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Abstract:

As biofilms intervene in a porous medium, they affect the porosity and permeability, which in turn
alters the hydrodynamics. A biofilm growth model is presented which is suitable for microscale
simulations of biofilm activity in a porous medium. The model is then used to predict the changing
porosity and permeability. The predictions are compared to experimental data and finally these
calculated properties are used to simulate flow in a biofilm infested porous medium.
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ABSTRACT

As biofilms intervene in a porous medium, they affect the porosity and perme-
ability, which in turn alters the hydrodynamics. A biofilm growth model is presented
which is suitable for microscale simulations of biofilm activity in a porous medium.
The model is then used to predict the changing porosity and permeability. The pre-
dictions are compared to experimental data and finally these calculated properties
are used to simulate flow in a biofilm infested porous medium. '




CHAPTER 1

Introduction

The goal of this dissertation is to develop a mathematical model to describe the
change in the hydrodynamic properties of a porous medium due to biofilm growth.
A one-dimensional mathematical model called the Biofilm Growth Model (BGM)
has been developed which describes the growth of biofilm on a surface. The results |
of the one-dimensional BGM and its zero-dimensional -version have been compared.
Also the results of the zero-dimensional BGM and the zero-dimensional versions of
two existing models called the Biofilm Accumulation Model (BAM) and Rittman’s
model have been compared. Different model equations relating the porosity and the
permeability of a porous medium have béen discussed and some of the relations have
been compared with the experimental data fl;OIIl [5], [6]. -A complete porous media
model describing the effect of bioﬁlrﬁ growth on porosity, permeability, and hence the
flow, has been presentea. Finally, the numerical results of the one-dimensional porous
media flow model simulations have been presented and these numerical results are
compared with the experimental data from [5], [6].

Controlled, artificially grown biofilm in porous media provides significant op-
portunities for improving the performance of industrial and environmental processes.
The petroleum industry, for example, uses biofilm for deliberate plugging lof parts
of the oil reservoir to enhance oil recovery. A controlled biofilm accumulation in
high permeability zones can be used to prevent injection water from reaching the
production well. This can be accomplished by injecting cells and nutrients into the

oil-bearing formation, [16], [19]. Also, controlling biofilm accumulation is important
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permeability dictat(? the flow rate. If one assumes the presence of an initial thin
layer of biofilm on the pore surface and a high concentration of substrate (food for
the bacteria) in the liquid flowing through the porous medium then it is reasonable
to expect a decrease in the porosity and the permeability of the medium due to
the biofilm growth in it. How fast does the biofilm grow? How does the flow rate
change? In this work, a mathematical model has been developed that should help in
the understanding of these issues.

In order to derive a mathematical model to study the effect of biofilm growth
on porous media flow, one must combine the system of flow equations with a sys-
tem of biofilm growth equations. A one-dimensional mafchematicagl model called the
Biofilm Growth Model (BGM) has been déveloped in Chapter 2 which describes the
growth of a biofilm on a surface. The one-dimensional Biofilm Accumulation Model
(BAM, [14], originally developed in [25]) and Rittman’s model (originally developed
in [12]) have also been described in Chapter 2. Based on Rittman’s zero-dimensional
model, the zero-dimensional versions of BAM and BGM have also been derived. A
zero-dimensional model ignores the spatial dependence of the vlarianles, namely the
substrate concentration in the biofilm and the volume fraction of the active and in-
active bacteria in the biofilm and describes the change in the spatial average value of
these variables with respect to time.

A comparison, undertaken in Chapter 3, of the numerical solutions of one-
dimensional BGM and zero-dimensional BGM show that (z) the qualitative behavior
of the solutions from both the models are very similar and they are also quantita-
tively close, and (7¢) the zero-dimensional model equations are coﬁpal'atively easy
to solve and the computation time is much less than the computation time for the
one-dimensional model. The zero-dimensional model lacks some of the features which

the one-dimensional model possesses. For example, the substrate concentration or the
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active biomass volume fraction at a certain point in the biofilm can not be computed
with a zero-dimensional model. However, since we intend to use the biofilm growth
model in a porous medium setting, the zero-dimensional BGM is chosen over the one-
dimensional BGM. This is because the zero-dimensional model efficiently describes
the average change in the substrate concentration and the biofilm thickness which
suffices our need. After a comparison of the three zero-dimensional models (BGM,
BAM, and Rittman’s model), also completed in Chapter 3, the zero-dimensional BGM
has been chosen over the other two models primarily because BGM assumes the bulk
volume (in the case of a porous medium it is the pore volumeé) to be a variable as
opposed to the other two models (BAM and Rittman’s model) in which the bulk
volume is assumed to be a constant. This is necessary in order to study the effect of

biofilm growth on porosity and hence permeability.
| The relation between porosity and permeability of a porous medium has been
investigated by many researchers in the past. A collection of experiment-based al-
gebraic relations between porosity and permeability and a list of references can be
found in the Chapter 3 of [9]. Some of the relations which are relevant for the models
developed in this diss.ertation are described here in Chapter 4 and the validity of
two of such formulas has been checked against the experimental data given in [5],
[6] Finally in Chapter 4, the complete model describing biofilm growth in a porous
medium and its effect on porosity and the permeability of the medium is formulated.
The compléte model describing the biofilm growth in a homogeneous porous
medium and its effect on the one-dimensional incompressible fluid flow through the
medium is numerically solved in Chapter 5 and numerical solutions are presented.
The model equations are solved for a short bed (5 cm long) of spherical balls and
a long bed (60 cm long) of spherical balls. The numerical results for a short bed

experiment have been compared with the experimental data from [5], [6]. Lastly, the
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change in the variables over time is predicted for a long bed experiment.




CHAPTER 2

Biofilm Models

Introduction

What follows is the discussion of biofilm growth on a surface. In addition,
the derivation of one-dimensional and zero-dimensional mathematical models which
describe these physical phenomena is given.

Consider a water filled tank with an initial biofilm thickness on one of its
walls. Assume that the substrate (food or nutrient) for the.bacteria is dissolved in
the water and diffuses into the biofilm. The bacteria: in the biofilm will consume
the substrate and will multiply. The érovvth of the biofilm (increase in thickness)
depends on the volume fraction of the active biomass, the substrate concentration in
the biofilm, the substrate concentration in the bulk liquid in the tank, the rate of the
consumption of the substrate by the bacteria, the diffusion rate of the substrate in
the biofilm, and possibly other factors. In fact, the growth of the biofilm is a very
cornplicateci phenomenon and to produce an accurate mathematical model is not easy.
This physical system is shown in Figure 2, where L(#) is the biofilm thickness at time
t, u(L,t) is the biomass velocity at the film-water interface and @ is the volumetric
Aflow rate of the influent fluid. |

A similar problem has been discussed in [12] and [25] and one-dimensional
models have been derived that describe the growth of the thickness of a biofilm with

respect to time-and space. The model developed in [12] is also called Rittman’s
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Model. The Center for Biofilm Engineering at Montana State University, has de-
veloped a computer simulator called the Biofilm Accumulation Model, (BAM),
[14] which studies the growth of biofilm on a flat surface. The model equations are
based on [25]. Both of these models assume the volume of the Bﬁlk liquid is constant.
Also some of the terms in the model equations are not consistent with the underlying
.assumptions. Hence a new model called the Biofilm Growth Model (BGM) is
developed here which considers the volume of the bulk liquid to be a time-dependent
function instead of a constant. The equations described in these models cannot be
used directly in a problem where biofilm grows in a porous media because of the sim-
plified assumptions of these models and the complicated geometry of the pore surface,
however the idea of the zero-dimensional model discussed in [12] is very useful here. In
both Rittman’s model and BAM, different- types of bacteria are consuming different
types of substrates and are growing simultaneously. But, for now, in order to keep
~ the notation clean and the problem simple and explainable, we shall restrict ourselves

to only one bacteria consuming only one substrate.

Rittman’s Model

One-dimensional Model

In this model, originally proposed in [12], the microbial interactions and diffusion
phenomena are described by two sets of mathematical equations. The first set is
called diffusional equations, the other one transport equations. They are dellived
from basic mass balances. The following a priori assumptions have been made to

develop this model:
o The biofilm is homogeneous and can be treated as a continuum.

o Changes occur only in the direction normal to the biofilm surface.
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o There is a laminar diffusional sublayer of constant thickness in the bulk liquid.
o The biofilm is composed entirely of active or inactive biomass.

This model predicts four time-dependent functions, two of which depend on the spatial
variable y as well. These functions and their fundamental units of length (L) and

substrate mass (M;) are given in Table 1.

Variables | Physical quantity - Units

L(¢) biofilm thickness L

Sp(t) bulk substrate concentration - | ML
S(y,t) substrate concentration in the biofilm ' M,L™3
fy,t) volume fraction of active biomass in the biofilm | dimensionless

Table 1: Unknown ‘dependent variables and thelr fundamental units in Rittman’s
one-dimensional model

Other variables and the parameters used in the development of this model and their
fundamental units of length (L), time (T'), substrate mass (M), and biomass (M),
are given in Table 2. ’ |

A visualization of the physical system to be modeled is given in Figure 3 where

o is the surface area of the film-water interface.

Diffusional Equations The mass balance equation for the total substrate in the

bulk liquid, V7,5, has the form

Vi (S:(t)) = QS0 — S,0)) — 9 (1), 2.

where V7, is the volume (L?), @ represents the bulk liquid flow rate (L*T7%), o is
the surface area of the film-water interface (LZ), So refers to.the influent substrate
concentration (M;L~3) and J(t) refers to the substrate flux through the laminar

diffusional sublayer (M,L~2T!). V,Q,0 and S; are assumed constant. According
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Parameters | Physical quantity Units
VI, volume of the bulk liquid L3
Q | volumetric flow rate of the bulk liquid *r-1
So substrate concentration in the influent fluid M,L73
o area of the film-water interface | L?
D diffusivity coefficient of the substrate through
the laminar diffusional sublayer LT

I  thickness of laminar diffusional sublayer L
d | diffusivity coeflicient of the substrate inside

, the biofilm | 2Tt
V, - maximum specific growth rate \ M MPT
K - Monod constant M, L3
p biomass density M,L™3
b inactivation coefficient of bacteria - T-1
Y yield coefficient MMt
G, global shear stress coefficient , T
B’ - average shear stress coefficient T-1
fa biodegradable fraction of the biomass dimensionless
Variables Physical quantity 7 Units
J(t) influx rate of the substrate into the biofilm M, L~2T1
u(y,t) velocity of the biomass particle at (y, ) LTt
G(y,t) active biomass quantity in the interval [0, y] M,L™?
c(y,t) net growth of active biomass M,L=3T7"1
R(y,t) reaction rate ' | M LT
v(y) shear function along y-axis Tt
fo(t) volume fraction at the substratum ' dimensionless
G(y,t) inactive biomass quantity in the interval [0, y] M.L7?
f(y,t) volume fraction of inactive biomass in the biofilm | dimensionless -
&(y,t) net growth of inactive biomass M,L=3T"!
B(y,1) total biomass amount M,L™2

Table 2: Parameters and the variables used in Rittman’s model and their fundamental
units
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fundamental unit of biofilm mass. V;, p, and K are all assumed constant. Combining
(2.4) and (2.5) gives

8S(y,t) _ 0°S(y,t)  ViS(y,1)
o = A~ sy e (2.6)

The boundary conditions state that there is no substrate flux through the substratum
(y = 0), and at the film-water interface (y = L(t)) the flux through the biofilm is

equal to the flux through the laminar diffusional sublayer. Hence,

05 ,
.— d a—y(O,t) =0, (2.7)
and '
08 ‘
—d b—g—/—(L( ),t) = —=J(t). - (2.8)

The differential equations (2.3) and (2.6) and the boundary conditions (2.7) and (2.8)

are the diffusional set of equations for Rittman’s model.

Transport Equations To describe biomass growth we define a control volume
which has surface area o an‘d‘e‘xtends from y = 0toy = y(¢) with y(t) < L(¢).
At time t + dt this volume has grown and the control volume extends from y =0 to

= y(t + dt).
The biomass particle speed u(y,t), (LT~'), is described by u(t) = %. The

active biomass quantity G(y,t), (M,L™?), on the interval [0,y] is expressed by
. , :
G(y,t) = /0 pf(&,t)de. (2.9)

Since the interval [0,y(t)] at time ¢ grows to the interval [0,y(t + dt)] at time ¢ + dt
we can let dt — 0 and obtain the time derivative of G(y,t), which is a particle time

derivative, given by

= A J;tdt) __G(y(%)’t) = %(G( (),1)) = ua—G iy (2.10)
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Then an active biomass balance may be written. The time rate of change of G(y,1)
is equal to the sum of the growth of active biomass minus the biomass lost by shear

stress. Thus

ot g + 50 = [ (e - ¥(©re.00) dt (2.11)

where c(y,t) is the net growth of active biomass (ML °T~"), which results from a

production term minus a decay term. The net growth c(y,?) is expressed as

c(y,t) = YR(S(y,1), f(y, 1)) — bf(y,t)p (2.12)

where Y is the yield coefficient (MM ), b represents the inactivation coeflicient of
bacteria (7') and b’(y') is. a shear function along the y-axis (7'"'). Both ¥ and b
are assumed constant. Shear stress is expressed as a function of spatial and tempor-al
variables y and ¢ rather than as a constant applied_ only at the biofilm surface, avoiding
the Dirac effect of discontinuity. Thz_afc is why this term appears inside the integral
and is not simply added at the biofilm surface. The shear function ¥ (y) used for this
work is

bly) = 1+ arcta;g(s)(y — .9)), (2.13)

where the detachment layer thickness is fixed at 20% of the biofilm thickness. G is

an experimental constant which represents a fraction of biomass detached from total
biomass (T"). The shear function ¥'(y) describes biomass loss distributed throughout
the biofilm and a detachment layer is defined everywhere ¥'(y) > 0. Taking the partial

derivative of (2.11) with respect to y, using the definition of G(y,t) from (2.9) and

dividing by p, which is a coﬁstant, yields

afézi,t) +u(y,t)8féz:/,t) _ c(@;,t) — V() fly,t) — f(y,t)—g—z. (2.14)

As biomass growth does not occur at the substratum we introduce the following

boundary conditions

f(0,8) = folt) . (2.15)
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dfo V;5(0,1)
F <Y1{+S(o,t)_ )fo(t)

~h(t)5 0.1 (2.16)
where fo(t) is the dimensionless volume fraction at the substratum (y = 0). Similar
to the above treatment of the active biomass quantities, G(y,t), we can introduce the
inert biomass amount G(y,t), (MzL™?%), on the interval [0,y]. It can be expressed
by _

Gly,t) = [ (6,00, (2.17)

where f(y,t) is the volume fraction of the inert biomass. The inert biomass balance

is then given as

O M GG 219

where &(y,t) is the net inert biomass increase (M, L=2T"*). This function is given as
o(y,8) = b(1 — fa) (3, 1)p (2.19)

where f; is the dimensionless biodegradable fraction of biomass, which is a constant

between 0 and 1. We can now express the total biomass amount B(y,t) on interval
[0,y] as .
B(y,t) = G(y,t) + G(y,t) = /Oy p <f(§,t) + f(éﬁ)) dé = yp (2-20)
because f(y,t) + f(y,t) = 1. Hence B(y,t) is independent of ¢. Adding (2.11) and

(2.18) we can express the particle derivative of B(y,t) as

N M {CR R
~¥(© (70 +1(6.0) ) & 2:21)

Using (2.20) this reduces to

w.tp= [ (A6 +e6n) -v@0 (Fe+160)) e @22)
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which simplifies to

olont) = [ (LR 0,56 - oas0) - ¥(0))

Hence, the velocity of the film-water interface will be given by,

iz =20~ [ (L,

— bfuf(61) ~V(©) ) de.

(2.23)

(2.24)

Equations (2.14), (2.23), and (2.24) and the boundary conditions (2.15), (2.16) are

referred to as the transport equations.
One-dimensional Rittman’s Model

Diffusional Equations 0 <y < L(t)

%(gb(t)) — ViL <Q50 - (Q + %3) S(t) + %S(L(t)ﬁ))

05(y,t) _ ;0°5(y,t)  ViS(yt)
ot Oy? K+ S(y,t)

f(y,t)p

Boundary Conditions

Transport Equations 0 <y < L(t)

9f(y,t)
ot

,+u(y,t)a_f£y_’_t2 _ (Y V.5(y, 1)

dy K+5(,t)

-8 St - S

(2.25)

(2.26)

(2.27)

(2.28)

(2:29)
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)= [ (Y asiy - th) fen-v@) e @)

Boundary Conditions

f0,) = fol?) (2.31)
P | (YI{V;SS)(})YE)t) B b)' folt)

| —fo(t)g—Z(O,t) (2.32)

%ﬁt) - u(L(.t),t)‘ ) (2.33)

Zero-dimensional Model

In the model described above, the functions S(y,t) and f(y,t) depend on time as well
as space. The zero-dimensional model ignores the dependence‘ of these functions on
the spatial variable y and considers the average growth and decay of the functions S
and f on the interval 0 < y < L(t), which depend on time only. The four dependent
variables and their' fundamental units are given in Table 1. A detailed description

and derivation of the zero-dimensional equations follows.

Variables | Physical quantity ‘ Units

L(t) biofilm thickness L

Sp(t) bulk substrate concentration M,L™3

S(t) average substrate concentration in the biofilm M,L™3

f(t) average volume fraction of active biomass in the biofilm | dimensionless

Table 3: Unknown dependent variables and their fundamental units in Rittman’s
zero-dimensional model '

The derivation follows along the same lines as that for the one-dimensional
model. Let S(¢) be the average value of S(y,t) for y € [0, L(t)] and let f(t) be the

average value of f(y,t) for y € [0, L(t)]. A substrate balance in the bulk fluid gives
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(see (2.1)), |
d
VL%(Sb‘(t)‘) = Q(So — Si(t)) — o J(¢) (2.34)
where ‘
D
7 = (st) - S().
!
Hence (2.34) simplifies to the zero-dimensional version of (2.3)

2= (05— (@+ D) 50+ 2s0). @3

. The mass balance of the substrate in the biofilm is given by (see (2.6))

d D VSE)
GUESE) = TS0 = S0) = g MOS0, (2.36)

where the first term on the right-hand side is the rate of diffusion of the substrate
from the bulk fluid to the laminar diffusional sublayer of thickness L; of the bioﬁlm
and the second term is the average consumption rate of the substrate by the species
based on Monod kinetics. This is the zero-dimensional version of (2.6). The mass

balance of the active biomass in the biofilm is

rate of increase of the active biomass = growth rate due to
substrate consumption
—rate of cell decay

—detachment rate

which translates into (see (2.14))

SO0 = (¥ — 6+ B)) K0)10)

where B’ is the average shear stress coefficient (average value of ¥ for y € [0, L(t)]).

Dividing by p yields the zero-dimensional version of (2.14)

S0 = (Yo - 6+ ) 2010 (2.37)
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Similarly, the mass balance of the inactive biomass in the biofilm is

rate of increase of the inactive biomass = inactivation rate
of active bacteria
—bio-degradation rate

—detachment rate

which translates into

d

Z (L) F(t)p) = BL()f (1) — bfal(®)f(t)p — B'L()f(t)p.

Dividing by p, adding with (2.37), and using the assumption f(t) + F(t) = 1 yields

L) = (v 29— o1.) Loty - B30,

(2.38)

which is the zero-dimensional version of (2.30). Again B’ is the average shear stress

coefficient (T7h).

Zero-dimensional Rittman’s Model
d 1/ oD oD - .
— = — Z2) Sy(t) + ==S(2))
%) = 3~ (QSo (Q+ T ) Sb )f 75 )>

d - %S(t)
SEOSO) = 250 = S0 - 15 HOFO0

d T
Z (L) = (YYH—S( (b+ B’ ) L) f(2)

2wy = (Y%fé—% a bfd) L0 - B30

(2.39)

(2.40)

(2.41)

(2.42)
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Biofilm Accumulation Model

One-dimensional Model

In this model, originally described in [25], the mathematical description of microbial
interaction in a fixed biofilm is based on conservation principles. This model has the
same underlying assumptions as that of Rittman’s model hence the mathematical
model equations are similar. But when it comes to modeling the detachment of the
biofilm into the bulk liquid, these two models differ. Since detachment occurs only at
the film-water interface, BAM assumes the effect of detachment close to the interface
only whereas Rittﬁan’s model assumes that thé detachment effects all the variables
at each spatial point.

It is assumed that

o The biofilm is homogeneous and may be treated as a continuum.
o The changes occur only in the direction perpendicular to the biofilm surface.
o There is a laminar diffusional sublayer of constant thickness in the bulk liquid.

o The biofilm is made of active and inactive cells of bacteria and water.

This model will predict the same four functions as in Table 1. The other
variables and different parameters used to develop this model along with their fun-
damental units are given in Table 4. A visualization of the physical system to bé

modeled is given in Figure 4

This model also consists of two sets of differential equations. One is the diffu-

sional equations and the other is the transport equations.

Diffusional Equations The mass balance of substrate is given by,

2 (5, ='( Ryt - %’f}”) (2.43)
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where S(y,t) is the conéentration of the substrate in the biofilm (M;L~3), J(y,?) is
the flux of substrate into the biofilm, (M,L~2T'), and R(y,t) is the reaction rate of
substrate, (M, L~3T1).
According to Fick’s first law, the flux of substrate within the ﬁim is propor-

tional to the diffusivity d (L*T~") and may be expressed as
95(y,1)

t)=—d 2.44
T, = -a25L (249
Substitution of equation (2.44) into equation (2.43) leads to
0S(u1) _ | 5 (0500
5 = ( R(y,t) + 3y (d By : (2.45)
At the substratum there is no flux which gives
05 -
—(0,%) = 0. 2.
3y (0,¢) =0 | (2.46)

If an external mass transfer limitation is included, then the other boundary condition

at the film-water interface is

dg (LD =1 (Sb(t) - S(L(t),t)) (2.47)

Sy(t) = S(L(t), 1), ~ (2.48)

where D is the diffusivity of the substrate in the laminar diffusional sublayer (L*T1),
L; is the thickness of the laminar sublayer (L), and S;(¢) is the concentration of the
substrate in the bulk liquid. D and L; are assumed to be constants.

Finally the model equation for the substrate in the bulk liquid is

500 - (o (3-s0)-

D
- (L— - u(L(t),t)) <Sb(t) - S(L(t),t)) ) . (2.49)
!
The differential equations (2.45) and (2.49) and the boundary conditions (2.46) and
(2.47) are the diffusional equations for BAM.
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Transport Equations A mass balance of active microbial species for a differential

volume ody, as shown in Figure 4, has the form

.

% (a dy p f(y,t)) = odyY R(y,t) —bodyp f(y,t)

+ o0 g(y,t) — o g(y+dy,t), (2.50)

where ¢ is the area of the film-water interface (L?), ody is the differential volume
element (L3), p is the constant density of the biomass (M,L™%), R(y,t) is the.reaction :
rate of the active biomass (M,L™*T""), f(y,t) is the diﬁensionless volume fraction
of the active biomass, b is the inactivation coefficient (T1), and g(y,t) is the mass
flux (M,L~2T"'). Approximating g(y + dy,t) by its first-order Taylor’s expansion,
(2.50) reduces to

9 <0 dy p f(yst)> = odyY R(y,t) —bodyp f(y,t) — o ag(%t) dy. (2.51)

ot

Dividing by o dy p we get,

9 Y 0

The flux g(y,t) of active biomass may be expressed in terms of the velocity u(y,t)
at which the microbial mass is displaced with respect to the substratum and the

concentration of the microorganisms pf(y,t), as

g‘(y,t) = u(y, ) p*f(y,t)- " - (233)
Now (2.52) implies, |
208 Lhgyn)-b 0 - 280 50,0 -y 0 TED 23

Similarly the mass balance of the inactive biomass simplifies to

af((ayt’t) =bf(y.1) - 8L(%’—t)f(z/,t) - U(y,t)aféZ’t) (2.55)
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where f(y,t) is the dimensionless volume fraction of inactive biomass. Adding (2.54)
and (2.55) and assuming that f(y,t) + f(y,t) = 1 — ¢, where ¢ is the constant

dimensionless volume fraction of water in the biofilm, we get

Y E(y,t) Ou(y, ) |
_ i 9.
0= LD gl (2.5
which simplifies to
du(y,t) 1 Y R(y,1)
= . . 2.57
oy - | (250
Integrating both sides and using the assumption that u(0,%) = 0 we get
| 1 [vY R(,t)
t) = d¢. 2.
W)= ) | (2.58)

If the biofilm grows or shrinks, the thickness L(t) of the biofilm changes and the -

film-water interface moves at a velocity

(2.59)

with respeét to the substratum. If §(¢) is defined to be the velocity (LT~1), at which
biomass is exchanged between biofilm and the bulk liquid (detachment rate), then

using equation (2.58) the velocity of the film-water interface may be expressed as

1 L) Y R(¢,1)
(1 — Ez) /O I

) dé + 6(t). (2.60)
The detachment function, ‘6(t), is given by §(¢) = —AL?(¢), [25]. The constant A
).

ug(t) =

is called the coefficient of detachment (L"IT‘1 Substitution of (2.57) into (2.54)

yields,
0f(y,t) _ Y E(y,t) fly,1) Y E(y,?)
ot = P) - bf(%t)_(l_el) p
-U(y,t)aféz’t)- o - (2.61)

Aty =0, (2.61) reduces to

L 0f(0,t) Y R(0,1)
TR B

f‘(Oat) Y R(Oat)
(l—ea)

b (0,%) — (2.62)
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because u(y,t) = 0 at the substratum. The equations (2.58) and (2.61) and the

boundary conditions (2.60) (which uses u(0,t) = 0) and (2.62) are the transport

equations for BAM.
One-dimensional BAM

Diffusional Equations

95(0.1) ( ~ R(y,1) + 5% (dagg’ i)))

S0 . (o (s-50)-
o (% — (L)1) (5(6) = 5E@),1) )
Boundary conditions
| %@@:o
i D

Transport Equations

. 1 7Y Rt
of(n) Y R(y,t) F(,8) Y R(y,?)
8yt 4 - bf(%t) - 1 _y_ 61) py
9f(y,t)
( 7t)__a'y—

ur(t) = u(L(t), 1) =

O Y R(E,
! / &) ge 4+ s

(1—e) p

u(0,t) =0

8f(0,%) _ Y R(0,) £0,1) Y R(O,‘t)

(I—ea) o

— b:‘f(O,t) _

(2.63)

(2.64)
(2.65) .

(2.66)

(2.67)

(2.68)

(2.69)

(2.70)

(2.71)
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Zero-dimensional Model

The derivation of the zero-dimensional model equations is based on the approach
described in Rittman’s model. The four dependent variables and their fundamental

units are given in Table 5.

Variables | Physical quantity - Units

L(t) biofilm thickness L

Sy(t) bulk substrate concentration M,L™3

S(t) . | average substrate concentration in the biofilm | M L3

f(t) average volume fraction of active biomass dimensionless

Table 5: Unknown dependent variables and their fundamental units in BAM zero-
dimensional model

The velocity of the film-water interface comes from (2.60),

wlt) = 5 e = Y R(i)) L) | e, (2.72)

Tile mass balance for the active biomass in the biofilm is modeled by,

d
E(UL(Q pf(t)) = Average growth rate - inactivation rate + detachment rate

which is

% <0L(t)pf(t)> =Y R(t) L(t) - bo L(t)pf(t) + 6()opf ().

Dividing by op gives

2 (10y5w) = TELEY ar s + 5050 0.13)

P
where 6(t) is the detachment rate and R(t) is the average growth rate of active biomass
(average value of R(y,t) for y € [0, L(t)]). The increase in the concentration of the

substrate in the biofilm depends on the rate with which the substrate diffuses into the
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biofilm and the rate the substrate is consuméd by the active bacteria in the biofilm.
The model equation governing the mass balance of the substrate in the biofilm is
(see(2.45))

% (L(t)S(t)) - LB, (Sbft) - S(t)> — R(t)L(t), (2.74)

where ‘Qhe first term oﬁ right-hand side is due to diffusion of the substrate in the biofilm
and R(t) may be given by Monod kinetics. Assume that the film-water interface is
moving With a velocity uy, perpendicular to the interface.. The mass of the substrate
in the laminar diffusional sublayer at any ﬁme, t, is oLi(Sp(t) — S(t)). The mass
AN

balance of the substrate will be given by,

7 2 . (5= su0)) = % (510 - 5))

+our(t) <5’b(t) — S(t)) )

which reduces to (see(2.49)), o
x el ACICELORUCETC)

<V 50) ). | 275)

Zero-dimensional BAM

wlt) = gy 276
¢ (osw) =D g s e

| dit (L(t)S(t)) _ LQI (5,,@) - S(t_)) — R($)L() (279)
S0 _ 3 (g(s-50)-o( 2-u0)

<Sb(t) - S(t)) > | (2.79)
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Biofilm Growth Model

One-dimensional Model

Like BAM and Rittman’s model, the model developed here is also based on conser-
vation principles. BAM and Rittman’s model assume that the volume of the biofilm
is negligible compared to the volume of the bulk liquid and hence they treat the vol-
ume of the bulk liquid as a constant. If the biofilm grows on the inner surface of a
capillary tube or the pore channels of a porous media then the volume of the biofilm
and the volume of the bulk liquid will have the same order of magnitude. In this case
the volume of the bulk liquid cannot be assumed constant. In the Biofilm Growth
Model (BGM), a new set of model equations have been derived which assumes that

the volume of the bulk liqﬁid is a function of time. It is assumed that

o The biomass is homogeneous and it may be treated as a continuum.

o The growth of the biofilm is perpendicular to the surface of the film-water

interface.
o There is a laminar diffusional sublayer of constant thickness in the bulk liquid.

o The biofilm is made of active and inactive cells of the bacteria and water.

Consider a rectangular box of thickness 2Ay, called a control volume, centered
at point y inside the biofilm as shown in Figure 5. If we assume that the box is
fixed then, in the box, the volume fraction of the active and inactive biomass and
the concentration of the substrate changes with time. The mathematical equations
governing the change in the volume fraction of the active and inactive biomass and the
substrate concentration are derived from the mass balance equations. The unknown
dependent lva,riables determined in this model are shown in Table 6 and the other

variables and the parameters used to develop this model are given in Table 7.
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Parameters | Physical quantity Units
So substrate concentration in the influent fluid M, L3
o area of the film-water interface L?
D diffusivity coefficient of the substrate through
the laminar diffusional sublayer L*r-1

L thickness of laminar diffusional sublayer L
d diffusivity coefficient of the substrate inside

| the biofilm L2171
V. maximum specific growth rate M,M1T!
K | Monod constant M, L3
p biomass density M,L™3
b inactivation coefficient Tt
Y " yield coefficient ' M M;*
A detachment coefficient | L7171
Variables Physical quantity Units
Q(t) volumetric flow rate of the bulk liquid LT
my(t) mass of the active biofilm at time¢ M,
ms(t) mass of the substrate in the film at time ¢ M;
20y thickness of the rectangular control volume L
6(t) detachment rate of the biofilm LTt
u(y,?) velocity of the biomass particle at (y,t) LT
ur(t) velocity of the film-water interface LT
f(y,t) volume fraction of inactive biomass in the biofilm | dimensionless
mz(t) mass of the inactive biofilm at time ¢ M,

Table 7: Parameters and the variables used in Biofilm Growth Model and their fun-
damental units
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Mass Balance of the Active Biomass Let m(t) be the mass (M) of the biofilm

inside the box at any time, t. Then
ms(t) =028y - p- f(y,1) (2.80)

where o is the area (L?) of side A or side B of the box, 2Ay is the thickness (L) of
the rectangular control volume, p is the constant density of the biomass (MxL_.?’),
and f(y,t) is the dimensionless volume fraction of the active biomass.

As the biofilm grows in the box, the biomass enters the box throughlside A
and leaves the box through side B. Also the active biomass growth in the biofilm
is caused by the substrate consumption and the cell division. We further assume
that a certain fraction of the active biomass becomes inactive and it never consumes

substrate. The time rate of change of the biomass in the box is

Bmf(t)
ot

= influx rate of the biomass through side A
— outflux rate of the biomass through side B
+ growth rate of the active biomass

— inactivation rate of the active biomass

= I, -0, +G,—D,. . (28D)

Now we will write the mathematical expression for each term in the right-hand side
of (2.81) separately.
The influx rate of the biomass through side A, I, (M,T™") is given by

I, = ouly—Ay,t)p fly— Ay,t)

= 0p (u(y,t) - uy(y,t)Ay + uyy(m,t)

(Ay)”
)
()= o)+ e L)
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where 71 and ¢y are points between y — Ay and y. Ignoring the higher order terms in

Ay, the above equation simplifies to

I, =op <U(y,t) fly,t) —uly, ) fy(y, 1) Ay — uy(y,t)f(y,t)Ay) : (2.82)
The outflux rate of the biomass through side B, O, (M,T™*) is given by

O, = ouly+Ay,t)p fly+Ay,1)

(Ay)2‘)

= op <u(y>t) + uy(ya t)Ay + uyy("]%t) 5

(£600)+ R0+ (12

where 7, and (; are points between y and y + Ay. Ignoring the higher order terms in

Ay, the above equation simplifies to

O, =ap <U(y,t) Fy,t) +uly, 1) fy(y, ) Ay + uy(y,t)f(y,t)Ay> : (2.83)

If we assume that the growth of the active biomass is governed by Monod kinetics i
then G, (M,T™'), will be given by,

_ YV.5(y,t) | .
G = S0 (1) 28y o p f(y,1), (2.84)

where Y is the yield coefficient (M, M), V, is the maximum growth rate (M, M;*T~1),
and K is the Monod constant (M;L™3). Assuming that the inactivation rate of the |
active biomass is proportional to the mass of the active cells in the box D, (M,T1),
will be given by

D, =b2Ay op f(y,1). | (2.85)

Using (2.80), (2.82), (2.83), (2.84), and (2.85), (2.81) simplifies to,

OIWY iy, )10, 1) - uyly, O (0, )

ot
Y&j:{SJ(ry:;(); (ty), ), £,1) (2.86)

We have also assumed here that p and o are constants.
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Mass Balance of the Inactive Biomass If f(y,t) denotes the volume fraction of

the inactive biomass at any instant, ¢, then the inactive biomass, m(t) (M,), is gfven
by

mz(t) = o - 20y - p- f(y,1). (2.87)
Also,

Im(t)

ot

= influx rate of the inactive biomass through side A
— outflux rate of the inactive biomass through side B
+ inactivation rate of the active biomass

= L-0,+D,. | (2.88)
The influx rate of the inactive biomass through side A, I, (M,T 1), is given by,

I, = ouly—Ay,t)p fly—Ay,t)

= ap (u(y,t)—uy(y,.t)Ay-I—uyy(ng,t)

(g
)
(70,81~ Ao+ FicenG2)

where 15 and (5 are numbers -between y — Ay and y. Ignoring the higher order terms

in Ay, the above equation simplifies to,
Io=op (u(w,1) Fu,0) — wly, Dl 00y — (0,0, DY) . (2:89)

The outflux rate of the inactive biomass through side B, O, (M,T"1), is given by

O, = ouly+Ay,t) p Fly+Ay,1)
Ay)?
- (u(y’t) Ty, )8y + uyy(m,t)%)

(700,0+ Bl + it 5L
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where 14 and (4 are points between y and y + Ay. Ignoring the higher order terms in

Ay, the above equation simplifies to

O, = ap <U(y,t) F,t) +u(y, £) fu(y, 6) Ay + uy (y, 1) F (v, t)Ay> : (2.90)

Using (2.87),(2.89),(2.90), and (2.85), (2.88) simplifies to,

df(y,t)

5 =~ DAy, 0) — (Y, ) (y, ) + 57 (y,1)- (2.91)

Adding (2.86) and (2.91) and using the assumption f(y,t) + f(y,t) = 1 — &, we get

YVTS(y,t)f(y,t) _
~(=eul )+ ==
which gives
1 YViS(y, ) f(y,t)
Uy(y,1) = (1—ea) K+S(y,t) -

Integrating both sides and using «(0,t) = 0, we get,

1 v YV.S(E4)f(E1)
uly,?) = (1-61)/ K+5(,1)

If we assume that the ra;te with which the biofilm detaches into the bulk liquid is 6(¢),

de.  (293)

(LT71), then the velocity of the interface will be given by,

o /Lm YV, 8(6,8)f(6:1)
T (1—-a)bo K +5(,1)

The detachment rate, §(¢), is given by §(¢t) = —AL?(t), [25]. The constant A is called

dé + 6(t). (2.94)

the coeflicient of detachment (L~*T"1). Using (2:92), (2.86) becomes

9f(y,t) 1 YV,S(y,6) (1)
ayt = ~—u(y;t).fitl(:%t) - (1 _ el) I{-:’:S(y,t?;
L YViS(y, t)f(y,t) by,
K+ S5(y,t)

t)
) YV, Sy, ) f(y,1) f(y,t)
= '—u(yat)fy(yat) K + S(y,t) (1 S 1- 61)

_bf(y7t)

YV;'S(ya t)f(yﬂ)f(‘y)t)
- ‘_u(yat)fy(y)t) + (I{ + S(y,t))(l _ ﬁl)‘

—bf(y, 7). (2.95)
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Similarly using (2.92), (2.91) becomes

O0WY) oty 70,0

0 _YVS@ O W/ w,1) | e ) (2.96)

(K + S(y,t) (1 — &)

Mass Balance of the Substrate in the Biofilm Tf we denote the substrate con-

centration in the film by S(y,t) then the mass of the substrate in the box, ms(t),
(M), will be given by,
ms(t) = o 20y S(y,1). (2.97)

Also,

(9m5(t)
ot

=  influx rate of the substrate through side A
— outflux rate of the substrate through side B
— consumption rate of the substrate
+ diffusion rate of the substrate into the box.
= ou(y — Ay, t)S(y — Ay, 1)
— ou(y + Ay, 1)S(y + Ay, 1)

V:S(y,t)
T KA50.D (02Ay)pf(y,1) |

825(y, 1) |
+d ay? (02Ay) ‘ (2.98)

where d is the diffusivity coefficient of the substrate into the biofilm (L*71). Ignoring

the higher order terms (2.98) reduces to, |

% = o(u(y,t) —uy(y, 1) Ay)(S(y,t) — Sy(y,1)Ay)
= oy, 1)+ uy (4, ) AY)(S(y, 1) + Sy(y, ) Ay)
—% (02Ay)pf(y,t) + d %(02%)
= —(0 2Ay)(u(y,1)Sy(y,1) + uy(y,1)S(y,1))

V:S(y,t) 9*S(y,1)
RS0 (cfZAy)pf(y,t) + d _—ayg—(U2Ay)'

(2.99)‘
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Using (2.97), (2.99) reduces to

0S(y,t
# = —u(y,1)5(y,1) — w(y,1)5(y,7)
_ VS(y,t) S (y, 1)
Kt sws 00T T @0
Using (2.92), (2.100) becomes
05(w,t) ., 05,1
5t = u(y,t) dy
VS, ) f(y,t) (YS(y,t) o5(,t)
R+8wn) \d-a 7)) T4 e - 10U

Change in the Bulk Liquid Volume. Let us denote the volume of the bulk liquid

by Vi.(t) (L®). Then at time ¢ + At the volume of the bulk liquid will be given by,
VL(i + At) = VL(t) - O"LLL(‘t)AI.t.

As At — 0, this equation reduces to,

AV (1)
dt

= —o uzt). (2.102)

Substrate Concentration in t_he Bulk Liquid Let Sy(t) be the concentration of
‘ the subétrgte in the bulk liquid (MSL‘S), So be the concentration of the substrate in
the influent fluid (M,L~?), and Q(t) be the volumetric flow rate of the influent fluid
(L¥T~"). Then the rate of change of the total mass of the substrate in the bulk liquid
is - |
— (Sb(t)VL(t)> = rate of mass increase due to influent fluid
— rate of masé loss due to fluid flowing out

— rate of mass loss due to biofilm growth
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—rate of mass loss due to substrate

diffusion into the film

= Q)5 — Q(t)Ss(t) — ur(t)oSp(t)

—%D- <S’b(t) - S(L(t),t)) | (2.103)
which gives, '
St )dvét(t) + Vi(t) dS;,t(t) = Q(¢)So — Q(t)Ss(t) — ur(t)oSu(t)
(Z’l) (s5u00) ~ 5(2(1),1)). (2.104)
Using (2.102) this simplifies to,
D) — s (205 - Si) - TS0 - SEO.) . (210
One-dimensional BGM
8f(y,t) _ YV.S(y,t) f(y,t) f(y,t)
Bt - —u(y,t)fy(y,t) + (I{ + S’(y,t))(l _ el)
—bf(y,t) . | (2.106)
——asgi’t) S u(y,t)aSéZ’t) ‘.
| VoS(y, ) (y,t) (YS(y,1) *S(W,t) o0
K +5(y,0) ( L—¢ +p) t Ty | (2100
) f_(y7t) = 1l—¢-— f(y)t) (2108)
d‘%t(t) — o u(®) - (2.110)
el o1COCSE 0N
- 280 - S(0,0)) 211)
Boundary conditions
%g(o,t) =0 | (2.112)
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¢ 10,0 = 2 (50 - 520, (2.113)
u(0,£) = 0 (2.114)
us(t) = u(Lt):1) = 7 . = / o Y‘;T{sz;()g (f)’t) d + 6(1) (2.115)
and ’ .
0F 0,y = Y5O 0,07(08) _yeq (2.116)

50D = K1 50,000 — &

Zero-dimensional Model

The derivation of zero-dimensional BGM is also based on the idea described in
Rittman’s model. The unknown dependent variables determined by this model are

given in Table 8. The rate of change of the active biomass depends on the growth

Variables | Physical quantity Units

L(t) biofilm thickness L

Vi(t) volume of the bulk liquid L?

Su(¢) bulk substrate concentration M,L3

S(t) average substrate concentration in the biofilm - | ML

f(@®) average volume fraction of active biomass in the biofilm | dimensionless

Table 8: Unknown dependent varia;bles and their fundamental units in the zero-
dimensional Biofilm Growth Model

rate of active biomass, inactivation rate of active biomass and the detachment rate.

A mathematical expression for the rate of change of active biomass may be given by -

(see (2.95))

% (005 020) = ( Gl — ) opr)5(0)+ S0)o0 ()

~ Using the chain rule and the assumption that p and o are constants, the above

equation reduces to

df () _ _F@) L) <(YVTS(75) b 5(t)) 1(@). (2.117)

dt  L(t) dt

K+ 5(1) I()
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"The inactive biomass increases as the active biomass becomes inactive and it decreases
as the biofilm detaches at the interface between the film and the liquid. The rate of

change of inactive biomass can be given by,

% (orF(4)2(2)) = bopL(t)F(2) + 8()o0 (1)

which simplifies to,

afe) ) dLe 5(t) -
T —WT +0f(t) + mf(t)

Adding this to (2.117) and using the assumption that f(t) + f(¢) + & = 1 we get,

dL(t) _ 1 YV L()S(t)f(?)
i 1-e¢ K+S0) + 6(). (2.118)

The average rate of change of the substrate in the biofilm depends on the consump-
tion rate of the substrate and the diffusion rate of the substrate into the film. A
mathematical expression for the rate of change of the substrate in the film may be
given by,

% (r5020) = 5 (510 - 50)) - F2gspoLOS)

which reduces to

is#)  S®drw) D %S() p 52
& T I0) & LI (50 -50) - K+50)

(2.119)

The substrate concentration in the bulk liquid from (2.105) is

dSy(t) 1
R0

(Qu)(Sa-5) - s -5))  (2120)

and the volume of the bulk liquid from (2.102) is,

avi(t) _dL(2)

Zero-dimensional BGM,
SO OG0 (TR 0

K +5(t)) L(t)

dt —  L(t) dt
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dL@t) 1 YVL®)SHIR)

& ~i=a E+5®m W
ds@t)  S@)dr@) ., D N WS p £
& T TI() @& T LIQ) <Sb<t) - 5@)) - 7{:&‘;(—0
I50) le(t) (QE)(Ss = Si(2) - %113(5,,(;) ~5()
| dVi(t) dL(t)

.= o

dt dt

(2.123)

(2.124)

(2.125)

(2.126)
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CHAPTER 3

Comparison of the Biofilm Models

Introduction

When the biofilm grows on the pore surface of the pofous media, the pore
volume decreases which effects the porosity and the permeability of the porous media
(2], 18], 19], [18.], [23]. The physical properties, porosity and permeability, of the
porous media are defined in Chapter 4. Experimentally it has been shown that the
change in the porosity and the permeability affects the flow rate of the bulk fluid
through the pore channels [5],-[18]. How fast do the pore channels clog? How does
the biofilm growth affect the flow rate through the porous media? To answer these
questions we must have an efficient model which describes the biofilm growth on al
surface and can be éombineci easily with porous media flow models [2], [9], [23]. In this
chapter the numerical results of the three models (BGM, BAM, and Rittman’s model)
developed in Chapter 2 are compared. We seek the most efficient mathematical
model which describes the biofilm growth on a surface. The Biofilm Growth Model
(BGM) assumes that the volume of the bulk liquid is a function of time rather than
a constant. In the next two sections the numerical solutions of one-dimensional and
zero-dimensional BGM are discussed and compared. Then the solutions of the zero-
dimensional Rittman’s model, BAM, aﬁd BGM (restricted so that is comparable to '
BAM and Rittman’s mc.)del) are discussed in the fourth, fifth, and sixth sections,
respectively. The last section provides a comparison of all three zero dimensional

models (where again BGM is restricted to be like BAM and Rittman’s model).
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Both the one-dimensional Rittman’s model and the one-dimensional BAM are
accepted modéls for biofilm growth and the zero-dimensional Rittman’s model has
been compared to the one-dimensional version [12]. This comparison of the thrée
different zero-dimensional models validates the use of the zero-dimensional BGM for

the porous media applications considered in this dissertation.

Solution of One-dimensional BGM

The system of equations (2.106)-(2.116) from the one-dimensional BGM are
solved numerically for the dependent variables given in Table 6 and then the results
are discussed. The spatial derivatives in (2.106)' and (2.107) are replaced by their

finite difference approximations

5 (fp) = Lot SO S = 2nt) o
aa_y <S(y,i)> Syt Ay;té;j(y =290 (3.2)
and
0 _ S(y+Ay,t) —25(y,t) + S(y — Ay, 1)
a_yz <S(y7t)'> - (Ay)z .. (33)

Also the velocity, u(y,t), which is an integral given in (2.109), has been approximated
using the trapezoidal rule [3], [15] and u(y, t) has been replaced with its approximation
in (2.106), (2.107), and (2.110). The trapezoidal rule is explained briefly below.

Trapezoidal Rule Let F(y) be a continuous function over [a, b] as shown in Figure

a

6. Divide [a,b] into n equal subintervals of length Ay = b% and define y; = a +

iAy, i=0,---,n. Then the approximation of the integral of F(y) over the interval

[yi-1, 9] is given by
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Units

Parameters Values

K 0.0001 mg/cm?

V: 4.3 mg/(mg day)
Y 5 mg/mg

b .35 day~!

D 1.3 cm?/day
Q(t) Vit 1100 cm?®/day

o 1 cm?

L 8 cm

€ .8 dimensionless
d 1.04 cm?/ day

p 12.2 mg/cm?

So .02 mg/cm?

A 500 cm™lday~?!
Variables Initial Values Units

Sp(0) .04 mg/cm?

L(0) . .00005 cm

S(y,0) Vy .00004 mg/cm?
f(y,0) Vy .15 dimensionless
Vi (0) .03 cm?

Table 9: Parameter values and initial valués for one-dimensional BG‘M
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points y; and y; are shown in Figures 9 and 10. y; is a point which is at 20% of the
biofilm thickness, L(¢), from the substratum an(i Yy 1s a point which is at 80% of the
biofilm thickness from the substratum. Thus y; and y, move as the biofilm thickness
increases. Since the biofilm is initially very thin, the substrate from the bulk liquid
diffuses very quickly into the film and the substrate concentration rises from its initial
value, .00004 mg/cm?, to .04 mg/cm?®, which is the initial bulk substrate concentra-
tion, S5(0). Then the substrate concentration in the biofilm very rapidly decreases to
.02 mg/cm? which is the substrate concentration of the influent fluid (see Figure 9).
Figure 9 and Table 13 show that between .5 days and 1.5 days the substrate concen-
tration at y; decreases faster than the substrate concentration at, y2. The substrate
concentrations S(y1,t) and S(ys,t) both attain their steady states after 4 days. The
steady state value of S(y2,1) is .01566 mg/cm? which is significantly higher than the
steady state value of S(y1,t) (.000066 mg/cm®) because y; is closer to the interface

than Y-

Change in the Volume Fraction of the Active and Inactive Bacteria .

It has been. assumed in this model that a constant fraction, ¢ = .8, of the biofilm
is water. The volume fractions of active and inactive bacteria change between 0 and
(1 — ¢) = .2 and their sum remains a constant, (1 — ¢) = .2. In the case of high
substrate concentration in the biofilm, the active bacteria multiply faster than they
inactivate (die). Hence in any arbitrary volume of the biofilm the relative fraction of
the active bacteria, f(y,1), increases and the Voﬂlu_me fraction of the inactive bacteria,
f(y,t), decreases. The volume fractions of the active bacteria at points y; (which
is at 20% of the biofilm thickness from the substratum) and y, (which is at 80% of

the biofilm thickness from the substratum) are displayed in Figure 11 (over 2.5 days)

and Figure 12 (over 50 days). Initially, when the biofilm is thin, the volume fraction
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where A (L7'T1) is the detachment coefficient.

This system is solved for five unknown variables; substrate in the bulk fluid,
Sp(t), thickness of the biofilm, L(t), average substrate concentration in the biofilm,
S(t), average volume fraction of the biomass in the biofilm, f(t), and the volume of
the bulk liquid, Vz(¢). The parameter values and the initial values of the variables are
given in Table 10 and are the same as those used for the one-dimensional BGM (see
Table 9) The numerical approximation of these functions is displayed in Figures 14
through 27 and in Tables 11 through 17. A compa,risén of the values of the variables

from the one-dimensional and zero-dimensional models is also given.

Parameters Values Units
K 0.0001 mg/cm?
V; 4.3 mg/(mg day)
Y ;) mg/mg
b .35 day~!
D 1.3 cm?/day
Q) Vt 1100  cm®/day
o 1 cm?
L .8 cm
€ .& dimensionless
p 12.2 mg/cm?
So .02 mg/cm?
A 500 cm~lday~!
- Variables Values Units
S5(0) .04 mg/cm®
- L(0) .00005 cm
S(0) 00004 mg/cm?® -
f(0) 15 dimensionless
V2, (0) .03 cm?® ‘

Table 10: Parameter values and initial values for the zero-dimensional BGM
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