh > T, and the pointX, € Qp;r, and as such Mixed

response is produced.
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suchb is not kept constant) for eagh Thus, under these restrictiofs = 7,(a). In
Figure 47b) a similar computation was conducted for thensiidrase duratiof,. In this
case, the appropriate starting paat € I';,. was computed from (AFSa) and used in (SSa).
Under these restrictiond}, = 7,(a). Notice that the minimum duratiort,,,, needed to
guarantee Mixed response can be calculated from these two durations. Tiues) gn

initial condition X, = (2(0),0.8) and the ratiog =1, T, = =(Tu(Xo) + Tu(P(Xy)).

a
Notice that the smalled is the longer the respective durations are. Although thiglies
that there is a fine balance between the choice arid the subsystem durations, this may

also depend on the valug andb. Since all cases cannot be examined in this study, only

the effects otz are investigated.

Figure 47. This figure shows the role @bn both the active phase and silent phase dura-
tions. In a), the active phase duratidp plotted as a function of, for @ € (0.1,10). In

b) the silent phase duratidh is plotted againsi. Notice that wher is smaller, both the
active phase and the silent phase durations are longer.
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Presented in this chapter was a general theory for dealithgawion-autonomous burst-
ing model. First, the class of monotone slowly decreasipgts C, was defined and used
to illustrate anOff and aMixed response. The shapes of these inputs were motivated by
the synaptic model solutions shown in Chapter 2. When infpais the classC were in-
corporated in the model, (FULL) was able to be augmented sugmnomous system. The
augmented system was defined as (FULLa) and was the basisdoalyses in the chap-
ter. Because of the definition @f, (FULLa) has two-fast variables and two-slow variables.
In this chapter, the goal was to use (AFSa) and (SSa) to finditons to predict when
(FULLa) can reproduce Blixedresponse.

To describe thén part of aMixedresponse, (AFSa) was analyzed for a sub-class of
inputsC,. It was shown that for inputs of this type and the approprihteshold condi-
tions, an active phase transition must occur in finite timeem, the active phase durations
were computed for different parameter pa(?ufsg) corresponding to the class of functions
Hy(I) = —al + b. Furthermore, (SSa) was defined and also analyzed for impd@ts In
these analyses, the goal was to find conditions which wouddiagiiee PIR. The PIR region
Qprr Was defined and was used as a target region for the trajecfirigSSa). For the
class of inputs inC,, we have shown that a silent phase transitiof}gy is guaranteed
to occur if the duration of the input is of sufficient lengthhi3 was achieved by defining
the trapping regiofilgs, and determining the silent phase duratignAgain, this duration

was computed for different parameter pdiisb). Although Hy(1) = —al +bis only a

sub-class of functions of, examined, the procedures used to compute the active phase
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and the silent phase durations can be extended to otherdoact

Once the active phase and the silent phase durations werdatald, we defined,, as
the minimum duration needed to guarantédigedresponse. This response was described
as a composition of the solutions of (AFSa) and (SSa). Tetilaie the solution cycle of
(FULLa) for aMixed response, the PIR map was defined and used to find the corsdition
needed for such a response. When the funcfigty) = —al + b is used, it was also
shown that the response of (FULLa) depends:oRecall thatz corresponds to the decay
rate of the input. With the solution of the synaptic modalstrated in Table 1 in mind,
different decay rates may play an important role in the rasps of neurons. We found that
the smallefa, the longer the active phase duration, and as a consequbacalent phase
duration must also be longer to guarantee PIR. In conclusi@nanalyses conducted in
this chapter describe the conditions needed for botiO#hend theMixed responses, and

can be used to predict when such responses occur.
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CHAPTER 6

CONCLUSIONS AND SUMMARY

Summary

The goal of this dissertation was to develop and analyze aantonomous bursting
model which can reproduce each of the responses found img=igurhe model presented
in this study, (FULL), is a system of nonlinear equationsihgwne equation analogous to
a current balance equation. First, we described and incatgx synaptic dynamics into a
simple synapse model. Since the membrane potential of @ané&udirectly affected by the
synaptic input, we incorporated the solutions to the syinapbdel into (FULL) as a time
dependent inpui(¢). Under such inputs, we showed that not only can (FULL) repeced
the On, Off, andMixed responses observed experimentally in neurons, but we fthend
conditions which will guarantee these responses. We shtwatdhese conditions depend
on both the thresholds and the duration of the inputs.

Before we analyzed (FULL), the necessary subsystems néededcribe the solutions
were defined. We defined and used the averaged-fast-sulsisteescribe the flow of
solutions along the active phase and to derive the activeegptarations. Similarly, we
defined and used the slow-subsystem to describe the flow ofi@w along the silent
phase and to derive the silent phase durations. For inputhwlave rapid transitions, we

found that the solutions of (FULL) depend on the basin ofatton of the periodic orbits
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2,. We generated a numerical description of the basin of airaof (2, and showed that
it caused dynamics which may not be realistic when modelexgons. With these issues
in mind, we chose initial conditions, input thresholds, aludations throughout the study
so that only “realistic” solutions occurred.

When we considered a “constant current pulse” @mendOff responses illustrated in
Figures 1a)-b) were reproduced using (FULL). We used |lgpdider analysis and averag-
ing to determine regions in thé, T') parameter plane, including minimum and maximum
threshold values, where tl@n andOff responses can occur. Even though in Figure 17 we
demonstrated that different types of responses may belpesgnen using such an input,
by choosingl andT appropriately, th®©n andOff responses can be reproduced to leading
order.

Furthermore, by including a monotone slowly decreasingtingonditions which guar-
antee arOff and aMixedresponse were found for the special sub-class called “geapf
plicable” inputs. Under smooth slowly varying inputs, wegmented (FULL) to a system
of autonomous equations. For the augmented system, wehesaddraged-fast-subsystem
to guarantee that a transition from an entry point in thevagithase to the homoclinic point
was possible. Although such transitions were guaranteeddor for the general class of
monotone slowly decreasing inputs, the examples preseesetted from generic applica-
ble inputs. For these examples we established a proceducerftputing the active phase
durations.

In addition, we used the slow-subsystem to describe the 8toawalong the silent
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phase. Given an initial condition on the slow-subsystemifolmhand inQ25s,, we showed
that for generic applicable inputs, a transition in thergilghase to the target region called
Qprr can occur. Recall that reachingy;r guarantees a PIR response upon release of
the input. This transition was shown to depend on certainlitude thresholds and on
the duration of the input. We also found the necessary camditwvhich guarantee such
transitions in the silent phase for the class of genericiegiplle inputs (to leading order).
Using both the averaged-fast-subsystem and the slow-stdmythe minimum durations
needed to guaranteeMixed (or Off) response were computed (given a generic applicable
input). We found that these durations depend on both cetftagshold values and on the
decay rate of the input.

Although the examples illustrated in Chapter 5 were for gerapplicable inputs, the
general approach and theory can be extended to the moreafjetzess of smooth slowly
varying inputs. Also, it gives a starting point for dealingtvmodels which have other
non-autonomous inputs, and more specifically describep@ach for analyzing models

given by (1.1)-(1.2).

Applications

The responses presented in this dissertation can be ves¥patimentally. Intracellu-
lar current injections and extracellular recordings withisual stimulus are two examples
of experiments used to record the responses of neurons. Bngahe duration and the

amplitude of the current used in intracellular currentdtigns, one could verify the results
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found in Figure 19. For example, Figure 4 of [14] shows th@oases of amn vitro ferret
visual neuron from different current injections. The rasg®in part A) of this figure is
very similar to the response illustrated in Figure 17d) wehidve duration of the stimulus
was taken to be large enough to exhibit a bursting patteroattering). For extracellular
recordings similar to those found in [41] and [51] varying tturation and the intensity of
the light stimulus may also help to verify the results foundrigure 19. In most experi-
ments, the two simultaneous stimuli case has not been fyfiioeed, but may be needed
to explain more complex neural functions.

Regardless, individual cells must be able to reproduce yhamics in Figure 1 for at
least some kind of time dependent input. For example, Wargds land Chalupa (2003)
[80] showed that certain ganglion cells in ferrets exhibbeé three types of responses due
to both light stimulus and current injection. Experimenke lthese not only show that
individual cells must reproduce these responses, buthkahechanism for such responses
may in fact be given by the individual cell and not networkpedies. By including at least
one slow somal and/or synaptic current, the results of theeotistudy demonstrated that
relatively simple time dependent inputs can reproduceedibiors in Figure 1.

Recall that the time dependent input was considered to beethgynaptic input to the
cell, but it may also be regarded as a light stimulus inpuhoreceptive field of a visual
neuron. By assumingy(t) to be proportional to the light stimulus one can still vettfig re-
sults of this dissertation. As previously discussed, byhapg a stimulus in the appropriate

part of a cell’'s receptive field and changing the durationhef $timulus, one can observe
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whether or not the responses match the ones described stublis Moreover, by changing
the intensity of the stimulus, the threshold conditions mige confirmed. However, the
assumption that the net synaptic ingit) and the light stimuluss be proportionally re-
lated presumes a 1-1 relationship betw&én', t) over the receptive field and the synaptic
inputi(z,t) over the synaptic field. It is possible thaand.S may not even be function-
ally related. These issues additionally complicate modetispects but are nevertheless
paramount for a more complete understanding of visual sysésponses.

Assuming/(t) is the net synaptic input also helps to extend the resulthisfstudy
to other sensory systems. For auditory neurons, the stensiisound intensity/frequency
and relating a cell’'s receptive field with a particular resg® may not be as direct as in
visual cells. On the other hand, [49] showed that the recepield of sensory neurons
in the weakly electric fish have a parallel structure to mafranavisual LGN cells with
center surround receptive fields. For these types of netlhensonnectivity properties may
include feedback from higher processing stages and the esaelation between electric
field stimulus and synaptic input can be difficult to measiteus, by considerind(t) to
be the net synaptic input due to a stimulus, one does not baugbstantiate a relationship

between stimulus and synaptic input.

NumericalResults

Now that the model has been developed, discussed, and addiyz both constant

current pulses and monotone slowly decreasing inputsywsmumerical examples of the
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solutions of (FULL) for other inputs are presented. Thesaugitions include various non-
autonomous inputs such as those illustrated in Table 1. idldaded in this section, the
numerical solutions of (FULL) when different sinusoidaputs are used. These types of
inputs were applied experimentally in [21, 24, 49, 73], feample.

First, illustrated in Figure 48 are the numerical solutioh§~ULL) when

I(t) = (H(r —to) — H(T — to — T))(g(l — e M) 4 [pem ), (6.1)

a

with 7, = 0, for two different(a, b)-pairs andl’ = 350. lllustrated in Figure 48a)a, b) =
(5,4) while in b) (’d,~) = (3,4). This type of input corresponds to slowly activating
excitatory synaptic input (with a fast inactivation). Oreng to note here is that thén
response has a small delay due to a slow excitatory synapiid isimilar to the input
illustrated in row 3 of Table 1. Illustrated in a), only a si@dpurst occurs due to the fact
that for this choice of parametegs = % < I,,. In b) on the other han% = % > I,
and multiple bursts can occur (as was illustrated in Fig@&e Both of these patterns of
responses, including the delays have been illustrateddipgidd [49], for example.

When synaptic plasticity is incorporated, (FULL) can rafaroe both aftonand anOff

response and these are illustrated in Figure 49. lllustiatéhis figure are the solutions of

(FULL) when
I(t) = (H(t —ty) — H(t —tg — T))(I;(e”t) — e-fT(T-tﬁ)))) (6.2)

is used withc = 4, d = 8, andT = 250 for two different values off;. lllustrated in

Figure 49a),l; = 4, and anOn response occurs. In Figure 491), = —4, and anOff
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~ t - t
(@,b) = (5,4), andT = 350 (@,b) = (3,4), andT = 350
Figure 48. This figure shows two different delay@d responses for synaptic inputs with

slowly activating excitatory inputs. In a) a single burssi®mwn while b) shows multiple
bursts.

(a,b) = (5,4), andT = 350 (¢,d) = (4,8),andT = 250
Figure 49. This figure shows theff response silent phase trajectory of (SSa) for two
different pairs(a, b). In both figures the initial condition X = (2(0), 0). In &), (a, b); =
(1,—1.3) and in b)(a,b)s = (5, —6.5).
response occurs. These types of inputs correspond to syimgpits which incorporate the
effects of depression and are similar to those illustratedw 8 of Table 1. This type of
synaptic plasticity has been shown in [50] and [79].

As previously mentioned, in many experiments a sinusoitia@wus input has been
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used to stimulate certain cells. For example, in visualesysteurons, a sine wave grating
of various spatial drifting frequencies or contrast reaksdimuli has been used. Experi-
mental data has been recorded in [21, 49, 73] for these tyfpstsnauli in visual system
cells. In auditory neurons, similar sinusoidal inputs hals® been used to study the re-
sponses of neurons. For example, in [24], auditory neun@sgionses were recorded as a
consequence of sinusoidal frequency tone modulationsemergl, the experiments men-
tioned above have been used to detail how the input/outjiepties of certain cells are
affected by the spatial and temporal frequency of the stiswl

To simulate (FULL) with a sinusoidal input, consider

It)=1, sin(%(t — ) (6.3)

with different amplituded; and of various periods represented by the vale In the
following examples, the duration of the input was considdaege enough for the steady-
state of (FULL) to be established. Illustrated in Figure)38ahe solution of (FULL) when
I; = 0.5, andN = 100. Notice that for this type of input, the majority of the bupstiterns
occur after the peaks of the sinusoidal input. This type spoase is similar to those
illustrated in Figure 9(f) of [24] and in Figure 2(a) (OFFaglcell) of [49]. lllustrated in
Figure 50b) is the solution of (FULL) wheh = 1, and N = 100. In this example the
bursts occur just before and at the peaks of the input. This ¢f response matches those
shown in Figure 1(c) of [21], Figure 11 of [81], and in Figur@P(ON relay cell) of [49].

It is interesting to note the responses of (FULL) illustchiie Figure 51. There, three

different responses are shown for three similar sinusaigaits. In a),/; = 0.23 and
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Figure 50. This figure shows the response of (FULL) when assiidlal input is used. In a)
the amplitudeg/; = 0.5 and in b)/; = 1. Notice that the location of the burst cyles occur at
slightly different locations relating to the peaks of thputs.

N = 85;inb)[; = 0.26 and N = 85; and in ¢c)/; = 0.29 and N = 85. For each
of thesel,-values, the bursts occur at different locations with respe the input. First,
the response illustrated in Figure 51a) is very similar ®dhe illustrated in Figure 2(A)

in [73]. There, whole cell recordings of a single relay neuduring a sinusoidal current

injection over a range of modulation amplitudes is shownis linteresting to note that
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(FULL) can capture the qualitative behavior illustratedheg top of Figure 2(A) while the
Integrate-and-Fire-or-Burst model presented in the saapendoes not (for low amplitude
modulations).

In general, for experimental results not represented bgethio this study, it may be
possible that a different (FS) could reproduce the resultsthis dissertation (FS) was
chosen so that (FULL) exhibits square wave bursting pattefinese patterns have been
observed in many experiments. For example, results foufidtjrand [81] showed similar
bursting patterns (chattering). However, by applying isfuiom [59], fast parameters can
be chosen to alter the (FS) bifurcation diagram in such a waly(FULL) can reproduce
other experimental results found in [14], [31], [76], and]8In Figure 52, fast parameters
were chosen to match beating (fast spiking) patterns. Sattbrps more closely resemble
those found in Figure 1 in [31] for instance.

In contrast, in Figure 53 fast parameters were chosen tomtlaec‘Nearly Parobolic”
fast subsystem discussed in [59]. These patterns well depethe experimental results
presented in Figure 3a) of [14] and Figure 1 in [76]. Thusegkpents like those described
above might be used to determine an appropriate (FS) forpthafgc cells at various lev-
els within the visual system (i.e., retinal ganglion, LGN},W3, etc.) or other sensory

systems.
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Figure 51. This figure shows three different bursting pagerhen three different ampli-
tudes are used.
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I =1.5withT = 150
Figure 52. This figure shows the response of (FULL) when ateoimsurrent pulse is used
but (FS) exhibits a “fast spiking” or beating behavior (ged of bursting).

FutureWork

Although many issues in analyzing a non-autonomous bgystindel have been re-
solved in this dissertation, a multitude of open questi@msain. First, the class of inputs
given by C can be extended to include more physiologically relevaptiis. For exam-
ple, one might use inputs generated by a synaptic model wingch not discussed in this
study, but are included in Table 1. Due to the physiologiedlire of the inputs, the more
general class of inputs must be bounded. These ideas catetitbns to a more general
classification of inputs and further analyses of (FULL).

More specifically, the net synaptic input to the cell will lramany different shapes
and forms, and being able to analyze (FULL) under such varioputs may foster new
mathematical methods and could answer many modeling gussttExtending the analyses

of Chapter 5 to include these different types of inputs mayp e determine maximum
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Figure 53. This figure shows the response of (FULL) when tharpaters of (FS) are cho-
sen to exhibit a “Nearly Parabolic” behavior [59]. In eaclufigthe black line represents
the time duration of the input. In a), the fast parameteAget (0.25,1.1, 1) was used with
a stimulus intensity = 0.5 and a duratiod’ = 250. These parameters were chosen to
match experimental results found in [14]. In b) the fast paeter set\; = (0.25,1.15,1)
was used with a stimulus intensify= 0.5 and a duratiori’” = 750. These parameters
were chosen to match experimental results found in [76]. difference between these
responses and those in Figure 17 is that these patterns ttame potential minima in the
bursting patterns which are below their silent phase vallibe patterns in Figure 17 have
action potential minima which are elevated above the siduaise. Notice that these dif-
ferences may occur not only in different cells in differeapérs of the visual system but in
different animals (i.e. ferret vs. cat).

and minimum threshold values that such an input must haveriergte different neuronal
responses. One example is to extend Lemma 4 to a more gelassab€inputs. Recall that
Lemma 4 stated that a transition fraXy to X+ € Qp;g in the silent phase was guaranteed
to occur (for a sufficiently large duration) only for inputsthe clas<C,.

In the sinusoidal input case, the objective of describirgicessary conditions needed
to guarantee Mixedresponse no longer applies. In this case, perhaps a morefaizte

approach would be to piece together the analysis of the demayn of the input with an

analysis of growth of the input to predict when rapid traosis to the active phase occur.
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This may involve an approach similar to the one explored &) y&here the fixed points of
a return map correspond to bursting solutions.

Even though extending the class of inputs may be appropfatmany types of inputs,
an augmentation to a higher dimensional autonomous systgmmot be plausible. Notice
that the augmentation of (FULL) was a valid transformationdmooth monotone slowly
decreasing inputs, but this may not always be the case. ifithet /(¢) is the solution to an
initial value problem, then an augmentation can occur. dafately, this may not often
be the case and dealing with such an input may require anotagrematical approach. A
guestion for future work is then “under what types of inpuaa ¢FULL) be augmented to
a higher dimensional system?”

Another project that could easily parallel the one in thigdgtis to analyze (FULL)
when different fast subsystem parameters are used. Forpéam the previous section
it was shown that (FULL) can reproduce other forms (othen thiarsting) of neuronal re-
sponses. By changing the fast parameters, (FS) can bedadi@sey and a similar analytical
approach can be followed. This could lead to different syisapput conditions which can
be used to guarantee that certain responses occur.

Lastly, in Chapter 3 a numerical description of the basintwéation of (FS) was given.
This description could be extended analytically. For exianpsing the Liénard form of
(FULL) and incorporating phase plane analysis, the exég@rfiregions in théu, v)-plane
that are in the basin of attraction ©f, could be proved. This would then confirm the

numerical results that illustrate improbable responsesnwhodeling neurons, and would
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help to explain the complete dynamics of (FULL).
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