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ABSTRACT

Prediction bands for regularized solutions to linear operator equations are
constructed to assess the reliability of the solutions. These equations are ill-posed,
i.e., small perturbations in the data may lead to large perturbations in the soiution.
To obtain an approximate solution, spectral filtering is used. The additive model
is used and both the solution and noise in the data are assumed to be Gaussian
stochastic processes. Numerical results are presented for the case of convolution
integral operators. - . ‘ : :




CHAPTER 1
INTRODUCTION

This thesis deals with the linear ill-posed operator equation
(1.1) Kz =z

where K : X — Y is an operator between two Hilbert spaces. The ill-posedness
of the problem (see [3]) means that a small perturbation in the data z may result
in large changes in the solution to (1.1). This discoﬂtinuous dependence of the
solution on the data requires regularization in order to é,pproximately solve the
ill-posed equation.

The objective of this thesis is to provide a framework for analyzing the reli-
ability of regularized solutions to problem (1.1). We will discuss a class of regu-
larization methods, called spectral ﬁltéring methods (see [22]). To analyze these

methods, consider the additive model for noisy data
(1.2) z=Kz;,. +¢,

where z,,,. is the underlying true solution, which is defined on a set T, and ¢
is noise in the data. Assume z.,,. and e are realizations of Gaussian stochastic
processes with 0 means and known covariances. |

We will quantify reliability by computing two types of “prediction bands”
about the regularized solution:

(i) pointwise band: for each t € T, true solution will be within this band with

some prescribed probability, which we refer to as a confidence level.
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(ii) uniform band (or “Scheffé band”): the probaBility that the entire solution
will be within the band is given by the prescribed confidence level. |

This thesis was partly motivated by work of O.N. Strand and E.R. Westwater
in [19]. They assumed that both true solution and noise are Gaussian stochastic
processes and obtained solutions to Fredholm integral equations of the first kind
which are a special case of (1.1). Also G. Wahba in [12] obtained what she referred
to as “Bayesian confidence intervals” based on the posterior covariance. The com-
pact operator K in her paper was pointwise evaluations of functions in certain
Hilbert spaces of “smooth” functions.

The organization of the thesis is as follows: Chapter 2 contains operator theory
preliminaries. The ideas used in the sequel such as compact operators, Fourier
transformation, the Fast Fourier Transform, generalized inverses, iil—posedness and
singular value decomposition are reviewed. Chapter 3 summarizes the relevant -
probability concepts. Chapter 4 describes the error analysis, spectral ﬁltgring
and construction of prediction bands. Then numerical results for special case of

convolution integral operator are presented in Chapter 5.




'CHAPTER 2
OPERATOR THEORY PRELIMINARIES

Hilbert Spaces

Throughout the thesis X will be a Hilbert space over the field of complex™

numbers C unless speciﬁed otherwise, with inner product denoted by
(z,9), =zyeX,

“and induced norm .
lz|| := V{z,z), z€X.

« indicates a definition. Two specific examples of Hilbert spaces used in

)

~ Here
this thesis are:
(i) L?[a, b] is the set of all equivalence classes of functions z : [a, 5] — C, which are

b .
- square integrable, that is / |z% (t)] dt is finite. The inner product is defined as

| (2.1) o <.:7:,'y) = /bg:(t)'a?jtit z,y € L?[a, b]..

(ii) H?[a, b] is the set of all functions z : [a,b] - C such that 2 ¢ [?[a,b]. The

dtr

standard inner product is defined as

@22 (zy) Z / A dtk LI 2,y € H'[a,b).

In particular, for H* [a, b] we have

29 (@)= /-bz(t);‘(‘tjdt}/éx'('t‘)g/(t)dt.




.
Another inner product in H*|[a, b] yield\ihg a'norm-equivalent to the norm defined

by (2.3) is

ea) (w.9) = 2(@s@ + [ = @OFB e

The subspace of H?[a, b] which consists of functions vanishing on the boundary
will be denoted by Hg[a,b]. On the subspace H; [a,b], the inner product that will

be used is

2.5) @)= [#O70a sy Bla.

Definition 2.6: If K: X — VY, where X and Y are Hilbert spaces, is a
continuous linear operator, then the adjoint operator of K will be denoted by K*:

- K*:Y — X and
VzeX and VyelY (Kz,y) = (z,K"y).

Moreover, if X = Y and K* = K then K is called a self-adjoint operator.

The Fourier Transformation

Deﬁnitiqn 2.7:  Let z be a function integrable on R: z € L*(R). The function
Z(r) := / z(t)e 2" dt, reR, i=+-1,
R - . ’

is called the Fourier transform of z. Typically z is termed a function of time and .

% is termed a function of frequency. The mapping 7 : = — % is called the Fourier

1

transformation:

8>

1
e}

8

“(28)
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Some results to be applied later are now reviewed.

If z € L'(R) is infinitely differentiable and has a cofnpa.?:t suppdrt, then -

integrating by parts p times, wé arrive at the formula
. _dPx , :
(2.9) ‘ (7Et;)(7) = (27rz)”‘r",(.'r":c) ('r).‘

Clearly the Fourier transformation.is a linear operator. For several reasons

(see [5]) it is inconvenient to have the space £L*(R) as its domain.

Definition 2.10:  The space J-is the set of all functions z € C* (R) such that

Pz '
sup |t :i—t;-(t)l < oo for all t and all nonnegative integers pandr.

The following statements hold:

Theorem 2.11:
) U c L),
. (i) the Fourier transformation 7 : J — J is continuous,
(iii) J is dense in L? (R) (if the function is identiﬁ_ed with the equivalence class
it represents), | | |
| (iv) is an isometry of L? (R) onto L?(R),

W) ifz,y € J, then
£*y=2%§  and TY=2%*9.
Here z # y.is the convolution of z and y, that is

@ra)e) = [ als =ty as.

' ‘Proof: See [5].
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If z is a periodic function, then # may be properly defined oniy if one introduces -
the theory of distributions. An elementary discussion of it. can be found:in [101,
and more' detailed treatment in [5] or [11]. The distribution theory is also a natural
tool to develop the disqrete Fourier transformation described briefly in the next

section.

Discrete Fourier Transformation

To determine the Fourier transformation of z computationally one needs to
- work with finite sequences representing z and its Fourier transform %. The dis-
crete Fourier transform pair approximates the original Fourier transform pair. The
‘results of a theoretical develoﬁment, which can be found in [10], are as follows:

Let z(sh), 7 =0,1,...,n—1 be a discrete vérsion of z (z must be thought of
as a periodic function here and the points 0, 4,...,(n — 1)k are within one period
of z). Then

" n-l
3(k/nk) = 3 z(jh)e” =, lz (k/nh) e™="

7=0

§

“where £k =0,1,...,n— 1. This ma.y'a.lsb be expressed as
(2.12) . é‘;d = }:imd, g = ;;_lﬁd

where z4, £, are discrete versions of z and £, respectively. 7; and #, ! are matrices

such that

27rz]lc
n

[fz]lk—-eXP[ ],' OS].,]CSTL—].,

P 1 [ 2wijk
[}:1 l]g'k ~n exp [-‘"

:I-; OSJakSn—l-

| The Fast Fourier Transform (FFT) is an algorithm that rapidly -computes

the discrete Fourier transform. The FFT is used to obtain the numerical results
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presented in this thesis. In the sequel the discrete Fourier transform and the inverse

discrete Fourier transform will be re_ferred to as FFT and IFFT, respectively.

Compact Operators

Definition 2.13: A set M C X is called compact if every sequence z, of
elements from M has a subsequence z,, converging to an element z € M. A set

M is called relatively compact if its closure M is compact.

Definition 2.14: A linear operator K : X — Y is called compact if for every

bounded subset M C X, the image K(M) is relatively compact.

-Example 2.15:. If k is any square integrable function, that is
‘b b
/ / Ik(s,8)|? ds dt,

- is finite, then a typical example of a compact operator is

K : L*|a,b] — L?|a,}]

-where for z € L?|a, b]

(Kz)(s) = / (s, 1)2(t) dt.

For a proof see [1].
Example 2.16: Let K : H?[a,b] — L?[a,b] and for z € H?[a,b]

(Kz)(s) = /abk(s,t)a:(t) dt,

where & is a square integrable function. Then K is compact. To prove it, notice that

'K can be expressed as the composition K = KJ, where J : H?[0,1] — L?[0,1]
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is an embedding and K : L?[0,1] — L?[0,1] is an operator from the previous
example. Since J is continuous (and even compact — see [13]), K is compact.

In both Examples (2.15) and (2.16) an important case is the situation where
(2.17) k(s,t) = k(s —t).

This kind of a kernel is called a convolution kernel. Its properties and applications

will be discussed in detail later.

Theorem 2.18: (Spectral Theorem for Compact Self-Adjoint Opefators).

Let K : X — X be a self-adjoint compact bperator. Then K has the repre-
sentation |
(2190 CKz=Y Az,

jeJ

where the ); are eigenvalues of K (each repeated in the sum according to its
multiplicity), the v; are corresponding orthonormal eigenvectors, and J is_ an index
set for the eigenvalues. J is countable. If J is infinite, 0 is the only limit point of
the spectrum of K.
Proof:  See [2].

Throughout the thesis the spectrum of a linear operator K will be denoted by

~ o(K).

Sihgular Value Decomposition

Let K: X — Y be a compactAoperator. Then K*K is both compact and

self-adjoint. Denote by v; the orthonormal eigenvectors of K* K, that is

(220) K*K'Uj = /\,-v,-, ('U,',’Uj) = 5,']'.
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It is immediate that all eigenvalues A; are nonnegative:

A =X (vy,v;) = (K* Kv;,v;) = (Kv;, Kv;) > 0.
Hence one can introduce the singular values o, of the operator K by:
(2.21) 0; == /); for A; > 0.

It will be assumed throughout the thesis that the singular values are ordered so
that oy > 0, > 05 ... .

Next define
(2.22) u; == —Kuv;.
A number of easy formulas follows:
. 1.,
KK uj = Ajuj’ <u].,uk) = 0k, ;——K uj = vJ..
' J

The family {v;,u;,0;};cs is called a singular system for K. Notice that

because K is compact, the index set is countable.

Definition 2.23: For K : X — Y the range of K, or the image of X under K,
will be denoted by R(K).

R(K):={yelY; Iz X Kz=y}.
The null space (kernel) of K is the inverse image of 0 € I/ under K:

NullK :={z € X; Kz =0}.

Using the Spectral Theorem 2.18 one shows the following facts:
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(i) Span (u;);e; = R(K),
(ii) Span (v;);e; = R(K*).

From the standard identities:

R(K*) = (NullK)*, R(K)=(NullK*)*,

one obtains that Null (K* K) = Null K, so finally
Vee X z=z,+ Z C;V;, where z, € Null K.
jeJ
Now we can obtain the singular value decomposition for K:

szK(n:O—i—Zc,-vj):chKv,-, so

jeJ jeJ

(2.24) Kz = Z C;0;u; = Z o, {(z,v;)u;.

JEJ jeJ

If K is an m X n matrix then its singular value decomposition (SVD) is
(2.25) K =UDV",

The columns of V' are the singular vectors v;. The columns of U are the singular
vectors u,;. Both matrices V and U are Hermitian. The singular values o; lie on
the main diagonal of the diagonal matrix D.

In Chapter 4 and 5 we will need the results of the following

Example 2.26: Singular system for an integral operator with a convolution

kernel.
Consider first K : L?(0,1] — L%[0,1]. It is well known that (see [1]) if
(Kz)(s) = fol k(s,t)z(t) dt, (K*y)(t) = [, k" (t,s)y(s) ds, then k*(t,s) = k(s,¢).
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For the convolution kernel k(s,t) = k(s — t), assuming k real and periodic, and

taking z(2) = €*™*"* we get (denote u :=s — 1):

(K* Kz)(t) = /o k(o= 1] /f k(s — r)e™inr dr) ds
- ji T / il k(w)e™ 2T 27 du] d
- /0 k(s — e /0 " B(w)em 3 du] ds
— k. /0 k(s — ) ds

where k,, := fol k(u)e= 27" du is the Fourier coefficient of k. An identical change

of variables shows that
. 1 - — .
/ k(s _ t)e21rzno dS — kn e21|'tnt
0
hence

(2.27) (K" Kz)(t) =k P (t).

Now consider K as an operator from H;[0,1] into L?[0,1] rather than that
on L?(0,1], with other hypotheses unchanged. Applying the Definition 2.6 of an

adjoint operator and also using (2.5) we easily obtain

Vz € HI[0, 1] / 1 z’(t)%(t,s) dt = / k(s )2(t) dt.

Integrating by parts and noticing that k* is periodic, for z(t) = €27*"*, we arrive

at

2.28) [ rorega=-[ ko,

and hence

‘ 1
(K" Ka)(t) = k. / k* (s, 8)62"" ds.
[¢] .
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Finally, using (2.28), the following result appears:

! 1 ; 1
K*Kz)(t) = —k, k(s—t - Zrine ds = ——— 1k, |? .
(1K) () =~k [ ks = 1) sz ™ ds = s ()
Analogous results hold for p = 2,3,... . Summarizing the Exa,_mp’le 2.26 we can

say that an integral operator K : H}[0,1] — L?[0, 1] has a singular system

win —2win . kn.
(2.29) v, (t) = € ‘1 u, (t) =e 2", o, = (2|7rn|)P ,

(the results for u,, are derived in the same manner as for v, ).

There is a relationship between the matrices 7, 7, *

of the discrete Fourier
transformation (see (2.12)) and the singular value decomposition of the matrix K
representing the discretized version of an integral operator with convolution kernel.

According to (2.25)

| . . Vi (t]) = \/—ﬁ_e ~o, uk(t,-) = 7—56
‘ where ﬁ is a normalizing factor so that V and U that have the v, and u, as
| _ their columns, respectively, are Hermitian matrices. We obtain formulas needed in

Chapter 4 and 5:

(2.30) U= %7;, V =vn7 .

Moore-Penrose Generalized Inverse

A classical solution to an operator equation (1.1) exists if and only if y € R(K).

We introduce a concept of a generalized solution — a least squares solution.

Definition 2.31: The set of least squares solutions to Kz = y is defined by

S,:=={u€X; VzeX |Ku—y|<|Kz—yl}
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Note that S, may be empty. If S, contains an element z,, then
S,.={zo} + Null K.

Sy is closed and convex. It can consist of a single element only if Null K = {0}. If

Sy # 0, we define the least squares minimum norm solution = € S, by

Vue s, |zl < [lul.

- Definition 2.32: The Moore-Penrose generalized inverse operator

Kt:p(KYcy—-X

is given by

DIK')={velY; S,+#0}

and K'y is the least squares minimum norm solution.

Theorem 2.33:
()D(K) = R(K) ® (R(K))*,
(ii) D (K1) is dense in Y,
(i) R(K1) C (Null K)* .
Proof:  See[2].

The following representation for the generalized inverse is frequently used in

this thesis:

Theorem 2.34:  For any y € D(K*)

Ky=Y ol

JjeJ J
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Proof:  See [3].
The next two theorems show that except in simple cases K is not continuous.

Theorem 2.35: Let K be a compact operator. Then
(K' is continuous) <= (R(K) is closed in Y).

Proof:  See [2].

Theorem 2.36: Let K be a compact operator. Then
(K' is continuous) <= (dimR(K) < o0).

Proof: = Notice that KK Because Kt is continuous and K is

=1 |)z (k) °
compact, KK* is compact. By the Riesz Lemma (see [4]) an identity operator is
compact if and only if its domain is finite dimensional.

< Any finite dimensional subspace is closed (see [4]), hence R(K) is closed. By

Theorem 2.35 K is continuous.

I1l-Posedness

Definition 2.37: Let K: X — Y. The problefn Kz = ylis well-posed provided
that the following three conditions hold: ‘
(i) Yy € Y, there a solution z € X,
(ii) the solution .z is unique,
(iii) the solution z depends continuously on data y.
The problem is called ill-posed if it is not well-posed.
Theorem (236) shows that except in trivial cases of finite rank operators

(R(K) finite dimensional) the equation Kz = y with K compact is ill-posed even
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if a solution to the éroblem is taken to be the least squares minimim norm solution.
~ The discontinuous dependence on thé data is an inherent feature of the 'opel;a.tor,
K. Obviously ill-posedness debends on the choice of the Hilbert spaces X and
Y. Physical considéra,tions often dictate the choice of the spaces for which many

practical probleins become ill-posed.

Sinc Quadrature Formula

In order to introduce the quadrature theorem that is used in the thesis, the

following concepts need to mentioned:

Let f be a function .analytic in a simply connected domain D C C. f must
satisfy two technical conditions — a detailed description can be found in [14] or
[15]. Let ¢ be a conformal (that is, for every z € D, there exists ¢'(z) # 0) bijection

of D onto Sy, an infinite strip of width 2d about the real axis.

S N
Im 2 /’—_h Im 2

- Rez . Rez -
: _ d
. D _

Figure 1: Bijection ¢ of D onto S;.

Let ¢ := ¢~ % , v = P(R), 7 := P(—00,0), 7 := ¥(0,00). Then, if f
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satisfies the following growth condition:

—a|¢(z)] .
Sconst{e » Z2E€L;

(2 38) M
‘ e‘ﬂ|¢(z)|, 2z e Tr -

¢'(2)
the following inequality holds:

e - ftz)

k=—-M

(2.39)

< const e~ (274N )/’

Where h = (m)l/z, M = [%N + 1] , 2 = Y(kh).

BN
An integral that is computed in the thesis has the form
I /°° sin{3[>_,. ; arctan(c;t) — :z:t]}
0

t]]es (1+¢;t2)¢
It poses difficulties because of the infinite range of integration and an oscillatory

integrand. If d) is chosen to be:
¢(2).:= log(sinh 2),
the following quadrature is'o'btained:

f(log(e®" + Vezk* +1)).

N
*® , 1
z)dz=nh — (]
[ ey
The condition (2.38) becomes: |

z2-1, z € (0,log(1 + v2));
s eomst {00 2 Gt U

Clearly the integrand involved does not decay exponentially; however this
affects only the rate of convergence and the choice of h,M and N. There are three

contributions to the quadrature error: approximating the integrand, truncating the

infinite sum Z q{l((z )) below, and truncating it above. Balancing the different
k
k_

errors so that asymptotlcally they are 1d<_ant1cal leads to
' ‘ vM
h=-—2_ and N= en M,
vM - w

.With these selections the rate of convergence in (2.39) is maintained. The value of

d is taken to be d = Z. This ensures that ¢ is conformal.
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CHAPTER 3

STATISTICAL PRELIMINARIES

Random Variables and their Distributions

Let (S, E, P) denote a probability, space, i.e., let S denote the sample space,
let E denote the family of events, and let P denote a probability measure defined

~on S (see [20]).

Definition 3.1: A real valued function X defined on the sample space S is
called a random variable if for every Borel set B C R, the set {s € S; X(s) €

B} € E, that is, it is an event in E.
Definition 3.2:  The cumulative distribution function (CDF) of a random vari-
able X is a function Fx : R — R defined by
Fx (z) = P(X < z).

In case of a continuous random variable its CDF can be represented as

Fe (z) = / F () dt,
where fx is-called the probability density function (pdf).
Definition 3.3: The joint cumulative distribution function of the n random
variables X;, X5, -+, X, is defined by

Fx

140y

X,L(xl)."-'.,xn) :P(Xl < zl)"")Xn < ZE,,_).
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In the continuous case

z3 Zq
Fxx.-'-.xn(xli"'3xn)=/ / fX1,---,Xn‘(t1a"'rtn)dtn"'dtl.

Definition 3.4: Random variables X;, X5, -+, X,, are said to be independent
if |
Fxl'...'xn(xl,' -'-,:1:,,) = .lrx1 (IU]_) .. 'FX,, (Zn).

Definition 3.5: The expected value, or mean, £(X) of a continuous random

variable X is defined by
E(X) = / zfx (z)dz,  whenever the integral converges.
a ‘ .
Thé variance of X is

Var (X) = £(X — £(X))? = £(X?) - (£(X))*.

The covariance of two random variables X and Y is defined by

Cov(X,Y) 1= £(XY) — E(X)E(Y).

Definition 3.6: The characteristic function px of a random variable X is

defined by
ox (t) = () = / '*? fx (z) dz.
- Jr

Note that ¢x is the inverse Fourier transform of its probability density fx.
There is one-to-one correspondence between cumulative distribution functions and

characteristic functions. For independent random variables we have

‘Px,,---‘,x,.(tu"‘,tn) = (le(tl)""PX,.(tn)°
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Now let A4 denote an m X n matrix whose elements are random variables A; g

. Define
(A1) ... E(AL)

€(A).:=

(‘:(Am]_) e £(Amn.)
X
In particular consider the random vector X = ( ) and let p =& (X) =
X, ' :
[ €(X1)
£(X.) /)

Definition 3.7: The covariance matrix M is

M = E[(X — p)(X - u)*].

Notice that

(i) my; := [M];; is the covariénce of X; and X;.

(ii) M = M* and M is positive semi-definite, that is, Ve ¢*Mec > 0.

(iiij m;; = Var (X;).

(iv) If X,,X;,-- , X, are independent, the covariance matrix is diagonal.

Two important distribut;ions of random variables are used in the thesis: the
normal (or Gaussi'qn)‘ distribution and the chi-square distribution. Recall that a
random variable X follows the normal distribution Witﬂ mean u and variance o2

if it has the following pdf

(3.5) L f@)=

We write X ~ N(u,0?).

The following properties of a normally distributed random variable are used:
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(i) if X ~ N(u,0?), then

(3.9) Z = X;“ ~ N(0,1),

(ii) if X is a random vector normally distributed as X ~ N (u, B) and A is a

linear transformation, then (see [21])
(3100 AX ~ N(Ap, ABA*).

In particular, taking

A=(¢; ¢ ... ¢,),

we arrive at the conclusion that if X; ~ N(g,,0?); 7 = 1,2,...,n denote inde-

pendent normal variables, then

n

Y= ZCJ-XJ- ~ N(Z cJ~.uj,Zc?a?).
j=1 . i=1 1

i=

-Now recall that a random variable X has a gamma distribution with param-

. eters £ > 0 and 6 > 0 if it has pdf of the form

z°"le=v, z>0.

- A special case of the gamfna distribution with ¢ = 2 and £ = % is called a chi-

2

square distribution with v degrees of freedom. We write X ~ x?(»). We have the

following remark

Remark 3.11:
(i) &(X) =v, .
(ii) Var (X) = 2v,
(i) if Z ~ N (0,1) then Z? ~ x2(1); more generally, if X is a random Véc- |

tor normally distributed with mean vector 0 and covariance matrix B, then the
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quadratic form ¥ = X* AX is distributed as a linear combination 6f independent
chi-square random variables, each with one degree of freedom:
(3.12) : Y~ eix*(1).
' jeJ
The coefficients c; of the linear combination are eigenvalues of the matrix AB (see
[6]).
The CDF of the random variable Y in (3.12) can be obtained using an inversion
formula for the characteristic function - of the variable Y
ey (1) = [](1 —2ic;t)~7,
i€t

1 1

Fy)=;-= / "t Im e p(0)} .

Then one can show (see [6]) that

1 1 [ sin{%[>._, arctan(c;t) — yt
(3.13) Fyr(y) = - —/ {3[2ye, arctane, ) ) dt.
2 7)o tHjeJ(l"l‘c:'tz)T
Stochastic Processes
Definition 3.14: A stochastic process is a family of random variables

(X (¢)):er defined on a common probability space.

A stochastic process (X(t)).er can be viewed as a function of two arguments
(X(t,s))er,.cs. For a fixed value of ¢, X(t,) is a function on the sample space
S, that is, X(¢,") is a rand(;m variable. On the other hand, for fixed s, X(-,s) is a
function of ¢ that represents a possible observation of the stochastic process. We

say that X(,s) is a realization of the process, or a sample function of the process.
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The role played for a single random variable by its mean and variance is played
for a stochastic process by respectively its mean value function u(t) := € (X(t))

and its covariance function K(t;,t,;) := Cov|[X(t,), X(t;)], t1,t, € T.

Definition 3.15: A stochastic process (X(t));er is called Gaussian if every
' linear combination of the random variables X (¢),t €T, is norm.ally distributed.
When the ra.ndom variables X (t1), X(t2),- -+, X(t.) have a joint normal distribu-
tion (which exists if and only if the covariance matrix of X, X,,---, X,, is nonsin-
guia,r), then the stochastic process (X (t));cr is Gaussian if and only if for all sub-
sets {t1,t2,*,tn} C T, the random variables X(¢,), X(¢;), -+, X(¢,) are jointly
normally distributed.

More about stochastic processes can be found in [17].

Statistical Model

Consider the model (1.2) for noisy data. It is assumed that the true solution
Tirue I8 a realization of a Gaussian stochastic process X(t),t € T, and the error €
is a realization of an independent Gaussian stochastic process: € = ()7_,. The

stochastic form of (1.2) is
(3.16) Z=KX+e.

We assume that & (X (¢)) = 0and £(e) = 0. If £(X(¢t)) is not zero, (3.16) can always
be “rescaled” in the following way: let X(t) := &(X(t)), Z :== KX, X := X — X,
7:=72-7. Then KX=KX-KX=2-7 = 2, and we have a problem
KX = Z where £(X(t)) = 0.

Similarly, if £(e(t)) # 0, an analogous procedure can be done.




.
The stochastic model (3.16) can be constructed in the following way:

We assume independent normally distributed random vectors
X ~ N(0,C,), e~ N(0,C.).
These can be obtained by taking:
(3.17) X := B¢, € := B.n,
where C, := B, B}, C, = B;B:, a;nd

o ()= (@6 )

A prediction problem (see [18]) can now be formulated: given a realization of
the data z, predict what realization z gave rise to it. One can show ([18], [21])

that, by minimizing the squared error loss function -
L(X, X) = €[IIX - X|*],
~ one obtains that the best unbiased predictor of z is

(3.19) £ =E(X|Z=2) =C,K'[KC,K* +C.] 'z
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- CHAPTER 4

REGULARIZATION AND THE CONSTRUCTION

' OF PREDICTION BANDS

Spectral Filtering

Conside; the equation
. (41) . ' Kz==z

with K : X — Y a compact operator. In practice we have noise contaminated

data.
(4.2) | z:= K:c,,ue +e€

where € represents noise in the data and z.;,. represents the underlying “true”
solution. We know from Theorem 2.34 that if z € D(K'), then a least squares
minimum norm solution to (4.1) exists and can be expressed as

(4.3): | k*z=zmvj.

) ) - JEJ 9
. Let P : l’ — (Nﬁll K)* C X, denote the orthogonal projection of X onto
(Null K)* . The projection of the true solution onto the orthogonal complement of
the null space of K is - A
thrue = KtK:vt‘:rue = Z(ztrueavj>vj'

jeJ
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Assuming that € € D(K') the least squares minimum norm solution of Kz = z is

" given by K'z. The difference between the two solutions becomes:
K'z - Pzyy. = KN (Kyrie +€) — K'Kzpyyo = K'e= Mv,—.
. 2"
. jedJ :
When K has infinite dimensional range, then the last expression shows conspicu-
ously the ill-posedness of the problem: even if ||¢|| is small, that is, one set of the
data differs little .from the other one, because 0; — 0 as j — o0, [|[K'z — Pz,,,.||
.may be atbitrarily large.
To overcome this difficulty let us consider regularized solutions to (4.1) of the
form
(249) g0 = Y wy(0) B2k,
o : J o; °
JeJ .
The w,;(a) are called weights and the sequence (w,(a));cs is called a spectral .
filter. The nonnegative real number « is referred to as a regularization parameter.
Every spectral filter function w(o, @), where w(o;, @) = w; (), should possess the
following characteristic:
. & ”,
w(o, @) ~ { 1, when o is “large”;

0, when o is “small”.

Example 4.5:  The truncated SVD filter:

w(o, @) = - 1, for o2 ¢
710, for o< a.

where a is called a truncation level. In this way the amount of filtering increases

with « increasing. This kind of filter is described in [7].

Example 4.6: The Tikhonov filter:

. o2

w(o,a) = .
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sigma

Figure 2. Spectral filtering functions w(a,a) for Tikhonov regularization (dashed

line) and TSVD (solid line) plotted as functions of 0; a = 0.05 is fixed.

Again the bigger the a the more spectral filtering is applied, whereas a = 0
corresponds to no spectral filtering at all.
The Tikhonov filter has the following variational characterization. If the

Tikhonov functional is defined as
fa (z) := "{\\Kx - z||2 + a||z||2}, x6 X

where X is a Hilbert space, then a necessary condition for fa to have a minimum
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at z, is

VheX fl(za)h =0

Since
fi(z,)h = {(Kz, — z,Kh) + a(z,,h) = (K* (Kz, — 2) + al, h)
it follows 'that
K*(K;z:a —z) + al=0 or z, = (K*K +al)"*K* 2.

Notice that since all eigenvalues A; of K* K are nonnegative (see 2.20) and a > 0,
the operator K* K + al is certainly invertible. Moreover, from Spectral Mapping
Theorem (see [4]), (2.19) and (2.22) we have

* . 0'
Z)‘ T (K" z,v;)v; 22 2+a(z’ui>"’j

jeJ JeJ -7
_ Z 9 (= ua) Z"’ (a) (z ua)
2 J
jEJ -7 T i JjeJ

where (w; (@));¢ s is the Tikhonov filter. Since f, is a strictly convex functional, it
is easy to check that z, is indeed the unique minimizer. Hence using the Tikhonov
filter to obtain a regularized solution is equivalent to minimization of the Tikhonov
functional f,.

Whatever the spectral filter, the suitable choice of the regularization parameter
is important to the success of the filtering. If & is too large, the singular components
(z,u;) are partially lost and with them the information about the solution. On
the other hand, if o becomes too small, one obtains excessive amplification of error
through small singular values. This will be clearly seen in the numerical results in

Chapter 5.
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Error Analysis

Let K'z be the least squares solution of minimum norm to Kz = z. We will
refer to Pz;,,, = K'Kz,,,. as the projected true solution. Let z, defined in (4.4)
be a regularized solution to Kz = 2, where 2 = Kz,,,. + €. Then the regularized

" solution error is defined by

K rue
€q + = Pztrue - Zw )< ol Te uJ) Z(xtrueav

jeJ 9 ~ jEJ
_ ij (I.f:l:,gruf.-,uJ - Z<z"ue,v1)vj N ij (a
JjEJ . JGJ JEJ
Since
(KZirue, U5) = (Tiruer K ;) = 0;(Ttrues V5 ),
we obtain

(07) | Z[wj(a)—11<xm,v,>v,+§: 248 (¢ ),

jelJ jelr 9y

The first component of this error is due to filtering. With o decreasing the
weights w; ‘(a) tend to 1 for each j and this component approachés zero. The second
component is caused by noise in the data. Its norm may becoﬁ1_e prohibitively
large whe.n. a decreases to -zero. Again one can see that the proper choice of the

regularization parameter « is important.

Statistical Distribution of Regularized Solution Error

Consider the regularized solution error (4.7). Using our statistical model (see

Chapter 3), the error can be expressed in the following way (recall the meaning of
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V and U from (2.25)):

e = 3wy (@) - 1[V*al,v, +Z"’" U*€l;0;

je€J je€J
= Z[diag{w,-( —1}V*B, flgv + Z[dlag { w; (e )}U*B n];v;
Denoting
A, := diag{w;(a) —1}V*B
(4.8) 4, = ding { Ja(a) } U*B.

we obtain the pointwise evaluation of the regularized solution error:

ea(t) : = Z[Al €+ Azn);v;(2)

jEJT

(4.9) =v*(t) (A Az)(é)’

where v(t) = . The regularized solution error is thus a Gaussian stochas-

va (2)

tic process. For any time ¢ € T, e, (t) is a normally distributed random variable.

Its expected value is

(4.10) C E(ea()) =V (1) (A A2)E (s) =0
and its variance is |
| Var (e () = £(e.* (1)
C =ewam 4 (8 e ) (4
=v@ (a4 e T (4 ve.

m :
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Because £ (£€*) = I and £(€n*) = O (see (3.18)), we obtain

(4.11) Var (ea (£)) = v* (£) (4 45) ( 2 ) v(b).

A special case of (4.11) will be'needed in Chapter 5. Let B, = oI, B, =
F-'diag{d;}# where d € R". From now on, we drop the subscript from the
discrete Fourier operator #;. ¥, #~! are matrices associated with the FFT and
IFFT, respectively (see (2.12)). Also, let v, (t) = J=€*"*/*. Then using (2.30) and
(4.8) we obtain:

A, A; = diag{w;(a) — 1}V* B, B, Vdiag{w;(a) — 1}
= diag{w; () — 1}V* 7~ ' diag{d; } 7 7* diag{d,; }(¥ ~')* V diag{w; () — 1}
] L, 1 ] ) ] 1 _ . ..« )
= diag{w, (a) — 1}V ﬁleag{d,-}ndlag{dj}\/—ﬁV Vdiag{w;(a) — 1}
= diag{[(w;(2) - 1)4;]°}.

Similarly

S

AZA = diag {
= diag {
a 2
= o? dirag{ ] }
o;

Hence (4.11) becomes

Var(ea () = Y- e —2"*3*{[(1»]( - 4p o ["’U(“’]}

jeJ

} U* B.B,* Udiag {"’" (e }
0'_.,' ‘ )

v '
0'. .

*0_2 Udiag { w.7 (a)

2715t

that is,

(4.12) | Var(e Z[ (@) = 1)d; " + Z[ ]2

JEJ JET
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Another random variable which is of interest is the square of the norm of the

regularized solution error. Using (4.8) we have

Su i = |lea]* = D [Ar € + Agn]?
JjeJ

(413) = AP+ [ Aaml? + 28 A3 Aan
| i (€
= (& )Q(n>,

where

- (A A AA\ (4

Denoting w := (g) we have that |le, ||> = w*Qw, where w ~ N(0,I). From
(3.12) it follows that the random variable S, has the distribution which is a linear
combination of independent chi-square random variables. From (313) and the

spectrum of @ we can compute the CDF of S, (see Chapter 5).

Prediction Bands

An approximate smoothed solution z, does not, in itself, provide information
about its accuracy. To quantify accuracy we wish to defive an interval (at each
point where the solution is computed) the endpoints of which are random variables
that include the true value of the solution between them with probability near one,
for example 0.95. This will be done separately for both random variables describing
the regularized solution error: |

(i) ex(t) == (o — PTirue)(t), t€T.

(ii) S, = |lea]?-
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Consider e, (t), normally distributed for every ¢ € T. Denoting
€(es(t)) =: pu(t) and Var(e,(t)) =: b(t)
we have (see (3.9))

_TOL—puft) _ , TOL—u(t)>

[6(e)]72 [6(e)]*/
where Z ~ N(0,1). Hence the value of TOL can be determined from the condition

. _TOL - ©(t) TOL — u(t)
d ( CO RN OEE

P(le, ()] < TOL) = P (

) =+, ~=0.95.

Plotting the band of the width 2xTOL, centered at the approximate solution a_H;)ws
us to claim that, for each point ¢, with probability 0.95, the true solution, X(t),
will be contained within this band.

‘Let us now analyze, in turn, S,. In order to know its CDF, we need the
eigenvalues of the matrix Q (see (4.14)). For the numerical case considered in
Chapter 5 (that is, a convolution kernel, B, = ¥~ 'D, ¥, B, = ol), these can be -
computed efficiently as follows.

First using (2.30) and. (4.8) we compute Q. Denote for brevity:

D, := diag{w;,(a) — 1},
D, = diag{m} :

o;
' 1
D, :=diag {]—q— } B
Then (see (4.8)) '

A*A, = (D,V*B,) (D\V*B,) = B,"VD?V*B,
= (F'D,)*'VD?V*7'D,F = #*D,(F)'VD*V*F D, 7
VnU* D, -\—}—ﬁv*vpfv* \/iﬁVDm JnU =U*D,D?D,U

=:U*D?. U  where D,, :=D,D,.
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Similar computations yield

AlA, =U"D,, D, U" where D,, :=o0D,,
A A, =UDZ U*.
Therefore

o= ( UDLU  UDy.Dy, U
“\uD,,D.,U . UD,U*

(U o0 D?, Di,D.,\(U ©
“\o v)\D,.D,, D2 o U )"

. u* 0 u o0\ _ . D2, D,.D,,
Since ( 0 U) <0 U*) = I, the matrices (Dzan; D2, and @ are

similar, and therefore have identical eigenvalues. Observe that (4.14) together with

the statenient

rank(AB) < min{rankA, l;ankB}

show that (at least) n eigenvalues of Q are equal to zero. For the remaining n

-eigenvalues the following relationship holds:
/\j=uf-+l/?, for y=1,2,---,n

where ); is an eigenvalue of Q, 3 is the jth eigenvalue of D}, and v} is the jth
eigenvalue of DZ,. To prove this, let us find an eigenvector associated with A,. It

is easy to verify that

Df:r. DlzDz:c ;
(DZsz Dz )| nlm




( #f 0 I Hiln
: K : | :
0 (7
iy o 0 I V12
R | -
K 0 cee VUp g I 0

Vl//l'l

2
'Vn )

Lo /)

=@i+) | -

VI/Ml

Lo

where v; /p, is the (n + 1)st component of the eigenvector. Note that j = 1 was

chosen for notational convenience only.

Once the eigenvalues of Q are available we have determined CDF of S,. Again

an equation for TOL can be set up

F(S, < TOL) = 1.

Knowing TOL we determine the prediction intervals according to numerical pro-

cedure described in Chapter 5.
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CHAPTER 5
NUMERICAL RESULTS

The numerical results showiﬁg the behavidr of filtered and unﬁltered solutions
in both the time a,n"d the ﬁ"equency domain are first présented. Then prediction
bands based on the random variables e, (t) and S, are plotted for various test cases.
Error indicators aﬁd tile dependence of filtered solutions on the :egula.rizatipﬁ
parameter « are discussed.

All computations were performed on an IBM PC. The integral equation Kz =
y with a convolution kernel has a specific singular system (2.29) which allows us to
apply the Fast Fourier Transform (see (2.12)) to obtain the results very efficiently

even for high dimensional subspaces (n=512).

The Effect of Filtering

Consider an integral equation with a convolution kernel

1
() = (Ka)(o) = [ (o ~D)alt) s
o}
which can also be written as y = k * z. Here K : H7(0,1) — L?(0,1). Therefore

9 = k# (see (2.11)). Synthetic data § from the deterministic true solution:

10¢2, - 0<t<0.25;
:l:(t) = t(:g.zzs(f:fs ) 0.25 <1 <0.35

1.1149¢-20(t-0-58)" _ 0019429, 0.3 <¢ < 1;

is generated. To the data §, the Fourier transform of a pseudorandom noise vector

e ~ N(0,02I), is added. The standard deviation o is related to the signal-to-noise

=g pr——— —, —T™=T
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ratior by r = The Tikhonov filter (4.6) on the Hilbert space L2[a, 6] is applied
in the frequency domain to filter out high frequencies. The kernel of the integral

operator used here is fc(r) = r —r], where [4] denotes the greatest integer function.

Figure 3. Power spectrum of regularized (dashed line) and unregularized (solid

line) solution.

Figure 3 shows the power spectrum (that is the absolute value of the Fourier
coefficients) of a regularized (a = 0.0001) and unregularized (a = 0) solutions.
There are n = 64 singular components. The signal to noise ratio is r = 100. It

is seen that in the case of the regularized solution the components with frequency
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greater than 10 are negligible. On the other hand, all 64 components are significant
in an unfiltered solution. Figure 4 shows that they make the unregularized solution
highly oscillatory. Finally, Figure 5 shows that the filtered approximate solution

differs very little from the true solution.

Figure 4. True solution (dashed line) and unregularized solution (solid line).

Constructions of Realizations of a Stochastic Process

A realization of a stochastic process with zero mean value function and known

covariance function is constructed in the following manner:
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A pseudorandom vector f ~ M(0,1) is taken and its FFT computed. Then
the frequency components are damped by multiplication by ~ where q > 0. We
obtain frequency components x} = - As ( increases one obtains smoother

realizations of the process (see Figure 6).

time domain t

Figure 5. True solution (dashed line) and regularized solution (solid line).

We thus obtain x = IFFT(x). In this way X is linearly related to f:
(5.0 I = 7" Miag(")JC =: BxE

where J and 7 ~1 are matrices corresponding to the FFT and IFFT, respectively

(see (2.12)). Therefore z is a realization of a random vector X ~ A(0, BzB*).
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THHs Ht +4 Vh

-0.4

time domain t

Figure 6. Examples of a realization of a stochastic process. The solid line corre-

sponds to <= 1, the dashed line to = 2, and the “+” line to 4= 3.

The subsequent computations are performed for two different kinds of kernels

of the convolution operators. The first one is
(5.2) Mr)= - [1
and the second one is

(5.3) k2(r) = 1 —|2r —I.
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0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 |

time domain |

Figure 7. Convolution kernel Al (solid line) and convolution kernel A2 (dashed

line).

The kernel A2 is continuous but not differentiable whereas the periodic exten-
sion of Al is not even continuous. Therefore the singular values of A decrease to
zero more rapidly than those of AL. In fact, one can easily show by computing
the Fourier coefficients, that for AL we have a, ~ \y and for & we have a, ~ jt
and, moreover, every other singular value of & is equal to zero. This indicates

a nontrivial null space of the operator with the kernel A2. In Figure 8 shows the
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power spectrum of Z1 and the nonzero part of the power spectrum of A2.

frequency domain

Figure 8. Power spectrum of the kernel Ai (solid line) and the power spectrum

OfAr2 (the

Ifi =11 + x2, X1 GKerK, X G (KerK)-1, is taken, then KtKx = X2 (see
(2.33)). For computational convenience we take Fourier components of the true

solution

Xi = :
<( 0, otherwise.

The fact that the singular values of the operator K2 decay more rapidly causes

a “greater degree of ill-posedness” of the problem K2X=y compared to the prob-
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lem K 1X = y. This means greater magnification of noise, the need for more filtering

and bigger chance of loss of information about the solution.

Prediction Bands from Chi-Square Distributed Sa

There are three error indicators associated with Sa = ||X0-P X true ||2. Figure

9 shows their behavior as a function of the regularization parameter a.

10-12  10-U 10-10 10-9 10-0 10-7 10-6 10-5 10-4 10"3

Figure 9. Error indicators. The “+” show the regularized solution error, the “x”

show Gaussian approximation to StOLi the “0” show the values of SVole

The “+” indicate “the regularized solution error”, that is the value
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|Ta — Pxiry.|® assumed by S, for a particular realization of both X;,,. and
X,. The graph exhibits a clear minimum corresponding to the best choice a4
of the regularization parameter. For a < oy, the component of the error due to
noise in the data increases more rapidly than the decrease of the error caused by
regularization (see (4.7)). For a, < «, the situation is reversed. The “o” indicate

the values S;o; computed according to the condition
(5.4) | P(S, < Sroy) = 0.95.

The interpretation of probability as relative frequency would mean that if many
realizations of | Xa — PX,,u.||> were observed, 95% of them would not be bigger .
than Sro.. The condition (5.4) means that the CDF of a S, is set to 0.95, that

is, the following equation is solved for s: (see (3.13))

1 /°° sin{Z [}, ; arctan(e;t) — st]} P |

o t =0.95.
tHjeJ(l + cJ-tZ)a

The quadrature used to compute the integral in (5.5) is based on sinc in-
terpolation of the integrand. This is described in the section “Sinc Quadrature

Fofmula”, Chapter 2 (see also Figure 10).

The coefficients ¢; (dependent on «) are derived in the section “Prediction
Bands”, Chapter 4. To numerically solve (5.5), Newton’s method combined with
bisection is used. This guarantees global convergence together with the fast local
convergence. We notice that the minimum of Sro coincides with. the minimum
of the “regularized solution error”. This may be used to choose an ap_pfopriate

filtering level provided enough information about the statistics of X,,,. is available.

rp—r—— T T T T
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-0.5

0.12 0.14

time t

Figure 10. Integrand in CDF of Sa.

Finally the “x” represent the Gaussian approximation to StoI - Since STO1 ~
CyX2(l) and the G differ, the Central Limit Theorem (see [16]) does not really
Z%g)ly. Nevertheless, it appears that the distribution of Stol is approximated quite
well by the distribution of F ~ wm Cy,2 £ \eJ cp), that is, by the normally
distributed random variable with the mean and variance equal to those of Stol .

The “x” follow the same pattern as the “0” and the computation of them is im-

mediate and does not involve solving any equation or using a quadrature. Also,
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whenever we actually wish the precise error indicator computed from the distri-
bution of Stol rather than from the Gaussian approximation to it, the Gaussian

approximation may serve as a good initial guess for the iterative solution of (5.5).

10-4

10-s

10-7
10-8
109

10-10

10-“1
10-10 10-9 10-8 10-7 10-6 10-5 10-4 10-3 1Q-2 10" 10°

alpha

Figure 11. Error indicators and the GCV. The show GCV, the “+” show

the regularized solution error and the *“x” show the Gaussian approximation to

Stoll-

Figures 11 and 12 contain another error indicator. It represents the graph of
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the Generalized Cross Validation function (GCV). The GCV function is given by

Eyejll M2 B

L (-toyM)]=

and depends solely on computable quantities. This technique of predicting a good
value a0 of the regularization parameter is discussed in [8] and [9]. The idea behind
it is to compute Q0 as a minimizer of the GCV function. In both Figures 11 and

12 the GCV fuction is represented by

10

o

10-0 10-0 10-7 10-6 10-5 10-4 10-3 10-2 1Q-1 10° 10*

alpha

Figure 12. Error indicators and GCV. The show GCV, the show the

regularized solution error and the “x” show the Gaussian approximation to STOI -
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It appears from numerical experiments that we did that in many cases the
regularization parameter «, that minimizes S, is also a minimizer of the GCV
function. From time to time the minimizer of S, is bett"e;r in the sense that it also
minimizes the regularized solution error whereas GCV either misses the minimum
of the regularized solution error slightly, or does not have any well defined mini-
mizer. However, computa,tiqn of S, requires more information — the covariances
of the random variables involved. -

So far we discussed the magnitude of ||z, — Pz, y.||*. The question appears,
“what can be said about the pointwise error (z, — Pz,,..)(t),t €[0,1]?”. To find
an estimate of the pointwise-error using information about its norm, z,,,. and z,

are assumed to be from H}[0,1]. Since for z € H; [0, 1] we have

()] = | [#ari< [ nar

< ( | ()P d'r)llz ( / * m)m ,

by the Schwarz inequality. Using (2.5) and symmetry obtained from the periodicity

of z we obtain

le@)] < F @)=l

where
N Vi, ift€[0,3];
1t = {\/l—t, if t e (%,1].
Therefore
(5.7) P(|X. (t) - PX(t)| < TOL) > P(f(t)V/S. < TOL)

and if the latter probability is set to v = 0.95, the computed tolerance gives an
estimate for the width of a strip around the approximate solution z, such that

with probability 0.95, X lies inside the prediction region.

TP —y—re———r—r—p— T T =T
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0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.0 0.9 [
t-axis
Figure 13. Prediction bands from Sa, kernel Al. The solid line shows the

regularized solution, the dashed line shows true solution and the dashdot lines

show the prediction band.

Figures 13 and 14 show examples of prediction bands computed in this way
for the kernel Al and AR, respectively. In both cases n = 256, g = 3, signal
to noise ratio r = 400. The faster decay rate of singular values of the operator
with A2 kernel causes greater noise magnification and wider prediction bands than

the prediction bands obtained for the operator with Al kernel, despite all other
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parameters being identical for both figures. The level of confidence is 95%. It
is clear that these prediction bands are very pessimistic. The actual differences
between the approximate solution and true solution are quite small compared to
the size of the bands. This is due to the fact that the norm in the space Hq[O, 1] is

much “stronger” than the uniform norm, that is, there exist functions x for which

[IXII00 is much smaller than ||x||Hi.

t-axis

Figure 14. Prediction bands from Sa, kernel &2. The solid line shows the

regularized solution, the dashed line shows true solution and the dashdot lines

show the prediction band.
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Figure 15 gives an example of two functions z (solid line) and y (dashed line)
such that lizlljf I = Hylljf», but 11zZHD = 10||y|joo « Hence a bound on infinity norm

based on the value of norm may easily be unnecessarily large.

lime domain t

Figure 15. Comparison of HQ and infinity norms.

The next section gives prediction bands based on a different random variable.

Prediction Bands from ea(t)

The analysis done in Chapter 4 shows that for any t GT, ea(t) is a normally

distributed random variable with expected value equal to 0 and the variance de-
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pendent on g, signal to noise ratio r, singular values of the operator K and the

spectral filter (tu, (a))j€J.

Since the computations were done for the case of a convolution kernel and
the noise for which Be = ol, the formula (4.12) applies, with dy = jf. Setting
P(\ea(t)] < TOL) = 0.95 allows us to determine the value of TOL, thus obtaining

the width of 95% prediction bands.

t-axis

Figure 16. Prediction bands from ea(t), kernel Z1. The solid line shows the

regularized solution, the dashed line shows true solution and the dashdot lines show

the prediction band.
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Figures 16 and 17 show typical results. Figure 16 is for the Z1 kernel, n = 256,
q = 2, r — 200 whereas Figure 17 is for the k2 kernel, n = 256, q = 2, r = 200.
Again, a greater degree of ill-posedness in the second case causes more discrepancy

between the true and the approximate solution and wider prediction bands.

\ N
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 |
t-axis
Figure 17. Prediction bands from ea(t), kernel k2. The solid line shows the

regularized solution, the dashed line shows true solution and the dashdot lines show

the prediction band.

Finally, Figure 18 shows both types of prediction bands simultaneously. The

parameters are n = 256, q — 2, r = 200, 41 kernel. The considerably narrower
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bands computed from ea(t) contain the realization of the true solution for roughly
95% of the points whereas the wide bands computed from Sa contain at least 95%

of the entire realizations of the true solution.

Lime domain t

Figure 18. Comparison of prediction bands from ea(t) and Sa, kernel AL. The
solid line shows the regularized solution, the dashed line shows true solution, the

dashdot lines show the prediction band from ea (f) and the show the prediction

band from Sa.
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