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ABSTRACT

Flapping, flexible insect wings deform under inertial and fluid loading. Deformation influences aerodynamic force generation and
sensorimotor control, and is thus important to insect flight mechanics. Conventional flapping wing fluid–structure interaction models
provide detailed information about wing deformation and the surrounding flow structure, but are impractical in parameter studies due to
their considerable computational demands. Here, we develop two quasi three-dimensional reduced-order models (ROMs) capable of describ-
ing the propulsive forces/moments and deformation profiles of flexible wings. The first is based on deformable blade element theory (DBET)
and the second is based on the unsteady vortex lattice method (UVLM). Both rely on a modal-truncation based structural solver. We apply
each model to estimate the aeromechanics of a thin, flapping flat plate with a rigid leading edge, and compare ROM findings to those pro-
duced by a coupled fluid dynamics/finite element computational solver. The ROMs predict wing deformation with good accuracy even for
relatively large deformations of 25% of the chord length. Aerodynamic loading normal to the wing’s rotation plane is well captured by the
ROMs, though model errors are larger for in-plane loading. We then perform a parameter sweep to understand how wing flexibility and
mass affect peak deflection, mean lift and average power. All models indicate that flexible wings produce less lift but require lower average
power to flap. Importantly, these studies highlight the computational efficiency of the ROMs—compared to the convention modeling
approach, the UVLM and DBET ROMs solve 4 and 6 orders of magnitude faster, respectively.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0129128

I. INTRODUCTION

Flying insects often serve as model organisms in the study of sen-
sorimotor and neuromuscular control because they have relatively sim-
ple neural systems, yet are able to perform sophisticated tasks.1 Insects
may utilize halteres to sense angular velocities of their bodies,2 campa-
niform sensilla to detect strains of their legs and exoskeleton,3 and
Johnston’s organs to detect vibrations in the antennae to sense airflow.4

Some insects utilize campaniform sensilla (strain-sensitive mechanore-
ceptors) distributed across their wings to encode deformations such
that they can adjust their flapping kinematics for improved flight con-
trol.5–7 Information regarding the insect body’s angular velocity is also
believed to be encoded in wing deformation,8,9 hence making wing-
based mechanoreception an essential sensory modality in insects that
lack dedicated gyroscopic sensing organs. Wing flexibility and defor-
mation are, therefore, critical to flight in many insect species.

In addition to sensory functions, deformation also influences
wings’ aerodynamic performance. Insect wings undergo large defor-
mations due to both aerodynamic and inertial forces.10–12 The sur-
rounding fluid affects the wing deformation and vice versa, leading to
a strong fluid–structure coupling. Wing flexibility may reduce the
energetic requirements of flapping, since strain energy stored in the
wing during elastic deformations may be recovered later in the wing-
beat.13 Wing flexibility also has a significant influence on thrust pro-
duction through passive wing pitching and bending, which lowers
drag forces and strengthens vortex production near the wing surface,
thereby increasing lift forces.14–16 Wing mass and the relative contri-
bution of inertial and aerodynamic forces also play a role in efficiency.
Lift-to-drag ratio is higher in cases where aerodynamic forces domi-
nate deformation (e.g., low wing mass), likely due to smaller shed vor-
tices and thus lower drag forces.17 Additionally, flexibility may benefit
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wing–wing interactions, such as during clap and fling type flapping, to
enhance force generation. Studies show that wing deformation
improves leading edge vortex (LEV) attachment and wake capture,
where the wing interacts with shed vortices from the previous flap
cycle to enhance force production.18

Owing to the experimental limitations in real insects, the charac-
terization of structural and fluid phenomena surrounding flapping
wings often relies on computational modeling.11,19–26 Fluid modeling
usually involves computational fluid dynamics (CFD) to solve the
Navier–Stokes equations—a set of partial differential equations that
describe the conservation of mass and conservation of momentum in
fluid flows.27 This fluid model is often used in conjunction with struc-
tural solvers such as finite element analysis (FEA) to evaluate bilateral
fluid–structure interactions (FSIs).11,19,22 Computational models have
driven much of our current understanding of flapping wing mechan-
ics, such as the development of LEVs28 and the influence of venation
patterns on spatially variable stiffness.29 Additionally, computational
models provide a platform to compare the performance of flexible
wings to idealized rigid wings, where the latter are mathematically
convenient but unrealistic in natural contexts.11,30 While these compu-
tational models are an accepted instrument for studying flapping wing
flight, they necessitate considerable computational resources, often
requiring several days to reach converged solutions for each simula-
tion. They are consequently challenged by studies that consider large
parameter spaces, for example variable wing morphologies, flapping
kinematics and material properties.

Because of the solution times required by higher-order flapping
wing models, reduced-order models (ROMs) have emerged as useful
frameworks to efficiently perform parametric and optimization stud-
ies. The two most common ROMs in flapping wing flight are based on
quasi-static blade element theory (BET) and unsteady vortex lattice
method (UVLM).22,26,31–34 BET functions by discretizing a wing into
airfoils that run along the wing’s chord. The local aerodynamic forces
and moments are determined via thin airfoil theory and are subse-
quently integrated over the wing surface to give the net forces and
moments. BET is typically used to model rigid wings but has been
extended to flexible wings in some contexts. For example, a BET-
based formulation was used to model flexible wings experiencing
single-degree-of-freedom rotation,35 but because of the simplified
kinematics, such a model cannot accommodate lifting flow. Wang
et al. used BET to describe the aerodynamics of twistable wings subject
to multiple-degree-of-freedom rotation,36 though the structural model
in this work is not amendable to the anisotropic or spatially variable
material properties present in real insect wings.37 Walker and Taylor
developed a similar BET model for twistable wings, where the twist
angle must be prescribed within this approach.38

UVLM estimates pressure over the wing surface by treating the
wing and shed wake as an infinitely thin sheet of discrete vortices.
These vortices cause a velocity gradient across the wing and thus a
pressure differential. This method has the advantage of being signifi-
cantly faster than high-fidelity CFD while still accounting for many
unsteady phenomena.22,39 Compared to BET, UVLM is more com-
monly used to describe the mechanics of two-dimensional (2D) or
three-dimensional (3D) flexible wings,22,26,33 but is more computa-
tionally expensive as well. One method to reduce the computational
costs of UVLM (perhaps at the expense of accuracy) is to use a quasi
three-dimensional approximation, similar to the one employed by

BET. For a wing discretized spanwise into n segments, a quasi-3D
approach reduces the number of required calculations by at least a fac-
tor of n. Vector calculations being reduced to two dimensions further
enhance computational savings. However, to our knowledge, no such
model has been developed for flapping wing flight.

Given the importance of wing flexibility in insect flight and the
limitations of existing flapping wing fluid–structure interaction (FSI)
models, the goal of the present work is to develop two quasi-3D
ROMs of flapping, flexible wings and to benchmark the accuracy and
computational times enabled by these models against a more conven-
tional high-fidelity (HiFi hereafter) approach. Each ROM must be
capable of estimating wing deformation and the bulk propulsive forces
and moments of flapping. The first ROM is rooted in BET but accom-
modates wing deformation; we, therefore, refer to this model as
deformable blade element theory (DBET hereafter). The second ROM
is based on a quasi-3D UVLM approach (simply UVLM hereafter).

The remainder of the paper is organized as follows. First, we for-
mulate the ROMs and describe the basis of the HiFi computational
model. Then, we apply each model to predict the deformation and
aerodynamics of a thin rectangular plate flapping in a quiescent envi-
ronment. We assume the wing has a rigid leading edge, since the
vibration modes measured in insect wings indicate that deformation is
more pronounced at the trailing edge relative to the leading edge.40,41

Though the ROMs may generalize to more complex wing structures
(e.g., realistic planforms, vein structures), it is prudent to first bench-
mark their accuracy in a simplified context. We then compare propul-
sive forces and wing deformations estimated by each model, and
perform a parametric study to quantify how wing stiffness and mass
affect lift, peak deflection and average power requirements. Finally, we
discuss the utility of these models within the field of insect flight and
address some of the model limitations.

II. MATHEMATICAL MODELING
A. Flapping kinematics

First, we establish a wing-fixed system that rotates with the wing’s
rigid body motion (Fig. 1). The reference frame kinematics are identi-
cal across all modeling efforts and originated in Ref. 42. A wing is situ-
ated in an X � Y � Z inertial coordinate system. The X � Y � Z
coordinate system undergoes a finite rotation a about the positive X
direction, where a denotes the roll angle (also called flap angle) of the
wing. The resulting x00 � y00 � z00 coordinate system is then rotated
about y00 by angle b, where b represents wing pitch (also called wing
rotation). The ensuing x0 � y0 � z0 system experiences finite rotation c
about the z0 axis, where c is wing yaw (sometimes stroke deviation).
The terminal wing-fixed x � y � z coordinate system is bound to the
wing’s rigid body rotation, where the wing is rotating about fixed point
O. The unit vectors in the wing fixed frame are ex; ey; ez and are
directed along the x, y, and z axes, respectively. The angular velocity X
is

X ¼ ð _a cos b cos cþ _b sin cÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Xx

ex þ ð _b cos c� _a cosb sin cÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Xy

ey

þ ð _c þ _a sin bÞ|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
Xz

ez; (1)

where Xx, Xy, and Xz are the x, y, and z components of angular veloc-
ity with respect to the wing-fixed coordinate system.
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B. Reduced-order modeling

1. Structural modeling

Next, we derive a reduced-order structural modeling of the rotat-
ing, flexible wing. The structural model is general in the sense that it
can incorporate any planar wing geometry and can interface with any
appropriate fluid dynamic model. Within this work, we use this struc-
tural model in conjunction with the DBET and UVLM aerodynamic
solvers. The benefit to this approach is that we must solve only for the
time-response of the wing’s vibration mode shapes rather than the
time-response of the wing’s individual degrees-of-freedom (assuming
the wing can be discretized as a multiple-degree-of-freedom system).
In practice, the number of modes needed to represent wing deforma-
tion is usually much smaller than the number of physical degrees of
freedom, thereby representing a computational savings within the
structural domain. The wing’s vibration modes can be pre-computed
analytically for simple structures or via finite element for more com-
plex structures. The structural model framework originated in Ref. 43
and was extended in Ref. 44, and is summarized here to provide con-
text to the present work. For a more thorough derivation, the reader is
encouraged to refer to these references.

Consider a position vector R from the wing’s fixed point of rota-
tion O to a differential mass element dm located on the wing (Fig. 1).
Position vector R is

R ¼ xex þ yey|fflfflfflfflffl{zfflfflfflfflffl}
r1

þWðx; y; tÞez; (2)

where x and y are the planar coordinates of dm (also described by
position vector r1) and Wðx; y; tÞ is a small, unknown out-of-plane
elastic deformation dependent on both space and time. The wing’s in-
plane motion is neglected. The velocity of dm is

_R ¼ X� Rþ _W ðx; y; tÞez: (3)

The wing’s kinetic energy T is

T ¼ 1
2

ð
m

_R � _R dm; (4)

where the above represents an integration of the differential kinetic
energy of dm over the wing’s mass domain. Next, the potential energy
U resulting from the wing’s elastic deformation is

U ¼ 1
2

ð
V
rðW;WÞ dV ; (5)

where r is a symmetric, quadratic strain energy density function
dependent on wing deformation Wðx; y; tÞ and V is the wing’s vol-
ume. Next, we represent elastic deformation Wðx; y; tÞ via an eigen-
function expansion such that it can be calculated as space dependent
mode shapes /kðx; yÞ multiplied by their time-dependent modal
responses qkðtÞ, given by

Wðx; y; tÞ ¼
X1
k¼1

/kðx; yÞqkðtÞ: (6)

Vibration modes /kðx; yÞ can be calculated via finite element or
in some cases analytically. Mode shapes are normalized with respect to
the wing’s mass such that they satisfyð

m
/k/r dm ¼ dkr ; (7)ð

V
rð/k;/rÞ dV ¼ x2

k dkr ; (8)

where dkr is the Kronecker delta function, andxk is the kth natural fre-
quency associated with mode shape /k.

Finally, we expand the kinetic and potential energies in terms of
Eq. (6) and apply Lagrange’s equation to determine the equation of
motion governing modal response qk as follows:

€qk þ 2fkxk _q þ x2
k � ðX2

x þ X2
yÞ

h i
qk ¼ _X � bk � Xz X � ak þ Qk;

(9)

where ak; bk are constant vectors related to the position of the inertial
force center of the kth vibration mode defined by

ak ¼
ð
m
/kðx ex þ y eyÞ dm; (10)

bk ¼
ð
m
/kð�y ex þ x eyÞ dm: (11)

The first term in the equation of motion is the modal acceleration. The
second term is an empirical viscous damping term, where fk is the
wing’s kth modal damping ratio. The third term is a time-varying stiff-
ness term dependent on the wing’s angular velocity. The modal excita-
tion terms to the right-hand side of the equation of motion are the
Euler force, the centrifugal force, and the kth non-conservative aerody-
namic force Qk. Non-conservative aerodynamic modal force Qk can be
determined via the principle of virtual work as follows:

Qk ¼
ð
Sw

dFzðx; y; tÞ/kðx; yÞ dSw; (12)

FIG. 1. Development of a x � y � z coordinate system that rotates with the wing’s rigid
body motion. R is a position vector between the wing’s fixed point of rotationO and a dif-
ferential mass dm. Per our coordinate convention, gravity g acts in the�X direction.
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where dFz is the differential aerodynamic force acting in the z direction
and Sw is the wing’s surface. The physical aerodynamic force Fz can be
determined via any fluid model, including DBET and UVLM.

Finally, we determine the inertial moments M0 acting at the
wing’s point of rotation O. The inertial moments are needed to calcu-
late the instantaneous power delivered to the flapping wing. We use a
derivation from,13 which derivesM0 starting from angular momentum
H0. The angular momentum of a rotating, flexible wing is

H0 ¼
ð
m
R� _R dm; (13)

which can be expanded via the wing’s mode shapes and modal
responses as follows:

H0 ¼ I0X

þ
X1
k¼1
�qkðak �XÞez � bk _qk � ðez �XÞakqk þ ðX�xzezÞq2k
� �

;

(14)

with I0 being the inertial tensor of the wing. The inertial moments
about fixed point O can then be determined by differentiating angular
momentumH0 with respect to time, yielding

M0 ¼ X�H0 þ _H0;xyz: (15)

2. Deformable blade element theory

Blade element theory (BET) is a quasi-static modeling approach
that is used frequently to estimate the aerodynamic forces and
moments acting on flapping wings.38,45,46 BET is usually formulated
via multiple sets of algebraic equations and is thus computationally
efficient. On the other hand, BET has several limitations; it neglects
spanwise flows, vortex shedding, wing–wake interactions, and other
phenomena that rely on the time history of the surrounding fluid.
Further, BET does not provide information about the spatial force dis-
tribution acting over the wing. Nonetheless, BET provides order-of-
magnitude propulsive force estimates and has been applied extensively
to describe the aerodynamics of rigid wings. In the present work, we
expand the BET approach to accommodate wing deformation. We
refer to this framework as deformable blade element theory (DBET).
We neglect added mass and rotational lift terms, which are included in
some BET formulations.

A quasi-static differential aerodynamic force dF acting on an air-
foil (Fig. 2) is described by

dF �½ � ¼
1
2
qf C �½ �ðAÞV1 � V1 dS; (16)

where qf is fluid density,V1 is the induced or free stream velocity, C½��
is an aerodynamic coefficient (½�� is a placeholder to indicate either lift
or drag) dependent on angle of attackA, and dS is the differential sur-
face over which the differential aerodynamic force acts. Assuming the
wing flaps in a quiescent environment, the induced fluid velocity is
equal in magnitude and opposite in direction to the wing’s velocity, or
V1 ¼ � _R. Then, the differential surface can be described by
dS ¼ cðyÞdy, where c(y) is the wing’s chord dependent on location

along the wing span y and dy is the blade element’s width. We assume
lift and drag coefficients of the form from38 as follows:

CPðAÞ ¼ CP sinðAÞ cosðAÞ; (17)

CDðAÞ ¼ CP sinðAÞ2 þ CD;0; (18)

where CP and CD;0 are empirical aerodynamic coefficients. CD;0 repre-
sents the drag the wing experiences at zero angle of attack. Since the
wing is infinitely thin, this term effectively scales the total shear load
acting over the wing’s surface. The angle of attack A is defined as the
angle between the wing’s velocity vector and the x axis and is calcu-
lated via

A ¼ tan�1
_R � ez
_R � ex

 !
: (19)

Drag acts collinear to the wing’s velocity vector and lift acts orthogonal
to drag. Differential lift and drag components dFL and dFD must be
rotated by A to determine the differential aerodynamic forces acting
normal to the deformed wing dFN and axial to the deformed wing
dFA. This transformation is given by

dFN ¼ dFD cosðAÞ þ dFL sinðAÞ; (20)

dFA ¼ �dFD cosðAÞ þ dFL sinðAÞ: (21)

The normal and axial forces do not coincide with the wing’s x–z coor-
dinate basis (Fig. 2). To determine the aerodynamic forces acting in
the x and z directions, the normal and axial forces must be rotated by
the wing’s local angle of rotation h, where h arises from wing
deformation.

3. Quasi three dimensional unsteady vortex lattice
method

The unsteady vortex lattice method (UVLM) is an established
method, described in detail by Katz and Plotkin.47 It is a potential flow
method governed by

r2U ¼ 0; (22)

where U is the velocity potential. As such, the fluid is considered
incompressible throughout and irrotational except on the surface of
the wing and in the wake. Viscous forces are ignored.

The wing is divided spanwise into multiple blades, each with a
constant chord length. The aerodynamic loads on each blade are
determined using a 2D UVLM solver. The blade is divided chordwise
into panels. Each panel has a bound vortex attached at the quarter-
chord and a control point at three-quarters-chord (Fig. 3).

FIG. 2. Free-body diagram showing differential aerodynamic forces acting upon an
individual blade element.
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Additionally, the trailing-edge panel sheds free wake vortices which
are convected with the flow. Each vortex induces a tangential velocity
field around it, described by the Biot–Savart law,

V ind ¼
Cj

2p

ðri;z � rj;zÞex þ ðrj;x � ri;xÞez
jri-rjj2

; (23)

where V ind is the velocity at some point ri induced by a vortex located
at rj, and Cj is the vortex strength. This results in a singularity; as r
gets smaller, the induced velocity becomes unreasonably large. To
remedy this, a cutoff radius rco is defined so that within this radius, the
induced velocity decreases linearly as separation decreases, and the
induced velocity function becomes

V ind ¼
Cj

2p

ðri;z � rj;zÞex þ ðrj;x � ri;xÞez
jri-rjj2

; jri-rjj > rco;

V ind ¼
Cj

2p

ðri;z � rj;zÞex þ ðrj;x � ri;xÞez
r2co

; jri-rjj � rco:
(24)

At each time step, the strengths of the bound vortices on the
wing as well as the newly shed wake vortex are found by enforcing the
non-penetration condition; the wing is a solid barrier through which
the fluid is unable to flow. This means the fluid can only move across
the surface, and the velocity component normal to the wing surface is
zero, stipulated by

V � n ¼ 0; (25)

where n is the surface-normal vector on the wing and the flow velocity
V is in a wing-fixed frame of reference. When this condition is
enforced at the control point of each wing panel, this takes the form

a1;1 a1;2 � � � a1;Np a1;Npþ1
a2;1 a2;2 � � � a2;Np a2;Npþ1

..

. ..
. . .

. ..
. ..

.

aNp;1 aNp;2 � � � aNp;Np aNp;Npþ1
1 1 � � � 1 1

2
6666664

3
7777775

C1

C2

..

.

CNp

CW1

8>>>>><
>>>>>:

9>>>>>=
>>>>>;
¼

rhs1
rhs2

..

.

rhsNp

rhs�

8>>>>><
>>>>>:

9>>>>>=
>>>>>;
;

(26)

where aerodynamic influence coefficient ai;j is the surface-normal
velocity induced at the control point of panel i by a unit strength

vortex on panel j. rhsi is the total surface-normal velocity at the ith
control point due to all other sources—rigid body kinematics, wing
deformation, and wake vortices, and rhs� is the total bound vorticity
on the wing. C1…Np is the bound vortex strength of the corresponding
panel and CW1 is the strength of the newly shed wake vortex, equal to
the change in total bound vorticity over the wing from the previous
time step. The free wake vortices are massless, and follow the local
flow velocity induced by the wing bound vortices and other wake vor-
tices as determined from Eq. (23). The pressure jump at the ith panel
is found using the unsteady Bernoulli equation47

DPi ¼ �qf ð� _Ri þ V ind;iÞ � si
Ci

ds
þ @

@t

Xi
j¼1

Cj

2
4

3
5; (27)

where DPi is the pressure jump across the ith panel, _Ri is the velocity
of the panel ith in the inertial reference frame arising from the rigid
body kinematics and the wing deformation, V ind;i is the velocity
induced by the ith bound and wake vortices, s is the panel surface-
tangent vector, and ds is the panel length. The first term on the
right-hand side describes the pressure resulting from quasi-steady
aerodynamic forces such as lift and drag. The second term accounts
for the pressure due to added mass, where the summation is from the
leading edge to the ith panel. The aerodynamic force on each panel
acts normal to the surface, and the total force on each blade is obtained
by summing the x and z components of the panel forces.

C. High-fidelity computational model

Computational fluid dynamics (CFD) is a common approach to
solving the Navier–Stokes equations across a discretized domain.
These equations are derived from continuum mechanics and serve to
maintain conservation of mass and momentum, and are accepted in
the engineering community to encompass most physics pertinent to
modeling a fluid domain. Finite element analysis (FEA) is a method
for modeling the deformations and stresses throughout structures
across a wide range of geometry, material properties, and composite
assemblies. To build a two-way coupled model to use as a validation
tool for the ROMs, we interface a CFD model using Siemens’ Star-
CCMþ (v15.04.008) to an FEA model using Dassault Systèmes
Abaqus 2019 (6.19-1). Communication between the two commercial
packages is handled through SIMULIA Co-simulation Engine (CSE).

For a reduction in computational expense, the CFD model uses a
Spalart–Allmaras (SA) closure model in a Reynolds-averaged
Navier–Stokes (RANS) scheme. RANS models are used throughout
turbulent flow research, and the SA was chosen for its efficiency as a
one-equation model as well as its previous use in studying flapping
wing aerodynamics.48,49 This modeling technique was used to calcu-
late the pressure across the wing’s surface as influenced by the entire
flow field. To resolve this flow field accurately without remeshing the
entire fluid domain at each time step, we used a Chimera mesh
approach to keep a consistent discretization around the rotating
wing.50 This allows for a finely discretized region surrounding the
wing (the oversetmesh) to move with prescribed kinematics while the
surround fluid domain discretization (the background mesh) remains
motionless (Fig. 4). At each time step, the overset mesh region is cut
from the background mesh, and overlapping cells along the edges of
the overset region are used to interpolate data between the two meshes,

FIG. 3. Panel discretization used by the 2D UVLM solver.
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thereby maintaining the conservation of mass and momentum. A
radial basis function (RBF) mesh morphing algorithm is also applied
to the overset mesh, allowing these cells and the overset region bound-
ary to stretch and compress to accommodate the deformation of the
wing as calculated in FEA.

The deformations calculated in FEA are influenced by the centrif-
ugal and Euler forces associated with flapping motions as well as the
aerodynamic forces calculated by CFD at every time step. We applied
the flapping kinematics by imposing angular velocity-dependent

boundary conditions at the wing’s fixed point of rotation. Abaqus’
implicit solver was then used to resolve deformations, which were in
turn sent back to CFD.

The communication between FEA and CFD facilitated by
SIMULIA CSE allowed us to capture aeroelastic interactions through
bilateral coupling, as data are transferred between both software at
every time step specified in CFD (Fig. 5). After CFD initializes the
motionless fluid domain, kinematics are applied in FEA, and deforma-
tions due to inertial and centrifugal forces are resolved. Abaqus uses a
dynamic time step to allow for a converged structural solution at each
time step, but when the time step specified in CFD has been reached,
the new wing geometry is sent to Star-CCMþ CFD in the inertial and
wing-fixed frames. This change in geometry is then interpreted as
movement of the wing boundary in CFD caused by both the rotation
and deformation. Next, the overset mesh region is rotated by the flap-
ping kinematics, and then is morphed based on the wing deforma-
tions. Finally, the entire fluid domain in CFD is resolved, and the
resulting distribution of aerodynamic forces is sent back to Abaqus
FEA. In FEA, the process continues, now adding the aerodynamic
forces into the calculation of wing deformation. This cycle continues
until a user-specified solution time is reached.

The HiFi model makes minimal assumptions about insignificant
physics parameters aside from those associated with the influence of
turbulence on the fluid domain as modeled with the SA RANS model.
This allows the HiFi model to capture some of the physics that
the ROMs ignore, such as spanwise flow which is clearly resolved
by the three-dimensional application of the Navier–Stokes equations,
and the influence of added mass which is captured through the accel-
eration term of the conservation of momentum.

III. NUMERICAL SIMULATION PARAMETERS

We now establish the simulation parameters necessary to imple-
ment and compare the HiFi model and ROMs. We investigate a thin,
homogeneous rectangular wing with flapping kinematics idealized
from those of a flying insect. We consider three modulus values (flexi-
ble, medium, and stiff hereafter) to explore the influence of flexibility
on deflection and aerodynamic forces/moments. The wing is assumed
to have a rigid leading edge. All rotations are assumed harmonic.

FIG. 4. Background mesh (outlined) and overset mesh (light gray) of the fluid
domain in Star-CCMþ. The rectangular wing is seen in the dark gray within the
overset mesh. The wing-fixed coordinate system is shown in pink, with an origin at
the wing root’s leading edge. The background mesh must be large enough to
accommodate flapping kinematics and encompass pertinant flow features, while the
overset mesh must accommodate the out-of-plane deformation of the wing.

FIG. 5. Bilaterally coupled workflow between Abaqus FEA and Star-CCMþ CFD. This cycle continues at every time step described by CFD.
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The wing flaps about a stationary point in a quiescent environment,
which is most representative of hovering flight. Wing parameters are
summarized in Table I, and the geometry is shown in Fig. 6. Wing
morphology and flapping kinematics are based roughly on the fore-
wing of the monarch butterfly.51

The structural model used in DBET and UVLM ROMs [Eq. (9)]
is fully defined by flapping kinematics, wing mode shapes /k, natural
frequencies xk, damping ratios fk, and the non-conservative load Qk.
We use a numerical modal analysis implemented via Abaqus to calcu-
late /k and xk. The finite element model used for modal analysis is
identical to that used for dynamic simulation in the HiFi model, with
the primary difference residing in the solution procedure (finite ele-
ment details are discussed with HiFi model parameters). Practically,
we retain two vibration modes (Fig. 6) for the structural solver, which
have natural frequencies (x1 ¼ 40Hz; x2 ¼ 52:2Hz) for the flexible
wing, (x1 ¼ 55Hz; x2 ¼ 74:6Hz) for the medium wing and
(x1 ¼ 73Hz; x2 ¼ 99Hz) for the stiff wing. Damping ratio fk is set
to 5% for both vibration modes. The structural model is solved using
MATLAB (V2021b) “ode45” at time steps dictated by the DBET and
UVLM ROMs.

Simulation parameters for the DBET and UVLM models are
summarized in Table II. The DBET model requires empirical aerody-
namic coefficients and reference locations for the angle of attack and
where aerodynamic forces are assumed to act. We use aerodynamic
coefficients in proximity to the values used in Ref. 38. The angle of
attack is referenced from the three quarter chord and aerodynamic
forces act at the quarter chord. The wing must be broken into ten
blade elements for maximum wing deformation and mean force in the
�X direction (opposite of gravity, Fig. 1) to converge. The UVLM
model requires the wing to be discretized into blades and both the
wing and wake must be discretized into bound and shed vortices. The
values for panel count, wake count and time step were determined
based on convergence studies for a previous 2D model.52 On each
panel, the bound vortex is placed one quarter chord back from the
leading edge and the control point is at three quarter chords from the
leading edge. The cutoff radius is selected such that results largely
match those found without a cutoff, except that large transient spikes
should be reduced. Both models are coded in MATLAB (V2021b).

Parameters for the HiFi model are summarized in Table III. The
CFD domain size was chosen with sufficient distance behind the
wing’s trailing edge and away from the wing’s tip to capture flow struc-
tures releasing from the wing that could affect the transient fluid forces
acting on the wing. The overset mesh size was chosen to capture the

TABLE I. Wing parameters.

Variable Description Value Unit

L Wing span 5 cm
c Wing chord 2 cm
t Wing thickness 0.17 mm
a0 Roll amplitude 60 �

b0 Pitch amplitude 45 �

c0 Yaw amplitude 0 �

� � � Pitch phase 90 �

f Flap frequency 10 Hz
q Material density 235.5 kg m�3

E Elastic modulus (Flexible) 7:3� 107 Pa
(Normal) 1:365� 108 Pa

(Stiff) 2:4� 108 Pa
Re Reynold’s number 4400 � � �

FIG. 6. Geometry and vibration modes of the rectangular wing used in numerical
simulation. The first mode represents a chordwise-bending mode, and the second
represents a chord-wise torsional mode. Red indicates positive out-of-plane motion,
green indicates no motion and black indicates negative out-of-plane motion. Mode
shapes are arbitrary in magnitude, which is why a colorbar is omitted.

TABLE II. DBET and UVLM simulation parameters.

Variable Description Value Unit

DBET
C P Pressure coefficient 2.9 � � �
CD;0 Drag offset coefficient 0.1 � � �
Ns Number of blades 10 � � �
Nt Steps-per-wingbeat 100 � � �
UVLM
Ns Number of blades 20 � � �
Np Number of panels-per-blade 20 � � �
Nw Number of wake vortices 100 � � �
Nt Steps-per-wingbeat 200 � � �
rco Cutoff radius 0.25c cm
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flow structures immediately surrounding thewingwith higher resolution
and to allow for large wing deformations without over-compression or
elongation of any elements by the mesh morpher. An earlier study
involving single degree of freedom flapping of a rigid wing with identical
geometry revealed converged results with 1.2-mm-sized elements in the
domain region and 0.6-mm elements in the overset region.53 Within the
same study, we determined an adequate time step for solution conver-
gence was 0.001 s. At each time step, 25 inner iterations were used to
resolve the Navier–Stokes equations, based on convergence of the model
residuals. These meshing and time-stepping studies were performed
with a rigid wing, somesh refinement was increasedmodestly to account
for the additional motion of the wing’s deflection.

The finite element structural model was comprised of 1000 four-
node quadrilateral (S4R) shell elements (1071 nodes), which was suffi-
cient for the wing’s first two natural frequencies to converge. We used
an automated dynamic time step within FEA, where the minimum
time step used was 1� 10�6 s and the maximum time step was 0.001 s
when deformation data were saved and passed to Star-CCMþ CFD.
The wing was modeled with a rigid leading edge by applying kinematic
constraints to all nodes along this edge to a control point at the wing’s
point of rotation O. At O, angular velocity boundary conditions were
applied to prescribe the flapping kinematics which the entire leading
edge rigidly followed. We use a Rayleigh damping model and select
Rayleigh damping factor a such that the first two vibration modes
have a damping ratio of 5%, consistent with the ROMs.

IV. RESULTS

Across all models and wing stiffness values considered, we com-
pared wing deformation, aerodynamic forces in the inertial and wing-

fixed reference frames, and total moments in the wing reference frame.
Wing deformation was compared on the trailing edge at the wing root
and wing tip (Fig. 7). In general, the agreement between all models is
acceptable. In the most flexible case, the wingtip deflected about
5–5.5mm, or 25% of the chord length. Maximum deflections pre-
dicted by each model are similar, with the ULVM over-predicting the
peak value by about 10% compared to the HiFi model. Since both
DBET and UVLM ROMs rely on the same structural solver, the differ-
ence in response amplitude must stem from differences in fluid load-
ing. The UVLM induces greater deflection, possibly due to an added
mass force that is absent from the DBET model. ROM error decreases
as the wing becomes stiffer and deformations are reduced. All models
indicated that the wing root experienced lower deflections than wing
tip (maximally 3.5–4mm), likely because of increased aerodynamic
loading near the wingtip. Aerodynamic loads generally increase along
the span (unless in close proximity to the wingtip, where pressure
losses occur) due to increasing velocity. The difference in deformation
between wingroot and wingtip indicates at least two vibration modes
(Fig. 6) are excited during flapping. If deformation was dominated by
the first mode, wing deformation would vary only from leading edge
to trailing edge and would be nearly uniform from root to tip. At both
wingtip and root, deformation occurred at the primary flapping fre-
quency with lower harmonics at three times the flapping frequency
superimposed on the response. The primary response from the HiFi
model leads that of UVLM, which in turn leads the DBET model. The
deformation time lag observed in the ROMs stems from a lag in aero-
dynamic loading relative to the HiFi model.

To better compare full-field deformation, we generated a contour
plot of wing deformation at 1/8 intervals of a single wingbeat. Figure 8

TABLE III. High-fidelity modeling parameters.

Variable Description Value Unit

Computational fluid dynamics
l Dynamic viscosity of air 1:86� 10�5 Pa s
q Density of air 1.18 kg m�3

� � � Domain dimensions 0.19 � 0.21 � 0.2 m
� � � Overset dimensions 0.04 � 0.08 � 0.06 M
� � � Mean element length (domain) 1.2 mm
� � � Mean element length (overset) 0.6 mm
� � � Total number of elements 3 319 937 � � �
� � � Prism layers 5 � � �
� � � Prism layer growth rate 1.5 � � �
Dt Timestep 0.001 s

Finite element analysis
� � � Element type S4R � � �
a Raleigh damping factor (Flexible) 14.472 � � �

(Normal) 19.858 � � �
(Stiff) 26.344 � � �

� � � Number of nodes 1071 � � �
� � � Shell thickness 0.17 mm
� � � Number of shell element integration points 5 � � �
Dtmin Minimum automatic timestep 1� 10�6 s
Dtmax Maximum automatic timestep 0.001 s
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FIG. 7. Deflection of the wing’s trailing edge at tip and root locations along the wing’s span.

FIG. 8. Contour map showing out-of-plane deformation of the flexible wing as a function of wingbeat period T.
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shows the out-of-plane deflection predicted by each model for the
flexible wing, which is the worst-case scenario in terms of model
agreement since the ROMs more closely agree with the HiFi model
at smaller deflections (Fig. 7). At most intervals, the deflection con-
tour matches fairly well. Noticeably, DBET indicates near zero
deflection at T=8 and 5T=8, whereas the UVLM and HiFI models
show non-zero contour profiles. This discrepancy occurs due to the
time-lag between DBET and HiFI deflections. Those instances aside,
these results suggest that the structural model employed by the
ROMs captures deformation profiles reasonably well with only two
vibration modes retained, at least for this wing design. As discussed
previously, the largest deformation occurs near the wing tip while
the root experienced lower deformation by comparison.

Aerodynamic forces with respect to the wing fixed reference
frame are shown in Fig. 9. For all wing stiffnesses, the predominate
forces act in the wing z direction. For the most flexible case, the abso-
lute peak forces predicted via the HiFi model are about 4, 1, and
0.2mN in the wing z, x, and y directions, respectively. Fz agrees well
across all models. UVLM and CFD produce nearly identical results,
while DBET indicates a slight phase lag and lower amplitude in Fz. All
models show that Fz increases with wing stiffness, likely because the
wing’s normal vectors remain more closely aligned with z at lower
deflections. The agreement between ROMs and HiFi models is not as
strong within the wing-fixed x direction, due in part to differences in
how shear is accounted for. The UVLM entirely lacks shear loads,
leading to it underestimate Fx compared to CFD and DBET for stiffer
wings. The difference is primarily in force amplitude, as the general
waveforms agree reasonably well. The agreement is better for more
flexible wings, where a larger percentage of Fx stems from pressure
loading. DBET produces similar Fx from mid-stroke to stroke reversal
(t=T ¼ 0 to t=T ¼ 0:25) for all wing stiffnesses, but force profile then

diverges until next mid-stroke at t=T ¼ 0:5. All three models predict a
reduction in Fx as the wing is made stiffer, which is opposite to the
trend observed in Fz. This is because at larger deflections, the wing’s
normal vectors have a larger component in the wing’s x direction. Due
to the lack of spanwise flow, neither DBET nor UVLM are well-
positioned to estimate Fy; they are therefore omitted from Fig. 9.
Nonetheless, the HiFi model shows the forces in y are considerably
lower than the other two force components, and thus we believe it is
reasonable to neglect them in ROM efforts.

We next look at total moments at point of rotation O in the wing
fixed frame, where the total moments are the inertial moments less the
aerodynamic moments (Fig. 10). Mx generally agrees across all three
models and at each level of flexibility, though there is a phase discrep-
ancy which may introduce error when calculating quantities from
moments such as mechanical power. Moments My and Mz also agree
well in magnitude across the models, but the phase lag of UVLM and
DBET predictions with respect to HiFI predictions is more pro-
nounced. The largest error occurs in Mz of the stiffest wing, which is
influenced by the wing’s Fx and Fy forces. This error likely occurs
because neither DBET and UVLM models are capable of resolving Fy,
and the UVLMmodel does not account for shear, thus leading to poor
predictions of Fx for stiff wings (Fig. 9). Nonetheless, because the total
moments are in large part driven by inertia, minor discrepancies
between aerodynamic moments are not manifested as large discrepan-
cies in the total moments.

We now compare aerodynamic forces with respect to the inertial
frame, which is of practical importance because a flapping wing insect
must produce sufficient lift to stay aloft during hover. Aerodynamic
forces in the inertial frame generally shows close agreement between
models (Fig. 11). The HiFi model and ROMs estimate lift forces FX
(recall that gravity is aligned in the þX direction, Fig. 1) that are

FIG. 9. Aerodynamic forces predicted by each model with respect to the wing-fixed reference frame. UVLM and DBET models do not resolve spanwise flow, so no Fy compo-
nent is shown for these models.
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similar in timing and magnitude for each wing stiffness considered.
The largest difference in FX between ROMs and the HiFi model occurs
near t=T ¼ 0:3, shortly after stroke reversal. This is during the portion
of the wing beat when the highest acceleration and wing deflection
occur, so this dissimilarity may relate to the differences in how the
added mass force is calculated (or in the case of DBET, the lack of
added mass). None of the models indicate an increase in lift with wing

flexibility; in fact, the more flexible wing produces less lift relative to
the stiff wing, though possibly with less input power (see Sec. IVA).
The inertial-frame force FZ is the largest force component in magni-
tude and agrees well across each model. Similar to wing fixed Fz, world
frame FZ increases with wing stiffness as well. Model agreement is
somewhat worse for FY, again because neither of the ROMs can
accommodate spanwise forces within the wing-fixed frame.

FIG. 10. Aerodynamic moments predicted by each model with respect to the wing-fixed reference frame.

FIG. 11. Aerodynamic forces predicted by each model with respect to the inertial reference frame. Gravity acts in the þX direction.
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A. Parametric study

Finally, we perform a parametric study to demonstrate the com-
putational efficiency of the ROMs in exploring wide parameter spaces.
We aim to determine how wing stiffness (characterized by the wing’s
first natural frequency) and mass affect peak deflection, mean lift, and
average power at steady state. The average power �P is calculated via

�P ¼ 1
T

ðT
0
Mtotal �X dt; (28)

where the total moments are defined by Mtotal ¼ M0 �Maero. This
expression for power assumes that negative power offsets positive
power, or that potential energy is stored in the system and is later
recycled to do work. The first natural frequency of the wing was swept
from 30 to 100Hz in 0.1Hz increments, and we considered discrete
wing masses of 40, 60, and 80mg. Due to the limiting computation
time of the high-fidelity model, only the three wing stiffness discussed
previously were used in this study. The results are shown in Fig. 12.

As the wing’s natural frequency increases, the deflection tends
toward zero at a similar rate for all models. The closest agreement was
for the 80mg wing, where the inertial forces dominate the deflection
more so than in the lighter wings. In this case, the CFD and DBET line
up well at all points, and the UVLM shows only slightly higher wing
deformation. As the wing mass increases, the wing deflections pre-
dicted by DBET and UVLM diverge, indicating that the differences in
the fluid models are responsible for variability in deflection.

The mean lift estimated by CFD is roughly 10% higher than that
of the reduced-order models. However, all models show the same

general trend, where the wing produces more lift as it becomes more
rigid. The lower lift estimated by UVLM may result from the lack of
LEV, a feature which is believed to contribute significantly to force
production in flapping wings.54 The lower lift estimated by DBET
stems from the aerodynamic coefficient CP, which may be inflated to
increase the lift curve. Wing mass did not have a considerable effect
on mean lift.

UVLM and DBET produce nearly the same mean lift (�FX)
from the stiffest case all the way down to moderate levels of flexibility.
At higher wing masses, the similarity persists for lower natural fre-
quencies. As the natural frequency is reduced toward 30Hz (three
times the flapping frequency), the DBET and UVLM begin to diverge.
However, at this level of compliance, the wing deformation is about
75% of the chord length, and the linear structural framework is likely
unsatisfactory. Aerodynamic forces in this range should be interpreted
with caution.

The last quantity examined is power consumption. All three
methods show that more flexible wings require less power than stiffer
wings, and that more massive wings require more power than lighter
wings. UVLM and HiFi models show that power steadily decreases
with natural frequency. DBET predicts less of a dependence on wing
stiffness, though it does still decrease with natural frequency. CFD
shows a much steeper relation between stiffness and power than either
of the ROMs, perhaps because of shear that is unmodeled by the
UVLM model and underestimated by the DBET model. Errors in
power are also sensitive to the relative phase between total moments
and angular velocity, the latter which is identical across all models.
Thus, small errors in total moment phase (Fig. 10) may cause larger

FIG. 12. Parameter study showing the effect of wing flexibility (parametrized by the wing’s first natural frequency) and mass on peak deflection, mean lift, and average power.
The corresponding time-series data for lift and deflection is shown for the 60 mg wing at natural frequencies of 40, 55, and 73 Hz in Figs. 7 and 11.
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errors in power. Still, these studies support the idea that moderate
wing flexibility can increase aerodynamic performance, and that the
reduction in power consumption outweighs the reduction in lift.

V. DISCUSSION

Wing flexibility and deformation are essential to sensory function
and aerodynamic performance in flapping wing insect flight.
However, the high-order models used to evaluate flapping wing FSI
usually require considerable computational resources, rendering them
impractical for parameter studies that consider variable wing stiffness,
morphology, or flapping kinematics. In this work, we present two
quasi-3D ROMs capable of estimating wing deformation and the
resulting aerodynamic forces and moments. Both ROMs rely on a
modal truncation-based structural framework but differ in their fluid
models. The first ROM uses an algebraic DBET fluid model, and the
second ROM uses a UVLM approach. We applied the models to esti-
mate the dynamics of a thin, flexible, rectangular plate with a rigid
leading edge subject to rotational kinematics modeled after insect flap-
ping. We compared wing deformation, aerodynamic forces, and total
moments predicted by the ROMs to those determined by more con-
ventional HiFi modeling. Both ROMs predicted wing deformation
with good accuracy, even when deflections were as large as 25% of the
chord length. The ROMs resolved predominate aerodynamic forcing
in wing-fixed and inertial reference frames fairly well, but were less
accurate in resolving the smaller forces acting in the wing’s x–y plane.
We then performed a parametric study to demonstrate the influence
of wing mass and stiffness on wing deflection, average lift, and average
power. The ROMs predicted peak deflection and mean lift fairly well,
but had larger discrepancies in average power for stiffer wings. In the
following, we discuss the relevance of these ROMs within the study of
flapping wing FSI.

A. Computational efficiency

Overall, the computational savings conferred by the two ROMs
render them useful tools for studies that require exploration of broad
parameter spaces. Direct computational modeling is computationally
intensive—within CFD, resolving only the conservation of mass, con-
servation of momentum, and closure model equations for 25 iterations
on each element yields nearly 250� 106 equations to solve at every
time step. Within FEA, the wing is treated as geometrically nonlinear
and consequently each time step of analysis must be broken into
smaller increments such that a particular solution path may be fol-
lowed. Considering each node of an S4R element has six degrees-of-
freedom, and the plate model has 1071 nodes, about 6� 103 equations
must be solved at each increment within the FEA solver. Thus, com-
putational expense is the biggest motivator for reduced order
modeling.

The ROMs were determined to be much faster at modeling bulk
propulsive forces and wing deformation relative to the high-fidelity
modeling approach. All simulations were performed on a desktop
computer custom built for this HiFi setup. We used 10 threads of an
intel i9–9900K processor operating with a 4.7GHz clockspeed, with
64 GB of available DDR4 RAM. When comparing solution times for
the flexible wing, the HiFi model resolves the aerodynamic forces and
wing deformation in about 5.4 h per wingbeat, the UVLM model
about 2.5 s per wingbeat, and the DBET model about 0.093 s per wing-
beat. This results in 4 and 6 orders of magnitude in time savings for

UVLM and DBET, respectively, demonstrating that ROMs hold value
anytime that computational efficiency in needed. We show a practical
parameter study where 2100 mass/flexibility combinations were simu-
lated by the ROMs (Fig. 12), taking 7.3h of computation time for
UVLM and 16.3min for DBET. To gather the same data using the
HiFi model would have taken approximately 6.5 years.

B. Applications of ROMs

ROMs play an important role in the study of insect flight. Across
species, insect wings have distinct morphological features and flapping
kinematics that influence wing strain profiles, sensing and aerody-
namic performance. The effect of morphology and flapping kinematics
is difficult to fully address using HiFi models. Though ROMs have
lower accuracy relative to direct computational approaches, they allow
parameter spaces to be explored more effectively. HiFi modeling can
then be used for a subset of conditions to ensure ROM accuracy.

Both of the ROMs presented in this work are general in the sense
that they can accommodate arbitrary wing geometry, morphology and
flapping kinematics. As discussed in Sec. II B 1, the reduced-order
structural model is versatile because it can interface with modal-based
finite element solvers. The ability to pre-compute mode shapes in FEA
allows the user significant freedom and creativity in the geometry and
structural domain to investigate the effects of a wide range of biological
or engineering-inspired wing designs. Further, physical experimenta-
tion like scanning laser vibrometry could be used to compute mode
shapes of biological wings,40 allowing for deeper study of real insect
wings. Any number of mode shapes can be included in the models
when deemed appropriate. Practically, the number of modes retained
generally corresponds to the modes with natural frequencies that fall
within ten times that of the predominant excitation frequency.

C. ROM limitations

Despite the advantage of the flapping wing FSI ROMs, each has
limitations that constrain their accuracy in some contexts. First, both
the quasi-3D DBET and UVLM ROMs neglect spanwise flow.
Spanwise flow is a critical for modeling effects like shed vortices from
the wingtip that result in downwash and induced drag.55 Without
spanwise flow, it is not possible for fluid to wrap around the wingtip in
any way. Quasi-3D approaches will consequently overestimate the
fluid loading near the wingtip of a structure, which may in turn
amplify the deformation of modes with large displacements near the
wingtip. If the rigid leading edge assumption employed in this work
were relaxed, this modeling error may result in a larger discrepancy
between deformations estimated via ROMs and HiFi methods.

Second, both ROMs have limited capacity to describe chordwise
pressure distributions. The DBET model provides no force distribu-
tion information and instead assumes all aerodynamic forces simply
act at the quarter chord. The UVLM model provides some informa-
tion regarding chordwise pressure variation, but has limited accuracy
near the leading edge because the LEV is not explicitly modeled. The
LEV is considered a major factor in lift generation.54 The UVLM
method assumes that flow is always attached to the wing until wake
vortices are shed from the trailing edge. This means that wing motions
at angles of attack that would normally induce stall without the LEV
are modeled such that flow remains attached over the leading edge,
thereby requiring particularly strongVind used in pressure calculations.

Physics of Fluids ARTICLE scitation.org/journal/phf

Phys. Fluids 34, 121903 (2022); doi: 10.1063/5.0129128 34, 121903-13

Published under an exclusive license by AIP Publishing

https://scitation.org/journal/phf


Consequently, we believe the LEV must be considered to improve
chordwise pressure estimates.

Third, both ROMs provide limited or no information regarding
the flow field surrounding the wing. The DBET model provides only
bulk propulsive forces and moments. UVLM cannot resolve the entire
fluid domain and, instead, is only tracking some flow features that are
shed from the wing. These features are monitored for a user specified
amount of time, which could be a cause of error in instances where
flow features have a delayed interaction with the wing. This is poten-
tially problematic when fluid flow causes a more spatially varying dis-
tribution of aerodynamic force.

These modeling limitations help define the scope and appropriate
use these quasi-3D ROMs. While studies sensitive to changes in span-
wise flow or spatial distribution of forces should perhaps be left to other
methods, studies involving bulk aerodynamics and high computational
efficiency benefit significantly. The 4 and 6 orders of magnitude time
savings is a clear demonstration of why these models can be advanta-
geous over conventional high-fidelity approaches in parameter studies.
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