
One-dimensional model for laser generated elastic waves in a solid layer the illuminated surface of
which is constrained by a transparent liquid medium
by Harischandra Prasad Cherukuri

A thesis submitted in partial fulfillment of the requirements for the degree of Master of Science in
Mechanical Engineering
Montana State University
© Copyright by Harischandra Prasad Cherukuri (1989)

Abstract:
A one-dimensional theoretical model for the laser generated displacement waves in a solid strip with a
transparent liquid lying on its front surface is presented. For mathematical simplicity, the liquid
medium is treated as a half-space and it is assumed that no vaporization of the liquid or the solid occurs
at the interface. Spatial distribution of the laser energy deposited in the solid is assumed to decay
exponentially with depth. Regarding the temporal distribution of the laser energy as a delta function in
time, a Green’s function in time for the displacement waves in the solid is obtained. Assuming
uncoupled thermoelasticity theory, the Laplace transform technique is used to solve the
one-dimensional heat conduction and wave equations. The solution for the wave equation is specialized
to obtain the displacement at the back surface of the solid. The waveform obtained at the back surface
is compared with that obtained for a solid strip in the absence of the liquid. It is shown that the peak
displacements obtained in both the cases are the same. The higher postpeak displacements obtained in
the presence of the liquid medium are attributed to the surface constraint imposed by the liquid medium
on the solid medium. It is also shown that the thermal diffusion of heat into the liquid from the
interface has negligible effects on the waveform generated at the back surface of the solid. 
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IX

A B S T R A C T

A one-dimensional theoretical model for the laser generated displacement 
waves in a solid strip with a transparent liquid lying on its front surface is pre­
sented. For mathematical simplicity, the liquid medium is treated as a half-space 
and it is assumed that no vaporization of the liquid or the solid occurs at the inter­
face. Spatial distribution of the laser energy deposited in the solid is assumed to 
decay exponentially with depth. Regarding the temporal distribution of the laser 
energy as a delta function in time, a Green’s function in time for the displacement 
waves in the solid is obtained. Assuming uncoupled thermoelasticity theory, the 
Laplace transform technique is used to solve the one-dimensional heat conduction 
and wave equations. The solution for the wave equation is specialized to obtain 
the displacement at the back surface of the solid. The waveform obtained at the 
back surface is compared with that obtained for a solid strip in the absence of the 
liquid. It is shown that the peak displacements obtained in both the cases are the 
same. The higher postpeak displacements obtained in the presence of the liquid 
medium are attributed to the surface constraint imposed by the liquid medium 
on the solid medium. It is also shown that the thermal diffusion of heat into the 
liquid from the interface has negligible effects on the waveform generated at the 
back surface of the solid.
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CH APTER I  

IN TRO DUC TIO N

Ultrasonic techniques are finding increased use and importance in the field 

of nondestructive testing of materials. Before the advent of these techniques, 

methods like striking a specimen and listening for the characteristic “ring” were 

used for detecting flaws in the materials. With these methods only the gross 

defects could be detected since the wavelength of the audible sound waves is large 

compared to the size of the defects. However, with the development of the reliable 

methods for generating and detecting ultrasonic waves, even the presence of small 

defects in the components under inspection can be found since the wavelength of 

ultrasonic waves is very small compared to the size of the defect.

For example, in the pulse echo normal incidence method used for detecting 

flaws, cracks, etc., pulse sending and pulse detecting transducers are both placed 

on one side of the specimen being tested (see Figure I). If no flaws are present 

in the specimen, the displacement detected will be as shown in Figure I .a, where 

each spike is detected by the transducer after times nt0, n  =  1 ,2 ,.. .  etc., with 

t0 =2L /v ,  L  the length of the specimen and v the velocity of the ultrasonic pulse 

in the specimen. On the other hand, if there is a flaw in the specimen such as the 

one (highly exaggerated) shown in Figure l.b , there will be a short spike detected 

in between the two major spikes.
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Figure I. Pulse echo normal incidence method for detecting flaws.

One of the widely used methods for generating ultrasonic waves for nonde­

structive testing purposes is to make use of the inverse piezoelectric effect. How­

ever, this method has the disadvantage in that the piezoelectric transducer has to 

be coupled to the workpiece. This coupling, depending on its strength and nature, 

has the effect of influencing the ultrasonic wave apart from causing wear at the 

interface due to abrasion.

Efforts have therefore been made to utilize other physical effects to generate 

ultrasonic waves which make mechanical contact with the specimen unnecessary. 

One of these effects is rapid heating. By heating a body suddenly, mechanical 

stresses cam be produced in the material due to the thermal expansion of the
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material. These stresses then initiate elastic waves. If the heating is for very short 

duration and is intense, very high frequencies and shock waves can be produced.

There are many ways of delivering the required thermal energy to the body. 

Of these, particularly suitable is the laser induced heating. The suitability of 

lasers for this purpose comes from the intensity and the directionality properties 

of the laser beams. These two properties allow high power densities (Irradiances) 

to be delivered in very short times to the absorbing material although the total 

power carried by the beam may be small. Other advantages include the high 

reproducibility of laser generated ultrasound [l] and higher frequencies than can 

be obtained with piezoelectric devices. Also, resonance phenomena which occur 

with piezoelectric devices do not occur in laser induced ultrasonic waves.

In the present work, the author is concerned with the ultrasonic wave gener­

ation due to laser induced heating.

Laser Induced Stress Waves in Solids

There are basically two mechanisms by which thermal waves are produced in 

solids due to laser interaction.

When a short duration laser beam of power density sufficiently high to pro­

duce stress waves but small enough not to cause any phase change is absorbed by 

a target material (here, a solid), high thermal energies are deposited for a very 

short interval of time causing high spatial thermal gradients. This induces local­

ized rapid thermal expansion in the medium, which is resisted by the surrounding 

medium. This resistance may be so high that the material is subjected to rapidly 

varying strain field, which results in the generation of thermal stress waves.

On the other hand, if a high intensity laser beam strikes the target material, 

some of the material may get evaporated. The velocity with which the ejected



material leaves the target surface can be so high that, by the momentum conserva­

tion principle, the target is imparted an impulse. This results in the transmission 

of a shock wave through the target.

Now if the surface of the target is coated with a thin film of liquid or a 

transparent solid, due to the surface constraint imposed by the film it has been 

found that the resulting acoustic transmission through the solid is stronger. In 

the presence of a liquid film, if no phase changes occur in either of the two media 

and if it is assumed that the laser beam energy is deposited completely in the 

solid, there will be thermoelastic waves generated in the solid due to internal heat 

source and in the liquid due to surface heating from the solid-liquid interface.

In the next section some of the previous work that was done to understand 

the above mentioned phenomena is reviewed.

Previous Work

Perhaps the first person to suggest the possibility of generating elastic waves 

due to absorption of radiation from the high powered light sources was White [2]. 

He assumed that the laser energy deposition in the solid is equivalent to surface 

heating of the solid and analyzed the one-dimensional elastic wave generation in 

isotropic elastic bodies under several transient surface heating conditions such 

as uniform and non-uniform heating of the surface of a semi-infinite body, and 

uniform heating of the end of a long rod. The case of input heat flux varying 

harmonically with time was studied in detail. It was shown that the dependence 

of the stress wave amplitude on frequency and the properties of the body heated 

is governed by the kind of constraint applied at the surface and by the distance 

through which the heating takes place. It was also shown that the stress amplitude 

for a constrained surface is much greater than that for a free surface.

4
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Unlike White, Ready [3] considered the optical absorption effects by assuming 

that the energy absorbed by the body decreases exponentially across the thickness 

of the body. However, he determined only the temperature distribution and did 

not analyze the deformation or the stress field. A general solution for the temper­

ature distribution in the body due to a laser pulse of arbitrary temporal shape was 

obtained using Duhamel’s integral method. This solution was then used to show 

that for an ordinary laser pulse of a sequence of microsecond duration spikes, the 

surface temperature follows the laser spikes and that the properties of the body 

such as thermal conductivity are important for the temperature distribution in 

the body. In the same work, the effects of vaporization of the material from the 

surface of the body due to ordinary laser pulses and Q-switched laser pulses were 

also investigated experimentally.

Since Ready, there have been many investigations, both analytical and theo­

retical, into the laser generated elastic waves in both solids and liquids.

Of these, as far as the laser generated stress waves in solids are concerned, 

particularly worthy of mentioning is the work by the group of Scruby, Dewhurst, 

Hutchins and Palmer ([l], [4] and [5]). They studied experimentally the wave­

forms produced due to the pulsed laser irradiation over a wide range of material 

conditions such as the presence and the absence of surface plasmas, free metal 

surfaces and metal surfaces modified with transparent liquid or solid coatings. 

Based on the experiments, neglecting thermal diffusion and treating the thermal 

source as constrained to the surface, three-dimensional axisymmetric models for 

these different conditions were obtained. The model for the first case predicted an 

inward displacement at the back surface, while the models for the remaining two 

cases predicted an outward displacement. Although these results were in agree­

ment with those obtained experimentally, the model developed for the first case
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does not predict an initial outward displacement spike (which is observed in the 

experimental results) as thermal diffusion was neglected. Doyle [6] took the effects 

of thermal diffusion into consideration and obtained a model which predicts the 

spike. Brechtel [7] investigated the conditions under which diffusion effects can be 

neglected and showed that if the depth of thermal diffusion for the laser pulse du­

ration is large compared to the optical attenuation depth, the surface and volume 

generated models of laser induced heating yield the same results. On the other 

hand, if the thermal diffusion depth for the laser pulse duration is comparable or 

less than the attenuation depth, the results obtained from the two models may 

differ significantly.

Until now, all the work considered above dealt with neglecting the effects of 

stress or displacement fields upon the temperature field. Strikwerda and Scott [8], 

using coupled thermoelastic theory, obtained a one-dimensional theoretical model 

for the temperature and the displacement fields produced due to short duration 

laser pulses. They used perturbation methods to arrive at the solutions. Explicit 

results for a Gaussian pulse shape and an exponential decay pulse shape were 

presented. Results for the temperature field were compared with those given in 

[3] and found to be compatible.

The work of Scruby et. al. ([l],[4] and [5]) also showed that the modification 

of the surface (i.e. coated targets) leads to an enhancement in the generation 

of longitudinal waveforms at the backside. Their work considers both the cases 

where there is a phase change of either the target material or the coating material 

and where there is no phase change at all.

However, before Scruby et al., there were many others who investigated the 

possibility of strengthening the acoustic wave generation by coating the laser ir­

radiated targets.
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Anderholm [9] developed a technique in which the material is confined be­

tween two transparent materials. When a laser pulse of short duration hits the 

target, a confined, high energy plasma is produced which then generates high am­

plitude stress waves into the transparent materials. The technique of O’keefe and 

Skeen [10] involves partially vaporizing the thin coating on the target material 

through conduction from the laser heated surface. The subsequent expansion of 

the gas and the plasma confinement at the interface causes stress waves to be 

generated in the target material.

In the last two cases, to increase the coupling of the laser energy to the target, 

the laser irradiations were generated in the vacuum. Fox [11] showed experimen­

tally that the stress enhancements can be achieved without plasma confinement 

and in atmospheric air by coating the target surface with optically dense thin 

films such as of oil or water.

However, to the author’s knowledge, theoretical work concerned with the 

effects of laser irradiation of coated targets was done only by Scruby et al. Their 

work does not consider the diffusion effects. As a first step toward understanding 

the effects of diffusion on this problem (assuming there is no phase change) , it is 

the purpose of the present work to consider the one-dimensional aspects of the 

problem taking diffusion into account. The actual problem that will be dealt with 

is presented next.

Statement of The Problem

In this thesis, the author will be concerned with the case where the laser 

induced heating causes temperature changes and therefore displacement changes 

only along the thickness. It is to be noted that although this is far from the 

reality, it is certainly possible to realize approximate homogeneous behavior in
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the transverse directions with regard to temperatures and displacements when 

the transverse dimensions of the laser beam are large compared to the depth to 

which heat is propagated during the laser pulse time (page 70, [12]). Therefore 

it can be assumed that the laser pulse incidence is normal to the liquid-solid 

interface.

The main aim is to develop a one-dimensional theoretical model for the pre­

diction of laser induced displacement waves in a solid medium of finite thickness 

with a liquid layer resting on the front side of it (Figure 2).

The model to be developed should fulfill the following requirements:

1. It should be valid for a laser pulse of arbitrary temporal shape.

2. It should explain why higher displacements are observed in the presence of a 

liquid medium than in the absence of the liquid medium.

3. Theoretical displacements obtained from this model for the back surface of 

the solid should match the experimentally obtained results.

It should be noted that displacement of interest is that at the back surface of 

the solid, since it is usually at the back surface that the laser generated ultrasonic 

waves are measured. (In non-destructive testing, such a method where the ultra­

sonic wave is generated at one surface of the test specimen and is detected at the 

other surface is called the through transmission normal incidence method. This 

can be visualized from Figure I by placing a displacement detecting transducer 

at the back surface instead of at the front surface.) This also means that time of 

interest is only until the second arrival of the wave at the back surface, since the 

waves reflected from flaws present in the solid take times ranging from about one 

to three times the time that a longitudinal wave generated at the interface of the 

solid and the liquid, takes to reach the back surface of the solid.
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Figure 2. Schematic representation of the solid-liquid system under normal laser 
pulse incidence.

To avoid the interference of the reflected waves from the upper surface of the 

liquid with the waves in the solid, it is also assumed that the liquid layer is thick 

enough so that there is no reflected wave from the upper liquid surface for the 

times of interest.
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CH APTER 2 

FORM ULATION

In this chapter, the approach taken to solve the problem proposed in the last 

chapter is presented, and then the equations governing the stress waves generated 

in the solid due to laser heating and the acoustic waves generated in the liquid 

due to heating from the interface are developed.

Approach

To obtain the displacement and the temperature fields in both the liquid and 

the solid media, uncoupled thermoelastic theory is assumed i.e., the temperature 

changes resulting from the changes in the deformation field are neglected. Optical 

absorption effects are taken into account by assuming that the laser deposition 

of energy into the solid through the liquid medium drops exponentially along the 

thickness of the solid medium as assumed in [3].

In order to meet the requirement (see Chapter I).:that the obtained solutions 

be valid for a laser pulse of arbitrary temporal shape, first Green’s functions for 

the temperature and displacement fields are obtained by replacing the function 

representing the laser pulse temporal shape by the Dirac delta function in time. 

Once the Green’s functions are obtained, the thermal and displacement fields at 

any time due to a desired temporal shape of the laser pulse can be obtained by 

employing the superposition principle (integration).

In the next section some of the basic equations of linear thermoelasticity are

reviewed.
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Baaic Equations of Linear Thermoelasticitv 
for An Isotropic Homogeneous Body

When a body is subjected to temperature variations it is known that the 

body undergoes deformations. In the presence of external constraints or if the 

temperature is not uniform, these variations give rise to stresses. Conversely, 

when a body is subjected to deformations, a rise or a drop in the temperature of 

the body may occur. Therefore, the problem of determining the displacement in 

a body becomes a coupled one since to know the displacement field, one needs 

to know the temperature distribution in the body and to know the temperature 

distribution one needs to know the displacement field in the body.

However, if it is assumed that the effect of the deformation field on the tem­

perature field is negligible, the temperature field can be determined independent 

of the deformation field and then using the known thermal distribution, the dis­

placement field can be obtained.

For the present problem, it is assumed that this indeed is the case. This seems 

reasonable since the thermoelastic coupling coefficient for most of the materials 

is small compared to unity. Intuitively, it can be argued that since the exciting 

source for the present case is thermal and since the mechanical changes are due 

to this, the variations in the temperature field due to the deformation changes are 

small. Further discussion on the conditions under which uncoupling between the 

temperature and the deformation fields is valid can be found in [13].

Thus for an uncoupled problem, the basic governing equations for the tem­

perature field and the deformation field for an isotropic, linear thermoelastic solid 

with no body forces are given by [14]:

T,,« b d- w + - = °K1 a t  Ci
(2 .1)

(A + i L ) u u j j  + f i u i j j i  — i(3A + 2 i i ) T i >i —  P i U u  (2.2)
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where the standard indicial notation is used. In the above equations T1 (x, y, z, t) 

and U1(XfyyZft) are respectively the temperature and displacement fields in the 

solid, Zi1 is the thermal source per unit volume (can be a function of space and 

time), Jfe1, C1 and P1 are, respectively, the thermal diffusion, thermal conductivity 

and density of the medium.

For an isotropic, linear thermoelastic liquid with no body forces, the conduc­

tion equation remains the same as Equation (2.1). However, the wave equation 

becomes [15]:

— BffTz'i — P‘2 &2 (2-3)

where u2 (x, y, z, t) is the displacement field in the liquid and B is the bulk modulus, 

p2 is the density, /? is the coefficient of volume thermal expansion.

The stress-strain relations for an isotropic, homogeneous, linearly thermoe­

lastic solid are given by the Duhamel-Neumann constitutive equations [3]:

Til- =  2p.ulit}- +  XukkSil- +  PT1Sii (2.4)

and for the liquid in terms of pressure [15]:

P - - B ( U 2i t i - ^ T 2) . (2.5)

These are the basic equations for this work. In the next two sections, when 

the problem is formulated mathematically, these equations are used for describing 

the temperature and displacement distributions in the liquid and the solid media.

Often when modeling a physical problem, certain assumptions idealizing the 

physical phenomenon are necessary. Here also, to make the mathematics tractable, 

some assumptions are made and are presented next.
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Assumptions

To analyze the deformation fields in the solid and the liquid media due to 

absorption of laser energy by the solid, the following assumptions (apart from the 

uncoupling condition) are made. These make the mathematics manageable and 

yet yield a physically possible model.

Assumption I : Linear elastic, isotropic, homogeneous thermal and mechanical 

behavior is assumed for both the media. With this assumption, the equations 

presented in the previous chapter can be used to describe the displacement and 

temperature fields in the two media.

Assumption 2: Thermal and mechanical properties of the two media are assumed 

to be independent of the temperature. For many solids and liquids, the variations 

of the properties are relatively small over a fairly wide range of temperatures. 

Therefore this assumption seems reasonable.

Assumption 3: The ordinary thermodynamical concept of temperature is valid 

for the times of interest and therefore the thermal energy distribution in the 

two media can be analyzed by using the macroscopic laws of heat conduction. 

The explanation for this assumption follows the one given by Ready [3]. The 

transfer of heat in conducting media is governed by the collision processes between 

electrons, and between electrons and the lattice phonons. The mean free time 

between collisions for electrons is of the order IO-14 to IO-13 seconds and since 

times of interest are of the order IO-8 to IO-7 seconds, many collisions will have 

occurred and the energy absorbed by one electron will be distributed and passed 

onto the lattice. Therefore, the light energy can be assumed to be transferred 

instantaneously into heat energy which in turn implies that temperature in the 

ordinary sense is a valid concept.



14

Assumption 4: Heat transfer to the liquid medium occurs only through conduction 

from the interface and there is no loss of energy to the liquid from the laser pulse 

as it passes through the liquid towards the solid. This implies that heating of 

liquid occurs only through surface heating from the interface and that there are 

no thermal sources in the liquid.

Assumption 5: No phase change takes place in either of the two media. This means 

that the total absorbed energy by the solid medium should be small enough to 

prevent any phase change in either medium but yet high enough to generate waves. 

Assumption 6: Both the liquid and the solid media can be modelled as half- 

spaces when solving for the temperature distribution. As was mentioned in the 

first chapter, times of interest are about three times the time a longitudinal wave 

originated at the solid-liquid interface takes to travel across to the back surface 

of the solid. Since elastic waves travel at much greater speeds than the thermal 

waves do, the back surface of the solid remains unaffected by the thermal gradients 

generated in its interior for the times of interest. That this can be assumed is seen 

from the following argument.

The rapidity with which a material accepts and conducts thermal energy is 

determined by the thermal diffusivity of the material. The higher the diffusivity, 

higher is the depth of penetration of heat. The time required for the thermal 

energy to travel a specified penetration depth x  is given [16] approximately by 

x2 j4k,  where k  is the diffusivity. Thus for metal specimens of thicknesses in the 

order of 0.1 cm to I cm, the time constant is of the order of milliseconds. On the 

other hand, the time that an elastic wave takes to travel across these thicknesses 

is of the order of microseconds. Therefore, times of interest are in the range of 

a few microseconds which implies that for the temperature calculations, the solid 

medium can safely be regarded as a half-space.
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For the same reason the liquid medium is also assumed to be a half-space for 

temperature calculations (in fact, for the liquid medium, as t  is small, thermal 

time constant will be higher).

Assumption 7: For the calculation of displacement field, we treat the solid as a 

finite medium and the liquid medium as a half-space. The reason for treating 

the solid as a finite medium is obvious from the fact that ultimately it is the 

displacement at the back surface of the solid that is actually required.

It was mentioned in the first chapter that the thickness of the liquid medium 

is such that the waves generated at the interface and travelling in the liquid do not 

have the time to get reflected at the upper surface and to interfere with the waves 

generated in the solid. It is for this reason that the liquid medium is assumed to 

be of infinite thickness.

Assumption 8: Energy lost by the solid through reradiation and convection is 

negligible. Since the time intervals of interest and the laser pulse duration are 

short as mentioned in the first chapter, this is a reasonable assumption. Even for 

laser energies high enough to cause phase change, the losses due to reradiation

are only about 1% for short times. For further discussion on this, the reader is
'■4 — -

referred to Chapter 4 in [12].

Assumption 9: The deposition of laser energy in the solid is assumed to be dis­

tributed according to f ( t )Q0 aexp(—ctz) where f ( t)  is a function in time describ­

ing the temporal shape of the laser pulse, Q0 is the laser energy incident per unit 

area, a  is the optical absorption coefficient of the solid and z  is spatial coordinate 

along the thickness of the two media. The spatial distribution exp(—az) of laser 

energy corresponds to the exponential decay of the electromagnetic radiation in 

solids. By allowing f ( t)  to be arbitrary, the displacement field due to a laser 

pulse of arbitrary temporal shape can be calculated. This is achieved by using the
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Green’s function method to be discussed later. This assumption also allows the 

laser interaction with the solid medium to be modelled as a thermal source in the 

solid.

Governing Equations

As mentioned before, if the coupling between the temperature field and the 

displacement field is neglected, the diffusion equation can be solved first, without 

the knowledge of the displacement field. The displacement equation can then be 

solved for the displacement field using the known temperature distribution. Also 

since the proposed problem is one-dimensional, temperature and displacement 

fields are functions only of time and the coordinate describing the thickness of the 

two media (i.e., z  in Figure 2).

To find the temperature distribution, treating the two media as two half­

spaces (Assumption 6) in contact with each other, let the coordinate system be 

chosen with the positive z direction along the thickness of the solid with z =  0 

describing the interface. Thus z is positive in the solid and is negative in the 

liquid medium.

Let T1 (z, t) be the transient temperature distribution in the solid and T2 (z, t) 

be that in the liquid. Let p i , Ic1 and C1 respectively be the density, diffusivity and 

conductivity of the solid medium. Let p2, k2 and C2 be those of the liquid medium.

Within the scope of the uncoupled theory of thermoelasticity, then, T1 (z, t) 

has to satisfy the following one-dimensional form of the heat conduction equation 

(2.1):

T i11 + exp(-az)/(t) =  ^- Tltl , 0 < z < oo , f > 0 (2.6)
C1 K1

where the interaction of the laser pulse with the solid is modelled as a thermal 

source in the solid (Assumption 9).



17

Assumption 4 implies that there is no internal heat source in the liquid 

medium. Therefore, T2 (z,t) has to satisfy the following one-dimensional form 

of the heat conduction equation (2.1) with no thermal sources:

T2,,, =  -j— T2it , —oo < z < O , t > O . (2.7)

The boundary conditions for the above equations are obtained as follows:

At the interface z = 0, temperature and heat continuities require that

Ti(0,t) =  T2 (0,*) (2.8)

and

CiTiia(Ojt) =  C2T2i, (0,£) . (2.9),

The other two conditions come from Assumption (6) according to which, 

for the times of interest, the back surface of the solid and the front surface of 

the liquid are not affected by thermal gradients in the interior of the solid-liquid 

system. Therefore

Iim T1 (z, t) is bounded (2.10)
*—*■00

and

Iim T2 (z,t) is bounded (2.11)
* —► — OO

and the initial conditions are

T1(ZjO)=O (2.12)

and

T2(Z1O) = 0  . (2.13)

The associated one-dimensional displacement equation for the solid medium 

obtained from Equation (2.2) is

Ui1, ,  =  ST1,, +  - j -  Ulltt , 0 < z <b  , t > 0 (2.14)
u L1
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where U1 (z, t) is the displacement field in the solid medium, is the longitudinal 

wave speed in the solid medium,

^ l1 = 

S =

■ m "

f  3A +  2 ^ \

(2-15)

(2-16)

and -7 is the coefficient of linear thermal expansion. The one-dimensional wave 

equation for the liquid obtained from Equation (2.3) is

«2,zz =  /?T2|Z +
Cl

—oo <  z < O , t > O (2.17)

where u2 (z,t) is the displacement in the liquid medium, Cl 7 is the acoustic wave 

speed in the liquid medium, and

(2.18)

Imposing the displacement and stress continuities respectively at the inter­

face, the conditions

^i(Ojt) — U2(Ojt) (2.19)

and

< (0 ,t)= < 7L (< M ) (2.20)

axe obtained.

Requiring the back surface of the solid medium to be traction free,

* J .(M ) =  <>- • (2.21)

Requiring that displacement be bounded as z approaches —oo gives

Iim u2 (z, t) is bounded.
z — OO

(2 .22)
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The initial conditions are

U1 (z, 0) =  Ultt (z, 0) =  0 (2.23)

and

U2 (z,0) =  U2il(^5O) =  0 . (2.24)

Equations (2.20) and (2.21) can be expressed in terms of displacements using 

the proper constitutive equations. From the one-dimensional form of the Duhamel- 

Neumann constitutive equations for isotropic materials (Equation (2.4)):

crIz =  (A +  2/i)iti|Z — '/(SA +  2ju)T1 (z, t) . (2.25)

For liquid media, stress in terms of displacement is given by (Equation (2.5)):

<  =  5 (u 2, , - / ? r 2M )  (2-26)

since stress is the negative of pressure.

Equations (2.20) and (2.21) with the help of Equations (2.25) and (2.26) 

become

Ui1, (0, t ) - {6 -  $P)Ti (0, t) = Qu2iz (0, t) (2.27)

and

uliZ (6, t) =  STi (6, t) (2.28)

where

( 2 -2 9 )

Making use of the conditions (2.8) through (2.13), the equations (2.6) and 

(2.7) are solved for the temperature distribution in the two media, in the next 

chapter. In Chapter 4, Equations (2.14) and (2.17) are solved for the displacement 

field using the boundary conditions (2.19), (2.22), (2.27) and (2.28) and the initial 

conditions (2.23) and (2.24).
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C H A P T E R  3

T E M P E R A T U R E  SO LU TIO N  

Method of Solution

The temperature distribution in the two media, for a laser pulse of arbitrary 

temporal shape, is obtained in two steps. First, the function f ( t)  which represents 

the laser pulse shape in time is replaced by a Dirac delta function 5(t) and the 

two equations (2.6) and (2.7) are solved for T1 (z, t) and T2 (z,t).  The solutions 

(Green’s functions in time) obtained give temperature response of the two media 

at position z  and and time t due to a thermal source acting instantaneously at 

time t =  0. Replacing t  in the solutions by t — t , then gives the temperature 

response due to a thermal source acting instantaneously at t =  r. This follows 

from the translation property of the Green’s functions (see [17]).

In the second step, the temperature response at any time t due to a laser

pulse of arbitrary temporal shape f ( t)  is obtained by integrating the above Green’s
-  -  -

functions multiplied by /( r )  from 0 to t.

Since the Laplace transform method is used in this work for solving differential 

equations, it is to be noted that only the transformed temperature solutions are 

needed for solving the wave equations. However, for completeness and for later 

analysis, the complete solution is carried out.
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Temperature Solution

Temperature solutions are obtained by using the Laplace transform technique 

in the time variable t. The Laplace transform pairs are defined by

£{/(*)} ==-fX5) =  /  /(<) exp(-st)d t
J o

and
ra+ioo

£ -1 {F(s)} = /(t)  =  J  F(s)exp(st)dt

where a is chosen so that all the singularities of F(s) are to the left of iEe(s) =  a 

in the complex plane.

With this definition, the Laplace transforms of Equations (2.6) and (2.7) with 

S(t) replacing f ( t)  become

5 \,„ (z ,s )  +  exp (-az) =  ^ -  T1 (z ,s) , 0 < z < oo (3.1)
C1 Kx

and

T2,Z2 {z , s) = T - T2 (z , s) , -o o  < z < O (3.2)
K2

where T<(z,t), i  =  1,2, represents the Green’s function for temperature distribu­

tion in the tth medium due to an instantaneous heat source applied at time equals 

zero i.e., the Green’s functions are the solutions of Equations (2.6) and (2.7) when 

the function in time in these equations is replaced by a Dirac delta function at 

time equals zero. T (z ,s ) , i  =  1,2, represents the corresponding Green’s function 

in the tth medium in the transformed space.

The boundary conditions (2.8) through (2.11) in the transformed space be­

come

T1 (0, s) — T3 (0, s) , (3.3)

C1Tli, (0, s) =  C3T3i, (0, s) , (3.4)
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Iim Ti (z, 5) is bounded (3.5)

and

Iim T2 (z, 3) is bounded. (3.6)

Equations (3.1) and (3.2) are ordinary differential equations and their solu­

tions are given by

T1 (z, s) =  A 1 (s) exp ^ z ĵ +  s i (5) exp
(3.7)

+  f lp (z,s) , 0 < z < 00

T2 (z, s) =  A2 (s) exp +  #2 (5) exp z j  , -0 0  < z < O (3.8)

where A1 (s), A2 (s), B 1 (5) and B2 (s) are to be determined from the boundary 

conditions. The last term on the right-hand side of the first equation above is the 

particular solution of the equation (3.1). Using undetermined coefficients, this is 

obtained as
Q0Otk1 exp(—az)r„ (z ,3 ) (3.9)

C1 (s — Ô fc1)

The boundary conditions (3.5) and (3.6) together with Equations (3.7), (3.8) 

and (3.9) require that A1 (s) and B 2 (s) be zero. The conditions (3.3) and (3.4) 

then give

=  (<**“ - 4  ( “ + ^ V 5 )

and

where

y/s (a? hi 

A1 (s) =  B 1 (s) + T0
S — Oph1

(3.10)

(3.11)

P  =
-Ti - +  -T2=Vfci Vfcj

(3.12)
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and

Tn = Qo a&i (3.13)

Thus,

T1(Z1S) =  B1 (s) exp ( z ) + T lp(z,») , O <  z < oo (3.14)

and

T2 (z, s) =  A2 (s) exp » -o o  < z <  O (3.15)

where B 1 (s) and A2 (s) are given by (3.11) and (3.12). Using partial fractions,

1 f  I  ' 1 )l y /h  V v^-aV*7 \/s + CtVki JS - C P k 1 2ayn r  ' r~ -  r - > - . n r \  ' (3-16)

Substituting this in Equations (3.14) and (3.15) and using the following inverse 

Laplace transform formulae [18],

exp(-gV s) I  I
"  * \ ~dT )

(3.17)
-  P exp(pg +  p2t)erfc (^pVi + , q > 0  ,

{ S + S } =  ^ + q^ erfc  ( ^ +  (3'18>

and

£ 1 =  exp(pt) , (3.19)

the Green’s functions in time for the temperature are obtained from Equations 

(3.14) and (3.15) as

T1 (z,t) =  T0 exp ( ^ T j j  [expixDerfcxy

+ (I -  2P1n)exp(x l )er fcx2] H(t)

and

T2(z ,f) =  T0P1 exp ( ^ T jJ  exP(^3)erfc(x3)H(t)

(3.20)

(3.21)
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where H{t) is the Heaviside’s function and

11 v k i )  -
(3.22)

X i ~ { a V ^ t + v k i )  '
(3.23)

Xs ( " v ^  v h )  ’ (3.24)

Pl =  vEr ’
(3.25)

■ Ca Iki 
~  C1 Y k 2 '

(3.26)

Equations (3.20) and (3.21) give the thermal response of the two media due 

to an instantaneous application of thermal energy in the solid medium at time 

equal to zero. The thermal response due to an instantaneous heat source applied 

at time r0, i.e. when S(t) is replaced by 6(t — T0), is then obtained from the 

translation property of the Green’s functions, by shifting t in these equations by 

To-

Thus, the temperature distributions in the two media due to a thermal source 

applied instantaneously at r0 are given by T1 (z ,t — T0) and T2 (z , t  — t0).

Now, the temperature distribution Oi (t), i =  1,2, in the two media due to a 

laser pulse of temporal shape /  (t) is obtained from the superposition principle of 

Green’s functions as follows:

and

Oi { z , t ) =  I  T i(z ,f  -  To)/(To jcLt0 
Jo

f°°
O2 {z,t) = I T2 (z, t  T0)/(TgjdT-O 

Jo

(3.27)

(3.28)
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Since the two Green’s functions are multiplied by H f t - T 0), the upper limit in the 

above integrals actually reduces to t, which physically means that the temperature 

distribution at a time t is only due the superposition of all the thermal sources 

that acted only before and at t. Any future thermal sources do not have any 

influence on the current temperature.
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CH APTER 4

DISPLACEMENT SOLUTION

r Similar to the temperature solution, displacement solution is also obtained 

in two steps. In the first step, displacement due to a sudden application of laser 

energy at time equals zero (with the spatial distribution being an exponential 

decay along the thickness as given in Assumption 9, Chapter 2) is obtained. This 

gives a Green’s function in time for the displacement. The deformation response 

due to an instantaneous laser source acting only at t =  r  is then obtained by using 

the translation property of Green’s functions.

In the second step using the superposition principle of the Green’s functions, 

displacement fields in the two media due to a laser pulse of arbitrary temporal 

shape are obtained.

In the first step, Green’s functions in time for the displacement fields in 

the two media ar6 obtained by substituting for temperature terms in the wave 

equations (2.14) and (2.17) and in the boundary conditions (2.27) and (2.28), the 

Green’s functions for temperature obtained in the last chapter.

Laplace transform technique is again used to obtain the required solutions. 

The Laplace transforms of Equations (2.14) and (2.17) (after making the above 

mentioned replacements) with the help of the initial conditions (2.23) and (2.24), 

the following differential equations are obtained:

Displacement Solution

(Piv1
dz2

(4.1)
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(*’ (z ’s) +  ^ "  (z>s) (4.2)L,
where Iyi (z,f), t =  1,2 represent the Green’s functions in time for the displace­

ments and Wi(z,s), i = 1,2 represent their Laplace transforms in the same order.

The boundary conditions (2.19), (2.22), (2.27) and (2.28), after replacing the 

temperatures in (2.27) and (2.28) by their Green’s functions, upon taking Laplace

and

transforms become:

W1 (0, s) =  w2 (.0, s) , (4.3)

Iim W2 (z, s) is bounded, (4.4)

wi,z(0, s) -  (5 -  £/3)5; (0,2) =  fty2, , (0,s) , (4.5)

and

Wi.z (6, s) -  STi (6, s) =  0 . (4.6)

The complete solutions of (4.1) and (4.2) axe given by:

W1 (z, s) =  CL1 (s) cosb.(sz/CLl) + Cl2 (s) sinh(sz/Ci l ) +  wlp (z, s) (4.7)

and

w2(z,s) = d3(s) cosh(sz/Cx3) +  d4(s) sinh(sz/C^,) +  TZi2p(z ,s) (4.8)

where d* (s), i = 1, 2,3,4 are to be determined from the boundary conditions (4.3) 

through (4.6) and tylp(z,s) and w2p(z,s) are the particular solutions of (4.1) and 

(4.2) respectively, found by the method of undetermined coefficients. These are

wlp(z ,s)
- B 1(s)8y/(s /k1 ) 

Sfk1 - s2/ C 2l +
C l i SToaexpi-Ctz)

(S-OJ2Ar1)(S2 -CK2C^i )

and

w2p (z ,s)
PA2{s)y/{s/k2 ) 
s /k2 - s 2/ C 2Li

(4.10)
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where A 1 (s) and B 2 (s) are as given by Equations (3.10) and (3.11).

Upon substituting (4.9) and (4.10) into the boundary conditions (4.3), (4.5) 

and (4.6), the following equations are obtained after some algebraic manipulations:

di (a )  -  d3 (s) =  W2p (0, s) —wlp (0, s) =  M 1 (s) , (4.11)

( c 7 ~ )  ~   ̂ ( c r )  di = (0,g) +  (5 -  ^ )T i(0 ,s )

-  ti)ip (0,s) =  M 2 (s) ,

dj. (s) sinh ^  (5) cosh ( ^ ™ )  =  6^ 1

(4.12)

' L 1 (4.13)

and

(M) = M3(S)

^3 (S) — (s) • (4.14)

Equations (4.11), (4.12) and (4.13) are three simultaneous equations in three 

unknowns (Z1, d2 and d3. Solving these,

dx (s) =  Czfl n ^ - M l W - ^ ) c o Sh J l  +sb M 3 (s)

Cl2(S) =  CzilU 

CZ3(S) =  Ci l H

and

M + H n ) siM 3W \ i n h ^ -  +  i  ^ M aW
S Cr

i  sinhJ L  +  coshj L ( ^ M ) +  ^ W
Ci l  Ci l  Ci  \  s J S

d4 (s) =  d3 (s)

where

U =
( f S t t  cosh< - + sinh # fr )

(4.15)

, (4.16)

(4.17)

(4.18)

(4.19)
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Substituting (4.15) and (4.16) into (4.7), and (4.17) and (4.18) into (4.8), the 

Green’s functions in the transformed space are obtained as

tvi (z,s) =  n R 1 (s) cosh —— +  R2 (s) cosh

+  sinh ( £ )

Cl 1 Cl 1

+  Wip (Z1S)
(4.20)

and

W2 (z, s) =  - [Ri (s) +  R2 (s)> exp ^ ^

+  {&*{*) ~  -R3(«)}exp j  + 2 ^ ( 5 )  exp ( ^ T - sJ  4̂'2^

+ w2p(z,s)

where

Ri [s) f - M 1 ( s ) - M 2 ( s )
' L,

R 2 ( S )  =  ( M 3 ( S ) C l i ) Z s  , 

R3 (s) =  - M 1 (s)

' L 1 )

and

^ ( s )  =
M 2(s)CLl

(4.22)

(4.23)

(4.24)

(4.25)

The functions (including fi) multiplying Ei (s), t =  1 ,2,3,4 are either expo­

nentials or functions of exponentials. By the second shifting theorem of Laplace 

transforms,

L~1 {exp(—as).F(t)} =  F(t — a)H(t -  a) .

Therefore the only contribution of these functions is towards Heaviside’s func­

tions and a shift in the time variable. However these functions bring out clearly 

the wave nature of the problem, so the exact contributions of these to the dis­

placement solution will be considered first. From Equation (4.19),

I
n  =

t S t cosh< + a in ll< +
(4.26)
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the wave nature of the problem, so the exact contributions of these to the dis­

placement solution will be considered first. From Equation (4.19),

^ coshTTT + ainhST:
(4.26)

This can be rewritten as

where

and

exp(-sb/CL l)
(4.27)

E  { l +  5- exp(—2s6/CLl)}

A =  ^ - I (4.28)

B z = $C + 1 ' (4.29)

Noticing that A / B  is less than one, the terms inside the brackets in the de­

nominator of the above expression for fl can be expanded using binomial theorem 

as follows:
n =

+

2exp(—sfe/CxJ

(i)"~(3 -
(4.30)

With this, substituting fl in the expressions for the displacement of fields,

(4.31)
""i (a, z) =  —4"^ {-ffiifz.s) +  ffiifz.a)}

and

+  #2 (s) {H2i (z, s) +  H22 (z, s)} +  wlp (z, s)

W 2 (s, z) = R 3 ( s ) H 31 ( z , s ) +  [ R 4 ( s ) + R 3 ( s ) } H 32 ( Z i S )

where

+  [R *  (s) -  E3 (s)}E33 (z, s ) +  W 2p (z, s)

H11(ZiS ) - Q e x p ( S z f C L 1) ,

(4.32)

(4.33)
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and

with

Q =

*„( * , . ) - ««*p ( + , (4.34)

H21(z,s) = Qexp  ̂ 5 (  cL ) )  5 (4.35)

B exI>( 8 ( c tl ) )  ’ (4.36)

(ClJ • (4.37)

exp( ^ J ) (4.38)

B »p ( GlJ) (4.39)

A Z 2sb \  A2 Z 4sb \
B expV c 1J  + S1 expI-C 1J  - J  ' (4.40)

The physical interpretation that can be obtained from the Heaviside functions 

will now be discussed.

H11 (z, s) represents waves travelling to the right from z = 0 to z = b starting 

at times t =  0 , 2b/CL j , 4b/Cl ̂ , etc. H22 (z, s) represents waves travelling to the 

right from z = 0 to z = b starting at times t =  b/CL l , 3b/CL l , etc. H12(z,s) 

represents waves travelling to the left from z = b to z — 0 starting at times 

t = b/CL l , Sb/CL l , etc. H21 (z,s) represents waves travelling to the left from 

z =  6 to z =  0 at times t = 0, 2b/CL l , 4b/CL l , etc.

Hzi (z, s) represents waves travelling from z =  0 to the left in the liquid 

medium starting from t = 0, 2b/CL l , 4b/CL l , etc. HZ2(z,s) and H33(Zi S) also 

represent the waves travelling from z =  0 to the left in the liquid medium but 

starting respectively at times t =  26/CL l, 4b/CL l , etc. and at t =  b/CL l , Zb/CL l ,

etc.
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With this interpretation, the i2, (s) terms in Equations (4.31) and (4.32) will 

now be inverted.

Substituting Equations (4.11) to (4.13) in Equations (4.22) to (4.25) and 

then making use of Equations (4.9), (4.10), (3.10) and (3.11), the following are 

obtained:

-SPCl i PT0
v% r

T0PSCli I
y/s(y/s + ay/k^ )

I

s —
*1

ToSCli i___________i _
ki (s’ - O f C l i ) A

STpasC i i ( P  I ( , C 1 n r \
Cl , I  v^T / c I . _  A  s X \  kO )

)
(4.40)

+ S2
I

5

R 2 ( S )  =

+

Cl J T qP  (  , C 1 [ T X ex^ A r  J
a._£k V  Cl \  k2 J y/sia2^  - s )  

*1
Cl i ST0 exp(-o:b) _____ a

(Aj1O2 -S )  (C^i O2 - S 2)

-Ra ( s )  —
- B ' 8\ f t  T0USCli

+  ( s -  fcI a2Xs2 -  a2C2J

/? A2 (s/fe2)

(4.41)

(4.42)

and
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*4(3) =  t fC ^ 3W  ~ g #
S  —

+
(ST0CLl)s

(4.43)

(s2 -  O2C2J ^  - H 1Ct2 ) 

where B 1 (s) and A2 (s) are given by Equations (3.10) and (3.11). These, after 

some algebraic work, become

Si(s)-^  (a+̂ (4.44)

A2 (s)
PiT0 (4.45)

\/s(V s +  Ctyfkl)

where P1 is given by Equation (3.25). For inverting R 1 (s), it is first noted that, 

using partial fractions,

(Vs +  oV^T) ( v *  +  7 I7 ) y/s + ct^/icl ^  J CLi -  ay/TcJ^

(4.46)

Vs(
1 =  Z j.________ 1____ \  1 (4 47)

cty/kl +  i /s )  VVs V s + a V ^ J  CtVk1

kx

P - C P C i i ) ( 3 - ^ )  U +  OCi l )

+

+

fci
2 O-C2i (Otk1 - C i J  s -  OiCi l

I*?

(4.48)

CZ1 (CZ1 -  a 2%) S - C f 1/*,! '
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A?
( C l . -*?«■) ' - c ! , / * .

+
O 2 ( C l i - ^ a i )  S - C t 2 Ic1 

I I
Cf.*= * '

(4.49)

( s - k ,  a 2) S - I e 1Ot2 a I . I /c?a 2 — C 2S ----:—*- Z 1 -t-i

and

(s2 -Ct2C Z J i s - h a 2) 2a2CL l (CL l +le1a) s + aCLl

________ I_____________I
2a2 Cl J C Ll -  Ic1 a) s - a C Ll

I I

+

+

(4.50)

(4.51)

a2 (Iela2 — C2 J  s — Ie1 a2

Substituting these in the expression for R 1 (s) and using the following inverse 

Laplace transform formula [18],

{ T J p  } =  eXp(±pt) ’ (4-52)

{ .(VS +  p) } =  T ( X ”  - p > 0  (4.53)

f ______ I______ I _  exp(q2t){p -  qerf  c(qy/i)} -  pexi>(p2t)erfc(py/i)
1(V5 + p)(5-92) J P2 - q 2

(4.54)
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the inverse of R 1 (s) is obtained as

R 1(I) =  exp(a2 k ^ )  erf  c a y /k i t  f — Mil.  +  MlL  P1 n
V a  a a CLj y

-  Gxp(CljZk1)Cr f  c [C l 1^  —  J  + M 13P1 ^ r-)t
+ Gxp(Cl jIk2)er fc

-  Mn ^ p 1, sinh(o:CL, t) -  M13 cosh(aCLlt) 
o: -I i «1 C-£,3

+  BXTp(CljZk1)M11 ( -  +  )  B

(4.55)

a  Cr

+ M12( I - ^ ) 4-M 13 v ^ 1Cl , a y Bi

where

Mi I =

iVfl o —

T q B  S C l  j C t y f k 1
C l l - k l c ?  ’

SPCl i PT0 v g  
C i3 — Ctyfkfk^

and

M13 =
ST0SCli

(4.56)

(4.57)

C I 1 -U lc ?  ■ (4'58)

It can be seen that M 11, M 12 and M13, P1 (Equation (3.25)) and n  (Equation 

(3.26)) are non-dimensional constants.

In inverting R 2(I), the following partial fractions in addition to Equations 

(4.50) and (4.51) are used:

(4.59)

and

S - C x l k 1 Xyfs — cty/k J s  + cty/klJ 2ay/k l

V k 1
2CLl

s - - e
(4.60)
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With the help of the following inverse Laplzice transforms [18],

-  pexp(p9 + p2t)erfc  [pV i + — = j  , 9 > 0
(4.61)

and

1 { } =exp(ro+pĥ u (pVi + wi) ■ -
the inverse R2 (t) of R2 (s) becomes

JMO =  ^  Z 62exp
Ak1I exP(z Ii)erZc(xIi) |  — j

+  exp(x=2)er /c (x 12) | - ^  +  1

+  ex p (y ^ )er /c (y n )  { f  +  ^ }

+  exP(2/12)erZc(!/12) { f  -

~  exp (a2 -  a:6)

{CL SinhCi  a£ +  ^1 a cosh Ci  at}
+ ----------------- M T ----------------- Ml1 exp(- a6)

where

and

(4.62)

(4.63)

- tM  ■
(4.64)

o
’IHO

4
IIH (4.65)

Zl8 V $ M + C “ V ^  ’
(4.66)

1,11 V 4M  av̂ (4.67)

"" V i O  +  av̂  ' (4.68)
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With the help of the partial fractions (4.49), (4.50) and (4.51) and the inverse 

Laplace transforms given by (4.53) and (4.54), in addition to

c L s — ;

the inverse Laplace transform of R3 (s) is obtained as

R3 (t) =  - M 3

where

+  exp(a2k ^ e r f c{a\/k[ t)

^  exP(c L V fcI)erZc ( ^ L 1 )

V^T
C t P C r

{CLl COsh(Ci l Ot) -f Ar1Osinh(Ci l Ot))

- M 3

+

Ar2 I
V1 2

C l
Ar1Ar2O2 — C2a 

Ar2

\  TT ~  exp(a2Ar1̂ erZc(OVfcit) V A1 a

e x p tc ^ t / f e )

+  C l - £ h « *  ' M C l J M e r f c C 1. , ^

M3t =
V k l ( C l t - ^ k l )  ’

(4.69)

(4.70)

(4.71)

M3I — P P T 0 

W  ’
(4.72)
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and n is as given by (4.64). Finally, substituting Equation (4.50) and

(s2 -  )(s -  Ar1O:3) 2a(CLl + Jc1Ct) s + aCLl

______I__________I
2a(CJr/1 - J c1Cl) s  — O tk1

I

+

+

(4.73)

Jcla2 - C l i S - O f k 1

in the expression for R i (s) and using Equations (4.52), (4.54) and the following 

inverse Laplace transform formula [18],

= e x p ( p 2 i )
-er fcpy / t  — I 
P

+  exp (q21) er f  c qy/i ,

the inverse of R i (s) is obtained as

i?4(t) =  exp(a2A:1t)er/c(o!>/fc)7)
a

+  exp{Cl3t / k 2)erfc ( c L, j  ^M41 ^ p 2

+  e x p { C l i t / k 1) e r f c C L l ^ ^  M 11 

-  exp(C2 J f k 1) +  n j

+  -"-"lTt= {Cl , sinh(aCLlt) +  fc1acosh(aCLlt)} .
a Payfk1

The inverse Laplace transforms of the particular solutions (4.9) and (4.10) will 

now be obtained. Substituting the partial fractions given by (4.49) to (4.51) in 

(4.9) and using the inverse Laplace transforms given by (4.61) and (4.62), the.

(4.74)

(4.75)
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inverse of wlp (z, s) is obtained as 

M 11
wip Om )

where

and

exp ( - 4 6 )  * * * ^ ) " ^ )  ( ^ - + E,

+ e x p (^ 2)er/c(x22) ^

-  e x p (^ 1)er/c(y21)(l +  n)
Opk1

- e x p ( ^ 2)er/c(y22)(l

PT0S . z erf  c
OCyfk1 y / A k f i

Cl ,
~ M l l p ^ W 1 exp(- a z  + a2fcI*)

+ "^11 (CLl OOshCi l Ot +  OAj1 SinhCxll at) exp(—az)
PoPyfkl

To invert tu2p(z, s), it is first noted that

I  k 2

( » - % - )  2C‘ . ( C^

+

+

2Ci3 (Ci , +  Ocfkik2 ) 

k 2________________ I

oP k x k 2 — Cf y f l  + c c y f k l

(4.76)

131 J k T t  c ^ U l ’
(4.77)

x”  V m + c ^ V k 1 ■
(4.78)

J k j  a V S
(4.79)

I/22 =  rn— +  ocyfkft . 
V4«xt

(4.80)

(4.81)
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Substituting this in the expression for w2p(z,s) and making use of the inverse 

Laplace transform formula given by Equation (4.61) and the equation following

[18]:

exP (p<? +  p21) erf  c ^p i / i  +  ^
(4.82)

, <Z>0

the inverse Laplace transform of w2p (z, s) (noting that z < 0) is obtained as

w2p (z,t) =  /3PT0
i n ; er/c  v- 4 v w

where

and

+ exp

+

4k2t J  I 2{CLj +  Ci^jk1 k2 ) 

k2

Qxp(Xl1)Crfcx31

2(Cl 2 — a.\Jk1k2 )
exp (Ig2) e r/c  Z32

Cl ,
Cl — a2 kx k2 V Ar1 aTT T exP(zS3)erZcrcS

(4.83)

z3i — —Cl , \ t----V k2 yf Ak21
(4.84)

Z32 -  c L3 \ l  T  -k2 Ak21
(4.85)

I 33 — Ar11
y/ Ak2t

(4.86)

Using Equations (4.26), (4.31) and (4.32) along with the expressions just obtained 

for Ri (t) , i =  1 ,2,3,4, the final displacement solutions for the times of interest
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become

and

Wi (z,t) = R 1 I t -
Cl 1

2b
H t -

+ Ri  I t —

+

b — z
H  [ t -

C;,, C^

b b — z
' L 1 CL 1

+ Wip(zt t) , 0 < i <

Wa(z,() =  g R3 [ t  +

+ r , ( , - £ ; * ' £ . )H-5 
)

) H '- c

+
Cl3

+

+  2R3 I t
b z

+
Cl , C&,

H  I t -
Cl

+

'-'L,

Z

c T ,

(4.87)

(4.88)

+ w% (z,t) , 0 < t <
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Equations (4.87) and (4.88) are the required Green’s functions in time for the 

times of interest.

Since it is the displacement at the back surface of the solid medium that is 

actually needed, specializing (4.87) for z = b,

W1 (6 , t)
Jl

B

(4.89)

+  wlp(z,t) , 0 < t <

The second term in (4.87) vanishes for z = b since times of interest are only 

until t =  Sb/ Cl 1. The waveform U1 (6, t) generated at z — 6 due to a pulse 

of arbitrary temporal shape /(f), obtained by the superposition principle of the 

Green’s functions, is then given by

Ui (6, t) fu > i(6
Jo

, t - T o ) f ( T 0)dT0 . (4.90)



43

CHAPTER 5

OBSERVATIONS A N D  R ESU LTS

In this chapter, using the temperature solution obtained in Chapter 3 and the 

displacement solution obtained in the last chapter, the displacement waveform, as 

a function of time, generated at the back surface of the solid is analysed. Analysis 

is confined to only the Green’s functions in time for temperature and displacement 

in the solid medium. Waveform generated due to an arbitrary pulse shape can be 

obtained by the superposition of the Green’s functions in time for displacements 

as mentioned before in Chapter 4 and is not considered here. The solid medium 

is taken as made up of copper and the liquid medium is taken to be water. A 

physical interpretation of the waveform generated is made. Also, a discussion on 

the influence of various parameters involved in the generation of the waveform at 

the back surface of the solid is presented.

Waveform Generated at the Back Surface of the Solid

In order to analyze the results obtained in Chapter 3 and Chapter 4, copper- 

water system is assumed. Thickness of the solid layer is taken to be 25 mm. Using 

the values shown in the table for the material properties, the temperature solution 

given by Equation (3.20) and the waveform generated at the back surface of the 

solid as given by Equation (4.89) are plotted in Figure 3 and Figure 4 respectively 

(in evaluating the error functions use is made of the FORTRAN routine given in

[19]). In Figure 3 the non-dimensional temperature is obtained by dividing the 

actual temperature with T0 given by Equation (3.13). The significance of T0 is
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that it represents the initial interface temperature. In Figure 4, the non-dimen­

sional displacement is obtained by dividing the actual displacement with ST0 f a  

where 8 is given by Equation (2.16). The non-dimensional time is obtained by 

dividing the actual time with 6/CL i.e. with the time that a wave generated at 

the interface takes to reach the back surface of the solid.

Property Copper Water

Thermal Diffusivity 1.1234 cm2/s 0.0013084 cm2/s

Thermal Conductivity 3.86 N/cm-° C 0.00552W/cm-° C

Lame Constant A 9.5 x IO6 N/cm2

Lame Constant n 4.5 x IO6 N/cm2

Bulk Modulus 2.18 X IO5 N/cm2

Longitudinal Velocity 4.66 X IO5 cm/s 1.48 X IO5 cm/s

Absorption Coefficient IO5 -  IO6/cm

Linear Thermal 
Expansion Coefficient 0.17 x IO-4Z0C 0.18 x IO-5Z0C

Table I. Physical properties of copper and water.

In Figure 5, the waveform generated at the back surface of the solid, in the 

absence of the liquid medium, is plotted as a function of time. Comparing this 

with Figure 4, it can be seen that the two curves are identical until the peak is 

reached and once the peak is reached, the displacements produced in the presence 

of the liquid are higher than those produced in the absence of the liquid.
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Physical Interpretation

In order to explain the physical behavior behind this, first consider the case of 

a solid layer where the two surfaces are stress-free. Unless otherwise mentioned the 

following discussion is restricted only until r  =  3. The thermal energy deposited by 

the laser beam in the solid can be viewed as a continuous structure of point sources 

of varying intensity. Each of the point sources emits waves travelling to the left 

(i.e., toward z =  0) and to the right (i.e., toward z = b) toward the two free surfaces

[20]. When these hit the free surfaces, they get reflected and the reflected waves 

possess the same sign of displacement as the incident waves do. Since in this case, 

the thermal energy deposited in the solid decays exponentially with depth, positive 

displacement waves travelling to the right toward z = b and negative displacement 

waves travelling to the left toward z =  0 are generated initially. The positive 

displacement waves travelling to the right upon reflection at z =  6, produce double 

the displacement that they alone can produce. And the negative displacement 

waves upon reflection at z =  0, produce negative displacement reflected waves 

travelling toward z = b. These reflected waves upon reaching z = b, produce 

twice the displacement that they alone can produce. These arrive at and after 

r  =  I. The effect of these negative displacement waves is to reduce the positive 

displacement induced by the positive displacement waves. This results in a drop 

in the displacement at the back surface after r  =  I. Now, since the negative 

and the positive displacement waves produced from a point source have equal 

displacements in magnitude, it is expected that the waveform be symmetrical 

about r  =  l. This will be the case if the thermal diffusion effects are neglected. 

However, in this case, since thermal diffusion is present, there will be new waves
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generated at later times which skew the shape of the waveform. The curve in 

Figure 5 represents this behavior.

Now consider the case of a solid layer, where its front surface is rigidly fixed 

and the back surface is free. In this case, since the back surface is free, the 

positive displacement waves behave the same way as they did in the previous case. 

However, the negative displacement waves travelling to the left upon reaching 

z = 0, get reflected as positive displacement waves as the front surface is fixed. 

These waves when they reach the back surface add to the positive displacement 

already produced by the waves arrived earlier. Thus the displacements produced 

in this case after r  =  I show an increasing trend [21].

The foregoing discussion then suggests that the higher displacements pre­

dicted by the curve in Figure 4 can possibly be due to the partial surface con­

straint imposed by the liquid layer on the front surface of the solid. That this is 

the reason can be seen from the following discussion.

Assume that a liquid layer is present on the solid layer. Again, the positive 

displacement waves generated in the solid behave the same way as they did in 

the previous cases until r  =  I. The negative displacement waves however, upon 

reaching z = 0 apart from getting reflected partially, also get transmitted. If the 

surface constraint imposed by the liquid is sufficiently low i.e. if the bulk modulus 

of the liquid is sufficiently low, then the reflected waves although reduced in mag­

nitude still remain negative. These upon reaching z = b, reduce the displacement 

produced earlier by the positive displacement waves. However, this reduction is 

not as high as before and therefore higher displacements with a decreasing trend 

are produced. Now if the bulk modulus is sufficiently high, the reflected waves 

may become positive which then upon reaching z = b increase the displacement.
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Thus after r =  I, an increasing trend of the displacement in the waveform will be 

seen.

Figure 6 illustrates this behavior, where curves are drawn for increasing bulk 

modulus. It can be seen that the higher the bulk modulus, higher is the displace­

ment produced at the back surface. The curves showing a monotonic increase in 

the displacement are similar to those obtained by Conant [21] for a fixed front 

surface.

Now look at the effect of surface heating of the liquid layer on the displacement 

at the back surface of the solid layer. In Figure 7, waveform produced at the back 

surface of the solid in the presence of diffusion of heat into the liquid and in the 

absence of diffusion of heat into the liquid are plotted. As the figure shows, the 

two curves lie on top of each other. This is expected since the thermal diffusivity 

of the liquid medium (here, water) is very low. This is also supported by Figure

8 where temperature distribution in the solid medium in the presence and in the 

absence of the liquid medium is presented. The difference caused by the liquid 

medium can be seen to be negligible.

Using the values in Table I for a  =  IO3/cm., temperature distribution and 

the corresponding waveform generated at the back surface are plotted in Figure

9 and Figure 10 respectively. Comparing Figure 9 with Figure 3, it is clear that 

the temperature redistribution process is much slower in this case than in the 

case of <x =  IO6 /cm. The reason for this can be attributed to the extremely high 

thermal gradients produced in the latter case. In the former case, the thermal 

gradients are low enough so that the subsequent wave generation at the interior 

points of the solid layer can be neglected. It can also be observed in Figure 10 

that the peak produced is smaller than that in Figure 4 and the waveform is 

wider. The physical basis for this comes again from the fact that for large ct,
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more thermal energy is deposited in a smaller volume which results in a much 

more rapid thermal expansion than for the case of low a. For further details 

on the effects of the optical absorption on the waveform generated, the reader is 

referred to [22].

Thus it can be concluded that the higher displacements generated at the back 

surface are due only to the surface constraint imposed by the liquid medium at 

the front surface of the solid and that higher is the constraint (i.e., higher is the 

bulk modulus), higher will be the displacement generated at the back surface of 

the solid.
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CH APTER 6 

CONCLUSION

In the first chapter, it was mentioned that the model for the prediction of the 

waveform generated at the back surface of the solid should fulfill two requirements. 

First, it should be able to explain either physically or mathematically, the reason 

for obtaining stronger waveform (experimentally observed) at the back surface 

of the solid in the presence of an optically transparent liquid medium. In the 

last chapter, it was concluded that the stronger waveform is due to the surface 

constraint imposed by the liquid layer on the front surface of the solid. Higher 

the bulk modulus of the liquid, higher is the postpeak displacement produced at 

the back surface of the solid.

The second requirement to be satisfied is that the waveform predicted by the 

theoretical model should match the experimentally observed waveform. Exper­

imental results show that in the presence of a liquid layer on the front surface 

of a solid specimen, a stronger waveform with a higher- peak than that can be 

generated in the absence of the liquid layer results. The waveform predicted by 

the model developed in this work is identical to the waveform obtained in the 

absence of the liquid layer until at least the peak is reached. The author feels that 

this incompatibility between experimental and theoretical results can be due to 

two reasons. First, the theoretical model developed in this work doesn’t take into 

account the possibility of the liquid medium getting vaporized by absorption of 

heat from the interface. In Chapter 2, it was assumed that the laser power is such
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as not to cause any vaporization in either of the two media. However, if the laser 

power is increased to a level sufficient to cause vaporization of the liquid medium 

alone, then it is possible that, due to the recoil imparted to the solid medium by 

the vaporizing liquid particles a higher peak may be obtained. The second reason 

can be the assumption that the laser beam diameter is large enough so that the 

transverse thermal distribution in the solid specimen can be taken to be uniform. 

Thus to obtain theoretical results compatible with the experimental results, fur­

ther investigation needs to be done taking into account the vaporization of the 

liquid medium or by resorting to a two-dimensional analysis or both.

However, the model developed has its advantages too. If the laser power is 

low enough not to cause any phase changes in either of the two media and the1 

laser beam diameter is large enough, then the model can be used to predict th e | 

waveform at the back surface of the solid. Using the Green’s function in time 

for the displacement field in the solid, displacement as a function of time due 

to a laser pulse of arbitrary temporal shape can be obtained and the resulting 

waveform will have higher amplitude than can be obtained in the absence of the 

liquid medium. The higher amplitudes can effectively be used in determining the 

microstructure of the solid medium [23].
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i

A P P E N D IX  A

PROGRAM TO CALCULATE THE TEMPERATURE DISTRIBUTION

IN THE SOLID MEDIUM
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Figure 11. Format of the data input files for temperature calculation.

File: Input.tern

Line I: !SOLID Ci Aj1 a

Line 2: c2 Aj2 

File: Control.tem

Line I: N EPSN AMAXTIME NTOUS TOUSTEP TEPSN 

Line 2: ZSTEPl ZSTEP2 ZSTEP

Explanation of the terms used above

!SOLID is a flag used for the calculation of the temperature distribution in the 

solid medium in the absence of the liquid medium.

N =  maximum number of iterations

EPSN =  minimum value of the temperature desired

AMAXTIME =  maximum time

NTOUS =  number of time steps

TOUSTEP =  time step size

TEPSN =  control parameter to take into account the round-off error in the 

computer (should be less than TOUSTEP)

ZSTEPl =  step size in z 

ZSTEP2 =  step size in z

ZSTEP == when z equals this, step size is changed from ZSTEPl to ZSTEP2
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Figure 12. Program to calculate the temperature distribution in the solid medium.

PROGRAM TEMDLT
* PROGRAM TO CALCULATE THE TEMPERATURE PROFILE
* IN THE SOLID MEDIUM WHEN THE THERMAL ENERGY IS
* DEPOSITED SUDDENLY

* VARIABLE SPECIFICATION 
IMPLICIT REAL*8(A-H,K1O-Z)
INTEGER COUNTl 
PARAMETER (NMAX=1000)
DIMENSION PZl(NMAX),T l(NMAX) ,TlNOLIQ(NMAX) ,Gl(NMAX) 
EXTERNAL ERFUNC

COMMON/BLOKl/ALPHA,K l5QO 
COMMON/BLOK2/TOU,SQRTPI 
COMMON/BLOK3/PARAM,PARAMl,PARAM2 
C OMMON/BLOK4/ C ,D ,IGAFLG

* OPEN THE FILES FOR INPUT AND OUTPUT 
OPEN(UNIT=ll,FILE=TNPUT.TEM ’,STATUS=tOLD*) 
OPEN(UNIT=12,FILE=tCONTROL.TEM51STATUS=tOLD5) 
OPEN(UNIT=16,FILE=tSOL-TEM5,STATUS=tNEW5)
OPEN UNIT=IT1FILE=tSOL-GRD51STATUS=tNEW5J 
O pE N iuN lT =Ig5FILE=tSOL-NOL55STATUS=tNEW5) 
OpENtuNIT=IO1FILE=tGRD-MAT51STATUS=tNEW5)

* READ THE INPUT DATA FROM THE FILES 
READ(12,*)N,EPSN5AMAXTIME,NTOUS,TOUSTEP,TEPSN 
READ tl2,*)ZSTEPl,ZSTEP2,ZSTEP 
READ(ll,*)ISOLID,C l,A K l5ALPHA 
READ(ll,*)C2,AK2

PI=22.D0/7.D0
P1=(C1/DSQRT(AK1))/(C1/DSQRT(AK1)+C2/DSQRT(AK2))
AN=(C2/C1)*DSQRT(AK1/AK2)
TOU=O-DO

WRITE(16,1110)NTOUS 
WRITE(l7,1110)NTOUS 
WRITE (18,1110) NTOUS 
DO 999 I= I 1N 

IFLAG=O 
Z=O-DO 
CO U N Tl=I
A=ALPHA*DSQRT(AK1*T0U)
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888 PZ1(C0UNT1)=Z
IF (TOU.EQ.O.DO)THEN 
T1(C0UNT1)=DEXP(-ALPHA*Z) 
Gl(COUNTl)=-DEXP(-ALPHA*Z) 
T1NOLIQ(COUNT1)=T1(COUNT1)

B=Z/(2.DO*DSQRT(AK1*TOU))
DUMl=ERFUNCfA,B,-I)
DUM2=ERFUNC(A,B,1)
DUM3=DEXP(-Z*Z/(4.DO*AK1*TOU))
DUM4=1.DO/DSQRT(AK1*TOU*ALPHA*ALPHA*PI)
IF (!SOLID.LT.O)THEN
T1(COUNT1)=(DUM1+(1.DO-2.DO*P1*AN)*DUM2)*0.5DO 
G1(COUNT1)=(-DUM1+(1.DO-2.DO*P1*AN)*DUM2 

+  +2.D0*P1*AN*DUM3*DUM4)*0.5D0
ELSE
T1(COUNT1)=(DUM1+(1.DO-2.DO*P1*AN)*DUM2) *0.5D0 
G1(COUNT1)=(-DUM1+(1.DO-2.DO*P1*AN)*DUM2)

+  +2.D0*P1* AN*DUM3*DUM4) *0.5D0
T1NOLIQ(COUNT1)=(DUM1+DUM2)*0.5DO 
ENDIF 

ENDIF
IF(Tl(COUNTl).LE.EPSN)THEN 

WRITE(16,1110)COUNT1 
WRITE(17,1110)COUNT1 
WRITE(18,1110)COUNT1 
DO 99 J = I jCOUNTl 
WRITE(16,1111)PZ1(J),T l(J)
WRITE(17,1111)PZ1(J),G l(J)
WRITE(19,1112)PZ1(J),G l(J)
IF(ISOLID.GE.O)THEN 
WRITE(18,1111)PZ1(J),TINOLIQ(J)
ENDIF

99 CONTINUE
GO TO 990 

ELSE
IF(Z.LT.ZSTEP)THEN
Z=Z+ZSTEP1
ELSE
Z=Z+ZSTEP2
ENDIF
COUNTl =  C0UNT1+1 
GO TO 888 

ENDIF

Figure 12 (continued)
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990 IF(DABS(TOU-AMAXTIME).LE.TEPSN)THEN
GO TO 2222 

ELSE
TOU=TOU+TOUSTEP

ENDIF
999 CONTINUE
1110 FORMATS,2X,13)
1111 FORMATf0,2X,F10.7,E25.17)
1112 FORMAT ” ,2X,F10.7,E25.17/)
2222 CONTINUE

END
REAL*8 FUNCTION ERFUNC(X,Y1IFLAG)
IMPLICIT REAL*8 (A-H1O-Z)

DSQRTPI =  DSQRT(22.D0/7.D0)
IF(IFLAG.GE.O.DO)THEN
ARG = X+Y
ELSE
ARG =  X-Y 
ENDIF
Z =  DABS(ARG)
T =  l.D0/(l.D0+0.5D0*Z)
DERFCC =  (-Z*Z-1.26551223DO+T*(1.00002368DO+T*

+  (.37409196D0+T*(.09678418D0+T*(-0.18628806D0
+  +T  * (0.27886807D0+T* (-1.13520398D0+ T*(1.48851587D0
+  +T*(-.82215223D0+T*.17087277D0)))))))))

IF(Z.LE.700.D0)THEN 
IF (IFL AG.NE.2) THEN
ERFUNC =  DEXP(-Y*Y+ARG*ARG+DERFCC)*T 
ELSE
ERFUNC =  DEXP(ARG* ARG+DERFCC) *T 
ENDIF '

ELSE
IF(IFLAG.NE.2)THEN
ERFUNC =  DEXP(-Y*Y)/(DSQRTPI* ARG)
ELSE
ERFUNC =  l.DO/(SQRTPI*ARG)
ENDIF

ENDIF
IF(ARG.LT.O.DO)THEN

ERFUNC =  2.D0*DEXP(-Y*Y+ARG*ARG) -ERFUNC 
ENDIF 
END

Figure 12 (continued)
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A P P E N D IX  B

PROGRAM TO CALCULATE THE WAVEFORM GENERATED AT THE 

BACK SURFACE OF THE SOLID MEDIUM
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Figure 13. Format of the data input files for displacement calculation.

File: Input.dat

Line I: Ar1 C1 A /z CLl a

Line 2: k2 c2 B  /3 Cz,,

File: Control.dat

Line I: TINIT TSTEPl TSTEP2 TSTEP3 FACl FAC2 FAC3 

Line 2: AL L

Explanation of the terms used above 

TINIT =  initial time

TSTEPl =  time step used outside a region containing the waveform peak 

TSTEP2 =  time step used for times slightly less than the longitudinal wave arrival 

time

TSTEP3 =  time step used for times slightly greater than the longitudinal wave 

arrival time

FACl =  this multiplies the longitudinal wave arrival time to determine the 

maximum time for which displacement is calculated 

FAC2 =  this determines the time until which TSTEPl is to be used and from 

which TSTEP2 is to be used

FAC3 =  this determines the time until which TSTEP3 is to be used and from 

which TSTEPl is to be used 

AL =  depth of the solid layer 

L =  a flag (should always be I)
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Figure 14. Progrcim to calculate the waveform generated at the back surface 
of the solid medium.

PROGRAM WAVE
* PROGRAM TO CALCULATE THE DISPLACEMENT FIELD
* IN THE SOLID-LIQUID SYSTEM.

* VARIABLES
IMPLICIT REAL*8 (A-HjO-Z)
EXTERNAL ERFUNC

Co m m o n z s o l p r o p z a k ijCi jAl b d i jAm u i jCl i jAl p h a jGa m m a  
c o m m o n  Zl iq p r o p  /  a k 2,C2jb m o d  jb e t a ,c l 2
COMMONZCONST/PjANjAM11,AM12jAM13jDELTAjCHIjAjBjP1
c o m m o n z g e o m / a l .t s p a n

0PEN (8jFILE=TNPUT.DAT’jSTATUS=‘0LD ’) 
0PEN (9JFILE=‘C0NTR0L.DAT,JSTATUS=‘0LD ’) 
0PEN(15JFILE=‘S0LDIS .MAT5jSTATUS=tNEW5)

* READ IN THE MATERIAL PROPERTIES AND CONTROL
* VARIABLES FROM THE INPUT FILES.

READ(8J*)AK1JC1,ALBD1JAMU1JCL1JALPHAJGAMMA 
READ 8,* AK2JC2,BMODJBETAJCL2
READ(9J*)TINITJTSTEP1JTSTEP2JTSTEP3JFAC1JFAC2JFAC3
READ(9J*)ALJL

* CALCULATE THE VALUES OF THE VARIOUS COMPONENTS 
CALL CNSTNT
K =  O
TSPAN =  ALZCLl 
AMAXT =  FAC1*TSPAN 
TPREPK =  FAC2*TSPAN 
TPSTPK =  FAC3*TSPAN

* NOW CALCULATE THE DISPLACEMENT IN THE SOLID 
T =  TINIT

100 IF(T.LE.AMAXT)THEN
IF((T.GT.TPREPK).AND.(L.EQ.1))THEN 
L =  2
T =  TPREPK 
ENDIF

CALL DISP(TjSOLDIS)
TNOND =  TZTSPAN
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Figure 14 (continued)

WRITE(15,1001)TNOND,SOLDIS 
IF((T.LT.TPREPK).OR.(T.GE.TPSTPK))THEN 
T =  T +  TSTEPl 
ELSE IF(T.LE.TSPAN)THEN 
T =  T +  TSTEP2 
ELSE
T =  T +  TSTPE3 
ENDIF 
K =  K + l 
GO TO 100 

ENDIF
WRITE(15,*)K

1001 FORMAT(‘’,2X,E18.10,E25.10)
END

SUBROUTINE CNSTNT
* THIS SUBROUTINE CALCULATES AND RETURNS
* THE CONSTANTS INVOLVED IN THE WAVE EQUATION.

* VARIABLES
IMPLICIT REAL*8 (A-HjO-Z)

Co m m o n z s o l p r o p z a k ijCi jAl b d i jAm u i jCLIjAl p h a ,
+  GAMMA

COMMONZLIQPROPZAK2JC2,BMODJBETAJCL2
Co m m o n z c o n s t z p jAn jAm i i jAm m jAm i s jDe l t AjCHIjAjBjP i

* CALCULATE THE CONSTANTS 
DUMl =  ALBD1+2.D0*AMU1
DELTA =  (S.D0*ALBD1+2.D0*AMU1)*GAMMAZDUM1 
CHI =  BMODZDUMl 
A =  -1.D0+CHI*(CL1ZCL2)
B =  l.DO+CHI* (C L l/CL2)
P l  =  (C1ZDSQRT(AK1))Z(C1ZDSQRT(AK1)+C2ZDSQRT(AK2)) 
P =  P1*DSQRT(AK1)
AN =  (C2ZC1)*DSQRT(AK1ZAK2)
DUM2 =  CL1*CL1-ALPHA* ALPHA* AK1* AKl 
A M ll =  (DELTA*CL1*ALPHA*AK1*(P1)Z DUM2)*

+  ALPHAZDELTA
DUMS =  CL2-ALPHA* AK1R*DSQRT(AK2ZAK1)
AM12 =  ALPHA*CHI*BETA*CL1*(P1) *DSQRT(AK2ZAK1)

+  Z(DUM3*DELTA)
AMIS =  DELTA*CHI*CL1*CL1*ALPHAZ (DELTA*DUM2)
RETURN
END
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Figure 14 (continued)

REAL*8 FUNCTION ERFUNC(X,Y5IFLAG)
IMPLICIT REAL*8 (A-H5O-Z)
DSQRTPI =  DSQRT(22.D0/7.D0)
IF(IFLAG.GE.O.DO)THEN 

ARG =  X +  Y 
. ELSE

ARG =  X - Y  
ENDIF
Z =  DABS(ARG)
T =  LD0/(1.D0+0.5D0*Z)
DERFCC =  (-Z*Z-1.26551223D0+T*(1.00002368D0+ T*

+  (.37409196D0+T*(.09678418D0+T*(-0.18628806D0
+  +T*(0.27886807D0+T*(-1.13520398D0+ T*(1.48851587D0
+  +T*(-.82215223D0+T*.17087277D0)))))))))

IF(Z.LE.700.D0)THEN 
IF(IFLAG.NE.2)THEN
ERFUNC =  DEXP(-X*X+ARG*ARG+DERFCC)*T 
ELSE
ERFUNC =  DEXP(ARG*ARG+DERFCC)*T 
ENDIF 

ELSE
IF (IFL AG.NE.2) THEN
ERFUNC =  DEXP (-X*X)/(DSQRTPI* ARG)
ELSE
ERFUNC =  l.DO/ (DSQRTPI* ARG)
ENDIF

ENDIF
IF(ARG.LT.O.DO)THEN
ERFUNC =  2.D0*DEXP(-X*X+ARG*ARG)-ERFUNC 
ENDIF
END i

SUBROUTINE R l(T 5VALUE)
+  SUBROUTINE THAT RETURNS THE VALUE OF THE FUNCTION 
+  R l(T) IN THE DISPLACEMENT EQUATION.

+  VARIABLES
IMPLICIT REAL*8 (A-H5O-Z)

COMMON/SOLPROP/AKl5C l5ALBDl5AMUl5C L l5ALPHA5GAMMA 
COMMON/LIQPROP/AK2,C25BMOD 5BETA,CL2 
COMMON/CONST/P5AN5A M ll5AM125AMl35DELTA5CHI5A5B,Pl
c o m m o n / g e o m / a l 5t s p a n

DUMl =  (AMI I-AM12+AM13* (C L l/CL2) * AN*P1) /  ALPHA 
DUM2 =  -(AM11+AM13*P1*AN*(CL1/CL2))* (AK1/CL1)
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Figure 14 (continued)

DUM3 =  (AM12*DSQRT(AK2/AK1)*AK1/CL2)
DUM5 =  (AM12*(1.D0/ALPHA-DSQRT(AK2/AK1)* AK1/CL2) 
DUM6 =  AM13*P1*((CL1*CL1-AK1*ALPHA *AKI*ALPHA)

+ /  (CL1*CL2*ALPHA))
DUM4 =  AM11*A*(CL1-ALPHA*)/ (PI*ALPHA*AK1*2.D0*ALPHA) 
X l =  ALPHA*DSQRT(AK1*T)
F l  =  ERFUNC(X1,0.D0,2)
X l =  CL1*DSQRT(T/AK1)
F2 =  ERFUNC(X1,0.D0,2)
X l =  CL2*DSQRT(T/AK2)
F3 =  ERFUN C (XI ,O.DO,2)

VALUE =  F1*DUM1+F2*DUM2+F3*DUM3 
+  +DUM5+DUM6-DEXP(-ALPHA*CL1*T)*DUM4

RETURN 
END

SUBROUTINE R2(TjVALUE1FLAG) V
* THIS SUBROUTINE EVALUATES AND RETURNS THE VALUE -
* OF R2(T)

* VARIABLES
IMPLICIT REAL*8 (A-HjO-Z)

Co m m o n z s o l p r o p z a k ijCi jAl b d i jAm u i jCl i jAl p h a jGa m m a
COMMONZLIQPROP/AK2jC2jBMODjBETAjCL2
COMMONZCONSTZP,ANjAM11jAM12jAM13jDELTAjCHIjAjBjP1
c o m m o n z g e o m / a l .t s p a n

DUMl =  -ANZALPHA-AKlZCLl
DUM2 =  -AN Z ALPHA+AKlZ CLl
DUM3 =  - (AN+ 1 .DO) Z ALP HA
DUM4 =  (AN-l.DO)/ALPHA
DUM5 =  I DOZ(2.D0*P1*ALPHA)*A M ll
DUM6 =  CL1/(2.D0*ALPHA*ALPHA*P1* AK l)*A M ll

X2 =  ALZDSQRT(4.D0*AK1*T)
X3 =  CL1*DSQRT (TZAKl)
IF(FLAG.EQ.O.DO)THEN 

IF(T.LE.TSPAN)THEN 
F l =  ERFUNC(X2,X2J-l)
F5 =  (DUM5+DUM6)*DEXP(ALPHA*CL1*T -ALPHA*AL) +

+  (DUM5-DUM6)*DEXP(-ALPHA*CL1*T -ALPHA*AL)
ELSE
F l =  -ERFUNC(-X2J-X3,-l)
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Figure 14 (continued)

F5 =  (DUM5-DUM6)*DEXP(-ALPHA*CL1* T-ALPHA*AL)
ENDIF

ELSE
F l =  ERFUNC (X2,X3,-I)
F5 =  (DUM5+DUM6)*DEXP(ALPHA*CL1*T -ALPHA*AL) +

+  (DUM5-DUM6)*DEXP(-ALPHA*CL1*T -ALPHA*AL)
ENDIF
F2 =  ERFUNC (X2,X3,1)
X3 =  ALPHA*DSQRT(AK1*T)
F3 =  ERFUNC (-X2,-X3,-I)
F4 =  ERFUNC (X2,X3,1)
VALUE=(F1*DUM1+F2*DUM2+F3*DUM3+F4* DUM4)

+  *AM11*0.5D0+F5

RETURN
END

SUBROUTINE W1P(T,VALUE)
* THIS SUBROUTINE CALCULATES AND RETURNS THE VALUE
* OF THE PARTICULAR SOLUTION OF THE DISPLACEMENT
* EQUATION FOR THE SOLID '

* VARIABLES
IMPLICIT REAL*8 (A-H5O-Z)

COMMON/SOLPROP/AKl5C l5ALBDl5AMUl5C L l5ALPHA5GAMMA 
COMMON/LIQPROP /  AK25C25BMOD5BETA5CL2 
COMMON/CONST/P5AN5A M ll5AM125AM135DELTA5CHI5A5B5P l
c o m m o n / g e o m / a l 5t s p a n

DSQRTPI =  DSQRT(22.D0/7.D0)

DUMl =  AKl /  C L !+AN /  ALPHA
DUM2 =  AKl/CLl-AN/ALPHA
DUM3 =  (C L l/(ALPHA*ALPHA*AKl))* (l.DO+AN)
DUM4 =  -(CL1/(ALPHA*ALPHA*AK1))* (l.DO-AN)
DUM5 =  P l
DUM6 =  0.5D0*AM11*CL1/(PI*ALPHA* ALPHA*AK1)
DUM7 =  0.5D0*AM11/(P1*ALPHA)

X2 =  AL/DSQRT(4.D0*AK1*T)
X3 =  CL1*DSQRT(T/AK1)
IF(T.LE.TSPAN)THEN 

F l =  ERFUNC (X2,X35-1)
F6 =  (DUM6+DUM7)*DEXP[ALPHA*CL1*T -ALPHA*AL) +

+  (DUM6-DUM7)*DEXP(-ALPHA*CL1*T -ALPHA*AL)
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Figure 14 (continued)

ELSE
F l =  ERFUNC (-X2,-X3,-I)
F6 =  (DUM6-DUM7)*DEXP(-ALPHA*CL1*T -ALPHA*AL)
ENDIF
F2 =  ERFUNC(X2,X3,1)
X3 =  ALPHA*DSQRT(AK1*T)
F3 =  ERF UN C (-X2 ,-X 3 1)
F4 =  ERFUNC(X2,X3,1)
X l =  0.D0 
X3 =  OJDO
F5 =  ERFUNC (X2,0.D0,1)
VALUE =  -AM11*0.5D0*(DUM1*F1+DUM2*F2 +DUM3*F3 

+  +DUM4*F4)-F5*DUM5+F6
RETURN 
END

SUBROUTINE DISP(T5X)
* SUBROUTINE TO EVALUATE THE DISPLACEMENT IN THE
* SOLID-LIQUID SYSTEM

* VARIABLES
IMPLICIT REAL*8 (A-H5O-Z)

C 0M M 0N /S0L PR 0P/A K 15C15ALBD15AMU1,CL15ALPHA5GAMMA 
COMMON/LIQPROP /  AK25C25BMOD,BETA5CL2 
COMMON/CONST/P,AN5AM115AM125AM135DELTA5CHI5A5B5P1 
COMMON/GEOM/AL5TSPAN

CALL W lP (T 5VALP)
CALL R2(T,VAL1,0.D0)
IF(T.GE.TSPAN)THEN 

T l =  T-TSPAN 
CALL R1(T1,VAL2)

ELSE
VAL2 =  O.DO 

ENDIF
IF(T.GE.2.D0*TSPAN)THEN 

T2 =  T-2.D0*TSPAN 
CALL R2 (T2,VAL3,2 .DO)

ELSE
VAL3 =  O.DO 

ENDIF

DUMl =  (2.D0/B) *VAL2+VALl- (2.D0* A/B) * VAL3 
X =  (VALP +  DUMl)
RETURN
END




