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Abstract:

The behavior of composite girder "bridges subjected to loads applied parallel to the plane of the slab
was investigated. The finite element method of analysis which treats the slab and the longitudinal
girders as an assemblage of plate elements was used. The force displacement relationship for the
rectangular plate element was developed with six degrees of freedom, three translations and three
rotations.

The series method of substructures is explained for solving a large number of simultaneous equations.

The influence of three kinds of diaphragms, beam, bar and plate diaphragms, on the behavior of the
bridge was examined. From the analysis it was noted that the bridge undergoes considerable warping in
the absence of diaphragms. The beam diaphragms , whose nodes coincide with the nodes of the slab,
do not prevent the distortions of the bridge cross section. The bar and plate diaphragms are of great
significance in reducing the transverse deflections of the bridge.

The transverse bending moments resulting from the vertical deflections of the girders are sizeable in
the absence of bar or plate diaphragms.

The intermediate diaphragms are seen to have great importance in transferring the load from the loaded
exterior girder to the unloaded girders when the loads are applied on the bottom edge of the exterior
girder.
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ABSTRACT

The behavior. of composite girder bridges subjected to loads applied
parallel to the plane of the slab was investigated. The finite element
method of analysis which treats the slab and the longitudinal girders as
an assemblage of plate elements was used. The force displacement relation-
ship for the rectangular plate element was developed Wlth six degrees of
freedom, three translatlons and three rotatlons

The series method of substructures is explained for solving 4 large
nunber of simultaneous equatlons‘_

The influence of three kinds of diaphragms, beam, bar and plate
diaphragms, on the behavior of the bridge was examined. From the analysis
it was noted that the bridge undergoes considerable warping in the absence
of diaphragms. The beam diaphragms, whose nodes coincide with the nodes of
the slab, do not prevent the distortions -of the bridge cross section. The -
bar and plate diaphragms are of great 81gn1flcance in ‘reducing the trans-
verse deflections of the brldge.

The transverse bending moments resulting from the vertical
deflections of the girders are 31zeable in the absence of bar or plate
dlaphragms.

The intermediate diaphragms are seen to have great importance in
transferring the load from the loaded exterior girder to the unloaded’
girders when the loads are applied on the bottom: edge of the exterior
girder.
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INTBODUCTION .
1.1 GENEBAL .

Highway bridges consisting of stiffened steel ﬁlate or reinforced
concrete slab decks supported by and acting compositely With.giraers have
been used extensively dgring recent years. These.bridges dre subjected to
loads appiied,perpendicular and parallel to the plane of the slab. 'Thé
forces parallel to the plane of the 'slab include wind lbéds, earthquake
loads and centrifugal forces. These lateral forces are normally ignored
in the design of the deck slab and the main girdefs éince their effécts are
thought to be minor compared to the effects of vertical'loads. However,
they ‘are considered in the design of diaphragms and other lateral bracing

between girders.

: Exisfing composite girder‘bridges have proved satisfactory‘in their
performance. However, it appears that a detailed analytical study of the
spatial behavior of,the éomposite girder bridges subjected to horizontal
loads has never been undertaken in the past. The complete three—dimensional
analysis of the bridge, therefore, can not bé carried out using présent

day techniques.

A satisfactoryAanalysis of a composite girder system can be
accomplished by using the orthOtroPic plate theor& provided the loédé are
applied.vertically. When the girder system is subjected to loads applied
parallel‘to the plgng of the slab, the uge of the orthotropic plate theory
is highly questiohable, since this type of loading produces £orsion, and

causes warping of the cross section.




1.2 “OBJEC$.AND.SCOPE

The purpose of this investigation is to develop an analytical
model that can be used to étudy the response of éomposite girder systems
subjected to loads applied parallel to the plane of the slab. In addition
to ;tudying the'effects of these loads on the slab and main girders, it is
planned to investigate the effect of various types of diaéhragms on the~.

structural behavior and load distributioﬁ characteristics of the bridge.

A finite element approach is used to study the behavior of composite
girder bridges when subjected to laterai loads. The slab and web of the
main girders are treatéed as an assemblage of plate elements. The force
displacement relationship for the rectangular plate element having six
degrees of fréedom at each node (thrge translations and three rotations), is

developed. Flanges of girders are treated as beams lying in the horizontal

plane.

| The influence coefficients for the deflections, ;hears and mpments,
ete., for composite girder bridges are obtained for the unit horizontal
load, The loads are applied at the node points-of the top and bottom
flanges of the exterior girders. In order %o analyze the role of diaphragns
and to study the changes in the behavior of the bridges due tp the inclusion
of the diaphragms, the bridges are éolved without diaphragms in one case.
and Wi%h diaphragm; at the end sections of the bridges and at an interval

of one-—quarter span.

The study includes three kinds of diaphragms; beams, bars and plate




diaphragms. The beam diaphragms afe treated as an asseﬁblage of beam
elements whose nodes coincide with the nodes of'the niddle plane of'the
slab. Plate and bar diaphragms are assumed 4o have nodes which coincide
with the nodes of the top and the bottom flanges of the longitudinal

girders.

The study also considers two different support conditions for the
bridge. In one case the girders of the bridge are pinned at one end and
are supported on rollers at the other end, whereas, in the second case

" both ends of the girders are pinned.

Various other parameters that. affect the Behavior of bridges, e.g.,
.the relative stiffness of slab and longitudinal girders, number and spacing
of longitudinal girders and diaphragms, are not included in the present
investigation. 8imilarly the in&estigation dogs not consider the stability

analysis of the bridge structures.

1.3 BACKGROUND
There is no literature available for analyzing the effects of
horizontal loads on the composite girdervbridges. A few techniques of

analyses for the distribution of the vertical loads to the various

longitudinal members forming the bridge are well knowm.

One method divides the structure into individual -and lbngitudinal
and transverse members, each possessing.an appropriate flexural and
torsional stiffness. For each point of intersection of the membérs,

equations of deflections and slope compatibility are-seﬁ up and a set of
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governing simultanepus differential and/or algebraic equations is solved.
Here, one could distinguish between the iongitudinal or pgimar& members of
the structure ffom the secondary.or ﬁrénsverse members by modifying the
;tiffness prépérties of various member;. The works of Lightfodt apd Sawko
(1,2)%, Hendry and Jaegar QB), Hefenyi (L), Pippard and Dé Waele (5) are

examples of the above method.

As is indicated by Davis, éffﬁi; Cﬁi;.NéwmarkA(Y} devéléped‘
a diétribution procedure for applicétion to slab on steel I-beams, wherein
he ‘assumed negligible'shéar transfer of longitudinal shear at the beam slab
interface. He used the moment distribution method modified to include slab
elements to distribute thé transverse slab moments and shears. In this
technique the fléxural rigidity of the girders could be adjusted to

compensate for composite action of the slab with the supporting giraers.

A more rigorous method of analysis considers a-composite beam bridge
as an elastically equivalent slab system, an "orthotropic plate", whose
structural properties in the two orthogonal directions ére uniformly
distributed along their length. Analyses of -the orthotropic plates
are generally based on Huber's (8) theory of anisotropic plates.  Such a
simplification of the bridge may be justified if (a) the ratios of stiffener
-spacing to slab boundary dimensions’ are very small to ensure approximate
hqmogeﬁity of stiffness, (b) flexural and torsional rigidities are.indeﬁgn-
dent of the boundery conditions of the slab and bhé distribition of the load,

(e) perfect bond exists between the slab and eccentric stiffeners, and

¥ Numbers in parentheses refer to'references.




>

() there is no warping of the cross section of the bridge structure.

<

The idea of applying the theory of orthotropic plétes to a grid
system of a bridge deck by treating it as an idéaiized plate was proposed
by Guyan (9) in 1946. Later, Magsonnet (10, 11, 12), Cornelius (13),

Pfluger (1k, 15), freﬁks (16), Glencke (17), ana otheré extended and
generalized the use of this method. Pfluger developed a system of three

fourth order differential equations in order to :include in-plane motions

of the plate. Trenks showed that three simultaneous differential equatioﬁs

expressing three components of deformation of the deck plate may be trans-
formed into one differential equation'of eighth order. Most of the research
published in recent years involves theoretical studies of orthotropic deck

plates and deals with mathematical methods for analysing such "structures

(18 - 2k).

A priﬁary drawback of the orthotropic piaté.method is that the
stiffnesses of the slab and beaﬁ are to be 'smeared! into an gquivalent
plate. The flexural and torsional rigidities of the plafe can, .at. best,
be approximations énd are often‘diféicult to evaluate. Secondly, once the
solution of the plate problem is obtained, it is Aifficulé to isolate the

moments, shears and displacements for the'longitudinal and transverse

girders, which are of primary importance.




.. FINITE ELEMENT METHOD Of ANALYSIS
2.1 GENERAL
In thg present investigation the finite element idealization is

used as the basic numerical ﬁechnique to solve a set of differential
eéuations of a continuum with regard to appropriate boundary conditions.
Engineering structures built up of bars, beéms and plates are generally
| thHcomblex to betanalyzed by the,théory_of-elasticityui'The'problem
becomes tractable if the fundémental conditionslof equilibrium and
compatibility are expressed in such a manner that the mathematical
formulation is given in terms of algebraic equations. The finite elemeqt

technique is a convenient scheme for obtaining these equations.

The finite element method is very well described in tle. literature
(25.,26) and hence only a brief description of the general features of the
‘method are glven here. In addition, certain features of the present study

which have not been presented before are discussed in detail.

The finiﬁe element metﬁod is divided into three steps:
Step 1: Structural Idealization:

A structural‘system is considered as an assemblage of discrete
structural elements interconnected at.a limited number of hode.points,
usually the éorners of the elements. ZEach element is assumed to'have.only .
a finite numﬁer'of degrees of freedom. The formulation of such a model,

referred to as the structural idealization, reduces the'infinite‘degrees of

freedom of the continuum to finite: degrees of freéedom suitable for the




matrix method of analysis. An engineering judgement is vital at this stage '
since an exgct analysis Is performed on this substitute structure and hence
the results are valid only to the extent fhe\substitute structure represents

the original structure.

Step 2:. Evaluation of Elemeht Prbéerties:

The force—displacémént rélaiionship - stiffness or flexibility
matrix -~ which must be obtained now is the critical phase of theAmethod.

An element which has infinifeldegrees of freedom is restricted to limited
degreesvof freedom. This in general implies violation of the continuity
conditions or the equilibrium conditions or both. Both compatibility and
equilibrium conditions are satisfied only under certain special situatioms,
like the case of bending of beams with two degrees of freedom"(slope and.
deflection) at either end. Most of the elements reported in the literature
are based on the displacement method (use of stiffness matrix) of anéiysis
and may be subdivided into_fhe following catagories:
| (1) Elements satisfyiﬁg displacement compatibility,

(2) Elements satisfying equilibrium, or )

(3) Elements violating both equilibrium and compatibility

(1) Eleﬁents satisfying displacemenﬁ compatibility{

- A set of deformation patterns are chosen to Qefine,
uniqug}y the state of displacement'within each eiemént. ' The nodai
displécements act as the undetermined parameters. Selection of the
displacement patterns which will explicitly‘specify continuity of
‘deformations and their first derivatives between adjacent elements is

difficult: However, elements satisfying continuity of displacements and
. . _ p -




their first derivatives and those which satisfy compatibility of
displacements only, along the whole interface between adjacent elements

are used in the literature with a great success.

Once the displacement patéerns-are chosen in terms of
nodal degrees of freedom, the principle of virtual displacement or the
principle of minimum total potential energy is employed to obtain'force
displacement relationship for the élement. Hence the stiffness matrix for-

the element i1s obtained.

The pfocess guarantees equilibrium of nodal forces, but
does not ensure the stress equilibriuﬁ within the element or along the
boundaries of the element unless the displacement functions are chosen
so that they identically satisfy the differential equation(s) of éqpilibrium.
The elements satisfying the displacement compatibility along the edges of
the adjacent elements provide a lower bound to the correct solution. The
value of such a bound is not very great since the underestimation of
displacements and stresses 1s true only in an average sense over the entire
continuum and‘is not necessarily true at every point of the continuum. It
may be noted that the deformation patterns are invented rather than
derived. Great care is'required.in choosing functions so that the
necessary figid body displacements are satisfied to ensure convergence to

the correct solution.

.{(2) Elements satisfying equilibrium:

In this technique one assumes stress patterns which are
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in equilibrium at the outset instead of assuming displacement distribution
as in the previous method (27, 28). Now the virtual-force approach_ér the
principle of minimum total complementary potential energy is employed to
obtain the stiffness matrix of the element. Alternately the displacement
-distribution, in terms of nodal degrees of freedom, may be derived.from
the assumed stress distribution and the method of virtual displacement may

be employed for the calculation of the stiffness matrix.

The displacement distribution so obtained, in general,
violafes the compatibility of boundary displacements on adjacent elements.
The method gives an over-estimate of the fotal strain energy and
therefore provides an upper bound on the average displacements. Any
distribution of strain can be approximated by uniform strainsﬁby reducing
the element size. Hence, for convergence to the correct solutions it is
essential to include stress patterns which produce uniform strain: The

method is, in general., more difficult to derive -than the prévious method. -

(3)  .Elements violating both equilibrium and .
compatibility:.

Here, the. displacement pattern is prescribed along tﬁe
edges of the element in terms of its nodal.values in such a way that
compléte compatibility between adjacent elements is established. The
elasticit& problem of the element subjected to these boundary‘displaceménts
is solved, exactly or approximately,- Ir an exact soiutiop is obtained}
an element which satisfies both compatibility and.eguilibrium conditiens

is obtained. For an approximate solution the complementary strain energy,




iQ
defined in tsrms of the internally equilibrating stfess fiela, may be mini-
mized. This vidlates the compatibility conditions within the eiemeht and the
equilibrium conditions are satisfied snly approximately on the bounﬁaries..

Experience with .this technique has indicated good qqpvsrgence-QQQ)..

‘Step 3{~~Analysis'of fhé~ﬁlément Assémflage:

~ Once the stiffness matrix for each element of the substitute
structure is somputed in its local coordinate system, it is modified into
a global (entire structure) coordinate system. The eleménts of the
modified stiffness matrix are placed in their correct positions in the’
larger framework of.the stiffness of an entire structure. The overlapping
terms are superimposed. This process is equivalent to carrying out the
ﬁatrix multiplication EAT]“[K][A]. Where [A] is a coordinate transformation .
mstrix and [K] is a square matrix with the stiffness matrix of‘sach element
listed on its main diagonal (26). In practice, the matrix multiplication
is seldom carried out since it is time consuming and takes considerable

computer core storage.

A necessary‘criterion of the assembly is that the degrees of
freedom for the node of an element be equal to the degrees of freedom of
thé node of the stfucture. This may require expansion of the element
stiffness matrix by inserting an_apbropriate number of zeroes. The general

pfocess of assembly for these stiffnesses are identical, irrespective of

number of nodes an element possesses.

The stiffness matrix for the entire structure is a singular matrix
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because the system is free to move as a rigid body when external loads are
appliéd. The order'of singulariﬁy.qf fhé matrix is~e§ual to thé-number of
possiblé.rigid body motions, Tf thé ordér‘of singularity is greater than
_ this, then thé structuré is intérnally unstablé or collapsitile. A
nonsingular métrix is-nOW‘obtainéd by imposing sufficiént boundary

- restraints on the structure.

Tt may be noted that forces ‘acting on the structure are limited
only to the nodes. If any other type of loads are applied to the structure
then they must be reduced to "eguivalent nodal forces" in the finite

element analysis.

After thé stiffness matrix for the structure is assembled, the
simultaneous liﬁéar ;qﬁafiéﬁs aré ready for solution. Any standard method
of solution of simultaneous equations may be ;mployed. Cerfain special
techniques may bé usedhto solvé a large numbér of simultaneous equations

(see Chapter 3]).

2:2 fINITE ELEQENT MODEL FOR BRIDGE STRUCTURE

The finité.elément aﬁproach is eﬁployed to treat a typical composite
floor system (Eigurg 1) as a three dimension;l space structure{' The slab
and girder elements are treated as an assemblage of regtangular plate ele-—
ménts- éach of iﬁsfhodés‘having~six degrges of fféedom» Three dégreés of free-

dom describe.the tranS&erse bending of the plate element and the remaining




slab element

Figure 1:

lateral bracing

Typical Composite Girder System.

diaphragm
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three degrees of freedom describe in-plane deformations of the plate. The
flanges of the girders are~treated’ as beams-lying in a horizontal plané.
Lateral bracing, if any, is treated as bars having only extensional

stiffness.

2.2.1 Development of Stiffness Matrices for the Elements.

2.2.1.1° A Plate Element:

For a plate element the in-plane..and bending deformations are
treated as uncoupled for small deflections, and consequently, elastic

properties can be evaluated separately for the in-plane and out—of—pléne

forces. The stiffness matrices for the two cases; in-plane stretching

and transverse bending, are obtained independently, and the stiffness

matrix for the total nodal degrees of freedom is obtained simply by

combining these stiffnesses.

Consider a plate element ijkl, lyiﬁg in the x-y plane, as shown
in Figure 2. At each node six degrees of freedom are pefﬁitted. Three
of them are translations U, V and W in the directlions of the x, y, and z
axes, and three are rotations ek, Gy, and GZ about the x, y, and z axes
respectively. Positive directions of the rotations are.determiﬁed by the
right-hand screw rule and are shgwn by vectoré directed aloﬁg these axes.

For the element,

6 =w
X Y
6 = -w
v bid
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Figure 2. Plate Element and Coordinate System
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where 'wy is the partial derivative of transverse deflection w with
respect to y, Wx is the partial derivative of w With respect to x, and Vo
and u.y are partial derivatives of v and u with respect to x and y,

respectively.

Several rectangular plate elements having three degrees of freedom

W, WX and Wy are reported in the literature. Clough (30) has compared

some of these elements and has presented a plate Bending element which is

"a Ybest" element, both in terms of convergence and in térms of approximating

true displacements and moments in the pléte. The stiffness matrix of
this element is used for the transverse bending stiffness of the piate

element in the present énalysis. The element is based on twelve

generalized displacement patterns (1, Xy, ¥V, x2, Xy, y2, x3, xzy, xyz, y3,

x3y; xy3). It is observed that the element satisfies equilibrium and
displacement compatibility along the edges of the piate element whereas

it does not satisfy the slope continuity along the boundaries.

On the other hand, there is no plane stress element descéribed in

the literature with U, V and eZ degrees of freedom at its nodes.* 1In

the past, elements with onlf two degrees of freedom, U-and V, have been
used. In the case of shell‘proﬁlems, where tﬁe fhird degreé-of freedom
is désired, the corresponding sﬁiffgess m;trix.is obtained by inéertiﬁg
an .appropriate number 6f zéroes into the stiffness matrix (25,.p.-126%

31, p.'133{}_ This not only is~aimisrépréséntation of thé-element

¥ Triangular plate elements with six degrees of freedom U, V, €3 &, ny
and ez, and U, V, Ux’ Uyl Vx'and Vy at each node are presented 7

in references 32 and 33.
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stiffness but it-also results in.a singular matrix if all .the eleménts.

sfiould.lie.in 'oneipldne,. .

Develppment of a plate element with the aﬁove three degreés of
ffeedom is of great engineering importgnce sihcé it can be used for the
case of concentrated moments and for the case of in-plane rotatioﬁs{ wﬁich
are frequently encountered when two flat plates meet at an angle as in the
case of folded plates, or when continuously curved surfaces of shells are
appfoximated by flat plate.segments. In folded plates and shells the
element is subjected, generally, to both bending ana in~plane forées. A
detailed derivation of the stiffness matrix for thg_infplane stretching of

rectangular plate element is presented.

" The general procedure for obtaining the stiffness matrix for an
element with assumed displacement patterns - with nodal degrees of freedom
as-unknown parameters -~ is described in section 2.1. The method is
adopted to obtain the. stiffness matrix of the plane stress element in the

following two sections.

Section 2.2.1.2 is devoted to the selection of the displacement
patterns. In this section the displacement patterns at first are assumed
in terms of- the generalized coefficients {a} and later are related to the

nodal degrees of freedom {&}.

In section 2.2.1.3 the principle of the minimum total pofential
energy is used to compute the stiffrness matrix for the plate element for

the displacement pattefns of gection 2.2.1.2.
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2.2.1.2 Belection of Displacement Patterns.

There are three generalized displacements at each node, two
translations and one rotation, and a total bfrtﬁelve for the element.
These twelve nodal displacements establish the boundary conditions for

the function which is selected to describe the deformations within the

region of the element. This permits the use of a displacement field f(x,y)

with twelve generalized coordinates {a}. Since the displacements along
the x and ¥ axes are, 1n general, independent of each other and symmetric

in nature, it is desired to select six displacement patterns for u(x,y)

and six symmetric displacement patterns to describe the v(x,y) deformation.

.Poiynémial.fﬁncéions are easy to deal with and hence are frequently used
in the finite element analysis. In order to choose simple deformation
patterns, the functions are restricted to third order polynomials. If all
the thira order polynqﬁial terms are included -then there are twenty
generalized coordinates {a}, ten for the u(x,y) displacements and ﬁen for
the v(x,y) displacements. The Sz(x,y) deformations are computed from the

expressions of u(x,y) and v(x,y). (See Equations 2.1 through 2.6.)

s N\

.u'(x )

ey = (vlxy) (= [PGx,y)] {od : (2.1)

.

ez_(?c :.V))-

\




where:[B(x,yij =

b

and {a} is a vector of generalized coordinates.

o = o
a
ay
a. o
b
o- © o

by

—X
2a

2
bx2y be
agb °© ab

2f

ab .
-X y2 Xy
oac b2 -ab

L _-}E
; ,
by~
(o] .b3 @]
a 3 o ax3
§f§— =
—3V2 3x2
° 2 527
(2.2)
’_1
(@]

¥ . This form of the polynomials is selected in order to obtain a simpler polynomial in dimensionless

coordinates.
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If. £ = x/& and  n.= y/b,. then;
' b o o
[plx,y)] = o a o | [P(g,n)]
5 o) ' 1
where ;
-
f}i(im) 1 0 ¢ 0 n o
[B(g,n)] = ¢vim)p =10 1 0 n 0 ¢
. -1 1
L 8,.(&sn) 0 0o o0 0 =5 3
& 0 n 0o @ o & o o3
0 n2 0 n2€ 0 Ezn 0 n3 0
2 2 2
o=f n- -3n
0 0 5 5 -En né 0 0 5
apd:

T

(2.4)

a and b are lengths of the element along the x and y axes respectively.

This implies that

¢ 3
u(X9Y)

i v(x,y) »

J

ez(x,y)

S ¢ w
b 0 0 u(g,n)
= {0 a 0 <¢vlg,n)
0 0 l“ 8, (g,n)

\

(2.5)
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and that:
b 0 0
;3 =jo a0 {8} = [tl{s} (2.6)
tp 0 1 '

Where {Gi} is a column vector of the degrees of freedom at node

i, (Ui, V.o ezi); {Qi} is a column vector of dimensionless degrees of

freedom (y&, y&; in) of node i; and the transfer matrix [t] is

. _
[t] =

a

0

(2.7)

o o o
H O O

In order to relate dimensionless degrees of freedom {§} with gen-
eralized coordinates’ {a}, thé coordinates of nbdés i, j, k'and 1-are substi-
ﬁutéd‘into~ the matrix [P(g,n)]. It may be observed that columns 3, 11,
and 17; 7 and 13; 8 and 1k; and columns 4, 12 and 18 are identical in the
resulting matrix.” Hence, the.polynomial terms coffesponding to columns 11,
12, :23, 1b, 17 and 18, though they are:independént displacement- patterns,

may be discarded from the definition of the function E}(E,nli' Hence,

1 05 0mn.0& 0 n° 0 &a° 0 > o0
[Pe,n)] ={0 1 0 n 0 € 0 ng 0 £ 0 £2n 0 31(2.8)
2
-1 1.-€ n - =3 3§
000075 3 =5 3 -n & -&n &1 =3 ol
Equation 2,8"contains fourteen polynomial ‘terms to define. the dis-

placemépt'fieid:{jﬁi,ﬁz}.offtheUPlate element.', -Seven of thé terms define

u(g,7) displacements and the remaining seven definé v(%,n) displacements.

¥ see Appendix 1, page 130.
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Each. element ‘has twelve dimensioniess degréés of fréedom'{ﬁ} and
fourtéen généralized coordiﬁatés:{&}. In order fo ﬁniqﬁély\rélaté thé
geﬁeralizéd coordinatés‘{&} with,thé‘nﬁdal_degréeé of‘freédom'{ﬁj,.only
twelve ﬁolynomial terms in the définition of [P(g,n)] are needed. .Ideally
we are'interested in a symmetric and indépéndent sét of displacémént.
patterns to define u(%,n] and v(¢,n] which éivés a 12x12, nonsingular
matrig; Tﬁefefore, one displacement péttérn from eagh definition of Efg,n)
and a corresponding function from the définitién of v(&,n) must be discard—
ed. In order to retain simﬁle displacément péttérns it is prgferred to
discard é tﬁird order term from the définition of E[E,n) and z(i;ﬂ). Real—

istically, an independent set of symmetric displacement patterns is not

~available when all second order polynomial terms are retained 4n the

définitioﬁ of [Eﬁg,ni]: Tﬂis is observed by a careful examination of matrix
[CJ which relates the diménsioniess degrées of freedom {8} with the general-
ized coordinates {a}. The matrix [C] is oﬁfained by substituting the
dimensionless coordinates for the nodes i, j, k and 1 of the element in

the matrix [P(£,n)]. The 10x10 principle minor éf the matrix [c] is non-
singular which indicafes linear independence of the first ten vectdrs of the
matrix [é]. On the other hand, the 12x12 squaré matrix obtained by omitting
céiumns ele&en and twelvé, or by deleting columns thirteen and fourteen, of
the matrix [c] is singular. This broves-the assertion that an independent
s&ﬁmetric set of functions does not exist when all the second order

polynomial terms are retained in the definition of [P{g,nl].




25 .

It is also noted that any combination of two vectors, other than
those mentioned above, are linearly indépendent of the firét ten vectors.
This shows that a set of linearl& indepéndent, nénwsymmetric deformations .
-are available to describe thé deformations u(£,n)and v(&,n). Non—symmetfy
of shape functiohs implies .non-isotropy of.theﬂmatérial'and hencé is of

"little interest.

ﬁpon examination; of .other combinations’ of:the fourteénivecthS'of
matrix [C], it is found. that among the'chosenﬁdisplacément'patterns there -
is no independent symmetric set available to describe the deformations |
u(g,n) and v(&,n). Heﬁce? we note that an arbitrary choice of independent
displacement patterns is inadequate to guarantee existence of an inverse
éf'the matrix [C] which relates the generalized coofdinates {a} to the

dimensionless degrees of freedom {§}.

In. order %o ,define a symmetric-set of shape’functions, an
.interdepeﬁdent set of displacement functions is requirea. This is easily
done by retaining the first ten vectors of the miatrix [P(£,nl]l>and by
" replacing the last four columns by two columns which are linear combinations

of columns eleven and twelve and columns thirteen and fourteen respectively.

Hénce{
[1‘ 0 ¢ 0 n 0 & 0 nf 0 -gn® -’ o
[g(a,n)]" =01 0 a 0 & 0 nmE O G

(2.9)
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Matrix [C], obtained by:substituting the coordinates of nodes i, Js
k and 1 into the matrix [p(E,n)],is easily inverted.

A dimensionless. displacemént. field of ‘the element {f(Z,n)}, is
related to the dimensionless degrees of freedom {g}iby:

b OO
- o ll- - . .‘l : '
{£{&m)} =0 a 0| Ip(g,n)1Ic s} ' , (2.10)

001

Equations 2.6 and 2.7 relate the dimensionless degrees of freedonm

{8} with dimensional degrees of freedom {6} as:-

(£ o 0 o
.40 [+t o 0 _ ’
e o 18 (2.11)
o o0 0 [+17%

Substituting Fquation 2.11 into Equatiom 2.10, we obta%p_the

displacement patterns in terms of the nodal degrees of freedom.

15170 o 0 0 ..—
- 1o w1t oo 0
{£(g.m)} = [61[R(E.M)1[C7) ) |53 . (2.12a)
- Q 0 [t]77 o0 :
0 0 0 [p]”%_

[o(g,n)1{6} | o - (2.12pb)




where:

[Q(Eon)] =

[t10p(e,n)1c™)

2k

0 0]

0 0
[+t o
o

2.2.1.3 Determination of Stiffness for the Plate Element

(2.13)

The total potential energy I of the elastic system in Equation 2.1k

is made up of two parts, (a) internal strain energy,ané (b) the energy of

loads acting at the nodes, or:

I=1/2 f§{6}T{e}dv = 1635w

where:
{e}
{o}
{F}

column vector

column vector

column vector

of

of

of

From the definition of strains:

EX 9
90X
3
fe} =(% )= lo 2
R y 9y
(ny, 3 3
} 'L?y X
120
a o9&
_ 13
=10 b on
13 13
b 3n a 9§

0

strains (EX, €
stresses (gx,

nodal forces (F ., F
xi

[P(x,y)]

(2.14)
y: ny) »
Oy s Txy>’ and
p10 Foggrroee )
(2.152)
[e(Em)] . (?.le)




25

G -
. 1 .
L2} 0 ol - |2 0
a 0&
= |0 a2 0 0 9_
b N
0 0 1 9_ C
| | | on 9E
= [THe}

where the strain transfer matrix

1k 0 ol.
. a
[l = |0

| 0 0

and the dimensionless strain vector

o {m

=

=

e} = i' = [B] {8}

Tu€.m

vE,n)

|z (Ea ﬂ)

(2.15¢)

(2.154)

(2.16)

The matrix [B] in Equation 2.16 is obtained by proper differenti-

ation of the matrix [®(E,n)] - of Equation 2.13.
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From the generalized Hooke's law, the stresses are:

.{0}. = [p] {e} = .[D] [T]{E} = [p] [T] Lg]'{ﬁ}
where:
F- 1 Y 0
L] = —2— ¥ 1 0
1-Y
~ 0 0 1~y
_ 2]

_(2’17)

(2.18)

E'in Equation 2.18 is the modulus of elasticity, and Yy is Poisson's

ratio for the material,

Substituting Equations 2,15, 2,16 and 2.17 into Equation 2.14
yields: . B
T . . .
1 =%fv([D] [r] [8] {61 (IT] [ {6}) av - {s}T{r} (2.19a)
. T .
I o= 118 Ikl 16} - {837(r) (2.19b)
shere [k] = s_ (81 7] Tio] 1] (8] av (2.20)
According to the principle of minimum potential energy
I
LL_ _ 9
3(8)
Hence: [k] {8} - [F] = {0} 4
or [F] = [k] {6} i : (2.21)
By définitibn, [k] is the desired stiffness matrix,
Exlicit expfessions for the stiffness matrix are derived and

presented in Appendix 1 along with the stiffness matrix for the
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transverse bending of the plate element.

2.2.1,4 'Limitations'of‘the‘Plane Stress Finite Element

The deflection patterns chosen to represent the stretching of
the plate do not completely satisfy the displacément continuity between
adjacent elements. Continuity is maintained for the u displacement on

edges parallel to the x axis and the v displacement on edges parallel to

the y axis. The element exactly satisfies the constant strain situation.

To verify this property of the element, uniformlcompression and uniform
shear strésses were applied on a single element. The element is pin
supported at one corner and is supp&rted on rollers at the other end.

The uniform stresses were reduced to equivalent nodal forces and were
applied to the nodes of a single element. Plate elements with length to
width ratios varying from 1 to 20 were examined. In all cases, nodal
deflections were identical to corresponding deflections obtained with the
theory of elasticity solutions, When stresses are not uniform, as in the
éase of a uniform bending stress, the resulting deflections are 6.25%

too small., This disagreemgnt indicates that in the case of linear stress
distribution, or where stresses vary as a non-linear function, the plate

must be taken as an assembly of small elements so that the distributed

' ‘stress may be approximated by constant stresses,

<
Since the element correctly represents a uniform stress situation

and it incorporates all the rigid body displacements; it is expected

- v

that the solution of plane stress problems obtained with the element will

converge to the true solution when the element size is diminished. - The
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exact solutions to plane stress problems with rectangular boundaries are
not easily available, and hence comparisons are limited to a cantilever
beam loaded at its free epd. It may be noted that the cantilever beam
problem is not expected to reveal advantages of additiomal degrees of
freedom of the new element, but is designed to show the convergence

criterion,

Deflections of the cantilever beam for vafious mesh sizes are
plotted in Figure 3. The figure also shows deflections of the free end
when stiffness matrices proposed by Turner, EE_Eg_k34) and Melosh (35).
are used. Melosh's plate element assumeé linear displacement patterns,
whereas Turner's element is obtained from self equilibrating stress
patterns, This element was found to give the best approximation to

the cantilever beam problem by Hooléy and Hibbert (36).

2.2,2 Beam Eleﬁents
As was mentioned in section 2.2 longitudinal gifders are treafed
as plates in a vertical plane and their flanges are treated as beams
lying in horizontal -planes, If transverse beam. diaphragms are provided
in the bridge, they are treated as eccentric stiffeners which are rigidly
‘connected to the slab, The stiffness matrix for such an eccéntric
stiffener, with its nodes. in the middle planéldf the slab, is based on

the displacement equations:

n

u(x,y,0) - zw

u(x,y,z) <

v(x,y{z) = v(x,y,0) - zwy

where u(x,v,0) and v(x,y,0) are displacements of the reference surface
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along the x and y axes. These displacements are referred to as the

u and v displacements.,

If the beam lies éntirely in the y-z plane, as is the case with

transverse diaphragms, its resistance to motion in the x direction is
completely ignored. The displacements in the y and z directions are

assumed to be:

v 1 y 0.0 ‘0 o0 |

” T f {8} (2.235‘

w, 0 0 1y oy oy
Proceeding as in the case of the rectangular plate in extension, the
generalized coefficients {B} are related to degrees of freedom V, W,

and Wy(=6x) of the beam element by:

{B} = [C'l] {8} ' ‘ (2.24)

‘'where [C] is 6x6 matrix of nodal coordinates.

The displacements in Equation 2,23 are represented in terms of

the degrees of freedom {8} of the beam element by:

[ v 1 vy 0 0 0 o0

= : | , Rt (2.25)
|

w j 0 -0 1 y vy Y3

—

Therefore, the strain and stress vectors are given by:

-{€y? =Vy = 2V = (01 Otb -2z -62y) {C—l] {8} (2.26)

and

{o}

E{e_} ) : (2.27)
Yy
The principle of minimum total potential energy gi&es the

desired matrix equation:
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In the above equations, As is the cross sectional area of the
stiffner, SX is the first moment of the stiffner area with respect to the
reference surface, and IX is the moment of inertié of the stiffner with

respect to the reference surface.

In order to consider torsional resistance of the stiffner, extra

degrees of freedom e& are introduced at both ends of the Beam element.

Assuming the angle of twist Qarieé linearly along the length of the element,

the twisting moments, Fe , are related to the degree of freedom eyby:
Yy : .
. . ]

F, .

eyll YooY %1 |

= E ‘ (2.29)

F -y Y . -

ey2 3 eyg

n ] :
where Yy = GJ/EAL; G is the shear modulus, J = L 3 bt3, and AL is the

length of the beam element.

The torsional stiffness may be combined with the stiffness matrix
of Equation 2.24 to obtain a stiffness matrix for the beaﬁ element having
four degrees of freedom V, W, ex and ey at its nodes. The matrix is
shown in Appeﬂdix 1. If thé reference surface is assumed to pass through-
the néutra@ axis of the beam element then the stiffness ﬁatrix of the
beam element may be reduced to a more familiar form by substituting SX =0

in the stiffness matrix.

2,2.3 Bar Elements

Bars or axial force members are used in the bridge as lateral
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bracing or as diaphragms. The stiffness matrix of the bar element is
obtained in local coordinatés simply by assuming linear displacement
patterns. If the direction of thé axis of ﬁhé bar'is denotéd By irénd
ﬁhe displacements and forces in this direction by u and Fu ?espectively,

then the stiffness matrix for a bar element of length AL is given by:-

Ful | {— 1 ";“] | ﬁl]
l ' 1 . (2.30)

where A is the area of cross section of the bar element.

2.3 EQUIVALENT NODAL FORCES

In th¢ finite elemeﬁt analysis of the.structure; loadé aré
restricted to the nodes,whereas the orientation of the actual loads on the
étructure is arbitrarx e.g., truck loads on a bridge. Or, the loads aré
distribﬁted over the structure as is the case with the dead load of the
structure. In the finite élement analysis one needs to replace the

actual loads acting on the structure by the equivalent nodal forces. This

replacement is easily done by equating the virtual work of the two ‘systems:

T T

.BW_ B fsa{f}[Q]ds - 6{6}{Péquivalent | ' (é.3l)_

where &{f} denotes the virtual displacement of the surface s and [Q] is
the matrix 6f the forces acting on the eleﬁent, and 8168} is the virtua}

displacements for the nodal degrees of freedom.
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In Bquation 2.12, {f} = [0]{8}, hence:

§{r} = [e]s{s} ' ' (2.32)

Substituting Equation 2.32 in Equation 2.31,

T T - 1T ' ' : ;
§{8}” [ [e]7[qlas = §{&} {P}equivalent (2.33)

Since virtual displacements 8{&} are arbitrary

‘ _ T .
{P}equivalent B fs[q)J [qJas

(2.3h)

To illustrate the method, equivalent nodal forces for the cases of
uniform compression and uniform shear stress acting on the plane-stresS
element of the previous section are computed. When the compressive stresses
are acting on the edges parallel to y axis, the integration in Equation 2.3k
is carried out only along these edges. The vector [Q] of the applied loads
is represented by two components, Col™(1,0,0) along x = 0 and Col™(-1,0,0)
at x = a. On integration Equation 2.3l yields the equivalent nodal forces

{P} of Equation 2.35.
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Similarly, the equivalent nodal forces for the cases of uniform
shear stresses and uniform bending stresses acting on edges parallel to y

axis are obtained as shown in Equations 2.36 and 2.37, respectively.




| (2.36)

shear

{P}




(2.37) *

and

{P}

-bending




JSieeTTli.e - LCOMPARISONS. WITH EXISTING SOLUTIONS
3.1 " INTRODUCTION

The displacément method of analysis when applied to the analysis of

a structure composed of many elements, results in a large number of

simultaneogs algebraic equations. The conventional techniques adopted for

the solution of these equations may cause computational difficulties or

may even prove impbssible when the order of the matrix exceeds the capacity -

of the digital computer.

In order to efficiently solve these equations on the computer,
adyantage must be taken of a high proportion of zero elements in the
stiffness matrix. With careful numbering of the nodes, the stiffness
matrix of the structure may be obtained so fhat all the non zero terms
are located in a reésohably narrow diagonal band. The band width of the

matrix is minimized when the nodes are numbered such that the difference

between any two connected node numbers is a minimum. Several papers.

‘which deal with the banded form of the matrix have reported considerable

economies,both in computing time and computer core storage (37, 38, 39, Lo,

h;).

Alternately, the étructu?e under conéideration nay be pa?titioned
into a number of substructures, and the Eoundaries of the substrﬁctﬁres
may be specified arbitrarily. if the stiffness .matrices for the
substructures are determined, then each substructure can be trested as a

complex structural element and the displacement method of analysis can be

formulated for the partitioned structure. In other.words, the idea of a
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substructure is nothing more than.a generalization of a structural member.
Here the substructure is treated as a bBasic, "building bBlock" (L2, 43, Lk,

L5). Such a physical idealization has a mathematical counterpart in the

form of partitioned matrices.

The complexity of the interactions between substructures depends
primarily upon the manner in which the structure is divided. Moreover,

the choice of the scheme for the solution of the resulting matrix equation

-is related to the layout of substructures. The method of series elimination-

is the simplest method among the various available techniqués of subdivision

of the structure. The method is explained briefly in the following section.

3.2 SERIES ELIMINATION METHOD OF SUBSTRUCTURE
When the structure is subdivided into 'n' substructures as shown in

Figure 4(a), the stiffness matrix [K] for the structure may be partitioned

into a tri-diagonal band matrix, as given by:
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[k]ll [kJIQ
(el [elyy [kl
[elgy  [xleg [k,
. j-'l,‘j J:J j:j+l
: [k] [x]
: ) ' n-l,n n,n
(3.1)
Each element [k] , in Equation 3.1 corresponds to the stiffness
matrix of all nodes of the substructure j, and the matrices [k] and
) . j"l:j
[k] are the coupling matrices.

J.J+1
One must iﬁvert matrix (K] in order to compute the displaceﬁents
[8] for the structure when the nodal forces [F] are applied, or, one must
take advahtageuof-the'tri—diagbnal'fbrm.of the matrix {KJ,ahd set:up a

recursion relation.

In order to estabiish the recursion relation for the series

elimination, matrices: [8] and [Fl.are subdivided - as in* Equation 3.2,




71, | 1kl fxd, o . (6,
[F1, [kl [xly, [kl o ],
\ I

- | | | (3.2)

Fl_ | 4 (] =] | L8]

- ] § - ) - n-1l.,n n,n_|

In Byuation. 3.2, {F}j and {6}j refer, respectively, to the forces

and: displacements at the nodes of substructure J-

Equation 3.2 may be expanded to''n' matrix equations. The first and

second of these equations are:

[k]ll [5]l + [k]12 [6]2 = [F]l , and (3.3),
[kly, (81, + [kl,, [8], + [kly, [81, = [Fl, (3.1)
FfomtEquation 3.3, —
[5]1 = - [lel L[k112 [5]2 - [F]l] (3.5)
Substituting this expression for {6]1 into equation 3.k:

% ¥
[kl,, [8], + [kl 5 (sl = [Fl, (3.6)

where: -

# -1 o .
[k]22 = [1«:]22 [k]2i' [k]ll'[k]l2 , and : | (3.7}
. ® | | -1
[Fl, = [rl, -[xl,, [kl, [E]L (3.8)

F#:ém. Equation 3.6:




lp..3

. *_1 {" %
(61, = = [slgp | [l 165 - [Fjg]

- (3-9)

.Thé'fOrmuof E4uation 3.9 is identical to the forﬁ‘of-Equation 3.5.

'The third of the matrix Equations, 3.2, may 5é written:
(Fly = [xlg, 81+ [klgy [elg+ [xly (o],

Equations. 3.6 and 3.10 form ‘a pailr. of equations which are

(3.10)

identical in form to the first pair of Equations 3.3 and 3.4. Operating on

this pair, just-as on the first pair, yields:
‘ & %

[k]33 [6]3.+ [k13LL [s]), = [F]3
where:
% ®_1
[k]5 [klyg - [xlg, [x],, [kl , and
* - ._*—l
[F]3 = [F]3 -~ [k]32 [k122 {F]2
Equation 3.11 yields:
’ %1 i" * —*
[6]3 - - [k133 | [k]3h [6]h B [F]B %
| J

(3-11)

(3-12)

(3-13)

(3-1k)

One may now write the fourth of the matrix Equations 3.2. This

equation and Equation 3.11 will form a third pair of eguations. This

péir of equations is similar in form to the first and second pair.

Proceeding as before one can write;
* %

ey, T8l + [kl o), = [#],

(3-15)
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# %1

[k]uh'= Iklhh - [$Jh3[kj33 [kj3h , and

* ¥_1

[Fly, = [P, - [kl (k] [F]]

Proceeding in this manner, the general recursion relation is:

% ] X
% 51
ey g = [g]jsj_ leJy gon BTy 1,31
'}L %1
[F]j = [F], - [x] k]

J j:j"‘l

From Equation 3.18:

[6], =

,_

~l

and 3.235 are obtained:

I L T £ M
.[k]n-—l,ngs]n—-l'+ [k]n n[§]n - [F]n

From this palr of equatlons,

%]

(k]

k]n,n-—l

j_l:j"l

J _ .:J L_ J7J+l ]J 1 [F]_J

The process 1s continued until the last pair of-EQuations,

n-1,n-1

- (3.

(3.

(3.
(3.

(3.

(3

3.22

(3

(3.

6

_(3

16)

17)

18)
19)

20)

.21)

.22)

23)

;2h)

.25)
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% _ %1

[(F]. = [F]_ - [k] [k] [F]

n n n,n-I n-l,n-1 n-1 (3.26)

Once the deflections [6]n of the last substructure are obtained,
the deflections [SJn_l, for the preceding structure are obtained from
Equation 3.21 by substituting j=n-l1. This process is repeated until the

deflections.[d]l for the first substructure are obtained.
. }

The procéss just described computes the deflections of one end and

then computes the deflections of the entite structure by usiné the recursion

relation of Equation 3.21. Because of the large number of computations in-

volved in the process it is suspected that.é considerable'loss—in accuracy
méy result in the deflections of the structure. The error in computations
may be reduced by first calculating the deflections of the midsection, and
then, relating the deflections of the remaining structure with these
deflections. In order to derive the recursion relations for this case, the
substructures are numbered as shown in.Figure 4(b). The resulting matrix

equations are expressed by:
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[Flg [ele oo [Ele o [k]c‘c_i [615' -%
)= o | (3.27) |

‘[F]II [k]II,lII[k]II,II [k]II,I ,[G]II .{

EF}I—J B - [k]I,II ‘[k]I,I | ~[5]I— fw

Proceding as before, one can write the recursion relations Equations

3.18 through 3.21. . The index j stands for the jth substructure counted

from either end. When j = C-1 (where C is the index of the central ' §

substructure) , -Equation 3.2l becomes;

®_1 % : b
[6lgy = - [klg g o1 [}k]C—l,C [l - [F]C:l (3.28) !
where ! ‘ K ﬂ
: Bl i
[Flg = [Flg - [xly o g [elg g o [Flo T (3.29) t
Similarly, when j = C-I, Equation 3.21 becomes;
*%_] 2% —].
= ‘ - IF v Co
R i P e [Ek1c-1,c (8l - Pl | (3.30) ,
where: . ' ; [
%% *%_7 ) . . - ) —,:-&
(Flg = [Flg - (&lg o7 [Blo g o g [Flgy o | (3.31) l

Dbuble‘stars on the matrices signify that the recursion relation is carried

out from the front end, with Roman numerals.
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The matrix .equation for the céntral slUbstructure may now be.written
from Equation 3.2 as:

[Flg = [kly oy , ¢,c1 L6l

(8l o + [xlg gloly + [x] -1 - (3.32)

Substituting Equations 3.28 through 3.31 in Equation 3.32:

Py %
[rly = [lg (Ll ' ' ©(3.33)
where; . :
% %_1 ®¥_7]
(elg o= Delgom (Bl o g Doy o q [Rlg g o = Dklg o pTxlg g el p ¢
| | (3.34)
and : s :
% %% %_1 % ®%_1 x#
[Fly = [Fly -[k] (k] [Fly - [kl op (xlg; op [Flg (3.35)

: ¢,c-1 “*lc-1,0-1

After the deflections [6]0 are obtained from equation 3.33, the
deflections for the remaining structures are obtained by successive

applications of the recursion relations of Equations 3.18 to 3.21.

The recursion process requires the inversion of matrices whose

largést order is equal to the order of the largest matrix [k]. .. This
. - ' b

enables the programmer to conserve the computer core storage, provided he
uses the auxiliary storage unifs for the large blocks of information
- pertaining to individual substructures. “Hence, a large structu&e‘maylnow
be analyzed. Whén auxi;iary storage units are used in the program,.£he:
benefits dgrived from a large capagity are partially offset'by an increase
in computer time. -This loss of effipiency is due to the fact that access

“time is typically much greater for auxiiiary storage than for the core
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storage. It may, however, be noted that the time of solution varies as a
linear function of the number of substructures in tﬁe strgcture, rather
than as thé cube -of the numbér of unknown déflections {8}, as is the case

in ordinary techniques'for solving equations.

3.3 VERIFICATION OF CéMPﬁTER“CODE-

A computer program is_writfen'to'analyze a structure composed of
plate, beam and bar elements. The program utilizes the series method of
- substructures described in the previous section. It islused for the
analysis-of the bridge.structures which are discuésed later.

The logic of the program is ve?ified with the éantilever beam
problem presented in the second chapter. The cantilever beém’problem
was solved several times. Each time the beam was divided into different
substructures and the scheﬁe of numbering the node points was changed. The
‘deflecéions of the beam were found identical in each case. For each
element nodal forces were computed from the known deflections. The forces

acting at each node were then superimposed. for equilibrium checks of the

hodal fofces.

The cantilever beam lies entirely in one plane and Is made up.only
of plate elements. Hence, it does not check certain aspects of t%e
progrém; Therefore, the progréﬂ is also verified with a bridge supported
on two lqhgitudinal girders. The computed defiections of all the nodés of

the bridge were identical fdor the various combinations of substructures

‘(Figure 5). The equilibrium conditions were also checked at each node of
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the bridge. The bridge was algo solved with axialrdiaphragms at its
éupports; The deflections of‘the'various nodés dﬁé to apblied loads were
idengiéal when the structuré was sﬁbdividéd into two différént substructures.
.'é.h COMPARISONS WITH EXIéTING SOLUTIQNS.:

The applications of thé finite eléﬁent method of a@alysis are
varied. The method was recentiy’applied to composite Ifbeam bridges. (L6).
_The literature on the finite element method is full of evaluations of the-
- method in compgrison to other methods of solution._ The evaluations,
which are based on coﬁparisons with exact solutions for simple problems and
with thg experimental results for the more complex problems,'have proved
a great success of the method. Therefore, in the present study of the
bridge behavior under the action of horizontal loads, no attempt is made
to Justify the use of the method. However, certain comparisons are made
to invgstigate the validity of the method and toxillustrate the differences
in solutions resulting from the various assumptions made in formulating

the analytical'models and other approximate methods of solution..

- Comparisons are made for vertical loads on three-composite I-beam
bfidges of different span lengthg and girder sizes. All fhe bridges are
éolved by the finite element éethod by Gustafson Ch6). In his model,.plate
elements havg only five degrees.of fréedom U?'V, WA ?X’ ang ey; and tth
longitudinal and transverse girderg are treated as Eeam.elements.- The
stiffness of the beam elements.iS'computed by assuming the node; of the

beam elements to coincidé:with_the neutral surface of the slab.
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The first bridge studied is a fivé girder_bridgé suppgrtgd over
a épan of sixty feet (Eigure‘6). The bridge was solved by Vitols, Clifton
and Au by the orthotfopic plate thébry~inlorder to comparé their more
accurate treatment of the ecééntric stiffnérs with the conventional °

technique (19).

In the present analysis the slab of the bridge is representéd by
a meéh of sixteen lqngitudinai by ten transverse rectangular plate elements

of ‘equal size. Each element of the slab has six degrees of freedom; U, V,

X

‘W, 6, ey, and eZ. The webs of the longitudinal girders are treated as

plate elements and their flanges are treated as beams lying in horizontal

planes.

Table T gi?es a comparison‘of the present investigation for the
midspan loading on the girders with the or£hotr0pic plate analysis of
Vitols, Clifton and Au, and with the finite elemeﬁt analysis of Gustafson.
It also presents moment coefficients for the loads at the quarter span and
at three—qpar£er span of the bridge. The data in Table I shows a somewhat

different distribution of load compared to the orthotropic plate theory

‘and Gustafson's finite element model.

It 1s observed thét the differences in the midspan ﬁoments between
the orthotropic plate analysisiand‘Gustafson's model are greatest when the
exterior gifder A is loaded. They reducé whén girder‘B is loadéd'and'are a
minimum when girder d is loaded. . In the present analysis, the moments

carried by the interior girders B and C, when the wvertical loads are
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TABLE L. Comparison of Moment Coefficients (¢ for 60 foot Span Composite
I-Beam Bridge, ’ -

Load Basis of Coefficient of Moment Cﬁ Mid-Span Section .of Beam
Position Comparison A B c D E
* ’ .
Mid-Span A 1 0.175% ~0.0872  0.0089 -0.0128 ° -0.0085
2 0.1961 0.0592 0.0085. -~0.0058 -0.0066
3 0.1818 0.0651 0.0191 -0.0019 -0.01k1
 Mid-Span B 1 0.0543  0.1324 . 0:0540  0.0139 ° -0.0046
2 0.0598 0.1255 0.0536 0.0163  —-0.0051
3 0.0636 0.1194 0.0510 ~ 0.0169 -0.0010
Mid-Span C 1 © 0.0097 . 0.0539 1 0.1228 1 0.0539 0.0097
. 2 . 0.0090 0.0540 0.1238 0.0540 0.0090
3 0.0185 0.0512 0.1105 0.0512 0.0185
" 1/h-Span A 3. 0.0759 o.ohﬁT 0.0L71 -0.0005 -~0.0123
1/4-Span B 3 ©0.0L36 0.0377 0.0305 0.0129 0.0002
1/h—Span C - 3 0.0165 0.0306 0.030T. 0.0306 ~ 0.0165
3/L-Span A 3 0.0795  0.0431  0.0133 -0.0018  -0.0092
3/4-Span B 3 - 0.0420  0.0388 0.0325 0.0129  -0.0012

cont.




TABLE I.

Load
Position

Mid-Span
Mid-Span
Mid-Span

1/h~épan
1/h;spap
1/4-Span
3(H—Span
3/4-Span

# Moment
* 1:

~ Cont,

Basis of
Comparison
’ *

3(a)
3(b)

A 3(a)
3(b)

B 3(5)
- 3(b)

C 3(a)
3(b)

A 3(a)
3(b)

B 3(a)
3(b)

Coefficient

of Beam
A .

0.0709 0
0.0875 0
0.06LT 0
0.0817 0
0.036h 0
0.0k05 0
0.0502 0
0.0ko8 0
0.0072 0
0.0070 0
0.0267 0
0.0108- 0
0.1311 0
0.0351 0

.0498 0
0.0235 0
0.0222 0
0.0096 0
0.0267 0
0.1502 0
0.0281 0
0.0378 0

= Cm x Load x Span

3: Present investigation

3(a)§
3(b):

5k

of Moment Cm for

B

.0625
.0koo
.0507
.ok21

.04k63
.0Lk12
.0303
.oboi

.0353
.0352
.0266
.033k

.0505
.0243

.0920
.0152

.0317
.0152

.0283
.0393

.0107
.1063

Orthotropic plate theory (19)
“2: Qustafson's model (L&) -
Moment coefficients at quarter-span
“Moment coefficient at three-quarter-span

O O OO [*NeoNeoNe!

(@] o (@] [N o] [eNeoNeoNe)

o

C

.0067
.0066
.0271
.0112

.035k
.0350
.0266
.0333

.0k00
.0k08
.0184-
.0367

.0224
.0099

.0317
.0152

.0798
.0128

.0178
.0056

.0119
L0375 .

Quarter-Span

-0.
-0.

-0.

OO QO

oo oo

D

0091

ook2 -
.0030
0025

.0102
.0122
.01k9
.0126

.0353
.0352
.0266
.0334

.0020
.0005

.0119
.0087

.0317
.0152

.0025
.0027

.0096
.0078

Section

E

. 0060
.00k
.0205
:00T7h

.0033
.0037
.0029
.0018

.0072
.0070
. 0267
.0108

.0185
.0063

.0021 -
.0001

.0222
.0096

.0128
.00k48

.0022
.0020
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directly applied on thése girders, are lower thén the moments. predicted

by the orthotropic plate thegry‘or Gustafson's finite élement model. When
the exterior girder A is loaded, thé momént a@ the midsban of girder A is

a little larger than thé momént prédicted by the orthotropic plate theory
but is smaller thén the moment givén by Gustafson{s modél. This
distribution of moments té the unloaded girders is similar in ali the

cases. ' The distribuﬁién of the load to the unloaded girders is a maximum

when the -central girder C is loaded, it is iess when girder B is ioaded and

is a minimum when the exterior girder A is loaded. It is also obéérved that

the moment coefficients at the quarter span of the loaded girdér33 computed
by the present technique, are smaller than the correspondiﬁg coefficients
predicted by Gustafson's model or the orthotropic¢ plate theory. In Table I,
the moment coefficients are also listed for‘three—éuarter span section,

with the quarter span moment coefficients. It is_seen from these
coefficients that the distribution of the moment along ghe span is not
symmetric about the midsection of the bridge. The'distribution.of the
moment coefficients is more uniform at the quarter spans than at the midspan
when the loads are applied at the midsection of the various longitudinal

girders.

The differences between the finite element model of Gustafson. and
thé present model may ‘be attributed to the lack of three dimensional-
nature of the Gustafson's model. ' Gustafson has treatéd the longitudinal
girders as an.assemblage of beam elements whose nodes coincide with the

middle plane of the slab. In other words, the longitudinal_girders are
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agsumed to stiffen the edges of the slab elements, and the entire bridge

lies in one horizontal plane. Hence, when the vertical loads are applied,’

the model will not have reactions in the horizontal plane. The three
dimensional model is found to have réther‘significant transverse and
longitudinal reactions (Table VIT). Similarly; the space~type behavior
of the biidge’leads to a different distribution ofvthe veftical reactions
at the two ends of the bridge. Since the horizontal reactions occur at
the bottom plane;.they éill affect the moments. The moments in the
various girders will be modified roughiy in proportion to the magnitude

and the elevation of the longitudinal reactions.

The differences with the orthotropic plate aré attributed to two
reasons: (1) the entire plate is in one plane as is the case with
Gustafson's model, (2) the orthotropic plate model is obtained by
smearing stiffness of the girders to obtain an equivalqu plate model,
It may be noted that the flexural and torsional rigidities of the
equivalent orthotropic plaﬁes are obtained in an approximate mannery
and the method ié justifiable only if the longitudinal stiffenefs are
spaced so that the ratios of the stiffener spacing to the width of the
bridge cross section are very small. Besides, the orthotropic plate
theory ignores the stresées associated with the warping'of'tﬂe cross:
section which may be inducéd dpe to nonuniform.distribution of the

vertical loads.

The second bridge compared is a four-girder composite I-beam

bridge (Figure 7). The.bridge is 400 inches wide and is simply
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supported over a span of 1200. inches-. hThe.ﬁebﬁplates'of the longitudinal
girdérs_are 71.6" x 0.375" and the top and bottom flanges of the girders
are 14.0" x 1.75". The bridge is analyzed for a line load of magnitude

. TX . . . . .
sin —y~3 along an exterior girder A for one loading and along an interior

- girder B for the other loading.

The equivalent nodal forces for the sine loads are obtained by
aséuming that the deflecte& shape of the edgé of the loéded girder can be‘
répresented by third order polynomials between the nodes of the elements.
Alternately,'it ié assumed that the slaﬁ and the girder plate elements are
compatible along their common edge, and the transverse displacement of

the edge between two nodes is described by a third order polynomial.

The results of the analysis are compared in Table IT witﬁ the
results of Wright*and Gustafson. Wright's results are based on tﬁe direct
stiffness method following the general assumptions described in Vlasov (47)
for thin walled beam analysis. The structure is assumed to be an asserblage

of plate elements which run the entire length of the structure from support

to support.

The transverse slab moments MX per unit length of the sla? and the
longitudinal forces NX per unit width of the slab compare.extremeiy Weil
between Gustafson's finite eleméﬁt model and Wright's thin feam approabp.
. EQWéyér;.theSé valués.aré.consisténtly higher. in cémparison té,the'présént
investigation, i.e., the present médel results in smaller stresses in th=

slab.

* The results are obtained from Gustafson's thesis (L46).




TABLE IT,

1. ©Sine load acting on external girder A '

59

Comparison of Internal Forces for a Com
(Figure ‘7).

posite T-Beam Bridge

Force Liocation Basis of Transverse Location
TX= Comparison A B C D
M_ in 1bs/in | Wright# 2.10 -17.37  -9.70  -0.56
Transverse 0.50L] Gustafson 2.06 -16.76 -9.1U4 -0.52
slab moment Present 1.6 -12.37 -5.07 ~0.51
per unit -
length . Wright 1.48 -12.28 -6.89 -0.39
(tens;on at 0.25L} Gustafson 1.h6 -11.86- -6.49 -0.37
bottom is +ve)1 Present 0,83 ~7.07 -2.59 0.55
Wright -13.11 -7.49 -2.21 2.78
0.50L] Gustafson - -13.63 -7.87 -2.37 2.84
N_ = lbs/in Present -10.17  -5.69 ~ -1.58  -2.20
force in slab
it width '
%Eznigén Ylve) Wright ~9.28  -5.31  -1.56 1.96
' , 0.25L |- Gustafson T -9.66 -5.5k4 -1.6k 1.98
Present -7.26 -3.96 -1.05 1.57
2. Sine load acting on internal girder B
Force Location Basis of Transverse Location
X= Comparison A B C D
Wright -0.64 27.25 -0.1k -0.90
0.50L| Gustafson -0.61 26.92 -0.30 -0.85
M, Transyerse Present -0.51 elfho 3.3k -0.61
slab moment Wright -0.L45 19.22 -0.10 -0.6L
per unit 0.25L{ Gustafson -0.543 19.06 -0.20 -0.60
length Present 0.01 12.48 -2.34 -0.25
-  Wright -T7.5L -6.11 4,23  -2.18
0.50L:| Gustafson ~-7.82 -6.39 -4 L5 -2.29
NX Force in Present -5.6k 4,73 -3.24 -1.32
slab per unit | wrignt -5.33 k.32 . -2.99  -1.5h4
width 0.25L| Gustafson -5.49 k.56 . -3.19  -1.58
Present -3.92 -3.4h 2,32 -1.02

¥ The results are obtained from Gustafson's thesis.
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In Wright's approach, any load between the simple supports of the

bridge has to.be represented by a series of sine loads acting-alqng,the

edges of the plate elements. If the supports were not simple supports then -

the application of the method to the bridge problem would be extremely
‘cumbersome. The ease of the finite element approach in treating various

. boundary conditions and loads is the prime advanﬂage of the method.

A final comparison is made with the eighty foot span, four girder
bridge of Figure 81 The bridge is analyzed without diaphragms in one -case
and with diaphragms spaced at an interval of quarter-épaﬁ and at the end

sections in the other case.

The resuLts of the analysis are presented iﬁ Tables IiI, IV, and
v alohg with Gustafson's results. The girder reactions Ri for the case
when the diaphragms afe provided are read from Gugtafson's plots. Figures
9 and 10 are plotted to indicate the influence of the diaphpagﬁs in

distributing vertical loads to various unloaded girders.

The influence line coefficiénts Cm’ fof midspan girder moments in
the present analysis has a distribution similar to Gustafson‘s,solution._
Here, it may be noted that the present analysis gives larger moments for
the loaded girders than the finite element analysis of Gustafson. This
distribution is in COntrédiction to %hé.obse;vation made during the
comparison of five girder bridge‘of’Figure 6. Here, éhe presenf ﬁethod of
analysis has resulted in smaller moment'coefficiénts‘than Gustaféon's

computations (Table V).
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TABLE III. Influence Coefficient C, for Mid»span.Girder Moments for an

80! Span, Four Girder Bridge.

Mid-span Girder  { Without Diaphragms With:Diaphragms
transverse Gustafson | Present Guétafson* Present”
Load © | Analysi Analysi
location nalysis nalysis
A .19l L1996 .1828 .1866
A B . 0621 . 0600 L0754 .0763
C L00TT L0068 .015h ~.0135
D -.0166 ~.0165 -.0262 —. 026k
A L0621 . 0604 L0763 L0761
B B .1243 L1311 1027 .10b1
C .0533 .0511 .0533 056k
D L0079 .0075 .0156 .013k

¥ Diaphragms are treated as beam elements with their nodes at the middle

plane of the slab.
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TABLE IV. Influence Coefficients for Girder Reactions RZ for an 80' Span

Four Girder Bridge with Midspan Loadings

. Transverse Gustafson . Present Analysis
Gilrder. Ezigiion No With | No Diephragms With Diaphragms
Diaph.| Diaph.| X=0%  X=L*¥ X=0 %=L

A .376% | .3380 | .h634} .L015 .3930 .361h

a B .1582 | .1940 | .0910| .1569 L1663 | - .1967
C .0082. | 0450 [-.0k0OO}| .0015 .0105 .037h

D .0ko1 {-.0120 {-.0073|-.0560 .0696 | —.0945

A .1513 | .1890 | .0698] .1372 .1483 .1788

B B L1711 | L1360 | .2792| .1865 L1791 .1kat

c - L1576 | .1280 | .1699] .1551 . L1kb .1233

D .014k | .ok60 |-.0260} .0173 .0283 .0543

- *¥ U, V, W are prevented (pinned]

*% V, W are prevented (roller]
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TABLE V. Influence Coefficient for the Vertical Reactions for an 80' Span
Four Girder Bridge with Quarter Span Loadings

Gir-!Trans~| Gustafson |.. .. ... .. Present Analysis
der jverse ’ ’ - -
Load . load at’x =19'. . |. Load at x = 617
Loca~
tion No Diaph.%| No Diaph. | With .Diaph.| No Diaph. | With Diaph.
x=0# x=,L$ x=0 | x=L x=0 |x=L x=0 |x=L
A .6335 LTh6h L1757 .. 6734 L1633 L2111 L6778  .1T7hO L6197
A B L1513 .0595 .0921 .1557 .1018 .0588 .1hkhs .0937 .2168
c -.0062 -.04Lk9 .0123 -.0263 .0270 -.0178-.0176 .01T73 .0080
D ~-.0288 .0079~.0406 -.0k05-.0541 -.0106-.0380 —.0473-.0815
A L1461 .0h28 .0803 .1h06 .0915 .0LsT7T .1281 .0828 .2009
B B .4208 .6000 .06k1 .L260 .0597 .1022 .L556 .0682 .3361
c L1760 L1479 L0689 .2071 .0489 .09kl .1800 .058k .2016
D -.0016 -.0346 .0220 -.0011 .0368 -.0087-.0053 .0279 .023L

®* Load at qu
# pinned end
$ roller end

arter span




65

It is interesting to note that the vertical reactions Rzlare not
equal at both ends~of‘th§;girders-when thé lodd is' applied . at.the midspan.
Similarly, we obsérvé that thé réactions Rz’ at the pinnea gupport athx=0
is not equal to the reactions'RZ at the roller support at x=L when the loads
are applied at corresponding points. Obviously, the phenémenon is the
result of the nonsymmetric boundary conditions of the bridge and the

depth of the bridge girders which 1s properly considered in this analysis.r

From Figures 9 and 10, considerablé redistribution of the load is
noted when the interior girder B is loaded. Whereas, when the exterior
girder A is loaded, the distribution of load to the unloaded girders is
skimpy. Inclusion of diaphragms in thé bridge relieves the loaded
gifders. The change in the load carried by the loaded interior girder B

is larger than the loaded exterior girder A.

From Figure 10, it may be observed that due to the presence of
the diaphragms the reactions RZ at the pinned end of the interior girder
B is almost the same for thg load on the exteriof girder A and for the
load on the interior girders B aﬁd C. Similarly, iﬁ Table IV the reactions
RZ at the roller end (x=L) of the girder B is seeﬁ to be greater when the
load is applied on the exteéiof girder A than when the load ié applied on
the interior girder B itself. This:cleafly is due to greater‘redistribution

of the load to the unloaded exterior girders, which occurs in the presence

of the -diaphragms.,
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