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Abstract:

Economic uncertainty is one c£ the foremost problems in Montana's agricultural areas because
production, price, and technological. uncertainties are recognized both, as elements of cost and as
factors contributing to the instability of farm incomes. These risks and 'uncertainties introduce many
complexities into the decision making process and influence the firm's growth process.

A large number of mathematical models of various types have been utilized to analyze growth
problems in a dynamic framework and have contained features designed to aid decision making. The
growth model developed in this study focuses on the effects of uncertainty, where the uncertain state of
nature is production of winter wheat. The criterion used for decision making under uncertainty is
maximization of expected utility as a function of net worth at the end of the planning horizon, with due
consideration to the risk of bankruptcy which would destroy the firm.

The stochastic firm growth model was formulated within a dynamic programming framework in. which
the stochastic nature of winter wheat yields and selected decision alternatives determine the transition
of the process from period-to-period. The stochastic dynamic programming model was applied to a
typical cash-grain farm in northcentral Montana. The only decision variable is rate of expansion while
two state variables, capacity and ratio of debt to capacity,' are includ.d In the "model. Optimal
expansion policies were derived for specified assumptions concerning various parameters in the
stochastic model. These parameters include the cost for land, bankruptcy threshold, inability to borrow
threshold, rates of interest for borrowed funds, levels of family consumption , the nature of government
farm programs, and the form of the decision maker's utility function for wealth (net worthy.

The optimal policy for the basic model was to buy 320 acres of cropland during any year in which the
constraints of the model did not prohibit the purchase. This policy was insensitive to reasonable
changes in the consumpuion function, borrowing rate of interest, and land valves. However, the
optimal policy was affected by a sufficient increase in the cost of land and when the deterministic
income fron wheat certificates was removed. Also, as the risk-aversion coefficient was increased within
the decision maker's utility function, the optimal policy became less expansionary in nature.

It is concluded that stochastic dynamic programming provides an effective means to study firm growth
processes. The evidence indicates that this type of model adds to the nody of theoretical knowledge of
firm growth and can also yield practical results which ere suitable to guide managers of growing
agricultural firms especially in a stochastic environment.
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. Economic uncer “tainty is ope cf the foremost problens in Montana's’
agricultural areas kecaunse prceduckion, price, and technologlccl uncer—
. tainties are recognized both as elements of cost and as facters contri~
buting to the instability of .farm incoses. Thesz risks and-‘uncertainties
introduce majy conpanLths 1nto the decision making pxoceps and 1ﬂf.u— .

ence thie firm‘s growth,pro ss. . . L.

A large number of mahhenatlca* models of various typﬁs‘nevu'béen
utilized to analyze ‘growth probléms in a dynamic framework and have o
contained features designed to aid decision making. The’ groivth model’ .f‘
dcve*Uyad in this study focusas on thes effects of unce*taln ¥y where the
,Lnuernaln state of nature’ “iz production of winter wheat. The criterion

" used for decision making under uncertainty is maximization of ewpected
utility as a function of net worth at the end of tiie plaaniny horizon,
with due coﬁalderatlon to thn risk-of bankruptcy whi.ch voula destroy the
firm, '

-

The stochastic firm growth model was formulated within a dynamic

programming framewo¥k in which the stochastic natvre of winter wheat

vields and selected decision alternatives determine the transition of

the process frcm period-to-period. - The stochastic dynamic programming
- model. was applleo to a typical cash-grain farw in northeen:izal Montana.

%he only decision variable.is rate, of exgaﬁslon whl;e g state vari- wn s
"abtes, capacity and ratic of.debt to’ rgp=c1ty, are 1zclud d 'n tbc model.

Optlma; expansion poiicies were derived for specified QSSLTP ions con—

cerning various paramsters im the stochastic model. Thesé parzmeters

include the cost for land, bankruptcy threshold, inability to bc*row I A‘}
‘threshold, vates of interest for borrowed funds, levels of familv con= oo
swiptisn, the nature of’ government farm programs, and the form of the

decisicr maler's uEilitK_functlon:fo* wealth (net worthj;.

The optimel policy for the basic model was to buy 320 acras of
cropland during &gy year -in which the constraints of the model did not
prohib;t the pqrchaéé,. This policy was insensitive.to reasonable ’
changes in the consummiion Ffenction, borrowing rate of znterest, and
lanc valvas.  However, the optimal policy was affected by a sufficient
increase in the cost of 1én§ and when the detemministic income from wheat
certificates was removed. ‘Alsd, as the risk-aversion.coefficient was

" increased .within the Qecisioca naker s utlllty function, the ootlmal .
pollcy hecame lsss expanszonary in noture .

It is concl ided that S’OChaStlL dyramlc progrdmmlng pLovadn an
effective means to study fixrm growth processes. The evidence indicates
that this type of model adds to the wody of theoratical knowledge of L.
fixrn growth and can also yizld practical results which are suiteble to ' .
guide managers of growing - ag*1cultura1 firms -especiall ty in a stochastic B
environment. ST




CHAPTER.I

INTRODUCTION -

i. The General Problem of Firﬁ:Gxéwﬁh .

Qrowth,of farms and other agriéﬁltural‘firﬁs‘has béén éhe éf the
significaky phénomena iﬁ'United States.agricﬁ;tﬁre_fgr:sevéxal:deEadés;
i.e.,ithe'upward'tfend in acres per férm; ouféﬁﬁjpéfifa;m; §nd capital
. réquirements per farm: Enlargemént may ha&e ééeﬁmgd*frpﬁvintehsification“ ‘
-of the férm firm on an e#isting.land base 6f:from:§ber5ti;g.ﬁdré laﬁd.T
Amsng the fofées‘that havé éndourégéd gréwth,1thg.moé#rsignificéhfihéje: '
béen'fhé'céﬁtinuéd.teéhnoiééicai aé%éhqes,'ép%ciaii%atiog;pimproﬁémehti'

. in managemenf's ability, én&,bhaﬁges-in'tﬂe'6vér§ll ecpgo%icjeﬁvifénmesf l
-[50} p.17-20; 8;p;i536]. Growth ié-dynémicziﬁ naﬁufe,éhdireﬁders>thet”
-neo~éléssiéal, staﬁic;concept of the firm somgwhat.unréaiigtic; HWitha.
the development of high~speed computersVaﬁd improvedjéqéi?tiéal £éch%
.niques,ﬁlﬁ economic evaluation of firm\growth éna aééociaﬁed:probiems:
has taken.on an increasing importanée in receﬁ£4year§:itFi£m gro%thfhéé.,-
attracfed the interéét of #ény économists: #ﬁd”resultéé:iq the fbrﬁﬁla;
tion éf‘at‘léast two ;ggional.reééaréh Cémmittées Whi?ﬂ“£§§é heldf';
symposiums on firm‘growth. | R

| _The_;gricultural fiim consists of the meéné ofuﬁpdduqtiop,.laﬁé,
labér, cépifal, apd man;gement; Qenerally! 1ahd‘reéreséﬁtsvmosﬁ éf,thé
totél.value.of capital in?ésted in’the'firm;‘-GrowEh iéjsgmé measure

of the total sum of all the production'means which are-under the firm's

.
'

™ e




2
command;rthese‘megns of.produgtion'are measured in uﬂits}'éuch'as acres -
- of land,,héﬁfs of'labor; or dollérs ofiassets.' Thg érowth.prdcessiun
-includes a choice gﬁzérowth difec;ipns,?among othé; thiﬁgsfg cﬂéicé]tﬂa£ﬂ'
involveS'éhapgeé in the-vériéﬁs means of productiqn'épécifiea.b§'aﬂ

vector P, where P = (P_, P

1 eeey P T:representé the amounts of each
o n . o e

27
' means of production. Also, the growth. directions. of the firm not only

_include,elements‘in'P,but also a vector X, where X =(Xl, quig..; Xn)‘."
represents the production possibilities that the firm hay select.

The_probleﬁAof drowth‘inﬁolves‘anaiysi5~of the decisions which

o

gffgqt'thg groﬁth'process.ovér‘time.i.Thié‘précé;s_is-iﬁfluencgd Ey.tbe'
éoals-éf tﬁékdégision'maker, e.g., makiﬁiza%ioﬁ éf fhe ?été.oﬁlérowtﬁ;_;
capital accumuiation, ieisgre.time, o? ﬁinimizéfion‘ofarisk aﬁd‘ﬁncer;
tainty to assure the firm's:survival in the'futﬁ?e. Gréwthnproﬁleﬁélx

involve identification 6ﬁ gréWth:opporiunitieé by the decision maker»j

N i

A;sé, growth opportunitiés,ariséAin oﬁher wéysi both.intérnél éﬁ@‘égter;;
nal to the=firm; tha£ are not aifeqtiy #el;ted éo the.decigidﬁ ﬁaké}. =
bifférenceslin gharécteristiqs of‘thé:;éSOurces créateﬁérbwﬁh pioblgms 1
.:in that,the‘various meané of production qéﬂnét bé combined.into one :
'resdurce and Qarious résﬁurces have‘éifferent,confribuﬁions:fo offeri‘":
téward fulfillment sf the vafioﬁ; goals. :Alsq,:fhe£e is the‘prébiem;dﬁ‘ti
accessibiiity 6f t@e.resoﬁrces gnd méanszof cghfrol. Aééuisition of.
‘financial cépita}_creatés;érowéh problemé:hot oply in'térﬂé of the -

choice of how to finance, but by‘bther'factors‘affecting the growth

i




3
processes such as capital withdrawals for conéumptiéh, social sécurity,.
and Fedgral and étate income taxes. If capital is bo?fowgd, the amougt
that can be obtained in this manner deéénds on the'type”of reéourqe‘
involved. | .

Besides the above problems; e#ternal forces occur over time in con;
junction with‘the growth process;‘ Yieids} priéés, 5na,other variables
are subject to random.variatioﬁs, while teéhnélogicallénd general
economic changes produée risks.and uncertainties that ére important in
decision making processes for firm growth..

Firm growth in agriculture connotes probléms whiéﬁ are broader in
scope thaﬁ those ﬁsually associated Qith firngrowtﬁ;‘i.e;, the social
costs and benefits of "orderly" growth, if in fact{.g;owth is "orderly".
There are the problems of income distrxibution in all farming sectors,
total financial well-being of farm people compared-With other sectors,
and the impact growth has on the structure of financiallmafkets serving
agriculture. The maéro—econoﬁic problems are important, but this study

focuses on decision problems confronted by the farm firm.

IT. Risk and Uncertainfy,in the Growth Procesé
Dryland grain farming in the semi-arid areas of ‘Montana is recog-
nized as a high-risk venture because variat;on in production.is a;funcf
ﬁion of annual precipitation and natural perils su§h~as-hail,.fire,
insect infestation, and plant diseases. A short growing séason limits

the choice of crops to those that are better adapted to the short season
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and comparati&ely dr& blémate; The ekte?nal forces piace ﬁérmgrs iﬁ é
p§§ition of ﬁncertain£y Withtrespect‘£o prigéslénd éecﬁnoipéy._‘ié
;combinatiog; these‘risks'and uncertainties’are éiémen£s”of ;Qst.;nd afé
fagfors'contribpfing toléhe in;taﬁiiity ;%/fagﬁ.iﬁcoﬁ;s.

Random yields in tﬁe plannigé.envirpnﬁeﬁt df'theiaériéuléﬁréi firm.
have:qonsiée¥able impértancé in the grbw£h=proé¢sé. —Tﬁe'ingernéliy
'~ generated césh flow of tﬁe firm 6ver time,'tpgetﬁer wi%h ﬁdrro@éd capi--
tal funds, créétés'fhé finanbigl‘capitél %or.thé g%o%th.process. lThis;
.cash flow.is subje@t to_cbhsiderable va;iatigh:que'totﬁhg égtéinal
forces affécting yields. Répeétea’dgcié;éné‘basedibgiunlﬁgely.higﬁ
yieids are sure to leadlto.economié diééster::‘fo bése'ﬁiaﬁslon éve?agé
yieldé ddes mot account for Qariations that.could ;écuf,'in particﬁlar,
tﬁe‘economic impact if several iow yieid yearsish;gid'qqdur géquéhfiaily.
Consequen£ly( a %grmer would likélto:éffgctively’évéyua£e the Highiy”
variable cash. flow uﬁdéf élternat%ve:produc£ion and/oxr inﬁe;tmgﬁt._
decisions. _Féf exémpie, he ﬁight focué on the,dégisiéﬁ aléerné£i§éfi- -
which ¥etu£ﬁs fhe highest average amount'bf.re?nﬁe;tabie surblﬁé. “This’ l
reinvestable sqrplus (ox saviﬁgs) ca# be éf'importanqé to the firﬁ‘s :
reéayment_ébiiity if external aqquiéifion‘of:eapiﬁai funas'istnééessaif
in. the growth'p;ocess:' Id general, ma%agémen£'s pfoﬁiem is £6 és%ab— f

lish limits within which‘blanning can -be more effective:for'the éﬁowth S

of the firm and attainment of goals, in which gxdwfh:can be a goal

itself. Therefore, the farm operator needs knowledge about the rela-

™ T




‘5
- tionship between random climatic—variablés and'gfgé yields éd eétébliéh
limits within)which.hé can marage and'tq ﬁake”éfféctivé-déCiéions withiﬁ'
these limits. | | | | |

The -growth problem of.ﬁﬁe férm f#rm i;sdyﬁéﬁéc.‘ T?éditionél neo<
classical static fheorY'of the firm is ﬁﬁréali%tic.mainiy‘bgeause'éf;ifé
:high'level‘of abstraction éha‘théf perféct kno%ledge orucérfainﬁy_isf”'v
. assuméd.. Complexitf pf the dynamicszqan bé ovérwhglmipé} apd Eﬂeref;;é(:'“
- modélé'of firm growtﬁ must’be gérefui}y fsrmulatéd‘té‘capture thé essen-
‘.tialzaspec;s-without inglusipﬁ.of_ahy,rélatively Lnnéééssggy Variéblés:
" or rélatiénships. - |

Moreover, the econqmic and“physicél‘pagémééerﬁ ﬁaj Aééd.té be'Qéxhd
temporallj for,é'given’plénning horizoh;ls;née stock'énd‘flow chéraé—
A 'téristicé are fundamental to Short-— énd lqngjruﬁ~p1anniﬁ§héeriods in -
economics.’ Consequenfly; fundameﬁtéi té Firm gro&gh is a systemétic-" ;
anaiysié involving stocks and'élgws'in a dyn%ﬁic broductio;—infgétménflp
. framework tﬁat'ihvolvés boéh physié;i and finaﬁcigliécééqntéAaio#glﬁgﬁﬂ
“pa£ameters for estimatihgzthe ;isk and unceitaiﬁﬁynéf ;etﬁfn;. Thé:
temporal variation of economic'ana'physigal péraﬁeéerg is bésic.to”:”
production—investmént decision'makiné'undér riék and unceitaintfq  Thﬁs,
a préduction;iﬁvestmept analysis muét 5e.d¥ﬁamic té reflect.expecteé]“
growth; if not, theée decisions Will_n?t be'bagéd on cérféct exgecté;‘f
tiohs {55]. 1In paraphra;ing Bouiding.[j,p.Zj] épd.vickérs {58,p.425;;

" the firm has a balance sheet which describes its position as a static -
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point in time. However, the balance shéet is a tool ofrdynamic analysié_
when it is recognized that the structure (financial and physical) it
describes is subject to éhange, along with changés in.the internal and
gxternal constraints, as the economic environment chapges; _Thereforé,
the balance sheet can serve as a basis for analyzing the stock and f}ow'
characteristics of the grthh.process,‘g;ven thét certain production—'
investment actions a£e carried out by the operator. |

Anoﬁher coﬁplexity arises in connection with the b;lance sheet:
Firm sizes and financial siﬁuations are'heterogeneous_in'nétﬁref_ Size
and finahcial status describe but a point in time with respect to the'
growth process; conseqﬁently, the model should be aBle %o handle chapges

from known oxr relevant size-financial situations to others in a syste-

‘matic manner over soéme given planning horizon. Financdial survival and

rate of growth are important economic cénsideratiohs to ﬁﬂé deéision
making process in the selection of an‘optimal policy for growth. Also,
the incorporatién of internal ox management barriers to growth and
measurement of their economic cﬁnsequences are also iméortént to an
economic analysis.

Fundamental to analyzing the grqwtﬁ process is theﬁselectién of an
appropriate goal. The growth process is cénsidered to be influenced b§ '
the goals of the decision maker, i.é., the growth process méy be différ—
ent and involve different problems for various goals. .Once a goal is

selected, it can generally be formulated within the objective function




-
along with a set of constraints. 'A worthwhile addition to the criterion
function; in the'gfowth.proqess under uncertainty; ié:the inclusion of
the e%pected utility hypothesis; i/ Interesting and difficult problems
arisé'when estimating the utility—of;‘for example, surﬁius capital in
the capital accumulation process énd also. éstimafing the uﬁilit& of
caéital leakégeé for family cénsumption eépenditures, social securigy/
state ahd Federal income ta#es. Preference for or aversioﬁ to risk is
implicit in the utility function which furtﬁer‘cqmpliqateé'the analysis.
In general, é utility function describes tge“psychologiéalunétufe of

the operator, i.e., whether he is a gémbler'or is conservativé, ox lies"
somewhere in between these extremes. Measuréﬁent of risk‘avérsion is é

complex problem due to the diversity of behavior among farmers.

ITT. .The Researéh‘Prdblem
The problem of this résearéh effortlis to employ the use of a
Adynamic growth:model which will focus on the effects of prddﬁcti6n_
uncertainty in making an economic evaluatidn of ﬁhe feasibility of férm
firm growth in a semi-arid, grain crop.prodﬁcing area of Montana. Dﬁe_

to limited data and time, this research effort is limited to the wintexr

1/ Maximization of the expected utility of an alternative, where each
outcome is transformed into a utility value, weighted by a set of
probabilities, and summed to give an expected value.




8
' whea£ area} solutions to this-éroblem shquid h;ve<ébﬁe é£plicétion.£o
.othér'drylénd ag?icgltural areas-in Montané,asd the.GﬁéatiPlgihs; .The
néonclusiohé f?ém this sﬁu@j shouid be.bf inteiest‘k;xhgo;farmefs;‘t2) to .
farm crédit lenders;‘f3j £o farm policy maké;s, éﬁd (4)'§;o§idé a basis
for‘research'dealing Qith macro—eé;npmic pfgblémsupf féré_fifﬁ"growth.z

The specific objéctives 6f this étudy:will be:f' |

1. .To'deveiop a general methodqlégyfq?éroéedufe(fqr analféing firm
' g;owth where:tﬁe seleétion»of”aﬁ;;pfimal decision over thé pianning'-
. perioa:is dépeﬁdeng.pn stéqhastic variabieé.' .

12. 'Ap§l§‘£he éenéfai‘meﬁhodongf.ﬁgié fepresegtééivé"w;n#eé'Qﬁe;t-,

cash gréin farm iﬁ‘NéftﬁceﬂtfélﬁMgnEénav%he?e-tﬂe?6§;iﬁgiideéi§ibn for . .-

firm growth -is based on the stochastic nature of the winter wheat yields.

i

Various parameters .in the model Qill be changea.td:detgrminé théit iﬁﬁiu
enéé on the optimal deéision_and-érowth rate§ that‘caﬁﬁbe-échieveg o&e#ﬁ‘
aldefinéd.planning horizon. |

3. Associated diréctly:Qith‘objéétive Z'is'té'deterﬁine the- nature
of the probabiii£y distributién fér é‘sampie of winpér~W£eat yilelds and
:eétimate the ‘parameters which cﬁ%ractérizé'£he'§robé££li§%'dehsitf funé~
. tion. | | B | |

4. . Incorpéfaﬁe i@£o~the Stéqhastic-firﬁ g;oﬁth moéeiia pqnliheaf
utilitf funéfipn,;whichihas a risk*ave£sioh'paraﬁétgr“fhéﬁ:Will Qef

varied, to determine the effect on the‘optimalAdecisioQ-and on the
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economic consequences of the firm's ability to grow as measured by a

defined growth criterion function.

Iv. Stochastié.Sequential Decision Process
The nature of agriqultpral production i; périodic, i.e.,,disérete
time rather than continﬁous time best describes the‘agfiéultural produc-
tion process. Thus the stochastic process specified‘to represent firm
~ growth is a discrete time proceésv Séochastic méans that for a decisién,‘
k, there is not éne outcome, but a set of péssiblg outgomés given’by-
‘a gtochastic Véétor with a known or given probability disffibutioﬁ‘funq;
tion.:
‘The decision process bégins witﬁ the data and ends with recommenda-—

tion of a course of action, which constitutes what Bross calls the

decision maker [10,p.29], shown in Figure 1.

| |
] i
i RO 1
! Predicting . !
io . .
Data ! De?ls o0 ! Recommendation
4 . . "l criterion | |
' value v !
! system i
i ;
L e e e e e et e e o ettt e P e o e e e B 0 e e e 4
Figure 1. The Decision Maker.
The information flows in two ways: (1) into the predicting system where

possible outcomes and courses of action are formulated, and (2) into the
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. value system.%ﬁere ﬁhé indiVidual?s'utiiity.o? dééira£ility.associa£éd'
wiéh each oﬁthﬁe is formulated. Theh'b&:applyiﬁg.thé'Qééi;ion.cri—
_terion a céurse of ;étion is séiéctéd}.- | . o

For firm érowth: the "data" Would coﬁstiéute‘ré£urné‘6f crop'yiéldé
associ;ted with stochastic variables tclimatichéariabieé; fdrfexample) |
from which conditional éxﬁéctétions Of}net refﬁxns caﬁ,Eé”déxiVéd"ff@ﬁ“l
thé “pfedicting systemﬁ. -Estimétioﬂ'of cqndiéioﬁaliexpect%?ioné>can  .
'usuélly be made statiétically from ; timgyseriés‘bQ regreééién analysis;.
AThesé cqndiiignal”exﬁeétatiohs ére.s§mé ﬁeasu;e.pfsﬁalﬁe %eievgnﬁﬂto..
lérowfh of the firm.;.involyed in ﬁhé;“predictiné éfétémfviéLa ééf.of-:u

‘actions

open to the deciéiéhﬂméker, which have a diréctlinfluence on the condi~
tionai probabilitieé associa?edxw;th'éaéh:klt |

Sub;tituting the information from.the-"predictiné éfsfém“'inté?thei
"decision criterion?, then each coursé §fvac£ibn‘is evalpafed gy.some A_'

criterion such as

Max E [outcome] or

Vi= . . . . i . R
Ky | e (1.1)
* : . : : . o . .
Vi-= Min E [outcomg] T, i=1, 2, 3, ..., M
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. Aqéoraipg‘to Penfése~[45(§;881,'"Grqwth.isté proééés,ﬂsizé"§s a state:"
Conéequentiy; the decision maker is faéed'with é.prbbiem,éf_éconqmic{
dynamiés; and the decision p?oceSs canhot ignoéé:tﬁe iﬁfefrelations_in-
‘the time dimension, where the choiéé'6f~outcome héed; td be viewedAih ,"‘
the . context of,é policy or strategy to,fg folléwéa over the firm;sn
planniné ho#izon. Tﬂus,'téieéﬁatioh (%;l), tﬁe fime a;m;ﬁéidn must.pej
:‘added which méaﬁs that a‘deqision maae in thé'giyen yééf éﬁfecté ﬁhé'
'optimgl{dééisioﬁ in.fufure'yé;rs;i - -
.'The-"vélue';ys;em" éf the.dg¢isioﬁ'ﬁake;.i;;cqmple#;in Ehaﬁ it
"ihﬁolvesfthe individual's utiiifi_fﬁnction, whiqh-in»fﬁrgff;fleéts,éii_l_
pgéferénée fo£ (aversion'to)‘riskAand debt, és Qéll és maﬁgiotﬁer_-
féctors; Becaﬁse of.tﬁe'céﬁpie% natﬁre of thé'value'syéteﬁ}:furthgr '

PR

discussion is postponed until later.

Vi :Review of tﬂglpiﬁerature.-J . ;:; '\ - :b"

‘ Beééusefof,the.voluminous:né%ﬁfe'of the.liéé?éth?éﬂénffirm-éroﬁth“
that has aﬁbéared.sinée 1965, ié‘is impossible Eo do jusgicé to tﬁosehsi
studies in the limited space and'scppe of tﬁis study. ;ﬁflight gf thé
above; thisssection'will be limi#éd to.the‘diécﬁssionuof én:érticlé
which itself consfitufe; a good review of paét stﬁdiqs dééling WithJaﬁa
_reiated to thelproblgméfof fifmTQ%owth. ;r“-“ :.-ﬁ'u,;%g :-f‘ﬁ'f ‘

'An artiéle-by'Reggqu [48,pp.51—1021iéontainsiover iZéiréferencés:

felated to the problems, theorieé,_énd ﬁethodolpgy fot_fi?m'growth. fThe

Jrepm—
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'purpose in Renborg's work.was.to anaiyze exfsting growth'theories of
the firm fn terms of."their'possfbilities.for controllfné and directfng
the érowth:process of~anla§ricultnral firm over time,"'without discus;
srng the various'theories' abilitfes to oésoribe or predict,thelffrm;s
behavior. and indicate.strnctUral ohangesf Howéver, he does measure the\
theories against'a.set of iaeas'or prohlems that‘are inwolwed in'the>”“
: growth process;~althoughlthe‘Set~is arbitrary,-ft,is.worth restatingt;:
'henborg fndicates'that "good firmigrowth'theorfes"'shOuldaaccount for;

;l; - the entrepreneur s ooals, .' |

2. fthé avallable opportunltles for growth ‘

3. the dlfferences 1n characterlstlcs of’varlous resources,

4. the differences in characterlstlcs of wvarious sources of
financial ¢apital;

5. the fact ‘that larger farms often requlre new management
,abilities by the farmer,

6. the fact that growth is a process over time and that growth
costs are associated w1th this process; and )

7. the fact that risk and uncertainty 1nfluence.growth over tlme."

Problems’associated olosel§ with,growth have traditionally been
treated by eoonomists in'thenpast b§'usingltheineo;classicai theerEof”'
the‘firm which:givesusome clues to the firm:sizejproblem but mnst'he‘“
looked upon as an insufffcient.élanning‘instrument for management.s The -
neo—classioal theory covers only profit maximization.as'a_goal‘and’f.
assumes that all outcomes are known w1th’certa1nty.

In light of the problems outllned by Renborg, thl stndy would seem-

to be a contrlbutlon to the overall theory of flrm growth, partlcularly
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since it focuseé on item (§jtof his iisf 6frémp§r£éh£ items fﬁ.bé'includ—'f_-
ed . in any fir@'growth study; .In féct,‘théé.is_aﬂéfimarf féature of this..
.reééarch'eqdeavor on_firm_growth——to'focﬁs on-éhe s£6éhaétic aspects
gf'the problem. | |

.Iﬁéﬁs kl), (2); and (6) of Reﬁborg‘s.l;sfvof'éesifégléfféatgres in(  ;‘
growth.theories are included in this étu@&};‘The entrépiénéﬁr?éig051 i§, ‘
specified by assumption and‘iS‘geflected in the.éfitéribn fﬁncfion Qf
the growth model. The 6ép§r£unities fo% gf;wthiére speciﬁied by a
.limifed set of'decision‘élternatives;t'The‘gféﬁth.prégeSéﬁb dynaﬁicé’éﬁéﬂt
_'£he»iﬁterrelations initﬁe'timé éimensibn{are éégoﬁnted fof'bécaﬁ5¢.éfo—
duction aﬁd/ér invesfﬁent cﬁoices-made by the eﬁéfepgenéurvgffecﬁs tﬂé
fdturé.outcomes of the farm firm. The-plﬁnniné'horizoﬁ_ig defined as -
‘~lopp§sed to solving for thé optimal length of tﬁe.pianﬁiﬁézperiodf; Thé“
'érowth process has éssociéted costs in te;ms'of;the résoufcé cost and-"
the fixed interest expense if the opefator has'to.bo%r;w?fun§sf“ |

Rgte of gré&thAahd qonsquénti?,’fﬂtﬁré Va;ué'df £ﬁé;firﬁ;;ié higﬂ}yi
dépendént on annuél net ipbome of the firm~ffoﬁ whiéh §é¥£ngs:cgﬁ}pe :
retained ana reipvésﬁed.AHBorrowing of c%pitél'funds iszaiiowédiaé if .
the funds came from one soﬁrce,.énd q@nééquéntlyj the differences in N
characteristiés of‘vaiious'sourcés of finéﬁciél Eapitél age not co#_
sidered (see item (4) on page lé). Produétiénicosté, béth‘fixed énd’f'
variable, aé-wel#'as consumption expenéeS:fo%'thé fifm%mahéger ahd

family, and personal income taxes are dedgcted.froﬁ-théifirm's.groéé“'
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income to arrive at savings.. Capital constraints are imposed in.the

economic - -

[N

"model to reflect the inability: to .borrow.and the asspciafea.
consequences. I _ C U L
.The farm management abilities of the operator in this study are’ .

treated as a constant; i.e., the‘opeiator.of the 'small farm has the

8,

same abilities as those for the larger farm. There are no costs associ~ . .~

»‘ ated with thé ob£ainment of new abiiifieé aé the firm inc;eéées,iﬁ éiééﬂ‘
Thus,‘iteﬁ (5) of,ﬁéhbq;é's list is'noé é part of-ﬁhis étudy. o z
" The pehavior'qﬁlthé deéision maker is a bompiég éitﬁéti@n'dﬁe to
‘the ﬁulti—dimenéi;nal hdtufeAéf:risk¥tékipg_atffi#&ted-fpfmany ;ﬁbjeé;f‘b”n

fivé éoméonents and suscéptibiliéy of a‘variety éf ﬁot;va;iopallénd
other inflﬁeﬁges. Actual behévidruié ﬁot depicted:ig th;s:étud§, butia
specified ﬁonlineag utilify fﬁncfion‘is’assumed fo aésgribé ﬁhe’"
 operator's attituae'towara risk'and'ﬁncertainty thréﬁgh tﬁé éfiierion

function.




CHAPTER IT
A ‘S'TOCHAS.TIC' F‘:B;RM FIRM GROWTH MODEL

The study of.firm_grbwth has.involvéd a Qﬁole.séfiés Bf analfseéii,;
using méthematical programming ﬁethods: These‘methods'hé&g.includéé._:
production, investmént: and fihanciai alternaﬁivés_#h_conjunctibn with '
a wide and flexiblé range of‘passibilities.inVﬁofmﬁlét;hg the gQals.Of
the entrepreneur.' The goais were generally.formulaﬁédfégféfcombiﬁatioﬁ:;_ 
of-fhe objectiye function“with:a set of con£t£aint§. 'Ail of'ﬁﬂeég mafﬁe—

maticai programming models are flexible‘tdolswfqr handiing multi-goal 51

“and decision making situatibns. The‘matheﬁatical”pﬁog:émminq modeis‘qseq" B

to soive prodﬁction,linvestmenf,_financé, and{g;owth ﬁ;bbleméﬁhéVe”beeh*l4.
.multi~period linear p%ogramming, intéﬁéfﬂliﬁeaf-pfqéiamﬁiﬁé, ;imulation;h
and recuféi&e ppog;amming."The optimizing or prpéramﬁiné;approach“éfi
these methods'have, for spme.studies,'aﬁtempted to inbé;pq;afemthef?
-éxistence Qf risk and uncertéinty iﬁ‘thé planning éhyirénﬁén¥. Johnsoni:
Tefertiller aﬁd Mooré'[3l, p.908j9l§],.for exémpléf\dsed."é stochéstiéwfiA
linear progrémming" model withfthe "di%tribution ﬁethod:é%fsoiutionﬁ t; :
ﬁriné the effects of importéﬁ£ étochasticlva;iables ih%o #ﬁé aﬂalytié“‘
framewori. However, the;? apéroéch'sﬁfferé from a rather sériou§>"
re;tricfioﬁ in £hat the deciéion maké; kﬁowé,wi£h probab;lity one (With‘
ce;tainty) the qutcome‘of stoéhéstié events a ééfibd invgdvaﬁce._' |
The;éfo?é, iﬁ-this'sfﬁdy éhoﬁher matﬁemati;al é%ogrémming modé}“ié:-
" developed thatlfocuses on the effgcfs of‘risk_and #nbg;tainty;ﬁbere:ﬁge‘

outcome of future events is not known 'in advance and the events are ~
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random. The choice of alternétiﬁe:acfions is férmulated in"a.multi—
stage dgcisioﬁ_proéess in which a set'bf3déci$ions is sought;tﬁétuw;il
'maximize'(or minimize) an apﬁropriatgnquéction fﬁnction; Whefe the” .
s;ochést;c:nafﬁfe of the problem is %ék;n.intb éébount. Dyﬁaﬁiclprpg;am—

‘miﬁg,'ndt to be.céhfusgd %ith ayhémic lihgarjp;qgréﬁmiﬁg;:is”the mathe-
'ﬁatical model to be usea: Béehljg'and Wﬁite:[6 1 indicatéé that;dynamiq
. programming ﬂgs not been:épplied'spécifiéa;ly to firm gfowth‘probléms.
.'Minden‘[40] developed a conceptualizgd fifﬁ growthtmoan‘usiﬁg dynémici

. programming but did not apply the framework to an empifigai problem._:m:

“Dynami¢ P:ogrémﬁiné Backgrpﬁnd T

ﬂAbout 1851, Bellman became interesﬁéd-in ﬁhe recuriéﬁéé rélatiqﬁl
in decision theory Which‘was'spawnéd in the 1949'5 byAa g£6u§~of stapigF
ticiaﬁs interested iﬁ étatiéficél‘deciéibn theorf. 'Béllmanit3!4,51.haéf
been_instrumental in'tﬁg develppmeht QfAﬁhe fheory ;f"sgéuential,.ort,;t
- mﬁlti}sfage, dedis;on prdcééséé,'both of_detérminis£ic and'ééochastié” :
typeé.. From the tﬂéory 6f ﬁulti-st;gevdecision procesées: Beiimaﬁ a8
coined the term "dynamic pﬁﬁg;ammipg"-£o:d¢séribé;the subjeéﬁlmatterl
"It involves a certain conceptﬁaljframework Whiéh provides é’mathéﬁaticai
..toél that can be applied to‘ﬁany‘kiﬁdsiof problemé. iTheré‘a;e manyﬂ
examples pf'ﬁultinstage decision ?rocésSes iﬁ the économic lifé~bf the,
real wofhiguch és investmentléroéramg, iﬁgdrance poliéies,.éérd.gameé

- like poker or contract bridge, and the design of manyvfypesfof experiments.
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Dynamic programming ié,not dé;cribed by,gAset bf-equations in.é'

particdiar.form nor do pré—p;ograﬁmed cbmpptatipﬁal aléofithm;_e#ist, és
is tﬁe-céée in linear é:ogrqmmihg [20;?.213].“ The:use 6f.dynaﬁic':
b:ogramming'éDP as it will be referrea £o ié:thg,reméindegléfnthis'stﬁdy§'
has not’bééh as readily acceptea as lineéf.progrémminé'duévpértly to:;:-
computétional.probléms:which %rise in its us;,iana.paréff to & iaéﬁ}éf‘f"
. full understénding of how iﬁ-ﬁanrbe used in decision analysié: f?here ;f
‘seems to be more difficulty with moael'fo¥mulati5n in applying,Dé.tﬂan.,
is theigése w;th.liﬁear programmingt-‘DP is pot”rgstrictéa;tg'linéaf'%;'
. felationshiés and ;onsequently, ﬁeaﬁinéful.lumpingséfof pféaﬁcfiég aﬁalﬂ
.cost inpgts, such és land;_machinery, equipmeﬁt! aﬁd'buiidingslcanv;
readily beé incofporated into ﬁhe DP anélysié. .Algo, Dé_constitﬁtés a .‘
formal oétimization process rather than‘theidif £his,'what_ﬁﬂén" tybg;_
' 6f approéch.éharacterized_by'ﬁosﬁ_simglatioﬁ studies. | |

.;Recent books by Hoﬁard t29] ané White [59] héve supﬁlemepted4the4i&'
Qork'of Beliman.and co—workerg bf atteﬁptiné £6 set fprtﬁ.DP ip.é .
generai, somewhat descriﬁtive framewprk and yet indicate'its‘coméufa—:F“
tiénélly feasibility. ~Som§ of the initial forﬁulaﬁion énd;coﬁﬁutatioﬁai
oBstacles of DP‘haQe been'overcéme bf‘Burﬁ gnd cé—WOrkérsi[11;12;13,i4;'
.15,16,17]'in applying the-toql fo'é number'bf widély diffé?éht préﬁtiéald"
fagﬁ managément.andléther féseaxch problems in écbnpmics.” Ih'khése!fuaj
.stﬁdies, the economic cbnsequéﬁces o£ ;isk‘;hd uncé;téintf, aésociateé

© with .certain defined random variables, was an important consideration..




particulariy the unpublishéd manuscript by Burty[l2l..;
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Therefore,.the work of Bellman, Burt and respective'bo¥workers, Howard

.and Whi;e provides a launching pad for this StudyAdn farm fifmlérowth("','

.
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Definitions'and'Conceﬁts'of'DP .

v

In DP a sequence of decisions, the mﬁlti—stage,deciéion:process}'is

' sought which will maximize (or minimize) an appropriately defined objéc—

tive or criterion function. The optimal policy will depend onj(lf?theh

:

"length of the process which can be divided into time pgriodé'or intervals .’

called_"sﬁages",féndf(Z)'on the: chrrent Pstateﬁ of_thé system.’ "State"

‘refers to the sum-total of all rélevant informatidn’aboutfthé‘process

at, a given stage. In other words, the "state” of the process in farm )

firm growth describes the firm's debt ppsition as well as the firm's

lresource”base, such as total cropiand, machinery, equipﬁent, andvbuildings.

In firm growth, a set of decision alternatives or relevant actions

“exist that'will-chénge the state of the process in the passage from one -

stage to.the next. This impiied,change_is referfea to'és ;hé ﬁstéte
transition"; Transition from one étate-to.anéthér ca# Be made'aeﬁér—
ministicallyh(with,cgrtainty) of‘stochgstiéa}ly'(accordiﬁg to a.probggg
ility diétfibution); the ;atter'i; refer?edlto as a stochastiqide;isién'
process. In farm firﬁ growth, the trénsitioﬁ will bg‘sﬁoéhastic'beéaﬁ;e :
éf the’uﬁceftain paturé of clima#ic.variablés.thaﬁ-iﬁf;uéncé~dr§p yiéldé.'
In dynamic‘pﬁogramminé,'the'oﬁjecﬁive.Qr critgfiéﬁ fu£c£ion ﬁusﬁ be:.:

one of"Markovian nature" t4,p.54]: L I i""j R
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After any number of decisions, say k, .we wish the effect

of the remaining N-k stages of the.decision process upon

the total return to.depend only upon the state of the

system at the end of the k-th decision and the subsequent

decisions.

Given the state of the process- at a given stage, the decision process is
_to be independent of previgus stages; In other woids, the set of state-
variables must be sufficiently complete so that the optimal policy
derived for a given state'and stage_depeﬁds only onifﬁat state and not
‘upon how 6ne gét ﬁo that state. Thus, for DP to be'applicable; the
state-description variableks) mu;t.ihclude all necesséry information to
accomplish this separation. Consgéuen;ly, "statéh is a félative terp
depending on the anaiysis; aﬁd it is the joB of the researéhe; to'>
achieve adequate realism of s£ate description in a méﬁner consistent Qith
the Markovian requirement [20,p.215].

In the context of farm firm growth, given that thé firm now océgpies
some state i, which for example, could define the firm's debt or equity,
the transition to state j in the following stage or year is dependent
only on i and the decision made and not any prior-history. 1/ This
transition is what Howard [é9] refers to as a recursive structuré.

Under this recursive structure, optimizatibn of the multi-stage

decision process can be characterized by an optimal policy, or what is

1/ See references [17,p.122;15,p.35] for an éxcellent description of
the Markov requirement used in two practical problems.
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ﬁere descri?tfvely calleala cenditional deeisieh:fule-ffOptiﬁization-ﬂf"
impiies a rule which sPecifies a'éarticuiat decisfehito'be made’et each -
. stage'for.any’given state thatlmightfoecur:in that stege;'thus the heme
E eonditfonal'decision fhle: Thelﬁeliey ef»condftiehal aeefsign:fuleﬁisi
“to be chosen such that a-cfiterion-fenction‘is'oétfmizeaﬁ:f:

When deaiihg with'hﬁiti—stage decision”proeesses thet meet the S
Markoviah-property, the'hasic éroéerty of'optimai poiidies_is stated”
[4,p.57]: | | | | | -

-An optlmal pollcy has the property that Whatever the N

initial state and initial decisions are, ‘the remalnlng

decisions must constitute an optimal policy w1th.regard
to the state resultlng from the first dec151on._-f

This principle, known as the ?principle qf'optimalit&",;jystifies ther

1ihking of.the (N)—staée decision process_te the (Nél)%stage;process}J_

andisuggests the indgetfve pfepetty'ef dynamic pfpgramming‘Whieh ieads},’

to a_recurrence‘felation. | ' | |
Hopefulif, the'defihftiqns and concepts~of.hP‘wii}'beeqme elea;ef_.’

as a generaf'groﬁth model is formulated and then appiieé to the.speciffc‘

firm growth problem. | | E

The Generel Model

The general stochastic flrm growth model Whlch focuses on, the Q33~

i effects ‘of rigk and uncertalnty-lpglcally requires two stages.‘ The flrst
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.step is that of séléct;ng efficient 2/ combinations,of'étoéﬁaétic
returns. The second part is the 'dévelopment of the“%tochéétic'firml"

~ growth ‘model where the stochastic variables determine the transition of

the prpcess from period-to-period in_éstimatibn of an optimal.decisioh;.
rule.

For selection of efficient combinations of entérprises, the disqus—

sion. is kept brief because the delineafion'of,aﬁ éffidiénﬁ'set of enter-

prise alternatives from which.the decision unit cah choose was not made

in this first qttempf tb_appiy‘DP?tq‘a'representative férmffixm.',Thé~ 

"major reason will become clearer in the discussion of the genéral and -

.. empirical models.. The objective isito:call'the‘feader‘é attention ﬁé‘_.

a relevant, when applicable, part of growtﬁ analysis b&_preééntipg some

sources which can be used as a basisviﬁ the analysis of efficient alter-

" natives. An application should clarify any‘prbblems and‘det§ils:associv

ated with an efficient set of alternatives.ahd’the estimation of the ’

mean, variance, and covariance. The second part is the general model;

but before proceeding, the firm's objective functiqn'shoﬁidnbé discussed. .

Measurement of growth is a'pfoblem for which one' of several cri= .

terion functions can be used which incorporate the farm operator's: goal

2/ Efficient is used in the sense of a trade-off between mean and vari-
-ance of ‘returns rather than the" economic sense-—efficient combina-’
tions of enterprises are associated with hlghest expected return for
a given variance of returns, or conversely the smallest varlance for
a given expected value. -
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or goals. Enumeration of specific goals of farmers constitutes a:study o

in and of itself and is beyond the scope 'of this study. The selection

"of an appropriate goal for growth ‘is not a formidable task based on the

conclusion reached by Mart1n_[39,p.28], stating:

The environment within which farm operations occur tends
to overwhelm specific operator objectives whethér they be
“to maximize'returns; sales, farm size, owned capital or
reinvestment capital, or even consumption. Any of these
objectives, criteria, or choice indicators tend to-maxi-
.mize capital accumulation. '

The firm's balance sheet describes the owner's stock of capital'at a :

moment in time, i.e., a staticwdocument of an instant in_theftime;dimeh# -

sion. In the capital accumulation oxr growth'pfocess, however,‘the ,:ZE
structure of the balance sheet is affected and makes it a tool of -,

dynamic analysis. Conseguently, the owner's stock of capital can sefﬁe

as a basis for measuring growth of the firm with an implied goal of::f:v'

maximizing capitai accumulation as measured b& the firm's worth‘atlthéyh
end of the planniné:horizon? | |

For the'general'model, it is assumed that-the liquidation;value:of'
the'firm is the criterion for measuring the worth and.changes in wotth

‘of the firm over the planning.period. The rate of growth, and-conse—

quently the future expected worth of the firm is highly dependent on . the'

.stochastlc annual net income from Wthh saVings (non—allocated earnings)
can be retained and reinvested.‘ Therefore,'production costs (both'
direct and indirect), family'consumption_expenditures, social security

taxes, and state and Federal income taxes must be deducted from the‘:

B o
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firm's expected gross income to arrive at savings since personal and net

business income of the firm are hot clearly partionable.

.......................................................

Part 'I: ‘Delineation of Efficient Alternatives

Essential to_derivation of an optimal growth policy iS-static maxi-
mization of returns from the resources employed by the firm for produc—
tion. Maximization of 'returns involves the delineation éf.an efficient
set of alternatives f£om_which statistically the mean and variance can
be estimated. "Alternative" is used here in a genefal way in that a.
decision .isg not, for é#ample, restridﬁed to-a.siﬁgle cropﬂg/ but could
combrise a mix of crops or mix of various-enterprisesi Let it be clear
that the only reason for deriving an efficient sef of farm-entefprises
is to reduce the number of relevant alternatives whicﬁ must:be considered
in the farm growth model. The number of decision Qariébles'éan be
reduced to only one when the original nuﬁbe; of eptérpriséé.is'any
numbex you please--a substantial simplification indeed.

An alternative crop x will be preferred to crop y, for example, if

E > F and 9]

2
x— 'y pls

<62 . ' ' (2.1)
59, _ | | | L2

where at least one of the strong inegualities holds. That is, elimina-.

tion of an alternative that has a contender'with greater or equal

3/ Livestock enterprises were excluded for the convenience of the
discussion. :




expected return (mean) and émaller or;eqﬁal-variéncé} “fd; é cdmbing%}-
.tion of several dropé;'the'meanﬂand variance of incomé ﬁor_each:groﬁlf:“
..-and.éovariaﬁce of nét'incomes among each.pair‘of cropé ggennecessarfigji'
data to:defiVe efficient propo?tions of the cropé; ‘?ypiéélly, fﬂéré'
'will:bé constraints on the firﬁ‘s résgurceé and abiiity'to éxpand ihzaﬁ§ ;
one enterpri§e~6r gfouﬁ of”entérpfisés. ﬁarametric éﬁadiafip pibgféggiff"‘“
‘ming can bé used to trace out efficieﬁt enterprisé-mixes by-usiﬁg ﬁhé‘
variance in the objective funétion énd hoidipg the ﬁéaﬁ'figéd,aé.giy;
‘conStaﬁt..’In cash.crép farming, the moét binqing ¢Qns£raiﬁt Qiil-éf;eé;;3:'
be;laha,'and qﬁadratié p:dg;amﬁigg can Be uséd;ﬁo aefiGe.;he effigiéhé&.:
frontier by definingiéétivitynleVels as the proporfionéfbf land dé&éted }
t6 the variogs cfopé lej. With‘the quadratic proérammiﬁglresﬁlfs~é£xmf
haﬁd, the eﬁficiency frontiér'ié spmmafized by é éinéie-;ariéble,‘fﬁes
. mean p% a Lagrange'mﬁitiplief; fdr‘example. . | |
fhg'piéneeripg work of freﬁnd [24]1 is én.appliEation;ﬁo-agficu%tufé;: )

that.of Mafko&itz {37,387 iﬁ opﬁima; iﬁvestmeﬁt portfoiio selé5tiO;;1ph;£";z
of Dean and.Carter [197, Johnsoﬁ [36], andidthefé havé:méde‘cphtrigﬁé';f:
" tions to thé problem of optimal degision,making u#de¥‘£isk.and unée?;'
tainty by eﬁphaéizipg‘aﬁa;yses of meaﬁs anauvaiiahces.s ﬁue to a iéck

of "good" data, an attempt to delineate an efficiency fron£ierf’f"
(efficient set of cropbipg alternatives) for. the empiricél?modéliwaé L

2

not.undertaken. ansequeﬁtly, the‘details-sﬁrroﬁndipg'the meénf- S

variance analyses by‘the'ébove.writers were omittéd from this study.. -
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However, an injustice to the interested reader would be perpetrated
unless some reference is made tolarticlés'that criticize tﬂe.mean—
varian;e (M-V) approach and also point-.out the highlights of these
criticisms. Fe;dstein [22]; Levy.anQ'Sanat [35], Sémugison [51],.and'
others.pfovide important criticisms of the M-V approach in po?tfoiio "
selectign which is directly applicable to an analysis of efficient‘com~
binations of crop enterprises. Iﬁ general, the M;V appfoach is only |
approximate-and applicable.only‘invthe restrictive cases where statisgi—
cal distributions are normal ox where the utiliﬁy function to be maxif .
mized is quadratic. Samuelson [51] indicatedf£hat.as variance approaéhés
Zero (Qhere rigk is limited), the M-V approach becomes a "better"
approximation method. The assumption of'nofmality is tenable, partich
larly with regard to crob yieldé based on evidence.reportéd by varioué

researchers [18,34,60].

Part II: The Stochastic Firm Growth Model ’

In this model, the decision maker's risk aversion faétor is
reflected in the overall criterion function of the growth model. By.
assumption each decision maker is trying to maximize ex§e§£¢d valﬁe of
his utility function for Weaith at the end of the planning horizon
while giving due considerafion to the risk of bankrupt;?iwhiéh would
destroy the firm. A linear utility function is'assumgd £h£oughoﬁt moét

of the empirical work of this study, although Chapter V.deals with the
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nqnlinear case..’ Nevertﬂeless,'it is likely that much ef;the so—cal;ed
risk aversion esseciated:with periedic:iueome‘is subsumed.iu the.linear
'utility growth.modei by takihg'aceountfof the censequeuees;of bankruﬁteyL

. Eachlperiod of -the firm}s plauniué horizon coﬂstitutes a;stage-
(year) inrthefmultifstage-deeisieﬁ prOcess; and d.set of- state Variabies‘
uust be detdned thet'"deserises" tﬁe éroeess:et'thevbedihuirgzof s'stege .
. er time period. Conceptually,lany number of‘statelﬁerietles can Ee.:
'defined'to deseribe'the state of the system at_auyftiﬁe."fin the:-
:general ﬁodel'the foliowihélstate ﬁariables ere.definedrvéifh

si %frelatlvely llquld assets of the flrm, usually referred to
as cash reserves for Smellc1ty. Negatlve values for s1 1mply
_that the firm is in debt and positive -values imply that the
_flrm possesses cash reserves and no debt is owed on the real
assets of the firm; R o

sz:=_capac1ty measured in unlts of acres of cropland under the

2 control of the operator; - o . AT . q‘
. 85 = an aggregéte'index of the firm's complement of. resource goods

" " such as machinery and equipment, grain storage capacity, and
~ buildings (machine shop and storage for machlnery .and egqulp-
" ment) . .

In a practical usage, s3 needs to'be trensformed intb a unit'of measure_i
which serves as a:eemmon denominater for this body of resqurce goeds(
e.g;; essigu eaeh resource‘good a frxed fropertieu meesured ihldelldrs
or some apprepriate unit. The‘ateve.state.variables‘are-the mest imﬁor;:::
tant ones'for'a farm firm consisting of’severel erepfenterprrses;' Due
to the aetual 1uﬁpiness of productiVe inputs in‘tarming;%these.state‘aﬁ

variables are measured in discrete terms rather than on a continuous level.




.prise h in the mix; v

" -price h; and ﬁh equals a price leuel.for crop enterprise h, wnich is,

" defined as I, represents income items .such as off-farm employment,
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A farm operator generally has several courses of action' open to him -

- which affect the state of the firm in subsequent periods as well as. net

returns received within the period of the action. These actions con-

‘stitute the decision variables or ‘decision alternatives that are denoted

as: .,

‘a 51ngle varlable used to reflect a partlcular mlx of crop
enterpises selected from the efficient set of cropping alterna-
tives, which also specifies how the land jresource is to be, ¢
allocated among the crops,-

]
H

x2 = the amount of capacity purchased, Whlch is measured in unlts E
of cropland acres; and . : : .

x_ = the aggregate 1ndex of machlnery and equlpment, graln storage,.
and bulldlngs purchased measured ln the same unlts as s3

The flrm S perlodlc net return functlon is deflned as f(sl 2 3'Xl)

vwhlch is a random varlable due to tne uncertainty assoc1ated Wlth crop

yields. Gross return (GI) is dependent on x, and can be ‘written

GI(x)) = 2 (’Yh Y, T By +,I“'l S e e (22)

h=1 R

where:

refers to the proportion of land devoted to the crop enter-.
Yh - . N D - T

h equals the'assumedvrandomiyield for crop enter- :

treated as a constant in the model. Income .from other farm sources,

government program payments, etc. 'Thus, the periodic net return fuan'

tion is:




‘?(Slls

indirect expenses in producing the‘crdpé plus any interest

-should be accomplished with few problems: - - K R -w%lj}-t
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21%’31};1) = GTI - PE ) R [ L ,- - - . (2.3) :'.

where: PE represents the firm's production éoéts, the direct and -
owed on
existing debts. Important in any firm growth model afe'the'othéf'cash.ai‘

leakages for Federal and state income. taxes, éelf4éﬁploymeht:taxn(socia;?

'security), and farm family Conéumptipn. .Computation ofCthé‘Se1f?

’

employment tax, either by the ";éguiar" or the "optionél" méthodsf[57]‘ DY

- In view of contemporary- theories on cbnSumﬁtion,_bértiéqlérly-the

‘permanent income hypothesis' [23]1, the implicit consumption funétion for .

a farm family can be written

) c _e-
. W
CO . ¢(LI’LI’ )
Whéret 'Li = current income of the individual Ffrom lébbr;'
‘Li = expecfed,lifetime income from labor;,énd
' W = wealth of the firm or individual.

"

. Theory indicates that the rational consumer considers- all of his exiéﬁng

I

‘resources when planning consumption expenditures and allocates his-

‘income to maximize utility over the entire planning"hdiizon. An

increase in income will increase consumption only as it adds to the

individual's total resources: 'Thus;.cdnsumption'is relétéd to both o

labor income and income from wealth instead of just current income.- - - ™




.'tion can be increased. Wealth forms the backbone of”iisk~bqar1n§

29

Income from wealth is dexrived from increases in’ theé stock value of

wealth and the rate of .retuin. The implicit rélationshipithat.consump*

tion depends on income and wealth is believed to be more‘fepresentafive L

'Gf the patterns of consﬁmer'behaViof.f'

- Evans [21,p.40] indicates that the role dfﬁweaItﬁ;infthe'cbhsump4 A

tion funcfidp'is not fully known.. Due to uncértéinty and & short~run .-
view of the future, an individual may add to. his wealthlohly for pfe—

- cautionary reasons rather than for a lifetime plan .from which-consump—"

* .

ability by helping to increase inéomé; providihé funas to meéet unexpected

changes in the income stream, and contributing to a base for "reserve"
borrowing capacity. Owing to the nature Of uncertainty, an increase in °
income from an increase in wealth (agcumulation.of assets)'might be held-

in. reserve rather than spent on goods and services.-’ Also, an individual - -

may” curtail consumption to increasé'his-wéalth; owing'to the uncertainty

of the futuré or to the.inability to borrow if ‘a dectease:should'occur

_in the income stream.. Data on wealth (net worth)1ar¢”difficdlt to

obtain Which'has.hampered émpifipalrwérk aqdfiéléxbeéted'tb‘cbﬁtinue‘to
hamper‘it in.fhe-future 123]. .

+ An individual's marginal pfopeﬁsity_to coﬁsﬁmenkmpé):is smali £he
moré vériabie the inéome ét¥eém.is.'—In‘a)windfall gééf‘(hiéh?croé
yieldsi the entire windfall is not conéﬁﬁeé——éome p;ép;rtidniis placed.d :
in-saviﬂgs or reinvestea in the'fi;m;' O;erﬂtime-an incgease-ip expectea




‘Savipgs is defined as g(s

"unit of resource be éz(xzf and'c3(x3) for resoq;ceé s

in the same units as the state variables sz'and s
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disposable income after taxes will add.to ‘an increase in consumption -

assuming that uncertainty has ndtsincreaSed. ‘Consumption éxpenditurés

-aré>likely to lag in adjustment to éh;nge inAdisposable income.

The firm's saviﬁgs, that amount .which can'be retainéd oxr reinvested,l

is dependent on gross returns from which all cash withdrawalé‘aré_ﬁade. o

1’52’53’Xl'x2f33) whigh'is a:rénﬁoﬁ vériéble,

that implicitly includes f.as an argument.

The decision to buy (sell) a unit of-rESoﬁfce‘will-alsé affect the .-
firm's grthh griterioﬁ function.' Let the cost of buyipg (éelling}yé3

2 304 85 wespecs

tively. -'Specification of c2(x2) and_éé(x3) may 1ikeiy:be'linear func-
tions with zero infefcepts; but with a discontinuous chaﬁge of slope'as?
X goes from positive to négatiye véiues, thus reflecting Salvaée valqes.

and selling costs;

Let negative levels of %, and X, represent the sale of résourbes-

B'ﬁhile‘poéitive levels .-

imply purchases. The resource cost (sell) function for land can be

written as -

Py

. ) '_ " _>,'
32 + 51_ if X, 0] bgy

e, (k) = S N IR C O

. .. . * _'.r: <’o -
Psx2 +.82 v.lL | XZ R sel;

" where: B. = the fixed transaction cost associatedxwithﬂfhe.éurchase‘ofr-3:"

1

the resource;
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82 = the fixed transachon.cost associated w1th selling the‘
' resource; :
'Pb = the purchase price of the resouree{ and

P, = the selling price of the resource. -

.Likewiée, the resource cost (sell) function for the resource goods can

be written

P'x_ .+ B if x. >0

:c3(x3) = - S : S e . .e'ww' s (2.5?
[ 4 3 <
Psx3 +.B4 1f. Xq 0
' where: 83 = the. flxed transactlon cost for the purchase of the body of
' resources,. o " o .
84 = the fixed transaction cost for selllng the body of resourcet'
goods, ) : ‘

: Pg =-app£epriate purchase price of the resquree'éaekage;hand;

Pé = appropriate sélling price of the resource package. ' -

When land or other resources are purchased, cz(kz) ahd:c3(x3)Aare hega—_”
tive which adds to the firm's debt or reduces it cash reserves as
defined by sl. Tf land or other feeources are sold then cé(xz) and‘:'

c3(x3) are positive whereby debt' is decreased or cash reserves are .

" increased.

The stage of the multi-stage decision process is defined fof a -
time unit of ohe year,”the-heginning is when the crop is plahted and -
ends With'harvest at which time the entire cropfis assumed to be’sgld;

The n'® stage refers to the nth year from the end of thé' farmer's .
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plannigg:horizonlénd.in the ﬁulti—stage deciéiop pfoqeés n may .be don%
‘éidered as a disc;ete—time process. The firm's objéctive.funétioh:in';
sﬁage ﬁn—l).could be thoughg,of as é continuqus;séé of values; but fé;r
computafipnal ease it ié‘m%de'diSéré£e'within.a definea.seﬁ,o§ iﬁtérVals_J
based‘én éhe‘lumbinééé of the're56urée-inpu£;. |

In fhe gassagé éf oﬁelfearfé time'éach;s£éte vériablé”is}tréqs—x“:
formed where the‘transzrmation is dépendent onfsomé”o; a;i’aéqisioﬁiﬁ?

-variables. - In general, the transformation functions can be wtitten as =~ -

1S X

-

’:Tl' s f.Qz(Xé),f_c3(§3)_f‘g(sl,s

1. 1SyrSyrXyaEyiRg)
T, =, ok, | B L T 2l
T3=S3+X3

The transformation on él is stochastic becatse g is an impiicit func—.j-‘°

tion of the firm's periodic net returns. gThe'firét transformation T, o

implies that with the passage of one time period, cash reserves are .-

decreased if both resources x2“and xé-are purchased in the amounts of :

x,. and x3,;and reserves are either increased or decreased depending on-

2

‘whether savings, g, are positive or qegatiVe;_redaIl that savings are

the net amount available after allxcash'leakages are deducted from‘groés

receipts. . Of course, X and X, can be negative through sales ﬁhiqh

2
implies that cash reserves (debt) are increased (is reduced) by the nét

value of sales. The transforms, T, and‘T3, are mere additions or gub- .

- _tractions to the firm's resources.
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State and decision variables can .be treéted as coptinubus variébles
which implies a Markov chain containing an infinite number of states and
decision values. Because of limitations on the form of variable measure-
ment, the computational burden, and that state and decision variabies
must balance.agéinst realism, discrete values are assigned to the.state_
and decision variables to appro#imate the continuous veréion. Mid-
values of the intervals assigned to the jth state defineslfhe ith.state
a firm might occupy . This framework provides the infoxﬁation needed té
éxamine the state transiﬁions, i.e., the process from a given initial .
state i and'kth.decision, to the jth state one period later. The use.
of discrete values, however, can introduce some bias into thé‘analysiéz
whiéh might not exist if the state and decision variables cquld be
treated as being continuous.

To study the state transitions of dynamic p:ogramminé for a system
of discrete time periods, it is nécessary tﬁat the probébilistichnature
of the state transition be specifiea. For the genéral model,_ﬁhe
probability of.a t;ansition to state j, given that it now occupies
stqte i, is a function only of the state and decision.variables'{kl,x2,
x3} and does not depend on any histoxry i£s arrival in the ith‘étate.
In other words, a set of conditional probabilities (transition prob-
abilities)'p];j needs tg be.specified With :egérd_to the occupationAof'
state j after the negtltransition of thé process.  The.p?j are the

- g . . . .th . '
transition probabilities for going to the jth state, given the i state
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L - . .. th | L :
and k decision alternative for the n ~ -stage of the process: 4/ . The

e : ' koo
~ condition imposed on the pij's,le:

2.7

. A gimple illustration of the transition,bfﬂétatee'is ehown-in»Eigure"Z,;
‘-Qwhere.the'jth states are defined as'inteivale'rather theh specific

" points..

| A Dynamtc Proérammlng Model
The foundatlon has been lald to apply the 1nduct1ve method of
dytamlc pregrammlng to the growth of-the_farm flrmﬂ‘ As 1s,tradltlopal _
'ie'djﬁamic ptoérammiﬁg, the end of the-éleenipg hetizot is ueed as the
peint of referende instead of the beginning. :Thet te,ttiﬁe'or the staée‘
of the decision procees~is_ﬁeastrea as so mety uttts ftoﬁ:the end_ef the
,planning.hOrizen;' The h?é'stete of the'deciéioﬁ processtis~defined_ae.
the 51tuatlon where n tlme éerleas remain in the flrm s platnlng horlzon,:ﬂ

and define V" (s ,s3) to be the expected ‘value of a criterion functlon-.

1’ 2
(some measure of growth) at the end of aﬁ'n—period planning horizon if
its initial endowment of_résourées and debt:is-thet‘implied by .the levels -

4/ BAnother notational form for these. probabilities is pi' which is
necessary when the set Of probabllltles is. dependent on the stage of -
the process. :
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Given Transition, Probabilistic Outcome
o ot . S

The i state of The j # state of

the system, 2 the system
alternatives,
dc =il o 2
Midpoint i . Interval
\\\:<>\\ x éi7

i= 2 o N D e a4

Figure 2. Simple Illustration of the Transition of States with Two
Alternatives.
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of the three state variables (s ,s3) and an optimal policy is

1%
followed throughout the n-stage planning period tlZ].
Using Bellman's principle of optimality [4,p.57], the dynamic
programming functional equation for optimal firm growth:is written as
n+1 o .on o -
v (51,32,53) = Max EV {Tl(sl,sz,s3,xl{x2,x3), T2(s2,§2), T3(s3,x3)}

*pr¥gr¥s

(2.8)

where E denotes the expectation operator (the p?j‘s) on the random

variable Tl’ and the three ‘transforms Tl’ T2; and T3 are the functions

defined in equation (2.6). The maximization of (2.8) is subject to a

constraint set for the decision variables x., x%x., and x_. ‘In vector

) "3
notation, the optimization problem is summarized by the recurrence

equation:

Vi) = Max BV (T(x,80)} , =x € R(s), - (2.9)

where x and s are the decision and state vectors,‘résﬁectiyeiy, and R(s)
is the éonstraint set to which x must beloné and:T(x,s) i; a vector
function implying the transformations of (2.6) [12].

The constraint set Rks)'is composed of all of the(restrictions
that are placed on the firm, e.gr, Xl' wh;ch is the ente;pr;se‘mié,kis
Irestricted directlyvto the production possibilities implied by the firm's
resources (52 and 53) and is restricted by a credit coﬁstra;nf,that

involves all the state variables. Thus, x, reflects the number of acres

1
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of lané devoted'to eacﬁ eﬁtefprisé‘as.in'éaéh'crop farming.” in additi§h,
réstrictions are placed on fhe.rgsourcés'to.preve;t thé firm frém _i’?
éeliipé'mbre than tﬁe firm owﬁs: and-othef dgfinitiéﬁéi‘consﬁraints;;

The one restriction not yet discussed is that imposéd'py baﬁkfuﬁtc&!

Bankruptcy is defined in general by a.subspacelof the state variabie;"

‘ ‘domain, which is described mathematically by s € B, iﬁplyipgithé.state‘l

vector belongs to some restricted set B. The constraint on the decision -

, vechr x when s € .B should reflect the sale of the firm's aséétsf'pay—.

ment ofldébt_if possible, and termination of the firm except ihsdfar:aé”

égsﬁ resoﬁicestfemaining after_#hé firmiis-disSé;vgd can:be-éoﬁpoﬁédéd f?
at the lending rate of intéfegt, Define x =-x0'as a hé'prodﬁcfioﬁ‘éc£iéhﬂ
that "would éorréspond-to.fhe firﬁ.aftér'bénkrup£;y. 'S;lvage-ﬁalﬁg'qfl:"
the ?irm at bankruptcy is giﬁeniﬁy s, = sg, s, ¥-sé'= 0, which we”cé;i

0 ' ' . .
s in vector form. The net return function is then

i- éQ if s, > O

O o l ) -l . - ) . ) - ~.- .,."-_.‘
g(x°,s%) = _ . . : . . v  (2.10)

' 0 if s, <0 o ‘ o

L ‘ 0 0 : e
and the savings function is equal to g(x ,s ) which assumes that the - .
farm opefator provides his living from other employment and compounds
whatever assets remain after'insolvencyrat the rate i,lthé firm's lending
rate [12].
The constraint imposed on the decision véctér'fqr the first stéée:'

in which s € B, is:
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-_ 0 . . '
X, =X (no farming activity at all)
¥ T TS : ,
o ' (résources are sold)
-X3_? S, . :

If s goes into B for -the first time in stage:n!'

‘n R n-1
v (sl,s ,53?;+ v (s

2 - e (x) ~ c (x ) + g(s ;S ,s ,x JE ,x3) 0 0)

1 .272 l 2 1 2

|.ﬂ-,

(2.1

,x ) would enter equatlon (2 ll) only 1f the firm

r

. where g(s.,s.S xo
WRGLE. g8 18185 % ¥
is’ sold out at the end of the,year;‘ If the flrm 1s sold out at the

-beginning, then g is excluded from equatlon (2,11). The termlnal value

_of the firm after bankruptey is

- .
Vv = [s

AN S L S ’i‘ ("g%'iz.)"
g the frrm is soldﬁout at the beginniné of.the‘year: The end of the‘l
‘:plannlng horizon requlree evaluatlon of the firm's assets afterlbank—
‘ruptcy as part of the growth model The'bantruptcy state is an o
"absorbing” state in that.once entered -the flrm.ls dlssolved and
oaant>ever become.a prodndtrve unitzagain. L
In closiné this‘chapter;.tne Markovian proéerty conceptually posee;

little problem since state variables can be defined which ‘meet the”
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independence reéuirement.< From a practicval viewpoint, the number of
state variables is generally limited to not more than two or three due
to the limited storage capacity of most.electronic éomputers. The use
of several state variables can usually meet the Markovian property bu*

at the expense of increasing computational time and ccre storage

capacity.




.CI—.LAPTER 11T
" FORMULATION OF THE EMPTRICAL GROWTH M&)DEL'

"The purpose Of.this ehéptef'will be‘té.formulate in'méréispécific
térﬁs, but.of ieduced dimensién; a stochastic fi?m gréwth'ﬁéaei from #he
..genéral-model presented in'Chapﬁer”Ii. The‘pﬁrpése will be accomplished
in three éiffe?ent Eut rélatea partégl First, a‘desériptioﬁ of the regre:_."
§entative.wheat farm is giVén,:éﬁd then thé aSsumpEisns are staﬁed.
Secona,_the wheat yield probability dis#ributionlyital ﬁg defiviné the :
trqnsitional probabilit;es will'be discussed. Third}rfhe-appioériéte'
dynamic progfammipg mo§e1~wili be p;esentea, ndtations'aefinéa; and“da;é 

needed for the model will be discussed.’

I Applicétidn to é-Représentative Whéat Fa#m
In some ways, a dryland:whéat farm is»ohe of the simpiést~applicah”
»tions of a sequential,decision modél‘fo£ firm grthh‘sincé;pnlgioné
crob is producedi prevér;‘land uti;izatidﬁ.under dryléné coﬁditioﬁs.}"
in a.given year'(whéat and fallow) creates some inte;géfiné'écoﬁbmig<i
decision alternativés and uﬁusuai difficulfies bééause.of‘thg Fiﬁé
interdépendenqe'éf retutns:[17]: Aitérnati?é iéﬁdpﬁseé'arg beyéhd-fhé:i‘
‘main scépe of this study, but‘inﬁthe-final'chaptef"theiflimpiic§£i0$S i
to.firm'growth'will brieflylbe_diséqs;ed. | |
The goal Sf the.ﬁodel‘s éééisioﬁ.méker is assﬁmed to be“éynohyﬁogs‘
with the criterion function ﬁsed to,ﬁeésuié:grOWth.f Sé§éral;griferi6#:'
functions can be used, but iﬁ this étgdy the expééted'ﬁet qufh’bf thgi.f

firm is used £6vmeasu:e_growth and changes in‘growth of]thé firm. -~




s

Fﬁfure~value and raté of Qrowth af the firm is higﬁlywdépeﬁdént on fhe;
‘étoéhastic'net,returns from which savings can be féﬁaiﬁéd éﬁd réinvgéfeai‘
and on the exféﬁﬁ thgt‘net.worth provides a basis'fdrzbéfféwihg:capi£él
.to incféase the flOW’df'net revénue.' > g | {: iﬂﬁ L “ | ,

Farming uﬁder dxyiapd‘éopaitiops‘is a riski ﬁenthre'bgpaﬁse’df p#e
variable nature of thé income.flow over time! which cfééteﬁ'sbméi'
interesting'ipyestment .deciéionualfernafiveg. -és a.fgim'businesé‘ -
expands b§ acéumﬁlatidn_df,more-resbﬁrces, both g{osé iﬁcoﬁe gnd net 3;
Hincome'aré expgcteé ﬁo:iﬁcrease and“Céntribuée:to-éaéiféi;adcamﬁléFiéhﬁ: ﬁ‘
Grow£h in net WOifhais_ezpeét§§‘;6 add.to £He.firm'shd¢bt~éa£f§iﬁ§
'abiiity énd Sfréngthén its iisk~béaring abilitglf'Thé'firm;é:ééuityifs_
one of several fécﬁors},poSsibly %ﬁé most imporﬁaﬂﬁ; ﬁhat‘fﬁnétiéﬁs ;sfff
_the béckﬁone:off;iék—beariﬁg.aﬁiiityi Risk~béa£iggiapility:isiféflééfééf;
dixectlygwitﬁiﬁ the firm'é béiance %héet; therefore;ide;isiéﬁs;Whiéh“:;
'afféc£ the balance'éheet (net wo;tﬁ) are of eqonomic‘impo;éancéféoritﬁis-:
study;_pafticuléfljgif the firm must dfaw-én its ééuityffor}sg?viéa%_ﬁﬁ.
.'low.yigld yearé or attempt to fiﬁancé the éurchaéerf réééuréés in a

- low equity position.

The Firm in General - o o : L T

The firm is a representative winter wheat farm for a three-county,
area; Chouteau, Fergus, and Judith Basin' (Figure 3). Particjpétipn'is-‘

assumed in the 1970 wheat and feed grainﬂﬁrograﬁs,.and the firm's |
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cropping pattern typical for the area was derived from data sampled by.
the State Agricultural Stabilization and Conservétion Service ﬁASCS)
[56]1. The cropping pattern is: |
1. Wheat allotment = 29,2 perceht of the total cropland in a farh;

2. Wheat seeded = wheat allotment plus 29 percent of the barley
' base substituted to wheat;

3. Barley seeded 11.4 pexcent of the crqplaﬁd; and

51.0 percent of the cropland. l/

4. Summer fallow
This cropping sequence is fixed and is assumed tq be optimal under .the
conditions specified, where barley is expressed in wheat'equivalentslfo
simplify the computation. |

The model farmer is'a full owner of all productive resources, i.e.,
the leasing of land and machinery is not an allowable alternative and
any income from off-farm employment (by the operator or his family) is
excluded. Hired laboxr, if needed, is assumed to be readily available .
regardless of tbe number of man—hou&s needed. No credit constraint is
imposed within the stochastic model used to generate the transitional
érobabilities. 2/ In other words, financing is avéilable in any amount
regardless of the.defined debt situation within tﬁe stochastic model,
but in the applications of the model upper bounds on debt to wealth

are imposed. Also, refinancing is allowed when éppropriate.

1/ Waste land and land.occupied by buildings is not included in the
total land area of the firm. .

2/ The most practical approach was to 1mpose various credit restric-
tions within the actual dynamic recursive relation Wﬂlch is pre-
sented in Chapter IV.
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Repayment of debt is assumed to be flexible, i.e., flexible in'
the sense that whatever residual income left, after production-expenses,
income taxes, sociél sécurity tax, aﬁd family conspmption.expénditure
are dedpcted from gross returns, is applied toward paym;nt‘of the
principal.on the debt'obligation. The interest due.on debt is'treated‘
as a production expensé; 3/ This flexible approach eliminated the
computational problem of a fixed repayment schedule as migh£ be foﬁﬁ@
under.a formal mortgage or.contract for deed. In general, tﬁe
principal payment is subservient to liviné expenses and:téxes and_:
repayment of the debt comes after these prior claims'hayg béeﬁ.met;

The flexible repayment plah used in this study is not toéally
unrealistic because the Federal Land Bank.ASSOEiations (FLBX's) have
a flexible repayment provision within their loan policy. 'Debt as
defined in this study is not separated into short- and long;term aebt»'
since a considerable part of the debt is for land and only one interest
rate is used. Although different markets_éxist for bothtshort-term
and long-term finanéing, ié ié assumed that credit is qbtainable'from'

one source without specifically defining the source.

3/ The rate of interest on borrowed funds is held as a constant
regardless of the risk implied by the various debt levels defined
in the model. Lack of "good" empirical data is why the rate of
interest is the same for all the .defined debt 51tuatlons
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‘The firm's costs include the direct .and inéiréét:expenditures:

:associatea wiﬁh.all operations required-to:prodpce apd-hafveét the
Crops. é/ A charge for deprecdiation is included and based on.tﬂe
-current price for machinery, egquipment, ana bﬁildiﬁgsuaﬁd derived by #he
straight’ line apéroach; It is assumed that depreciatioh is spent tb"
maintaiﬁ the value in the machinery; equipment, and buildipgé invest-
ment. The cash flows in the ﬁodel are_designed for computiﬁg étate_and
Federal income ta;es; therefore; the opportunity cost pnifhe opératér‘s
labor, management, and entrepreneurship and resources used in the pro-
duction process is excluded; “Data on how individual farmers view their
opportunity costs are not readily available. 5/ Besides there is a
problem with séparating-farm fifm personal income from net bﬁsiness
income. However, in the model a cﬂarge is made for family consumptiqn
which is deducted from after-tax net farm income, and it is assumed fhat
the value for consumption represents the residual claimant by the model
farmer for his labor, management, entreprepeurship, etc., used in the
production process. It is aéspmed that the ﬁodelifarmer's objective is
~growth and he is willing to accept Whatever,thg returns might be for his

personal serVLCes to achieve this goal.

4/ The production expenditures are based on the land area being one -
contiguous unit.

5/ The opportunity cost is an accounting cost generally based on a
market rate of return or market rate of interest ‘a resource can
earn in an alternative employment.
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- Other ‘Data Sources

The'input—butpﬁt data . were bbtained from sécoﬁdaiy séﬁrces i26,46;
471, where funétional‘relationshipsvby;size.of farm we?gﬁesfigatea, Wﬁén"
appropriété, bf regression analfsis'ﬁsipg obsgrvatioﬁ meéné fé£her thgﬁ
:individual gbservétiéné;“ The farm éxpendihufé aaéa‘ére based on m;hiﬁum‘ '
.cést budgets where aéjustmehts were made'tq aéﬁiévé uniformity and ptéf:
aucfippAefficiéncy} | |

Vélues_for product and input érices; machineiy and eqﬁipment bgi?és,hg‘J'
'buildings, and the‘initial-ipterést rate are_coﬁsiéteht{%ﬁfh.;'éfatic:iut
:eqﬁilibriﬁm in order to focus upon thé risk.a;éect of whgét éroducéidﬁ.
in a semi-arid area. The initial land Value'vés geiected‘from a‘sét‘&fi
data on recent land sales in the‘studylareé; -This land value.is:hgid.x
cons£ant, except where the impact on the déqisioﬁ rule b; increééing %he

cost of the land resource is examined, as if the grade of iénd in the

' firm is consistent over all acres Qperaﬁed.‘ It is recognized that if3the_. 3

operator is to buy land, the gradé and price for_thé'land wduld entér. 
into_hié'aecisioﬁ ﬁaking procéss, but this decision alterngtive is ﬁ@t_:
considered; Ail values and funcfional relationships used in this st;dy"
are on a_pér acre of’éﬁopland basis;_‘ | |
Pricé as a variable ig extérnél Fo fhe fifﬁ_in.ﬁhat‘the'férm_‘

éperator‘has:né qontrol'ovef priqe'changes;_ However,‘priéé in thisi :
study is %aken as constant beéaﬁse of the present fa;m su@pgrt érpgram'“
for food and feéd gféins'which is expectéa'to‘cOnE;nue in:fhé futﬁre:'ﬁ

~
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Support prices are subject to change but it is assumed that.the.overal;
price uncertailnty is confined té'relatively nérrow limits that are not.
of significance to this study. Also, this study does not deal difectiy
with technoiogical uncertainty; Theréfore; the variabiiity of oﬁtput;

as influenced by climatic and other natural forces, is the basic source

.of variation in this study where yields are treated as a random variable.

IT. Distributioﬁ of Winter Wheat Yields

Yield data reflecting the effects of all climéfblégiéal Variablés-
is vital to an economic evalua£ion of the expected érowth.of:the-farm )
firm, where growth refers to the firm‘s.ability to accumulaﬁe capital.
In a low yield year, the firm may be forced into borrowing to'meet'
expenditure commitments which may have a negative effect bn‘growth. On
the other hand, in a high yield year existing debt may be reduced or. an
expansion decision made that results in positive érowth. ‘Agérggaté 5
county wheat yvield data are in abundance, bﬁf due to the effeéts of'
averaging, county data under—e;timate yield variability at the farm (or"
field) level. Qariability i; of vital.importénce in manaéemént decisions
since the decision process must %ccount for future exﬁectatibns as a
means of minimizing the adverse economic consequences of pfpposed actiéns

or choice of alternatives J49].
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Source of Data

Data suitable for the variability problem must'firs£”approximate
the range of yieldé a farm can experience over timé due to theleffectA
of a wide range of climatic variables. Sécoﬂ@ly, the data must cover
a wide range of major soil typésjand thirdly, the data should be statié—
tically independent with respect to time and amoﬁg samples for reli%—
bility of the gstimated parameters, partigﬁ}érly the variance parameter.

The only source of data available that closely apgroximates these
requirements is that of_the wintexr wheat yield series‘for agricu;turai
tracts owneq by the State of Montana;' A brief désc:ibtiqn pf_the data
is: |

The State of Montana holds title to tracts of land
located throughout the state. These lands are leased to,
and operated by, local farm people. Currently, cropland
is leased on a crop-share basis. The leases are for ten-
year time periods, and at the expiration date competitive
crop-share bids are received. The highest bidder is
entitled to the land foxr the next ten-year period;
however, the current lessee has the right to meet the
highest bid, and if he does so, continues to lease the -.
land. . : :

The state maintains records that identify these tracts.
of land'by operator, lease number, and legal description.
These records list the number of crop acres represented by
the lease and the crop-share agreement for the period of
time the lease is held. FEach year, the number of seeded
crop acres, by crops, are reported and recorded, as is the
bushel share of these crops that the state receives. With
this information, the bushel yield per seeded acre can be
calculated. Example: Assume ’

(1) state share of wheat receivgd is 210 buéhels;

(2) the crop~sharé agreement is 1/4 and 3/4}
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{3) 120 acres are seeded to wheat. The yield perx

seeded acre for this year and tract of land is
) 4 x 210
7.0 bushels (——156~—0.
Prior to 1927 it was mandatory that a cash payment be

made for the use of these state lands. PFrom 1927 until
the late 1930's the crop-share rental system was permissable. -
In the 1938 session, the state legislature passed a law
that made the crop-share system mandatory. 2As the leases
expired after this year, the renewals were on a crop-share .
basis. Lands that were rented under the cash payment
agreement did not require recording of any crop data;
therefore, it is impossible to determine the yield per
acre on lands so operated prior to 1939 .[27].

For the threg counties, Chouteau,_Feigus, and Jgudith Basin, a°
totél of l92»st$te~owned tracts were avai;able coﬁering the‘perioa.
1940-~-69. From this total, 20 tracts were éelected randomly bé;ed bﬁj
the proportion of tracts in each county, and the sample was.fﬁréher
reduced to 15 tracts in order to eliminate the effect on yield_§ari—:

ability due to changes in tratt management (lessees). é/ Because of
’ )

suspected downward bias, yvield data for the years 1940-44 were reﬁo&ed
making for a 25-year fime series, 1945-69. It is judged that the 25-
yea¥ period is sufficient in length to include the effeets of a wiée
range of climatic variables. The gracts are widely scattered and

are representative of the Great Soil Group classifications found in the

" 6/ Tt is recognized that the randomness of the sample is questionable
but this was the manner in which the sample was adjusted.
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three~county.area; é/ The problem of .statistical independencé will be:
discussed belo& regarding the regression analysis for‘éstimating thel
'mean and variance of the sample daté: | |

In economic reseafch, an assumption.about the probability density!
function for a random sample is often made. The assumpﬁion usuélly ‘_'
made is that the diStributiqh is independently and normaily distributed
with zero mean and constant variance. This ass&ﬁption has significénce-
with_regérd to the method. to be used to estimate the unknown parameters
‘of the sample, and it determines what proéedures are appiicqbié in -
testing hypotheses. Noxrmality is mérely a convenience to stati$tical
analysis but not a necessity. |

There are a number of'tests available for testiné the normélity
assumption. For this analysis,.the Kuipef tést is used because:econéé.
metricians have found this test to be more ;ensitive iﬁ.ﬁestihg the null
hypothesis [36]. 8/ Also, this test is reasonably eésy to appl§ eyeﬁ'if

the data are transformed.

7/ BAn attempt was made to separate the tracts into the major soil types
in the three-—county area, but the attempt was unsuccessful, mainly
due to the lack of up-to—-date soil maps for Chouteau and Fergus
counties. ' '

8/ A brief write-up of the procedure is presented in Appendix C.
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Because of the skewness to the right in the winter wheat yields,

it was assumed that the data characterizes a logarithmic normal distri-

bution, i.e.,

Ty v NG, | S L @ay

natural logarithm of each yield observation in a- tract
series;

N = the normal distriﬁﬁtion function; and
ﬁ,d = the parameters to be estimated [2, 9].
Each of the 15 tracts were found to be log normal within the signifiéance
level of 10 percenf, i.e., £he hypothesis of log normality is'éccéptable
at least 90 percent of the time. _Dué to climatic dependence among 1065—
tion in a given year and the practice of summer fallow in tﬁe study area,
correlation was strongly suspected to exist among yields at different
locations during a gi&en year. Based on the‘Durbin—Watson test 9/, £he
yield series at given locations were found to be statistically inde;
pendent (réndom) wi£h respect to time. However, positive.correlations
do exist between tracts, where the ﬁedian of the correlation coeffi-
cients is approximately equal to 0.35 which éuggests comple%g_indepen—
dence does not exist. Scheffe' [52] makes a statement to the. effect

that vidolation of the nprmaiity assumptions is slight on inferences

........................

9/ The Durbin-Watson test can be found in most books on econometric:
methods.
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The U-0 parameters .were gstimated-for each of the i5 tracts, wﬁeré
the ¢ parameter was derived from thé vériance meaéured1about.the linear
trend in yields over the 25-year period. Each.fract héd.a signifiqaﬁt
upward trend in yields that can be attriﬁuted‘to many reasons. The
focus here; however; is on measuring yield-variation as inflﬁenced by
" random ciimatic and othexr natural variableé. Consequently;-it is
desirable to measure yield variability as indepen@ently as possible from -
thg long—tiﬁe trend in yields.. Thus; forvtﬁis study, & about:the t?end
was assumea to reflect variability from the ranéoﬁ él;matié aﬁd‘othef
natural forées. |

From this se£ of ﬁ—c parameters; the ﬁedian value of the set for
each parameter.was 'selected to characterize the distribution of winéer‘
wheat yields; This approach is heuristic bﬁt does not violaﬁe the
independence assumption which would result if a;l 375 ?ield ogservations

were aggregated to derive the y-o parameters.-

ITI. Empirical Dynamic Growth Model
In this study, net worth of the firm is used to measure progress'”
of the firm growth process.  Ne£‘worth of the firm is,highiy dependgnti
on annual net income of the'firm from which savings can be retained ané
reinvested. Also net worth depends on whethex funds can be borrowed to
increase the flow of net révénue and on.the decisions, invesﬁment or
disinvestment; made by the farm operator. The decision maker gives aue

consideration to the risk of insolvency and bankruptcy which would
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destroy thé firm, and a utility function with reséect to net Wo£th at
“the end'of the planning horizon is Specifiedf The liﬁeég ﬁtility func-~
tion specified in much of the analysis gives no consideré£ion to vari—'
" ability of net worth at the end of thé'plannipg period; It does,
however, recognize variability of cash flows from yeér—folyéér-through

the hazard of bankruptcy.

Recurrence Relation

As is traditional in dynamic programming, the end of the planning
horizon becomes the point of reference instead of the beginning. The
stage of the decision process is measured as so many periods from the

end of the planning horizon, Figure 4.

Time

1 2 ... M1 M M+l

Stage—
M M-1 . e . 2 1 0

Figure 4. Chronological Time Contrasted with the Stage of the
Decision Process [54,p.37].

th . . ) : . .
The n stage, whexre n =0, 1, 2, ..., M, is defined as the situation
where n periods remain in the firm's planning horizon.’ Conéeptualiy, an
infinite number of stages is possible, but in practice a fihite planning
horizon is more practical. For this stﬁdy, the maximumllength'of the
planning horizon is set at 25 stages or years. The folloWing notation

and definitions are defined for the dynamic model.
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n,,. ; ' T o
W (i) = the expected.net worth.of the firm at the énd of an n-— stage
planning horizon under’ an optlmal pollcy, glven ‘the ith, ’
state at the beginning of the nth stage,

k = the set of de0151on alternatlves open “to the. flrm s .
operator. The set of .decisions relevant to this study will
be discussed later in the" section on the mathematlcal model;

p.. = the condltlonal probabllltles for going .to the 3 th state;
. given the’ 1th state ahd kth dec151on alternative; )

0L s . . : t
W (i) = the utility as5001ated w1th occurrence of the 1‘h state at
: the end of the firm's planning horizon. These are initial

- values in the solution algorithm, but are associated with

the terminal stage of the decision process. This seemingly . >

awkward situation stems from the backward, inductive nature
of the numerlcal solutlon methods in: dynamlc programmlng.-

If a ilnear utlllty functlon is used the W (1) can be set equalvto net
worth of the firm assoctated with state 1;-recall.that'state i 1mplles
a specific set of values for the state variables Whtch~in turn_iﬁply_ad-f‘
~ value for net worthJ’ The reason we can use net worth directly tor Wo(d)
under a linear utility funetioh is that the'optimai po;iey is invatiant o
with tespect to a linear ttanstormatien'of-the‘etiterion:fdﬁétiqnit29]:

" The dynamic programming recursion formula for this'studj is:
. i k ‘—l . . ) ) . ) ) .- . (SN
Wi(i) =Max [} p..W. (] , i=1,2, i, M . . (3.2) ;
. i ' L EN . .
k J=1- , . .

where: n -i, 2, .;;; 25; and

.

Wo(j) a., =1, 2, ;..) M, -the set of lnltlal utlllty values

fgr the solution algorlthm
) Equatlon (3 2) can be. clarlfled by startlng at the end of the plannlng

horizon and working backwards toward the present us;ng.Bellman-s
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principle of optimality at each stage. Thus, ‘the pbtimal policy: for a“’

"one—year planning period_is _

W (i) = Max [ Z P, JW (j)] j,~'; =1, 2, ..., M o (3.3) T
For n = 2,.3,_..}{ 25, the recurrence relations are:,:}",
2
WO (i) = Max [Zp W Lj)]
‘ k521 1J
) 73 .
W (i) = Max [ Z p..W (j)]
N k j'—l 3 . - . . . .' . l' :,'_ - .
S e S U T (B

W22 (1) = Max[ Z k Wt
. k J—l_

W1 g
' The'iterations above are those'used‘as a computatibﬁal_aigorithm.te~seive_[
- the empirical firm_gro&th probiem over“the.25;year'plaaarag period}'ufn‘:“
_.general; the Qétimai‘policyfwill'eenterge witb reséectito stagesﬁteia* 
constant decisien'raie-forfiarge n._lCoavergenceﬂean:be:detected 5?3
~carrying out tﬁe iteratioas until the same poiiey'is reﬁeateé:severaiti
times, which indicates‘an optimai”policy has been achieveq,.}bnce‘doa—'“.
'vergense has taken place, thrs provides tﬁe optimai-ﬁolicy”forha;i taiuesn
of n greater than that at whlch_the policy. started repeatlng. fﬂe:s";'

computational algorlthm prov1des a great deal of 1nformatlon for an.

economic analysis Qf the growth_process."'However,*the,expeqted value_
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criterion function does not contain all the information about the
growth process, but this shortcoming will be discussed in Chapter IV.

The recurrence eguation (3?2) represénts the general compﬁtationai
method,usgd fo derive the optimal pélicy and expected values of ne£“
WOrth.oéer the defined plaﬁning period; Howevér,:£he grbwfﬁ‘process is‘
) govérned by the transitional probabilities, i.e.; tﬁe p?j;s:are'the
weights in the growth process. Therefore; the next step is to formulate
a more explicit model from which the transitional probabilitiéé can‘be_
derived, as well as provide a better undérstand;ng of the firm growfh

process.

Mathematical ‘Optimization ‘Model 10/

The periodic net return function for the computational'model is-
f(sl,sz,x) = GIL - PE, _ | o (3.:5‘)

which is a simplification from the general modél {equation 2.3) of_

Chapter II. Only two state variables are used:

] a proportional measure of the firm's cash reserves per value

1 of capacity, where the value is based on land, machinery and
equipment, ‘grain storage facilities, and buildings. ‘Cash
reserves can be negative, implying that debt exists and s, is
negative. For positive s., the firm possesses cash reserves

: 1’ - ;
and no debt is owed; :
s, = capacity of the firm meéasured in acres of cropland.

..... L2 LT ’ .

10/ The state variables defined for this study and the approach in
general stems from the earlier work of Thompson -and George [55,pp.
49~56]. Their model, however, was deterministic in nature while in
this study the model is stochastic. '
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The state vafiable S, is eliminated by forcing a fixee dollar investment
in machinery and equlpment bulldlngs; and grain storage faCllluleS for
each unit of capac1tyu There are only two sources of value for the -
model whieh contribute to net worth—-unit va;ue of capec1ty and cash

reserves. Thus, net worth can be derived from the definitions of both

sl_and S5t
v(ez) = the net value of capacity (net of selling costs) ;
Sl = cash reserves per value of capacity, v(s ), whlch_lmplles that -
slv(s ) = wvalue for cash reserves.

Thus, cash reserves plus value of capacity equals net worth, which in"

notational form is

slv(sz) + VFSZ) = net worth, or

V(SZ)(l + sl) = net worth.

The net value of capacity is expressed in functional form because it
might cost more per unit to sell small quantities of the firm's resources
compared to large guantities.

Decision Alternatives.--So far nothing has been said about the

courses of acfion open to the firm's operator. The stete of the firm in
subsequent periods is dependent on the action taken with fegard to
resource invesfment or disinvestment and on-fheletochastic eature.df'
returns. In this model,. there is only one decision variableé;change‘iﬁ;

capacity--since there is only one cropping system with no allowance for
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changes from year—to-year. The decision variable is denoted by x which
replaces x

and x, in the general model of Chapter II.- The decision

2 3

alternatives are limited to the following three choices:

k = 1: sell 320 acres of cropland plus assoéiated machinery and:
' equipment;
k = 2: a do nothing policy; and
k = 3: Dbuy 320 acres of cropland plus associated machinery and
equipment; ’
where hereaftér the alternatives will be reférred to as k equals 1, 2,

or 3 and the decision variable is

I
-

~320 if
X = 0 if k=2 - (3.6)
+320°  if k=3

The 320 acres of cropland is én arbitrary selectiqn'fgf convenience in
specification of the growth.model. When land is éﬁrchased,.it must be'
bought in "lumps" ;s contrastéd_to é continuous variéble.l Little biasT
enters the analysis by the restriction to +320 instead of bérmitting
more alternatives for larger ﬁurbhases; Two years of‘buyinghér selling
can accomplish the same result as if,i§40 alternatiye were pe;mitted.‘
It is expected that forcing the purchase or sale of 640 acres over two
years would not create much bias in comparison Qith.lettiné it all

transpire in one year. Action X, is a disinvestment alternative, which
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is relevant under the assumption that disinvestment might be an optimal

policy for a firm deep in debt.

ted so that it cannot sell more of the resources than if possesses.
Associated with k = 1 is an 'implicit 5 perxrcent penaity for an assumed

guick sale, which is defined by

v ﬂsz) = O.950Ls2 . - (3.7)
where o is the price of land and thus 0.950 is the.net value of a unit
of capacity after the sale is transacted. The value 0.95 was arbitrarily

selected for this study. Then the resource cost function is:

0.95ax ’ k=1
cwr =0, k=2 | SR
ax ’ k=3
For this study, the decision to sell or aéquire S, is made at the
beginning of period n. When additional land and associated invesﬁments
are purchased, c{x) is positive and cash reserves are reduced by the

cost of the investment..

Interest Component of ‘Income.--As an approximation to the'timing of"

receipts and expenditures within the production year, interest is

charged on the cost of capacity purchases whiqh.éré specified to occur

at the beginning of the year; while all other components of receipts‘

and expenditufes within the year are:ignored in the interést calculation;

Of course, interest is charged on the value of cash reserves (debt)
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existing at the beginning of the year. The only_e?ror in this.approach..:
is with respect to interest on receipts or expenditures for a fractiop'"
of the year, there beiné no cuﬁulative effect since the'sta?e variableé>
account fqr year—to—year effecﬁs.

Annual interest-is calculated on a principal given by

P = 51V(Sz) - c(x),

where slv(s2) is cash reserves (negative of debt) and c{x) is cost of

capacity added at the beginning of the year. The functional relétiop~

ship for interest is

~ P if P < 0, interest expense

r
p(P) =<0 if P=0 s o (3.9)
i-mpP if P > 0, interest income .
where: ¥ = borrowing rate,
i = lending rate; and
r > i.

Transformation Functions.--For now, let g(sl,52

;1 ¥X) denote the net
savings function which is a random variable since it is an implicit
function of periodic net returns. This saving: function will be

explicitly defined later. The transformation for Tzhis

_ ) , . _ | 5: .
Tz(sz,x) 52 + x, | {(3.10)
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‘since the change in capacity with the paséage of a stage is x.. For Tl’

the task is not quite so-easy. Cash reserves are defined by s V(Sz)

1

and thus, cash reserves in stage h-1 are equal to cash reserves in

stage n, minus the iesource cost function c{x), plus g(sl,sz,x). The  '

value of capacity in stage n-1 is equal to v(s2 + x), and the trans—

formation on T, (s

;8,,X) is the ratio of cash reserves to value of
171772 . : .

capacity in' stage n-1, and is written as

. .s_lv(s2) —~.c(x) + .g(sl,SZ,X)

'Tl(sl,sz,x) (3.11{

V(sz + x)

In this transformation, T the difference between the relations for -

ll

equation (3.7) and the purchase value of capacity, v(sé),'
v(s2) - c(sz),

is the difference between the purchase cost and selling vélue; this

difference is a transaction cost.

Saving Function.-—-The firm's periodic saving 'or reinvestable

income function is

= + — .
g(sl,sz,x) Wc(s2 + x) + PWYW(S2 x) [PE(s2 + g) + Tf(sl,sz,x)
+ Ts(sl,sz,x) +.TSS(§1,52,X)] + p(P) f.CO(sl,sz,x) (3.12X
where: Wc = per capacity Vélue of wheat certificates;
Pw = price of wheat, assumed a constant;
the random yield for winter wheat;

S
i
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PE = production expenses per acre of‘capécity;

Tf = Federal income tax;
Ts = state income ta%;
Tss = socilal security tax;
CO = family consumption expenditure'(the assumed .residual for

the operator's labor, management, etc.); and

p (P) interest income ox interest expense as defined‘by‘

equation (3.8).

The variables Tf, TS, Tss' and CO are implicitly functions of gross

receipts and thus functions of s S

1’ T2

and x; and o(®) is inplicitly a
function of Sir Sy and x: Keep in mind that qépacityiis éurcﬁased af
the beginning of the production year or stage, i.e.i Tz(sz,xz equals ..
s, + X occurs at the peginning of stage n.

The recurrence equation for DP can be written

ontl : n . : ’
V(s 48,) = Mix E{v (Ty (s378,,%) T, (5,,%)) } . _ ‘ {3.13)

where Tl(sl,sz,x) and Tz(sz,x) are given by (3.11) and (3.10, respec-

tively. The constraint imposed on x is

since negative x implies a sale of capacity and

s £ B
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" the final bankruptcy state. The firm cannot sell,mofe land (x) than it
owns and s & B means that the state vector s does not belong to the

bankruptcy state. When S e B, the recurrence eguation 'is e
n+1 . _ .
v (sl,s2) =-0, . o o (3.14)

which is in contrast to the general model of Chagfer iz, i;é.,‘there is
no .-salvage Vé}ue in bankruptcf—-sl equals O aftér'bénkrgp£cy.

The preceéing equations are the bgsis for deriving the-transitiohal.
probabilities used by‘thg éeneral recurrence rel;tion,'equafion (3;13).:
How the transitional probabilities are derived is the next Fépié’fér" |
discussion.

Transitiondl Probabilitie

To study the firm growth process and obtain expected utility of
net worth, the probabilistic nature of the state transition must be
specified. In.other words, a set of conditional probabilities must be ‘

. i . : . th . th
derived which assign the weights of going to a j state, giwven the ‘i
.. ' . _ ' .
state, kth decision, and n h stage of the system.
. . th _, - , -

The production period (n stage) for the winter wheat farm is
depicted in Figure 5. The decision to invest or disinvest is made at
the beginning of stage n and income received at the end of stage n.

Cash reserves for stage n-1 can be written as:

Hn =" - c(xn) + g(s?,sz,xn) . C (3.15)




.64

September 1 S e néugust:3l'
AR L : e R
) ? ) " T DY B et il —._—‘ —————
. -Stage n Stage.n - 1 :

Figure 5. An Tllustration of the Empirical Model's Production Period, .
' from Planting of the Crop to Harvest when the Entire Crop
is Sold. ' o ‘ -
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where I is used to denoté.cash .resexrves.: The cash reserve function for

period n~l1 can also be written as -

n~-1 _n n n n n_n - '
I = slvtsz) cl{x’) + g(.sl,sz,x ) Co (3.1_6)
since s, = H/v(szl. Cash reserves in period ﬁ—l are a function of the

random yields for winter wheat. Both yields and cash reserves cou}d'be-

treated as continuous variables, but the compptational burden woﬁld be‘

unwieldy. Therefore; discrete values for Hn—l mpsf be specified and

discrete intervals are used to represent each of the state variables.
The second state variable traﬁsformation (T25 is deferministic

which makes the fifst state vgriable transformation (Tl) the only

source of random variation in the transition of states.- An explanation

is given for x and s, at given levels since these variables are not

2

subject to random variation. For simplicity, the jth state will be

treated as though it involved only the level of Sy although a state®

‘and s,. - But for a given

must be associated with a pair of values for S 5

value of s, and x, a new value for s, in the next stage is given with’

certainty, and we take that given value as fixed while attention is

focused on the interval in which sl.falls which is reéferred to as fhe

. . : .t ) .
jth interval or simply the jth'state. Remember that the.j h'sta_lt.e'or

interval is associated with sy while x and s, .are some given pair of

numbers.
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Define Lj and Uj as the lower and upper bounds of the jth interval

for sl defined over a set of discrete intervals. Then for x = xn and'_:_

n~1 n -
S, = 52 Xk’
k . n—1L
= P < <
pij r[Lj __sl Uj]'

where the ith state implies a pair of values for the state variables,

n-1L

s? and sg.' The random variable S1

1 is given by the equation for

Tl(sl,sz,x),
. B e e T e SR AN
: .s.Il.IV(sz) S e .f.g(si,sg,xn) . o
S = o (3.17) -

v(sg + xn)

Since Yw is the ohly random variable and it enters in the savirngs

n-1

n n
1

175, eqﬁal to Lj and solvipg (3;17) for

. n A
function g(s yX ), setting s

Yw'will provide a lower point on an equivalent interval with respect to

n-1

1 likewise for Uj to get an upper

the random variable YW instead of s
point on the interval for YW. Thus, the probability statement can be
written as

k
., = PriL' <Y < 1U'l
Pl:| I ow J

where primes are used to denote the counterparts of the interval limits

on sn—l
1

With these intervals computed for yield, the probability distribu-

- ik
tion for wheat yields can be used directly to calculate the {pij}'

Since wheat yields were fitted to a log—normal density function, the
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interval boundaries are converted to logarithms and the following

standardized normal variate used for computation:

&

LAY 2 . . | | .
o .
where: ' Z = standard normal deviate;
B = estimated mean in natural logs (median of the 15 tract

means) ; and

0 = estimated standard .exror in natural logs (median of the 15
tract standard exroxs about regression). :

A probability Pr is computed for Ué and L5 (upper and lowér bounds of
o Lth, ‘ X : .
the j intexval, respectively) for the lpgarithm of yields, using a
‘normal probability density function sub~routine on an electronic computer..
k - ‘s \ . .th |,

Therefore, the Pij (transition probability)- associated with a j  inter-—
val is the difference betweén the cumulative normal function evaluated

at Ué and Lg where the difference is always a positive value. Figure

' ; .th N .
6 illustrates the transformation process to a j . state interval, given

the ith state defined by a pair of values for s

1 and S, and a decision

. . . ' - . th
alternative given by k. Keep in mind that the values for sl in the i
state are the midpoints for the intervals in the jth state. After the

. k . ’ . .
first Pij is derived, the upper boundary on the first interval becomes

the lower boundary for the second interval, the upper bbundary on the

second interval becomes the lower boundéry for the third-interval, etc.
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Debt ratios, snTl

1]
. th o B
c state, stage (n) 3 interval, stage (n - 1)
s, = ~-0.9750
! QO -1.0125
32 = 960

Insolvency
k=3

) -0.9375

) -0.9125

q>—0.8875

O +0.6000

f 2T 3 el k
Figure 6 . Actual Example of Transitional Probabilities, pij'

Sy
: i 5
Computed for a Particular i State Defined by (51,32),

k = 3, Buy Cropland.




Data for the Model

The numerical values assigned to s, and s, are.shown in Table I.

1 2

In combination (sl,sz) defines the ith.sfate of the firm at stage n.
While the values for S are -expressed.as a percentage in Table I, the

computational values are these percentage values divided by 100, i.e.,

corresponding proportions. The first state variable, s., falls bPetween

1!

the values

-1.00 < s. < +0.60

1

in increments of 0.025 units: The capacity (52) values‘wére arbitrarily
picked.but defined to éoincide with the incremental capacity as spgci~
fied by the.decision alternatives which are in units of.320 acres. The
model has 19 capacity levels and 65 cash reserve levels for each
capacity, making a total of 1;235 states, where state 1;236'ié the final
bankruptcy state. The first.state at each capacitf lgvel is-defined as-
the insolvency state, i.e., when Hn = -1.0 where v(sz)n is equal to
Zexo. |

The programming model to generaté the p?j‘é must have a beginping
and an end; consequently, only two decision alternatives ére allowed

at the boundaries:

2 or 3°

0
il
o
It

640 acres ,

2]
i

6,400 acres 1 or 2.

P
i
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TABLE I. COMPUTATIONAL VALUES ASSIGNED TO STATE VARIABLES $1 AND s,
WHICH REPRESENT THE MIDPOINTS FOR THE STATE INTERVALS.

S ' S
Debt—-Cash Reserve Ratio 1/ - Capacity {(cropland) 1/
: ' Percent ' 'Acres

-100.0 640
~ 97.5 ' 960
- 95.0 : . 1,280
~ 92.5 ' . 1,600
- 90.0 1,920

. : 2,240

. i ‘ 2,560

. 2,880

- 60.0 S 3,200
- 57.5 : ‘ 3,520
- 55,0 3,840
- 52.5 " 4,160
- 50.0 . 4,480

. 4,800

. ' : " 5,120

. 5,440

0.0 5,760

+ 2.5 . 6,080
+ 5.0 . 6,400
+ 7.5
+ 10.0
+ 55.0
+ 57.5
+ 60.0

1/ Values are in increments of 2.5 percent and 320 acres,

respectively, for sl and sz.
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The lowe? limit of 640‘acres is the smallest size farm tha£ could hopen
to support a family, and the upper Ilimit waS'largely'determinéd by a
computer capacity. A déscription and'listing of the cbmputer é?ogram
along with a general flow chart are given in Appendices D through F .for
the interested reader. ' The program languége is‘Fortran IV—H for a XﬁS'
Sigﬁa 7 computer. Thus; ﬂéfdre this éroéram‘is used on anylother
coméqter, careful attention to language differences is needed.

The price of wheat used and the functional'relétionship for value’
of the non-cash assets and productiqn expenses are shown in Appendicés
A and B. . The value of the wheat certificate pa?ment is |

W; = w@eat allotment acres times the férm'éAASCSvprojected yield'

times 48% (portion of wheat allotment eligible for certifi-

cates in 1970) times $1.57 per bushel (1970 bushel value for

wheat cerxtificates), where W = W' reduced to a per acre of

cropland value. ¢ ¢ )
The ASCS average projected wipter wheat yiglds for the fhree—countf éfudy'
area is 26.7 bushels per acre. |

The cropping pattern showé that barley is seéded by'thg firm, :Té
simplify mattexs barley sales were transformed into wheét.eqﬁivalents'
employing a method used by Hjort-[27]{ where Pw represéhts'a weighﬁed'
price which reflects barley price and yield and proportiéné of the

land in wheat, barley and fallow. The end result of the calcﬁlation

was Pw = $0.5831 when a yield is calculated for each acre of cropland. 11/

''11/ See Appendix B for a detailed breakdown of thé‘method used in
expressing barley in wheat equivalents.




72
In using Hjort's method, the assumption made is that the variance of
winter wheat and that.for barley are affected equally by the same

climatic factors. This assumption can be stated as a testable hybothesis:f

2 2
H :0 = Qg
Y
S S A
2
Ha:crY # G&
w b

'  ntes ; ) . ' 2
where Yw equals winter wheat yields, Y, equals barley yields, and o

b .

denotes variance. However, because a comparabie sample\of barley yielda'f
data was not.available; the test was not made. Aggregate Qinter'Wheéﬁ_
and barley yield data were tested and the variances were not significénﬁw
different, but the test with aég;egate data is.judged to be nonponclusi&e; _

Models used for analy;;ng firm growth are ﬁore useful ané realistic
when cash withdrawals for self-employment féx (social secur;ty); state
énd Federal income taxes; and family consumption ére incorporated. The

self-employment tax is based on the 1970 tax schedule for farmers and

is assumed to be computed by the regﬁlar method [57]:

It

if g (sy,5,,%) > §7,800, T__ = §538.00

(3.19)

It

* 3 * )
if g (sl{s2,x) < $7,800, TSS (0.069)g (sl,sz,x)‘

* : :
where g (sl,s +X) is net farm profit after deducting production expenses.

2
Federal and state income tax liabilities are based on an assumed

family of four where the exemption allowance equals $2,500, ($625 x 4),

and the $1,000 standard deduction is used in place of itemizing family
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deductions, making a total of $3,500 in exemptions- The taxable income

function is

h(.slls2lx) =g (.Slr,szrx) - SD : ' . " ' - (3-2Q)

and if h(s ,X) 5 0, income taxes are equal to zero.

1"%2
A computer routine Qas'developed wherebyhthe Montana (Ts)’and
Federai‘(Tf) income tax liabilities.can be deri&ed:ih‘a si@ultaheous
manner; This routine derived the limits:for appropriate téxable income
intervals‘lé/ that have appropriate constants and rates Which reflegt
the constants and rates as shown on the 1970 tax:sqhedulés; With \
h(sl,sz,x) known, the appropriate interval'pan be sélgcted a@d the tax

liability determined by the following generél functions:

H
it

a, + Yih(sl,sz,x)

(3.21)
T
5

It

ui + Gih(sl,sz,x)

where o and Bi are the appropriate constants and Yi and Gi are the

.th |, L ‘ '
appropriate rates for the 1.h interval.. The "i", as used here, should
not be confused with the ith state. The derived income tax liability is

only a close approximation since the 10 percent surtax was not included

';g/ There are 34 taxable income iﬁtervals_in the simultaneous rela-
tion ship for Montana and Federal income taxes.
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in the relationship under the assumption that possibly the surtax would
be eliminated in the near.future;”lg/"The net cash return function

after taxes is:
Q(sl,sz,x) =g (sl{sz,x) - Tss(sl,sz,x) - Tf(el,sz,x) —‘Ts(sl’SZ'X)
| | (3722)

Consumption expenditures.are an importantlcapital leakage in tae_
firm growth.process because if the family:cannot survive; heithet will
the firm [27], and the firm's ability to accumulate capital is dependent
on the famlly ] consumptlon pcllcy and any changes made ovexr the
planning period. A search of the literature produced nothlng about the
consumptive habits and expenditures of Montana farm families. However,
an empirical study was located which was:basec oﬁ a croée—secticn of

farm families for selected agricultural areas of the United States [9,

pp.769-7721. This consumption function is:

co — 22,96PO'41910'59OSO'163

2

(3.23)
(R® = 0.947) ; )

where: C current consumption7

P = ratio of current (1970} to 1961 1ndexes of prices pald P!
= 1.26804; N

lg/ The voters of Montana, however, in November 1971, voted down a 2
percent sales tax plus retention of. the 10 percent surtax for an
overall 40 percent surtax on all ‘taxable income. -
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I

net income after taxes, Q(si,s

2,x); and

I

- S family size of four individuals.
Equation (3.23) is based on mean values and the coefficieﬁts for P, I,:.'
and S ;re elésticities rather than maréinal proéensity valueé. Family =
consumption is not allowed to fall below $4,000, a 1évei aésﬁmed to Ee
the absolute minimum subsistence level for é family_of fogr. fhe con—
sumption'fdnction is illustrated in Eigure‘7, where the amdunt withdrawﬁ
for consumption increases-at'a decreasing rate as I increases. For
large values of I, the consumptioﬁ function approximates a linear'buf.
poéitively sloped relationship;, The consumption'eépenditure is an
egplicit function of disposable income in the period in which the inéome
is derived from gross sales. Generally, consumption expenditures are
consideredlto lag in adjustment to changes in farm incomes; Howevgr{‘in:

order to meet the Markovian property of independence between stages, a

lag is not allowed. The residual income, defined as

g(sl,sz,x) = Q(sl,sz,X) - CO (3.24) '

represents the firm's savings ox reinvestable funds, provided of course

that g(sl,sz,x) is a positive value. If g(sl,sz,x) is negative, the

firm is allowed to borrow this amount if needed which adds to debt if sl‘

is negative or reduces cash reserves if s, is positive.

1
The basic interest rates for the empirical model are:
r = 7 percent for the borrowing rate; and

i = 4.5 percent for the lending rate.
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Interest income or expense is calculated as simple interest, i.e.,
the interest is calculated on the principal as defined by P for
equation (3.9).

k , - . TN - 0, '

Once the pij s are derived, .an initial set of wvalues {W (j)} must

be specified for the.recurrence relationship. These values measure’
the utility of net worth associated with. the jtn'state when the firm

reaches the end of its planning horizon. A value of net worth must be

calculated for each of the 1,236 states, and if
s €8,

then Wo(jf- is equal to zero. Nét worth for each of the other states

is given by

51V(52) + v(s2) equals (cash reserves) plus (value'of capacity).

"This net worth value is substituted into the utility function to calcu-~
late WO(j), where j corresponds to the pair of values for s and S,

dencted as state j. Much of the analysis assumes a lineax utility

o 0,.
. Function which permits using net worth for the values of W (j).




CHAPTER IV
NUMERICAL RESULTS

The expected net worth in total dollars, and the optiﬁal policy
are derived for all relevant.staggs'(ZS) and states (1236) and a range
of values for selected parameters in the model.- Because of the |
voluminous natﬁre of the numerical output, the presentation of resulfé
will be limited to a minimﬁm selection of-the nuﬁerical.data but
~generalizations over all states and stages will be included.

An abbreviated listing of the outpﬁt from the value-iterative pro-
cedure 1/ is shown in Table II. The optimal poiiqy and expected ﬁet
th

worth are indicated for each state. The state number refers to the i

state as defined by (sl,s ), and note that statésli and 846 in Table II

2 .
are insolvency states, since each has but'one~alternative'and a zeré‘
expected value.

For the moment, the presentation and evaluation of thé‘overall
results will be deferred because the value-iterative method lacks
'gertain'vital information needed for a complete economic¢ evaluation of
growth. The expected value criterion method does not fullj describe
the procegs of growth, i.e., the probability of a pa¥£icuiér:state beingv
occupied after n steps (ﬂ.years in tﬁe planning horizdn),'givén that

the starting position is known. In.other words, the relevant

1/ The value-iterative procedire is also called the dynamlc program—
ming computatlonal algorithm. -




TABLE II.

STATE POLICY

EXAMPLE

NNNNNIRNSNNNONUONIRNORRNRRORNNNNRONNNNNONDRONDNNNBNDNDNON -

OF THE DYNAMIC

RETURN
-CCG00COCO0E
-1870621672E

" «31671061186E

-4790176934E
-T0D92%23714¢E
<96928F7646E
12167327038
- 14848809708
«1751117309¢
«1997767048E
+22865229678E
.2532873194E
«27T7T8153394F
-3045220170E
-3314342833¢
.3561025245E
«3824523993E
.4093826360E
«434062046GE
-4603357741E
L48T341T596F
.5119635272¢
.5380530453E
.55651495032E
+58698830354E
6160233954
6428741666
«66TTR0B443E
<69386867142E
» 7207971818
- T74'144255868
STTLV6243378
-79381¢822%0E
22501557193
-8486775096E

«875557284E

-SC024838918E
«9260271611E
-9528167478E
-A798442826E

PROGRAMMING OUTPUT BY STATE, OPTIMAL POLICY AND EXPECTED NET WORTH.

C4
04
04
C4
Cc&
05
05
s
05

G5
(%]
a5
G5
o5
05
(¢1}
cS
a5
C5
as
05
05
cs
05
c5
05
05
05
05
C5

cs5

a5 -

05
05
05
G5
05

05

STATE

413
414
415
415
417
418
419
420
421
422

423"

424
429
428
427
428
429
430
431
432
433
434
435
436
437
438
439
440
441
442
443
“4h
455
446
447
448
449
450
451

452

POLICY

WWWWWwWwirwWwwwwLwwnwwwWww e uwWwluwLluwwwiwwwuwwwwew

RETURN

<2167493191E
.2264514217€
-23549312560¢
.245G381875E
.25456414625E
+2642843206E
-2739843555¢
<2B36989501E
-2934457516E
.3)32206555E
-3129T47775E
-3219873546F
-3313681073€
«3409131799E
-3504779843E
«3501072641E
«3697500822E
.3794376216F
+3851332447€
.3948T40662E
<40BC114428E
Z4174691120¢€
L 42694441736
«4363563333E
«4458109039€
<4552904402€
<4648021294F
<&T43T31896E
-4839505359E
«46931919745¢€
.5025488595€
L5L14471%95E
-5213018992E
-5306223908%
400572267
+5495326318€
-5590350605E
566572740 2E
.5779483019€E
<5873655186E

06
06
Gé
06
06
06
G&
g6
06
06
cé
cé
06
06
06
06
06
06
06
06
06
0é
Ccé
06
06
g6
Cé
g6
06
06

0&
06
26
Gé
06
[$2:3
[$1°]
06
06

STATE
8285
826
827
828
€29
830
831
832
833
834
835
836
837
838
839
840
841
842

© 843

244
845
846
847
848
649
856
851

852

- 853

854
885
856
851
8535
859
L60
851
862
863
864

POLICY

WRHWWWLWLWWWOWHRWWRLUWRFLUWWRANNNNNDNIDNRDNOMNORNNODNDNDN

RETULRN
«7300433481E
«75228579¢2E
«76385267478E
. T1847TT36529E
-EC1C098084E
«8172364419E

. «83348C45C8E

-84970544C0E
-8659461640E
«8821757613E
.8983575855¢€
.9146256350k
~93C8378805:E
«947C€2587LE
«9624246563F
+9796146053E
«5957212460E
.1010627892E
+10269C0S68E
+1043CT73273E
-1059257¢1¢€E
.CCCOUCoaonE
2864203566

«4593734014E

«638G560745L

. .8187566682E

+9581939253E

~1177576730E

«1357C5C458E
<1520645153¢6k
#17092228056E

T el8855178cC8E

WEOL2302LETE
$2339175382:
«2416455314¢
.2593803825E
+27713884282

«2948827840E

-3126557786E
+3304266493€E

G5

Qe

Cé

6L




80
questién is: "What can be said about the growth poéition of the farm .
firm after n years have passed, given that the initial position ;s‘
known?"' For example, increasing the firm's net worth adds to Aebt:
repaymént capacity ;n that, as the ﬁarm businesé expands By accumu-
lating more physical and financial resources, net cash inéome éenerally“
increases. An expansionary policy, however, could place dxhegvf strain
on a fi?m with limited financial resources which when.cdupied with
stochastic returns could result in bankruptcy. Pertinent to such'é
situation is the probability of bankruptcy associated with somé ﬁth
year in the planning period, énd in general, the‘probabilitieé'of
occdpying‘various states in the Markov Chain. Therefore, 1etius'tqrn‘
our attentign to the "Stochastic Transition Matrix" which érovides addi;

tional information about the Markov process.

Transition Matrix P?

Once a policy has been derived (say an optimal policy within the'
limits of the model), the firm growth process is completely described
by a Markov chain. A policy specifies a choice of alternativé Rh givén_
any state i and stage n. For the moment let us assume thé éolicyAis.
constant over stages, then the policy is given by a fdnct?on k(i) which
says that k is specified for each and every integer i, i = l} 2, acey,
1236. Sincekk is a function of i; the transitiqﬁ probabilities?can bé_

k(i)

‘written as pij ; Oxr simply pij'
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.Thé transition matrix is a square array iﬁ which the éffay elements
are the trénsitional probabilities, Pij'l Eor the'firmngréwth model,
the matrix is a Markov chain with 1;236.statés'and is therefore a 1,236'
2 1,236 arra? of transitional probabilities. fhé density of the matrix;
proportion of noﬁ—zero progébilitges;.ié-appfoximately 0.6 percent. The
actual matrix is too larée to be reproduced:in its entiréty; conse-—
quently, an abbreviated version will .suffice, Figure 8. To simplify.
the notation, the letter “p".replaEes'the general notatipn pij, but keep
in mind that the array eiéments js) ané tﬁose implied by_..l are not all ‘
pqsitivé probabilitieé.‘ In the total matrix, there are 19 insoi&ency
states ana one bénkruptcy state. Five.of the insolvency states are
shown in Figure 8, states 1%, 66%, 586*%, 976*%, and 1171% and the state
1236%* ig bankruptqy; Note each of these states ha&e a probability
equal to 1, Which in a Markov chain is called an Gégsorbing étate".

A Markov chain is "absorbing”™ if: (1) it has at least én absorbing
state; and (2) from every state it is possible to go to an abéorbing'
state (not necessarily in one step) [32,p.282]. Iﬁ other words, oncé.
the absorbing state is'entered there is no way fo leav; it. In this
study, once any insolvenc& state is entered in the nth stage; it gqes.
with probability 1 to bankruptcy in stage (n-l); g/  Conse§uent1y, the

survival ability of a firm, particularly one with small net worth, is

2/ This method made the computational procedure easier for indorporaﬁon
into the computer program. _




.th

_ _ 377 State N _
1 2 ... 66 67 ... 586 587 ... 976 977 ... 1171 1172 ... 1236
1% 1 0 0 o 0 0 0 0 ' o o 0
2 P P P P p p P P P P . 0
66% 0 0 i 0 0 0 0 0 0 0 0
67 P p P P P e P P P P 0
586% 0 0 0 0 : i 0 - 0 0 0 0 0
% 587 P P p p P P P P p p 0
p . :
m . N
5 976% o000 - -0 0 0 0 1 0 0 0 0
977 - P P < ‘p P P p 0
1171% - 0 0 o o - o o 0o 0 1 0 0
1172 P P P p o p P P P P 0
1236%% | 0 O 0 0 0 o0 0o 0 0 0 1

© Z8

‘Figure 8. Abbreviated Illustration

of a Transition Matrix where the p,., are the Elements
- o . : ’ 13
of the Array. ; )
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corresponding to the firm's planning horizon will préviae infdrﬁapion
about the relevant economic.questions;' | | |
Let us‘begin by defining an initiai'probability.vector t(0) which- -
is the probability that the’ system occupies‘state i'as an:initial '
.condition——%i(O) equals 1 in éhg it compo#enﬁ and 0 o@ﬁerwise if the
firm starts out in the itﬁ state with.éé?tainty. The Vecto? t(0) is

defined as a row vector. The transition matrix P consists of the

<

13
array elements that must meet the condition
M _ . -
FpiLa=1 - : . (4.1 -
3=1 *J ' ' - o : -

where 0 < Pij < 1 [29,pp.405]. Powers of a matrix are defined in an

ordinary way using the law of exponents [53,p.47]1:

P> = p . P
pd = p - p?

4 3 o L B
P-=p - P , . (4.2)
ot _p . ptl

Post-multiplying the initial state probability vector t(0) by the matrix
Pt yieids a probability vector, the elements of which are the probab- .
ilities of.being in each of the resulting states after thé growth

process has operated for t years. If.the process starts out in state i
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with certalnty, then the’ above probablllty vector, denoted T(t), 1s,f
151mp1¥ the ;th row of the matrlx-Pt.' ThlS result 1s ea51ly verlfled by
the rules of veotor—matfi; mtltiplioatlon. The readerlls cautioned not:‘
to confuse tlme t as used here with the stage n in the dynemlc program-i
ming model ‘t 'is tlme measured from the’ beglnnlng of the brocess whlle
nxls humher of.years remaln;ng_ln the'process. |

Beoaose of the matri#}s size (};236 X'l,é36)iahd 1imitea compﬁterl
‘storage capacity/'the ehtite.matrix couid hot he directly taieed toi”
véridusﬂpowersAof 1.‘ queequentii;‘é oomoutefiroutihé ék'hesEdeteioﬁed’%.,'
whetebyvthe entire initial metti% wotld be read bdt.only theiprohah—h
.ilities for pfeselected roﬁ vectors wodld.be.detived.tof pohers of_P;
fixed at,disorete points in the 25—yeer planning period;::awee_set equal
to.5{ 10{ 15, 20;.and 25. These‘discrete periods-are'consideredfsuffi~
cient for the analysis. | )

: U . .o ' . .t i A . L
For a transition probability matrix, P, the pij'elements_are those

]

associated specifically with either decision alternative k = 1, k. 2,
'or-k = 3. Thus, each set of bij elements‘represents-a:policy convepgence

in that the policy is invariant qver.etates‘and time in the usualrsense.

..........

3/ Deep'appreciation is extended to Mr. Harlen Hames, Manager——Applled
" Programming, Montana State University Computer Center, for develop—
,i_ng the matrix-power routine. Without: this rout]_ne Parts of _thls
study would have.been foregone, and much useful information lost. -
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Why powers of a constant matrix will provide the desired results is the
negt topic £o be discussed. | |
Let Ti(t) define the‘prébability.that ﬁhg Qiowthgmocess‘will.occupy j
state i after t number of yéars with ifs'state éf't = 0 known with

certainty. Then the sum of these probabilities must be equal to l,‘ite.;

1236 : - ‘
yoryte) =1 o : ‘ (4.3)
i=1 _ .

where 1236 equals the number of states in the matrix. Then for period
‘£ + 1 it follows that
1236

Tj(t + 1) = 'zl -Ti(t)pij , t=0,1,2, ..., 25 o S (4.4)

or in more specific terms

1236 -

e+ 1) =] ,(0)py,
i=1
1236
T2(t + 1) = 'Zl Ti(t)pi2
B (4.5)
’ 1236
Tyaget F Y = izl 5 (0P 1936

Thus, the general notation Tj(t'+ 1) is the probability of being in a
state j one time period later. Let T(t) define a row vector of state
probabilities with components Ti(t), then equation (4.4) is reduced to

the general vector form




T(t + 1) =T()p , t=0,1, 2,.,.., 25 ' : (4.6)

Then by recursion it follows that -

T(1) = T(O)P
2

T(2) = T(1)P = T(0)P
: 3

T(3) = T(2)P = T(0)P

which, in general, is:

i
o
l—l
N
~
.
’
N
&

T(t) = T(O)PT , ¢ “.7

The transition matrix P is a éonsﬁanf;_thus,:T(Q)P#-gives the probab-
ilities of being in each of the various states.whére the matrix P is
& constant (sge Howaxrd [29,p.57]).

For each preselected row vector for a given pbwer of the transi£ion
matrix, the mean, standard error, and coefficient of &ariation of the
firm's net worth wés derived.; The'meén value turned out to be'approxi—
mately equai té the‘expected neﬁ worth derived by the Value4iter§tive
p;ocedure, and the small diffefeqce which existed befweén these two

values is attributed to rounding errors. The computation eguations are:

1236 o p _
W= Fop. W () L S (4.8)
' j=1 J o ' :
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11236

:,‘.

ot , 0,.2 . t2 -
o =~ LIp, W )T - Wy (4.9)
- W L 3. . i S
i J=1 SO -
- ‘Gt .
eV, = ¢+ 100 (4.10)
i ‘ . .
i
where: = -t = the dlscrete p01nts in the planning horlzon, ‘5, lO 15,
20 and 25, i.e., the ‘respective powers of’ the matrix;
.t n i .th
Wi = mean value’ of the firm's net Worth for the i Xow
: (state) vector, - - e
P = the probabllltles a55001ated w1th the 1 - Yow vector of . o
-J‘ Pt . . . ; ) . S LT
0 . . S o . LT N
W (3) = te:m1nal~value of the firm’s net worth as défined earlier;.
G; = standard error of -net worth; and .
. ti . o o : . S
CV,. = coefficient of variation of net.worth.
. i N . - . . - « R

' The values for‘eQuatiots (4.9) and (4;105'pro§ided additioﬁai_informetien T

ar

" needed in the Valuation of the growthgproceesvor.thé.lackqof grdwth?ﬁ

With the additional information obtained from selected_poﬁers of the .~

- transition. matrices, presentation of the numerical results can proceed. "

Firm Growth with No Constraihtee—Numerical'Results'

- The unconstrained dyﬁamiq growthtmodel.is that presented in the

first part of Chapter,III,'where.uneonstrained is~usea:to.imply.that}:

no credit restrictions are imposed on “the firm and the only restric-

5
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tions imposed are the insolvency and final bankruptey states. This
modei containé the assumptions and stated parameter values of the
stochastic model presented in Chapter III. .Varioﬁs parametérs in the
model were examined to determine théir iﬁfluence on the optimal decision
'rule'to apply sequentially over the planning‘horizon'of the firm to
maximize expected value of net worth at the end of the planﬂing horizon.
These parémeters include various values for the elésticity of consump-
tion, three different interést rétes for existing debt plus new debt,:;
the bankruptecy threshold, inability to borrow threshold, changes ih thef
value of cropland per acre, and removal of fhe.detérminis£ic ;eturns
_from wheat certificates.

Each parameter change constituted the genération of a different
set of ﬁransitional probabilities, ptj's; the;efore, becaﬁse of limited

funds for computer runs, a limited number of parameter changes were

made. However, these changes did reflect some implications which will
be discussed -in general terms. The procédure to be folléﬁed here-is tq '
first preéent the results for the unconstraineq model aﬂd selected’
changes in parameters -and then discuss tﬁe impliqatioﬁs of the more
subtle relationships contained within the model. All numerical resﬁlts,.'
‘unless qtherwise specified, are based on the assumption of a linear V

utility function with respect to:the expected value of net worth.
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Optimal Policy for Unconstrained Model
Given no credit constraints and:flexible repayment of debt, the

optimal policy for the 257yea£ planning horizoen is to buy 320 acresiéf
land and associated equipment valued at $46,06%. The buy pélicy is
unanimous for all relevant states é/ regardless of the firﬁ‘é debt or
cash reserve position; This decision rule indicates that the oberatér
should be a "plunger";."go for broke”, and hépe'the‘expected outcome - -
will improve over the planning period without the-firm going bankrupt.'

" The optimal decision rule to expand was not anticipatéd for.all
states, particularly those states where capaeity is less than 2(000
acres and debt constitutes 80 percent orlmore of the firm's tqtal assets
in land, machinery, énd equipment, and buildings; A detailéd exémina—
tion of the stochastic model used to generate the pij's revealed the
major factor contriﬁuting to the selection of the buy policy as an
optimal policy. 5/ For the buy policy, the expected §alue of savinés
was elther the smaliest negative value or the largest posi?ive value

depending on capacity and equity position (see Table III) of the firm.

4/ Results for the capacity boundary states of the stochastic model are
not included in the analysis because of possible bias associated
with them. Relevant states also exclude the' insolvency and bank-
ruptcy states. ‘

5/ The computer program was changed to output the value of expected
reinvestable earnings (savings) for éach decision alternative and
output yields, family consumption, .and taxes paid for each state
having more than one positive pij" '




TABLE III. EXPECTED REINVESTABLE EARNINGS (SAVINGS) BY DECISION ALTERNATIVE, FIRM"S CAPACITY
AND CASH RESERVE RATIO. ’

Capacity :Cash reserve: Decision : ::Capacity :Cash reserve: Decision

{cropland: ratio :alternative:Savings:: {cropland) : ratio :altérnative: . Savings
Ac. No. Dols. :: Ac. ‘ " No. Dols.
1,280 ° ~.975 1 -3,653 *° 1,920 -.975 1. -3,030
2 -2,934 77 2 -2,294
3 -2,255 ° 3 -1,576
1,280 0.0 1 357 :: 1,920 0.0 1 7,699
‘ 2 4,518 :: ' 2 8,745
3 5,024 o 3 9,457
.1,600 - -.975 1 -3,405 ' 2,240 -.975" ‘1 -2,600
2 -2,662 °° 2 -1,879
3 ~1,951 °° 3 - -1,153
1,600 0.0 1 5,431 :: 2,240 - 0.0 1 9,687
2 6,637 :: ' 2 10,827
3 7,767 -x: 3 11,485

06
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The major factor contributing.tb the bu& aiternati&e as an optimalu
poliéy'is Ehe increase obtained in the firm's earning ability'frpm the
additional 320 acres-of cropland purchased. The increase in earning
.ability stems mainly from the deterministic value of the whéat certi-
ficate paymént, which in effect is a "guaranteed income" that has‘the
characteristic of an annuity, i.e., the additional 320 acres brovides,'
a series of equal annual.payments in the amount‘of’$;7878. 6/ -Conse—’
quently, given the fotal guéranteed value of tﬁe wﬁeat certifiéate |
payment (Table IV) and an iﬁcreése in the mean s£oéhastic‘grds§‘fétuxns.4
resulted in the firm's ability to‘save oxr obtain reinveétable funds. .
Negative savings, however, raises a question about tﬁe firm's ability
to grow, but this question will be taken‘up.later. |

Another factoxr contiibuting to the buy decision as an optimal
pélic§ is the sacfifice madelin family consumption. For example, for‘:
‘the 960 acre farm having a cash reserve ratio\equal to oxr éreater tﬁan-
-.900 percent, esfimaﬁed consumétion ranged between ;he minimum $4,000
and $5,500. Highe: levels of consumption might cause the firm'to'sell
out or force the sale through bankruptcy, i.e., the probability of '

going into bankruptcy may increase substantially.

6/ This assumes no change in the valuation process £or determining
the dollar amount of payment as was stipulated in Chapter III.




TABLE IV.
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VALUE OF WHEAT CERTIFICATES BY FIRM CAPACITY; :

vValue of

Value of

: wheat certlflcates

Capacity 1/: wheat certlflcates--Capa01ty 1/

‘Ac.

960

1,280
1,600
1,920

2,240

2,560

. 2,880

3,200

© 3,520

‘Dols. -

5,634

7,512

© 9,390
11,268

. 13,146
15,024 .-

.. 16,902
18,780
20,658

..
Ry

-
. e e

Ac.

3,840

4,160

4,480 .
4,800
5,120
5,440
5,760
6,080

" Dols

*22,536"" .
c24;414°.
26,292 . .
28,170:
. 30,048
31,926 °
. 33,804 -
... 35,682

. 1/ Capacltles 640 acres and 6, 400 acres’ were excluded 51nce tney
. represent the beginning and endlng sequences .'uﬁ"ihP:{:h'
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Bankruptcy
For the unconstralned model the probablllty of bankruptcy decreased
ﬁfor a glven comblnatlon of 815, and k = 3 the buy pollcy, see Table V

. 7/ Also; the probablllty of bankruptcy decreased over varlous capac1ty
levels-where sl'ls held’ constant see Table V. 5Gryen the‘flged 1nyestf
ment cost of $46,067_for the 320 acres'oé,cropland, mééhi#éryﬁana équlp—"‘
ment, these‘results are not surprising,.particularly tndse“shown?in L
Table V_l For a given oasbfreserye situatlon:and an lncrease:ln‘capaclty,ﬁ:";
the'eXpected:cash‘lncone and determinlstic nheat Eértigiéatéfééymengfi;“i*\*
lncreased whlch, after deduction‘of farm operatrno’and;;anily_liyigé A
expenses,_provided larger amounts of.relnvestablel(sayrngslhfunds. An’
increase in lnvestable funds-reduces'the need‘for borroﬁed'funds,‘leSSens
the probablllty of bankruptcy, and enhances the flrm s ablllty to accum—
ulate capltal in the form of net worth. Also, a firm hav1ng a hlgh net :1f
worth level has a smaller pIObablllty of‘g01ng bankrupt .
The optimal decision rule dld not converge untll stage 3,“l e.,lf,ﬁ
the decision rules in,stages 1 and 2 were,a mlxturerofﬂtne do nothrnq -
and buy policies. Stagefé’lmplies'a,planning horisonyo£i3$yearslbefore.
‘the firm is liquidated;i‘Because of the largefnumber of,states'and.r*“‘

: stages and tbe as5001ated capltal w1thdrawals for inconie, taxes and

P

7/ Remember that net worth is a composite’ variable offs and s ,:Wheren

‘net worth equals v(s JRERES S ). ﬂereafter;fwhen "net worth" is used . -

in the text or’ tables, it is. thl _composite. variable that is.being '
referred to.” ' _ Co
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TABLE V. PROBABILITY OF BANKRUPTCY FOR SELECTED CAPACITY AND CASH
- RESERVE RATIOS (Sl'SZ)' AT THE END OF THE 25-YEAR PLANNING

HORIZON.
Probability: ‘Cash : ::Probability: Cash :
of - ireserve: t: of : reserve : .
bankruptcy : ratic : Capacity ::bankruptcy :  ratio :  Capacity
‘Pct. “Ac. :: ° Pct. ' Ac.
" 79.1 ~0.975 - 1,280 :: 75.8° -0.975 -~ 1,920

40.4 . -0.900 1,280 = 29.1 -0.900 . 1,920
11.3 -0.800 1,280 & 3.0 -0.800 | 1,920
2.4 -0.700 1,280 . 0.0 . —=0.700 1,920
0.4 © -0.600 1,280 @ :: 0.0 ~0.600 - 1,920
0.0 0.000 1,280 T 0.0 0.000 1,920
86.9 - -0.975 960 T 24.5 —~0.800 . 260
79.1 -0.975 1,280 0 «: 11.3 ~0.800 1,280
71.7 -0.975 1,600 1 . 5.2 ~0.800 1,600
65.1 -0.975 1,920 : 2.5 ~0.800 1,920
59.4 -0.975 2,240 t: 1.2 . ~-0.800 2,240
54.5 -0.975 - 2,560 : 0.6 -0.800 2,560
46.9 ~0.975 3,200 s 0.2 —01800' . 3,200
28.8 -0.975 6,080 :: 0.0 -0.800 - 6,080
0.5  -0.500 960  ::

0.1 -0.500 1,280 [:: .

0.0 ~0.500° 1,600 T

0.0 -0.500. 1,920 HH

0.0 ~—0.500 2,240 e

0.0 ~0.500 2,560 1

0.0 -0.500 3,200  ::

0.0 ~0.500 6,080 . ::
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family consumption that influence the derived prohabiiities,'a detailed

explanation of nonconvergence in‘the'frrst'tho stages ds foregone;‘r:
“.However; hased-oh economic,logic, the'iach'ofrconvergencevimpiies that
: 3:years are.reguired hefore the full.benefits of thegbuy po;icy,cah:be
:captured. | :

~Consumptlon and Interest Rate Parmeters

The elasticity coefficient_tor.l in the initial consumption func-; ?1

tion
c = 22. 96P0 410 0. 590 0.163
was raised to I and the money rate oftlnterest ralsed to 9 percenta;

These parameter changes had no 1nf1uence on the optlmal dec151on rule,

-

ENCICTL RSN, e

i.e., the optlmal rule for all states at stages 3 through 25 was to buy “.: o

the 320 acres of cropland and assoc1ated machlnerp; equlpment and '
_bulldlngs., Also, based oh judgment and other ev1dence; the consumptlon“
‘.elastlclty coefflclent for dlsposable 1ncoﬁe (I);iand money 1nterest rate
would have to be increased to’unreaSOnable levels.in,this model beforehl
ahy'impact wouldtbe:felt on the optimai:decisioh}rule; That 1s,‘the

buy pollcy is a strong pollcy and further ev1dence 1n thlS chapter w1ll

LA S
- S
RN

‘further support this flndlng

:Growth and Survival- . - :3;- f’mlf'i ,,»:"

Given.the assumptions of a linear utility function for net worth. ™

and annual availability of the 320 acres'of croplandvfor‘purchase;Tthe‘ft

3




926
future value of.the firm and ;ate of g?owth depends on the firm's initial .-
capacity‘and cash resexrve position; see Figures 9, 10, and 11. The
probabilities of bankruptéy by stages are'probabilitiés.of‘going bank-
rupt within the planning hori;on:equal in length to the number of
stages. The results show*telatively small increases in the probabilities
of bankruptcy és‘the planning horizon is increased'when-the firm stérts
in an unfavorable position. If the firm‘does not go bankrupt in the
high debt positions, séme grqwth can bé aéhieved. In general, the
future value of the firm is a function of initial cabacity, initial cash
reserve ratio, and stage in the pianning’period ﬁgdér an”opfimal policyl
The exbected valué 6f the firm increases quitg rapialy until‘the upper
capacity level defined in the model is reached.

The'gréwthxpfocess for a Markov cﬁain is similar to thgfconstruc— ‘
tion of a "tree", [33,p.196] iﬁdicating the probability of being'atl
various bossible states at stagesv5,'10, 15, 26, and 25. §/ To simplify
matters, piobébilities will not‘bé presented 5ut the range-of states and'
_associated capacity and cash reserve ratios by years are shﬁwn for two
examples in Tables VI and VII. By &eér 20, the méximum.allowable

capacity in this study has been reached, given 1,280 acres'as the initial

- 8/- The transition pfobabilify matrix P raised to powers 5, 10, 15, 20,
and 25 provided the appropriate results in a time-oriented applica-
tion. : ‘ -




Expected Net Worth

|
6 J
54 :
Probability of
Bankruptcy For: B B e g cs g
Stage 5 8l.1 41.1% 7.3%
10 86.1 54.8 20.6
15 86.8 ST+ 1 23.8
20 87.0 575 24,4
< 25 87.0 57.6 24.5
n
= A
8 3 4 .
‘ -
8 : »
o -
o %]
O o
= -L< 960 a.
S |~.800 Cash resexve
2 = ot L ratio
E3 - /n
- =
. 3r -
. e -7 5
]
} - ,A/Q%C a.
b S o i . S ‘-.:‘OO Casl) resersve
x e & L ratio
-9 ;e
. s —
. —
. g SO T Ly 960 a.
§ e e R ___*/”m Cash reserve
e Seien S < o —" L ratio
e "3 o . :
O‘i_.- ; < : + — —
5 10 15 20 25 Stage
Figqure 9. xpected Growth in Net Worth by Stages for Three Tnitial Cash Reserve Ratios and 9€0-Acre Initial
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