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Abstract:
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to large perturbations in the solution. To obtain an approximate solution, spectral filtering is used. The
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A B S T R A C T

Prediction bands for regularized solutions to linear operator equations are 
constructed to assess the reliability of the solutions. These equations are ill-posed, 
i.e., small perturbations in the data may lead to large perturbations in the solution. 
To obtain an approximate solution, spectral filtering is used. The additive model 
is used and both the solution and noise in the data are assumed to be Gaussian 
stochastic processes. Numerical results are presented for the case of convolution 
integral operators.
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C H A P T E R  I  

IN T R O D U C T IO N

This thesis deals with the linear ill-posed operator equation

(1.1) K x  =  z

where K  : X —> I/ is an operator between two Hilbert spaces. The ill-posedness 

of the problem (see. [3]) means that a small perturbation in the data z may result 

in large changes in the solution to (1.1). This discontinuous dependence of the 

solution on the data requires regularization in order to approximately solve the 

ill-posed equation.

The objective of this thesis is to provide a framework for analyzing the reli­

ability of regularized solutions to problem (1.1). We will discuss a class of regu­

larization methods, called spectral filtering methods (see [22]). To analyze these 

methods, consider the additive model for noisy data

(1.2) z =  K x true +  e,

where Xtrue is the underlying true solution, which is defined on a set T,  and e 

is noise in the data. Assume Ztrue and e are realizations of Gaussian stochastic 

processes with 0 means and known covariances.

We will quantify reliability by computing two types of “prediction bands” 

about the regularized solution:

(i) pointwise band: for each t G T, true solution will be within this band with 

some prescribed probability, which we refer to as a confidence level.
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(ii) uniform band (or “SchefFe band”): the probability that the entire solution 

will be within the band is given by the prescribed confidence level.

This thesis was partly motivated by work of O N. Strand and E.R. Westwater 

in [19]. They assumed that both true solution and noise are Gaussian stochastic 

processes and obtained solutions to Fredholm integral equations of the first kind 

which are a special case of (1.1). Also G. Wahba in [12] obtained what she referred 

to as “Bayesian confidence intervals” based on the posterior covariance. The com­

pact operator K  in her paper was pointwise evaluations of functions in certain 

Hilbert spaces of “smooth” functions.

The organization of the thesis is as follows: Chapter 2 contains operator theory 

preliminaries. The ideas used in the sequel such as compact operators, Fourier 

transformation, the Fast Fourier Transform, generalized inverses, ill-posedness and 

singular value decomposition are reviewed. Chapter 3 summarizes the relevant 

probability concepts. Chapter 4 describes the error analysis, spectral filtering 

and construction of prediction bands. Then numerical results for special case of 

convolution integral operator are. presented in Chapter 5.
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CHAPTER 2

OPERATOR THEORY PRELIMINARIES

Hilbert Spaces

Throughout the thesis X will be a Hilbert space over the field of complex 

numbers C unless specified otherwise, with inner product denoted by

(x ,2/), x,t/ G r ,

and induced norm

•— {&, %), x G T •

Here indicates a definition. Two specific examples of Hilbert spaces used in 

this thesis are:

(i) L2 [a, b] is the set of all equivalence classes of functions x : [a, b] —> C, which are 

square integrable, that is J  |x2 (t)\ dt is finite. The inner product is defined as

(2 . 1) {x,y) := J  x(t)y(t)dt x , y  e  L2[a,b]..

(ii) H p[a, b] is the set of all functions x : \a,b] C such that G L2[a, b}. The 

standard inner product is defined as
P r b

(x,y) := 5 3  /
Zc =  O J a

(2.2) W ^ dt x^ 6 ffpI0=6I-

In particular, for H 1 [a, b] we have

ft> __ f t  L___
(2.3) {x,y) =  x( t )y( t )dt+ x'itfy' lt) dt.

J a , Ja
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Another inner product in H 1 [a, 6] yielding a norm equivalent to the norm defined 

by (2.3) is

(2.4) (* ,y ) x(a)y(a) +  f x' (t)y' (t) dt.

The subspace of H p [a, 6] which consists of functions vanishing on the boundary 

will be denoted by Hq [a, 6]. On the subspace Hq [a, 6], the inner product that will 

be used is

(2.5) (x,y) =  f  x'(t)y' (t)dt  
J a

x , y  G Hq [a, b}.

D efinition 2 .6 : If K  : X I/, where X and y  are Hilbert spaces, is a

continuous linear operator, then the adjoint operator of K  will be denoted by K*: 

K* : y  X and

Vz G Z and Vt/ G J/ {Kx,y} = {x,K*y}.  

Moreover, if Z =  I/ and K* = K  then K  is called a self-adjoint operator.

The Fourier Transformation

D efinition 2.7: Let z be a function integrable on R: z G Z1 (-R). The function

x(t) := J x(t)e~-nttT dt, t G R, i  =  yf—1,
Jr

is called the Fourier transform of z. Typically z is termed a function of time and 

z is termed a function of frequency. The mapping J  : z —► z is called the Fourier 

transformation:

(2.8) z  = Jx.
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Some results to be applied later are now reviewed.

If rc G Jl1(R) is infinitely differentiable and has a compact support, then

integrating by parts p times, we arrive at the formula

(2.9) =  (2^ r ^ ( ^ ) ( r ) .

Clearly the Fourier transformation is a linear operator. For several reasons 

(see [5]) it is inconvenient to have the space L1(R) as its domain.

D efinition 2.10: The space J  is the. set of all functions x € Cco (R) such that

sup |tr ——(t)| < oo for all t and all nonnegative integers p and r. 
ten d$p

The following statements hold:

T heorem  2.11:

(iii) J  is dense in L2 (R) (if the function is identified with the equivalence class 

it represents),

(iv) /  is an isometry of L2(R) onto L2(R), .

(v) if z,t/ G J, then

( I ) J c T 1(^)5

(ii) the Fourier transformation J  : J  —> J  is continuous,

fT y  =  xy  and xy = x * y.

Here x* y is the convolution of x and y, that is

Proof: See [5].
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If x is a periodic function, then x  may be properly defined only if one introduces 

the theory of distributions. An elementary discussion of it can be found in [10], 

and more detailed treatment in [5] or [11]. The distribution theory is also a natural 

tool to develop the discrete Fourier transformation described briefly in the next 

section.

Discrete Fourier Transformation

To determine the Fourier transformation of x  computationally one needs to 

work with finite sequences representing x  and its Fourier transform x. The dis­

crete Fourier transform pair approximates the original Fourier transform pair. The 

results of a theoretical development, which can be found in [10], are as follows: 

Let x(jh),  j  =  0 ,1 ,. . .  ,n  — I be a discrete version of x (x must be thought of 

as a periodic function here and the points 0 , h , . . . , ( «  — l )h  are within one period 

of x). Then

x (k/nh)  =  ^ 2  x Ufye *~ ■> x Ufy = ~  5 3  ® {k/nfy e * ,
y=o k=o

where A; =  0 , 1, . . .  ,n  — I. This may also be expressed as

(2.12) id  =  %%d, xJ = ?* i

where xd, x d are discrete versions of x  and x, respectively. Td and 7. 1 are matrices

such that
[7d].k = exp

K -1Irt = ^ exP

2m j k

2m j k

0 < j , k  < n — I,

0 < J, A: < n — I.

The Fast Fourier Transform (FFT) is an algorithm that rapidly computes 

the discrete Fourier transform. The FFT is used to obtain the numerical results
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presented in this thesis. In the sequel the discrete Fourier transform and the inverse 

discrete Fourier transform will be referred to as FFT and IFFT, respectively.

Compact Operators

D efinition 2.13: A set M  C X is called compact if every sequence xn of

elements from M  has a subsequence Xtlk converging to an element x G M.  A set 

M  is called relatively compact if its closure M  is compact.

D efinition 2.14: A linear operator K  \ X  —* y  called compact if for every

bounded subset M  C X,  the image K(M)  is relatively compact.

E xam ple 2.15: If k is any square integrable function, that is

I f \k(s,t)\2 dsdt,
v a  v a

is finite, then a typical example of a compact operator is

where for x & L2 [a, b]

For a proof see [l].

K  : L2 [a, b] L2 [a, b]

(K x)(s) =  J  k(s, t)x(t)dt.

E xam ple 2.16: Let K  : Hp[a,b] —> L2[a,b] and for x G H p[a,b]

(K x)(s) =  J  k(s,t)x(t) dt,

where & is a square integrable function. Then K  is compact. To prove it, notice that 

K  can be expressed as the composition K  =  K J , where J  : [0,1] —► L2 [0,1]



8

is an embedding and K  : L2 [0, l] —> L2 [0,1] is an operator from the previous 

example. Since J  is continuous (and even compact — see [13]), K  is compact.

In both Examples (2.15) and (2.16) an important case is the situation where

This kind of a kernel is called a convolution kernel. Its properties and applications 

will be discussed in detail later.

T heorem  2.18: (Spectral Theorem for Compact Self-Adjoint Operators).

Let JT : X —> X be a self-adjoint compact operator. Then K  has the repre­

sentation

where the Ay are eigenvalues of K  (each repeated in the sum according to its 

multiplicity), the Vj are corresponding orthonormal eigenvectors, and J  is an index 

set for the eigenvalues. J  is countable. If J  is infinite, 0 is the only limit point of 

the spectrum of K.

Proof: See [2].

Throughout the thesis the spectrum of a linear operator K  will be denoted by

Let X  : X -> I/ be a compact operator. Then K* K  is both compact and 

self-adjoint. Denote by Vj the orthonormal eigenvectors of K*K,  that is

(2.17) k(s,t) := k(s — £).

(2.19)

a(%).

S ingular V alue D ecom position

(2 .20) K* Kvj =  Xj Vj , (y,- ,Vj ) =  Si j .
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It is immediate that all eigenvalues X3- are nonnegative:

A y = A y ( v y , V y )  = {K*K v, , V j )  =  (Kvj l Kv j ) > 0.

Hence one can introduce the singular values a,- of the operator K  by:

(2 .21) ay := y/X,,  for Xj > 0 .

It will be assumed throughout the thesis that the singular values are ordered so 

that 0 \ 0*2 ^  0*3 . . .

Next define

(2.22) u, := — Kv3.

A number of easy formulas follows:

I
K  K* Uj  =  A y  Uj , (u3,uk) =  8j k , — K* u3 =  v3.

CTy

The family {v3, u , , O3 }je j  is called a singular system for K.  Notice that 

because K  is compact, the index set is countable.

D efinition 2.23: For K  : X y  the range of K,  or the image of X under K,

will be denoted by Jl(K).

Z(K)  := {y € y  ] 3x E X K x  = y}.

The null space (kernel) of K  is the inverse image of 0 G I/ under K:

Null K  := {x G X K x  = 0}.

Using the Spectral Theorem 2.18 one shows the following facts:
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(i) Span(uy)yeJ =  R(K),

(ii) Span(Uy)yej = R{K*).  

From the standard identities:

R{K*) = (NullFf)^, R(K) = (Null FT* j-1 ,

one obtains that Null (K* K) = Null K,  so finally

Vx G Z x =  x0 +  ^ 2  CyUy, where X0 G Null if.
ye J

Now we can obtain the singular value decomposition for K:

K x  =  K(x0 +  ^ 2  cj vj ) =  5 3  j ■> so
ye J ye J

(2.24) ^  -  53 cyay% =  53 ̂  (x» "y)“y •
ye J ye J

If i f  is an m X n matrix then its singular value decomposition (SVD) is

(2.25) K  = UDV*.

The columns of V  are the singular vectors uy. The columns of U are the singular 

vectors uy. Both matrices V  and U are Hermitian. The singular values Oj lie on 

the main diagonal of the diagonal matrix D.

In Chapter 4 and 5 we will need the results of the following

E xam ple 2.26: Singular system for an integral operator with a convolution

kernel.

Consider first i f  : T2 [0, 1] —» T2 [0 , 1]. It is well known that (see [I]) if 

(Jfx)(s) =  k(s,t)x(t) dt, (if*%/)(Z) =  J01 k* (t,s)y(s) ds, then k*(t,s) = k(s,t).
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For the convolution kernel k(s,i) = k(s — t), assuming k real and periodic, and 

taking x(t) — e2nint we get (denote u := s — r):

(K*Kx)(t)  =  f  k { s - t ) [
Jo

k{s - t ) [ f  k ( u ) e - ^ inue2vina du\ ds

k(s -  t)c2vina[ [  k(u)e~2vinu du\ ds 
Jo

= kn f  k(s — t)e2vina ds 
Jo

where kn := Jq1 k(u)e~2n'nu du is the Fourier coefficient of k. An identical change 

of variables shows that

k { s - t ) e 2vina ds =  knC2nint

hence

r. k(s -  T)e2ninT dr] ds

(2.27) {K-Kx){t)  =  \kn\2x(t).

Now consider K  as an operator from [0,1] into L2 [0,1] rather than that 

on L2 [0 , 1], with other hypotheses unchanged. Applying the Definition 2.6 of ah 

adjoint operator and also using (2.5) we easily obtain

r1 air* r1
Vx G Hq [0,1] J  x’( t ) -^ - ( t , s )  dt — J  k(s,t)x(t) dt.

Integrating by parts and noticing that k* is periodic, for x(t) =  C27rtnt, we arrive 

at

(2.28)

and hence

f x"(t)k* (t,s) dt = — f k(s,t)x(t) dt, 
Jo Jo

(K*Kx)(t) = kn f  k*(s,t)e2nina ds. 
Jo
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Finally, using (2.28), the following result appears:

„ 2i r i n  a ds = -\kn \*x{t).tmn)2 (27m)2

Analogous results hold for p =  2 ,3 ,... . Summarizing the Example 2.26 we can 

say that an integral operator K  : [0, 1] —> L2 [0 , 1] has a singular system

(2.29) Un (J)= C 2"**, Un(J) =  C-2" * 1,

(the results for un are derived in the same manner as for vn).

There is a relationship between the matrices of the discrete Fourier

transformation (see (2.12)) and the singular value decomposition of the matrix K  

representing the discretized version of an integral operator with convolution kernel. 

According to (2.25)

I a,.™/.* I _ SAiJjL

where is a normalizing factor so that V  and U that have the vk and uk as 

their columns, respectively, are Hermitian matrices. We obtain formulas needed in 

Chapter 4 and 5:

(2.30) U — V  =  y/n?d 1.

Moore-Penrose Generalized Inverse

A classical solution to an operator equation (1.1) exists if and only if y 6 #(_fC). 

We introduce a concept of a generalized solution — a least squares solution.

D efinition 2.31: The set of least squares solutions to K x  =  y is defined by

Sy := { u e X;  Vx e X  ||Ku -  y|| < ||Kx -  y||>.
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Note that Sy may be empty. If Sy contains an element X0, then

Sy. — {%o} +  Null K.

Sy is closed and convex. It can consist of a single element only if NullJf = {0}. If 

Sy 0, we define the least squares minimum norm solution x  6  Sy by

Vu e  Sy Ilxll < ||u||.

D efinition 2.32: The Moore-Penrose generalized inverse operator

Jft : P(Jft ) c y  -+ X

is given by

P(K<) = {yey - ,  Sv #  0}

and J ft y is the least squares minimum norm solution.

T heorem  2.33:

(I)P(Jft ) =  JZ(Jf) @ (^ (J f ) ) \

(Ii)P(Jft ) is dense in I/,

(Iii)JZ(Jft ) C (NullJf)-1.

Proof: See [2],

The following representation for the generalized inverse is frequently used in 

this thesis:

T heorem  2.34: For any y  G P(Jft )

^  Cr,-
i e  j . 3
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Proof: See [3].

The next two theorems show that except in simple cases Jift is not continuous.

T heorem  2.35: Let Jif be a compact operator. Then

(Jift is continuous) <=$■ (£  (Jif) is closed in Y ) .

Proof: See [2].

T heorem  2.36: Let K  be a compact operator. Then

(JiTt is continuous) •<=>- (dim £  (Jf) < oo).

Proof: =$■ Notice that J fJ ft =  /  L f„, . Because Jft is continuous and Jf is
I K  ( K  J

compact, Jf J ft is compact. By the Riesz Lemma (see [4]) an identity operator is 

compact if and only if its domain is finite dimensional.

<= Any finite dimensional subspace is closed (see [4]), hence R(K)  is closed. By 

Theorem 2.35 Jft is continuous.

Ill-Posedness

D efinition 2.37: Let K  : X —> y .  The problem K x  = y is well-posed provided

that the following three conditions hold:

(i) Vy £ y ,  there a solution x G X ,

(ii) the solution x is unique,

(iii) the solution x  depends continuously on data y.

The problem is called ill-posed if it is not well-posed.

Theorem (2.36) shows that except in trivial cases of finite rank operators 

(R(K)  finite dimensional) the equation K x  = y with Jf compact is ill-posed even
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if a solution to the problem is taken to be the least squares minimum norm solution. 

The discontinuous dependence on the data is an inherent feature of the operator 

K.  Obviously ill-posedness depends on the choice of the Hilbert spaces X  and 

Y . Physical considerations often dictate the choice of the spaces for which many 

practical problems become ill-posed.

Sine Quadrature Formula

In order to introduce the quadrature theorem that is used in the thesis, the 

following concepts need to mentioned:

Let /  be a function analytic in a simply connected domain D C C. f  must 

satisfy two technical conditions — a detailed description can be found in [14] or 

[15]. Let <£ be a conformal (that is, for every z € D, there exists (f>'[z) ^  0) bijection

of D onto Sd, an infinite strip of width 2d about the real axis.

F igu re  I :  Bijection <f> of D onto Sd.

Let ij) (j)~l , 7  := V^(R), 7z, := %A(—oo,0), :== ^ (0 ,oo). Then, if /
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satisfies the following growth condition:

(2-38) I l w
the following inequality holds

<  const z e i L - ,
P|^(z)l Z t l R -

(2.39) I m d z - h  If M
7

1 / 2

k ~  — M <f>'M
<  const  C-(2ir^ jv)1

where h = ( j j f )  , M  = [f-JV +  l ] , 2* =  ip{kh).

An integral that is computed in the thesis has the form

sin{ | [ E , e ,  arctanW t) -  zt]}
=  i « n , s r ( l  +  Cj‘! )-

It poses difficulties because of the infinite range of integration and an oscillatory 

integrand. If <j) is chosen to be:

(j>(z). := Iog(Sinhz)1

the following quadrature is obtained:
N

f(x) dx =  h ^2
k  = — M

The condition (2.38) becomes:

i ; V l  +  c- 2 k h
f{\og(ek + Ve2kh + I)).

xa \  x e  (o,log(i + v^));\ m \ <  const

Clearly the integrand involved does not decay exponentially; however this 

affects only the rate of convergence and the choice of h,M  and N.  There are three 

contributions to the quadrature error: approximating the integrand, truncating the
OQ rf \

infinite sum > , \  k \  below, and truncating it above. Balancing the different

errors so that asymptotically they are identical leads to

h - ■
V m

and
TT

With these selections the rate of convergence in (2.39) is maintained. The value of 

d is taken to be d =  j .  This ensures that (f> is conformal.
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■CHAPTER 3

STA TISTIC A L P R E L IM IN A R IE S

R andom  V ariables an d  th e ir  D istrib u tio n s

Let (S ,E ,P)  denote a probability, space, Le., let S  denote the sample space, 

let E  denote the family of events, and let P  denote a probability measure defined 

on S  (see [20]).

D efinition 3.1: A real valued function X  defined on the sample space S  is

called a random variable if for every Borel set B C R,  the set {s G S'; AT(s) 6 

B}  G E,  that is, it is an event in E.

D efinition 3.2: The cumulative distribution function (CDF) of a random vari­

able AT is a function Fx : R  R  defined by

where f x  is called the probability density function (pdf).

D efinition 3.3: The joint cumulative distribution function of the n random

variables X 1, X 2, - - • , X n is defined by

Fx {x) := P {X  < x).

In case of a continuous random variable its CDF can be represented as

.Ex 11''' tX ti ( ® 1  3 * * * 9  -En )  P — * £ .l  3 ’ * * 3 - ^ - n  ^  -En ) •
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In the continuous case

f x l  [ B n .

^ , - , X n(x I i - - I X n) =  ••■/  ytn)d tn
J — OO J — oo

(It1,

D efinition 3.4: Random variables JST1, JY2, • • •, X n are said to be independent

if

F x 1, - , x n(xx, - - - ,xn) =  JrX1(^i) ••- ^ x nK ) .

D efinition 3.5: The expected value, or mean, S(X)  of a continuous random

variable X  is defined by

S (JY) := / x f x  (z) dx, whenever the integral converges.
Jr

The variance of JY is

Var(X) -.= £ ( X - S ( X ) ) 2 = S (X2) -  ( S(X))2.

The covariance of two random variables X  and Y  is defined by

Cov (X, Y ) : =  S ( X Y ) - S ( X ) S  (V).

D efinition 3.6: The characteristic function (px  of a random variable X  is

defined by

Px (t) :=£(eitx) =  I  eitxf x (x)dx.
Jr

Note that (j)x  is the inverse Fourier transform of its probability density f x . 

There is one-to-one correspondence between cumulative distribution functions and 

characteristic functions. For independent random variables we have

P x 1V 1Xn ( t i , - - - , t n) = P x 1 (*i) • • • P x n(L).
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Now let A  denote an m X n matrix whose elements are random variables Aij-. 

Define
/  £ (-^i i ) ••• <f (-^l n) ^

<f (A) := I : • •
V ( A ml) . . .  ^(Amre)V

Z x - )  .
In particular consider the random vector X = J  : and let // := <f (X) =

\ x j
Zf(%.))

V ( ^ » ) y

D efinition 3,7: The covariance matrix M  is

M  := £[(X — //)(X — ft)*].

Notice that

(i) Tnij := [Mjij- is the covariance of X i and X j .

(ii) M  =  M* and M  is positive semi-definite, that is, Vc c*Mc > 0 .

(iii) =  Var (Xy).

(iv) If X1, X2, • • • , X n are independent, the covariance matrix is diagonal. 

Two important distributions of random variables are used in the thesis: the

normal (or Gaussian) distribution and the chi-square distribution. Recall that a 

random variable X  follows the normal distribution with mean // and variance a2 

if it has the following pdf

(3.8) /(x ) =  — -= C - ( a** .

We write X  ~

The following properties of a normally distributed random variable are used:
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(i) if X  ~  N((J,,a2), then

■y-
(3.9) Z :=  — A/(0,1),

(ii) if X  is a random vector normally distributed as X  ~  and A is a

linear transformation, then (see [21])

(3.10) A X - M {An, A B A*).

In particular, taking

A =  [C1 c2 . . .  cn ),

we arrive at the conclusion that if X 3- — M j  = 1, 2 , . . . , n denote inde­

pendent normal variables, then

Y = c3Xj ~  -v E  cM ’ Y  ci O -
j = i j = i j = i

Now recall that a random variable X  has a gamma distribution with param­

eters /c > 0 and 5 > 0 if it has pdf of the form

f{x) = _______x ‘

6kT(k)
1C-* . x >  0.

A special case of the gamma distribution with 6 = 2 and k = ~ is called a chi- 

square distribution with u degrees of freedom. We write X  — X2(V)- We have the 

following remark

R em ark  3.11:

(i) S(X)  = IS,

(ii) Var(AT) =  2k,

(iii) if Z — >/(0, l) then Z 2 — X2 (I); more generally, if X  is a random vec­

tor normally distributed with mean vector 0 and covariance matrix B,  then the
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quadratic form Y  =  X* AX is distributed as a linear combination of independent 

chi-square random variables, each with one degree of freedom:

(3.12) y ~  ^ cj X3(I).
ye j

The coefficients Cj- of the linear combination are eigenvalues of the matrix A B  (see

[6]).
The CDF of the random variable Y  in (3.12) can be obtained using an inversion 

formula for the characteristic function ipy of the variable Y

1Py {t) =  C1 — 2*cy^)-  * >
J 6  J

FY{y) = \ - - [  t~1Im{e ~Uy(p(t)}dt.
& Jo

Then one can show (see [6]) that

1 _  I /■“  »in{£Cf<=f ajctan(cjt) -  ;/(]} ^

2 * 'o «rwi+<v*3h

Stochastic Processes

D efinition 3.14: A stochastic process is a family of random variables

(X (t))t€r defined on a common probability space.

A stochastic process (X(t))te r  can be viewed as a function of two arguments 

(X(t, s))teriJ,eS . For a fixed value of t, X(t ,  •) is a function on the sample space 

S,  that is, X(t ,  ■) is a random variable. On the other hand, for fixed s, X(-, s) is a 

function of t that represents a possible observation of the stochastic process. We 

say that X ( ’,s) is a realization of the process, or a sample function of the process.
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The role played for a single random variable by its mean and variance is played 

for a stochastic process by respectively its mean value function ii{t) £(X(t))  

and its covariance function K{t1, t2) Cov X (i2)], t i , i 2 G T.

D efinition 3.15: A stochastic process (X(t))teT is called Gaussian if every

linear combination of the random variables X( t) , t  6  T, is normally distributed. 

When the random variables X ^ 1) ,X (i2), • • • ,X( tn) have a joint normal distribu­

tion (which exists if and only if the covariance matrix of X1, AT2, • • •, X n is nonsin­

gular), then the stochastic process (X(i))te r  is Gaussian if and only if for all sub­

sets - • • , tn} C T, the random variables X (t: ),X (t2), • • • ,X( tn) are jointly

normally distributed.

More about stochastic processes can be found in [17].

Statistical Model

Consider the model (1.2) for noisy data. It is assumed that the true solution 

X t r u e  is a realization of a Gaussian stochastic process X{t) , t  G T, and the error e 

is a realization of an independent Gaussian stochastic process: e =  (e»)”=1. The 

stochastic form of (1.2) is

(3.16) Z = K X +e.

We assume that £ (X(t)) =  O and £ (e) = 0 .  If £ (X(i)) is not zero, (3.16) can always 

be “rescaled” in the following way: let X(t) := £(X(t)) ,  Z  := K X ,  X  X  — X,  

Z := Z — Z.  Then K X  =  K X  — K X  = Z - Z - Z ^  and we have a problem 

K X = Z  where <f(X(t)) = 0 .

Similarly, if <f (e(t)) ^  0, an analogous procedure can be done.
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The stochastic model (3.16) can be constructed in the following way: 

We assume independent normally distributed random vectors

X - M ( O i Cx)t C -M(Oi Ce).

These can be obtained by taking:

(3.17) X  := Bx £, e := B€r],

where Cx := BXB *X, Ct B tB*, and

(3.18) f t  
n

O W J  o
o M o  i

A prediction problem (see [18]) can now be formulated: given a realization of 

the data z, predict what realization x gave rise to it. One can show ([18], [21]) 

that, by minimizing the squared error loss function

L(x , x)  = e [ \ \ x - x f } ,

one obtains that the best unbiased predictor of x is

x = £ (X \Z  = z) = CXK*[KCXK* + Ct ]- '  z.(3.19)
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CHAPTER 4

REGULARIZATION AND THE CONSTRUCTION 

OF PREDICTION BANDS

Spectral Filtering

Consider the equation

(4.1) K x  = z

with K  : X y  a. compact operator. In practice we have noise contaminated, 

data.

(4.2) z := K x true +  e

where e represents noise in the data and Xtrue represents the underlying “true” 

solution. We know from Theorem 2.34 that if z 6  D(K^)y then a least squares 

minimum norm solution to (4.1) exists and can be expressed as

(4.3) K 1Z = ^ 1
i & J

Vj .

Let P : X (Null K ) 1- G X y denote the orthogonal projection of X onto 

(Null K )1- . The projection of the true solution onto the orthogonal complement of 

the null space of JY" is

P x true =  K i K x true = Y^j (XtrueyVj )Vj .
ye j
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Assuming that e E P(JiTt ) the least squares minimum norm solution of Jfx =  2 is 

given by Jf t Z. The difference between the two solutions becomes:

Jf t Z -  Px true = J f t [Kxtrue +  e) -  J f t Jfxtrue = K U  = Y ^' t r u e t r u e ' t r u e

When Jf has infinite dimensional range, then the last expression shows conspicu­

ously the ill-posedness of the problem: even if ||e|| is small, that is, one set of the 

data differs little from the other one, because o,- —> 0 as .7' —► 00, HJft Z — Px true ||

. may be arbitrarily large.

To overcome this difficulty let us consider regularized solutions to (4.1) of the

form

filter. The nonnegative real number a  is referred to as a regularization parameter. 

Every spectral filter function w(a,a),  where w (ay, oz) =  W0-(a), should possess the 

following characteristic:

where a  is called a truncation level. In this way the amount of filtering increases 

with a  increasing. This kind of filter is described in [7].

E xam ple 4.6: The Tikhonov filter:

(4.4)

The W 3- (a) are called weights and the sequence ( w 0 ( a ) ) o eJ is called a spectral

I, when a  is “large” ; 
0 , when a is “small” .

E xam ple 4.5: The truncated SVD filter:

for cr > a; 
for a < a.
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sigma

Figure  2 . Spectral filtering functions w(a,a) for Tikhonov regularization (dashed 

line) and TSVD (solid line) plotted as functions of o; a  =  0.05 is fixed.

Again the bigger the a  the more spectral filtering is applied, whereas a  =  0 

corresponds to no spectral filtering at all.

The Tikhonov filter has the following variational characterization. If the 

Tikhonov functional is defined as

fa (z) := ^{\\K x -  z ||2 +  a ||z ||2}, x 6  X 

where X is a Hilbert space, then a necessary condition for f a to have a minimum
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at x a is

' i h e X  f a (xa)h =  Oi

Since

fa (z« )& =  -  Z-, Kh) + OL{xa , h) =  (K* (K xa -  z) + a l ,  h)

it follows that

K* [Kxa — z) a l  = Q or x a = [K*K + C t iy 1K* z.

Notice that since all eigenvalues Xj of K* K  are nonnegative (see 2 .20) and a > 0 , 

the operator K* K  + a l  is certainly invertible. Moreover, from Spectral Mapping 

Theorem (see [4]), (2.19) and (2.22) we have

where (tv, («)),•<= j  is the Tikhonov filter. Since f a is a strictly convex functional, it 

is easy to check that xa is indeed the unique minimizer. Hence using the Tikhonov 

filter to obtain a regularized solution is equivalent to minimization of the Tikhonov 

functional f a .

Whatever the spectral filter, the suitable choice of the regularization parameter 

is important to the success of the filtering. If a  is too large, the singular components 

{ z , Uj )  are partially lost and with them the information about the solution. On 

the other hand, if a  becomes too small, one obtains excessive amplification of error 

through small singular values. This will be clearly seen in the numerical results in 

Chapter 5.
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Error Analysis

Let z  be the least squares solution of minimum norm to K x  = z. We will 

refer to Pxtrue = K*K x true as the projected true solution. Let xa defined in (4.4) 

be a regularized solution to K x  — z, where z  =  K x true +  e. Then the regularized 

solution error is defined by

ea : = xa -  P x true = ^ w 3- (a) (Kxtrve + €’ui) v . _  Y ^ { x true,v3)v3
ye J . ye /

= (K xt U3 ) ^̂  ^ ^ truei v .}v . + J ^ w 3 (a) .
ye Jr y ye J ye J y

Since

we obtain

(if  I , =  (Zlr„.,if*!ly) =  CTj (XlrullUj ),

(4.7) ^  V[Wy Iq-) Ij(â true) Vj )Vj "h ^  ] 
ye J ye J

Wy(Qi)
crJ

(e, u3)U3-.

The first component of this error is due to filtering. With a  decreasing the 

weights w3- (a) tend to I for each j  and this component approaches zero. The second 

component is caused by noise in the data. Its norm may become prohibitively 

large when a  decreases to zero. Again one can see that the proper choice of the 

regularization parameter a  is important.

Statistical Distribution of Regularized Solution Error

Consider the regularized solution error (4.7). Using our statistical model (see 

Chapter 3), the error can be expressed in the following way (recall the meaning of
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V and U from (2.25)):

e* =  -  1Hy " icIyyy +  53^^[C 7*e],.y ,.
ye y jeJ 3

= ^[diag{w,.(o:) -  1}V*B xQ v 3- +  J^fd iag  B tQ v 3.

Denoting

(4.8)

ye J ye J

A1 := diag {w3 (a) -  1}V* B x

A2 := diag I ",(a) C7‘ Bf

we obtain the pointwise evaluation of the regularized solution error:

e« (*) : =  5 3  (Al ^ (<)
ye j

(4.9)

where v(i) =

- 53 (Ai A2) ( )̂
ye j L \  /  J

=  v*(t) (A 1 A2 )

v3(t)

(  uI (f) )
. The regularized solution error is thus a Gaussian stochas-

\ vn{ t))
tic process. For any time t € T, ea (t) is a normally distributed random variable. 

Its expected value is

(4.10) S (e« W) =  V  (i) ( A1 A2 ) £ ( M  = 0

and its variance is

Var (ea (t)) =  £(ea2 (t))

=  £{v‘ (i) (A, A-,) Q )  (C  r , ' ) )  v(()}

= V W i A 1 a , ) £ { ( « :  ^ : ) } ( i i ) v w .
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Because £(££*) =  I  and £(£77*) =  0 (see (3.18)), we obtain 

(4.11) Var (ea (t)) — v* (t) ( A 1 A2 )

A special case of (4.11) will be needed in Chapter 5. Let B c = a l ,  B x — 

7 ~ 1 diag{dy}7 where d E E n . From now on, we drop the subscript from the 

discrete Fourier operator Td. T , T ~1 are matrices associated with the FFT and 

IFFT, respectively (see (2.12)). Also, let Vj (Z) =  ^=e2,r‘yt. Then using (2.30) and 

(4.8) we obtain:

A 1AX ~  diag{wy(a) -  1}V*BXB X*Vdiag{ivy(a) -  1}

=  diag{wy(a) -  l } F * / - 1diag{dJ}5rJ*diag{di } ( J _ 1)*Vdiag{u;;,(a) -  1} 

=  diag{ivy (a) -  1}V* -^=Fdiag{d, }ndiag{d:, }-^=y* V diag{u;y (a) -  1}
Y Tl Y Tl

= d iag{[K  (a) -  l ) ^ ] 2}.

Similarly

A2A; =  diag [7*BeBet ZJdiag ^

= diag 

=  o2 diag

W3 («)
°3
Wj (a)

Z7* a2 U diag 

2
I f )

crJ

Hence (4.11) becomes

Var(ea (t)) — ^ - y = e  2ir̂ t I  [(% («) -  l)dy ]2 +  cr2 

y e / V n  I

wy W
ffy xA

„2 Trtyt

that is,

(4.12) Vaf(ea (t)) =  i^ K u iy fa ) -  Ijfi1]2 +
ye j ye j

' W y M l 2 
. cry .
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Another random variable which is of interest is the square of the norm of the 

regularized solution error. Using (4.8) we have

Sa : =  \\ea H2 =  £ +  A 2T]]*
ye J

(4.13) ^  I lAeiI2 +I IA2T7II2 + 2 f  A*A2^

=  ( C W ) O  ( I ) ,

where

<U 4 > . O = U i  ^

Denoting tv := ^  J  we have that ||ea ||2 =  <jJ*Qoj, where tv ~  M{0,1). From 

(3.12) it follows that the random variable Sa has the distribution which is a linear 

combination of independent chi-square random variables. From (3.13) and the 

spectrum of Q we can compute the CDF of Sa (see Chapter 5).

Prediction Bands

An approximate smoothed solution xa does not, in itself, provide information 

about its accuracy. To quantify accuracy we wish to derive an interval (at each 

point where the solution is computed) the endpoints of which are random variables 

that include the true value of the solution between them with probability near one, 

for example 0.95. This will be done separately for both random variables describing 

the regularized solution error:

(i) Cce(Z) := (xa -  P x true)(t), t e T .

(ii) Sa := ||ea ||2.
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Consider ea ( t ) normally distributed for every t E T. Denoting

£ {ea {t)) =: n{t) and Var(ea (t)) =: b{t)

we have (see (3.9))

P ( K ( i) | < T O L ) = p ( - I 2 L _ ^ ) < 2 < T O L - A i W
m i i/2 )

where Z  ~  >/(0,1). Hence the value of TOL can be determined from the condition

TOL -  n{t) TOL -  /z(t)

P l  |6(i)]1/2 ~ Z ~  IM*)]1' 3 ) =
'y, 7  =  0.95.

Plotting the band of the width 2xT 0L , centered at the approximate solution allows 

us to claim that, for each point t, with probability 0.95, the true solution, X(t), 

will be contained within this band.

Let us now analyze, in turn, Sa. In order to know its CDF, we need the 

eigenvalues of the matrix Q (see (4.14)). For the numerical case considered in 

Chapter 5 (that is, a convolution kernel, B x — Bc =  aI), these can be

computed efficiently as follows.

First using (2.30) and (4.8) we compute Q. Denote for brevity:

Bi := diag{wy (a) -  1},

wA 0O lIB 2 diag 

Dx := diag

Then (see (4.8))

AXA1 =  [D1V* B x)* [D1V* B x) = B X*VD\V* Bx

=  [ I -  1DxI)* VD 21V* J -  1Dx I  = r Dx [ I - 1 )• V D 21V* I - 1Dx I  

=  Dx -^=V* V D 21V* -^=VDx y/nU =  U* Dx D21 Dx UVn Vn
=:U*Dl_U  where Dlx -.= DxD1.
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Similar computations yield

A t1 A2 — U*DlxD2xU* where D2x := oD 2,

= CfDL Z/'.

Therefore
n  _  ( U-Dl1U U’D lmD,,ir\
V XUD2lDiJJ  . UDl1V  )

_ ( V  0 \  (  Dl ,  D lxD2A f U  0 \
\  0  V J X D 2aD1. Dl. J \ 0  v )  ■

Since (U0 u)  ( o  v )  = *’ the matrices { d 2} d 1x 0 lBlx ' )  and Q are
similar, and therefore have identical eigenvalues. Observe that (4.14) together with 

the statement

rank (AS) < min{rankA, rankB}

show that (at least) n  eigenvalues of Q are equal to zero. For the remaining n 

eigenvalues the following relationship holds:

Ay =  Aty +  U2j , for y =  1,2, • • •, n

where Ay is an eigenvalue of Q, Ji2 is the jth  eigenvalue of D \x and v2 is the jth  

eigenvalue of D lx . To prove this, let us find an eigenvector associated with A1. It

is easy to verify that

Z I \
0

V 0 y
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(  A  

o A

\ VnVn

VlV1

O

I
O f  1O

V n V n

O V x / V l
=  [Al+ A )

v x /  Vi

O  . . .  V l  I \  o J \  o J

where Vx/Vi is the (n +  l)st component of the eigenvector. Note that j  — I was 

chosen for notational convenience only.

Once the eigenvalues of Q are available we have determined CDF of Sa . Again 

an equation for TOL can be set up

F{Sa < TOL) = 7 .

Knowing TOL we determine the prediction intervals according to numerical pro­

cedure described in Chapter 5.

T M r
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C H A P T E R  5

N U M E R IC A L  R ESU LTS

The numerical results showing the behavior of filtered and unfiltered solutions 

in both the time and the frequency domain are first presented. Then prediction 

bands based on the random variables ea [t) and Sa are plotted for various test cases. 

Error indicators and the dependence of filtered solutions on the regularization 

parameter a  are discussed.

All computations were performed on an IBM PC. The integral equation K x  = 

y with a convolution kernel has a specific singular system (2.29) which allows us to 

apply the Fast Fourier Transform (see (2.12)) to obtain the results very efficiently 

even for high dimensional subspaces (n=512).

The Effect o f F ilte ring

Consider an integral equation with a convolution kernel

y(s) =  (Kx)(s) =  f  k { s - t ) x { t ) d t
Jo

which can also be written as y = k * x. Here K  : (0 ,1) —> L2 (0 , 1). Therefore

y =  kx  (see (2.11)). Synthetic data y from the deterministic true solution: 

f IOt2, 0 < f < 0.25;
%(*) =  < 0.25 <  t < 0 .3;

( l.lH Q e" 20^ - 0 55>a -  0.019429, 0.3 < t < I; 
is generated. To the data y, the Fourier transform of a pseudorandom noise vector

e ^  o21), is added. The standard deviation <r is related to the signal-to-noise
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ratio r by r = The Tikhonov filter (4.6) on the Hilbert space L2[a, 6] is applied 

in the frequency domain to filter out high frequencies. The kernel of the integral 

operator used here is fc(r) =  r  — [r], where [•] denotes the greatest integer function.

F igure  3. Power spectrum of regularized (dashed line) and unregularized (solid 

line) solution.

Figure 3 shows the power spectrum (that is the absolute value of the Fourier 

coefficients) of a regularized (a =  0 .0001) and unregularized (a = 0) solutions. 

There are n = 64 singular components. The signal to noise ratio is r = 100. It 

is seen that in the case of the regularized solution the components with frequency
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greater than 10 are negligible. On the other hand, all 64 components are significant 

in an unfiltered solution. Figure 4 shows that they make the unregularized solution 

highly oscillatory. Finally, Figure 5 shows that the filtered approximate solution 

differs very little from the true solution.

F igure  4. True solution (dashed line) and unregularized solution (solid line). 

C onstruc tions of R ealizations o f a S tochastic  P rocess

A realization of a stochastic process with zero mean value function and known 

covariance function is constructed in the following manner:
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A pseudorandom vector f  ~  M (0,1) is taken and its FFT computed. Then 

the frequency components are damped by multiplication by ~  where q > 0. We 

obtain frequency components x} = - As q increases one obtains smoother

realizations of the process (see Figure 6).

time domain t

Figure  5. True solution (dashed line) and regularized solution (solid line).

We thus obtain x  =  IFFT(x).  In this way X  is linearly related to f:

(5.1) i  = 7" M iag(^)JC =: Bx £

where J  and 7 ~ 1 are matrices corresponding to the FFT and IFFT , respectively 

(see (2.12)). Therefore z is a realization of a random vector X  ~  AZ (0, BzB*).
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T H' H- H -  H t  +  H  V h-

- 0 .4

time domain t

Figure  6 . Examples of a realization of a stochastic process. The solid line corre­

sponds to <7 = I, the dashed line to <7 = 2, and the “+ ” line to <7 =  3.

The subsequent computations are performed for two different kinds of kernels 

of the convolution operators. The first one is

(5.2) Mr) = t -  [r]

and the second one is

(5.3) k2 (r) =  I — |2r — l|.
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0 0.1 0.2 0 .3  0.4 0 .5  0 .6  0.7 0 .8  0.9 I

time domain I

Figure  7. Convolution kernel Ai1 (solid line) and convolution kernel A:2 (dashed 

line).

The kernel Ai2 is continuous but not differentiable whereas the periodic exten­

sion of Ai1 is not even continuous. Therefore the singular values of Ai2 decrease to 

zero more rapidly than those of Ai1. In fact, one can easily show by computing 

the Fourier coefficients, that for Ai1 we have a, ~  yjy and for Ai2 we have a, ~  j t  

and, moreover, every other singular value of Ai2 is equal to zero. This indicates 

a nontrivial null space of the operator with the kernel Ai2. In Figure 8 shows the
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power spectrum of Zc1 and the nonzero part of the power spectrum of Ar2.

frequency domain

Figure  8 . Power spectrum of the kernel Ari (solid line) and the power spectrum 

OfAr2 (the

If i  = i i  +  x2, X1 G KerK, X2 G (KerK)-1- , is taken, then K t Kx = X2 (see 

(2.33)). For computational convenience we take Fourier components of the true 

solution

X i = (
( 0 , otherwise.

The fact that the singular values of the operator K2 decay more rapidly causes 

a “greater degree of ill-posedness” of the problem K2X =  y compared to the prob-
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Iem K 1X =  y. This means greater magnification of noise, the need for more filtering 

and bigger chance of loss of information about the solution.

P red ic tio n  B ands from  C hi-Square  D is tr ib u ted  Sa

There are three error indicators associated with Sa = ||X0 - P X true ||2. Figure 

9 shows their behavior as a function of the regularization parameter a.

10-12 IO -U  10-10 10-9 10-0 10-7 10-6 10-5 10-4 IO"3

Figure  9. Error indicators. The “+ ” show the regularized solution error, the “x” 

show Gaussian approximation to St 0 L i the “o” show the values of SVol•

The “+ ” indicate “the regularized solution error” , that is the value
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Hxa — P xtrue\\2 assumed by Sa for a particular realization of both Xtrue and 

X a. The graph exhibits a clear minimum corresponding to the best choice a.Q 

of the regularization parameter. For a  < a 0, the component of the error due to 

noise in the data increases more rapidly than the decrease of the error caused by 

regularization (see (4.7)). For a 0 < a, the situation is reversed. The “o” indicate 

the values St ql computed according to the condition

(5.4) P(Sa 5: St o l ) — 0.95.

The interpretation of probability as relative frequency would mean that if many 

realizations of ||Xa — P X true ||2 were observed, 95% of them would not be bigger 

than S70L- The condition (5.4) means that the CDF of a Sa is set to 0.95, that 

is, the following equation is solved for s: (see (3.13))

(5.5) Fs.(s) =  \ - l l
sinU K y gj arctan(cyt) -  st}}

t U 3e j ( 1 + ci t2)*
0.95.

The quadrature used to compute the integral in (5.5) is based on sine in­

terpolation of the integrand. This is described in the section “Sine Quadrature 

Formula” , Chapter 2 (see also Figure 10).

The coefficients C3- (dependent on a) are derived in the section “Prediction 

Bands” , Chapter 4. To numerically solve (5.5), Newton’s method combined with 

bisection is used. This guarantees global convergence together with the fast local 

convergence. We notice that the minimum of Stol coincides with the minimum 

of the “regularized solution error” . This may be used to choose an appropriate 

filtering level provided enough information about the statistics of X true is available.
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time t

Figure  1 0 . Integrand in CDF of Sa .

Finally the “x” represent the Gaussian approximation to St o l - Since STOl ~  

CyX2 (I) and the Cj differ, the Central Limit Theorem (see [16]) does not really
ye J
apply. Nevertheless, it appears that the distribution of Stol is approximated quite 

well by the distribution of F  ~  M Cy,2 £ \ e J  C2j ) ,  that is, by the normally 

distributed random variable with the mean and variance equal to those of Stol . 

The “x” follow the same pattern as the “o” and the computation of them is im­

mediate and does not involve solving any equation or using a quadrature. Also,
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whenever we actually wish the precise error indicator computed from the distri­

bution of Stol rather than from the Gaussian approximation to it, the Gaussian 

approximation may serve as a good initial guess for the iterative solution of (5.5).

10-4

10-s

I O - 6

10-7

10-8

10-9

1 0 - 1 0

10- ‘l
10-10 10-9 10-8 10-7 10-6 10-5 10-4 10-3 lQ-2 IO"* 10°

alpha

Figure  11. Error indicators and the GCV. The show GCV, the “+ ” show 

the regularized solution error and the “x” show the Gaussian approximation to 

S t o l -

Figures 11 and 12 contain another error indicator. It represents the graph of
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the Generalized Cross Validation function (GCV). The GCV function is given by

Eyejl1 Ml2 I2
^ , ( ! - t o y M ) ] =  '

and depends solely on computable quantities. This technique of predicting a good 

value a0 of the regularization parameter is discussed in [8] and [9]. The idea behind 

it is to compute Ct0 as a minimizer of the GCV function. In both Figures 11 and 

12 the GCV fuction is represented by

IO7 

10°

IO5 

10<

IO3 

IO2 

1 0 ‘

10°
10-0 10-0 10-7 10-6 10-5 10-4 10-3 10-2 IQ -I 10° 10*

alpha

Figure  12. Error indicators and GCV. The show GCV, the show the

regularized solution error and the “x” show the Gaussian approximation to STOl -
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It appears from numerical experiments that we did that in many cases the

regularization parameter Oi0 that minimizes Sa is also a minimizer of the GCV 

function. From time to time the minimizer of Sa is better in the sense that it also 

minimizes the regularized solution error whereas GCV either misses the minimum 

of the regularized solution error slightly, or does not have any well defined mini­

mizer. However, computation of Sa requires more information — the covariances 

of the random variables involved.

So far we discussed the magnitude of \\xa — Prctrue ||2. The question appears, 

“what can be said about the pointwise error (xa — P x true)(t), t G [0 , 1]?” . To find 

an estimate of the pointwise error using information about its norm, Xt r u e  and x a 

are assumed to be from [0,1]. Since for x G [0,1] we have

by the Schwarz inequality. Using (2.5) and symmetry obtained from the periodicity 

of x we obtain

|x(t)| < /(i)||x||

where
if i S [0,
if *6 (?.!]•

Therefore

(5.7) PflX a (t) -  PXMI < TOL) > P ( /( t)  V sT  < TOL)

and if the latter probability is set to 7 =  0.95, the computed tolerance gives an 

estimate for the width of a strip around the approximate solution xa such that 

with probability 0.95, X  lies inside the prediction region.
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t -a x is

Figure  13. Prediction bands from Sa , kernel A1. The solid line shows the 

regularized solution, the dashed line shows true solution and the dashdot lines 

show the prediction band.

Figures 13 and 14 show examples of prediction bands computed in this way 

for the kernel Aj1 and Ar2, respectively. In both cases n = 256, q = 3, signal 

to noise ratio r = 400. The faster decay rate of singular values of the operator 

with Ar2 kernel causes greater noise magnification and wider prediction bands than 

the prediction bands obtained for the operator with Ar1 kernel, despite all other
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parameters being identical for both figures. The level of confidence is 95%. It 

is clear that these prediction bands are very pessimistic. The actual differences 

between the approximate solution and true solution are quite small compared to 

the size of the bands. This is due to the fact that the norm in the space Hq [0, l] is 

much “stronger” than the uniform norm, that is, there exist functions x  for which 

Ilxll00 is much smaller than ||x||H i .

t -a x is

Figure  14. Prediction bands from Sa , kernel Ar2. The solid line shows the 

regularized solution, the dashed line shows true solution and the dashdot lines

show the prediction band.
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Figure 15 gives an example of two functions z (solid line) and y (dashed line) 

such that IIzIIjf I =  Hylljf », but IIzH00 =  10||y||oo • Hence a bound on infinity norm 

based on the value of norm may easily be unnecessarily large.

lim e domain t

Figure  15. Comparison of H01 and infinity norms.

The next section gives prediction bands based on a different random variable.

Prediction Bands from ea (t)

The analysis done in Chapter 4 shows that for any t G T , ea (t) is a normally 

distributed random variable with expected value equal to 0 and the variance de­
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pendent on q, signal to noise ratio r, singular values of the operator K  and the 

spectral filter (tu, (a))j€ J .

Since the computations were done for the case of a convolution kernel and 

the noise for which B e = o l ,  the formula (4.12) applies, with dy = j f .  Setting 

P(\ea (t)| < TOL) =  0.95 allows us to determine the value of TOL, thus obtaining 

the width of 95% prediction bands.

t -a x is

Figure  16. Prediction bands from ea (t), kernel Zr1. The solid line shows the 

regularized solution, the dashed line shows true solution and the dashdot lines show 

the prediction band.
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Figures 16 and 17 show typical results. Figure 16 is for the Zc1 kernel, n =  256, 

q = 2, r — 200 whereas Figure 17 is for the k2 kernel, n =  256, q = 2, r = 200. 

Again, a greater degree of ill-posedness in the second case causes more discrepancy 

between the true and the approximate solution and wider prediction bands.

\  ^

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0 .8  0.9 I

t -a x is

Figure  17. Prediction bands from ea (t), kernel k2. The solid line shows the 

regularized solution, the dashed line shows true solution and the dashdot lines show 

the prediction band.

Finally, Figure 18 shows both types of prediction bands simultaneously. The 

parameters are n =  256, q — 2, r = 200, Zc1 kernel. The considerably narrower
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bands computed from ea (t) contain the realization of the true solution for roughly 

95% of the points whereas the wide bands computed from Sa contain at least 95% 

of the entire realizations of the true solution.

Lime domain t

Figure  18. Comparison of prediction bands from ea (t) and Sa , kernel Ar1. The 

solid line shows the regularized solution, the dashed line shows true solution, the 

dashdot lines show the prediction band from ea (f) and the show the prediction 

band from Sa .
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