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ABSTRACT

The main goal of this dissertation is to present extensions to the robust estima-
tion of multivariate location and scatter. These extensions include the estimation
of structured scatter matrices embedded in a multivariate fixed effects model. Two
different kinds of robust estimators are investigated. The first is based on Maronna’s
M-estimators of multivariate location and scatter (Maronna 1976). The second is
a multivariate extension of the S-estimators introduced by Rousseeuw and Yohai
(1984). In addition, asymptotic distributions of the estimators are derived from an
estimating function approach. The sandwich estimator of the asymptotic variance is
given, coupled with second order corrections to the bias of the estimators. Two differ-
ent data sets are used to illustrate the techniques of the dissertation. A comparison
of the new algorithms to Ruppert’s SURREAL algorithm is made for each example.
Models are fit to illustrate the flexibility of the new estimators. In addition, the
sandwich estimate of the asymptotic variance is given for the examples. Simulations
are performed evaluating the effectiveness of the estimators.



CHAPTER 1

INTRODUCTION

The main goal of this dissertation is to present extensions to the robust estima-
tion of multivariate location and scatter. These extensions include the estimation
of structured scatter matrices embedded in a multivariate fixed effects model. The
scatter matrix is proportional to the covariance matrix. The proportionality constant
depends on the underlying distribution. Two kinds of robust estimators are inves-
tigated. The first is based on Maronna’s M-estimators of multivariate location and
scatter (Maronna 1976). The second is a multivariate extension of the S-estimators
introduced by Rousseeuw and Yohai (1984). In addition, asymptotic distributions
of the estimators are given, coupled with second order corrections to the bias of the
estimators.

The first chapter of the dissertation presents the linear model, describes some
structures used for scatter matrices, reviews maximum likelihood theory, describes
issues with maximum likelihood estimation, and provides a motivation for the robust
estimation of multivariate regression parameters and the scatter matrix. Various
robust estimators are introduced and their basic properties are described.

The second chapter introduces the parameterization of the multivariate regression
model. The spectral model of Boik (2002a), along with the parameterization of the

eigenvalue and eigenvector parameters is given.
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Chapter 3 presents methods for estimating the parameters under both the M-
estimating equations and the S-estimating equations. A modified Fisher-Scoring
algorithm is presented for solving for the M-estimates using the likelihood from the
multivariate-T" distribution. First and second implicit derivatives that are necessary to
solve for the S-estimators are given. A two-stage modified Newton-Raphson algorithm
to solve for the S-estimates of the parameters is described.

In chapter 4, first order asymptotic distributions for estimators of the parameters
are given. Second order expansions of the estimators, along with a correction for
the bias of the estimators are described. The computation of the sandwich estimator
of the asymptotic variance is described, as well as how to compute the estimated
bias from the data. Previous asymptotic distributions (Lopuhaé 1989; Davies 1987)
were derived from a influence function approach rather than an estimating function
approach. This dissertation presents an estimating function approach.

In chapter 5, two data sets are used to illustrate the techniques of the dissertation.
A comparison of the new algorithms to Ruppert’s SURREAL algorithm is made for
each example. Models are fit to illustrate the flexibility of the new estimators. In
addition, the sandwich estimate of the asymptotic variance is given.

In chapter 6, simulations are given evaluating the effectiveness of the estimators.
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Linear Model

Let yx be a p x 1 random vector from an unknown distribution with Var (yy)
proportional to 3. Generate a random sample of size n and arrange the yj, vectors as

rows of the n X p matrix

Maronna (1976), Davies (1987), and Lopuhaé (1989) assume the underlying model

for estimators of multivariate location and scatter is

Y =1,7 + E, (1.1)

where 7 is a p X 1 vector of parameters, E is an n X p matrix of random errors,
and 7 is described as the “location” with X as the “scatter” matrix. In this case,
Ely] =T

If covariates are available, it is natural to model the mean as F [y;] = X;3. The
specific structure of X}, is described below. The linear model to be employed in this

dissertation is

Y = XB 1 E, (1.2)

where X is an n X d matrix of constants, B is a d X p matrix of parameters, and F is an
n X p matrix of random errors. The focus of this dissertation is when the rows of E are

independent and identically distributed from an elliptically contoured distribution. A
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definition of the family of elliptically contoured distributions is described in Chapter

3. Further,

ElY]= XB, and

Disp (Y) X Var (vecY) =1, ®aX,

where 3 is the “characteristic” matrix as defined by Chu (1973), « is a scalar constant

that depends on the specific distribution, and vec is the operator which stacks the

columns of a matrix into a column vector. For example, if A = [al a, --- ap],
then
a;
as
vec A =
a,

The robust estimators proposed in this dissertation are estimators of B and X =
kX", where X* is the characteristic matrix of the actual underlying characteristic
distribution, rather than the assumed underlying distribution. The scalar x is a
constant that depends on the actual distribution of Y as well as on the estimation
method. As the constant k is generally not know, the matrix 3 is known as the
scatter matrix instead of either the covariance matrix or the characteristic matrix.
If the underlying distribution is known, then x = 1 and the scatter matrix and the
characteristic matrix are the same. Further, when the actual underlying distribution is
a multivariate normal distribution, then the characteristic matrix and the covariance

matrix are the same (because o = 1).
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The rows of X are related to X, = (I, ® x},) through the expectation of yy.

Using the identity vec(ABC) = (C' ® A) vec B,

Ely) = E[Y'e)] = (XB) e,
= B’X’ek = B'mk = VeC(BICBk)

= vec(x, B) = (I, ® x;,) vec B = X, 3, (1.3)

X, B

where x, is the k™ column of X’ and e, is the £ column of I,,. Hence,

X, = (Lo a}), (1.4)
B = vec B, and (1.5)

B = dvec(ﬁ, d,p),

where dvec is the inverse of the vec operator. In particular, for any matrix A with ab
elements, dvec (A, a, b) is the a x b matrix that satisfies vec(A) = Vec{dvec (A, a, b)} )
Note that the linear model is equivalent to (1.1) when X = 1,,. In this case, X, = I,
B=7" and 8 =1.

In addition to estimating the parameter 3, estimation of the scatter matrix under

a specified structure is sometimes desired. For example, one such structure on a 4 x 4

scatter matrix could be a variance components model (SAS Institute 1997),

o 0 0 0
10 o O 0

%= 0 0 o4 O |’
0 0 0 o35



or a Toeplitz structure:

0'2 01 09 O3

o1 O 01 02

092 01 02 g1

o3 09 01 O
The focus of this dissertation uses the principal components model for the scatter
matrix.
The most common method for finding estimators of parameters is maximum like-
lihood estimation (Casella and Berger 1990, pg. 289). Using this method requires the
knowledge of the distribution of the data. Suppose that x,xs, -+ ,x, are a random

sample from a population with the density function f(z|6y,6s,--- ,6,). The likelihood

function is defined as

L(6|x) =[] f(z:l6).
i=1
The maximum likelihood estimator of @ for a given set of data a is the value 0 for
which L(0|x) attains its maximum. The maximum likelihood estimator has many
optimal properties. First, the support of the maximum likelihood estimator is the
same as the space of the parameters it is estimating. Hence, negative estimates of
variances are impossible. The maximum likelihood estimator is consistent (Casella
and Berger 1990, pg. 325), which means 0 converges in probability to 6. For any
function h, The maximum likelihood estimator is invariant in that if 0 is the max-

imum likelihood estimator of @, then h(0) is the maximum likelihood estimator of

h(0) (Pawitan 2001, pg. 45). Another property it possesses is asymptotic efficiency,
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which means the asymptotic variance of the maximum likelihood estimator attains
the Cramér-Rao Lower Bound as n — oo (Casella and Berger 1990, pg. 325).
Although the maximum likelihood estimator possesses many nice properties, it is
not robust to departures from model specification (Pawitan 2001, pg. 370). If the
distribution is correctly specified, then the asymptotic distribution of the maximum

likelihood estimator is
V(0 —6) T N0, I, L), (1.6)

where

Iy, is Fisher’s information matrix for the k"™ sample. If the distribution is wrongly
specified, then the maximum likelihood estimator need not be asymptotically efficient
(Pawitan 2001, pg. 370). Hence, the distribution specified in (1.6) is invalid.
Additionally, maximum likelihood estimators are not robust estimators. Small
changes in the data can lead to large changes in the estimates (Casella and Berger
1990, pg. 297). A simple example of this property is the estimation of the average
house sale prices. It is typical to use the median sale price as a measure of center
instead of the mean sale price (the MLE under normality) because extreme values
can influence the mean greatly. The influence of one house price can be sufficient to
arbitrarily change the estimate of the mean house sale price. One point, however,

is not sufficient to arbitrarily change the estimate of the median house price. The
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sample median is an example of a robust estimator. Robust estimators are used
either when outliers are suspected in the data, or model specification departs from
normality.

Several properties can be used to compare robust estimators. The breakdown
point and the influence function were introduced by Hampel (1968) to measure the
global and local sensitivity of an estimator. Donoho and Huber (1983) defined a finite
sample of the breakdown point, which can be thought of as the minimum percentage of
outliers in the data which can make the estimate arbitrarily large; the highest possible
breakdown point is % For example, the median has a breakdown point of %; e.g. half
of the data points must be changed to drive the estimate to infinity. The influence
function measures the effect on the estimator when adding one more data point. Those
estimators that have bounded influence functions are typically considered robust.
However, an estimator can have a bounded influence function, but a breakdown point
that is not very high. Additionally, a robust estimator may be inefficient and/or
biased for estimating the parameter of interest, especially when the data actually
comes from a normal distribution. For example, suppose an estimator for the mean
of a distribution for any data set always gives the estimate of 14. Adding a new data
point to the data set does not change the estimate. Any percentage of outliers in
the data will not arbitrarily change the estimate. Hence, this estimator has a high
breakdown point and a bounded influence function. However, it is biased, and rarely

gives useful information about the true parameter. Accordingly, an optimal robust



9

estimator has good asymptotic efficiency under a Normal model and a reasonably
high breakdown point.

Various types of robust estimators have been developed. One of the first was the
Least Absolute Deviation (or L;) estimator for regression. The LAD estimator of
was introduced by Edgeworth (1887) as a replacement for Least Sums of Squares and
minimizes

LAD:Z

i=1

p
Yi — Z Thi B
i=1

The LAD estimator has an asymptotic breakdown point of 0 since it does not protect

against outlying .

Huber’s M-estimators of regression were introduced in 1964, and possess bounded
influence functions. Maronna (1976) extended Huber’s M-estimators to multivariate
location and scatter. However, Maronna (1976) showed that the breakdown point of
M-estimators is at most ﬁ, where p is the dimension of the data. Hence, in high
dimension, M-estimators do not have good global robust properties. A description
of M-estimators will be given in Chapter 3.

Other estimators were introduced in the 1980’s and 1990’s. In 1982, Siegel in-
troduced the Repeated Median, which has an asymptotic breakdown point of %
However, the estimator is not affine equivariant, meaning that estimates change if
the unit of measure of the data is changed.

Two high breakdown estimators used in the regression setting are the Least

Trimmed Sum of Squares and the Least Median of Squares (Rousseeuw 1983, 1984).
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The Least Trimmed Sum of Squares estimate is the minimizer of the sum of squares
of the smallest 50% of the data. It has the same asymptotic efficiency as the the
M-estimators and has a breakdown point of % The Least Median of Squares esti-
mate is obtained from minimizing the median of squared errors. It has a breakdown
point of % However, it converges to a non-normal asymptotic distribution (You
1999). Although the estimator is consistent, the estimator converges at a slow rate
of O,(n~1/3) (You 1999). Because it converges at a rate slower than O,(n~'/2), it has
an asymptotic relative efficiency of 0 when compared to the Gaussian model.

The S-estimator developed for the regression setting by Rousseeuw and Yohai
(1984) represents a compromise between the Least Trimmed Sum of Squares and
the Least Median of Squares. These estimators have high breakdown as well as
high asymptotic efficiency when compared to the Normal model. A description of
S-estimators will be given in Chapter 3.

Two of the first affine equivariant, high breakdown estimators were extensions of
the Least Trimmed Sum of Squares and the Least Median of Squares estimators. The
Minimum Volume Ellipsoid (MVE) estimator introduced by Rousseeuw (1985) is an
extension of the Least Median of Squares estimator. The MVE location parameter
estimator is the center of the smallest ellipsoid containing half of the data. The
MVE scatter estimator is defined by the shape of that ellipsoid. Even though the
MVE estimators have high breakdown points in high dimensions, they inherit the

slow convergence rate of the Least Median of Squares (Davies 1992). Since it has a
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slow convergence rate, its asymptotic relative efficiency is 0 when compared to the
Normal model estimators. Because other estimators exist that have good asymptotic
properties along with high breakdown, the MVE estimators are not useful from a
efficiency standpoint. The Minimum Scatter Determinant (MCD) estimator is an
extension of the Least Trimmed Sum of Squares estimator (Rousseeuw 1985). Its
computation requires finding the location vector and the covariance matrix which
minimize the determinant of the covariance matrix over all sets of half of the data.
It does not suffer from the slow convergence rate that the MVE does and has an
asymptotic normal distribution. Both of these estimators have high breakdown in all
dimensions, as compared to M-estimators.

Multivariate location and scatter versions of S-estimators were proposed by Davies
(1987) and Lopuhad (1989). These estimators have high breakdown point and rel-
atively high asymptotic efficiency. With S-estimators, however, it is not possible
to have high breakdown point and high efficiency at the same time. The smaller
the breakdown point, the higher the asymptotic efficiency. Likewise, the larger the
breakdown point, the smaller the asymptotic efficiency. A breakdown point of 50%
is not realistic as the asymptotic relative efficiency under normality is 28.7%. A
smaller breakdown point should be chosen which allows a relatively high breakdown
point coupled with a good asymptotic efficiency. Table 1 lists the asymptotic relative

efficiency under normality versus the asymptotic breakdown point. The Minimum
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Volume Ellipsoid estimator can be shown to be a special case of a multivariate S-
estimator. Under fairly general conditions, S-estimators, however, possess a Op(n_%)

convergence rate and have an asymptotic normal distribution unlike the MVE esti-

mator.

Asymptotic | Asymptotic
Breakdown Pt | Efficiency

50% 28.7%

45% 37.0%

40% 46.2%

35% 56.0%

30% 66.1%

25% 75.9%

20% 84.7%

15% 91.7%

10% 96.6%

Table 1. Asymptotic Relative Efficiency versus Breakdown Point for S-estimators.

Combinations of high-breakdown and high-efficiency estimators were proposed by
Lopuhaé (1992). These estimators use a high breakdown estimator as the starting
point of a highly efficient estimator. The combination of the two estimators retains
the high breakdown characteristics of the starting point even if the highly efficient
estimator does not have a high breakdown point.

Kent and Tyler (1996) proposed an extension of their Redescending M-estimators
(Kent and Tyler 1991) coupled with S-estimators of location and scatter that have
both a high breakdown point, as well as high asymptotic efficiency. Constrained
M-estimators, or C'M-estimators for short, use the objective function of the Re-

descending M-estimators with an inequality constraint like that of the S-estimators.
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By choosing a tuning parameter appropriately, C'M-estimators can have a high break-
down point and high efficiency. In addition, they have an asymptotic normal distri-
bution and converge at a rate of O,(n=/2).

Many of the robust estimators have an explicit objective function that is either
solved or optimized. For example, the redescending M-estimators defined by Kent

and Tyler (1991), have the objective function

1
ZP Yy — ) 1(yk_7)}+§”10g|2|7

where p is a function chosen by the investigator. The objective functions for the M
and S-estimators of location and scatter are given in Chapter 3 of the dissertation. A
list of objective functions of some the robust estimators is given in Table 2. Many of
the objective functions are too complex to be given in a table. You (1999) and Yuan
and Bentler (1998) contain the objective functions for many of the robust estimators.
Others can be found in their defining papers.

A small list of estimators, along with their breakdown points is given in Table 3.
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Estimator

Objective Function

M-Estimation

(Maronna 1976) See (3.2).
S-Estimation
(Rousseeuw and Yohai 1984) See (3.39).

G S-Estimation
(Regression)
(Croux et al. 1994)

Minimize s subject to

() ()

i<j

Least Median of Squares p 2
(Regression) min megian (yi — Z xkzﬂk>
(Rousseeuw 1984) g k=1

Least Trimmed Sum of Squares
(Regression)
(Rousseeuw 1983, 1984)

7

mﬁin Z u[%-], where uﬁ.] are the ordered
i=1

squared residuals and .J is the largest

integer less than or equal to 3 + 1.

C M-Estimation
(Kent and Tyler 1996)

subject to

3

37 pldh) < eplo0),

1
where 0 < e < 1.

Redescending M-Estimation
(Kent and Tyler 1991)

3

L(T, %) =

k=

p(ye —7)2 yp — 7)]

N | =~

+ —nlog|X|

Table 2. Objective Functions for Robust Estimators.
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Asymptotic .
Type Breakdown pt Other Properties
Normal Theory 0
fé;gg;n;j&o;l%?) 0 Does not protect against outlying z.
M-Estimation 1 Has good asymptotic efficiency, but
(Huber 1964) P+l low breakdown point.
Has moderate asymptotic efficiency
S-Estimation 1 for high breakdown point, but high
(Rousseeuw and Yohai 1984) 2 asymptotic efficiency for low break-
down point.
G S-Estimation 1 Has high asymptotic efficiency in ad-
(Croux et al. 1994) 2 dition to high breakdown point.
Least Median of Squares (LMS) 1 Does not have good asymptotic prop-
(Rousseeuw 1984) 2 erties (Converges at an slow rate).
Least Trimmed Sum of Squares (LTS) 1
(Rousseeuw 1983, 1984) 5 Converges faster than LMS.
By using a first step that has high
One-Step GM-Estimation 1 breakdown point, this method main-
oakley an ettmansperger tains high breakdown point, but also
Coakl dH 1993 2 ins high breakd int, but al
retains good asymptotic efficiency.
C M-Estimation 1 Has high breakdown point and high
ent an er asymptotic ethiciency.
K d Tyler 1996 2 ymptotic efficiency
Minimum Volume Ellipsoid (MVE) 1 Generalization of LMS for Multivari-
(Rousseeuw 1985) 2 ate Location and Scatter.
eneralization o or Multivariate
1(\1/{/11151%1;11(11 Covariance Determinant : G lizati FLTS for Multivari
2 Locati :
(Rousseeuw 1985) ocation and Scatter
Repeated Median . Has high ?brez%kdown pomt, but is no.t
(Siegel 1982) 3 affine equivariant (estimates change if
& changing units of measure).
M M-Estimation % High efficiency under gaussian errors.

(Yohai 1987)

Table 3. Methods of Robust Estimation.



16

CHAPTER 2

MODEL AND PARAMETERIZATION

In this chapter, parameterizations of eigenvalues and eigenvectors of a scatter
matrix are given. The scatter matrix is embedded within a multivariate fixed effects
linear model. Together, the model for location and spectral parameters provide a
framework within which inferences on Principal Components as well as on location

parameters can be made.

Spectral Model

The parameterization for the scatter matrix was proposed by Boik (1998). A
motivation for the parameterization follows. Modifications for the case of S-estimators
is given in Chapter 3. Denote the eigenvalues of the p x p scatter matrix, X, as
A1, A2, ..., Ap, some of which may be homogeneous. Further, denote the orthonormal
eigenvectors of 3 by 1,2, .. .,7,. The spectral model of the scatter matrix is defined

in terms of its spectral decomposition:

¥ = TAT,
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where I' = (')/1 Yo oo 'yp) and A = Diag (A1, A2, ..., A,). One parameterization of

the eigenvalues and eigenvectors could be

01 O --- 0Oy Opp 00 - 0
r_ 9?1 022 | Q?p d A= | O G :
Opr Opa -+ Opp 0 e 00 Opgy

However, this parameterization contains p? + p parameters, which is larger than the
number of entries in 3. The number of functionally independent parameters cannot
be larger than the number of functionally independent entries in 3. Two sets of pa-
rameters are functionally dependent if one set of parameters is a function of the other
set of parameters. If no such function exists, then the two sets of parameters are
functionally independent. Because the number of functionally independent parame-
ters is larger than the entries in 3, it follows that this model is over-parameterized.
To obtain an identifiable parameterization, the number of parameters in I' and A
must be reduced. One option is through constraints.

For example, because I' is an orthogonal matrix, then it satisfies the constraint
I'Il' = I'TY = I,. Hence, v/v; = 0 for all i # j and ~/7; = 1 for each i. As a
result, there are p + g) constraints on the p? entries in I'. This leaves at most
P2 —p— (g) = p(pT—l) parameters in I'. Organize these parameters as the entries

in the upper half of the matrix I'; with the lower triangular part being occupied by

the parameters which depend on the upper half. For example, in the case of p = 4,
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the matrices are

M p1 He g M 0 0 O
N2 M5 U3 Us 0 X 0 O

I = and A = , 2.1
M3 M6 s e 0 0 A3 O (2.1)
Na M7 My Mo 0 0 0 M\

where {y;} is identified and {7;} is implicit.
Both the identified parameters and the implicit parameters can be organized into

a vector. In this case,

0= (1 po ps pa M5 e A A Az >\4)/ and

/
n={(m m2 M M M5 N M Ts Mo 7o) , where n =mn(w).

Without additional structure, n = n(u) need not exist. That is, given p, there
may be an infinite number of vectors n that satisfy I'T' = I, or there may be no
solution at all. A change in the parameterization of I' must be made. To motivate
this change, a simple example will be given.

Suppose yy ~ iid N(0,02), for k = 1,...,n. The likelihood function of y is

1 1y
L(o*|ly) = Wexp (—513) )
The mle is known to be 62 = y;y. Define a new parameterization of o2, where
0? = ofu, where o2 is a known constant and g is unknown. The log-likelihood
becomes
(uly) = —2 2Y — Piog(od) — Llog(2r). 2.2)
202 2 2
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Take the derivative of (2.2) with respect to p and set it equal to zero. The mle
of p can be computed as follows:

o  1yy  noj s
O 20 2000

o)
Yy
e M = 5
nog
Note that since 6 = o3, then
vy Yy
92 2 A 2
= (, = (O, = —
O,U 0710‘(2] n

Accordingly, the mle of o2 is invariant with respect to the parameterization provided

that o2 > 0.

In like manner, define
I = T,Gl), (2.3)

where Ty is treated as a known matrix, I' ~ T'g; G(p) is in a neighborhood of the
identity matrix; and G(u) € O(p), where O(p) is the collection of all orthogonal
matrices. Parameterize G' in the same manner as I' was parameterized in equation
(2.1) and hold Ty fixed. Note that if u = 0, then G'G = I, implies that G = I,,.
Hence, 7 = n(p) is well defined at g = 0. It can be shown by the implicit function
theorem (Fulks 1979, pg. 352) that n(w) is an implicit function of p in a neighborhood
of p=0.

Constraints also can be placed on the eigenvalues to reduce the number of pa-

rameters. For example, if some eigenvalue multiplicities exceed one, then the number
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of eigenvalue and eigenvector parameters can be reduced. It is assumed that the

eigenvalues are differentiable functions of eigenvalue parameters,
A= Alp), (2.4)

where ¢ is a vector of parameters.

Together with equations (2.3) and (2.4), the spectral model of X is specified as

3 =ToG(n)A(p)G(p) Ty, (2.5)

where p and ¢ are vectors of parameters.

Parameterization of the eigenvalues

Arrange the eigenvalues of the scatter matrix X in a p x 1 vector XA. The rela-
tionship between A and A can be seen by using the Khatri-Rao column-wise product
(Khatri and Rao 1968), which also will be used for derivatives in later chapters. Let
A be an n X p matrix and B be an m X p matrix. Denote the columns of A and B as
a,a,...,a, and by, by, ... by, respectively. The Khatri-Rao column-wise product

of A and B is the mn x p matrix

iS]

A*B:[G,l@bl a2®b2 a,,@b,,}z (akz®bk)e;€7 (26)
k=1

where ® is the Kronecker product, ey, is the k" column of I,,. Some properties of the

product are given in Theorem 2.1.

THEOREM 2.1 (BASIC PROPERTIES OF THE KHATRI-RAO COLUMN-WISE PROD-

UCT). Suppose A is an n X p matriz, B is an m x p matriz, C is a ¢ X p matriz,
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D is a p X p diagonal matriz, E is a p X s matriz, F' is a r x n matriz, and G is a

t x m matrix. Some useful properties of the Khatri-Rao product are

(a)

(b)

(c)

(d)

Ax(BxC)=(AxB)xC.

(AxB)=(A® B)L,, where L, o (I,*I,). Note that L, also can be written

=

as L, =) (e, ® ey)e), and that L, satisfies L)L, = I,,.
=1

Ed

(F®G)(A*xB)=(FAxGB), where FA and GB are conformable.

If D is a p x p diagonal matriz, then vec(CDE) = (E'® C) L,d(D) =
(E'x C)d(D), where d(D) is a column vector whose components are the di-

agonal elements of D.

(AxB) = Iy, (B A), where I,y is the commutation matriz (MacRae

197)).

ProoF. Parts (a) and (c) are stated in Khatri and Rao (1968) without proof.

Proofs are given below for completeness.

(a)

By equation (2.6),

A*(B*C):(al as --- ap)*(b1®cl b2®C2 bp®Cp)
:(a1®b1®01 a; @b, ®cy - ap®bp®cp)
:(a1®b1 a2®b2 a,p®bp)>|<(cl Cy - Cp)

=(AxB)xC.
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(b) Using the definition of L,,

p
(A® B)L,=(A® B)(I,x1,) = (A®B) Y (er @ e1) ¢}
k=1
p p
= Z(A€k®B€k) G;C :Z(aké@bk) €L
k=1 k=1
=(AxB).

(c¢) Using result (b),

(F®G)(A*xB)=(F®G)(A®B)L,=(FA®GB)L,

= (FAxGB).
(d) Note that
P P
vec D = Z vec(ekdkke;) = <€k X ek) dkk

k=1 k=1

P
= (er®e;) ed(D) = Lyd(D).
k=1

It follows that

vec(CDE) = (E'® C)vecD = (E'® C) L,d(D) = (E'«C)d(D).

(e) The commutation matrix, I(,,) is the np x np matrix that transforms the vec

of the n X p matrix A to the vec of its transpose. In particular,
vec(A) = I, ) vec(A'). (2.7)
It is apparent from the above definition that

Iy = 1oy = 1,
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I(Thp) = Iépm), and
I p) L(pn) = Inp.

The commutation matrix can also be expressed as

n p
Top =Y (eg’ oI, ® e;;) = <eg I, ef,;’) : (2.8)
k=1 k=1
where €7 is the k™ column from I,, (Magnus and Neudecker 1979). The commu-

tation matrix can be used to reverse the order of a Kronecker product (MacRae

1974). Suppose that F' is an r X n matrix and that G is a t x m matrix. Then
(FRG) =11, (G F)Ipm (2.9)

The proof for (e) proceeds as follows. Because

p p

Iy Ly = Z Iy (er @ eyp) €)= (ex ® ex) e, = Ly,
k=1 k=1

it follows that

(A*B)=(A®B) L, = I, (B®A)I,,L,

= I(m,n) (B X A) Lp = I(m’n) (B * A) .

An interesting property of commutation matrices is that they always commute.
The result appears to be new, so it will be described. The proof can be found in

Theorem 2.3. However, a lemma is first needed.
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LEMMA 2.2 (BALESTRA (1976)). Suppose that m, r, and s are positive integers.

Then the following properties hold:
(a) Timrs)Lirms) = Lirms)yLimrs) = Limr,s)s
(0) TonsryIosm)y = Lism)Limsy) = L(smr), and
(¢) LisymryLoms.r) = Lmsr) Lsmr):
PROOF. First, the proof for (a) will be given. According to Balestra (1976),
Linrs) = (Ir @ Iin,s) (Longry @ L) = (L @ T ) (Zomys) © 1) (2.10)
Switching r and m in equation (2.10) yields
Lns) = (In ® Tirs)) (Lrim) ® Is) = (I @ Tigm)) (L) @ L)
Premultiplying I ,s) by I(m s yields
L rs) Lrms) = (Ls @ Linp) (L) @ L) (T @ Tir ) (L) ® ). (2.11)

Note that (2.11) can be simplified using the properties () = (I(m,s) ® IT) (Im ®

I(ﬁs)) and (I(nm) X I3> = I(S’mr) (IS X I(r,m))I(mr,s)- Hence,

I(m,rs)I(r,ms) = (Is & I(m,r) ) I(mr,s)I(s,mr) (Is ® I(r,m)) I(mr,s)
= (Is & I(m,r)I(r,m) ) I(mr,s)

S (S (2.12)
Because mr can also be written as rm, (2.12) can be written as

I(m,rs)I(r,ms) = I(r,ms)I(m,rs) = I(mr,s)- (213)
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Transposing all three sides of (2.13) gives the result for (b):

I(ms,T)I(rs,m) = I(rs,m)-[(ms,r) = I(s,mr)-

Finally, the result in (¢) can be obtained as follows:

I(rs,m)I(mS,r) = I(s,mr)
— I(ms,r)I(rs,m)I(ms,r) - I(ms,r)I(s,mr)

— I(s,mr)I(ms,r) = I(ms,r)I(s,mr)~

THEOREM 2.3. Suppose that I,y and I.q) are conformable for multiplication.

Then

PROOF. Because the matrix product exists, then ab = ¢d = a = %l. In order
for a to be an integer, b must divide evenly into the product c¢d. The number b is
either prime or composite. First suppose b is a prime number. Then b divides c or b
divides d.

First, suppose b divides c. Then there exists a nonzero integer f such that ¢ = fb.

The product I, I (.4 can be simplified as follows:
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Tapy Iieay = Liea L ica)
= Igan i
= It an) by Lemma 2.2, part (b)
= Iisoa) L sap) by Lemma 2.2, part (b)

TapyLica)y = TicayL(ap)-

Second, suppose b divides d. Then there exists a nonzero integer f such that

d = fb. The product I(4p)I(.q) can be simplified as follows:

Tapy Iica) = Liea py L (ca)

= L(jep)Lic.so)

= Tie o)L fep) by Lemma 2.2, part (c)
TapIca) = Leaylap:-

Suppose b is a composite number. Then b can be split up into two parts, b; and

by, where by divides ¢ and by divides d. Hence,

The product I, 1.4 can be simplified as follows:

Loy Iicay = L(ggbibo) L (11,982
= L5 mr L (fb, gbs), Where m = by, 7 =by,s = fyg

= Ttps ) L(rs,m) L (g0, ,gbs), Dy Lemma 2.2, part (b)
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= L(119,00)L(7g02.60) L (11,902)
= Linr o) L pgbop) L (fb1 o), Where m = fby,r = g,s = by.
= T\ L(rms) L (£ gbo,b0) L (fb1,gb0), DY Lemma 2.2, part (a)
= L(yv1,902) L9, 6102 L (sgb2.50) L (111,902)
= I pv, goo) L (g, 10160) L sy L (srm), Where m = gby, 7 = by, 5 = f.
= I sb, gb2) L (g, fb102) L (s,mr), by Lemma 2.2, part (b)
= L(po1.952) L (g, 10162) L (1,gbab)
= I tv, gbo) L (mrs) L (rims), Where m =g, 7 = f, s = b1by.
= Ifb, gbs) L (mr.s), Dy Lemma 2.2, part (a)
= L(s01,902) L(79,102)

TapyL(c,a) = Lcayd(ap)

Therefore, if ab = cd, then I, p)I(c.q) = L(cayl(ap)- O

The relationship between A and A is made clear by using Theorem 2.1. Using

part (d) of the theorem,

vecA = L, A,
A=d(A), and

A= L; vec A.
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Several models may be employed in parameterizing the eigenvalues. Three models

proposed by Boik (2002a) are the following:

A =T exp{O(The)}, and (2.15)
A = exp [OT) exp{O(Tap)}]; (2.16)

where T}, T5, and T3 are eigenvalue design matrices with sizes px q;, g1 Xv3, and pXv3

respectively; and ® indicates that the operation is to be performed element-wise. For

example, if w = (w1 wy - wp)/, then
exp{Qw} — [6“’1 ewz ... e'll)p]/
and
w® = [w] wj --- wg]’.

Model (2.14) illustrates a basic linear relationship between the eigenvalues and
the eigenvalue parameters. It can be used for modeling a simple repeated eigenvalue
structure, or any linear structure of the eigenvalues. While each of the models has
an appropriate use, only model (2.15) is used in this dissertation. The other models,
however, can be employed easily because the derivatives in Chapter 3 and 4 are
specified in terms of the derivatives of .

Model (2.15) uses the design matrix T} to model linear relationships between the

eigenvalues and uses T3 to model exponential relationships between the eigenvalues.
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Many different models can be employed by different choices for T7 and T,. The
following are examples of different models.

Arrange the multiplicities of the eigenvalues of A in the vector m. For example,
it A= (7 7T 7T 4 3 3 2)’, then m = (3 1 2 1)/. Often the number of distinct
eigenvalues is the same as the size of the vector ¢ in (2.15). For other cases, however,
the dimension of ¢ is smaller than the number of distinct eigenvalues.

Suppose that p = 5, all eigenvalues are distinct, and the eigenvalues are ordered,

but otherwise unstructured. Then m = 15, and T} and T3 can be chosen as

11111
11110

Ti=11 110 0| and Ty = I
11000
10000

to ensure that the eigenvalues are positive and are ordered from largest to smallest.
Suppose that p = 6, m = (2 1 3)/ and the three distinct eigenvalues are ordered

but otherwise unstructured. Then 17 and T3 can be chosen as

11

e
I

and T2 = I3

e T e e
OO = =
S OO =

0 0

to ensure that the eigenvalues are positive and ordered from largest to smallest.
Suppose that p = 5, m = (2 1 2)/, the first eigenvalue is the largest but the

eigenvalues are otherwise unstructured. Then T7 and T5 can be chosen as

10 0
10 0
T,=1|1 -1 0| andTp =13
1 0 -1
1 0 -1
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to force the first eigenvalue to be the largest.
Suppose that p = 6, m = [2 1 11 1}/, the first three distinct eigenvalues
are ordered but otherwise unstructured, and the last three are modeled with a linear

relationship. Then 77 and T5 can be chosen as

N
I

,and T, = I

[l elNelNeoll S =
O OO = ==
— N W W Ww W
el e

to order the first three eigenvalues from largest to smallest and model the last three
with a linear relationship.

Suppose p = 6, m = 1g, and the six distinct eigenvalues follow the model
A = exp{la + (6 — k)},k = 1,2,...,6, where « and (3 are constants. Then

A =T, exp{®Trp}, where

T1:IG, TQI andcp: |:g:|

S = N W Ot

—_ = = e

Derivatives of model (2.15) are needed when estimating parameters and construct-
ing confidence intervals. First and second derivatives are used to estimate parameters;
and third-order derivatives are used to obtain the bias and skewness of the estimators.

The derivatives are given in Theorem 2.4.



31

THEOREM 2.4 (BoIk (2002B)). The first three derivatives of X in (2.15) with

respect to @ can be expressed as

of OA
Dy < oy = (eP{OTp} < T) T,
?) def 82)‘
N s 9~ (ElOTe) < T) (T« T
. N
DY« = (exp{@Tap} «T1) (T3 « Ty + T3)',

T 890/ ® 050/ ® 890/
where x indicates the Khatri-Rao column-wise product.

PROOF. Let ef* be the k™ column of I,,. By the definition of the ® symbol,

q1 q1
A=Texp{OThp} =T Z eflel exp{OThp} = Th Z el exp{el Ty}
k=1 k=1

Accordingly, the first derivative of A with respect to ¢’ is

OA - dexp{el Ty}
=T Q1 k
o ; e’“ o¢’

q1
=T Z el exp{el Thp}el'T, (2.17)
k=1
q1
=Y Tiefel exp{oTp)el T,
k=1
q1
=Y (exp{0TapY el @ Tiel!) e Ty
k=1
q1

= (exp{OTp} @ T1) Y (e @ ef!) e’ T,
k=1

= (exp{OTap} @ Th) (I, * Ip,) T (2.18)

By Theorem 2.1(d), equation (2.18) can be written as

3 ,
8(,0’ = (exp{@ngo} * Tl)TQ.
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Continuing from (2.17), the second derivative of A with respect to ¢’ and ¢’ is

ZTl o Oexplef! T2<P}(

/
k=1 Lp

I, ®el'T
0’ @ O’ ®8<,o s el )

q1
- Z Tiel exp{el Typtel'T, (I,,3 ® eql/Tg) (2.19)
= ZTlelh 1 exp{OThp} (el Ty @ ] 'Ty)

_Z (exp{OThp} el @ Tie} )( WT ® ef' Tg)
q1

= (exp{oTp) ©T) Y (e @ &) (ef! ® ell) (T, Th)

k=1
= (exp{OThep} @ T) (L, * Iy,) (I, * Iq1)/ (T, ®Ty). (2.20)

By Theorem 2.1(d), equation (2.20) can be written as

D’

Og' @ 0p (exp{OTop} «T1) (Ty + Ty)'.

Differentiating (2.19) with respect to ¢’ yields

02 B
a(p/ ® a(‘o/ ® 8go’ o

q1
Z T e} exp{eZ“ngo}eZl'Tz (Il,3 ® e} /TQ)

o ZT qlﬁexp{ecp T2<P} (Illg ® eq“TQ ® e TQ)

= Z Tiel exp{el Typtel'T, (I,,3 ®el'T, ® e T2)
q1
— Z Tiel el exp{OTyp} ( T @ el!'Ty ® ef Tg)

- Z eXp{QTch} 8 '® Tle ) ( QUTQ ® e‘h/T2 ® eqllTQ)
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q1

= (exp{OTap} ®T1) > (el "Rel' @el) (Ty® Ty, ®T)
k=1

= (exp{OTap} @ T1) (I, ¥ L)) (I, * I, + 1)) (Th @ Ty @ Ty) . (2.21)

By Theorem 2.1, parts (b) and (d) simplify (2.21) to

[ADN

5o 5 op 5o — (PIOTee} * T1) (T T » T;) .

Parameterization of the eigenvectors

The form of the G matrix changes when some eigenvalue multiplicities exceed
one. To illustrate, suppose that there are h < p distinct eigenvalues of 3. Specify
the multiplicities of the eigenvalues in the vector m. Denote the distinct eigenvalues

as A, A3, ..., Ar. Then A can be written as

A= Dlag ()\1,)\2, .. ,)\m)

=Diag( A}, ..., AL AL A LA LA
~~ 7 N ~~ -~ SN——
mq of these myo of these my, of these
I, X0 0 - 0
|0 L
: KB " 0
0 - 0 I\

Partition I' according to the multiplicities of the eigenvalues. It follows that

— F,l -
I, Xf 0 - 0 maxp
o . T,
M = Fl FQ cee Fh 0 Im2/\2 T : maXp
pXm1  pXm2 pPXmMmp, . . ) ., ) 0 .
0 o0 LNl T
L7k X P
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h h
=Y T\I, T = > NI
k=1 k=1

Further, write I' as I'¢G and partition G' conformably with m:

F:I‘O[Gl Gy, - Gh}
pXmi pXma pXmp
= [[oG1 TGy --- T\G]
=[T) Ty - Ty].

Accordingly, the spectral model (2.5) simplifies to

h h h
3 =) NI, =) NTGLGiTY =T [Z A;GkG;] T
k=1 k=1 k=1
Note that GG}, = G Q1 Q}. G}, where Qy, is any orthogonal matrix. The orthog-
onal matrix can be chosen to introduce zeros into the parameterization for p when

an eigenvalue is repeated. In general, each partition Gy, can be further partitioned

into three parts,

k-1 k
G = | Gk ,Wherec:g mj,d:p—g m;.
=1 j=1

When my, > 1, a suitable @ can be found through the QR decomposition of G}, =

Qi Ry, where Ry is a full rank upper triangular matrix. Consequently,

G Gi.1Qx G Q)
GiQr = |G| Qr = |GiQi| = | Ry,
Gis Gi3Q Gi3Q

. . . -1
The my, X my, upper triangular matrix Ry, contains % ZEToS.

During the estimation process, the QR factorization is not explicitly used, but

the parameters are solved for assuming the structure of the zeros in the matrices
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G Q. and calling the matrix G. To illustrate, suppose that the multiplicity vector

ism = (2 3 1 1),. It follows that the structure of the matrix G is
[ 0 | ops ops | g | ]

2 Ts | M2 g M6 | M8 | H13

m3 Mo | ma O 0 | pg | pia
G=1|m mo|ms meo 0 |pio]|pms |- (2.22)
M5 M| Te 720 723 | H11 | M6
Ne Mz | Tt M21 T4 | T2e | M1t
N7 T | Ths T2 725 | 727 | 7)28

The number of parameters in the G matrix varies for different multiplicity vectors

m. When the eigenvalues are all distinct and unstructured (m = 1,,), then

Dmuﬁ_ﬁ_p@;D_p@;D'

If mp > 1, then (n;k) zeros are introduced into G, where (n) is extended to
m
n € IR, as defined by Abramowitz and Stegun (1992, pg. 822). In general, for any

multiplicity vector m,

k=1
h
plp—1)  —~mu(me —1)
2 2
k=1
P p 1 , 1y
:§—§—§ka+22mk
k=1 k=1
P p 1 h 1
ST Rty
k=1
P> —m'm
2

Derivatives of 3 with respect to the eigenvalue and eigenvector parameters are

needed when estimating parameters and constructing confidence intervals. Prior to
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obtaining an expression for the first derivative of vec 3, an expression for the first
derivative of vec G must be found. The first derivative of vec G and vec X are given

in Theorem 2.5 and 2.6 respectively.

THEOREM 2.5 (FIRST DERIVATIVE OF vec G (BOIK 2002A)). Denote by A, the
p? X vy indicator matrix that satisfies the property A vec G = w. Similarly, denote by
A, the p? x ’@ indicator matriz that satisfies Ay vec G = m. Note that A]As =0,
and vecG = Ayp + Agn. Then, the first derivative of vec G with respect to p/

evaluated at p = 0 1is

5 = A, — A DA, = [T — 1)) A
n=0

PRrROOF. The proof uses the implicit function theorem (Fulks 1979, pg. 352).

Define

F(l"’) déf VGCh(GG/) — VeCh(Ip) = Hvec<GG/) — H vec Ip,

where H is any generalized inverse of the p? x I@

duplication matrix D,, (Magnus
1988). The duplication matrix relates the vec and vech operators for a symmetric

matrix. For example, if A is a symmetric p X p matrix, then
vec(A) = D, vech(A).

The parameter vector 7 is defined implicitly by F(u) = 0 Vu. If the determinant

of g—f;, evaluated at g = 0 is not zero, then 1 is a function of pu (e.g. G is solely a
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function of p) in a neighborhood of g = 0. The derivative of F' with respect to i’ is

OF 0

on’ on

[vech(GG') — vech(I,)]

9 :
= o [H vec(GG') — H vec I)]

_ OH vec(GG")
=y
B H@V@C(G’G’).

—H————~ 2.2
o (223)

The derivative of vec(GG’) in (2.23) can be obtained by using the total derivative.
Let V.= W (Y, Z) be a matrix function of the matrices Y and Z, which are functions

of the matrix X. The total derivative (called the Decomposition Rule by MacRae

(1974)) is
ov._ ow(Y,Z) N WY, Z)
X' X' Y fixed X' Z fixed
First, note that
vec(GR') = (G ® I,) vec G (2.24)

= (I, ® G) vec(G') = I (G I,) LI vecG

= I(p’p) (G & Ip) vec G. (2.25)

Combine (2.24) and (2.25) to obtain

dvec(GG')  dvec(GG') N Jvec(GG')
8”7/ anl 7 in first G constant 877’ 7 in second G constant
ovec G
= [Ip? + I(p,p)} (G®I) 6—77/
N, (GoL) Y C N (G oL, A, (2.26)

on’'
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. -1
where N, = 3 [I,2 + I,,)]. Using N, = D, (D,D,) D, HD, = Iypsy, and

(2.26), it follows that (2.23) can be simplified as

OF o
5y —2HD, (D,D,)" D}, (G 1) As

=2 (D.D,)” D, (G®I,) A,. (2.27)

If p =0, then G = I, and (2.27) becomes

OF
o' |,—o

=2(D.D,) " D,As,.

Since D, D, is a diagonal matrix with ones and twos on the diagonal, it is invert-
ible. Further, D) A, is the identity matrix. Therefore, the conditions of the implicit
function theorem are satisfied and n = n(u). The derivative of vec G with respect to

the explicit parameters, p, is obtained as follows. Write vec G as vec G = A+ Asm.

Then
ovecG  OvecG ovecG On
!/ = / + / /
8u al’l’ n fixed an 8“’
on
=A+A . 2.28
1+ Ag o (2.28)

The implicit function theorem guarantees that m is an implicit function of p in a

neighborhood of = 0. Accordingly, (2.28) evaluated at g = 0 becomes

0
DY = A, + A, 877’
l’l’ n=0
The implicit derivative 86;7’ is found by using the constraint
u=0

F(p) = vech(GG') — vech I, = 0.
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Specifically,

vech(GG') — vech I, =0 Vpu
dvech(GG')
_

=0V
ow' H
o'
_ 0 G
— 2HD, (D,D,) ' D,(G®I,) ;e—;, —0 Vu
— D, (G®1I,) <A1 + A, gg/) =0 Vu because HD,, = I 1)
/ on /

— Dp (G X Ip) Aga—u/ = —Dp (G X Ip) A1 \V/pl,

0 _
:>aZ' — —[D,(G®1,)A)] 'D,(G®I,) A Yu

8"7 / -1
— al_j,/ o = — (DPAQ) DpAl

on = —D, A;, because DAy = Iyp11).

(9,u/ u=0 2

It is not too difficult to show that AQD;Al = I(;, ) A1. Accordingly, the derivative

of vec G with respect to p' is

D(Cl;) _ Ovec G
oy’

= A, —A;DL A = [Ip,—I,,)] Al

n=0

THEOREM 2.6 (FIRST DERIVATIVES OF vec ¥ (BoIik 2002B)). The first deriva-
tives of vec X with respect to the transpose of the parameters B3, p and @ are as

follows:

o dvecX
Fﬁ - o8

=0 (by construction),
p=0
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JdvecX
F;S.l) — o, :2Np <F0A®FO> D(Cl,‘)7
I"l’ p=0
JdvecX
FY =~ = (Ty ® o) L,DY = (T + Ty) DY,
P pn=0

where Ly, is as defined in Theorem 2.1(c), and N, and Dg) are giwen in Theorem 2.5.

PROOF. The total derivative is used to find the derivative of vec X with respect
to p'. The scatter matrix is parameterized as ¥ = I'yG(u)AG'(pn)T,. The derivative
of vec(X) with respect the vector ' is

OvecX B JvecX N Jvec X

/ / / :
al‘l’ a[.L p in first G constant 8[_1, p in second G constant

For convenience, specify p as p; in the i G matrix. Using the identity
vec(ABC) = (C' ® B) vec A,
the vec of the scatter matrix is

vec X = vec(DoG (1) AG (u2)'T)
= (LoG(p2)A ® To) vec(G(p1))

= (To ® ToG (1) A) vec(G(p2)') -

Suppose that A and B are each px p matrices. Using the identities that I, ) vec A =

vec(A), Ipp) (A® B) Iy = (B® A), and I? | = I,2; vec ¥ becomes

vec X = vec(ToG(1)AG(p2)'Ty)
— (DoG(p2)A & Ty) vee(Gluur) (229)

= I(p,p) (]__‘()G([J,l)A & Fo) VeC(G(Mg)) . (230)
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Using (2.29) and (2.30), the derivative of 3 with respect to p' is

ovec X B ovecX n JdvecX
o' O |, fixed O |, fixed

Ovec(G Jvec(G

= (PoG(p2)A @ Ty) % + L) (ToG(p1)A @ Tp) %
Jvec(G Ovec(G

- Gua e ) PSE g mea s ) D)

Ovec G
=2N, (T'yGA ®T)) o

Accordingly, the derivative of vec 3 with respect to g’ evaluated at o = 0 is

dvecX L
F = 50 = 2N, (TyA ® Ty) DY.
p=0

The remaining derivatives of G and vec 32 with respect to p and ¢ can be obtained
in a similar manner to those obtained in Theorems 2.5 and 2.6. To obtain expressions
for the second and third derivatives of GG, second and third derivatives of the constraint
vech(GG' — I,,) = 0 are used. This allows solving for second and third implicit
derivatives of n with respect to p. These derivatives will be used for successive

derivatives of vec 3. A complete list of these derivatives can be found in Appendix A.

Solving for the Implicit Parameter n

According to the implicit function theorem, 7 is a function of p in a neighborhood
of p = 0. Because G =~ I, it follows that the diagonal entries of G' are positive and
near one. Because G is an orthogonal matrix, the columns of G are orthogonal to

each other and each has unit norm. An algorithm can be derived to solve for . The



42

algorithm can be illustrated using G from equation (2.22). Partition G according to

its columns:

The algorithm proceeds as follows:

Therefore

T
2
13
N4
5
M6
Uk

0

8
Mo
o
M1
T2
s

H1
2
Ta
s
e
Tt
s

J25]
221
0
e
7120
721
722

Hs

He
0

0
)23
T)24
T25

7
s
Mo
H10
H11
P
Ubis

12
13
14
His
K16
20k
)28

=91 92 95 91 95 95 7]

The last column of G, g; has unit norm.

Tlos = i\/l — iy = Py — [y — pis — pis — pig

However, since g lies on the diagonal of G, it must be positive and near one. Hence,

s = \J1— iy — iy — iy — s — s — i

Second, the dot product between gg, and g7 is zero and gg has unit norm. Using

these two conditions, it is possible to solve for 795 and 797. In general, the implicit

parameters in the unit vector g; can be solved for by recognizing it is orthogonal to

git+1," " ,Gp. A system of equations results which is easy to solve.
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CHAPTER 3
ESTIMATING PARAMETERS

There are various methods of deriving estimators for parameters. Maximum like-
lihood estimation is most frequently used. Other methods of deriving estimators
involve the method of moments, Bayes estimators, or invariant estimators (Casella
and Berger 1990, Chapter 7). Another method of estimation is minimizing a loss func-
tion. Maximum likelihood is a special case of minimizing a loss function, where the
loss function is the negative log-likelihood function. Another example of a loss func-
tion is the least squares criterion. The least squares estimator of X is the minimizer
of

0(,3) =T - 2|72,

where 3 = 1Y'(I,—H)Y and H = X (X'X)~' X’. Maximum likelihood estimators
for the eigenvalues and eigenvectors of the spectral model (2.5) under a multivariate
normal distribution have been thoroughly explored by Boik (2002a, 2003). Particular
choices for loss functions are the basis for finding robust estimators.

Another method for finding robust estimators is through an estimating function.
Yuan and Jennrich (1998) define an estimating function as a function that has the

form

Gal8) = = " 0i0), 3.
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where g;(0) are p x 1 independent random vectors. Further, they give conditions
for which the zeros of an estimating function have a normal asymptotic distribution.
Their results are given in Theorem 4.1.

This dissertation proposes an extension of Maronna’s M-estimators of location
and scatter (Maronna 1976), and an extension of Rousseeuw and Yohai’s S-estimators
(Rousseeuw and Yohai 1984). Both robust estimators are generalized by allowing
multivariate regression along with modeling of the eigenvalues. For example, the
model could allow some of the eigenvalues to have multiplicities larger than one.

This chapter discusses extensions of M-estimators and S-estimators, along with
methods of solving the corresponding estimating equations. Multivariate regression

and modeling of eigenvalues are allowed in the extension.
M-estimators

M-estimators for multivariate location and scatter were first defined by Maronna
(1976). Huber (1981, pg. 212) extended Maronna’s definition of M-estimators for

multivariate location and scatter to be the solution, (7, 2), to the system

=3 nld) - 7) =0,
k=t (3.2)

3 [enldd) e — ) — 7 — es(de) ] = 0,

where X is an unstructured scatter matrix, 7 is an unstructured vector of location
1
parameters, dj, = di(y; 7, %) = {(yp — 7)' 7 (yr, — 7)} 2, and vy, vo, and v are

nonnegative scalar valued functions. The existence and uniqueness of solutions to
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(3.2) were shown for the case of v3 = 1 by Maronna (1976) and Huber (1981, pg.
226-7). In addition, in this case Maronna (1976) showed that the estimators are
consistent and asymptotically normal. In this dissertation, vz will be taken to be 1.
I propose to generalize the structure of the location parameters to that of multi-
variate regression; e.g. 7, = X3, where X and 3 are defined in (1.3). Further, the

spectral model will allow eigenvalue modeling of the M-estimators.

Estimating Equations

I will motivate the derivation of the estimating equations through the specific
derivation of the maximum likelihood estimator for the family of elliptical distribu-
tions (Fang et al. 1990). The probability density function of an elliptically contoured

distribution has the form

f(ye) = Ld’%l), where (3.3)

X2
di = [(yx — X1B) =7 (s — XiB)]”

3} is the characteristic matrix, and g is a non-negative function. The density function

for Y is

If the observed data actually follow the elliptical distribution in (3.3), then the esti-
mation method to be derived will provide estimation of B and 3. If, however, the

observed data follow some other elliptical distribution, then the proposed method
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provides estimation of B and X = kX*, where 3* is the characteristic matrix of the
underlying distribution.
For organization purposes, it is convenient to place the parameters for both the

linear model and the spectral model in a vector,

where v| + 15 + 13 = 1.

The log-likelihood function for an elliptically contoured density is

(6) = log f(Y) = —Z log| S| + Y log [g(d?)]
k=1

where 6 is defined in (3.4). For convenience, combine the p and ¢ parts into the

vector

-(2)

THEOREM 3.1 (FIRST DERIVATIVES OF THE FAMILY OF ELLIPTICALLY CON-
TOURED DISTRIBUTIONS). The first derivatives of the log likelihood function of the

family of elliptically contoured distributions with respect to the parameters 3 and

¢ = (g) are

0 O~ —2¢9(d?
ot = Z—g ( k)z,’gElek and

0B = g(dy)
ol 1 . {—2g<”(di) } R
- = —vec — T < Z/—E by ® 2 F()7
o, o 2 [Z g(dz) ( )
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where gV(d}) = 99(dy)

. . F
o Fh = yr — X183, Xy, is defined in (1.4), FO = [F’a)], and F,(P

@
and Fq(,) are defined in Theorem 2.6. Note that the equations above are equivalent to

;é/ = Vec(X’TgZE’1)/ and

ot
o¢’

1
= e |-Z'T,Z - 3| (e 27) FO,
2 n 7
n=0

_9g®
where T, = Diag ( 2{}1;5?%))
k

ProoOF. The derivative of the log likelihood function with respect to the location

parameters, 3, is

ol ndlog |X|

3 — dlog [g(d})]
5= "2 o +k§—85' . (3.5)

The first part of (3.5) is zero because ¥ does not depend on 8. Accordingly, (3.5)

becomes

Z dlog g

aﬁ/
Z dlog [g(d2)] g(d2) Odz
2 ag( d2 o op
9W(d3)
— g"(d}) O
. 3.6
— g(d}) 0B’ (36)

The derivative of d2 with respect to 3’ can be written in terms of 2z, = yp — X33

Because

di = 22 'z,
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it follows that

d2
ggk/ = 2z,@21‘;;’j — 237X, (3.7)
Using (3.7), (3.6) simplifies to
0~ ,9%dR) e
= —2 2.2 X 3.8

The derivative of the log likelihood function with respect to the scale parameters,
¢, is

9 ndlog|X| iﬁlog[g(di)]'

a2 ¢ ¢’ (3.9

k=1
Searle (1982) showed that the derivative of the log determinant of a matrix with

respect to a scalar can be written as

810g|X| o -1 @X . n—1 / 8X
oy tr (X o)~ vec [(X")7] vec s
s Ovec X

y

= vec [(X') 7] . (3.10)

The derivative of the log determinant of a p X p matrix with respect to a row vector

can be found by using (3.10). It is

dlog|X| (810g|X| Jlog|X| 8log|X|>
oy oy 0y Yy
_ <Vec [(X/)—l]/ axée;lX vec [(X/)_l]/ 8\ée;2X .. vec [(X/)—l]’ 8\ée;pX>
= vee [(X)71' (TX BEX o 25X
X
= vec [(X/)_l], AL (3.11)

dy’
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Therefore, the first part of (3.9) is

al(;gclzl = vec(371) 82622. (3.12)
The right-hand side of (3.9) is
dloglg(d)] _ Dlogg(d}) 02
¢! odz ¢’
(g2 2
- gg((dék)) ‘;Cé'j. (3.13)

It follows from di = tr(d?) = tr (2,27 2;) = tr (2,2, 27!) = vec(zpz,) vec(Z71),

that

o
ac!

, Ovec(X71)
a¢’

= vec(zx2y,) (3.14)

To compute the derivative on the right-hand side of (3.14), the total derivative
is used in conjunction with vec(ABC) = (C' ® A)vec B. Because vec(X7'%) =
vecl, = (I, @ X7 ) vec Z = (2 ® I,)) vec(X71), it follows that

dvec(X71Y) dvec X dvec(X™1)

P —1
T =0=(I,®%") o +(E®1I,) o (3.15)
Solving (3.15) for 8%2(? ) vields
dvec(L™) . 1y OvecX
P (om0 3.16)
Hence, (3.14) becomes
2
Ui _ _ vec(zzL) DRES R ALDS (3.17)

a¢’ ac’
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By combining (3.12), (3.13), and (3.17), equation (3.9) simplifies to

o
e[S o] oy 2
S B} oo 252

Lastly, evaluating (3.18) at p = 0 yields

_ %vec [i{%zkz; - 2} |

k=1

ol

- S legy! F(l)7
3¢ ( )

®
where F = a‘é‘zﬁz‘ = [?&)] ,and F® are defined in Appendix A.
pn=0 7

(3.18)

(3.19)

To show the matrix equivalent of (3.8), the relation in equation (1.4) is used.

That is,
o~ 9 —~ g"d})
0B Z o) e = ;_2 o) @)
n (1) d2 n g<1>(d2) ,
= 2 E zp Qx)) = -2 k2 vee(xpz, X!
Z ) " g(di) ( k )

- Zvec(mk {%}S@} z;z‘l)/
~ vec (Z 2, [ 299 dZ)} 222_1)
— vec(X'T, 25"’

Similarly, it can be shown that the matrix equivalent of equation (3.19) is

ol n 1 _ _
50 =3V [EZ’TQZ —~ 2] (T 'z ) FY
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U
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Setting the derivative, BTl equal to zero yields the first generalized Maronna M-

estimating equation:

o 1 _ g9(d?) 1< _
—_— = — X'y 1z (—2 k =0= — v (d )X Xz, = 0. 3.20
o8 n Zkl k k 9(2) - ;1 1(dr) X, k (3.20)

v1(dg)

The first Maronna equation (3.2) is a special case of (3.20). f 3 =7 and X =1,
(no explanatory variables), then X, = I,,. In this case, equations (3.2) and (3.20) are
identical.

: o ¢ : :
Setting the derivative, 8—C, equal to zero yields the second generalized Maronna

M-estimating equation:

!/

ol 1 . { —29@(0@ / } -1 -1 1
— = —vec K2 — 2 >lexT) FY,
r !/
1 —2g9(d?
— —vec J 5 ) 2z, — 3| (B @S FY,
2 | i1 g(dy)
v (d?)

. Lpor (0= vee [Z {va(dp)zizy, — v3(di)2}| =0, (3.21)

k=1

where 2 370 vs(dy) = 1.

The second Maronna equation (3.2) is a special case of (3.21). If the scatter matrix
is unstructured, as in (3.2), then F® = D,. The perpendicular projection operator
of D, is N, = Dp(D;,Dp)_le, which projects onto the space of all symmetric

matrices (N, vec(A) = vec(A), if A is symmetric). For convenience, define { =
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Z {va(d})zzy, — v3(di)2}. If FU = D, then (3.21) becomes
k=1

1
“FY (2 @2 ) vee[0] = 0
n
1
— —D, (' oX ) vec[O] =0
1
— —D)vec [X7'OE7] =0
n
1
— —Dy(D,D,)"' D} vec [(=ox =0
N,
1 -1 -1
— —VGC[E O ] =0
n
1 -1 -1
1
= =0
n
1 n
— > {waldd)zz;, - vs(d)T} =0,
k=1

I propose the solution to the two equations (3.20) and (3.21) as a generalization

of Maronna’s M-estimators. They are the solution 6 to the system

1 n

2 Zvl(dk)x,;z*zk =0

n
| =H (3.22)
ZF0 (2’1 ® 271) vec E {'UQ(di)zkz;c - “3(d’€)2} =0
n

k=1

where dj, = di,(yi; 0) = {2, 2,}2, 21, = yp — X383, FU = 6320/2 6= (3 C)/,

|
n=0

and vy, v9, and vg are nonnegative scalar valued functions.

Newton-Raphson and Fisher-Scoring

To find the solution for (3.22), a numerical iterative procedure must be used.

For a general choice of vy, vy, and w3, a modified Newton-Raphson method can be



23

used. To use the Newton-Raphson method, derivatives of both of the equations in
(3.22) with respect to the parameters are needed in order to construct the Hessian
matrix. When the functions vy, vy, and v3 correspond to a specific distribution, then
a modified Fisher-Scoring iteration scheme can be used instead of Newton-Raphson.
Generally, Fisher-Scoring is more stable than the Newton-Raphson method. Since the
Fisher-Scoring method and the Newton-Raphson method are similar, a description of
the Newton-Raphson method will be given.

Denote ((0]Y) as the log-likelihood function of @ given Y. Also denote 6; as
the guess for @ after the i*" iteration. Expand £(6) in a Taylor series about the "

iteration guess for . That is,

- oreNy) A 1 A, 82€(H|Y) A
(OBlY) =~ (0, —_— 0—0, -0 —-0,) | ———— 0-86,.
O1) = (0IY) + =5 (@0=8)+50-8) | Garooy| | @-6)
Let
oley) GQK(OIY)
y = ———= dH; = ——— )
9.7 7700 |, 0T 000000,
Then
. . 1 . .

To find the vector which approximately maximizes ¢(0|Y ), take the derivative of

(3.23) with respect to 8 and set equal to zero. Solving for 6 results in

0=0;— H'g,, (3.24)
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The right-hand side of (3.24) becomes the new guess 6;41, and the procedure is

repeated. The Newton Raphson procedure can be summarized as

~ ~

The Fisher-Scoring algorithm is almost the same as the Newton Raphson algo-
rithm. Rather than using the Hessian matrix (Héi)7 the Fisher-Scoring algorithm
(named for R.A. Fisher) uses the expected value of the Hessian matrix. The negative
of the expected value of the Hessian matrix is called Fisher’s information matrix and

is denoted as Iy = —E [H@J . The Fisher-Scoring algorithm in terms of Fisher’s

Information matrix is therefore

~

Both the Fisher-Scoring method and the Newton-Raphson method described in this
section are for traditional problems. These methods need to be modified to work with

the implicit parameterization used in this dissertation.

Solving the M-Equations

For a general choice of v, vy, and vz, a modified Newton-Raphson method can be
employed. When the functions vy, vy, and v3 correspond to a particular distribution,
then a modified Fisher-Scoring method can be used. To illustrate the modified Fisher-
Scoring technique, the functions vy, vs, and ws corresponding to a multivariate-T'

distribution will be used.
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Suppose the random p-vector, ny, has a multivariate Normal distribution with
mean vector 0 and covariance matrix I,,. Further, suppose that ¢, has a x? distribu-

tion with & degrees of freedom. Then the p-dimensional random variable

1,
. EZ’I’Lk

t =
[ éx
13

has a multivariate-T" distribution with mean vector 7, characteristic matrix 3, and

covariance matrix aX, where a = Ak In notational terms, t ~ T'(T, ) ). The

density of t with £ degrees of freedom (Press 1982) is

1 T () ¢
f(t) = 1 P Eip
Y BETE) ™ e t—r)y st (t—m)

where — oo <t; <oo, £>0.

In terms of the linear model (1.2) and the spectral model (2.5), the distribution

of y is

where dy, = { (g — X18)' S (g — XuB)}2.

The v functions for the multivariate-T distribution are

muwzgjé,wubzfj%,wdwwwzy (3.26)

THEOREM 3.2 (FIRST DERIVATIVES OF MULTIVARIATE-T"). The first derivatives

of the log-likelihood of the multivariate-T distribution with respect to the parameters

Band(z(i) are

ol GNP ¢ . 1t
5 (§+p)2’“§+—di’“ = vec(X'T,ZE7")’,
k=1



!/
ol n e~ E4p .
— = —vec |— zpzr — 2| (T e X)) FY
9,0 2 [n“mz” ( )
1 !/
= 2 vec {—Z’TgZ—z] (Z ' en ) FO,
n

where T, = Diag <£+dg> and & is known.

ProOOF. The multivariate-T" distribution belongs to the family of elliptically con-

toured distributions. The function g(d?) is equal to

w\m

&+p
g(dy) = F<<§)2T

> (E+d2)
2

and its derivative is equal to

ooy O09(dR) (&4 p
o) = 50— (£57)

w\m

(f_

2
r(s

)¢
)7 (€4 d2)SH

Therefore, the ratio of the derivative of g and g¢ is

[T

_ (_p) (552 )¢ 1
go(dp) N2 ()t )t 1 (éﬂ?)
g(d?) r(&e)ed E+di)
r(§)n2 (craz) "

Using Theorem 3.1, the derivative of the log-likelihood function for the multivariate-T

distribution with respect to 3 is

M = —290(d2) s ~(E4DY e
— T VR Il Y, — = - > X
Rl 2 g(d) = kz exay) o

k=1 k
"L A¥X,
=(E+p b

Similarly,
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The equivalent matrix expressions for the multivariate-T" distribution are

or
05 = Vec(X'TgZE’l)/ and
ol n 1
- =— “ZT.Z -3 (' ) FY
o¢’ p—o 2 e [” ! } ( ? ) 7
where T, = Diag ( ;:j; ) O
k

In order to use Fisher-Scoring for the multivariate-T" Distribution, Fisher’s Infor-

mation matrix is needed. First, some lemmas are needed.

LEMMA 3.3 (CASELLA AND BERGER (1990)). Suppose X1 and X, are inde-

pendent x* random variables with v, and vy degrees of freedom, respectively. The

X1

Xi+x; 8

distribution of

X1 vy Vo
N e (2.2
Xi+x,  ot\20

PROOF. The result is given as an exercise in Casella and Berger (1990, pg. 193).
The proof is given here for completeness.

The joint distribution of X; and X, is

i1 k2_ +
1 5 1 5 1 _11212

r(5)r(z)2 5

fX1,X2 (1‘1, xQ) -

To find the distribution of ﬁ, define the bivariate transformation

X4

h(Xla X2) = <m;

X2> = (Y, 2).

The inverse function of h(X;, X5) is

WY, Z) = (%z) |
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Therefore, the joint distribution of Y and Z is

fY,Z(ya Z) = le,Xz (h_l(yv z)) |J|

1 yZ %71 1% yz z z
e () e )
F(3)T(3)275 \ I (1=

1 y%_l vitrveg | 2
= e 7?2 e 20-v), (3.27)
D) 1(5) 25 (-0

Integrating z out of (3.27) yields

fr(y) = /fY,Z(y,Z) dz
1

= v /wz”z”—le—mf_m "
(3 T(5)27 P (- )5

r
_yioy)t /“’( :
r(%)r(z)27:* o \1-y

vitro
—5—=-1

e 20-v) (dz.

N———

1 — y %_1 o0 u1+u27 _u
( ) u 2z le 2 dz
—=2 Jo

. y%_l 1 _ y)l’%_l F<V1 + VQ) 2V1<2ng

D(5)r(g)2™% A 2
D(5%) wy

— ” > Y2 (1—y>2 1
F(5)T(3)

It follows that

COROLLARY 3.4. Suppose X| and X, are independent x* random variables with

vy and vy degrees of freedom, respectively. The distribution of Xl)_ilXQ 1S
X1 SR
EETNSWURAY
X+ X, o\
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Then,

(« E{ (Xl)i Xz)ﬂ - I;((VlJr)VZ)(l;g;J:L? )’
V1 + o
(ﬁi) <X1)—(F1X2> ( >FFE - k> (2 +k)

2 —
(_2 V1+V2 ’
2
where r > =%, =2 <k <5 + 2.

follows from Lemma 3.3. Part (a) is a well

(b) E

PROOF. The distribution of

X+X

known result. A proof is given in Casella and Berger (1990, pg. 108). Note that if

b= X1+X,thenT:%. So
Xo g X1 ? . 1-b\" 2 2k k
o|(5) (e3w) || (57) o) e
_ r VI—QM) /1b”21+2k1(1_b)“22+k1 db
r(3)1(%) Jo
_ D(#3%) T(3+2-KD(5+k)
r(3)r(g)  r(=+2)
P(#52)D(3 +2=F)0(5 +5)

2 2
F(3)0(5)T(5= +2)

LEMMA 3.5 (LOPUHAA (1989)). Suppose Y is a random p-vector following an el-
liptically contoured distribution with mean vector O and covariance matriz od,. Then

it follows that

Y
Y'Y

1 Y'Y.

PROOF. Define the transformation

Yi Y, Y,
M) = (¢—¢— Y

Y/Y) == (ZI,ZQ, e ,Zp).
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Further, define

Zoyy=(Z1 Zy -+ Zyp.).

Note that if ¢ equals any number between 1 and p — 1, then Y; = Z,7Z;. If i = p, then

Y'Y = 22,

p—1 p—1
2 2 2 2 2 2
y;:@-}jn:z;@-}}a):g@—z@am,wd
=1 =1

Y, =+Z,/1— Z

(p) Z (P

Hence, the inverse transformation of A is
WNZ) = (220, 2%, 2Ty 22\ 1~ 21, ) (3.28)

The Jacobian of the transformation is

Z, 0 - 0 Z
oz, . Zs

Jl=: .0 : : (3.29)
0 - 0 Z Zy 1
Ly Ly e Ly E\ 12 7,

where ¢* = F . Equation (3.29) can be written in matrix form as

. “pP
)
ZpIy s Zp)

* !
Zyy £\ /1-2,

. 3.30
Z ) (3:30)

Using results from the determinant of a partitioned matrix, equation (3.30) can be
simplified as

Z, Z ) Zw)

Zy

|| =1ZpTpa] |£4/1 - ZZp)Z(p) —|F
1-2,



VARV
_ (p)“(p)
=7+ 1—ZEP)Z(p)—|— L -
V31— ZwZo
25—1
1= 2Z(,Z)
To find the joint distribution of Z;, Z,, ---, Z,, standard transformation techniques

are used. Because the transformation in (3.28) is not monotone, the domain of h
must be split into two parts, over which h is monotone in each part. Notate h in each

particular domain as h;. Define

hol(Z) = (szl,ZpZQ,-.. 2o Zy s Zoy 1 — zgp)z(p)) and

hy'(Z) = (szl,ZpZQ,-.. 2y Z 1, — Ty 1 — ng)z(,,)> .

Note that [h[l(Z)}/ h;y'(Z) = Z2 for i =1 or i = 2. So the distribution of Z is
f2(Z) = fx [ (Z)] |I] + fv [hy ' (2)] | T
1

=222"19(Z2) / :
1= 2,2

Because the support for Z, is (0, 00) and the support for Z,) is the interior of a p—1

dimensional ball, the joint distribution can be factored into two parts. It follows that

Zy L2y, Zy, o+, Zypy. (3.31)

Lastly, it follows from (3.31) that

Y

!
Ny oYY
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The next Lemma is a precursor to the proof for the derivation of Fisher’s Infor-

mation matrix (Theorem 3.7).

LEMMA 3.6. Suppose yj, and zj, are the k'™ rows of the matrices Y and Z respec-

tively, where z, = yr — X3, and the marginal distributions of yr and zy are

&
£-2
>).

yr ~ T(X;,

&
75_2

%)

Z ~ T(O

Note that the distribution of zi also can be written as

Z ~ s (332)

where ny, ~ N (0, I,) and ¢ ~ Xg- Then the following are true:

S
E|l—E_—1=0
(CL) _§+Z;€2_1Zk:| s

[ ez B Y
) B _<§+z,gz—1zk>2} Tk

[ z;z), B
(c) B _<£+zgz—1zi><f+z;2—lzk>1 =0

PROOF. A proof of (a) will first be given.

Because the expectation of the score function is zero, it follows that

or 1 X
0= EL?B’] €+pzf+zk2 Lz
=(E+p)) E {—H;g lzJ »1X,. (3.33)

k=1
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Because each zj is identically distributed, and the sum of the expectation in (3.33)

is 0; then it follows that F [ Y71 X, = 0. Finally, because X}, has full row

E+2) Elzi|

rank, it follows that E [ = 0.

&tz 2 1zk:|

It follows from part (a) that

ziz Z; 2L
E k =F E =0.
) - lerres) e
Using the relationship in (3.32), (b) simplifies to

1. o, @l
iEEnkn’Ez

zkzk B
Ehs+4zﬁav]‘

11 [ cknknk } 1
= _S3E TS s 3 2
£ (¢ + 1) ny)?

_ Lyt p [ (i) } 3
£ | (M10)? (Ck + M)

1 T . . e 2
_lsig ny, ), ¢ < n,ny >
- O, ) O/ o) D/ o o o / o
1 VT /T TG T \ G T T
o def ; H o/ o - o .

Define £, = —2t—. Because £, 1L n)n, by Lemma 3.5 and n;, 1L ¢, it follows

Ew, k 9

nknk

that (3.34) simplifies to

2. (3.34)

B { 22}, } 1 . ) C ( )T, ) s
(E+ 2z, X 12;)? 5 \ /nknk \ /nknk NNy \ Cr + 1Ny
1 o . 2
A AN B E Mt Vst (335)
19 "Ny \ Cp + NNy

Each of the expectations in (3.35) can easily be dealt with. Because £, 1L "Ny, it
follows that

o oy
nknk /

E [é’ké’;] E Ry = B [éké;ﬁ;ﬁk] - [—nknk} — E i)
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Because 1y, ~ N(0,X) and njny, ~ x5, then

o o) E[’l(’)l,k’ﬁ?{] Var (ﬁk> 1
E b8, | = — " = =-1. 3.36
[ k k} E [n)n] P p? ( )

Applying Corollary 3.4 simplifies the second expectation in (3.35) to

E

é ( T, >2::r@§)r@+1ﬂxg+n
Al \ &+ il (BT (55 +2)
/23
- , 37
P+ +E+2) (337

Together, (3.36) and (3.37) can be used to simplify (3.35). The result is

o oy o 2
Ci ( n).ny )
-7 o S NG
n,ng \Cp+mn,ng
3

BI} Lw@(ﬁium] == P+Ep+E+2)

N5

zszc _1 % o o
B {<5+z221zk>2} =2 E[ﬁkek} E

1
>
3

[V

]

THEOREM 3.7. Suppose the p-dimensional random vector, T', has a multivariate-

T distribution with & degrees of freedom. Fisher’s information matriz for T evaluated

at p =0 18
oL oL oL oL
o [0010)0006)] _ E (%a@) E (%%) _ o, [PTTeX'X 0
o0 06 | E(ﬂﬂ) E(%i) o ae 0 FO'TGFO|
¢ op 9¢o¢ ) | |,_q

where FY is given in Theorem 3.1, the derivatives are given in Theorem 8.2, and

Ty =

|3

{(2‘1 %) - : !

L vee(=7) VeC(E_l)I} |
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Proor. The expectation of %g—é proceeds as follows:
o ot XXz X,
%aﬁ/}_ { (&+p) Zg 251z, (&+p) Z€+zk2 2, }
1 —1
£+p ZZX XFE [ E+z2- 1z1)(£+z§€2 1zk)] X X (338)
=1 k=1
By using Lemma 3.6, equation (3.38) becomes
ol ol - ZLZ)
E|=— —_ 2 X/E_lE k E—IX
L% aﬁ/] (E+p) ; k {(Hz,gzlzk)?] :
L X ETIERIX
= (£+p) Z . -
P+ +E+2)
p+¢§ -1 p+¢§
= XX 'X R x I R x
p+5+2z - £ +5+2Z ) )
p+¢& p+¢& -1
2 .
p+§+2Z o +§+2< ®Zw’“m’“
p+¢§ ~1 /
=— (¥ X'X).
p+&§+2 ( )

The computation for the remaining

that derived above. The proofs are not included.

parts of the information matrix are similar to

]

To solve the M-estimating equations in (3.22) for a given gradient vector and

Information matrix, a modified algorithm using (3.25) was developed based on the

algorithm in Boik (2002a). The modified Fisher-Scoring algorithm has the following

steps:

Step 1. Compute initial guesses for I'y and A. Denote these guesses by fop and Ay.

Step 2. Denote the maximum likelihood estimate of X after the i

iteration by

A

I~ A TV
21' = FO,Z'AiI‘Qi'
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Step 3. Set p; = 0, then 6; = ( 3, 0 @, ). Update 6; as

A~

011 =0; + aly gy,

0L;(0)
00

920,(0)
06’ @ 00

I, =-E

~ %
0=0;

where lZ(G) = ((0; B, f‘O,iu Az), 9o, =

R Y
6=0;

Step 4. Compute G(fu;41) following the algorithm from the last section of Chapter 2

and a € (0, 1].

and set Ai—H = A(Qaz—i—l)
Step 5. Set fO,i+1 = IA‘OVZ'G([_AI,Z‘_H).

Step 6. Iterate steps 2-5 until convergence.

S-estimators

Another type of robust estimator is Rousseeuw and Yohai’s S-estimators, which
were introduced in the setting of robust regression (Rousseeuw and Yohai 1984). A de-
sirable property of S-estimators is that they have high breakdown point. The largest
asymptotic breakdown point of S-estimators is 50% (Rousseeuw and Yohai 1984).
If the maximum breakdown point is used however, then the asymptotic efficiency of
the estimators is low. A generalization of Rousseeuw and Yohai’s S-estimator in the
setting of multivariate location and scatter is defined by Davies (1987) and Lopuhad

(1989). They defined S-estimators of multivariate location and scatter, 6,, = (7,,, X,),
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as the minimizers of det(X) among all (7,3) in the parameter space subject to

N|=

% Z p [{(yz —T)E Ny — 1)} } = bo, (3.39)

where b is a constant satisfying 0 < by < sup p, and p is a function chosen to down-
weight extreme values. The choice of p(t) = t* leads to least squares estimates. In
order to maintain asymptotic normality yet have robust properties, Rousseeuw and

Yohai (1984) required the function p to have the following properties:

1. p is symmetric, has a continuous derivative, and p(0) = 0.

2. There exists a finite constant, ¢y > 0 such that p is strictly increasing
on [0, co] and constant on [cg, 00).

Various choices can be made for p. An example is

2 4 6
Yy Yy ) .
2 22 +6c4’ if Jyl < co
p(yacO) = 2 0 0 )
CO .
5’ if ly| = co

which is an integral of Tukey’s biweight function. Typically the constant by in (3.39)
is chosen assuming an underlying distribution for the model. When the family of
elliptically contoured distributions is assumed, an appropriate choice for the constant

would be by = F [p(dy)] (Lopuhad 1989). In this case, the constant ¢y can be chosen

[nr]

n

such that 0 < ’;f =r < %2, which gives the finite breakdown point of € =

sup p 2n
where [y] indicates the smallest integer greater than or equal to y (Lopuhad 1989). If
r =P then the largest breakdown point of | “=2*1 | /n is obtained (Lopuhad 1989),

which is asymptotically equal to % The constant ¢ affects the asymptotic efficiency

of the estimators, as well as influencing the breakdown point. For a breakdown point
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near 50%, the asymptotic efficiency is low. Hence, it is not possible to achieve a 50%
breakdown point and high asymptotic efficiency at the same time.
A generalization of the definition in (3.39) to the linear model and spectral model

defined in (1.2) and (2.5) is the minimization of the loss function

1 n
w(0@) = nlog |X| subject to ¢(0) = - Zp(dk) — by =0, (3.40)
k=1

=

where dj, = [(yr — XiB)' 7" (yr, — XiB)]?, Xy is given in (1.4), and B is defined

in (1.5).

Implicit Model for S-estimators

The constraint in (3.40) can be accommodated by the usual theory of Lagrange
Multipliers (Nocedal and Wright 1999, pg. 321). Second-order asymptotic distribu-
tion theory however, is made more complicated by introducing Lagrange parameters.
Instead, if w(@) is defined through an implicit parameter, then unconstrained op-
timization can be used; and asymptotic distribution results can easily be obtained.
An implicit parameter for (3.40) is defined through the eigenvalue parameters, ¢.
This implicit model uses a specific matrix V. Properties of this matrix are given in

Theorem 3.8.

THEOREM 3.8. Let V' be any vs3 X vz invertible matriz that satisfies
V = [‘/1 ’02} and ‘/II’UQ = 0,

where V| and vy are v3 X v3 — 1 and v3 X 1 matrices, respectively. Then
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(a) The inverse of V' can be specified in terms of Vi and vy. Let

Then V* =V 1,

(b) ppo(Vi) + ppo(vs) = I,

where ppo(-) is the perpendicular projection operator onto the column space of ().

PROOF.

V'V =

Hence V* = VL,

(b) Multiplying VV ! yields

I,

3

(a) The result can be shown by multiplying V*V = I,,. Accordingly,

A

PRV IURE
(V) WV (W)™ Vo
| (vhvs) bV, (vhva) ! oy
I, 0}

0 I
I,
vV
Vi v [( 4 1)_1 V’]

(vyv2) vy
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The model for the eigenvalue parameters is defined through the trivial equality

¢ = 1I,,¢p. Hence,

¢ =TI, =VV ¢ =ppo(V)p + ppo(vs)p

— Vi (/W) V0o +us (vhos) " o

J/

- o
¢ = Vi + vany, (3.41)

where 1) contains explicit parameters, and 7, is an implicit parameter defined through
the constraint ¢ in (3.40). The manner in which V| and v, are chosen is described
in Theorem 3.9. The number of explicit parameters has decreased by one because 7y,
is an implicit parameter. The dimension is reduced because the constraint in (3.39)
must be satisfied. Hence, the vector of explicit parameters for S-estimators can be

written as

B

v X1

O =] (342

P

v3—1x1

where vy 4+ v5 + v3 = v. The S-estimating equation in (3.40) can then be rewritten in

terms of the implicit parameter as minimizing the equation
w(0s,), (3.43)

where w is defined in (3.40), ny is an implicit function of the explicit parameters

defined through the constraint E [p(dy)] = by, X} is given in (1.4), 3 is defined in

(1.5), and di = [(yx — XiB) S (s — Xi3)]2.
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First Implicit Derivatives

Derivatives of w(0s,) and ¢(0s,) are required to find the S-estimates of 6, un-
der the linear model in (1.2), the spectral model in (2.5), and model (3.41) for the
eigenvalue parameters. Not all expressions for the required derivatives will be justi-
fied in this dissertation; however, expressions for all the derivatives can be found in
the appendix. The derivatives that are obtained will illustrate the method by which
remaining derivatives also can be obtained. In addition, numerical approximations to
the derivatives were used to verify the accuracy of the analytical expressions for all
the derivatives used in the dissertation.

Derivatives of w(6s,) and ¢(6s,) involving the model (3.41) require implicit deriva-
tives (derivatives involving ¢ and 7). If 3871 # 0, then the implicit function theorem
(Fulks 1979, pg. 352) guarantees the existence of the required derivatives. As a result,

an implicit function exists relating 7, to the explicit parameters, 3, p, and :

Ny = (B, 1, ).

Two parameters are functionally dependent if one parameter is a function of the
other parameter. If no such function exists, then the two parameters are functionally

independent. To be clear on notation in the expressions of the derivatives, define

0" (B, 1, ny), (3.44)

where 7, is treated as functionally independent of the other variables and 3, p, and

1 are functionally independent. Note that for some derivatives ¢ also is involved. In
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these cases, ¢ is defined as

q* déf q(ﬁap’a(p<¢an¢)> (345)

In both (3.44) and (3.45), ny is treated as functionally independent of the other
variables and 3, p, and 1) are functionally independent.

Further, define

0% q(8, 1, P, 0u(8, 1, 1)), (3.46)

where 7, is a function of B, u, and 1), but 8, u, and 9 are functionally independent.
Note that, as in (3.44), ¢ is involved in some of the derivatives. In these cases, ¢ is

defined as

0= q(B, 1, {2, 14(8, 11,9)}),

where 7, is a function of 3, u, and v, but 3, p, and ¥ are functionally independent.

Now the implicit derivatives can be obtained.

THEOREM 3.9 (FIRST IMPLICIT DERIVATIVES OF 7). The first implicit deriva-

twes of ny, evaluated at p = 0 are

ony ;-1 0q"

08 (a'vy) ek

ony ;-1 0q"
o (a'vy) o nd
% = —(d'vy) " a'Vj,

o’
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provided that a’vy # 0, where F,(Ll) and FS) are given in Theorem 2.6, Y and X are

given in (1.2),

Ip(dy,)
() =
o 1p%4dy)
ko d,

B = dvec(ﬁ,p, d),

W..=X'WZ,

W..=2Z'WZ,

(?)g = —2vec(W,.X7) |

gi = —FY vec(STWLEY),
a= gi = —FY vec(STW,. 2.

ProoOF. The proof for % will given here. Expressions without proof for all
other derivatives can be found in the appendix. Methods for obtaining the remaining
derivatives are similar to those given below.

The implicit parameter, 7,, is defined by the constraint in (3.40). Using the

notation in (3.46), the constraint in (3.40) can be written as

q=q(B, 1, ¥, (B, p,)) = 0. (3.47)



74

Taking the derivative of (3.47) (using the total derivative) yields

O _ 00 0" Ony _
o8 98" Oy 0B

0,

for all B, p, and 1) in their respective parameter spaces. It follows that

Ony _ g\ ' ag*
B’ ony) 08"

Because ¢* depends on 7, solely through ¢ in (3.45) and (3.41), it follows that

d¢" _0q" dp _
ony  0¢' Iny

Hence,

aniﬁ (A -1 8(]*
0 (a'vq)

Note that the only requirement for giﬁ“j to exist is that the inverse of g%; exists.

Considering that 22 is a scalar, v, must be chosen so that a’v, # 0. Any choice for
Ony

vy will do so long as a’vy # 0. Because vy can be chosen as any vector, to ensure

that a’ve # 0, vy is chosen as

a

(3.48)

Uy = .
a'a

Note that ||vy|| = 1. Because V{'vy = 0, it follows that V; can be chosen to be any

v3 X v3 — 1 matrix whose columns span the null space of v}. One explicit choice is
-1
Vi= [Iug — vy (Vyva) vy | W,

where Vj is a v3 X 3 — 1 full column rank matrix whose columns are not in the column

space of vy. Further note that for this choice for vy, a’'V] = 0.
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The derivative of ¢ with respect to 3" when 7, is constant requires the derivative
of the square of dj,. Define hy = d2. Because X}, = (I, ® x}) by (1.4), it follows that
(3.7) can be written as

Ohy,

08 22,37 X, = 22,27 (I, ® },)

-2 (X' @)

= -2 [vec(azkz;Z_l)}/ :

The derivative 2%, therefore can be expressed as

8,8’
Ohy, Op(dy) 1 <= Ohy, ol
Z@B Oy _nz:: a8 "

(1)

- %Z -2 Vec(a:kz,'c w,(j) == Zvec wkwgz,; 1)
— —2vec< kaw,(j)z,; ) = —2vec(X’VVlZE_1)
= —2vec(V[§ZE_ ) )

To finish the proof of O wy can be expressed as

B
o _ Op(dy) _ Op(dy) Ody, _ p(l)(dk) 8h2 (1)(dk)1h7% _ lp(l)(dk)
B Oy, Ody, Ohy, Ohy 2 2 dy
The proof is similar for the other two derivatives. [

THEOREM 3.10 (FIRST IMPLICIT DERIVATIVES OF ). The first implicit deriva-

tives of ¢ evaluated at p = 0 are

B 23/6/:_



0 , o1 0q*
P@_J — —v, (a'vy) 18—2,, nd
()] 380 o / 1 s
P, oy [(a vy) @ ®I,,3](2NV3) (v2 ® V),

where a is defined in Theorem 3.9 and N = 3 [I,, — I, )]

PROOF. Using model (3.41), the derivative of ¢ with respect to 3 is

dp 0 0 Oy
o3 98 [Vith + vany] —‘/laﬁ, +v28,8"

oy _

Because 1 and B are functionally independent, it follows that o5 0. By Theo-

rem 3.9,

—1 8q*
o8

0 0 ,
8; = v, aigj = —vy (a'vy)

The proof is similar for the derivative with respect to .

Using model (3.41), the derivative of ¢ with respect to 9’ is

dp 0 Iy
o :8_W[W¢+v2nw]:vi+026¢"
By Theorem 3.9,
0 0 =1
8:; =V1+v28iJ,ZV1—vz(avz) A

The derivative in (3.49) can be simplified as follows:

9 1y
a:/ff = Vi—v;(a'vy) @'V

= [(a'v2)” @ L,] [Vl (@02 @ I,,_1) — v20'VA]

(3.49)

(3.50)
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Using the Kronecker properties properties ab' = b ® a and A (b® B) = (b® AB),

(3.50) simplifies to

28 — (@) o L) (@@ %) - @K 5]
= [(@v) ' d @ L] [ (1@ W) = (Vi@ wv)]
= [(a'v2) " @' @ L,][ (02 @ Vi) = T yy) (02 @ V) |
= [(@'v) "' @ L] 2N;) (1 @ WR),
where Njg = % [I,,3 —1 (1,37,,3)} is the perpendicular projection operator onto the space

of skew-symmetric matrices. Nlt is also the perpendicular projection operator onto

the null space of symmetric matrices. O

Second Implicit Derivatives

The second implicit derivatives are needed for estimating the parameters using
the Newton-Raphson iterative method. The implicit derivatives of 7, with respect to

the parameters are given in Theorem 3.11.

THEOREM 3.11 (SECOND IMPLICIT DERIVATIVES OF ¢). The second implicit

deriwatives of ¢ evaluated at p =0 are

(11), B 3290/ - 82q* aZQ* P(l) P(l), (92(]*
8 ~ 98008 |08 208 o0 P TP 38 eop
R )
_'_P,B WPB :| (Iyl ®’l"/),
oy _ O [ O P¢ po . po'_F0
s o' @ op oW @op ' @ou * Bop @ e
1y 0*q 1
ST L
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(11)_ P, o T /
vy a¢f®a¢ [ 04,0@(990 }(”31@"")’

’ 82 / a 82q* , aQq*

puy _ P(l) + pO

Bu T 9B @op  |0B® 8u o' @op” P 0B ® dp

2’q*
Py 0 _po| (g,
+ P, 00 @ 0p P (I, @7,
82 * , aQq*

P~ P’ PT _1p0p 0w and

Yu 8¢’®8u (9cp®au P D¢’ @ D b Ly @17, an
pay’ _ 8¢/ o 82q* N po’ 82" po (Ly 1 ®7')

B o' @08 Op' 208 P 0o @dp| ¥ VT ’

where T = vy(a'vy) 7!, PY s given in Theorem 5.10, Y and X are given in (1.2),

F,Sl) and Fg) are given in Theorem 2.6, Y is given in Appendiz A,

K., =(X'«X'),

K., =(Z'Z'xX'),

K. =(X"'Z'xx'Z7),
o _ Op(dr) _ 1p%dy)

YK T Ton, T2 a4,
w? — aLl(cD _ 1 {P@)(dk) P(l)(dk)}

dj d;

O Ohy 4
W—lDlag( @)

W, = X'W X,

W, =XWZ=W,

zx)

W..=Z'WZ,
Voo = K., WK/,
V.. = K., WK
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M., = (2_1 ® ‘/V;z) + 2V,

M,. = (2_1 & ‘/V;zz_l) + V.. = M

2T

M., = (2_1 & E_lv‘/z’zz_l) +-V..

1
2

The derwatives of ¢* evaluated at p = 0 are

82 *
m =2M,,,
a;iTi]*au =2FY'M.,
ang*ag =2M,.Fy),
JT?*W =2FV'M.,,
JT?;M = —FS;), (L,2 ® Vec(Z_lﬂ/;ZE‘l)) + QFS)/MzzFS),
a“?iTiI*a(p = —FS;), (L,2 ® VGC(Z_lsz_l)) + 2F£)/M22FS),
S = —EL (L, © vec(S WS ) + 2EY ML, and
agjiTiI*&p = —F&},), (L,3 ® Vec(E’lﬂ/;ZZ*)) + 2F£)/MzzFS).

82

m;%“ will given here. Expressions without proof for all

ProOF. The proof for
other derivatives can be found in Appendix C. Methods for obtaining the remaining
derivatives are similar to those given below.

This theorem requires the use of the product rule for matrices with respect to the

transpose of a vector. Suppose that A is a r X s matrix and B is a s X t matrix.
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Further, suppose that the entries in A and B are functionally dependent on the u x 1
vector y. The derivative of the product AB with respect to the vector y' is

0AB 0A 0B
=—I,®B)+ A .
ay/ ay/ ( u® ) + ay/

(3.51)

As in Theorem 3.10, the implicit parameter, 7,, is defined by the constraint in

(3.40). Using the notation in (3.46), the constraint can be written as

q=q(B, 1, ,m4(B, 1, 1)) = 0. (3.52)

Taking the derivative of (3.52) (using the total derivative) with respect to p’ yields

0 oqg*  O0q* 0
q ¢ 00 Op _

ow' o' O o

0, (3.53)

for all 8, p, and ) in their parameter spaces. The transpose of (3.53) yields

@ B 8q* Bcp’ aq* 0

= = .54
op  Op  Op Op (3:54)
Taking the derivative of (3.54) with respect to B’ yields
2 * /
0%q _ 0 {8q } 0 [&o 8q] —0 (3.55)
o @op 0B | Ow 0@ | Ou 0’
Because CE;S: = %Ljv;, (3.55) can be written as
0%q o [oq* 0 [Ony Oq
= = =0. .
05 o on  0p {au} op Lfm v 090’] (3:56)

Using the total derivative on (3.56) and the product rule for matrices (3.51) yields

82q B an* N 82(]* 880 82771[1
0B @ou  IF ®ou 0’ ®Ip 0B  IB QO
830/ aQQ* 82q* E)go B
o [8;1/ ®R0p 0@ @ Ip 86’} N

(I, ® via)

(3.57)
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Solving (3.57) for 8,3’ ®8 yields
827]111 _ 62 * N 82(]* P() N P(l) 82(]*
B @ 0B @ip o @ou P B 0B ® e
d%q
P<1>’—P() I, 1.
“5’(,0'@3(,0 ( 1®(’02) )
/
Finally, because o¢' = 9y vy, then
on 8u
0’ 01y
9B o~ 0F wop O
82(]* a2q* n , 82(]*
— P py_~*
Boop dpgwon T 9gw0p
82q*
PV~ pY|(I,
+ 12 acp/ ® 8('0 ( 1 ® r )

The proof is similar for the other five implicit derivatives of ).
The second derivatives of ¢* are used in each of the expressions for the implicit

derivatives. The derivation of B—q

oo will be given. Expressions without proof for

the other derivatives of ¢* can be found in Appendix C. Methods for obtaining the
remaining derivatives are similar to those given below.

The derivative of ¢* with respect to p (without evaluating at g = 0) is

dq* B dvec X
on oy’

)lvec(Zlmzﬁl) . (3.58)

The derivative of (3.58) with respect to ¢’ (without evaluating at g = 0) is

>’ q 0 |9dq 0 dvec T\’ . )
= - YTV AT
0’ ©ou 0 L’M} &P’{ ( oW ) vee )}
0% vec X Ovec X" Ovec(ZTIW,, B
= | — I, Eflmzzfl _ 2z .
[3u’®8¢] [ Ly & vee )] { ow' ] e’
Evaluating 5 2=~ '®a at p = 0 yields
¢ 11)/ 1 _1 yOvec(TTIW, 2
a0 @ op —F{) (I, ®vec(S"'"W,. 27| — F{ 5 0 (3.59)
’1,:
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The first step in finding the derivative of vec(Z W, X71) is

Ivec(Z"W. 27 I(EZ @) vec W,

o' O’
T Tex ) 1 1, 0vec W,
— I > yh = (3.
9 (I, ® vee W,,) + (T '@ X71) o (3.60)

For convenience, denote the first 7% in (3.60) as 3" and likewise for the second

¥~ Using the identity
(ABC ® D)E = (A ® [vec(C")] ® D) (vec(B') @ E), (3.61)
then

(' e%Y) = (I, ® (vee L) ® B3') (vee(B11) @ Iz)

= Iy (Ip ® (vec Ip)/ ® 2;1) (Vec(Egl) ® I(p,p))'

The derivative of 7! ® X! with respect to ¢’ therefore is

T Tex ™) I ez

0’ 0’

L IE 9%,
55! fixed O¢’

dvec(2y!
= (I, ® (vec ) ® ") <% ® Ip2>

=7 fixed

dvec(Z;"

+ I p) (Ip ® (vec Ip)/ ® 21_1) ( O/ ) ® I(p,p)> . (3.62)

Using (3.16) and replacing 37! and ;' by 71, (3.62) can be expressed as

X Tex™)

5 ® Ie

o' P

— (I,® (veeL,) © ) {_ DREPRIALL ]

ovec X
o (L, ey 0 57) |2 0B ) TR 0 1,y | @6
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Suppose A is a p? x p? matrix. Then

(Ip ® (vec L) ® 271) {(21 ® 271) JvecX - A}

o'

— (o ey o3 (2 om0 5] | m 0 4

o’
OvecX - A}

_ (Ip ® (vec Ip)’ ® Eil) [271 & (271 ® Ip) ® IP] { D!

(3.64)

— (271 ® (VeC 271)/ ® 271) {avecz 2 A:| '

o’
By (3.64), (3.63) simplifies to

~1 -1
o= 85’,2 ) _ (27 @ (vee XY @ 571 [8vec§] Ip2:|
>

Oy’ ©

.\ |OvecXE
1){ &Pz ®I(p7p)}‘ (3-65)

— Iy (2_1 ® (vec E_l)/ ®

Evaluating (3.65) at pu = 0 yields

IE X
O’

= ('@ (veeX Y @2) (FY ® Ie)

n=0

+ I (7' @ (vee R @ B7) (F§> ® Iy - (3.66)

The derivative in the last term of (3.60) can be written as

E zpwy 2,

oW, 8Z/WZ

oy’ o’
- %Z(Zk ® zi) aw,(j == Z (zr ® 2zx) %IZE) gf;’j
= — Z 2, @ zp)wy gh/ (3.67)
By equation (3.14), (3.67) simplifies to
By = e s o)
B _%(E ©X) zn: Erzm e z)w (Z % e E_lzk)/a\;;’z

k=1
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=-(ZeD) (X2 x2TZ)W(27Z zlz’)/agec,2
%)
= (Te E)KszVéngaveCE
o'
dvecX
Evaluating (3.68) at p = 0 yields
oW,
b | = (ZOBVLE. (3.60)
¥ lu=o

Substituting (3.69) and (3.66) into (3.60) yields

dvec(ZW,. X1
O’

(7' ® (vee XY @27 (FY @ Ie)

u=0

+ 1) (7' @ (vee BT @ 37 (B @ L) | (L @ vec W)
— (e E ) (Ze )V, FY
= 2N, (7' ® (vee 2T @ 7 (FY @ vee W,,) — V.,FEY.  (3.70)
Using the identity
(A® BCD)E = (A® [vec(D')]' @ B) (E @ vec C),

(3.70) simplifies to

dvec(Z~'W,, 271)
Oy’

=2N,(Z' e WL WEY - V.F).  (3.71)

7}
u=0

Because N, V., = V.., then (3.71) simplifies to

dvec(X'W,, 271
0y’

=—2N,(Z7'® E‘lmzz—l)pg) _ NszzFS)
u=0

— 2N, (T e B TWLE ) -

= —2N,M..F}.
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Lastly, because NpFS) = Fq(ol), (3.59) simplifies to

a2q*

11) 1 -1 1/ 1
Y —F() I, ® vec(S7'W,. 57" | + 2F M..FY.

Solving for the Implicit Parameter 7,

According to the implicit function theorem, 7, is a function of 3, p, and 9 as
long as a% # 0. Accordingly, the Newton-Raphson method will be used to solve for
the implicit parameter 7.

Given values for 3, pu, and

qa(ny; B, p, ) = %Z p(dy) — by =0, (3.72)
k=1

can be solved for n,. Therefore, for the purpose of solving the constraint, ¢ can
be thought of as a function of 7y, given fixed values of the explicit parameters.
Accordingly, the notation in (3.44) will be used. The Newton-Raphson iterative
equation for this situation can be derived as follows. Expand ¢*(n,) in a Taylor series
about the " iteration guess for ny:

*

% s/ (i (9(] i
0=q"(ny) ~q"(n{) + Ny —n3). (3.73)

ony

(
ny=n_’

Solving (3.73) for 7, yields

—1
| } c0D). (3.74)
ny=n{’
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The right side of (3.74) becomes the new guess ngﬂ), and the procedure is repeated.

The Newton-Raphson procedure can be summarized as

i i oq" ) w (i
=) - [_a ] a (). (3.75)
" =)
Becausegi = a'vy, (3.75) simplifies to
s 771#:771(4,1)
i i 1 s (i
not =0 — (a'vs) " (), (3.76)

where a and vy are given in Theorem 3.9. A desirable property of the Newton-
Raphson method is local quadratic convergence in a neighborhood of the solution.
However, there is no guarantee that the Newton-Raphson method will converge from
an arbitrary starting point. A good starting point for 1, is necessary. An initial guess

for n, can be found from equation (3.41) as follows:

= Vi + vany, = vy = v ViYh + vyvany
—> V) = VyVa1)y, because VRV, =0

s 771(/?) — (0502)_1 vhp because vyvy # 0 (3.77)

Even using the initial guess in (3.77), there is no guarantee that (3.76) will con-
verge. In contrast, if the Bisection method (Burden and Faires 1997) is used, then
convergence would be guaranteed. However, the rate of local convergence for the Bi-
section method is linear in contrast to the local quadratic convergence of the Newton-

Raphson method. Because solving for the implicit parameter is required many times
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when solving for the S-estimators, a globally convergent and fast algorithm is de-
sired. A hybrid of the Bisection and Newton-Raphson method will be used. First, a

description of the Bisection method will be given.

(0)

The Bisection method uses two initial guesses e, and eb , where ¢} ) and

<e,’,an

q*(ego))q*( (0 )) < 0 (which means that el < Ny < 61(; ). On each successive iteration,

the midpoint, el of the interval (e((f),el(f)) is found. A new interval, (e((f),el(f)) or

(ey), e((;i)), is used depending on which interval contains the root. The procedure is

then repeated until the length of the interval is very small. The iteration procedure

can be summarized with the following steps:

Step 1. Compute q*(z) q*(egi))

(i) _ é>+e” w( ()
Step 2. Compute e and ¢: = ¢*(es”).
Step 3. if ¢*@qx@ > 0 then set et = o0 e,(fﬂ) = el(f) and set ¢:tY = @ else
set e((fﬂ) = e((f) and e,(fﬂ) = egi).

Step 4. Repeat steps 1-3 until convergence.

A hybrid of the Newton-Raphson method and the Bisection that combines the
global convergence of the Bisection method with the quadratic local convergence of
the Newton-Raphson method can be constructed to solve for the implicit parameter
ny. The hybrid method uses the Newton-Raphson method when possible, and uses

(i+1)

the Bisection method when the i*" Newton-Raphson guess 1y  is not in the interval

(s e))):
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Note that the choice for vy in (3.48) ensures that g% > 0V a(ny) # 0. Hence
q*(ny) is an nondecreasing function and has at most one solution. However, a solu-
tion is always guaranteed for any p function since 0 < by < sup p. Because (3.72)
is a nondecreasing function of 7, and only one solution exists, the local quadratic

convergence of the Newton-Raphson method will be guaranteed.

Although g%; > (, it is sometimes very close to zero. This causes the next

ny=n,

Newton-Raphson iteration ngﬂ) to be very different from 771(5). In this case, it is best

to use a Bisection step instead of a Newton-Raphson step.

Initial guesses e,(lo) and el()o) are needed for the hybrid method, where e((lo) <y <

6}()0)‘ A good place to start is the Newton-Raphson initial guess in (3.77). Because

q*(ny) < 0 for negative values of 7, it follows that if q*(ng})) < 0, then €Y can be

set to 771(;)) to correctly place the initial guess el less than the solution ny. Likewise,

if q*(nfﬁo)) > 0, then set el()o) = nq(po). In either case, the sign of the other guess (ego) or
el(,o)) is the opposite of the sign of q*(nfﬁo)). Without loss of generality, assume that

) 0)

the sign of q*(ng))) is negative. Set el = 771(&0)- The initial guess for e,(, can be found

through the following steps:

Step 1. Set el()o) to any positive number.

Step 2. While q*(e((zo))q*(el()o)) > 0 do steps 3-4
Step 3. Set 6,50) = Zel()o)

Step 4. Evaluate q*(el(,o))
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A similar algorithm is employed if q*(nff)) > 0. An algorithm for solving for 7, using

the hybrid Newton-Raphson-Bisection method consists of the following twelve steps:

Step 1.

Step 2.

Step 3.

Step 4.

Step 5.

Step 6.

Step 7.

Step 8.

Step 9.

Step 10.

Step 11.

Set the tolerance variable, TOL, to a small positive number. Set step = 1.

Find the initial Newton-Raphson guess, nz(po).

Find the two initial endpoints of the Bisection interval (6((10)’ eéo)) using the

above algorithm.
Set g, = q*(ego)). If |g.| < TOL, then go to step 12.

If |g*(el”)] < |q*(e£0))|, then set 775[}0) = el else set 771(;)) = e,()o) (Replace the

initial Newton iterate 7]1(#0) based on the minimum of |¢*(e{”)| or |q*(e,()0))|.)
While |step| > TOL, do steps 7-11.
(i+1)

Find the next Newton iterate, i, using the formula (3.76). If the derivative

is too small, then set the indicator variable small to 1 else set small = 0.

If ngﬂ) e (e, el?) and small = 0, then set el = ngﬂ) and set step =
i ; (1) 4 (D) i) _ (i+1)
(GIUQ)flq*(an)) else set el ™) = % and step = e 5 5

If gog*(eS) > 0, then set e = TV 0D = O and ¢, = g*(el*Y)

else set el ™) = el and eéi+1) = el

Set 771(Z+1) _ e£i+l)‘

Set i =1+ 1.
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Step 12. Return ny, = el

Solving the S-Equation

For a general choice of p, a modified Newton-Raphson method can be used to
solve the S-estimating equation in (3.40) or (3.43). To be clear on notation in the

expressions of the derivatives, define

w* = w(p{ap, ny}),

where w is defined in (3.40), 7, is treated as functionally independent of the other
variables, and 3, u, and @ are functionally independent. Note that w* is assumed to
not depend on 3 and that the determinant of a matrix only depends on its eigenvalues.

Further, define

w = w(p{Rp, 1y (8, )},

where 7, is a function of 3, u, and v, but 3, p, and 9 are functionally independent.

Now the first derivative of w with respect to 6, can be obtained.

THEOREM 3.12 (FIRST DERIVATIVES OF w = nlog |X|). The first derivatives of

w = nlog|X| evaluated at p = 0 are

ow (1)1811}*
- _pW I
19J6] P op’
ow 1 Ow*
ey > 100/t
o h g and
ow _ pu'ow”

oy % 9’
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%I:: = nFS)/ vec(Z’l) )

where PY s given in Theorem 3.10 and

PROOF. By equation (3.11), the derivative of w* with respect to ¢’ is

* log | X Y
ow _ n@ og | X| _ nvec(Eil)/ dvec
o’ op’ o’
= nvec(E’l)/ FS) (evaluated at p = 0).
Hence,
ow*

= nFS)/ vec(E_l) )

dp
Using the total derivative, the derivative of w with respect to 1 is

Qw _ 0p"0w" 0w’
oy 0P Op Y Op’

The proof is similar for the other two derivatives. ]

THEOREM 3.13 (SECOND DERIVATIVES OF w = nlog|X|). The second deriva-

tives of w = nlog|X| evaluated at p = 0 are

aua®a,,b PSI}',(IW@ ) PS)I@Q?iTZj]*&OPS)’
W?;W $ "(”3 05 )t P G
aﬁ?@) o (Iu1 ) P’(})/(‘ﬂji%&p Py,
Wa—ap (055 )« P e o
sursas = P (Brro G ) VB 5l
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where PY s given in Theorem 3.10, P s giwen in Theorem 3.11, %—“g 1S given in

Theorem 3.12, and

2, %
angTlf&p =n [FS;)/ (Iy3 ® VeC(Efl)) — FS)/ (2*1 ® 271> Fg(al)i| .

PROOF. The derivative of w* with respect to ¢ (but not evaluated at p = 0) is

ow*  O(vecX) 4
9o n 90 vec(E71) . (3.78)

Using the product rule in (3.51), the derivative of (3.78) with respect to ¢’ is

O*w* 0 [O(vecX) .
= by
I @0p | Og { dp vee( )1
d [O(vecX) . d(vec B)' dvec(X™)
= I > .
n&p’{ 9 } ( y3®vec( )) +n 9 D

Using (3.16), the second derivative of w* with respect to ¢’ and ¢ is

O(vec )
dp

JdvecX

D*w* 0? vec X . o
( (5o n) 25

!/
- @@ - - @ -1 —
90 ® O n 90 @ 8(,0) (I,,3 ® Vec(E )) n

The second derivative of w* with respect to ¢’ and ¢ evaluated at p = 0 is

2,k
G =0 [FAY (L @ vee(=) — FY (57 0 =) Y.

The derivative of w with respect to p is

ow _ O¢' dw*
o Op Op

(3.79)
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Using the product rule in (3.51), the derivative of (3.79) with respect to ¥’ is obtained

as follows:
Pw 0 lf)go’ 8w*]
oY @0u 0P| Op O
0 [0¢ ow* e’ 0 [ow*
= TI,_
31/)’[(9#} ( e 390) i 8#%’[6@}
0 I o ow* op'  *w* Oy
T eip \"T T 0p ) O d¢ @ dp O
* 2, %
_pW (g ow P(D/a—wp(l)
Y ( vs—1 & (94,0) + Ly D' @ Oep P
The proofs for the other five derivatives are similar. m

To solve the S-estimating equation in (3.40) or (3.43), a modified two-stage
Newton-Raphson method was developed based on the algorithm in Boik (2002a).
The structure of the problem naturally leads to a two stage algorithm. Define

0, =( B ' ). The derivative of w with respect to the parameters is

Ow _ Oq (vha) ™ vl% and

00, 00, * 20¢p

ouw _ (vh @ V) (2NL) |a (vha) " ® O’
a,lp - 2 1 V3 2 890 .
ow*

-1 . . . .
Because (vja)™ v is a scalar, the solution to g—g’l = 0 is the same as the solution

)
to g—gz = 0. Solving g—gﬁ = 0, followed by the minimization of w with respect to 1 will
be the same as minimizing 8%—1:1. Before the two stages can be used, an initial guess
for the parameters must be found. Denote the guesses for the parameters after the

ith guess as ﬁi, f‘i, and 1/;Z The two-stage modified Newton-Raphson algorithm has

the following stages:
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Stage 1. Fix the (i — 1)' guess of 9. Find the minimizer (Bl, f‘z) of ¢* with respect

to B3 and p.

Stage 2. Fix the i™™ guesses for @ and T'. Find the minimizer 1; of w = nlog |2| with

respect to 1.

Stage 3. Iterate stages 1-2 until convergence

This two step algorithm has the advantage that in each step, the dimensions
are reduced, and this allows it to be more efficient. The first stage of the two-stage

modified Newton-Raphson algorithm includes the following steps:

Step 1. Fix the (i — 1)™ guess for 4. Denote the guesses for ¥ and A as i1 and

Ai—l-

Step 2. Use the initial guesses for this sub-loop as the i*® guesses for I' and B from

the main loop. Denote these guesses by f‘O,i,l); Bi,o-

Step 3. Denote the S-estimate of X after the j*® iteration by

A

- A /
%ij=ToijAial

0,2,5°

Step 4. Set p;; =0, then élm =( A;J 0" ). Update HALM as

el,i,j-l-l = 01,1}]’ + aHéu,jgél,i,j’

where o € (0,1], ¢;(01) = 7*(01;Bij, oy Ai1),

J

q;,;(61) 0%q;,(61)
VAN dH, =-F - :
961, 00, 6:=6, ij7 " O 00, ® 00, 01=01,:,;



Step 5. Compute G(f1; j+1) using the algorithm from the last section of Chapter 2.

Step 6.

Step 7.
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Set Loij41 = Lo Glfrijr1)-

[terate steps 3-6 until convergence.

Step 8. Denote the estimates of 3 and I' after convergence as Bl and fo,i-

The second stage of the two-stage modified Newton-Raphson algorithm includes

the following steps:

Step 1.

Step 2.

Step 3.

Step 4.

Fix the i guesses for I'y and 3. Denote these guesses by f‘o,z', ,[:32

Use the initial guesses for this sub-loop as the i guesses for 9 and A from

the main loop. Denote these guesses by 1,@1-70, Ai,o.

Denote the S-estimate of ¥ after the j** iteration by

~

Ei,j = I‘O’Z’Ai’jI‘g,i.
Update ¢ as 7,[)” as

Yijr =Y+ aHy, gy,

where w; (1)) = w(e; Bi, Lo, Ai,j)u

- ow(v)
g'll’i,j - aw

R ’H’lZ’i,j -
Y=1; ;

and a € (0,1].

*w;(v)
a’l’bl ® 61,0 Y=1; ;

|
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Step 5. Set Ai,j+1 = A(’L/;i,j-i—l)-
Step 6. Iterate steps 3—5 until convergence.

Step 7. Denote the estimates of 9 and A after convergence as 1); and A,.
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CHAPTER 4

ASYMPTOTIC DISTRIBUTIONS AND ESTIMATING BIAS

In this chapter, asymptotic distributions of estimators of the location parameters,
as well as estimators of the eigenvalues and eigenvectors of the scatter matrix are
given. The scatter matrix is embedded within a multivariate fixed effects linear model.
Together, the model for location and spectral parameters provide a framework within
which inferences on Principal Components as well as on location parameters can
be made. Further, second-order corrections are given for estimating the bias of the

estimators.

Theoretical Background

In order to establish asymptotic distributions of M and S-estimators, some theo-
rems need to be established. The first is the conditions for the asymptotic normality

of the roots of an estimating equation, G,,, where G, is defined in (3.1).

THEOREM 4.1 (CONDITIONS FOR ASYMPTOTIC NORMALITY (YUAN AND JEN-
NRICH 1998)). Let Oy be the true value of the parameter 6. The following conditions

lead to the existence, consistency, and asymptotic normality of a sequence 6, of roots

of G(6):
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(a) For each i, g;(6y) has mean zero and covariance V; and V.= 25"\ V; - V

which is positive definite.

(b) For the V; above, there are positive numbers B and § such that for all i,

_ 146
E |gi(60) (I, + Vi)~ gi(60)] < B.

ProOOF. The proof is found in Yuan and Jennrich (1998). O

Slutsky’s Theorem is needed for the establishment of the asymptotic distributions

of both the M and S estimators.

THEOREM 4.2 (SLUTSKY’S THEOREM). Suppose t,,, a,, and B,, are random ma-
trices of size p X 1, k x 1, and k X p respectively. Suppose t, dist, t, a, prob a,

prob . .
B, — B, where a and B are matrices of constants of size k x 1 and k X p, respec-

tively, and t is a random p x 1 matriz. Then the following are true:

(a) a,+ B,t, I 0 + Bt

(b) a,+ B,'t, Y a+ Bt if k =p and B! exists.
PROOF. A proof may be found in Sen and Singer (1993, pg. 127). O
Asymptotic distributions for differentiable functions of asymptotically normal

statistics can be found using the well known delta method.

THEOREM 4.3 (DELTA METHOD). Let t,, be a random p-vector with asymptotic

distribution \/n(t, — 0) et N(0,X). Suppose that g(t,) is a differentiable function.
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Then
Vinlg(t.) —g(8)] = N(0.G(6)SG(6)).
where G(0) = %9(t.)
ot |, _g
PROOF. A proof is given in Sen and Singer (1993, pg. 131). ]

M-estimators

First Order Asymptotic Distributions

Define

The M-estimation equations in (3.22) have an asymptotic normal distribution.
They can be written as solutions to an estimating function, lg)m that satisfies the

conditions of Theorem 4.1. An expression for lg)m is given in Theorem 4.4.

THEOREM 4.4 (M-ESTIMATING EQUATIONS). Suppose vs = 1. Then the M-

estimating equations (3.22) can be written as

l%) =n Vec(RwZZ’l)

lg) — nFO ('@ %7 vee(R.. - ),
where

1.
Ry, = - Diag (vy(dy)),
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1. 2
R, = - Diag (Ug(dk)) ,
R,.=X'RyZ, and

Rzz = Z’RQZ.

PrRoOOF. The proof for l(D is as follows:

1y => X; 5 "z (dy)

k=1

— Z (I, ® 2 ) (Z 7 201 (dy))

k=1

— Z (=7 201 (di) ® @) vee(1)

k=1

— Z vec(zyvr (di) 2, E7")
k=1

= nveC(X'ROZE_I)

= nvec(RmE_l) .
When v3 = 1, l? can be written as follows:

Y =FV (2 g s Zveczkvgdk z, — %)
=nFVY (E’ ®E’)Vec(ZR0Z—E)

=nFO (27 @2 ) vee(R... - B).
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The expectation of lgin under an elliptical distribution is 0. The proof is given in

Theorem 4.6. First, a lemma is needed.

LEMMA 4.5. Suppose that z; follows a elliptical distribution with mean 0 and

characteristic matriz 3. Let dy, = /2,57 z;. Then zi/dy is independent of h(dy),

where h is any function. Further, the expectation of zy/dy is zero and the covariance

matriz is %2.

PROOF. Define y = Efézk. Then d;, = v/y'y. By Lemma 3.5, -2

m is inde-
pendent of \/y'y. As a result, -2

e is independent of h(y/y'y). Equivalently, Z_: is

independent of h(dy).

1
The mean and covariance matrix of

d2 Zk were given in Lopuhad (1989) and
k

are
E_%Zk 2_%Zk 1
FE a0 =0 and Var( A ) :5Ip

Therefore,

z Yiz

B2 —ssp |2 22k — 0

{dk} d;

and
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THEOREM 4.6 (EXPECTATION OF THE M-ESTIMATING EQUATIONS). Under an
elliptical distribution, the expectation of lg)m 18 2€ero.

Proor. First, the expectation of lfé):

E[1%] = E [nvec(R,-3)]

=FE Z vec(zvr (dy) 2, 2 7")

k=1

— Z Vec(wkE [v1(dk)2},] 271)

— évec (a:kE [dkvl(dk)Z—/:] 2—1>. (4.1)

By Lemma 4.5, the expectation in (4.1) can be factored since z; /dj is independent

of functions of di. Accordingly, (4.1) simplifies to

E[19] Zvec(a:kE[dkvl(dk)]EEﬂ 21):0,

k=1

because the expectation of 2} /dj, is zero.

The expectation of l? is

B[] = B [nF (S @ 27 vee( R.. — %)

=nFO (27 @S vee(E[R..] - ).

The expectation of R, is

n

1< 1
- szUQ(di)z,;] = E [zrvo(d}) 2]

k=1

Z z
_ _ZE {d HZ d;j (4.2)

E[R..] =
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By Lemma 4.5, the expectation in (4.2) can be factored since zj/dj, is independent of

functions of dj. Further, because F [j—: %} = %Z by Lemma 4.5, then the expectation

of R, can be written as

3

et £ [25] -

ZEZEL = 2y
dpdp] p
where ¢ = 230 | E [dZvo(d})].
Because ¢ = {Z } , then the expectation of l(cl) can be partitioned into two parts.

First,

E18] =nFY (7' @ 1) vee(E [R..] - Z)

|
S

"

- 1> FV' (57 @27 vee(D)

|
—

F(l)/vec(Zfl)

"

I
S

|
—

2All (Ip2 - I(pvp)) (AI‘G ® F()) vec (FOA?IFE))

|
S

2A/1 (Ip2 — I(pvp)) vec Ip

|
—_

|
—
N N N

I
S

Il
3
7~ N/ N7 N7 N7 N

"I BlIoRVIaoaRBIoRBIo

2A] (vec I, — vec I,)

Write X as k3%, where 3* is the characteristic matrix and s is the scalar that satisfies
E [divs(d})] = E [z1(kZ*) " 2300 (2(kX5) ' 21)] = p.

The expectation of 1 is
E 18] =nFY (7' ®@ 71) vec(E[R..] — 2)

=n (E — 1) F‘g)/vec(E’I)

p



=n (E — 1) Dg)/ (Do x Ty) Vec(Z 1)
p
_ ¢ O 51y / —17v
—n (— - 1) DY'L! (T} T)) vec(ToA™'T)
p
_ ¢ W 5/ 1
=n|-—1)D, vaec(A )
p
=n (f - 1) DY'd(A™Y),
p

where d is defined in Theorem 2.1d. Note that by the definition of k, ¢ = p. Hence,

the expectation of liﬁ is

: p A
E 1] :n(];—1) DY d(A™Y) =o0.

When the vy function corresponds to a particular underlying elliptical distribution,

then

—29%(d})
Vg = —— "
9(d;)

In the case that v, corresponds to a particular underlying elliptical distribution, and
data actually follow that distribution, then x = 1. For example, if vy(d?) corre-

sponds to a multivariate-T distribution (3.26) and the data are sampled from this

distribution, then the expectation E [divy(d3)] can be written as

+p d2

E[Bu(@)] = E |&2 = E|—|. 4.3
[diva ()] [kf—l-di € +p) £t & (4.3)
Because di = gnc;“% (see Lemma 3.6), it follows that the expectation in (4.3) can be

written as

Bldold)] = €+ 8 | | = e |

£+ &2 b + Rl
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Furthermore, because ny, 1L ¢y, it follows from Corollary 3.4 that c;}j;:,l’;l -~ Beta(p, £)
k

and

E [d2vs(d)] = (€ + p)ﬁ =p.

More generally, the expectation is also p for any elliptical distribution. Suppose
that differentiation and integration can be interchanged, and write 3 as 3 = a3°, for
some positive constant a. Because the density of an elliptical distribution integrates

to one, then

[ sty ay = [ g

_ /M dy = 1. (4.4)

p 1

a?‘Eo‘z

The derivative of both sides of (4.4) with respect to a yields

_z;CEO*lzk @ ) 2
g (dk) g(dk> PN\ _(p/2+1
s dy + —(——)a @/2+1) gy = 0.
/ a?|¥°| Ze[3 \ 2

1 [ —d2g® (& &
a |22 2a |22

Hence

2 (42
=3 2

Using (4.5), the expectation of dzvy(d2) can be simplified to

—29%(d}) g(d}) dig® (d}) p
E [d;vs(d;, :/d2 g kd:—Q/’f e dy =2 (-5 ) =p.
[ 3 Va( /c)] k g(d,%) |E|% E) BE Y < ) p




Because the expectation of the estimating equation, lgiﬂ, is zero, it follows that
the roots of lg)m have an asymptotic normal distribution by Theorem 4.1. The deriva-
tives of the estimating function are needed to specify the limiting distribution of the

estimators of the parameters. The derivatives of lg)m are given in the Theorem 4.7.

THEOREM 4.7 (FIRST DERIVATIVES OF lgin). The derivatives of lgﬁn with respect

to the parameters are

@

19 — al_ﬁ
BB 6,8/
@

19 — alﬁ
¢B aC/

@

19, — alC
B¢ aIBI

@

19 — 8l§
¢¢ oL’

where Ry, Ry, R,., and R,. are given in Theorem 4.4, K., and K., are given in
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- [(Z"'® Ry,) + 2K, R1K.,]

- [(Z'®R.27") + K.,,R\K_,] F"

= 2FV [(2 '@ 'R.,) + K..R;K',]

FW' (L, @vec(S R - 271
1
—2FY |[(Z' @2 R..E ) + SHR KL | FV

+ F(l)/ (2_1 ® 2—1) F(l),

Theorem 3.11, FO is given in Appendiz B,
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Note that E [lgc} =F [l?ﬁl} = 0. Further, because E [R.,] = X, it follows that

/

E[1%] = -FYK. .RK,.FO - FV' (2 @) FU',

PROOF. The derivative of lg) with respect to ¢’ proceeds as follows. First, using

the identity vec(ABC) = (C' ® A)vec A, g can be written two ways:

n

1
1y = 5 3 (0 © s (o)) vee( 3 ) and

1
lg) = E Z (2_1 ® in) zkvl(dk).

k=1

The derivative of l(ﬁD is therefore

@ @ o)
?B: Il g _ olg N olg
/ / /
ac ac v1(dy) fixed ac -1 fixed
1< dvec(Z™h 1, vy (dy,)
= 5 2 (Ip X wkvl(dk)z,;) a—C/ + E (2 1 X a:k) ZL 54_/ . (46)
The derivative of v;(dy) with respect to ¢ is
0) )
Quil(dy) _ vi(de) Ohi _ _a (i) Vec(E’lzkz,’CE’I) FO, (4.7)

o 2, O 2d,
Using (3.16) and (4.7), (4.6) can be simplified to

1 < - _1\ Ovec(X)
@ _ § : 1 ! 1

vy (dy)
2dy,

-+ % (Eilzk X CCk) (2*1zk X Eflzk), F(l)
=-[E"'"®X'RZ%") + K.,R K| FV

=-[(E'"®R.E") + K.,RIK..] FV.

The proof for the other derivatives is similar to that above. O
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The first order asymptotic distributions of the estimators of the location parame-
ters, linear functions of the identified eigenvectors, and the eigenvalue parameters for

the M-estimators are given in the next four theorems.

THEOREM 4.8 (FIRST ORDER ASYMPTOTIC DISTRIBUTION OF \/ﬁ(ém —Om)).

The asymptotic distribution of \/ﬁ(ém — Om) 18

\/ﬁém_em ﬁ)N OaI__l C_’mooI__ll )
6., ,00 , 0, ,00

n—oo n—oo

- - = - 1
where Ig, - = lim Ig  ,, Ig, » = —ip [lg) o }, C,0 = lim Var —lg) .
) » ) n mUm ’ \/ﬁ m
PrROOF. By the multivariate central limit theorem, the asymptotic distribution
1o
of \/_ﬁl(;m is

1

Tl TN (0.C).

Expand 19 in a Taylor Series about 0,, = 0,,. Then
010

m:ém

1 @l@) R R )

0=15, 1.0, (O~ 0,) + 5l

Solving for \/Lﬁlf;)m yields

1, 1, A
Sty =~ [ 1.0, | VA0, - 6,)
1 |10lg 4 . ) B
ot n e [V (0 — 0) @ V1 (0, — 0,)] +Op(n™1).  (4.8)

. oy o . . :
It is assumed that *—fz%2 is bounded. Hence, the second term of (4.8) is of size

Op(n_% ). Further,

1 — 1 b
@ —1, pro
ﬁlemem = _Iem,n + Op(n 2) - —Iom,om
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by the law of large numbers. Accordingly, (4.8) simplifies to

1

\/ﬁlg; = I, /(8 — 6,,) + Oy(n"2). (4.9)

Solving (4.9) for /n(8,, — 6,,) yields

A — 1 1 1
Vit(Bn = 0n) = Iyl | =t | + 0.

Therefore, by Theorem 4.2, the asymptotic distribution of \/n (ém — Hm) is

A dist

Asymptotic distributions of the location parameter estimators, linear functions
of identified eigenvectors, and functions of eigenvalues can be obtained by using the

Delta method (Theorem 4.3).

THEOREM 4.9 (FIRST ORDER ASYMPTOTIC DISTRIBUTION OF \/ﬁ(ﬁ — B)

UNDER M-ESTIMATION). The asymptotic distribution of \/ﬁ([; — ,3) 18
V(B - B) =5 N (0, BT, Cony)  EY)

where Eq 1s the v X v matrix

I,
E1 - 0 .
vo+v3 Xvy
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PROOF. Because E{\/ﬁ(ém —0,,) = \/ﬁ(,é — ), it follows by Theorem 4.2 that

V(8- 8) N (0, BT, Cony) B

THEOREM 4.10 (FIRST ORDER ASYMPTOTIC DISTRIBUTION OF LINEAR FUNC-
TIONS OF IDENTIFIED EIGENVECTORS FOR M-ESTIMATORS). The asymptotic dis-

tribution of the estimators of linear functions of the identified eigenvectors is

Vnvee [(T=TYU] 2% N (0, (U o T)DYELL' _C,, . 0" E,DY (UaT)),
ctialg o0t oo G

'm0

where U 1is an elementary matrix chosen so that TU contains identified eigenvectors

and FEy is the v X vy matrix

PROOF. Note that I' = I'vG, where G =~ I,. If I'y = T, then I' = I'G. The

~

Taylor series expansion of g(p) = vec (TU) = vec (FGU) = (U' @ T') vec G about
o =0is

o dg . 1 g
g(p) =g(p) + o™ + SO0 O
L oy
60u ®@op' @ op

(2 ® )

(1@ @ f1) + Oy(n~2). (4.10)

Solving (4.10) for \/n[g(f1) — g(p)] yields

1 0%g
2y/now @ oy’

Valg(f) — g(pw)] = g—g,m T (Vith ® viit) + Oy(n")
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Vnvee (T —=T)U] = (U’ ®T) 8V;C,G o
Ko,
9% vec G . . 1
2\/—(U/ ) oW ® o B (Vnp @ V/nfi) + Op(n"),
Vnvee [T =T)U] = (U' @ T) DY /nju
+— (U @T) DZ (V@ Vnf) + Op(n"). (4.11)

2\/_
Note that Ej\/n (ém — Om) = /nfr. To show first-order asymptotics, only the terms

of size O,(1) must be kept. Accordingly,

~

Vnvee (T =T)U] = (U' @ T) DYEy/n (0, — 0,,) + O,(n"2). (4.12)
It follows from (4.12) and Theorem 4.2 that

~

Vivee [(T - T)U] &% N (0, (U'@T) DB,  Cood,” E-DY (U r’)) .

THEOREM 4.11 (FIRST ORDER ASYMPTOTIC DISTRIBUTION OF THE EIGEN-

VALUES FOR M-ESTIMATORS). The asymptotic distribution of \/ﬁ(j\ — )\) 18
V(A= A) N (0, DV BT, Con Ty EsDY) ).

where E5 is the v X v3 matriz

0
E; = |vitrexws|
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Proor. Expand g(¢) = A(¢) about ¢ = ¢.

1 d%g
+ e,
209 ® 0g!

(p—pRp—¢)

(-p®@—0®@— @) +0,n3).

1
6 0’ ® dp' @ Oy’

Solving for /n[g(¢) — g(¢)] yields

. dg . 1 0%g
n — = nie —¢)+—
\/_[9(90) 9(90)] 9 :/\/_(90 90) ons 09 @ D!

& . ; ; 32
+éﬁ¢®aj®&¢WW¢—@®vﬂ¢—@®vﬂ¢—¢n+%W2»

(Vi — @) & V(e — ¢))

Define A = A(¢) and A = A(¢). Then the expansion can be simplified as

Vil =X = DY V(¢ — @) + — D2 (Vg — @) © Vil — )

2n2
1 R N . 3
+ 5 DR (Ve — ) © V(@ — @) © V(@ — @) + O,(n”%).
(4.13)
Keeping only the terms of size O,(1) simplifies (4.13) as

VA = Al = DY V(¢ — @) + Op(n"?) (4.14)

Because Eg\/ﬁ(ém —0,,) = /n(¢ — @), then (4.14) becomes
VA = Al = DY Ej/n(6,, — 0,,) + O,(n"?) (4.15)

It follows from (4.15) and Theorem 4.2 that

V(A=) =5 N (0, DV B! Conn Ty EsDY) ).
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Sandwich Estimator

An estimator of the asymptotic variance, called the sandwich estimator, can be

constructed from the data. First, write \/Lﬁlgzﬂ as

lm ka,

where fj, and f; are independent when j # k. Note that f; is the same as the g

defined in (3.1). For the M-estimators, fi can be written as

o= [ ] -

Jrc vn F,(})I (X712, @ 712 vo(d3)

(E_IZk ®1Bk) Ul(dk) ]

Because E [ frp f,g& = 0, then a consistent estimator of the asymptotic variance of

EIIONE
\/ﬁlom is

Jrpfip 0 ]

Cyp = .
’ - [ 0 Jrelie

k=

The sum above can be rewritten as the matrix product

Z o quﬁF’r/)’Lﬁ O
Crnn = { 0 F, F C]

where
Fop=vn(2'Z'« X'Ry) and F,, ¢ = \/ﬁFS)’ (572 «S'Z'R,)
The sandwich estimator of the variance of \/n (ém — 9m) is therefore

Var [Vin(8 — 0n) | = K3 Coun K5,
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where Ky = —I_gmm = %E [lgzngm}. Note that many of the terms in Kg have expec-

tation zero. Hence, K5 can be written as

10
K,— |t O
n
S-estimators

First Order Asymptotic Distributions

Define

B
g, {031} _ {081] _ | m
082 Ty P’
where 6, is given in (3.42). The solutions of ;’9—1: = 0 also satisfy the equation

caae—w = 0, where ¢ is a nonzero constant. Accordingly, the estimating equation for
s1

the solutions of 8‘99—1“ can be simplified. The simplification is given in Theorem 4.12.
51
THEOREM 4.12 (S-ESTIMATING EQUATIONS). The solutions of the estimating

equations 869—“’ = 0 and q = 0 also satisfy the estimating equation
s1

5] Tnls(av)(vh2e) .
[0 nd%(a'vq)(vy 2 )1 _ 90
I R I I WA on ~0
Y 5 (02 (w0 V) 2N;) (a@ )|~
b ng* ng”

where a is defined in Theorem 3.9, Nj; is defined in Theorem 3.10, derivatives of w
and w* are defined in Theorem 3.12, ¢* is defined in (3.40), and the derivatives of ¢*

are defined in Theorem 3.9.
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PROOF. The first derivative of w with respect to 3 is

ow 1y Ow* aq* 1a)"! , Ow*
— =P = .
08 TP o~ op Y g,

Note that (vha) v} aaw is a nonzero scalar. Hence, the estimating function for 8 can

be defined as

ow ow oq*
o)
ls —naﬁ(an) (v2 8go>

The method is similar for the estimating equations for p and . The estimating

equation l% is a multiple of the original constraint ¢ = 0. H

The estimating function lg)s satisfies the conditions of Theorem 4.1. In particular,
the expectation of the function under an elliptical distribution is 0. The proof is given

in Theorem 4.13.

THEOREM 4.13 (EXPECTATION OF THE S-ESTIMATING EQUATIONS). Under an
elliptical distribution, the expectation of lgl 18 2€ro.
ProOOF. First, the expectation of l(g.
E (18] = 2vec(E [W,.| 57

— —Zvec (24 E [wy 2] =71
1S e [0 )
== Zvec (a:kE [p(l)(dk)z—:] 2—1) (4.16)

k=1
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Because 2t is independent of p"(dy), then the expectation in (4.16) can be factored.

d

Because F [%} = 0 by Lemma 4.5, it follows that (4.16) can be simplified as

El3] = Zvec(a:kE O(dp) E |:dk} 2_1) =0,

The expectation of I} can be derived as follows. First, the expectation of W, is

o /
E E zkwk zk

n O(d
E [zsz,;]
di

1
o
k=1

1< zk 2},
= — E | ==2dp"(dy) ]| . 4.17
g 228 | ot 0] (1.17)

Because Z—: is independent of any function of dj, the expectation in (4.17) can be

factored. Because E [2—’“2—;‘} = 13, then (4.17) can be written as
k Ok p

n

BW = 5. 3B |22 bl

2n 1 dk dk

= LS B ()]
2np

=cX,

where ¢ = an > o E[dip®(dy)]. Hence,

E 1Y) = FY vee(S 1 E W] =7

, ow*

! _
= CFI(LD VGC(Z 1) ’02%

= 2cA! (Ix — Ipp)) (AT @ T) vec(DoAT'TY)

= 2cA' (Iz — I ) vec(T{ToAT'T{THA)
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= 2cA| (I2 — I ) vec I,
= 2cA (vec I, — vec I,,)

= 0.

The expectation of @ can written as

®p ®

Ela = E[-FY vee(S W5 )| = —F9 vec(ST B W2 £7)

= —ch)lvec(E_l) = ¢ w

n oo

Hence, the expectation of liz can be written as

E[l)] =E {(@@V) (2N;;) (

o7)
%)

= —~ (,® V) (2N,) (%% a&o) (4.18)

= (v, © V) (2N,;) (

Note that Nj; is the ppo for the null space of symmetric matrices. Accordingly, when

A is symmetric, N,: vec(A) = 0. Hence, (4.18) simplifies to

1 a : a :
E [lilz] — _2 (vy® V') (2Nlﬁ) < 82 ® ;SUO )

C

— (vh ® V) (2NN,;) Vec<

n

ow™* dw*
oY’ dp
=0.

Write 3 as kX*, where & is the positive scalar that satisfies

E [p { [Z];(RE*)_IZR]%}} = bo.
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Hence,

> p(dk)] —nby =Y E [p(dy)] — nby

k=1

E [l;;d — Elng’] = E

nE [p(dy)] — nby = nby — nby

=0.

If by is chosen according to the underlying distribution from which the data have been

sampled, then x = 1, otherwise k is a positive scalar. O

Because the expectation of the estimating equation, lg)s, is zero, it follows that
the roots of lg)s have an asymptotic normal distribution by Theorem 4.1. The deriva-
tives of the estimating function are needed to specify the limiting distribution of
the estimators of the parameters. The derivatives of lg)s are given in the following

theorem:

THEOREM 4.14. The deriwatives of lg)s with respect to the parameters are:

@ *
19. — al,@ . 8261
BB (9,3’ 56/ ® (9,3’
@ *
® _ Olg - _n 9*q
uB o' oW @ 8,8’
ol 9q*
l(2) — B — _ q Vv
PP o’ n&p’@@,@ L
@ alg ’q
B8 - =N V2,
18 = B, 0’ @ 0B
19 — alﬁ - _n >’ q*
pr 0B op' @ O’
19 — ol _ 0*q"

By o' o _nay’@)apﬂ
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8l(l) 2 %
o =S, 04y
m O o' @ O
al(l) 2 %
1 =t —_pn i’ Vs,
R By 0’ @ Op
8l(1) 82 * aw*
l(2) — P / QNJ_
b= a5 ~ W CND) (758 55 55)
Ol g ow
l(2) — P _ 2NJ_
W o (v oW @ op <P> ’
(9l(1> 82 * 8'11)* aZw*

@ _ % _ R
bow = gy = (2@ K&P ©op 90) i (a®3cp’®8¢)} Y
8l® 82 * aw* a?w*

- ) (2N2) o7
b = gy, 2OV Kaso @ 0 aso) i (“® 0¢’®0¢)} o

19 — al% oq"

By o8 na_ﬁ”

® *

19 — al’lw _ naq

uny a[.,l,, - aﬂ,)

[

lfgmp = a{;ﬁ =na'Vi, and
1

()] _ Y /

lnwnw = 8_W = na va,

where a and the derivatives of ¢* are given in Theorem 3.9 and Theorem 3.11, the
derivatives of w* are given in Theorem 3.12 and Theorem 3.13, and N,f3 1S given in
Theorem 3.10.

PRrROOF. The derivatives of lg), 1§}, and ISL are trivial. The derivative of li}i with

respect to 7, can be obtained as follows:

ay 9 ow*
12 =2 = — (e V) (2N,
WY Ony Oy (v ® W) (2N,) <a ? 390)
, , 0 ow*
= (vh® V') (2N;;) ’{a@)&p}w

o
(a5 50) + oo (a5 0) |
0p' @0p ~ Op 35) \ 9’ @ D 2

0%q* % 8w*) N (a® *w* )} .
0p' ®0p ~ O O’ ® O
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The other derivatives of lg are obtained in a similar manner. OJ

The first order asymptotic distributions of the estimators of the location param-
eters, linear functions of the identified eigenvectors, and the eigenvalue parameters

are given in the next three theorems.

THEOREM 4.15 (FIRST ORDER ASYMPTOTIC DISTRIBUTION OF \/ﬁ(és — 93)).

The asymptotic distribution of \/ﬁ(és — 05) 8
5,00 — 8,00% 04 00

V0, - 0,) N (0,1, ConcL)

= - - - 1
where To, oo = 1im To, ., To,.n = =3B [lg,], Cuoo = lim Var (ﬁléﬁl)-

Proor. The proof is similar to Theorem 4.8. O]

Asymptotic distributions of the location parameter estimators, linear functions
of identified eigenvectors, and functions of eigenvalues can be obtained by using the

Delta method (Theorem 4.3).

THEOREM 4.16 (FIRST ORDER ASYMPTOTIC DISTRIBUTION OF /n(8 — B)).

The asymptotic distribution of ﬁ(,@ - ﬁ) 18

V(B -8) N (0, B Con I B )

I,
El - 0 .
v2+r3 Xy

where Eq 1s the v X v matrix
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ProoOF. The proof is similar to Theorem 4.9. O

THEOREM 4.17 (FIRST ORDER ASYMPTOTIC DISTRIBUTION OF LINEAR FUNC-
TIONS OF IDENTIFIED EIGENVECTORS). The asymptotic distribution of the estima-

~

tors of the linear functions of the identified eigenvectors \/nvec [(I‘ — F)U} 15
Vivee [(F—T)U] &% N (0, (U' @ T) DYEYI," C. .1,  E:DY (U r’)) :

where U is an elementary matrix chosen so that TU contains identified eigenvectors

and Es is the v X vy matriz

0
V1 XV
E2 - Il/2
0
V3 XV
PROOF. The proof is similar to Theorem 4.10. O

THEOREM 4.18 (FIRST ORDER ASYMPTOTIC DISTRIBUTION OF THE EIGEN-

VALUES). The asymptotic distribution of \/ﬁ(;\ — )\) 18
V(A=) 5 N (0, DY BAL, L ConcTy " EADY )

where Ey is the v X v3 matriz

0

V1+rvo Xvs

EA = 'V‘ll

!
Uy

PRrROOF. The proof in Theorem 4.11 is similar with the exception that E’A\/ﬁ(és —

0,) = vn(e — ). O
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The coverage of 1 — o confidence intervals based on first order asymptotic dis-
tributions is 1 — a + O(n_%). Second-order corrections can be used to improve the
coverage rate to 1 — a+ O(n~1). These second-order corrections depend on the bias
and skewness of the estimators. To estimate the bias and skewness, a higher-order

expansion of the estimator can be employed.

Second Order Asymptotic Expansions

THEOREM 4.19 (SECOND ORDER ASYMPTOTIC EXPANSION OF /(8 — 6,)).

The second order asymptotic expansion of \/ﬁ(és — 05) is
A 1 -
\/5(08 — 93) = (50 + —nél + Op(nfl), (419)

where

o 1 ~ ~
0 = —K2_1 Z500 + §K3(60 (%9 50) ,

m®i:$®:p®---®:§,
iz;;zes
1
(907)°

= l ®
K, = nE [les} , and

O _
les —

1.
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PRrOOF. Note that Z; = O,(1), K; = O(1), 8§, = O,(1), and & = O,(1). Ex-

panding lg) in a Taylor series about 0, =0, yields

A 1 A A 1
by =0=1g +15 (0. = 0,) + J15 (0. = 0, @ 0, — 0,) + Oy (n"2). (4.20)
Define
W /n(6, - 9,). (4.21)

Because Z; = /n (%lg)s — KZ»), it follows that
lyg =/nZ;+nkK,. (4.22)

By using (4.21) and (4.22), (4.20) can be simplified as

1

1 1
0= VnZy 0K+ (ViiZs + 1K) e+ 5 (Vi Zs + nKs)~ f” +0,(n"3).
(4.23)
It follows that dividing (4.23) by /n yields
Z, 1 /2 K; _
0:Z1+(%+Kg)w+§(7+%> (w@w) +O0y(n7h), (4.24)
because K; = 0 (by Theorem 4.13). Write w as
o + 15+0(—1) (4.25)
g P — n . .
w 0 \/ﬁ 1 p
Substituting (4.25) into (4.24) yields
Z o 1
0=2;+ (\/—% + KQ) ((50 + %51 + Op(n_l))
1/Zs Ks\ /. 1 . I B B
+ 5 (7 + %> (50 + %(51 + Op(n 1) & 50 + ﬁél + Op(n 1)) + Op(n 1).

(4.26)
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Multiplying (4.26) out and keeping only the terms of size Op(n_%) and larger yields

e 1 A ~ 1 5 <
0= Zl —+ K250 + % Z250 + K251 + §K3 (50 ® (50) + Op(TLil). (427)

Because (4.27) is written in the form of

1 1
0=Ci+—Co+—-Cs+---,
n n

NG

then it must be that
Ci=Cy=C5=---=0.
Hence,

Z + KQSO =0= 30 = —K2_1Z1, and

A A 1 A A A N 1 N N
ngo + K0, + §K3(60 & 50) =0=—= 6, = —K2_1 ZQ(S() + §K3(60 X 60)

THEOREM 4.20 (SECOND ORDER EXPANSIONS FOR THE ESTIMATORS). Sec-
ond order expansions for the estimators in Theorem 4.16, Theorem 4.17, and Theo-

rem 4.18 are:

2 15 1 I\ -
\/ﬁ(ﬂ - 5) = E\d6y + —=FE10; + Op(n 1)

/n
A ~ 1 ~
Vnvee (I —T)U] = (U' @ T) DYEyd, + NG (U' ® T) DY ES,
1 .
o mU'ST) DY (E, © E}) (50 ® 60) +0,(n7Y), and
. . 1 .
V(A=) = DVE,6, + %DE)EQ\&

1

2v/n

+ —=DY (E\ @ E}) (50 ® 50) +0,(n7Y),
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where 8y and &, are defined in Theorem 4.19.
PROOF. Because E{\/ﬁ(és -6, = V(B —B), it follows that multiplying (4.19)

on the left by E] yields

/ A ] Lo —
E;\v/n(6,—-96,) = E, 50+ﬁ61+0p(n Ik

— VR(B - B) = E|dy+ %E;& +0,(nY).

Because Ej+/n (és —0,) = \/nf, it follows that (4.11) simplifies to

A ~

Vnvee (T =T)U] = (U' @ T) DY Ey/n (6, — 6,)

+ ﬁ (U' ©T) DY (E, ® Ej) (ﬂ(és —0,) @ Vn(0, — 05)> +O0,(n7h).
(4.28)

Substituting (4.19) into (4.28) and keeping only the terms that are of order O,(n™")

or larger yields

. A 1 A
\/EVQC [(F - F)U] = (U, ® F) DgEé(SO + % (U/ & F) Dg)Eé(sl

1 / / / N S -
+ 3 (U' @ T) DY (E, @ Ej) (60 ®60> + O, (n7h).

Lastly, since E’)‘\/ﬁ(és —0,) = /n(p — ), it follows that (4.13) simplifies to

VilA— A = DY B} /u(6, - 0.)

+ 11 Df) (El)\ ® E/A) (\/ﬁ(és - 05) & \/ﬁ(és - 05)) + Op(n_l).

2n2
(4.29)
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Substituting (4.19) into (4.29) and keeping only the terms that are of order O,(n™!)

or larger yields

~ ~ 1 ~
VA = A = DY ELS, + %D;DE;&

1 DY (Ej\ @ E4) (80 ® 8y) + O,(nh).

"o

To obtain second order expansions of \/n (és — 95), expressions for the second
derivative of lg)s (like third derivatives of w) with respect to the parameters must be
obtained. These derivatives are also needed for estimating the bias of the estimators.

The second derivatives of lg)s with respect to the parameters are given in Theo-

rem 4.21.

THEOREM 4.21 (SECOND DERIVATIVES OF ly ). The second derivatives of the

estimating function lgl evaluated at p = 0 are

l(3 . a3q*

o8~ 9B 0 0B ® 08’

l(g) n a3q*

BuB — 35/@)8“/@3[37

6]

Lass = Uauplman),

63 *

5 1 (I, ® V),

Y Y X )C

_ 70
Lyss = Lapplws—1);
a3q*
l(S) _ ,
BnyB — 818/®8g0 ®8,3( 1®’02)
l(S) l(3)

BB — "By’
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. 83(]*
= —n )
npB op @ o' @ 08
a?)q*

o - - Il/2 ® V I
ll“pﬁ n@u’@@go’@@ﬁ ( 1)
lf’ZMﬁ - lﬁ)wﬂf(vs—lﬁvz)v

83q*

W = Il/2 ® V2),
.1“71,/116 n@p/ ® a(p/ ® 8,6 ( 2)
®) _ 9
lwuﬂ - lwwﬁ’

aSq*

s = — Vio V),
Ly ”3¢/®3¢/®85( 1@ W)
aSq*

O g=— Vi ®wv,),
l'#ﬂwﬂ na(p’ ® ago/ Q 86 ( 1 2)

®) _ 0
lﬂw"bﬁ - l¢nw5’

aSq*

® _ @ vy),

lﬂw%ﬁ nacp’ ® aQO/ ® 85 (UZ 2)
3

19, =-n o4 ,

BB 08 @ 0B’ ® O

3 *

1%, =-n 04 ,

juen op @06 ® Op

_ 70

lg)uu = LA 1,00)

a3q*

® I, oV,
lﬁ'lﬁu naﬁ/®a¢/®au ( 1)
lgﬁu - lgilmI(l’S*lvVl)’

a3q*

5 = IVl ® V2),
lﬁ%u naﬁ/ ® ago/ ® au ( 2)
l(3) _ 79
nyBr — "Bnyu’

a3q*

1 =-n ,

e a/’l’/®al“l’l®al1’

a3q*

W = IV2 ® V )
lmbu nau/@ago'@@p,( 1)
l(3) _ l(3) T

Yup — tpppt (v3—=1r2)
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- ¢ I
My _nap/ ® an’ ® au ( v & v2)7
l%un - lgww
a3q*
bppps = — VoV
Pipu naCP'(X)aQO’@ap,( 1@ W),
a3q*
®) _
irwu - _n&p’ ® 00 @ O (VU ®wv,),
®) _ 9
l;zzﬂﬂu - lf)}%w
a3q*
® _
l’i/’W” - _ngcpl ® ago/ ® au ('02 ® UQ) )
a3q* 811)*
1
lgﬁw - (U; ® VI/) (2NV3) (aﬁ/ ® 0B’ @ I ® D ) )
a3q* aw*
1
lguw - <v; ® VI/) (2NV3) (aﬁ/ QO @ Op ® Do ) )
®) _ 70
lliﬁ'lﬁ - l,;lM/)I(V%Vl)?
a3q* aw*
1
v = (v & W) (21V.,) [ (85/ 200 09 - D )
aQq* aQw*
Il/l V 9
i (06/@9090 N ago/@a@) (I, @ W)
®) _ 70
Loy = Lapyplis—1m)s
a3q* aw*
®) _ 1L
lgnw - <vé ® VI/) (2Nu3) [ (aﬁ/ ® 0¢' @ D &® 0p )
aQq* aQw*
I, ,
' (5’5’®390 N 090’@84,0) (L, © v2)
®) _ 70
l;;wﬂ¢ - lgnwb’
83q* aw*
® _ 1L
llili’lﬁY - (’U; ® ‘/I/) (2NV3) (aul R al"'/ ® 8(‘0 ® 8(P ) )
a3q* aw*
1
Uy = (05 @ V') (21N, (c‘hu ® 0’ @ O @ D )
82(]* 8271)*
I, ®V),
" (5u’®8¢®8¢’®acp) (L. ® W)
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6] 70
Ly = Ly L(vs—1.02),

L) o = (05 @ V) (2IN)

( ¢ - aw*)
o' @0’ @ dp ~ O

(w0 s 0)
+ ®
o ®@dp — O’ @

(IVQ ® ,UQ) 9

l(S) 6
K tp My R

Uy = (05 @ V) (2IN,1)

( ¢ o aw*)
¢’ R @' @~ Dp

2 2, %
+( 0T 0w )(zNys)

O’ @ dp — O’ @ Dy

+ (a ® Our )
0’ @ 0’ @ O

Ve W),

&g Owr
l(3) — / VAl 2NL
- (vy ® 1)( V3) (3¢/®a<p/®8cp® 890)

2 % 2, %
+( 0%q 2 o0“w )(QNVS)

I’ @0p — O¢p' @ O

t(a® i (Vi @ vy)
D' @ D' @ Dep e nh
&) __ 70
Lysww = by
83(]* aw*
® —(ay / L
lnwﬂww = (vy @ V) (2NV3) (ago’ 20 @ Op & P )
82 * 62 *
I _ ") (2N,)
I’ @0p — O¢p' ® O
+la® O (v2 ® vg)
' ® O’ ® D 2T
. aQq*
® _
‘oo = "5 @ 08"
19 —n 82q*
ﬁ#’"w 8,8/ ® 8/11,7
&) __ 70
luﬁw o lﬁl”]wI(V%ld)v
® ¢
loun, =55 5 o Tn @ W)
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lgﬁnw - lgdlwI(Vrlv'/l)’

gww = na/@%ﬁ;w (I, ® vs),
lSLﬁw - lgnww’

lﬁ)uw = n%,

lﬁww - n@,u%j]*@go’ (I, ® Vi),

lguw - lﬁ)wan(”S*L"?)’

27711)77111 - n@;ﬁ%?*@cp’ (L., ®va),
l%“% = lg)nww

lgdmw - n% (V1 ® Vl) ?
Lonins = HJT?% (Vi©wvs),
%m - gnwnw’ and
l%wmp = n% (V2 ®@vy),

where a is given in Theorem 3.9, second derivatives of ¢*, K., W, W., V., and M.,

are given i Theorem 3.11, F.(l), F.QI), and F™ are given in Appendiz A, %—“g and
O%w*
0P’ R0

are given in Theorem 3.13,

O w* 111) 1 11)/ 1 1\ i
a(pl ® asol ® 3g0 = FQ(D‘PQZ (Il/?% ® vec E > - 2FS(9<P) [I 3 ® (2 ® E ) Fg(a)j| NIJB

+2FY [271@ (vee 27 @ £ (FY @ FY)

®p ®

~FY (2'gx ) FY

e

szm = (—X * sz)a



131

K;.. = (X x K..),
K..=(2"Z+K.),

K..=(2"'ZxK..),
Koveo = (Ko Kiyp)
Koo = (Ko x K.2),
Koo = (Ko x K),

av‘gc—ﬂ‘/”m = 2K, WK,
‘%BC_I;’VM - K, WK FY,
m‘;‘:—;fm - —K,, WK/ FY,
aVeaC—ﬂ/W/;x = —Ipq (B ® 1) M,,,
avgc—;ym = —Ipa) (B ® L) V.. F,
(’f%W — T4 (S ® 1) V. FY,
avg;ﬁ/w;z = 2N, (£ ® £) M.,
8%;4@ = (Se3)V.FY,
8%},@2 -~ (SD)V.FY,

aang ——| (=@ X'WK.,,) + 2K, WK,

+ K W[veeS™' @ K| (I, @ Iy @ 1) |,
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_ { (Z' e X'WK!,) + K., WK/ _,

+ K. W veeS ' @ K.,|' (I, ® Iy @ 1) } (FV®1,),
— { (29 X'WK.,,) + K.,.WK.

ZZZX

+ K. WveeS ' @ K., (I, ® Iy @ 1) } (FY®1,),
— { (E' 9 X'WK.,.) + 2K, WK, .
+ K. Ws[vec S @ 10 K. (I, @ Iay) @ 1) (I, ® 2N,) ] ,
_ { (T'@ X'WK.,,) + K. WK,
+ K. W[veeX ' @ K..| (I, ® Ippy) ® I,) (I,: ® 2NN,) ] (FY @ Iy),

_ { (2 e X'WK..

) + K., WK

RZZZZ

+ Koo Wo[vee ST @ Ko (5, @ I ® 1) (I @ 2Np)] (FQ ® Iz2)
= — [2Np ('@ X T ZWK, ) + 2K.. WK,
+ K. W[vecX ' @ I 0 K..] (I, ® Iuyy ® 1) (I, ® 2N,) } ,
=— [QNP (Z ' @2 'ZWK.,) + K..WK!

RZZZZ

+ K..W, [Vec > KZZ}/ (Ip ® I(p,p) ® Ip) (Ip2 ® QNP)l (F;(Ll) ® Ip?) )

RZZZZ

= — {2Np (2’1 ® EilZ'I/VQ'K;ZZ) + K. WK’
+ K..W, [Vec 2 KZZ}/ (Ip ® I(p,p) ® Ip) (Ip2 ® 2Np)1 (ch) ® Ip?) )

=—(Z7' @ (vee ST @ STMLET) (FY ® Iz)

19V,

— Iy (Ip ® (vecl,) ® 2_1) (2NPMZZF;(LD ® I(pyp)) + 53_/1/7
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oM., _ _ _ _
5o =— (7@ veeZ ) @ TTWLE ) (FY ® Ie)
. 10V,
~ Lo (I, ® (vee LY © 57 2N, Moo F) © L) + 5757
D3q* dvec W, 8V
=21 T I / 2—1 R T T
Foop oo s le®lech) e )< op ) EC
aSq*

(111) 3 1 Ty 0
o @0 @0 ~F() [Iz®vec(2 W% )] +4F) (I, ® M..F)N,,

1’8Mzz X a
+2F) o (I, ® FY) +2FY' M..F?,
> q" (111) -1 1 11’ n
9o @ 0’ ® g _F<P<PSD [I 2 ®Vec(2 W..X )} +4F, (Il,3 ® MzzF )N
llaMzz 1 1
’q _ _ 0vec W,,,
7o eop ~ lan(Ta® (eeET & X7 (a—a o F)
288‘;/ (Il’l ® F(l))
agq* a3q*
agl ® 8B/ ® 6/” = dvec (IV1 ® I(l/z,lq)) Vec(aﬁ/ 2 8,_1/ = al@) , Vs, 1/12:| 7

a3q* B 83(]* ,
op' ® 0B ® 08 o o8 ®ow ® 08 (vo,v1)s
3k
94 —2(271 ® (vece XN ® V[/;m) (FS) ® IVI)

0o ® 0B @08
0vec W, ov,,
g @l d)) 4

a3q* a3q*

08 209 @08  0p ® 0B 0P Tr.0)

¢ = dvec (I,,1 ® I(,,Wl)) Vec( ¢ ) , V3, 1/12} ,
B3 ® 03 ® O 03 ® 0’ ® I3
» 5;5 g~ AL O W) N, (57 0 (vee s 0 2 (R o FY)
+ 20 (4 (I ® (vee =71 @ 71 (Mgc—ljifw ® Ffp)
+ 2%‘3 (I,® F) +2M,.F?,
o ®8;§ 2 on = dvec (I,,2 ® I(Vw,l)) vec(ap/ ®8§i 2 8[‘3) , Vo, ylz/z] ,
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33q* - a3q* T
03 @O0 @ ou o op ®0B' ® Op (v1,v2)>
33q* » § - 1 1
O’ @ 0’ ® 0B - _4(Ip ® V%Z)Np(x R (veceXT) @ X )(FL) ® F;))
- 1y [Ovec W,
s o (5 )
OV,..
+ 2 g (Iy3 ®F(1)) +2M, F‘E’()p’
83(]* 83q*
=d I,.®I1,., s, ’
0’ @ 0B' ® Oy vee | (I ® Iy, 1)"60(8(‘0@8(‘0@&8) U3 V1V3:|
33q* - aSq* 7
8[6’ X a(P/ ® 8(‘0 - 8(p/ ® 8,6/ ® 8(P (v1,v3)s
83q*

— — /
0P’ @ 0p' @ O —F&;B [Il,g X VeC(E 1“/222 1) ] + 4171(}4;) (Il/g ® MzzFS))NI,S

1/8Mzz 1 1
+ 25 9o’ (I, ® FY) + 2FY'M,.F2,,
83q* agq*
=d I, I,.. v, ’

(9g0’ ®aul ®84P vec ( 3 ® (v3,12) )VeC(a(P ®8(‘0 ®8“> V3 V21/3:|

83q* _ a3q* 7
au/ ® a(P/ ® a(P a(P/ ® au/ ® a(P (1/2,V3)7

83q*

5 oS 0p s L @ vee(STMLET) |+ 4FLY (1, © ML) N,

1/8Mzz 1 1
+2F(;) o (I,j2 ®F;(L)) + 2F() M., F‘(“)u
83(]* 83q*
=d I, I, . Vs, ’
o' @ 0’ @0 vee ( 2 & Ly, 3)) VGC(aM/ QO ® (9(,0) Vo V2V3:|
83q* B agq* ,
0’ @ Op' @ Op - o' @ 0’ ® O (v3,v2))
a3q* ) » .
acpl ® aul ® 86 = _4(Ip ® MZ)NP(E ! & (VGCE ), X by 1) (FS) X FS))
- _ 0vec W,
+ 20y (I @ (vee X7) @ 271) (8—g0’ ® FS)>
a‘/.-'L‘Z 1
+2 g (I, ® F) + 2M,.F2,
83(]* B a3q*

B IV2V3a
O @0 0B g 2 oW @0

Pq* dvec (I Q1 ) ec( g ) )
= Vv v3 Vo, V , 77 7
0p' ® 08" ® Op (221) 0o @op ®0B)
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83(]* - a3q* T
0B @0 ®op 0@ ©IB @op”

P = dvec (I & I ) vec( P ) Vs, V1V } and
8/-1/ ®85’ ® 8(,0 - Vo (v3,v1) 8# ® 04,0 ® 8,6 » V3, V12|
aSq* B an*

= Il,ll,g.
OB @ oW @ 0p  Op @08 @ dp 2

ProoF. The proof for lgmpd’ will given here. Expressions without proof for all
other derivatives can be found in Appendix C. Methods for the remaining derivatives
are similar to that given below.

The first derivative of lﬁf with respect to 7y, is

0%q* ow* O*w*
12 = (W, V) (2N, — | |v. (4
we = (O W) (21 K&O’@(’ﬂp@ 0¢)+(a®8¢’®0¢)}02 (4:30)

The derivative of (4.30) with respect to ¢’ is

1©  — 9 (vy ® V) (2N,;) 'l 8w* + a®—82w* v
Y Oy I’ @ 890 D D' ® O 2
0 0*q* ow
_ / / L
= (%@ W) (2N, ¢[(8¢®0¢ 8so>
82 *
( ® , ® 8 ) :| (Il/3—1 ® ’02)
8

82 * ow* O?w*
_ / L
= (v, ® V') (2N, (0go®8cp a¢)+<a®—a¢,®a¢)}(‘€®m)
(4.31)

The derivative in (4.31) can be separated into two parts. The first part is

8[ Pq* ®8w*]
0’| 0@’ ® 0 ~ O

< 83 * aw > ( 82 * 82(]* )
= ® F L(us,05) ®
0p' 09" ®Op — Op 09’ ® D~ I’ ® O

Pq* ow* *q* OPw* >
— + Ty (432
(8go’®8<p’®8cp®8cp> <8cp’®8go®8cp’®8cp (v3.5) (4:32)
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The derivative of the second part is

(9[ Pw* } 0 {aq* OPw* }

® = L
0’ @ 0’ ® Op 0@’ | 0p — O’ @ Oy

B ( 82(]* 9 a?w* ) N I ( an 5 a>
“\ 0 @ 0p ~ 9¢' @ O vs:v3) \ Oap @ O @ O

B ( 0%q* . *w* ) N (a % Pw )
9@ ®0p 0@’ ® O o' QoY @ )
(4.33)

Adding (4.32) and (4.33) yields
0 [( 0*q* 6w*) < Pw* >} < Pqg* 8w*>
X +l{a® ——+— = X
0p' [\ 0¢’' @0p ~ O O’ ® O 0p' 0" ®Op ~ Op
0q* Pw* Pw
9N, . (434
+(0¢’®3¢®3¢’®8¢)( ”("’@’aw'@w'@aw) (4:34)

Using (4.34), (4.31) simplifies to

Uinew = (02 ® V') (2NN,,)

( a3q* . aw*>
0@’ @0’ ®0p — O
a2q* aZw*
2N,
i (399’@390 ¢ 8<p’®390> (2N.,)
Pw*
+ <a® a¢,®a¢,®a¢> (VI ®@wvy).

The other derivatives of lg)s are similar to that above. The third derivative of w* with

respect to ¢, ', and ¢ is given below.

The second derivative of w* with respect to ¢’ and ¢ (without being evaluated

at p=0) is
*w* PvecE ' dvec )’ OvecX
= I, 1) — Slextt .
e’ ® O (6’90’@&9) (1, @ vee Z7) ( I’ )( N )( I’ )

(4.35)



137

The derivative of (4.35) with respect to ¢’ is

v 0 ?vec T\’ B
0’ 0P @0p  Op’ K@SO/ ®880) (I, @ vec S )}

el e (D)

The first derivative in (4.36) can be obtained as follows:

d P?vecE \’
I, > =
8¢’{(0cp’®3cp> (1 @ vee )}
PP (vec Z) ) P?vec \ 0
= IZ E_ (II/ 2_1 *
890’@690’@890( V3®Vec )+ (8¢’®8¢> asol\ 5 & Vee )

(4.37)
Note that since (Iy3 ® vec 2*1) = I(pzm)(vec >l Il,3), then
0 B Ovec X! Ovec X!
8_Q0/ [(Il,g ® vec X 1)] = I(pQ,yg,) (8—go’ & IV3) = (Lj3 & 0—cp’> I(V&VB)
JdvecX

Oy’

Accordingly, (4.37) simplifies to

9, ?vecy '’

I, =Y =
390’{(590’69090) (L @ vee )}
_ P(vecX)
09 R0 @ D

PvecE \’ . 1y Ovec(X)

(Il,§ ® vec 2_1)

The second derivative in (4.36) can be simplified as follows

d [O(vecX) ) Ovec X 0?(vec B) . _\ OvecX
by by = 1, by b
(9(,0’ { acp ( ® ) (9(,0’ aso/ ® acp vy ® ( ® ) acp/
N IvecE] 0(Z '@ 2™ 7 OvecX
D’ O/ v O’
dvecX]’ 0?vec X
Slegyt) ——
{ D' } ( ® ) D' @ O/

(4.39)
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Because I(p,p)agf;,z = agf:,z and by (3.65), it follows that

5o &1

JdvecX
I, @ ———
( Y g )

-1 -1
I tex Iyg@@vecE
o' o'

(T @ (vee X @ =71 <8vec ) )

0 h)
+ Iy (271 ® (vec 24)/ ® 271) ( \8/(22’ ® I(Pvp))

B -~ B dvecX OJvecX
= 2N,(Z7'®@ (veeZ Y @27 { 9o ® 9 ] : (4.40)
Because Np—agf:,z = —‘95?;,2, it follows that (4.40) simplifies (4.39) to
d [d(vecXE) ;4 4\ Ovec X 0*(vec XY . 1\ Ovec X
by by = I, by by
8Q0' |: a(p/ ( ® ) 8(,0’ 890/ ® acp 3 ® ( ® ) 890/
dvecX]’ Ovec¥ OvecX
—9 Z_l E—l ! E—l
{ O’ }( & (veeX)'® ){ oe " og ]
OvecX]’ 0?vec X
+ Sl ——. 4.41
Bk ) sors s (440

Together, (4.41) and (4.38) simplifies (4.36) to

PPw* _ P(vecm)
0@ @0 @0p @' ® Op' @ Dp

2 !
_ (M) (Iy3 9 (o n) M) ) .

(Iyg ® vec E’l)

O’ ® O 0’

R
+2 {8\52/2}/ ('@ (veeZ Y @27 [8\;;/2 ® a:f;e;/E]
L e 252

= @CP?;?;'E@}/(?SO (I ® vecx™)
_ (%)/ (L,?, ®(EZ'ex) 8\/;_;(/2)) (2N,,)
+2 [82‘2’22]/ (27 ® (vee =) @ 27 {82‘22 ® age;/z:}
- [BeE] mrem ok e
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Evaluating (4.42) at p = 0 yields

Puw* (111)

0’ ® 0’ @ Op T e
D (51— - _
+2FY (7' @ (vee S @ 571 (FY @ FY)

~FY' (7 os ) FL,

(Iug ®vecX ) — QFS;)/ (I, ® (' ®@x™) ch)) Ny

The third derivatives of ¢* are used in each of the expressions. The derivation of

63(]*
0@’ RO/ ®0B

will be given. Expressions without proof for the other derivatives of ¢ can

be found in Appendix C. Methods for the remaining derivatives are similar to that

given.

The second derivative of ¢* with respect to p’ and 3 is

¢ Ovec™
oweoos T ow

(4.43)

Taking the derivative of (4.43) with respect to 3’ and evaluating at g = 0 yields

¢ N
Op' @0 @08 O’

(I, ® F) + 2M,.F%,.

The derivative of M., with respect to ¢’ can be obtained as follows:

e = a5 e W) 1 1]
0 e I

Note that (2*1 ® V[{CZE”) can be expressed as

(ETeW.n") = (LoW,.) (3 ax™)

(4.44)

(4.45)

(4.46)
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or, by using (3.61), it also can be expressed as

(271 ® mZzil) = Iy (W{ﬂzzil ® Eil)I(p,p)

= T4 (I ® (vee 7 @ B71) (vee W, @ I ). (4.47)

The derivative of (2_1 ® VV;ZE_l) can be obtained using the total derivative in
conjunction with (4.46) and (4.47). The result is

IEZeW,E)  I(Eew,.E)

I W,.E)
_|_

/ / /
(3(,0 830 W, fixed 8(,0 both X1 fixed
I(EZtex
= (I, o W,..) 9
ovec W,

+ L(ap) (1o @ (vee 271 @ B71) ( ® I(p,p)) . (4.48)

0’
Using (3.66), (4.48) simplifies to

A=W, x1)
o’

= —(LeW,.) (S @ (veeZY @) (FY ® Iz)

— (I, @ Wy ) I 1) (37" @ (vee 7 @ =71 (FY @ I )

0vec W,

+ Tiap) (I @ (vec T @ X7 ( o

® I(p,p)) . (4.49)

Finally, by using (4.45) and (4.49), (4.44) simplifies to

¢ _ ,OM,,
Op' @0 @083~ Op'

=2 { —(LoW,.) (S @ (veeS ) @37Y) (FY ® L)

(I, ® F)) + 2M,.F2),

- (Ip ® VV:—BZ)I(p,p) (271 ® (vec 271)/ ® 271) (FS) ® I(pvp))

dvec W,,
+ I(d,p) (Id (024 (vec 2*1)/ ® 2*1) (% X I(p,p))

OVy

+
0’

|t 6 - onr.
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) { — (I, @ W;.) 2N,) (7' ® (vee 371 @ 571 (FY @ F)

- 1\ [Ovec W,
Ly (T (vee 271 © 27 (T ® FS))

G (1 0 B)| + 20,
= —4(I, ® W,.)N,(Z7' @ (vec 27 @ £71) (FY @ FY)
+ 2Ly (L@ (vee Z7) @ £7) (mgc—cym ¥ F’(‘D>
Y ORI YN 8

Oy’

Rearrangements of third derivatives of ¢* are required in the expressions for the second

derivatives of lg)s. To find a rearrangement of a third derivative of ¢*, see Theorem
4.22.

The derivative of V,, with respect to ¢’ will be given. The other derivatives of

V. and W, are similar to the method used below. Define s, % vec(xpz, X7t =

(X712, @ ;) and t; dof vee(B 72,2, 271 = (2712, ® ¥712;). Because
1 n
‘{cz = szszz = E Z Skw](j)t;w
k=1

then the derivative of V., with respect to ¢’ is

@ /

aVZZ u 8Sk aw at
D! - Z {890/ (IVS ® wl(j)t;c) + Skﬁ—gok’ (L, ®t),) + Skw;f)a—(;, . (4.50)
k=1

The derivatives in each part of (4.50) should be simplified separately. The derivative

of s, with respect to ¢’ can be expressed as

ovecX
o’

ds,  Ovec(xpz, X7 1)
G = g = (e )

dvec(X™)
o’

=— (T '@xz,X )
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The derivative of w; with respect to ¢’ evaluated at g = 0 can be shown to equal

awg)
O’

= —w,f’)t;Fg).

Finally, note that because vec(ej, ® b) = e ® b, where b is any vector, the vec of g;’“,

equals

Hence,

ot _ ( ot

/
g 090/) =vec[ - 2N, (27 @ B a2 ) FY)

The first term of (4.50) can be simplified as

LSO ot <L (5 s ) D (1 )
k=1
_ _% Y (B oS (I 0 ult)) (FY © 1e)
S 5 e @ up) (RO o 1)

k=1

= —%Z (271 X Ty w@) [E Z ®tk] ) (ch) ®Ip2)

:——Z<2 @z B4 03 503 2] (FY @ L)

— (TR X'WK..) (FY ®I,). (4.51)
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The second term of (4.50) can be written as

n

1 811]](? / 1 - @y () /
E Zsk? (I 3 ® tk) = _E Z Spwy th<p (IV3 ® tk)
k=1 ¥ k=1
1 n
— _ﬁ Z skw,(j’) (tk ® tk)/ (FS) & Ipz)
k=1

— _% Z (e @ 'z w) (572,082,057 2, © E_lzk), (Fc,(,l) ® I,2)
k=1

=K. WK, (FY®I,;). (4.52)

To simplify the third term of (4.50), an identity will be used. Suppose A is an a X ¢

matrix and B is an d X b matrix. Then
vec(A® B) = (1. ® Iy @ I ) (vec A ® vec B).
The vec part of the third term can then be written as
vee [ 2N, (57 @ 27225 7) FY) = - (FY 02N, ) vee(Z 7! @ 51222 7))
=~ (FY @2N,) (I, ® Iy © L) (vec(S7") @ vee(T 2423 7))
=~ (FY' ©2N,) (I, ® Ipy © L) (veo(S7) @ 1) (572 0 5712
=~ (FY @2N,) (I, ® Iy @ L) (vee(S7) @ L) .

Hence, the third term of (4.50) can be simplified as

1 — oty \'
—E skw,(?vec( k)
n

k=1

Oy’
1 n
= =3 sty (vee(Z) ® 1) (I, ® I, @ L) (FY @ 2N,)
k=1
= -K. WK/, (vec(Z™") @ L) (I, ® I, ® 1) (FY ®2N,)

=K., W (vee(S Y@ K..) (I, 2 I,y ® L) (FY ®2N,) . (4.53)
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Together, (4.51), (4.52), and (4.53) can simplify (4.50). The result can be written

as
Ve
- (Z'e X'WK],) + K..WK
a(P/ zZzZZ ZZZZ
+ K. W [veeX ' @ K..|' (I, ® Iy @ L) (I: ® 2N,) | (FY @ L)
m
THEOREM 4.22. Suppose x, y, and z are vectors of sizea x 1, b x 1, and ¢ x 1,
respectively. Suppose 8:13’@?2% 18 known. Then
(93(]* (93(]*
(a) / / = ! ! I(b a)
0y ® 0xr' ® 0z 0x' ® 0y’ ® 0z
83(]* 83q*
b =d I, ® Iy, ,b, )
) ox' ® 0z' ® 0y vee {( ER() Vec(am’ ® 0y ® 0z «“
L . . . 93a* .
PROOF. The definition of the third derivative of ay/®a—gc'®az is

83(]*
oy’ ®8w®8z ZZZe @e ®ek®8y18x]82k

i=1 j=1 k=1

b a c , , 63 %
:ZZZ(e? ®ef)I(b,a)®ei®%a—éazk

i=1 j=1 k=1

83 *
_ZZZe ® el ®ek®8y18xqjazk

i=1 j=1 k=1

If interchanging the order of differentiation is allowed, then

a3q*
oy’ ®8w®8z ZZZG ®ef D Gy L)

j=1 i=1 k=1
a3q*
= I(5,0)
ox' @ 0y’ ® 0z
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To prove the second part, suppose A is a ¢ X b matrix, and suppose x is a a X 1

vector. Then the vec of gﬁ, is

0A - o OA ~ . 8vecA GvecA
Vec(awl)—;vec(eiGQa—xi)—Zei@ oz, O

i=1
f aA 1

Further, the vec o S

0A’ . o . 0A
vec(am/) = vec [Z e, ® oz,

a

B Zea ® Ovec A’
B ° ' ox;

=1

gvecA < dvec A
_Ze b)VeC —Ze ®Ibc) \éec
=1 Li
- Ovec A dvec A
=(I,® 1y, & = (I, ® Iy,
(Lo ® (b,>);ez® o~ Le®Too) =5
0A

= (Ia X I(b,c)) VeC(awl> .
Hence

0A’ 0A

o dvec l([a ® I(b,c)) vec (%> ,b, ca} )
By noting that ay,®az = A, then

& = dvec (I ® I )vec P b, ca
oxr' ®0z' ® 0y a '@ 2be) ox' oy ®0z) |’

Sandwich Estimator

An estimator of the asymptotic variance, called the sandwich estimator, can be

constructed from the data. First, write ==13

7nte

l@ Z fr
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where f; and f; are independent when j # k. Hence, for the S-estimators, fj is

equal to

.fk,ﬂ 2(2_1Zk ® CCk> w,‘?

/
f T | det 1 FY (572,08 2w
e —_ ’ .
T few | Vi |- (0@ V) (2NE) (FS) ® 88%) (52 @ B0 z) w!?

T, p(di) — bo
Define fro = [fi, Fray f,;%]/. Because E [frgf/9] = 0, then a consistent esti-

mator of the asymptotic variance of \/iﬁlg: is

2 — [frsfi 0 }
C,, = PIkB .
’ ,; { 0 frofio

The sum above can be rewritten as the matrix product

ésn = |:FS7ﬁFS,”3 0 :| )

0 F,oF,
where
F.g=2yn(27'Z « X'W) and
) nEY (212 % S Z'W)
/ *
Foo= = |- (@ W) (2N;) (F @ 52) (2712« 5 2'W)) ||
p(dy) — bo
and
p(d) —bo = [p(d) =bo p(ds) =by p(ds) —bo -~ p(dz) — bo.]

The sandwich estimator of the variance of \/n (és - 03) is therefore

A

\//; [\/ﬁ(es - 08)] = Kglé&nké_l?
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where Ky = —I_gsm = %E’ [lglos} . Note that many of the terms in Kz have expectation

zero. Hence, K5 can be written as

igﬁooo

1) 70 1)
K— _ l 0 lyu l;ﬂu ljwu
2= n 0 l<1> l(l) l<1)
pwb Ty Ty
0 l(1) l(l) la)

uny o Cmy Uy

The second order expansions can be used to obtain corrections to the bias. The
expected bias of the estimators can be found by taking the expectation of (4.19).

Because the expectation of dy is zero, it follows that

1 :1 1 5 8
- —%Kz_l (E [2250] + §K3E[50 ® 50]) +Op(n)

Because

A A

B[8y ® 8] = B[ vec (808})] = vec (E[08}]) = vec(Var |V (6, - 6,)|) .
an estimator of the expected bias is
g 1 f 3 1 o1 Sr1—1
B[b)] = —K; (E (2260 + S K vee( K3 ' Con K )) .
An estimator of the expectation of ZQSO must be constructed to produce an estimator

of the bias. Form the sum

n n

E [ZQSO} =33 2,60

7j=1 k=1

The expectation above will be zero whenever j # k because E[SO} = 0. Hence, an

estimator for the expectation of Zyd, is

E [ZZSO} =3 Zubo.
k=1



148

Hence, an estimator of the bias E [31] is
n 1 R
E[6)] = -K;! (Z Zoydor + 5 Ky vec <K21Cs,nK;1)) .
k=1
Because the expectation of many expressions was zero, the sandwich estimator
and the estimator of the bias were adjusted to reflect that fact. A description of the
adjustment for the sandwich estimator, as well as K, has already been given. All

expressions involving the sandwich estimator or the bias that have expectation zero

are given in Table 4 and 5.

E[K,| | E[F.F!) | E[Z,6,]
s | frofi, | Uasfus
lga fk,,@filc,zp li)gfk,u
bos | frofin, | Lipfew
U | Frufis | Ly afem,
@ @
bsy | Frwip | laufes
@

Lo, | FrmuFip

1®

K1y

Table 4. Expressions having an expectation of 0.

l @ l ®) l ®) l ® l ®
BLB Ny B mBr | "nyBur | " pBny
l ® l (6) l ® l (6) l ®
pps Y3 Bup Buyp Bpny,
l (6} l 6} l 6} l 6) l 6)
B Yy B Byu Byy PPNy
l ® l ® l ® l ® l @)
Yus Ny YB PP | "By | “Bnyny
l &) ® l ® l ® ®
B | "nynyB | "By | "BHy | “nywBny

Table 5. Expressions having zero expectation in E[Kj).
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The zero expectations show that the location parameters are asymptotically in-
dependent of the other parameters. In addition, the zero expectations also show that

the asymptotic bias of the location parameters is zero.
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CHAPTER 5

ILLUSTRATION

To illustrate the techniques from this dissertation, two steps are taken. First, for
the saturated model, the new algorithm is shown to give the same results as Ruppert’s
SURREAL algorithm (Ruppert 1992). Second, a simple structure is imposed on the
scatter matrix and the subsequent estimates are found.

Two different data sets will be used. These data sets are from Mardia et al. (1979,
Table 1.2.1) and Bollen (1989, Table 2.5).

The data from Mardia et al. (1979, Table 1.2.1) consists of examination scores
achieved by 88 students in areas of Mechanics, Vectors, Algebra, Analysis, and Statis-
tics. Two of the tests were closed book tests (Mechanics and Vectors), whereas the
other tests were open book tests. The data consists of discrete values, and not nec-

essarily continuous values. The data are displayed in Table 6.

Table 6: Scores in Open-Book and Closed-Book Exami-
nations (out of 100)

Mechanics(C) ~ Vectors(C)  Algebra(O)  Analysis(O)  Statistics(O)

7 82 67 67 81
63 78 80 70 81
75 73 71 66 81
95 72 63 70 68
63 63 65 70 63
53 61 72 64 73
51 67 65 65 68
29 70 68 62 26

62 60 o8 62 70
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Table 6: continued

Mechanics(C)  Vectors(C)  Algebra(O)  Analysis(O)  Statistics(O)

64 72 60 62 45
52 64 60 63 o4
55 67 59 62 44
20 20 64 95 63
65 63 o8 26 37
31 25 60 o7 73
60 64 96 o4 40
44 69 53 53 53
42 69 61 95 45
62 46 61 o7 45
31 49 62 63 62
44 61 52 62 46
49 41 61 49 64
12 58 61 63 67
49 23 49 62 47
o4 49 96 47 23
o4 23 46 29 44
44 56 55 61 36
18 44 50 o7 81
46 92 65 20 35
32 45 49 o7 64
30 69 50 52 45
46 49 93 29 37
40 27 o4 61 61
31 42 48 o4 68
36 29 o1 45 51
o6 40 96 o4 35
46 26 o7 49 32
45 42 95 56 40
42 60 54 49 33
40 63 93 o4 25
23 25 99 23 44
48 48 49 o1 37
41 63 49 46 34
46 52 53 41 40
46 61 46 38 41
40 57 o1 52 31
49 49 45 48 39
22 o8 93 26 41

35 60 47 o4 33
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Table 6: continued

Mechanics(C)  Vectors(C)  Algebra(O)  Analysis(O)  Statistics(O)

48 26 49 42 32
31 o7 50 o4 34
17 53 o7 43 51
49 57 47 39 26
29 20 47 15 46
37 26 49 28 45
40 43 48 21 61
35 35 41 o1 50
38 44 o4 47 24
43 43 38 34 49
39 46 46 32 43
62 44 36 22 42
48 38 41 44 33
34 42 50 47 29
18 o1 40 26 30
35 36 46 48 29
29 23 37 22 19
41 41 43 30 33
31 52 37 27 40
17 ol 52 35 31
34 30 20 47 36
46 40 47 29 17
10 46 36 47 39
46 37 45 15 30
30 34 43 46 18
13 o1 20 25 31
49 20 38 23 9
18 32 31 45 40

8 42 48 26 40
23 38 36 48 15
30 24 43 33 25

3 9 o1 47 40

7 o1 43 17 22
15 40 43 23 18
15 38 39 28 17

) 30 4 36 18
12 30 32 35 21

) 26 15 20 20

0 40 21 9 14
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The S-estimators of location and scatter can be computed by using SURREAL
provided that a saturated model is employed. In a saturated model, the design matrix
for location parameters consists of a column of ones (X = 1,), and no modeling of

eigenvalues occurs. The results of the SURREAL algorithm produce the following

estimates:

[39.71
51.26

B = [50.99] , and
47.42
42.14
[297.00 120.14 99.36 108.75 117.16
120.14 170.05 84.77 96.44 100.94

3= 19936 84.77 109.64 108.59 120.52
108.75 96.44 108.60 216.30 154.24
[ 117.16  100.94 120.52 154.24 301.45

The results for the algorithms in this dissertation produced very similar results.
The estimate for 3 differed in the eighth significant figure, whereas the estimate for
3} differed in the sixth significant figure. The differences between the estimates are
negligible. However, the determinant of the estimate of the scatter matrix for the
SURREAL algorithm is a little larger than that of the algorithm of this dissertation.
In addition, the constraint ¢ is a bit smaller for the estimates computed from the
programs of this dissertation than for surreal. The determinant and value of the

constraint ¢ for the estimates from each algorithm are given in Table 7.
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det 3 q
SURREAL | 36,554,699,827.17853 —3.4x 1078
New 36,554,696,521.87241 | —3.1 x 1071

Table 7. Determinant of the scatter estimate and value of the constraint ¢ for each
algorithm for the Scores data.

The sandwich estimate of the asymptotic variance of the location parameters

under the saturated model is

298.03
119.60
99.78
113.01
119.47

119.60
174.83
86.35
100.08
104.69

99.78
86.35
109.58
108.39
121.91

113.01
100.08
108.39
217.86
156.18

119.47
104.69
121.91
156.18
310.37

and the estimate for the asymptotic variance of the ¢ parameters is

1.57 —-0.68 —1.12  0.19 0.69
—-0.68 519 —-14.08 —-0.40 —-0.05
—1.12 —14.08 119.22 —-13.65 —5.85

019 —-0.40 -13.65 17.53 —3.06

069 —-0.05 -585 —-3.06 6.14

With these estimates, confidence intervals for the parameters can be constructed.
Note that the sandwich estimator for \/n (B — B) is very similar to the estimate for
3. A possible explanation for this can be seen in the variance for the least squares
estimator of \/n (B — ﬁ) When X = 1,,, the variance of the least squares estimator
is

A

Var (Va(8-8)) =n |(X'X) @ z| ==,

Because X = 1,,, it would make sense that 3> would be similar to the sandwich

estimator for the location parameters.
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To illustrate the flexibility of the new methods, two models on the scatter struc-

ture will be used. Model 1 is motivated by the eigenvalues in Table 8.

Eigenvalue Value
A 630.9062
Ao 193.9235
A3 103.6743
M\ 84.2216
As 31.7052

Table 8. Eigenvalues for the S-estimate of scatter under a saturated model.

The third and fourth eigenvalues of the S-estimate of scatter are relatively sim-
ilar. Accordingly, model the third and fourth eigenvalues as one eigenvalue with a
multiplicity of two. The design matrix for the location parameters is still X = 1,,.
The matrices T} and T, for Model 1 can be chosen to give this simple eigenvalue

multiplicity structure. They are

1111
1 110
T,=11 1 0 0| and T, = I,.
1 100
1 000

The algorithms of this dissertation produce the following result:

[39.67
51.23
B = [50.99], det> = 36,912,486,807.82695, ¢ = 5.3 x 10~%, and
47.43
42.12
[297.34 120.77 100.27 113.03 115.62
120.77 173.81 84.23 89.93 104.95
> = (10027 84.23 109.54 107.93 121.52
113.03 89.93 107.93 216.29 156.70
115.62 104.95 121.52 156.70 299.10
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The eigenvalues of the estimate of the scatter matrix are displayed in Table 9. Note

that the third and fourth eigenvalues have the same value.

Eigenvalue Value
A 683.1045
Ao 193.8024
A3 93.7104
A 93.7104
A5 31.7505

Table 9. Eigenvalues for the S-estimate of scatter under Model 1.

The sandwich estimate of the asymptotic variance of the location parameters

under Model 1 is

299.52 120.45 100.42 114.77 120.70
120.45 175.53 86.50 100.64 104.75
100.42 86.50 109.72 108.63 122.18
114.77 100.64 108.63 217.49 156.87
120.70 104.75 122.18 156.87 310.93

and the estimate for the asymptotic variance of the ¢ parameters is

1.57 —-0.74 0.05 0.68
—-0.74 282 —-1.53 —-091
0.05 —1.53 1293 -3.32
0.68 —-091 -3.32 6.07

Note that the variance for the third eigenvalue has decreased quite a bit from the
variance of the third and fourth eigenvalues of the saturated model.
Model 2 allows the largest eigenvalue to be unrestricted, and models the last four

eigenvalues under the exponential model exp{y; + k¢2}. Hence the structure of A
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would be

e¥1t3p2 + e¥3
ew1+3<p2
= 6901+2<,02
er1tles
er!

The matrices T and T3 corresponding to Model 2 are

1 1000 0 01
01000 1 30
T:={0 01 0 O andTp, = |1 2 O
0001O0 110
0 00O01 100

The results of the dissertation’s algorithm produce the following estimates:

39.74
51.29
B = [50.98], det3 = 38,375,399,536.44630, ¢ = 1.3 x 10~*%, and
47.41
4217
[300.31 122.71 98.51 101.81 116.46
122.71 161.06 84.78 107.40 95.92
= [9851 84.78 11545 108.78 119.35
101.81 107.40 108.78 215.31 153.38
116.46  95.92 119.35 153.38 307.16

The eigenvalues of the estimate for the scatter matrix under Model 2 are given in

Table 10
Eigenvalue Value
M 680.6703
Ao 201.1009
A3 114.7248
A\ 65.4486
As 37.3374

Table 10. Eigenvalues for the S-estimate of scatter under Model 2.
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The exponential model can be verified by taking the differences between the
logarithm of the eigenvalues. The difference between the log of any two successive
eigenvalues should be constant for eigenvalues 2 through 5. That is the case, as can

be seen in Table 11.

log(A1) —log(Xs) | 1.21927
log(As) — log(As) | 0.56127
log(As) — log(Ag) | 0.56127
log(As) — log(As) | 0.56127

Table 11. Difference between log of successive eigenvalues.

The sandwich estimate of the asymptotic variance of the location parameters

under the model 2 is

297.38 119.02 100.23 111.12 118.27
119.02 174.93 87.56 99.63 105.39
100.23 87.56 110.40 109.01 122.47
111.12  99.63 109.01 218.78 155.91
118.27 105.39 122.47 15591 310.99

and the estimate for the asymptotic variance of the ¢ parameters is

141 —-0.67 0.85
—-0.67 0.53 —0.88
085 —0.88 6.38

Note the lower asymptotic variance for the eigenvalues, as compared to the saturated
model or Model 1.

The data set from Bollen (1989, pg. 30) comes from a study that assesses the
reliability and validity of human perceptions versus physical measures of cloud cover.
The data in Table 12 contain the perception estimates of three judges of the percent

of the visible sky containing clouds in each of 60 slides. The rows of the table are not
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independent of each other since the same judge is perceiving each slide. Nonetheless,
it is useful to compare the results of SURREAL to the results from the programs in
this dissertation. In addition, observations 40, 51, and 52 vary widely between judges.
Some of the slides that were hazy were interpreted as very cloudy by some judges,
but almost clear by other judges. Hence, a robust estimate of the location, as well as

the scatter matrix would be justified.

Table 12: Three Estimates of Percent Cloud Cover for 60

Slides
Observation Coverl Cover2 Cover3
1 0 5 0
2 20 20 20
3 80 85 90
4 50 50 70
5 5 2 5
6 1 1 2
7 5 5 2
8 0 0 0
9 10 15 5
10 0 0 0
11 0 0 0
12 10 30 10
13 0 2 2
14 10 10 5
15 0 0 0
16 0 0 0
17 5 0 20
18 10 20 20
19 20 45 15
20 35 75 60
21 90 99 100
22 50 90 80
23 35 85 70
24 25 15 40
25 0 0 0
26 0 0 0
27 10 10 20
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Table 12: continued

Observation Coverl Cover2 Cover3

28 40 75 30
29 35 70 20
30 %) 90 90
31 35 95 30
32 0 0 0
33 0 0 0
34 5 1 2
35 20 60 50
36 0 0 0
37 0 0 0
38 0 0 0
39 15 25 50
40 95 0 40
41 40 35 30
42 40 50 40
43 15 60 5
44 30 30 15
45 75 85 I0)
46 100 100 100
47 100 90 85
48 100 95 100
49 100 95 100
20 100 99 100
51 100 30 95
52 100 5 95
23 0 0 0
o4 ) 3 5
25 80 90 85
56 80 95 80
57 30 90 70
o8 40 95 90
29 20 40 5

60 1 0 0
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The results of the SURREAL algorithm produce the following estimates:

[27.01
34.30| , and
30.08

[1566.53 1651.15 1602.35
1651.15 2037.37 1821.21
11602.35 1821.21 1832.99

®»
I

™M
I

Again, the difference between the estimates is small. The estimates for 3 differed
in the fifth decimal place, whereas the estimate for ¥ differed in the third decimal
place. Once again, the determinant of the estimate of the scatter matrix for the
SURREAL algorithm is a little larger than that of the results of the algorithm in
this dissertation. Also, the constraint ¢ is slightly better satisfied by the estimates
computed from the programs of this dissertation. The determinant and value of the

constraint ¢ for the estimates from each algorithm are given in Table 13.

det 32 q
SURREAL | 62,849,646.427 | —8.6 x 1078
New 62,849,627.008 | 2.2 x 10716

Table 13. Determinant of the scatter estimate and value of the constraint ¢ for each
algorithm for the Cloud Cover data.

The sandwich estimate of the asymptotic variance of the location parameters is

1382.98 1476.44 1421.90
1476.44 1791.83 1614.74
1421.90 1614.74 1606.18

and the estimate for the asymptotic variance of the ¢ parameters is

4.85 396 —0.17
3.96 1322 1.13
—-0.17 1.13  2.36
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The flexibility of the models allows not only modeling of the scatter matrix, but
also allows for modeling covariates of the location parameters. The data illustrated in
this chapter were not appropriate for a model different than Y = 1,,3' + E, because
no covariates associated with the rows of Y were available. However, if covariates
exist, the algorithms of this thesis can provide the appropriate estimates.

First order confidence intervals can be constructed for the estimators using the
theory from Chapter 4. The next chapter presents simulations verifying the asymp-

totic distribution results from Chapter 4.
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CHAPTER 6
SIMULATION

A simulation was conducted by generating data from a multivariate-T" distribution
with 13 degrees of freedom. Thirteen degrees of freedom was the fewest degrees of
freedom allowed in order for all the necessary expectations involving the p function
and its derivatives to exist.

The assumed model for the location parameters was with X = 1,,. The dimension
of the data was p = 4 with multiplicity vector m = (2 1 1)/. The largest eigenvalue
is modeled to have a multiplicity of two, and the three distinct eigenvalues are ordered,

but otherwise unstructured. The T} and T corresponding to this model is

T1 = and T2 = I3.

—_ = =
O = =
OO ==

Five thousand trials were conducted with a sample size of 200 for each trial. For each
trial, a data set was generated. Next, from 80 different random starting points, the
smallest local minimizer was chosen as the S-estimator of multivariate location and
scatter. The sandwich estimator, as well as the expected value of d, were computed.

The empirical estimate of the asymptotic variance of the location parameters is

A 1 33.88 0.79 —0.24 0.07
nﬁ’(IN—lN(l’le)’ 1v)B _ | 079 3365 042 —0.10

N—1 —0.24 0.42 11.58 0.09 |’
0.07 —0.10 0.09 1.11
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where N indicates the number of trials (5000). The average sandwich estimator for

the location parameters over all 5000 trials is

33.64 —0.02 —-0.04 —-0.01
-0.02 33.73 —-0.03 0.00
—-0.04 —-0.03 11.22 0.00
—-0.01 0.00 0.00 1.12

Sand =

As can be seen by both of the estimates above, the sandwich estimator does an
effective job in approximating the asymptotic variance of the location parameters.
For the eigenvalue parameters, the empirical estimate of the asymptotic variance

is

) . 953 —0.12 0.14
"(In — 1y (1u1y) "t 1
A NN( NlN) Ne |00 313 113

0.14 —-1.13 3.32
The average sandwich estimator for the eigenvalue parameters over all 5000 trials is

— 249 —-0.11 0.15
Sand = [—0.11 3.08 —1.13
0.15 —-1.13 3.38

The sandwich estimator does an effective job in approximating the asymptotic vari-
ance of the eigenvalue parameters.

The actual bias was also compared to the theoretical bias. Keep in mind, though,
that the actual scatter matrix being estimated is k2*, where X* is the characteristic
matrix of the underlying elliptical distribution. Because the data were multivariate-T
with 13 degrees of freedom and by was computed under a Gaussian distribution, then
the value for x is about 1.14286. The empirical bias is computed by averaging over
all 5000 trials the difference \/n (és — 05). The empirical and theoretical estimates

for the bias are given in Table 14.
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Empirical Empirical Theoretical | Theoretical
bias for 3 | bias for ¢ bias for 3 bias for ¢

-0.0027 -0.0252 0 -0.0027
0.0032 -0.0268 0 0.0268
0.0019 0.0009 0 0.0518
0.0012 0

Table 14. Empirical and Theoretical bias for the parameters.

The simulations reflect the validity of the theory presented in Chapter 4. The

bias equations still need to be verified.
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CHAPTER 7

SUMMARY AND CONCLUSION

The first chapter of the dissertation presented the linear model, as well as models
for scatter matrices. Maximum likelihood theory was reviewed. A motivation was
given for the robust estimation of multivariate regression parameters and scatter
matrices. Various robust estimators were introduced and their basic properties were
described.

The second chapter introduced the parameterization of the multivariate regression
model. The spectral model of Boik (2002a), along with the parameterization of the
eigenvalue and eigenvector parameters was given. An algorithm for solving for the
implicit parameter n was given (Boik 2002a).

Chapter 3 presented methods for estimating the parameters using either the M-
estimating equations or the S-estimating equations. A modified Fisher-Scoring al-
gorithm was presented for solving for the M-estimates using the likelihood from the
multivariate-1" distribution. First and second implicit derivatives for S-estimators
were given. A two-step modified Newton-Raphson algorithm to solve for the S-
estimates of the parameters was described, which included a hybrid Newton-Raphson-
Bisection method to solve for the implicit parameter.

In chapter 4, first order asymptotic distributions for estimators of the parameters

were given. Second order expansions of the estimators, along with a correction for the
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bias of the estimators were described. The computation of the sandwich estimator
was described, as well as how to compute the estimated bias from the data.

In chapter 5, two examples were presented. First, the new algorithms was com-
pared to Ruppert’s SURREAL algorithm for each data set showing that they produce
nearly identical results. Second, models were fit to illustrate the flexibility of the new
estimators. In addition, the sandwich estimate of the asymptotic variance was given.

In chapter 6, simulations were given confirming the validity of the asymptotic

theory.

Conclusion

Structured M and S-estimators of multivariate location and scatter can now be
computed. A multivariate linear model can be fit, with modeling of the location
parameters, as well as a spectral model for the eigenvalues. The focus for the model
of the scatter matrix was a Principal Components model. However, the techniques
can be applied to other scatter matrix models, as long as the scatter matrix can
be written as a differentiable function of parameters. The spectral model can be of
use in reducing the number of parameters in the covariance matrix, such as in the
case of longitudinal studies. If covariates exist, then a linear model for the location
parameters can be employed.

Most methods of modeling robust estimators involve a two step process. For

instance, to do a robust Principal Components analysis, a robust estimate for X is
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found first. Then a standard Principal Component analysis is done, assuming that the
robust estimator of 3 is the MLE. The validity of a two step procedure is not as clear
as a one step procedure. However, this dissertation presents a one-step procedure
for robust Principal Components. If we have a parsimonious model, then a one step
estimator can be more efficient than a two step estimator.

For a saturated model (a special case of the linear model), a new method for
the computation of S-estimators has been developed. The new method is derivative
based, whereas SURREAL is an ad hoc search method (Rocke and Woodruff 1997).
Because it is derivative based, local convergence is faster than SURREAL (e.g. once
the iterations are close to the solution, the methods converge quickly to the solution).
The results from the new method and SURREAL were nearly identical to each other.
The new method satisfied the constraint a little better than SURREAL. In addition,
the determinant of the covariance matrix under the new methods was a bit smaller
than that of the estimate from SURREAL.

Examples were shown illustrating the flexibility of the modeling for the eigenval-
ues. In addition, the computation of the asymptotic variance of the estimators was

given. Further, second order corrections for the bias of the estimators were obtained.



169

Future Research

Future research may include applying the linear model to other kinds of robust
estimators. These robust estimators include Kent and Tyler's Redescending M-
estimators and C'M-estimators (Kent and Tyler 1991, 1996). The specification of
a multivariate objective function for these estimators makes them an ideal candidate
for the linear model.

Second order asymptotic expansions of the estimators can be used to find second
order corrections for the skewness of the estimators. The second order bias and
skewness can then be used to find second order corrections for confidence intervals,
thus providing better coverage for the parameters.

The linear model may be extended to cases in which there is a functional rela-
tionship between the location parameters and the spectral model parameters. This
dissertation did not allow such a functional relationship.

Another area of research would be to employ different models for scatter matrices,
such as a Toeplitz model, or a Function Analysis model.

To improve the global optimization of the problem, the algorithm can be mixed
with a Line-Search method or a Trust Region method (Nocedal and Wright 1999).
Other methods that may be worth investigating are steepest descent or other opti-

mization procedures.
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APPENDIX A

Spectral Model derivatives
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Derivatives of A

The models for the eigenvalues are found in (2.14), (2.15), and (2.16). The deriva-

tives for Model (2.15) are

oA
DY) = -= = (exp{OTyp}  T1) T,

o'
o_ X Ty} *T)) (Ty + Ty)', and
A—W—(GXP{Q vt *T) (T + Ty) , an

X T 0 @0 @09 (exp{@Top} *Ty) (Ty = Ty x Ty)',

where * denotes the Khatri-Rao column wise product.

Derivatives of vec G

The implicit derivatives of vec G are used in the derivatives of vec 3. The matrices
A; and A, are indicator matrices that place u and n in the correct places in vec G.

They satisfy the following properties:

Al vecG = p, AlA =1, D A, = Ip(p;m,

Al vecG =1, ALAy = I,4p41, and ALA; =0,

2

where D, is the duplication matrix (Magnus 1988). The derivatives of vec G are

Ovec G
Dg') - a ; = Al — AQD;Al - [Ip2 — I(np)} Al
oo
2
@ O vecG _ / 0 0
G 8#’@0”’ o —AQ.D;) (IP®V6C<IP) ®Ip) (DG ®DG)
3
@ 0 vec(G) B / M @
G = o' @ o' @ o o - _AQD; (IP ® VeC<Ip) ® IP) [(DG ® I(p,p)DG)

— (D@ DY) (L + {1, ® Ln,u}) |
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Derivatives of vec X

The derivatives of vec 3 with respect to the parameters are used in both the M-
estimators and the S-estimators. The derivatives that pertain to both M-estimation
and S-estimation are given here and are special cases of derivatives from Boik (2002b).

Those specific to S-estimation are given in Appendix C.

First Derivatives.

dvecX
AL = 2N, (TyA ® Tg) DY
24 p=0
dvecX
cg) = T o0 = (F0®FO)LPD§) = (FO*FO)D(AD
® p=0

Second Derivatives.

9% vecX
) - T - @ ! @ @
FO - oy il ON, {(FOA @To) DY — (T ® vec(A) @ Ty) (DY ® DG)}
P vecE
) _ _ @ _ @
FS(OBP - D' ® O/ “:0_ <F0 ® FO) L,Dy = (FO * FO) DA
Fo - OveS | oy (Ty @ vee(I,) @ Ty) (DY ® L,DY)
Hep a“/ ®8Q0/ 0 P P G P
9% vecX
) _ _ @
;L N 0@’ @ op’ u:o— Fl(LLI(VQVVI)

Third Derivatives.

) _ 83 VeC(E)
e a“/®aul®aﬂl

— 2N, [ (ToA @ Tg) DY — (Tg @ vee(A) @ T)

n=0

x { (DY © D) + 2(Iy,) DE © DY) (L. @ N,.) } |

P vecy

3 _ ©® _ 6)

e = 0¢' @ 0’ ® O u:o_ (Fo @ To) L, D37 = (o +To) D
P vecE

®
PP 850/ ® 850/ R au/

= 2N, (T @ vee(I,) ® Ty) (L,DY @ DY)
u=0




F(g) _ 83 vee X
PHL a(p/ ® a/"/ ® a“/

n=0

177

— 2N, | (To @ vee(L,)' © To) (L, DY & D)

/
+ (Vec (£,DY) @ Ty ro)

X {I,,3 ® (Ip ® Iy p) ®Ip) (Dg ® Dg‘))}]

Rearrangements of Derivatives

Rearrangements of derivatives

are necessary for second and third order deriva-

tives. The rearrangements relate the expressions for F@ and F® to FU) and F11)

through the dvecoperator. The relationship between FUV, F®@ and FUY FO g

0?vec™
o' @ op
9% vec X
O’ ® O
0’vec Y
op' @ O
0?vec™
0@’ @ Op
(111) _ 83 vec 2
12229 a“ ® al'l’ ® al'l’/
L D ® 0p ® D¢’
(111) _ 83 vec E
R 0 ® 0p @ O/
wmy . O’vecy
L Opu @ Op @ O

) _
Fuu_

FU —

PP

a _
pne

) _

I

= dvec [FSL,pzvz, 7/2} 5
p=0

= dvec [Ffzo,pQV:e,, 1/3} )
p=0

= dvec [FE‘L,]D%& V2} )
p=0

= dvec [FEL,])%:J,, Vz] .
p=0

= dvec [FEL“,pQUQQ; VQ} )
p=0

= dvec [FSLWPQV;, V3} )
p=0

= dvec [Ffzo# 1., ). 0°V2, VQ} , and
p=0

= dvec [FfLu,pzyg, V3] :

pn=0
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APPENDIX B

M-estimator derivatives (evaluated at g = 0)
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Matrix Definitions

The following table gives expressions for commonly used matrices in M-estimation.

The * symbol denotes the Khatri-Rao column-wise product (Khatri and Rao 1968).

1
K..=(X'Z X R; = — Diag (v3'(d}))
n
K. =(X'Zxx'Z) R,, = X'R,Z
1
Ry = — Dlag (Ul (dk>> R,. = X/ROZ
n
@
Ry = L Ding (U114 R., = ZR,X
1
R, = - Diag (v2(d})) R..=ZR,Z

First Derivatives

Under the linear and spectral models defined in (1.2) and (2.5), the first deriva-
tives of the log likelihood function of the family of elliptically contoured distributions

with respect to the parameters 8 and ¢ = (g ) are

or "L —2g9(d?)
08~ 2@

!/
"L —2g9(d?
e [Z “2d)

2 “—~ ng(d})

227X, = vee(X'T,ZE™") and

o
o’

(=tex ) FY

u=0

1
= Jvec [—Z’ng = 2} (B s ) FO,
n

] 0
where ¢0(d2) = 8%2‘%”7 2, = yp — X8, X, is defined in (1.4), FO = [?a)], and
(%2}

F,(Ll), FS) are defined in Theorem 2.6, and T}, = Diag (%).
k
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The first derivatives of the log-likelihood function of the Multivariate-7" distribu-

tion with respect to the parameters 3 and ¢ = [g } are

ol "L a3lX ) N
93 = (f—i—p)zkf+—d’%k zvec(XTgZE 1) ’
k=1

!/

o
¢, g

(Z'ex ) FY

VC[ €+d2zkz§€—2

n
2

n

—2vec

—_

~Z'T,Z — 2} (Z e FY,

@
where T, = Diag ( &p) zi = yr — XiB, Xy is defined in (1.4), FV = [?(LD]’ and

£+d;
(7]

F, ,(Ll) and FS) are defined in Theorem 2.6.

Estimating Function

The estimating function for the M-estimators is

o _ || _ vee(R,.27")
0| FY (T @ =) vee(R.. — )

Fisher’s Information Matrix

The expected value of the negative Hessian matrix for the Multivariate-T" distri-

bution is
p[U0)000)] _ cvp [FTEXX 0
00 00 | E4+p+2 0 FO'T FO |’
where F® is given in Theorem 3.1, and
TS, = n {(2 ® X~ ) L Vec(Z’l) vec(El)ll )
2 £+p
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Second Derivatives

The first derivatives of the estimating function (like second derivatives of the

likelihood equation) are

®

155 = Zl[j =-[(Z"'"®R,,) + 2K, RIK_,]
8l(1)

12, = ag =-[(Z"'®R.27") + K., R K| F"
oY :

15, = 85/ = 2FV [ ®X7'R,,) + K..R:K],]
al(l) ,

1=~ CC = F' [I,4,, ® vec(ST'R..27" — 571)]

1
—2FY ('@ 2 'R..E ) + S RKL | FO

+FY (e x ) FO.
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APPENDIX C

S-estimator derivatives (evaluated at p = 0)
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Scalar and vector definitions

az@q w = nlog|X|
o
Op(d) _ 1p(dy)
_ B O _ _
B = vec(B) CT Ton, 2 d
_ ! o Owy 1 [pP(dy)  p®(di)
he = 3z = d] ?—ahizz{ & }
) oui _ 1 [P@(dk) pR(d) | ()
Od,) = : w? = k - -3 + 3
P = =50 T O, 8| & di d;
1 n
q==) pldp)—bo  x=X'e
n k=1
r=uv,(a'vy) " yr=Y'ep

Derivatives of p

The p function is chosen by the investigator. One choice for p is the integral of

Tukey’s biweight function. This function and its first three derivatives are:

2 4 6 .
Lo iy <
if ly| > co.

o) _ A% 2]
P (ya CO) — 1—(— [—Co,CO](y)a

Yy
Co
2 2
Py, co) = {1 -(4) } {1 -5(2) } o) (), and
Co Co

4 Y2

Py, co) = = {3 — 5(0_) } I1—coe0)(y),
0 0

where
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Matrix definitions

The following table gives expressions for commonly used matrices. The % symbol
denotes the Khatri-Rao column-wise product (Khatri and Rao 1968). The ® symbol

signifies the right Kronecker product.

K. = (X'+ X) M,, = (7' ® W) + 2V

K..= (272« X' M, =(Z"'eW,,x ") +V,. =M,
K. =(21'Zxx'2) M. = ("o 'M.X") + %V%
K..,=(X'«2"'Z « X') Vie = K., WK,
K,.=(X'*X'Z'xx7'27) V. = K., WK,
K.,=(2'Z+27'Z' x X) V..=K. WK,

K= (72572 +372) W= Diag (uf)

Koo = (Koo x K.,) W, = X'W X
K.... = (K..* K..) W,. = X'W,Z =W,
K....= (K.« K.,) W,. =Z'WZ
K....= (K..xK..) Xy, = I, @ m;

N, = % (L2 + Ty Z=Y-XB

N, = %[Iu;% ~ Ty
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Derivatives with 7,, constant

The notation w* and ¢* is used for the derivatives of w and ¢ when 7, is constant.

Specifically, when 7, is functionally independent of the other variables,

First derivatives of w and gq.

081; = 0 (by construction) ({;qﬁ = —2vec(W,.27)
o =" =~ vee(z T WLE)
Ow* ' 1 dq" v’ Sy oy
o :nF(P vec(E ) e = _Fcp vec(E W% )
Second derivatives of w.
Pwt 0 Pw* 0 Pw* 0
o3 ®0B ow' ®08 o' @08
Pw* 0 Pw* Pw*
o3 @ou ow @0op Op' @0u
Pw* 0 PPw* 0
0B ®0p oW ®@0p
8211]* _ F(ll)/ I 2—1 F(l)/ E—l E_l F(I)
m—”[w(va@"e(f( ) - FY (57 ez ) Y

Second derivatives of q.

62(]* 82(]* 82(]* ,
—— =2M,, = 2M,.F¥ — = 92FV' M.,
03 ® 083 o' ® op ® 063 @ du i

82(]* 82(]* ,
=2M,. FY S ——) (O Y/
¢’ ® 0B ¢ 06 ® O ¢
82(]*

= —FW' (I, © vec(E W, E7Y)) 4+ 2FY M, FY
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aQQ* 11)/ -1 1 N .
Y A" (L, @ vee(S7'WLE7Y)) + 2FY' M, FD
(92(]* 11/ 1 1 N .
Y —FI' (L, @ vee(STWLE)) + 2F0 M, FY
82(]* 11/ 1 _1 N .
LY —F0)' (I, @ vec(STWLE)) + 2F0' M, F

Third derivatives of w. All third order derivatives of w when 7, is functionally

independent of the other variables are zero with one exception:

agw* _ (111)1
690/ ® 890’ ® 8sa PP

(1; @veen ) —2FLY (L, 2 (S 2 57 FY) N,
+2FY" (57 @ (vee S @ 57) (FY @ FY)
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Third derivatives of q.
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Implicit Derivatives

In this section, expressions for the derivatives are given assuming that 7, is a

function of the parameters 3, p, and 1. In this case, w and ¢ are

w = w(e{Y,ny(8, 1, ¥)}), ¢=aq(B, p, p{,ny(B, 1, 7)}).

First derivatives.
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Derivatives of w = nln|X|

The derivatives in this section are given assuming that 7, is a function of the

other parameters.

First derivatives.
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Estimating Function and derivatives

In this section, the definition of the estimating function for the asymptotic dis-
tribution for the S-estimators is given, as well as the first and section derivatives of
the estimating function. The first derivatives are like the second derivatives of the

function w. The second derivatives are like the third derivatives of the function w.

Estimating Function. The definition of the estimating function is like the first

derivatives of w.

1
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Second Derivatives (first derivatives of I?).

The first derivatives of the estimating function (like second derivatives of w) are
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Third Derivatives (second derivatives of [”). The second derivatives of the esti-

mating function (like third derivatives of w) are
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APPENDIX D

Summary of Matlab Programs
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Common Programs

10.

11.

. commute.m: Computes the commutation matrix, I, ).

constantmatrices.m: Computes the matrices A, A,, L,, D,, and D(cl;).

dup.m: Computes the duplication matrix, D,,.

dvec.m: Given an matrix A with ab elements, dvec (A, a, b) is the a x b matrix

such that vec(A) = vec {dvec(A,a,b)} .

khatrirao.m: Computes the Khatri-Rao column-wise product.

. kron3.m: Computes the Kronecker product of three or more matrices.

Lp.m: Computes the matrix L,.

ppo.m: Computes the perpendicular projection operator of the input matrix.

solve_eta.m: Given the parameter u, solves for the implicit parameter  under

the spectral model.

spdiag.m: Either converts a vector into a sparse diagonal matrix, or extracts

the diagonal elements of a matrix.

vec.m: Stacks the columns of a matrix into a column vector.
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M-Estimators

1. inform.m: Computes the information matrix of the multivariate-T" distribution

under the linear model and spectral model.

2. 1ntlikelihood.m: Computes the log likelihood function of the multivariate-T

distribution under the linear model and spectral model.

3. mestim.m: Computes the M-estimators of location and scatter under the linear

model and spectral model using the multivariate-7T" likelihood

4. scoref.m: Computes the Score function for the multivariate-7T" distribution

under the linear model and spectral model.

5. solve_mles.m: Solves for the mles of the multivariate-T" distribution under the

linear model and spectral model.

S-Estimators
1. compute_a.m: Computes the vector a.
2. derivi_w.m: Computes the first derivative of the function w = nlog|X|.

3. deriv_w.m: Computes the first derivative of w, as well as lgl, l(;l, lg’l, the

sandwich estimator, and an estimator of the bias.

4. exprho.m: Computes the expected value of p(dy) when the distribution of the

data is the multivariate-1" distribution.



10.

11.

12.

13.

14.

15.

16.

17.
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. generate_data.m: Generates a random set of data from a multivariate-1" dis-

tribution.

initial_guess.m: Computes an initial guess for Vi, v, and 1.

. kappa.m: Computes the constant x.

. make_E.m: Constructs the elementary matrix, Ej,, which is used to put Kj

together.

. make_F11_mumu.m: Computes F,(},P

make_F11_phiphi.m: Computes Fg;).

model_lam.m: Given I' and ¢, computes Dg), Df), DS), ¥ ! and AL
newguess.m: Generates a subsample of Y.

geval.m: Evaluates the constraint ¢ and returns a vector containing dj,.

rho.m: Compute the p function. For this program, p is the integral of Tukey’s

bi-weight function.

robust_load.m: Loads constant matrices and true values of the parameters

used when performing simulations.
sample_wor.m: Generate a sample without replacement.

sandwich_sim.m: Compute the average sandwich estimator and the average

bias from the simulation.



18.

19.

20.

21.

22.

23.

24.

25.

26.
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satisfy_constraint.m: Given a value of 1), solves for 1, and updates various

quantities so they satisfy the constraint g.
simulation.m: Performs a simulation.

Smultivar.m: Computes the S-estimators of multivariate location and scatter

using the algorithm of Ruppert. Program received from Christophe Croux.

solve_LS.m: Computes a “local” solution to the S-estimating equations using

the Least Squares estimate as the initial guess.

solve_c0.m: Solves for the constants by and cg.

solve_dq_betamu.m: Solves % =0 and % = 0. This is the first stage of the
© B

two-stage modified Newton-Raphson algorithm.

solve_dw_psi.m: Solves g—fj’ = 0. This is the second stage of the two-stage

modified Newton-Raphson algorithm.

solve_eta_psi.m: Given values for 3, p, and ), solves for the implicit pa-
rameter 7,. That is, solves q(ny; 8, u, ) = 0 using a hybrid Newton-Raphson-

Bisection algorithm.

solve_newguess.m: Computes a “local” solution to the S-estimating equa-
tions using a random subsample of Y as a guess. Command is preceded by

newguess.m.



27.

28.

29.

30.
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solve_s_estimate_sim.m: Solve for the S-estimator using 80 random starting

points. Used in the simulation program.

solve_sest.m: The two-stage modified Newton-Raphson algorithm for com-

puting a “local” solution to the S-estimating equations.

solve_sestimator.m: Solves for the S-estimators of multivariate location and

scatter using the new algorithms.

solve_surreal.m: Computes a “local” solution to the S-estimating equations

using the SURREAL estimate as the initial guess.
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APPENDIX E

Matlab Programming Code
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Common Code

commute.m.

function Imn = commute(m,n)

h
o
b
o
h
b
o
h
o
h
o
h

COMMUTE Commutation matrix

Imn = commute(m,n) computes the commutation matrix which switches
vec(A’) with vec(A). In particular, if A:m x n, then vec(d) =
I(m,n)vec(A’). Written by S. K. Hyde

Alternate notation is K(n,m) (from Magnus and Neudecker 1979).
K(n,m) = I(m,n) = commute(m,n).

These times are for a SunFire 880, 8 processor, 900 Mhz
UltraSparcIII w/8MB Cache/cpu, and 16384 MB of main memory (Using
one processor):

% m n for loop kron def this one
Y —mmm mmmm mmmmm—mm e
% 10 10 0.0100 0.0900 0.0200
20 20 0.0100 0.1400 0.0100
% 50 50 0.0600 0.4200 0
% 100 100 0.6300 1.1200 0.0100
% 200 200 10.0500 4.5600 0.0600
% 10 1000 0.6300 0.1300 0.0100
% 1000 10 0.6000 0.1200 0.0200
% 200 300 22.4700 6.2600 0.0900
% 200 1000 249.0200 19.3500 0.3100
mn = m*n;

i=1:n;

j = 1:m;

Specify the location of the ones in the commutation matrix.
There is one "1" per row.
The row locations are from 1:mn
The column location can be specified by:
¢ = kron(ones(1,n),j*n) + kron(i-n,ones(1,m));
However, the one below will be cheaper.
= 1:mn;
repmat (j*n,1,n) + reshape(repmat(i-n,m,1),1,mn);

Imn = sparse(r,c,l,mn,mn);

constantmatrices.m.
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function [Dg,A1,A2,L,Dp] = constantmatrices(m);

% CONSTANTMATRICES Construct constant matrices

b

% Construct Dg, Al, A2, L, and Dp for a given multiplicity vector m.
yA Routines written by S. K. Hyde

yA

p = sum(m);

% Construct A1l

% find location of zeros in G.

% indexl contains the locations of the zeros in G.
upper = (p~2-m’*m)/2;

cm = [0; cumsum(m) J];

index1 = [];

for i = 1:length(m)

index0 = find(tril(ones(p,m(i)))==0);
index0 = (p+1)*cm(i) + index0;
indexl = [ indexl; indexO ];
end
temp = ones(p,p);
temp(index1) = 0; hcorresponds to zeros in G.
rowl = find(triu(temp,1)); %extract row locations for ones in Al
coll = 1:upper; %column locations for omnes in Al

A1 = sparse(rowl,coll,1,p”2,upper);

yA
% Construct A2
%

if p == 1,
A2 = sparse([1]);
else
rank = p*(p+1)/2;
k = 2:p;
index(1) = rank;
index (k) = -k;

index = cumsum(index) ;
row2 = ones(1,rank);
row2(index) = p:-1:1;

row2 = cumsum(row2); %Row locations of the ones
col2 = 1:rank; %Column locations of the ones.
A2 = sparse(row2,co0l2,1,p"2,rank);

end;

T

% Use other routines for the rest
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T

L = Lp(p);
Dp = dup(p);
Dg = Al — A2%Dp’#*Al;

dup.m.

function D = dup(p);

% DUP Duplication matrix

b

% D = dup(p) generates the Duplication matrix of order p. Very fast
% for large p when compared to a double loop written from the

% definition. Written by S. K. Hyde

b

htime =

% These times are for a SunFire 880, 8 processor, 900 Mhz

% UltraSparcIII w/8MB Cache/cpu, and 16384 MB of main memory (Using
% one processor):

% p dup(old) dup_old_mine dup

Y e mmmmmm—— e

% 2 0.01 0.0200 0.0300
b 4 0.01 0 0.0100
% 8 0.01 0 0
% 16 0.04 0 0
% 32 0.17 0.0100 0
% 64 0.96 0.0200 0.0100
% 128 6.73 0.1100 0.0200
% 256 69.93 0.5000 0.1000
% 512 1089.11 4.0200 0.4400

% 1024~ 46.6600 1.9600
h

rank = p*(p+1)/2;

if p==1,
D = sparse(1);
return;

end

% These next few lines perform the equivalent of
2

%index(1) = rank;

hfor k = 2:p

% index(k) = index(k-1) - k;
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%end

yA

k = 2:p;
index(1) = rank;
index(k) = -k;

index = cumsum(index);

j = 2:(p-1);

index2(1) = p~2-rank;
index2(j) = -j;

index2 = cumsum(index2);

% Get row indicies

rowl = ones(1,rank);
rowl(index) = p:-1:1;
rowl = cumsum(rowl);

row2 = repmat(p,1,p~2-rank);
row2(index2) = [ 1-px(0:1:length(index2)-2) p+1];
row2 = cumsum(row2);

% Get column indicies
coll = 1:rank;

col2 = coll;
col2(index) = [];

% Collect indicies and place 1’s where they should go.
first = [rowl row2];

second = [coll col2];

D = sparse(first,second,1,p”2,rank);

dvec.m.

function Y = dvec(y,n,d);

% DVEC De-vec command

o

% Y = dvec(y,n,d) performs the inverse of the vec function and
%  reshapes the result as the n x d matrix Y.

h

Y = reshape(y,n,d);

khatrirao.m.
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function C = khatrirao(A,B);

% KHATRIRAO Khatri-Rao column-wise product

T

% C = khatrirao(A,B) computes the Khatri-Rao column-wise product of
%  the matrix A and B. The Khatri-Rao product is the column-wise
%  kronecker product of each column of A with each column of B. For

%  example,

yA

% if A =[ala2a3 ... an ],

% B=[Db1b2b3 ... bn ], then

yA

% C=1[al x bl a2 x b2 a3 x b3

%  where x is the kronecker product.

T

an x bn ],

% Note that C has the same number of columns as A and B

T

%  When the number of nonzero elements is less than (density) percent
% of the number of total elements in both matrices, uses the
% definition of the product. (A *x B) = (A x B)x*L.

h

%  For not very sparse matrices, the normal routine is much faster.
% Written by S. K. Hyde, using the matlab kron function as a

%  template.
b

[ma,na] = size(A);
[mb,nb] size(B);

if (na “= nb)

error (’both matrices must have the same number of columns’);

return;
end;

density .04;

densA = nnz(A)/prod(size(d));
densB = nnz(A)/prod(size(B));
dens = max(densA,densB);

if dens > demnsity,

[ia,ib] = meshgrid(l:ma,1:mb);

C = A(da,1:end) .*B(ib,1:end);
else

C = kron(sparse(A),sparse(B))*Lp(na);
end
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kron3.m.

function A = kron3(varargin);

% KRON3 Kroenecker product of 2 or more matrices

h

% KRON(A1,A2,...,An) is the Kronecker tensor product of Al, A2,
% ..., An.

h

if nargin == 1,

error (’Too few arguments’);
else
A = varargin{1};
for i = 2:length(varargin);
A = kron(A,varargin{il});

end
end
Lp.m.
function L = Lp(n);
% LP Computes the Khatri-Rao product of Ip and Ip.
h

% L = Lp(n) computes the Khatri-Rao product of Ip and Ip. Much
%  faster than khatrirao(Ip,Ip) since Ip is sparse. Written by
% S. K. Hyde

h

% Specify the location of the ones in the matrix.

% The column and row location can be specified by:
col = 1:n;

row (n+1)*col - n;

L = sparse(row,col,1,n"2,n);

ppo.m.

function P = ppo(X);



211

% PPO  Perpendicular projection operator
h

% P = ppo(X) finds the ppo of X.

h

P = Xxpinv(X’*X)*X’;

solve_eta.m.

function eta = solve_eta(Al,A2,mu);

% SOLVE_ETA Solve for the implicit parameters in G

b

% Given a solution for mu, eta = solve_eta(Al,A2,mu) solves for the
pA implicit parameters eta. Written by R. J. Boik.

pA

[p2,nul] = size(Al);

[p2,s] = size(A2);

p = round(sqrt(p2));

Ip = speye(p);

check = reshape(A2+*ones(s,1),p,p);
Amu = reshape(Al*mu,p,p);

for k = 1:p
m = Amu(1l:p-k,p-k+1);
if k == 1;

e = sqrt(1-m’*m);
check(p,p) = e;
else

T = check(:,p-k+2:p) + Amu(:,p-k+2:p);
T1 = T(1:p-k,:)’;
T2 = T(p-k+1l:p,:)’;
[U,D,V] = svd(T2);

yA

ho T2 is (k-1) x k

yA

d = diag(D);
T2p = V(:,1:k-1)*diag(1l./d(1:k-1))*U(:,1:k-1)7;
u=V(,k);

w0 = -T2p*T1lx*m;

a2 = u’*u;

al 2*u’*w0;

a0 wO’*wO0 — 1+m’*m;

d = al™2 - 4xa0*a2;

wl = w0 + ux(-al+sqrt(d))/(2*a2);
w2 = w0 + ux(-al-sqrt(d))/(2xa2);
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w = wl;
if 1-wi(1) > 1-w2(1)
W= wW2;
end
check(p-k+1:p,p-k+1) = w;
end

end
eta = A2’*vec(check);

spdiag.m.

function D = spdiag(d);

% SPDIAG sparse diag command

o

% D = spdiag(d) constructs a sparse diagonal matrix of a vector

% input without constructing the zero off diagonal elements. For
% a matrix argument, extracts the diagonal of the matrix and

% converts to a sparse matrix.

2

D = diag(sparse(d));

vec.m.

function v = vec(A);

% VEC  vec command

b

% v = vec(A) computes the vec of the matrix A, defined as stacking
% all the columns of A on top of each other. That is, if

%h A [ al a2 .. ap ], then vec(d) = [ al’ a2’ ... ap’ 1°.

h

[a,b] = size(A);

v = reshape(A,a*b,1);

M -estimators

inform.m.
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function [iIb,Ig] = inform(v,X,S,iS,Dgam) ;

h

% [iIb,Ig]l = inform(v,X,S,iS,Dgam) ;

h

% This computes the information matrix for the multivariate t

% distribution. Because Ibg and Igb are both zeros, they are not
%  computed.

h

%  Inputs

% n = sample size

b p = dimension of data

yA v = df for the chi-square

/A X = design matrix

yA S = current guess for Sigma

yA iS = inverse of current guess for Sigma
yA Dgam = Derivative of G wrt mu’

h
/A Outputs

% iIb = inverse of the information matrix for beta
/A Ig = the information matrix for gamma.

b

n = size(X,1);

p = size(S,1);

vp = (v+p)/(v+p+2);
iIb = kron(S,pinv(X’*X))/vp;

veciSDgam = vec(iS)’*Dgam;
Ig = (n*vp)/2*(Dgam’*kron(iS,iS)*Dgam - 1/(v+p)*veciSDgam’*veciSDgam) ;

Intlikelihood.m.

function 1nL = lntlikelihood(nu,X,beta,iSmle,T);

b

% This calculates the log of the Multivariate T likelihood function
% (except the constants).

b

[n,p] = size(D);

d = size(X,2);

part = 0;
B = dvec(beta,d,p);

for k=1:n
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Z = (T(k,:) - X(k,:)*B)’;
part = part + log(nu + Z’*iSmlexZ);

end

1nL = n/2*log(det(iSmle)) - (nu+p)/2*part;

mestim.m.

function mest = mestim(Y,m,X);

% MESTIM M-estimators using Multivariate-T likelihood

h

% This estimates the scatter matrix and the location vector/matrix
yA satisfying the model Y = XB + E using the multivariate T

%  distribution and the underlying distribution. Output is similar
% to Smultivar.m

h

%  Inputs:

yA Y : data matrix. Columns represent variables and rows represent
b units or cases

yA m : multiplcity vector (if not used, then vector of omes is

b used)

yA X : Design matrix

b
%  Outputs:

% mest.mean : location parameters (the matrix B)

b mest.scat : scatter matrix (Sigma)

% mest.md : mahalanobis distances. (dk’s)

b

[n,p] = size(Y); %isample size and dimension of the

%problem (size of Sigma).
if nargin==
% Both of these below are used for Multivariate Location/Scale

m = ones(p,1);
X = ones(n,1);
end
d =1; %Dimension of beta (1 if multiv loc/scale)
nu = 5; %»df for chi-square.
dimu=(p~2-m’*m) /2; %Dimension of mu.

[Dg,A1,A2,L,Dp]l= constantmatrices(m); %Constant matrices.

M=[]1;
avg=[];
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for i=1:length(m);
M=[Mrepmat(i,1,m(i)) 1;
avg = [ avg repmat(1/m(i),1,m(i)) 1;

end;
M = sparse(dummyvar(M)) ; %Simple multiplicity structure.
avg = (spdiag(avg)*M)’; %inv(M’*M)*M’> (Used to calculate estimates

% for eigenvalues. (phiO)

S = (nu-2)/nuxY’*(eye(n)-ppo (X)) *Y/(n-rank(X)); %Estimate for Sigma
beta = vec((X’*X)\X’*Y) ; %Initial extimate for beta.

[GO,LO0,dumm] = svd(S);
phiO = avgxdiag(sparse(L0)); %Avg multiple eigenvalues.

[Smle,Gam,Lam,Bmle] = solve_mles(nu,m,Dg,Al,A2,L,M,X,Y,GO,phiO,beta);

mest.mean = Bmle;

mest.scat = Smle;

Z = Y-X*Bmle;

mest.md = sqrt(sum(Z*inv(Smle) .*Z,2));

scoref.m.

function [scorebeta, scoregammal] = scoref(v,X,beta,iS,Dgam,T);
yA

% [scorebeta, scoregamma] = scoref(n,p,v,d,X,beta,iS,Dgam,T);
yA

% This computes the score function for the mutivariate t

% distribution.

h

%  Inputs

/A v = df for the chi-square

yA X = design matrix

/A beta = current guess for beta

yA iS = inverse of current guess for Sigma
yA Dgam = Derivative of G wrt mu’

/A T = Data matrix

b

%  Outputs

% scorebeta = score function for beta
b scoregamma = score function for gamma
/A

[n,p] = size(T);

d = size(X,2);
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0;
ta = sparse(l,p*d);
= (v+p)/2;
dvec(beta,d,p);

k=1:n

= (T(k,:) - X(k,:)*B)’;

S = Z’%iS;

z3z = v+zS*Z,;

= A + vec(zS’*zS)’/vzSz;
beta = lbeta + kron(zS,X(k,:))/vzSz;

-n/2*vec(iS)’ + vp*A;
rebeta = 2*vp*lbeta’;
regamma = (A*Dgam)’;

solve_mles.m.

function [Smle,Gam,Lam,Bmle] = solve_mles(nu,m,Dg,Al1,A2,L,M,X,Y,...

GO,phi0,beta);

%_

o

% [Smle,Gam,Lam,Bmle] = solve_mles(nu,m,Dg,Al1,A2,L,M,X,Y,...

% GO,phiO,beta);

t

% This gives maximum likelihood estimates for the scatter matrix, the
% location parameters, the eigenvalue matrix, and the eigenvector
% matrix under a multivariate-t distribution. Using Model 1 from
% the dissertation (Where M = T3).

h

% Inputs

yA nu = dimension of parameter vectors

% m = multiplicity vector.

b Dg = Derivative of vecG wrt mu

pA Al = Matrix associated with mu

A A2 = Matrix associated with eta

yA L = khatrirao(Ip,Ip)

pA M = Average matrix (computed in robust_load.m)

yA X = Design Matrix (location parameters)

o Y = Data Matrix Y

yA GO = Initial guess for Eigenvector matrix
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yA phiO = Initial guess for phi.

b beta = Current guess for the location parameters
h

% Outputs

yA Smle = MLE of S

/A Gam = MLE of Gam

b Lam = MLE of Lam

% Bmle = MLE of B

h

%_
[n,p] = size(Y);
d = size(X,2);

dimbeta = p*d;
dimu = (p~2-m’*m)/2;
dimlam = length(m);
Ip = speye(p);
Ipp = commute(p,p);

tNp = speye(p~2)+Ipp;
LM = .5%xLxM;
stop = 1;

% Initial Guesses for each

G = sparse(p,p);

Gam = GO;

Lam = M*phiO; %Duplicate multiple ones.
Smle = GO*diag(Lam)*GO’;

iSmle = GO*diag(l./Lam)*GO’;
gamma = [ zeros(dimu,1) ; phiO ];
k=0;

1nL = 1ntlikelihood(nu,X,beta,iSmle,Y);

while stop > le-7,
k=k+1;
gamma (1:dimu) = zeros(dimu,1);
Dgam = tNp*kron(Gam,Gam)*[ kron(spdiag(Lam),Ip)*Dg LM ];

[iIb,Ig] = inform(nu,X,Smle,iSmle,Dgam);
[scoreb,scoreg] = scoref(nu,X,beta,iSmle,Dgam,Y);

%Update mu and phi

updateg = Ig\scoreg;

updateb iIb*scoreb;

gamma_new = gamma + updateg;

mu = gamma_new(1:dimu) ;

stop = sqrt(abs([scoreb; scoreg]’*[ updateb ; updateg 1));
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YA

% If max(abs(mu))<.2 continue normally, otherwise force max of mu to
% be .2. (Force updateg and updateb with the same constant.)

b

maxmu = max(abs(mu));

alpha = 1;
if maxmu > .2
alpha = .2/maxmu;

updateg = alpha*updateg;
gamma_new = gamma + updateg;
mu = gamma_new(1l:dimu);

end;

updateb = alpha*updateb;

beta_new = beta + updateb;

%Form current estimates for G and Lm
phi = gamma_new(l+dimu:end);
solve_eta(A1,A2,mu);

G = dvec(Al*mu+A2*eta,p,p);

®
ot
)

]

%Estimate matrices.

Lam = Mxphi; Jmote: diag(M*phi) = dvec(L*M*phi,p,p);
Gam_new = Gam*G;

Smle = Gam_new*diag(Lam)*Gam_new’;

iSmle = Gam_new*diag(l./Lam)*Gam_new’;

% Check for a reduction in the log likelihood before continuing.
1nL_new = 1lntlikelihood(nu,X,beta_new,iSmle,Y);
while (InL_new < 1nL) & (k>5) & norm(lnL_new-1nL)>le-12,
Inl._new < 1nL
fprintf(’1nL %15.10g 1nL_new %15.10g updateg %9.6g\n’,1nL,
1nL_new,norm(updateg)) ;
updateb/2;
updateg/2;

updateb
updateg

gamma_new = gamma + updateg;
beta_new = beta + updateb;
mu = gamma_new(1:dimu) ;

%#Form current estimates for G and Lm
phi = gamma_new(l+dimu:end) ;

eta = solve_eta(Al,A2,mu);

G = dvec(Al*mu+A2*eta,p,p);

%Estimate matrices.
Lam = M¥phi; %note: diag(M*phi) = dvec(L*Mphi,p,p);
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Gam_new = Gam*G;
Smle = Gam_new*diag(Lam)*Gam_new’;
iSmle = Gam_new*diag(l./Lam)*Gam_new’;

InlL_new = 1lntlikelihood(nu,X,beta_new,iSmle,Y);
% pause;
end;

b fprintf (°1nL %9.6g 1nL_new %9.6g updateg %9.6g\n’,...

% 1nL,1nL_new,norm(updateg)) ;
fprintf (’It#%3.0f, Max(mu)= %6.4e, stop= %6.4e\n’, k, maxmu, stop)
gamma = gamma_new;
beta = beta_new;

1nl. = 1nl_new;
Gam = Gam_new;
end

Gammle = Gam;
Lammle = Lam;
Bmle = dvec(beta,d,p);

S-estimators

compute_a.m.

function [a,W1,Wzz] = compute_a(b0,c0,Z,Gam,dk,Laminv,D1_lam);

b

h

% compute_a Compute the vector a.

h

% [a,Wl,Wzz] = compute_a(b0,c0,Z,Gam,dk,Laminv,D1_lam) computes the
%  current value of a given latest phi (for the newest variable defs)

T

%  Inputs

yA b0 = Constant associated with constraint q

b c0 = Constant associated with breakdown point

% VA = Centered Data Matrix (Y-XB)

b Gam = Current estimate for the Eigenvector matrix
A dk = Current estimate for the distances dk

yA Laminv = Current inverse of the eigenvalue matrix

b D1_lam = Current first derivative of lambda wrt phi
h

%  Outputs

yA a = Current estimate of derivative of q wrt phi
pA Wi = Current matrix containing (1/n)#*Diag(rho(1) (dk)/dk)

% Wzz = Current matrix Z’*WixZ
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T

h

n = size(Z,1);

Wl = (1/n)*spdiag(.5*rho(1.1,dk,c0));
Wzz = Z’*W1x*Z;

LaminvGam = Laminv*Gam’;

h

%(1/2)*diag(rho (dk) /dk)

% Any of the following representations will work. However, the last
% one used is the fastest. Note that L’*vec(W) = diag(W) (the

% diagonal of ANY matrix W);

yA a = -D1_lam’*L’#*kron(Gam’,Gam’)*kron(Siginv,Siginv)*vec(Wzz)
pA = -D1_lam’*L’*vec(Gam’*Siginv*Wzz*Siginv*Gam)

yA = -D1_lam’*L’*vec(Laminv*Gam’*Wzz*Gam*Laminv)

pA = -D1_lam’*diag(Laminv*Gam’*Wzz*Gam*Laminv) ;

h

a = -D1_lam’*diag(LaminvGam*Wzz*LaminvGam’) ;

derivl_w.m.

function [dwvec] = ...

derivl_w(T1,T2,A1,A2,Dg,Y,X,d,b0,c0,nu,Gam,beta,mu,psi,phi);

h

T

% derivli_w  Compute the first derivative of w

%
% [dwvec] =

% derivl_w(T1,T2,A1,A2,Dg,Y,X,d,b0,c0,nu,Gam,beta,mu,psi,phi)
%  outputs the first derivative of w wrt the parameters

h

%  Inputs

yA T1 = Design matrix (models linear relations btwn eigvals)
yA T2 = Design matrix (models exponential relations btwn eigvals)
pA A1 = Matrix associated with mu

yA A2 = Matrix associated with eta

yA Dg = Derivative of vecG wrt mu

/A Y = Data Matrix Y

pA X = Design Matrix (location parameters)

A d = number of rows of B

yA b0 = Constant associated with constraint q

b c0 = Constant associated with breakdown point

yA nu = vector containing sizes of beta, mu, phi

yA lam = Current guess eigenvalues

yA Gam Current guess for Eigenvector matrix
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yA beta = Current guess for the location parameters
A psi
/A phi

h

%  Outputs
pA dwvec = vector containing dw/dbeta dw/dmu dw/dpsi

h

Current value for psi.
Current value for phi.

%_ ______________ ————
[n,p] = size(Y);

tNp = commute(p,p)+speye(p~2);
B_est = dvec(beta,d,p);
Z =Y - X*B_est;

[V1,V2,psi]=initial_guess(T1,T2,Z,b0,c0,Gam,beta,phi);
[a,V1,V2,phi,psi,eta_psi,lam,D1_lam,dk,Wl,Wzz]= ...
satisfy_constraint(T1,T2,V1,V2,Z,b0,c0,Gam,beta,phi,psi);

Siginv = Gam*diag(1l./lam)*Gam’;
F1{2} = tNp*kron(Gam*diag(lam),Gam)*Dg;
F1{3} = khatrirao(Gam,Gam)*D1_lam;

Wxz = X’*W1%*Z;
Wzz = Z°*xW1%*Z;
SWzzS = SiginvxWzz*Siginv;

dq1{1} = -2xvec(Wxz*Siginv);
dq1{2} = -F1{2}’*vec(SWzzS);
%dq1{3} = -F1{3}’*vec(SWzzS);
dep{1} = -inv(a’*V2)*dql{1}’;
dep{2} = -inv(a’*V2)*dql{2}’;
%dep{3} = -inv(a’*V2)*a’*V1;

P1{1} = V2*dep{1};

P1{2} = V2xdep{2};

P1{3} = V1;  YActually is P1{3} = V1+V2*dep{3};
%(Choice of a makes a’*V1=0)

dw1{3} = F1{3}’*vec(Siginv);

for i=1:3
dw{i} = P1{i}’*dw1{3};

end;

dwvec = [ dw{1}; dw{2}; dw{3} 1;
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deriv_w.m.

function [dw,dwl,d2w,d3w,K2hat,Cmeat,sandwich,EZ2D0,ED1] = ...
deriv_w(T1,T2,A1,A2,Dg,Y,X,b0,c0,nu,Gam,beta,phi) ;

b

h

% deriv_w Compute various quantities from the solution of the
yA S-estimating equation.

b

% [dw,dwl,d2w,d3w,K2hat,Cmeat,sandwich,EZODO,ED1]

% = deriv_w(T1,T2,A1,A2,Dg,L,Y,X,b0,c0,nu,Gam,beta,phi) ;

b

% Evaluate the derivatives of w, as well as approximate the bias and
%  asymptotic variance (sandwich estimator). Note that dw must be

% zero for the bias and asymptotic variance to be correct. That is,
A the estimates of Gam, beta, phi must be the S-estimates.

T

%  Inputs

yA Tl = Design matrix (models linear relations btwn eigvals)
yA T2 = Design matrix (models exponential relations btwn eigvals)
yA Al = Matrix associated with mu

pA A2 = Matrix associated with eta

b Dg = Derivative of vecG wrt mu

% Y = Data Matrix Y

b X = Design Matrix (location parameters)

yA b0 = Constant associated with constraint q

b c0 = Constant associated with breakdown point
yA nu = vector containing sizes of beta, mu, phi
/A Gam = S-estimate for Eigenvector matrix

yA beta = S-estimate for the location parameters

% phi = S-estimate for phi.

2

%  Ouputs

/A dw = dw/dtheta

% dwil = dw/dtheta given eta_psi is constant

A d2w = d2w/(dtheta’ x dtheta)

yA d3w = d3w/(dtheta’ x dtheta’ x dtheta)

b K2hat = Approx to Fisher’s Information matrix
yA Cmeat = Meat of sandwich estimator

yA sandwich = sandwich estimator

yA EZODO = Expected value of ZODO

yA ED1 = Expected value of D1
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h
h
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o

% This consists of the derivatives of w and q (and others) assuming

% that eta_psi is constant and also assuming eta_psi is a function of
% the parameters beta, mu, and psi.

h
WIIIIIIITTT7777777777777777777777777777777777777777777777777777777777

yA

% Matrices and constants
yA

[n,p] = size(Y);

d = size(X,2);

Dp = dup(p);

Ipp = commute(p,p);

Ip2 = speye(p~2);

tNp = Ipp + Ip2;

Id = speye(d);

Ip = speye(p);

Idp = commute(d,p);

Ipd = Idp’;

dims = [ nu(1l) nu(2) nu(3)-1 1 ];
for i=1:3

tNnu{i} = speye(nu(i)~2) + commute(nu(i),nu(i));
Inu{i} = speye(nu(i));
Inu_2{i} = speye(nu(i)~2);
end
for i=1:4
tNdim{i} = speye(dims(i)~2) + commute(dims(i),dims(i));
Idim{i} = speye(dims(i));
Idim_2{i} = speye(dims(i)~2);
end;

%

% Data and current estimates.
%

B_est = dvec(beta,d,p);
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Z =Y - X*B_est;

[V1,V2,psi]=initial_guess(T1,T2,Z,b0,c0,Gam,beta,phi);
[a,V1,V2,phi,psi,eta_psi,lam,D1lam,dk,Wl,Wzz]= ...
satisfy_constraint(T1,T2,V1,V2,Z,b0,c0,Gam,beta,phi,psi);

[Siginv,Laminv,D1lam,lam,D2lam,D31lam] = model_lam(T1,T2,V1,V2,Ganm,
psi,eta_psi);
Sig = Gam*diag(lam)*Gam’;
iSiS = kron(Siginv,Siginv);
= log(det(Sig));

WIIIIIIITTT7777777777777777777777777777777777777777777777777777777777
b

h

% Derivatives of vecSig and lambda

b

b
WILIIIIII177777777777777777777777777777777777777777777777777777777777

% First derivatives of vecSig

%  (Compute F1’s);

F1{2} = tNp*kron(Gam*diag(lam),Gam)*Dg;
F1{3} = khatrirao(Gam,Gam)*D1lam;

% Second derivatives of vecSig

%  (Compute F11’s and F2’s)

kGamGam = kron(Gam,Gam) ;

kDgDg = kron(Dg,Dg) ;

K3 = kron3(Ip, (vec(Ip))’,Ip);

K4 = kron3(Ip,diag(lam),Ip2);

Dg2part = A2xDp’*K3;

L = khatrirao(Ip,Ip);

LD1lam = L*Dllam;

Dg2 = Dg2part*kDgDg;

Dg3 = -A2xDp’*K3*(kron(Dg,Ipp*Dg2) - kron(Dg2,Dg)*(...
speye(nu(2)~3) + kron(Inu{2},commute(nu(2),nu(2))))) ;

yA

% Specify each part of F2. F{2,2} is F2_{mu’,mu’}, F{2,3} is
% F2_{mu’,phi’} and so forth for the rest.

yA
yA

F2{2,2} = tNpxkGamGam* (kron(diag(lam),Ip)*Dg2part-K3*K4)*kDgDg;
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F2{2,3} = -tNp*kGamGam*K3*sparse (kron(Dg,LD1lam));
F2{3,2} = F2{2,3}*commute (nu(3) ,nu(2));
F2{3,3} = khatrirao(Gam,Gam)*D2lam;

h
% Form F11’s
% Since vec(F11) = vec(F2), then this is an easy way to get F11.
% _____________________
for i=2:3

for j=2:3

F11{i,j} = dvec(F2{i,j},p 2*nu(j),nu(i));

end;

end;

% Third derivatives of vecSig
%  (Compute F111’s and F3’s)

Lam = diag(lam);

F3{2,2,2} = tNp*(kron(Gam*Lam,Gam)*Dg3 - kron3(Gam,vec(Lam)’,Gam)*. ..
(kron(Dg,Dg2) -kron (Ipp*Dg2,Dg) *kron (Inu{2}, tNnu{2})));

F111{2,2,2} = dvec(F3{2,2,2},p"2*nu(2)"2,nu(2));

F3{3,3,2} = tNp*kron3(Gam,vec(Ip)’,Gam)*kron(L*D2lam,Dg) ;
F111{3,3,2} = dvec(F3{3,3,2}*commute(nu(2) ,nu(3)"2), ...
p~2*nu(3)"2,nu(2));

F3{3,2,2} = tNp*(kron3(Gam,vec(Ip)’,Gam)*kron(LD1lam,Dg2) + ...
kron3(vec(LD1lam)’,Gam,Gam) *kron(Inu{3},kron3(Ip, ...
Ipp,Ip)*kron(Dg,Dg)));

F111{2,2,3} = dvec(F3{3,2,2},p"2*nu(2)"2,nu(3));

F3{3,3,3} = kron(Gam,Gam)*L*D31lam;
F1114{3,3,3} = dvec(F3{3,3,3},p"2*nu(3)"2,nu(3));

W17 1777777777777777777777777777/77777777/77777/77777777/77777/77777
%

%

% Miscellaneous derivatives

%

A

WL 77777777777777777777777777/7777777777777/777777777777777777

w2k = (1/4)*(rho(2,dk,c0)-rho(1.1,dk,c0))./(dk."2);
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W2 = spdiag(w2k/n);
W3 = spdiag((1/8)*(rho(3,dk,c0)./dk-12*w2k) ./ (n*dk."2));

b
% Form Khatri-Rao product matrices (cols are kronecker products)
b

ZSiginv = Z*Siginv; % (form rows of zk’*Siginv)

Kxx = khatrirao(X’,X’);
Kzx = khatrirao(ZSiginv’,X’);
Kzz = khatrirao(ZSiginv’,ZSiginv’);

Kxzx = khatrirao(X’,Kzx);
Kxzz = Kkhatrirao(X’,Kzz);
Kzzx = khatrirao(ZSiginv’,Kzx);
Kzzz = khatrirao(ZSiginv’,Kzz);

Kzxzx = khatrirao (Kzx,Kzx);
Kzxzz = khatrirao(Kzx,Kzz);
Kzzzx = khatrirao (Kzz,Kzx);
Kzzzz = khatrirao(Kzz,Kzz);

pA

% Form Wxx, Wxz, Wzz, Wzx
yA

Wxx = X’?*W1x*X;

Wzz = Z°*xW1%Z;

Wxz = X’*W1*Z;

Wzx = Wxz’;

yA

% Form Vxx, Vxz, Vzz
yA

W2Kzz = W2*Kzz’;
W2Kzx = W2*Kzx’;

Vzz = Kzz*xW2Kzz;
Vxz = Kzx*W2Kzz;
Vxx = Kzx*W2Kzx;

pA
% Form Mxx, Mxz, Mzz
pA

SWzzS = Siginv*Wzz*Siginv;

Mxx = kron(Siginv,Wxx) + 2*Vxx;
Mxz = kron(Siginv,Wxz*Siginv) + Vxz;
Mzz = kron(Siginv,SWzzS) + .5*Vzz;
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yA

% Derivatives of vecWxx

yA

% not needed because E[] is zero
Y%dvecWxx{1} = -2*%Kxx*W2Kzx;
dvecWxx{2} = -Kxx*W2Kzz*F1{2};
dvecWxx{3} = -Kxx*W2Kzz*xF1{3};

pA

% Derivatives of vecWzx, vecWzz

%

dvecWzx{1} = -Ipd*kron(Sig,Id)*Mxx;

% not needed because E[] is zero
%hdvecWzz{1} = -tNp*kron(Sig,Sig)*Mxz’;

for i=2:3
% not needed because E[] is zero
% dvecWzx{i} = -khatrirao(X’,Z’)*W2Kzz*F1{i};
dvecWzz{i} = -khatrirao(Z’,Z’)*W2Kzz*F1{i};
end;

%
% Form dVxx
%

% Not needed because E[] is zero
%dVxx{1}= -kron(Siginv,X’*W2*xKxzx’) - 2*Kzx*W3*Kzxzx’ + ...
yA -Kzx*W2*Kxx’*xkron(vec (Siginv) ’ ,speye(d~2) ) *kron3(Ip,Idp,Id);

templ = -(kron(Siginv,X’*W2%Kzzx’) + Kzx*W3*Kzzzx’ + ...
Kzx*W2Kzx*kron(vec(Siginv)’,Inu{1})*. ..
kron3(Ip,Ipp,Id));
for i=2:3
dVxx{i} = templxkron(F1{i},Inu{1});
end;

pA
% Form dVxz
%

dvxz{1} = -kron(Siginv,X’*W2*Kxzz’) - 2*Kzx*W3*Kzxzz’ - Kzx*W2Kzx ...
*Idp*kron(vec(Siginv) ’,Inu{1})*kron3(Ip,Ipp,Id)*kron(Inu{1},tNp);

% Not needed (E[]1=0)
commonl = kron(vec(Siginv)’,Ip2)*kron3(Ip,Ipp,Ip)*kron(Ip2,tNp);
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%templ = -(kron(Siginv,X’*W2*Kzzz’)+Kzx*W3*xKzzzz’ + ...
% Kzx*W2Kzz*commonl) ;

hfor i=2:3

% dVxz{i} = templ¥kron(F1{il},Ip2);

hend

%
% Form dVxz
%

% not needed (E[]1=0)
%dVzz{1} = -tNp*kron(Siginv,Siginv*Z’*W2*Kxzz’) - 2*Kzz*W3*Kzxzz’ ...

pA - Kzz*xW2Kzx*Idp*kron(vec(Siginv)’,Inu{1}) *kron3(Ip,Idp,Ip)* ...
% kron(Inu{1l},tNp);
templ = -(tNpxkron(Siginv,Siginv*Z’*W2+Kzzz’) + Kzz*W3*Kzzzz’ + ...
Kzz*W2Kzz*commonl) ;
for i=2:3
dvzz{i} = templ*kron(F1{il},Ip2);
end

WL 77777777777777777777777777777777777777717777777777777
o

h

% Derivatives of q when ep is constant

h

o
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for i=2:3

dMzz{i} = - kron3(Siginv,vec(Siginv)’,SWzzS)*kron(F1{i},Ip2) ...
- Ipp*kron3(Ip,vec(Ip)’,Siginv)*kron(tNp*Mzz*xF1{i},Ipp) ...
+ .5xdVzz{i};

end;

% First derivatives

dq1{1} = -2*vec(Wxz*Siginv) ;
dq1{2} = -F1{2}’*vec(SWzzS);
dq1{3} = -F1{3}’*vec(SWzzS);

% Second derivatives
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d2q11{1,1} = 2*Mxx;
d2q11{2,1} = 2xMxz*F1{2};
d2q11{3,1} = 2xMxz*F1{3};
d2q114{1,2} = d2q11{2,1}’;
d2q11{1,3} = d2q11{3,1}’;
for i=2:3

for j=2:3

d2q11{j,i} = -F11{i,j}’*kron(Inu{j},vec(SWzzS)) + ...
2xF1{i}’ *Mzz*F1{j};

end;
end;
I31 = commute (nu(3) ,nu(1));
I32 = commute(nu(3),nu(2));
121 = commute(nu(2),nu(1));

SvSS = kron3(Siginv,vec(Siginv)’,Siginv);
IdvSS = kron3(Id,vec(Siginv)’,Siginv);

% Third Derivatives
h ——————= A-—————-
%d3q111{1,1,1} = 2%Idp*kron3(Id,vec(Id)’,Siginv)* ...
b kron(dvecWxx{1},Ipd) + 4*dVxx{1};
b ——————— B and C-------
for i=2:3
d3q111{i,i,i} = -F111{i,i,i}’*kron(Inu_2{i},vec(SWzzS))
+ 2xF11{i,i}’*kron(Inu{i}, ,Mzz*F1{i}) *tNnu{i} ...
+ 2%F1{i}’*dMzz{i}*kron(Inu{i},F1{i}) + 2xF1{i}’*Mzz*F2{i,i};
end;
h ——————= D--—-----
d3q111{1,2,1} = 2*xIdp*IdvSS*kron(dvecWzx{1},F1{2})
+ 2%dVxz{1}*kron(Inu{1},F1{2});
d3q111{1,1,2} = dvec(kron(Inu{1},I21)*vec(d3ql11{1,2,1}),...
nu(2),nu(1)"2);
d3q111{1,2,1}*I21;

d3q111{2,1,1}

h ——————- E-------
d3q111{3,1,1} = -2#kron3(Siginv,vec(Siginv)’,Wxx)* ...
kron(F1{3},Inu{1}) + 2*Idp*kron(Id,vec(Id)’*Siginv)* ...
kron(dvecWxx{3},Ipd) + 4*xdVxx{3};
d3q111{1,3,1} = d3q111{3,1,1}*I317;
d3q1114{1,1,3} dvec(kron(Inu{1},I31)*vec(d3q111{1,3,1}),...
nu(3),nu(1)"2);

f ——————- F-———-
%d3q111{2,2,1} = 2x(...
pA -kron(Ip,Wxz)*tNp*SvSS*kron(F1{2},F1{2})

b + Idp*IdvSS*kron(dvecWzx{2},F1{2})
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% + dVxz{2}*kron(Inu{2},F1{2}) + Mxz*xF2{2,2});
%d3q111{2,1,2} = dvec(kron(Inu{2},I21)*vec(d3q1i11{2,2,1}),...
% nu(2) ,nu(1)*nu(2));

%d3q111{1,2,2} = d3q111{2,1,2}*I21°;

h ——————- G-—————-

%d3q111{3,3,1} = 2*(Idp*IdvSS*kron(dvecWzx{3},F1{3}) ...

pA - kron(Ip,Wxz)*tNp*SvSSxkron(F1{3},F1{3}) ...
% + dVxz{3}*kron(Inu{3},F1{3}) + MxzxF2{3,3});
%d3q111{3,1,3} = dvec(kron(Inu{3},I31)*vec(d3ql111{3,3,1}),...
A nu(3) ,nu(1)*nu(3));

%d3q111{1,3,3} = d3q111{3,1,3}*I31";

h ——m———- H-------

d3q111{3,3,2} = -F111{3,3,2} ’*kron(Inu_2{3},vec(SWzz3)) ...
+ 2xF11{2,3}’ *kron (Inu{3},Mzz*F1{3}) *tNnu{3} ...
+ 2xF1{2}’ *dMzz{3}*kron(Inu{3},F1{3}) ...
+ 2xF1{2} *Mzz*F2{3,3};
d3q111{3,2,3} = dvec(kron(Inu{3},I32)*vec(d3q111{3,3,2}),...
nu(3) ,nu(3)*nu(2));
d3q111{2,3,3} = d3q111{3,2,3}*I32’;
h ——————- I-—————-
d3q111{2,2,3} = -F111{2,2,3}’*kron(Inu_2{2},vec(SWzz3)) ...
+ 2xF11{3,2}’ *xkron(Inu{2},Mzz*F1{2}) *tNnu{2} ...
+ 2xF1{3}’*dMzz{2}*kron (Inu{2},F1{2}) ...
+ 2xF1{3}’ *Mzz*xF2{2,2};
d3q111{2,3,2} = dvec(kron(Inu{2},I32’)*vec(d3ql111{2,2,3}),...
nu(2) ,nu(3)*nu(2));
d3q111{3,2,2} = d3q111{2,3,2}*I32;

h ——————- J-—m—

%d3q111{3,2,1} = 2*(-kron(Ip,Wxz)*tNp*SvSS*kron(F1{3},F1{2}) + ...
% Idp*IdvSS*kron(dvecWzx{3},F1{2}) + ...

% dVxz{3}*kron(Inu{3},F1{2}) + Mxz*F2{3,2});

%d3q111{2,3,1} = d3q111{3,2,1}*I32’;

%d3q111{3,1,2} = dvec(kron(Inu{3},I21)*vec(d3q111{3,2,1}),...
A nu(2) ,nu(1)*nu(3));

%d3q111{1,3,2} = d3q111{3,1,2}*I31’;

%d3q111{2,1,3} = dvec(kron(Inu{2},I31)*vec(d3ql111{2,3,1}),...
A nu(3) ,nu(1)*nu(2));

%d3q111{1,2,3} = d3q111{2,1,3}*I21";

WL 77777777777777777777777777777777777777717777777777777
o

o

% Derivatives of w when ep is constant

h
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% First derivatives

dwil{1} = zeros(nu(1),1);
dwi{2} = zeros(nu(2),1);
dw1{3} = n*F1{3}’*vec(Siginv);

% Second derivatives
d2w11{3,3} = n*(F11{3,3}’*kron(Inu{3},vec(Siginv)) - ...
F1{3}’*iSiS*F1{3});

% Third derivatives

d3w111{3,3,3} = n*(F111{3,3,3}’*kron(Inu_2{3},vec(Siginv)) ...
- F11{3,3}’*kron(Inu{3},iSiS*F1{3}) *tNnu{3} ...
+ 2xF1{3}’*SvSS*kron(F1{3},F1{3}) ...
- F1{3}’*iSiS*F2{3,3});

WIIIII1177777777777777777777777777777777777777777777777777777777777
h

h

% Implicit derivatives (derivs of phi and ep)

h

h
WIIIIIIT77777777777777777777777777777777777777777777777777777777777

% First derivatives

dep{1} = -inv(a’*V2)*dq1{1}’;
dep{2} = -inv(a’*V2)*dq1{2}’;
dep{3} = -inv(a’*V2)*a’*V1;

P1{1}
P1{2}
P1{3}

V2xdep{1};

V2xdep{2};

Vi; %Actually is P1{3} = V1+V2xdep{3}; (Choice of a
Ymakes a’*V1=0);

% Second derivatives

% do 2nd ders of beta, mu

hdummy = [ 1 1; 1 2; 2 2 1;

%for i=1:3

% il = dummy(i,1); i2 = dummy(i,2);

% d2ep{il,i2} = -(d2q11{il,i2} + d2q11{3,1i2}*P1{il} + ...

b P1{i2}’*d2q11{i1,3} ...

% + P1{i2}’*d2q11{3,3}*P1{il1}) *kron(Idim{il},inv(V2’*a));
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%end;

yA

%dumend = kron(Idim{3},inv(V2’*a));

%hd2ep{3,3} = —( P1{3}’*d2q11{3,3})*P1{3}*dumend;
%hd2ep{3,2} = -(d2q11{3,2} + P1{2}’*d2q11{3,3})*P1{3}*dumend;
“d2ep{3,1} = -(d2q11{3,1} + P1{1}’*d2q11{3,3})*P1{3}*dumend;
yA

hummy = [ 1 1; 1 2; 2 2; 3 3; 32; 31] ;

%for i=1:size(dummy,1)

% il = dummy(i,1);
% i2 = dummy(i,2);
% pl = dims(il);
% p2 = dims(i2);

% Iplp2 = commute(pl,p2);

% P11{i1,i2} = (d2ep{il,i2}*kron(Idim{il1},V2’))’;

% P2{i2,i1} = dvec(vec(P11{i1,i2}),nu(3),pl*p2);

% P11{i2,i1} = dvec(vec(P2{i2,i1}*Ip1p2),p2*nu(3),pl);
%end

%P2{1,2} = P2{2,1}*I21’;

yA

WILIIITIII77777777777777777777777777777777777777777777777777777777777
h

b

% Derivatives of w (ep is a function of beta, mu, and psi)

b

h

W11 771777777777777777777777777777777777777777777777777777777

% First Derivatives
for i=1:3

dw{i} = P1{i}’*dw1{3};
end;

%% Second Derivatives

Sdummy = [ 1 1; 2 2; 3 3; 12; 32; 31];

%for i=1:6

% il = dummy(i,1); i2 = dummy(i,2);

v dow{i1,i2} = P11{i1,i2} *kron(Idim{il},dwi{3}) + ...
% P1{i2}’*d2w11{3,3}*P1{i1};

%end;

yA
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% Derivatives for Asymptotic Distribution expansions

/A Using current choice for 11

h
.,

tNperp_nu3 = eye(nu(3)~"2)-commute(nu(3),nu(3));
first = kron(V2’,V1’)*tNperp_nu3;

% def of 11

11 = [ -n*dqi{1};
-n*dq1{2};
firstxkron(a,dwl{3});
n* (mean (rho (0,dk,c0)-b0))1];

% derivs of 11_beta and 11_mu
for j=1:2

for i=1:2

12{i,j} = - n*d2q11{i,j};

end

12{3,j} = -n*d2q11{3,j}*V1;

12{4,j} = -n*d2q11{3,jI*V2;
end;

% derivs of 11_psi
for i=1:2
12{i,3} = first*kron(d2q11{i,3},dw1{3});
end
common = first*x(kron(d2q11{3,3},dw1{3}) + kron(a,d2w11{3,3}));
12{3,3} = common*V1;
12{4,3} = common*V2;

% derivs of 11_etapsi
for i=1:2

12{i,4} = n*dqi{i}’;
end
12{3,4%}
12{4,4}

n*xa’*V1;
n*xa’*V2;

0

/A

%Second derivatives (like 3rd derivs of w) (no implicit derivatives)
% (Expectations that are zero are zeros out, but real derivs are
%  commented out)

I3n1
I3n2

commute (nu(3)-1,nu(1));
commute (nu(3)-1,nu(2));
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h====== 1--——--—-

%13{1,1,1} = -n*d3q111{1,1,1};
13{1,1,1} = sparse(nu(l),nu(1)*nu(l));
Y= -

13{1,2,1} = -n*d3q111{1,2,1};

13{2,1,1} = 13{1,2,1}*I21;

fhm=m——n 3———————-

13{1,3,1} = -n*d3q111{1,3,1}*kron(Idim{1},V1);
13{3,1,1} = 13{1,3,1}*I3n1;

h—————- T

13{1,4,1} = -n*d3q111{1,3,1}*kron(Idim{1},V2);
13{4,1,1} = 13{1,4,1};

h—————- B

%13{2,2,1} = -n*d3q111{2,2,1};

13{2,2,1} = sparse(nu(1),nu(2)*nu(2));

h—————- ===

%13{2,3,1} = -n*xd3q111{2,3,1}*kron(Idim{2},V1);
13{2,3,1} = sparse(nu(l),nu(2)*(@u(3)-1));
13{3,2,1} = 13{2,3,1}*I3n2;

h—————- T

%13{2,4,1} = -n*d3q111{2,3,1}*kron(Idim{2},V2);
13{2,4,1} = sparse(nu(1),nu(2));

13{4,2,1} = 13{2,4,1};

h—————- 8———————-

%13{3,3,1} = -n*d3q111{3,3,1}*kron(V1,V1);
13{3,3,1} = sparse(nu(l), (nu(3)-1)"2);

h====== 9-—---—--

%13{3,4,1} = -n*d3q111{3,3,1}*kron(V1,V2);
13{3,4,1} = sparse(nu(l),nu(3)-1);

13{4,3,1} = 13{3,4,1};

%13{4,4,1} = —n*d3q111{3,3,1}*kron(V2,V2);
13{4,4,1} = sparse(nu(1),1);

h————- 11-——————-
13{1,1,2} = -n*d3q111{1,1,2};
h————- 12-—=————-

%13{2,1,2} = —n*d3q111{2,1,2};
13{2,1,2} = sparse(nu(2),nu(2)*nu(1));
13{1,2,2} = 13{2,1,2}*I21°;

%13{1,3,2} = -n*xd3q111{1,3,2}*kron(Idim{1},V1);
13{1,3,2} = sparse(nu(2),nu(1)*(nu(3)-1));
13{3,1,2} = 13{1,3,2}*I3n1;

%13{1,4,2} = —n*d3q111{1,3,2}*kron(Idim{1},V2);
13{1,4,2} = sparse(nu(2),nu(1));



13{2,3,2}
13{3,2,2}
13{2,4,2}
13{4,2,2}

13{3,4,2}
13{4,3,2}

%13{1,2,3%}
13{1,2,3} =
13{2,1,3}
%13{1,3,3%}
/A

13{1,3,3} =
13{3,1,3}
%13{1,4,3%}
%

13{1,4,3} =
13{4,1,3}

13{2,3,3}

13{3,2,3%}

13{2,4,3} =

13{4,2,3}

13phiphipsi
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-n*d3q111{2,3,2}*kron(Idim{2},V1);
13{2,3,2}*I3n2;
-n*d3q111{2,3,2}*kron(Idim{2},V2);
13{2,4,2};

-n*d3q111{3,3,2}*kron(V1,V2);
13{3,4,2};

= firstxkron(d3q111{1,2,3},dw1{3});
sparse(nu(3)-1,nu(1)*nu(2));
13{1,2,3}*I21;
= first*(kron(d3q111{1,3,3},dw1{3}) + ...
kron(d2q11{1,3},d2w11{3,3})) *kron(Idim{1},V1);
sparse(nu(3)-1,nu(1)*(nu(3)-1));
13{1,3,3}*I3n1;
= first*(kron(d3q111{1,3,3},dwi{3}) + ...
kron(d2q11{1,3},d2w11{3,3}) ) *kron(Idim{1},V2);
sparse(nu(3)-1,nu(1));
13{1,4,3};

first*(kron(d3q111{2,3,3},dw1{3}) + ...
kron(d2q11{2,3},d2w11{3,3})) *kron (Idim{2},V1);
13{2,3,3}*I3n2;
first*(kron(d3q111{2,3,3},dwi{3}) + ...
kron(d2q11{2,3},d2w11{3,3})) *kron(Idim{2},V2);
13{2,4,3};
= first*(kron(d3q111{3,3,3},dw1{3}) + ...
kron(d2q11{3,3},d2w11{3,3}) *tNnu{3} + ...
kron(a,d3w111{3,3,3}));
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h————- 28--—————-
13{3,3,3} = 13phiphipsi*kron(V1i,V1);
h————- 29--—————-

13{3,4,3} = 13phiphipsi*kron(V1,V2);
13{4,3,3} = 13{3,4,3};

Ymmmmm30-mmmmmmm

13{4,4,3} = 13phiphipsi*kron(V2,V2);
h————= 31—

13{1,1,4} = n*dvec(d2q11{1,1},1,nu(1)"2);
h————= 32-——————-

%13{1,2,4} = n*dvec(d2q11{1,2},1,nu(1)*nu(2));
13{1,2,4} = sparse(1l,nu(1)*nu(2));
13{2,1,4} = 13{1,2,4}I21;

%#13{1,3,4} = nx*dvec(d2q11{1,3},1,nu(1)*nu(3))*kron(Idim{1},V1);
13{1,3,4} = sparse(1l,nu(1)*(nu(3)-1));
13{3,1,4} = 13{1,3,4}*I3n1;

%13{1,4,4} n*dvec(d2q11{1,3},1,nu(1)*nu(3))*kron(Idim{1},V2);
13{1,4,4} = sparse(1,nu(1));
13{4,1,4} = 13{1,4,4};

h———- 35-———————-
13{2,2,4} = n*dvec(d2q11{2,2},1,nu(2)"2);
Y- 36-—------

13{2,3,4} = n*dvec(d2q11{2,3},1,nu(2)*nu(3))*kron(Idim{2},V1);
13{3,2,4} = 13{2,3,4}*I3n2;

13{2,4,4} = nxdvec(d2q11{2,3},1,nu(2)*nu(3))*kron(Idim{2},V2);
13{4,2,4} = 13{2,4,4};

13{3,4,4} = nxdvec(d2q11{3,3},1,nu(3)"2)*kron(V1,V2);
13{4,3,4} = 13{3,4,4};

13{4,4,4} = n*dvec(d2q11{3,3},1,nu(3)"2)*kron(V2,V2);

% Put them together to get d211_theta wrt theta’ theta’
% Note that K3 = (1/n)*13

df = sum(dims);

K3hat = sparse(df,df"2);

for i=1:3
Ei = make_E(i,dims);
for j=1:3
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Ej = make_E(j,dims);
for k=1:3
Ek = make_E(k,dims);
K3hat = K3hat + (1/n)*Ek*13{i,j,k}*kron(Ei’,Ej’);
end;
end;
end;

?///////////////////////////////////////////////////////////////////
Q Calculate asymptotic quantities:

é The sandwich estimator

pA Expectation of deltal, deltal
?///////////////////////////////////////////////////////////////////
Q Sandwich estimator

h

% fbeta fmu fpsi fep are so that the meat part of the sandwich

% estimator can be found using a matrix multiplication, rather than a
% sum of stuff. Note that diag(wl) = n*Wl

temp = khatrirao(ZSiginv’,ZSiginv’*n*W1);

fbeta = (2/sqrt(n))*khatrirao(ZSiginv’,X’*n*W1);

fmu = (1/sqrt(n))*F1{2}’*temp;

fpsi = (-1/n"1.5)*firstxkron(F1{3}’,dw1{3})*temp;

fep = (1/sqrt(n))*(rho(0,dk,c0) - bO);

F = [ fbeta; fmu; fpsi; fep’ ];

b
% The following is K2hat = E(12)
% zero out parts that have expectation zero.
dumtwo = size(12{2,1},2) + size(12{3,1},2) + size(12{4,13},2);
K2hat = (1/n)*[
12{1,1} zeros(size(12{2,1},1) ,dumtwo);
zeros(size(12{1,2})) 12{2,2} 12{3,2} 12{4,2%};
zeros(size(12{1,3})) 12{2,3} 12{3,3} 12{4,3};
zeros(size(12{1,4})) zeros(size(12{2,4})) 12{3,4} 12{4,4}];

iK2hat = inv(K2hat);

o

% Zero out the parts of Cmeat that have expectation zero.
h

Cmeat = Fx*F’;
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nna = size(fbeta,l);
Cmeat(1:nna,nna+1:end) = zeros(nna,sum(nu)-nna);
Cmeat (nna+1:end,1:nna) zeros (sum(nu) -nna,nna) ;

sandwich_psi_ep = iK2hat*Cmeat*iK2hat’;

% Change over to phi

change = [ speye(nu(1)) sparse(nu(1),nu(2)+nu(3));
sparse(nu(2) ,nu(1)) speye(nu(2)) sparse(nu(2),nu(3));
sparse(nu(3) ,nu(1)+nu(2)) V1 V2 ];

sandwich = change*sandwich_psi_ep*change’;

d2w=12;
d3w=13;

WL 7777777777777777777777777777777777777777777777777777
o

% Expectation of Z2*deltal

pA EZD stands for Expectation of Z2 DO

h

W77 7777777777777777777777777777777777777777777777777777

GG = inv(K2hat)x*F; % inv(K2)*f_k (cols in GG)
G{1} = GG(1:dims(1),:); % G for beta
G{2} = GG(dims(1)+1:sum(dims(1:2)),:); % G for mu
G{3} = GG(sum(dims(1:2))+1:sum(dims(1:3)),:); % G for psi
G{4} = GG(sum(dims(1:3))+1:end,:); % G for psi
for ii=1:4;

for jj=1:4;

EZD{ii,jj} = zeros(dims(jj),1);

end
end
for j=1:n

zj = 2(j,:);

xj = X(G,:)7%;

h Wxx_j = xj*W1(j,j)*xj’;
Wxz_j = xj*W1(j,j)*zj’;
Wzz_j = zj*W1(j,j)*zj’;
SWzzjS = Siginv*Wzz_j*Siginv;

W2Kzz_j = W2(j,j)*Kzz(:,3)’;
W2Kzx_j = W2(j,j)*Kzx(:,3)’;
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h
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Vzz_j = Kzz(:,]j)*W2Kzz_j;
Vxz_j = Kzx(:,j)*W2Kzz_j;
Vxx_j = Kzx(:,j)*W2Kzx_j;

Mxx_j = kron(Siginv,Wxx_j) + 2*Vxx_j;
Mxz_j = kron(Siginv,Wxz_j*Siginv) + Vxz_j;

Mzz_j = kron(Siginv,SWzzjS) + .5*Vzz_j;

First Derivatives

dql_j{1} = -2xvec(Wxz_j*Siginv);
dql_j{2} = -F1{2}’*vec(SWzzjS);
dql_j{3} = -F1{3}’*vec(SWzzjS);

a_j = dq1_j{3%};

Second derivatives
d2q11_j{1,1} = 2xMxx_j;
d2q11_j{2,1} = 2*Mxz_j*F1{2};
d2q11_j{3,1} = 2xMxz_j*F1{3};
d2qi11_j{1,2} = d2q11_j{2,1}’;
d2q11_j{1,3} = d2q11_j{3,1}’;
for 1i=2:3
for jj=2:3
d2q11_j{jj,ii} = -F11{ii,jj}’*kron(Inu{jj},vec(SWzzjS)) + ...
2+¥F1{ii}’*Mzz_j*F1{jj};

end;
end;

% Add parts that only depend on j. Separate for easier error
% checking: Parts that depend on k will be added in next loop

% all with beta at end have expectation of zero.
% Beta’ beta
EZD{1,1} = EZD{1,1} + d2q11_j{1,1}*G{1}(:,j); h(1) (Nj+Nj)*Zg

% mu’ beta
EZD{2,1} = EZD{2,1} + d2q11_j{2,1}*G{2}(:,j);

% psi’ beta
EZD{3,1} = EZD{3,1} + d2q11_j{3,1}*V1*G{3}(:,3);

% eta_psi’ beta
EZD{4,1} = EZD{4,1} + d2qii_j{3, 1}xV2*G{4}(:,3);

% This one also has expectation of zero.
% beta’ mu
EZD{1,2} = EZD{1,2} + d2q1i1_j{1,2}*G{1}(:,});
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% mu’ mu
EZD{2,2} = EZD{2,2} + d2q11_j{2,2}*G{2}(:,3);

% psi’ mu
EZD{3,2} = EZD{3,2} + d2q11_j{3,2}*V1*G{3}(:,j);

% eta_psi’ mu
EZD{4,2} = EZD{4,2} + d2q11_j{3,2}*V2xG{4}(:,j);

firbet = -1/nxfirst;
% beta’ psi
EZD{1,3} = EZD{1,3} + firbet*kron(d2qli_j{1,3},dwi{3})*G{1}(:,j);

% mu’ psi
EZD{2,3} = EZD{2,3} + firbet*kron(d2qll_j{2,3},dwi{3})*G{2}(:,j);

common_j = -1/nxfirst*(kron(d2q11_j{3,3},dw1{3}) + ...
kron(a_j,d2w11{3,3}));

% psi’ psi

EZD{3,3} = EZD{3,3}

+

common_j*V1*G{3}(:,j);

% eta_psi’ psi
EZD{4,3} = EZD{4,3}

<+

common_j*V2*G{4}(:,j);

% beta’ psi
EZD{1,4} = EZD{1,4}

+

-dqi_j{1}’*G{1}(:,j);

% mu’ psi
EZD{2,4} = EZD{2,4}

+

-dql_j{2}’*G{2}(:,j);

% psi’ psi
EZD{3,4} = EZD{3,4}

<+

—a_j’*V1*G{3}(:,j);

% eta_psi’ psi
EZD{4,4} = EZD{4,4}

+

—a_j’*xV2xG{4}(:,]);

end
for i=1:4
SumEZD{i} = zeros(size(EZD{1,i}));
end
for i=1:4
SumEZD{1} = SumEZD{1} + EZD{i,1}; %This should be zero.
SumEZD{2} = SumEZD{2} + EZD{i,2};
SumEZD{3} = SumEZD{3} + EZD{i,3};
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SumEZD{4} = SumEZD{4} + EZD{i,4};

end

E

Z2D0 = sqrt(n)*[ SumEZD{1}; SumEZD{2}; SumEZD{3}; SumEZD{4}];

ED1 = -inv(K2hat)*(EZ2DO + .5*K3hat*vec(sandwich));

exprho.m.

function erhodk = exprho(p,v,b0,c0,k);

o
b
o
h
b
h
h
o
h
o
h
o
h
b
h
b
h
h
h
h
o

C

e

EXPRHO Expected value of the integral of tukey’s bi-weight
function assuming an underlying multivariate-t
distribution

Needed for the computation of kappa when the underlying
distribution is actually multivariate-t, but assumed to
something else.

Inputs
p = dimension of Sigma
v = degrees of freedom of the multivariate t
b0 = S-estimator constant
c0 = S-estimator constant

lpt = initial left point
rpt = initial right point
Outputs

zero = value of kappa

2 = c072;

rhodk = 1/(2%k)*exphk(1l,p,v,k*c2) - .
1/ (2%¥k~2%c2) *exphk(2,p,v,k*c2) + ...
1/(6xk"~3%c074) *exphk (3,p,v,k*c2) + ...
c2/6*(1-exphk(0,p,v,k*c2))-b0;

function ehk = exphk(a,p,v,c);

front = exp(a*log(v) + gammaln(a+p/2) + gammaln(v/2-a) - ...
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gammaln(p/2) - gammaln(v/2));
ehk = frontx*betacdf (c/(v+c),a+p/2,v/2-a);
return;

generate_data.m.

%_
h
% generate_data.m

t

% This routine generates a data set following a multivariate T

% distribution and contaminated with a few points from another

% multivariate T distribution with a different location, but the same
% variance

h

% Generate the data according to the value of kinddata.

/A if kinddata =

% 1 = a mixture of two multivariate T distributions.
A 2 = a mixtures of three multivariate T distributions.
yA 3 = a multivariate T distribution.

o
Y=

kinddata = 3;

% ___________________________________________________

% Generate random multivariate T distribution data.

A —
= (sqrt(v)*randn(n,p)*Sigmah)./sqrt(chi2rnd(v,n,1)*ones(1,p))+X*B_t;

..<

if kinddata == 1,
e
% Add a number of data points with location moved, but variance
% same in each case

N
% A mixture of two distributions with the location shifted in one.
e
points = 1;

J = sample_wor (points,n);

Y(J,:) = Y(J,:) + 4%xX(J,:)*B_t;

elseif kinddata == 2,

% A mixture of three distributions with the location shifted in
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% two of them.

pointsl = 5;
points2 =
J = sample_wor (pointsl+points2,n);
J1 J(1:pointsl);

J2 = J(pointsi+1l:end);

Y(J1,:) = Y(J1,:) + 4xX(J1,:)*B_t;
Y(J2,:) = Y(J2,:) + 40%X(J2,:)*B_t;

end

|
(¢

initial _guess.m.

function [V1,V2,psi] = initial_guess(T1,T2,Z,b0,c0,Gam,beta,phi);

%_ ______________ —_

b

% initial_guess

b

% [V1,V2,psi] = initial_guess(T1,T2,Z,b0,c0,Gam,beta,phi) computes
yA initial guesses for V1, V2, and psi.

h

%  Inputs

yA T1 = Design matrix (models linear relations btwn eigvals)

yA T2 = Design matrix (models exponential relations btwn eigvals)
yA Z = Centered Data Matrix (Y-XB)

b b0 = Constant associated with constraint g

pA c0 = Constant associated with breakdown point

b Gam = Current guess for Eigenvector matrix

yA beta = Current guess for the location parameters

/A phi = Current value for phi.

h
%  Outputs

yA V1l = initial guess for Implicit model matrix
pA V2 = initial guess for Implicit model matrix
yA psi = initial guess for psi

o
b
%_

h
% This computes the initial guesses for V1, V2, and psi

h
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[Siginv,Laminv,D1_lam] = model_lam(T1,T2,1,1,Gam,phi);
[q,dk] = geval(Z,Siginv,b0,c0); %get dk
a = compute_a(b0,c0,Z,Gam,dk,Laminv,D1_lam);

S
% Compute V1 and V2. Let V2 be in R(a). That way a’*V2 I= 0.

% and get initial guess for psi.
S —
V2 = a/norm(a);

Vi null(V2’);

psi = (V1’%V1)\(V1’*phi);

kappa.m.

function zero = kappa(p,v,b0,c0,lpt,rpt);

h

% This solves for kappa given values for p, v, b0, cO, given that the
% root is bound between lpt and rpt.

o

%  Inputs

b p = dimension of Sigma

yA v = degrees of freedom of the multivariate t
b b0 = S-estimator constant

yA c0 = S-estimator constant

b lpt = initial left point

/A rpt = initial right point

h
%  Outputs

yA zero = value of kappa
h

i=1;

n0 = 1000;

tol = le-14;

fa = exprho(p,v,b0,c0,lpt);
step = 1;

while (i < n0) & (step > tol);
mid = (lpt+rpt)/2;
fmid = exprho(p,v,b0,cO,mid);

i=1i+1;
if faxfmid > O,
1pt = mid;

else
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rpt = mid;
end
step = abs(((1lpt-rpt)/2)/mid);

end

zero = mid;

make_E.m.

function E=make E(j,m);

% MAKE_E Make an elementary matrix.

t

% Constructs an elementary matrix needed to put a matrix derivative
%  together. This matrix is the transpose of E in equation 14 of

b (Boik 2002).

a = sum(m(1:j-1));

b = sum(m(j+1:end));

r = n(j);

E = [ sparse(a,r); speye(r); sparse(b,r) 1;

make_F11_mumu.m.

function F11_mumu = make_F11_mumu(tNp,A2,Dp,Dg,Lam,Gam) ;

h

b

% make_F11_mumu

b

% F11_mumu = make_F11_mumu(tNp,A2,Dp,Dg,Lam,Gam) computes the F11
% matrix 472 vec Sig/(d\mu’ \kron d\mu)

o

%  Inputs

b tNp = 2xNp

/A A2 = A2 matrix

% Dp = Duplication matrix of order p
b Dg = Derivative of G wrt mu

yA Lam = Current eigenvalue matrix

b Gam = Current eigenvector matrix

h

%  Outputs

yA F11_mumu = deriv of vecSigma wrt mu’ x mu
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T

h

h
% Computation involving K3 and K4 are quite fast for Matlab 6.1 since
% both are very sparse. If instead, vec(Sig) were in the middle of

% the triple kronecker or Sig instead of Lam, then it would be better
% to just form the triple kroenecker instead of multiplying.

h

p = size(Gam,1);
nu2 = size(Dg,2);
Ip = speye(p);

Ip2 = speye(p~2);

kGamGam = sparse(kron(Gam,Gam)) ;
kDgDg = kron(Dg,Dg) ;

K3 = kron3(Ip, (vec(Ip))’,Ip);

K4 = kron3(Ip,Lam,Ip2);

Dg2part = A2xDp’*K3;

%
% Compute F11_mumu
% Since vec(F11l_mumu) = vec(F2_mumu), then

b
F2_mumu = (tNpxkGamGam)* ((kron(Lam,Ip)*Dg2part-K3*K4)*kDgDg) ;% mu’ mu’
F11_mumu = dvec(vec(F2_mumu) ,p~2*nu2,nu?); % mu mu’

make_F'11_phiphi.m.

function F11_phiphi = make_F11_phiphi(T1,T2,Gam,phi);

h

h

% make_F11_phiphi

h

% F11_phiphi = make_F11_phiphi(T1,T2,Gam,phi) computes the
% F11_phiphi matrix d"2 vec Sig/(d\phi’ \kron d\phi)

b

%  Inputs

yA Tl = Design matrix (models linear relations btwn eigvals)

b T2 = Design matrix (models exponential relations btwn eigvals)
yA Gam = Current eigenvector matrix

pA phi = Current value of phi

T
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%  Outputs
yA F11_phiphi = deriv of vecSigma wrt phi’ x phi
T

h

[p,ql] = size(T1);
nu3 = size(T2,2);

% Grab D2lam from model_lam
[A,B,C,D,D21lam,E] = model_lam(T1,T2,1,1,Gam,phi);
F2_phiphi = sparse(khatrirao(Gam,Gam))*D2lam;

A
%Get F11_phiphi using the relation vec(Fllphi) = vec(F2phi)
b
F11_phiphi = dvec(vec(F2_phiphi),p~2*nu3,nu3); % phi phi’

model_lam.m.

function [Siginv,Laminv,Dl1lam,lam,D2lam,D31lam] = model_lam(T1,T2,...
V1,V2,Gam,psi,ep);

%_
b
% model_lam

b

% [Siginv,Laminv,D1lam,lam,D2lam,D31lam] = model_lam(T1,T2,V1,...

b V2,Gam,psi,ep)
% models lam, Dilam, Laminv, Siginv, given a particular psi and

% eta_psi (ep) or just phi.

b

% If eta_psi (ep) is not passed to the function, then the function
%  assumes that psi is actually phi. Otherwise it assumes that psi
% and eta_psi (ep) are given.

b

% D2lam and D3lam are not computed unless they are specified as

%  return arguments.

h

%  Inputs

b Tl = Design matrix (models linear relations btwn eigvals)

yA T2 = Design matrix (models exponential relations btwn eigvals)
b V1l = Implicit model matrix

yA V2 = Implicit model matrix

/A Gam = Current estimate for Gamma
yA psi = Current estimate for psi
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yA ep = Current estimate for eta_psi
h
%  Outputs
yA Siginv = New estimate of the inverse of Sigma
yA Laminv = New estimate of the inverse of eigenvalue matrix
% Dilam = New derivative of lambda wrt phi
/A lam = New estimate for lambda
% D2lam = New second derivative of lambda wrt phi
b D3lam = New third derivative of lambda wrt phi
o
h
if nargin == 7,
phi = Vixpsi + V2xep;
else
phi = psi;
end

% Derivatives of lambda with respect to phi

o
y/A—

% All derivatives below assume Model 2:

h
h
expp

lam = Tlxexpphi;

Ddum

if nargout == 6,

Dd
D2

lam = Ti1xexp(T2*phi)
hi = exp(T2+*phi);

= khatrirao(expphi’,T1);
Dilam = sparse(Ddum*T2) ;

um2 = sparse(khatrirao(T2’,T2’));
lam = sparse(Ddum*Ddum2’) ;
lam = sparse(Ddum*khatrirao(T2’,Ddum2)’);

rm Siginv(ep) and Laminv_new(ep)

[=}
<
]

inv = spdiag(l./lam);
Gam*xLaminv*Gam’ ;

newguess.m.

T
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% Get a new subsample (a new guess)
A

J = sample_wor(n/2,n);

subsample = Y(J,:);

qgeval.m.

function [q,dk] = qeval(Z,Siginv,b0,c0);

h

/A

% qeval Evaluate the constraint.

b

% [q,dk] = geval(Z,Siginv,b0,c0) Computes the current value of the
%  function q, along with dk.

b

%  Inputs

yA Z = Centered Data Matrix (Y-XB)

b Siginv = Current estimate of the inverse of Sigma
yA bO = Constant associated with constraint q

b c0 = Constant associated with breakdown point

T

%  Outputs

A q = the function q, evaluated at dk

b dk mahalanobis distances of each data point

h

%_
h
%  This computes sqrt(diag(ZxSiginv*Z’)) without computing the off
% diagonal elements. A simple for loop was sufficiently fast for
yA small n, but was not as fast for large n. Here are the timings
%  (in seconds) for 100 iterations:

T

A code

/A n loop diag below
v e el el
b 2 0.1200 0.0800 0.0900
b 4 0.1100 0.0900 0.0900
b 8 0.1400 0.0800 0.0900
b 16 0.2000 0.0900 0.0900
b 32 0.3100 0.0900 0.1000
b 64 0.5700 0.1200 0.1000
b 128 1.0800 0.1700 0.1200
b 256 2.1700 0.4400 0.1500
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h 512 4.2500 1.1800 0.2200

o 1024  8.8800 5.5300 0.3400

h 2048 18.9900  30.2500 0.6000

/A 4096 44.0200 118.2100 1.1100

h

o

dk = sqrt(sum(Z*Siginv.*Z,2)); % fast sqrt(diag(Z*Siginv*Z’))

q = sum(rho(0,dk,c0))/size(Z,1) - bO;

rho.m.

function p = rho(n,t,c0)
o
h
% rho integral of Tukey’s biweight function

h

% p = rho(n,t,c0) returns the rho function and its derivatives, plus
%  the first derivative divided by t, depending on the value given

% for n. In this file, the rho function is the integral of Tukey’s
%  biweight function.

T

%  Inputs

% n = Determines which derivative (or function) to use.
yA t = Data vector

b c0 = Constant associated with the breakdown point.

b

yA Choices for n include

% 0. rho function,

% 1. derivative of the rho function,

yA 1.1 derivative of the rho function divided by t,

% 2. second derivative of the rho function,

% 3. third derivative of the rho function.

b

%  Output

pA p = The value of the function determined by n evaluated at t.

b
Y=

% First fill everything with zeros
p = zeros(size(t));

if n == 0,
w = abs(t);



251

% Fill in spots in p where w<cO

wlc = find(w<c0);

tlc = t(wlc);

tc = (tlc./c0)."2;

p(wlc) = tlc.”2/2.%x(1 - tc + tc.”2/3);
cc = c0°2/6;

p(find (w>=c0)) = cc;

else
%Fill in spots where p is not zero (when t is in the interval[-c0,c0])
notzero = find(t>=-c0 & t<=c0);

switch n
case 1,
p(notzero) = t(notzero).*(1-(t(notzero)/c0).72).72;
case 1.1,
p(notzero)
case 2,
tcnz = (t(notzero)/c0)."2;
p(notzero) = (1-tcnz).*(1-5*tcnz);
case 3,
tcnz = (t(notzero)/c0)."2;
p(notzero) = (-4*t(notzero)/c072).*(3-5*tcnz);
otherwise
error(’n not valid’);

(1-(t(notzero)/c0).72).72;

end;
end;

robust_load.m.

% _____________________________________________________________________

% robust_load.m

% Loads all constant matices and the true parameters for the

yA model in preparation to running generate_data.m Used for

pA simulations.

b
R —————.
m=1[21117]; JMultiplicity vector.

p = sum(m); %Dimension of the problem (size of Sigma).
d = 1; %Number of cols in X.

v = 13; %df for chi-square.
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n = 200; %sample size.
[Dg,A1,A2,L,Dp]= constantmatrices(m); %Constant matrices.

if s_estim==1,
bdp = .25; /#Breakdown point (Used for s-estimators)
[b0,c0] = solve_cO(p,bdp);

end

S ——
% M is a matrix that will duplicate rows of T1 according to the
% specified multiplicity vector m. avg is the moore penrose
% inverse of M. M*inv(M’*M)*M’*lam = lam with correct multiplicities.
A
M=[];
avgi=[];
for i=1:length(m);

M=[Mrepmat(i,1,m(i)) 1;

avgi = [ avgi repmat(1/m(i),1,m(i)) 1;
end;
M = sparse(dummyvar (M)) ;%Simple multiplicity structure.
avg = (spdiag(avgi)*M)’;%inv(M’*M)*M’ (Used to calculate estimates

% for eigenvalues. It averages eigenvalues)

S —
% Model 2 for eigenvalues lam = Tilxexp(T2*phi)
h
% Construct Tl to order the distinct eigenvalues (Assumes for the
% simulations that nu(3) is the same as the number of distinct
% eigenvalues)

nu = [ p*d; (p~2-m’#m)/2; length(m)]; %For nu(3) = # of distinct
%eigenvalues

T1 = Mxfliplr(triu(ones(nu(3),nu(3))));

ql = size(T1,2);

T2 = speye(ql);

% Calculate true parameters below:
2
% Calculate true values for the eigenvalues

% _______________________

lam_t = [ 30 10 1 1’ htrue values for eigenvalues.

phi_t = inv(T2’*T2)*T2’*log(inv(T1’*T1)*T1’*M*lam_t); %(Under Model 2)

% =

% Generate true values for the eigenvectors and covariance matrix.
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% =

%G = randn(p,p); %Generalized eigenvectors.

G = eye(p); %Diagonal Sigma.

G = orth(G®); %0rthogonalize the eigenvectors.
Sigma_t = G*diag(M*lam_t)*G’;%true values for Sigma.

Sigmah = sqrtm(Sigma_t); %Symmetric square root.

% ______________ —_

% Generate true values for location parameters and

yA generate a design matrix

yA

%X = unidrnd(4,n,d); %Design matrix.

%B_t = unidrnd(4,d,p); %true values of the location parameters.
%B_t = diag(l:d)*ones(d,p);

X = ones(n,1); Y%means model

B_t = 1:p; Jmeans model

d = size(X,1);

sample_wor.m.

function Sample = sample_wor(ss,ps);

% SAMPLE_WOR Sample without replacement

h

%  Sample = samplewor(ss,ps) selects a sample without
% replacement. Written by R. J. Boik

h

%  Inputs
yA Ss = sample size
b ps = population size

h
%  Outputs
yA Sample = random sample of size ss from a population of ss
% (without replacement)
b
clear Sample;
r = [1:ps]’;
out = [];
for j = 1:ss;
kk = unidrnd(length(r));
out = [out; r(kk)];
r(kk) = [];
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end;
Sample = sort(out);
return

sandwich_sim.m.

e
b

% Find the sandwich estimator for each data set in

% the simulation and the estimator of the bias...
b
o

dwvec = zeros(nsamp,nu(1)+nu(2)+nu(3)-1);
detsandwich = zeros(nsamp,1);

if onlyindex == 1,
endindex = length(indx);
else

endindex = nsamp;
end

for ii=1:endindex
if onlyindex == 1,
iii = indx(ii);
else
iii = ii;
end
[dw,dwl,d2w,d3w,K2{iii},FF{iii},sand{iii},EZ2D0{iii},ED1{iii}] = ...
deriv_w(T1,T2,A1,A2,Dg,YY{iii},X,b0,c0,nu,Gam_sim{iii},
beta_sim{iii},phi_sim{iiil});
dwvec(iii,:) = [ dw{1}’ dw{2}’ dw{3}’ 1;
detsandwich(iii) = det(sand{iiil});
end;

o
% Check to see if a minimizer was actually found
yA If not, run the simulation again.
o
norms = [];
for jj=1:nsamp
norms = [norms; norm(dwvec(jj,:))];
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end

indx = find(norms/n > le-6);

o
% This takes the simulated data finds empirical results which will be
% comapred to theoretical results

h

betavec = zeros(usamp,nu(1));
muvec = zeros(nsamp,nu(2));
psivec = zeros(msamp,nu(3)-1);
phivec = zeros(nsamp,nu(3));

for iii=1:nsamp
betavec(iii,:) = beta_sim{iii}’;
muvec(iii,:) = mu_sim{iiil}’;

phivec(iii,:) = phi_sim{iii}’;

psivec(iii,:) = psi_sim{iii}’;
end
thetavec = [betavec muvec phivec]; %muvec should be zeros.
covarSim = n*(thetavec’*thetavec - thetavec’*ppo(ones(nsamp,1))*

thetavec)/(nsamp-1) ;

e
2

% Find the average sandwich estimator.

h
R EEE———..

sandavg = zeros(size(covarSim)) ;
Edl = zeros(size(ED1{1}));

for ii=1:nsamp
sandavg = sandavg + sand{iil};
Edl = Edl + ED1{ii};

end

sandavg = sandavg/nsamp;

Edl = Edl/nsamp;

kap = kappa(p,v,b0,c0,.1,20);
Sigstar = kap*Sigma_t;



[GO,L0,dum]
kaplam_t =
kapphi_t =

thetavec_t

emp_bias =
theo_bias =

sandavg
covarSim

emp_bias
theo_bias
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= svd(Sigstar);
M*avgxdiag(sparse(L0));
inv (T2’ *T2)*T2’*1og(inv(T1’*T1)*T1’ *kaplam_t) ;

= [ vec(B_t); zeros(nu(2),1); kapphi_t ];

(mean(thetavec)’ - thetavec_t);
1/n*xEd1;

satisfy_constraint.m.

function [a,V1,V2,phi,psi,eta_psi,lam,D1_lam,dk,Wl,Wzz]= ...

h
o
h
o
h
o
h
b
h
h
h
h
o
h
o
h
o
b
o
h
b
h
h
h
h

satisfy_constraint(T1,T2,V1,V2,Z,b0,c0,Gam,beta,phi,psi);
satisfy_constraint
[a,V1,V2,phi,psi,eta_psi,lam,D1_lam,dk,Wl,Wzz]= ...

satisf

y_constraint(T1,T2,V1,V2,Z,b0,c0,Gam,beta,phi,psi) takes a

given value of psi, solves for eta_psi, and updates all values
returned.
Inputs

Tl = Design matrix (models linear relations btwn eigvals)

T2
Vi
V2
Z

Outputs
a
Vi

= Design matrix (models exponential relations btwn eigvals)
= Implicit model matrix

= Implicit model matrix

= Centered Data Matrix (Y-XB)

= Constant associated with constraint q

= Constant associated with breakdown point

= Current guess for Eigenvector matrix

= Current guess for the location parameters

= Current value for phi.

= Current value for psi.

= current value for dq/dphi
estimate for Implicit model matrix
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yA V2 = estimate for Implicit model matrix

yA phi = estimate for phi (That satisfies the constraint)

yA psi = estimate for psi (That satisfies the constraint)

% eta_psi = estimate for eta_psi (That satisfies the constraint)
yA lam = estimate for lambda

% D1_lam = derivative of phi wrt lambda.

b dk = current value for dk’s

yA Wi = current value for (1/mn)*diag(rho(1) (dk)/dk)

h Wzz = Z7*W1xZ

o
h

eta_psi = solve_eta_psi(T1,T2,V1,V2,Gam,b0,c0,Z,phi,psi);
phi = sparse(V1i*psi + V2*eta_psi); %phi that satisfies the constraint

[Siginv,Laminv,D1_lam,lam] = model_lam(T1,T2,V1,V2,Gam,psi,eta_psi);
[q,dk] = qeval(Z,Siginv,b0,c0);
[a,W1l,Wzz] = compute_a(b0,c0,Z,Gam,dk,Laminv,D1_lam);

R I ——————.—.,

% Recompute V1 and V2 so that V2 is the unit vector in the same

% direction of a. Also V1’%V2 = 0 and V1’x*V1 = I.

% Recompute psi and eta_psi using the new V1 and V2;

R I ————————.,.

V2 a/norm(a) ;

V1 = null(V2’);

psi = sparse((V1’*V1)\(V1’*phi));

eta_psi = (V2°*V2)\(V2’*phi); Ysolve_eta_psi is only used when phi
%does not satisfy the constraint.

simulation.m.

o

% Perform a simulation.

o

% This generates nsamp data sets, and finds the S-estimators. It

% saves the data in the _sim variables below.

h

% To solve for the $S$-estimators for particular data sets, specify
% their indicies in the vector indx. Further, specify onlyindex = 1
% to use this.
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T

nsamp = 1000;

if onlyindex == 1,
endindex = length(indx);
else
endindex = nsamp;
end

for iiii=1:endindex

if onlyindex == 1,
ii = indx(iiii);
Y = Yy{ii};

else
ii = iiii;
generate_data

end

solve_s_estimate_sim

% Keep all these
YY{ii} = Y;
S_sim{ii} = S_min;
Gam_sim{ii} = Gam_min;
lam_sim{ii} = lam_min;
beta_sim{ii} = beta_min;
mu_sim{ii} = mu_min;
psi_sim{ii} = psi_min;
phi_min = inv(T2’*T2)*T2’*log(inv(T1’*T1)*T1’*lam_min) ;
phi_sim{ii} = phi_min;
end;

Smultivar.m.

function res= Smultivar(x,nsamp,bdp);

R EE————————.,.
%

(]

% Smultivar S-estimates of multivariate location and scatter

%

(]

% res = Smultivar(x,nsamp,bdp) computes biweight S-estimator for
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% location/scatter with algorithm of Ruppert. Recevied by
% S.K. Hyde from Christophe Croux.
T

%  Inputs

yA X :a data matrix. Rows of the matrix represent observations,
% columns represent variables.

b nsamp :The number of random p-subsets considered.

% bdp :Breakdon value of the S-estimator.

/A
%  Outputs

% mean :vector of estimates for the center of the data.

% cov :matrix of estimates for the scatter of the data.

% mah :vector of robust distances versus the mean and covariance.
% scale :distance scale estimate.

b
R R N—————————.,
tol=le-5;

seed=now;

s=10e10;

[n,pl=size(x);
[c,k]=multivarpar (p,bdp) ;
la=1;

for loop=1:nsamp
fprintf (’Iter= %5.0f\b\b\b\b\b\b\b\b\b\b\b’,loop);
[ranset,seed] =randomset (n,p+1,seed);
xj=x(ranset,:);
mu=mean (xj) ;
xjcenter=xj-repmat (mu,p+1,1);
cov=(xjcenter’*xjcenter)/(p+1);
determ=det (cov) ;
if determ > le-15
if determ”(1/p)> le-5
cov=(determ”(-1/p)) .*cov;
if loop > ceil(nsamp/5)
if loop==ceil (nsamp/2)
la=2;
end
if loop==ceil (nsamp=*(0.8))
la=4;
end
[random, seed]=uniran(seed) ;
random=random”1la;
mu=random*mu+(1-random) *muopt;
cov=random*cov+(1-random) *covopt;
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end

determ=det (cov) ;

cov=(determ” (-1/p)) .*cov;

md=mahalanobis(x,mu,cov,n,p);

md=md. "~ (1/2);

if mean(rhobiweight(md/s,c))<k
if s<5e10

s=sestck(md,s,c,k,tol);
else
s=sestck(md,0,c,k,to0l);

end
muopt=mu;
covopt=cov;
mdopt=md;
psi=psibiweight (md,s*c);
u=psi./md;
ubig=repmat(u’,1,p);
mu=mean (ubig.*x) ./mean(u) ;
xcenter=x-repmat (mu,n,1);
cov=((ubig.*xcenter) ’*xcenter) ;
cov=(det(cov)~(-1/p)) .*cov;

okay=0;
Jji=1
while ((jj<3)&(okay~=1))
33=3i+1;
md=mahalanobis(x,mu,cov,n,p);
md=md." (1/2);
if mean(rhobiweight(md/s,c))<k
muopt=mu;
covopt=cov;
mdopt=md;
okay=1;
if s<bel0
s=sestck(md,s,c,k,tol);
else
s=sestck(md,0,c,k,tol);
end
else
mu= (mu+muopt) /2;
cov=(cov+covopt) ./2;
cov=(determ” (-1/p)) .*cov;
end
end
end

end
end
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end
covopt=s~2*covopt;
mdopt=mdopt/(s"2) ;
res.mean=muopt;
res.cov=covopt;
res.mah=mdopt;
res.scale=s;

function rho=rhobiweight(x,c)

% Computes Tukey’s biweight rho function met constante c voor alle
% waarden in de vector x.

hulp=x."2/2-x.74/(2*c"2)+x."6/(6%c"4);
rho=hulp.*(abs(x)<c)+c"2/6.*(abs(x)>=c);

function psi=psibiweight(x,c)

% Computes Tukey’s biweight psi function met constante c voor alle
% waarden in de vector x.

hulp=x-2.*x.73/(c"2)+x.75/(c"4);
psi=hulp.*(abs(x)<c);

function scale=sestck(x,start,c,k,tol)

% Computes Tukey’s biweight objectief function (schaal)
% corresponderend met de mahalanobis distances x.

if start>0
s=start;
else
s=madnoc(x) ;
end
crit=2*tol;
rhoold=mean(rhobiweight (x/s,c))-k;
while crit>=tol
delta=rhoold/mean(psibiweight (x/s,c) .*(x/(s72)));
isqu=1;
okay=0;
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while ((isqu<10) & (okay~=1))
rhonew=mean (rhobiweight (x/ (s+delta),c))-k;
if abs(rhonew) < abs(rhoold)
s=st+delta;
okay=1;
else
delta=delta/2;
isqu=isqu+l;
end
end
if isqu==10;
crit=0;
else
crit=(abs(rhoold)-abs(rhonew))/(max([abs(rhonew),tol]));
end
rhoold=rhonew;
end
scale=abs(s);

% ____________________________________________________________________

function mad=madnoc(y)

y=abs(y);

[n,pl=size(y);

if ((n==1) & (p>1))
y=y’s
[n,pl=size(y);

end

if floor(n/2)==n/2
0dd=0;

else
odd=1;

end

y=sort(y);

if odd==
mad=y((n+1)/2,:);

else
mad=(y(n/2, :)+y(n/2+1,:))/2;

end

mad=mad/0.6745;

function mah=mahalanobis(dat,meanvct,covmat,n,p)
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% Computes the mahalanobis distances.

for k=1:p
d=covmat (k,k) ;
covmat (k, : )=covmat (k, :)/d;
rows=setdiff(1:p,k);
b=covmat (rows, k) ;
covmat (rows, : )=covmat (rows, :) -b*xcovmat (k, :);
covmat (rows,k)=-b/d;
covmat (k,k)=1/d;
end

hlp=dat-repmat (meanvct,n,1);
mah=sum (hlp*covmat.*hlp,2)’;

function [random,seed]=uniran(seed)
% The random generator.

seed=floor (seed*5761)+999;
quot=floor(seed/65536) ;
seed=floor(seed)-floor (quot*65536) ;
random=seed/65536.D0;

function [ranset,seed] = randomset(tot,nel,seed)

for j = 1l:nel
[random, seed]=uniran(seed) ;
num=floor (random*tot)+1;
if § > 1
while any(ranset==num)
[random,seed]=uniran(seed);
num=floor (random*tot)+1;
end
end
ranset (j)=num;
end
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function [c,k]=multivarpar (p,bdp)

if p>51
error(’p too big’)

end

if ((bdp~=0.15)&(bdp~=0.25)&(bdp~=0.5))
error(’bdp is not 0.15, 0.25 or 0.5°)

end
x1=[ 1.0000000, 4.0962619, 0.41948293;
2.0000000, 5.9814734, 0.89444920;
3.0000000, 7.3996298, 1.3688621;
4.0000000, 8.5863179, 1.8431200;
5.0000000, 9.6276998, 2.3173143;
6.0000000, 10.566886, 2.7914766;
7.0000000, 11.429124, 3.2656205;
8.0000000, 12.230705, 3.7397528;
9.0000000, 12.982879, 4.2138775;
10.000000, 13.693790, 4.6879967;
11.000000, 14.369570, 5.1621121;
12.000000, 15.014961, 5.6362244;
13.000000, 15.633727, 6.1103345;
14.000000, 16.228918, 6.5844428;
15.000000, 16.803037, 7.0585497;
16.000000, 17.358176, 7.5326554;
17.000000, 17.896101, 8.0067601;
18.000000, 18.418323, 8.4808640;
19.000000, 18.926139, 8.9549674;
20.000000, 19.420681, 9.4290700;
21.000000, 19.902938, 9.9031723;
22.000000, 20.373782, 10.377274;
23.000000, 20.833987, 10.851375;
24.000000, 21.284245, 11.325476;
25.000000, 21.725172, 11.799577;
26.000000, 22.157327, 12.273678;
27.000000, 22.581213, 12.747778;
28.000000, 22.997287, 13.221878;
29.000000, 23.405964, 13.695978;
30.000000, 23.807628, 14.170078;
31.000000, 24.202628, 14.644178;
32.000000, 24.591281, 15.118277;
33.000000, 24.973889, 15.592377;
34.000000, 25.350722, 16.066476;
35.000000, 25.722034, 16.540575;
36.000000, 26.088063, 17.014674;
37.000000, 26.449026, 17.488774;
38.000000, 26.805129, 17.962872;
39.000000, 27.156563, 18.436971,;
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.000000,
.000000,
.000000,
.000000,
.000000,
.000000,
.000000,
.000000,
.000000,
.000000,
.000000,
.000000,

.0000000,
.0000000,
.0000000,
.0000000,
.0000000,
.0000000,
.0000000,
.0000000,
.0000000,

.000000,
.000000,
.000000,
.000000,
.000000,
.000000,
.000000,
.000000,
.000000,
.000000,
.000000,
.000000,
.000000,
.000000,
.000000,
.000000,
.000000,
.000000,
.000000,
.000000,
.000000,
.000000,
.000000,
.000000,
.000000,
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503506,
846127,
184583,
519024,
849586,
176405,
499602,
819296,
135600,
448618,
758450,
065193,
370207,
274441,
280753,
426144,
422688,
618713,
215425,
341642,
085671,

.351124,
.866613,
.358720,
.830369,
.283917,
.721300,
.144134,
.553779,
.951402,
.337999,
.714441,
.081488,
.439811,
.790003,
.132596,
.468063,
.796829,
.119283,
.435774,
. 746620,
.052117,
.352525,
.648098,
.939056,
.225612,
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18.911070;
19.385169;
19.859268;
20.333366;
20.807465;
21.281564;
21.755662;
22.229760;
22.703859;
23.177957;
23.652055;
24.126154;];

0.35941939;
0.81676061;
.2733169;
.T294679;
.1854354;
.6413078;
.0971245;
.5529061;
.0086639;
.4644050;
.9201340;
.3758537;
.8315664;
.2872737;
.T429765;
.1986756;
.6543716;
.1100654;
.5657571;
.0214468;
.A771351;
.9328219;

.388508;
.844193;
.299877;
.755559;
.211242;
.666924;
.122605;
.578286;
.033966;
.489646;
.945325;
.401005;
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.000000, 19.507958, 15.856683;
.000000, 19.786276, 16.312362;
.000000, 20.060733, 16.768040;
.000000, 20.331484, 17.223718;
.000000, 20.598678, 17.679396;
.000000, 20.862450, 18.135074;
.000000, 21.122927, 18.590751;
.000000, 21.380232, 19.046428;
.000000, 21.634477, 19.502106;
.000000, 21.885767, 19.957782;
.000000, 22.134205, 20.413459;
.000000, 22.379886, 20.869136;
.000000, 22.622899, 21.324813;
.000000, 22.863327, 21.780489;
.000000, 23.101255, 22.236165;
.000000, 23.336757, 22.691841;
.000000, 23.569906, 23.147518;]1;
.0000000, 1.5476490, 0.19960105;
.0000000, 2.6608073, 0.58999036;
.0000000, 3.4528845, 0.99353327;
.0000000, 4.0965660, 1.3984860;
.0000000, 4.6520272, 1.8034444;
.0000000, 5.1476889, 2.2082229;
.0000000, 5.5994636, 2.6128313;
.0000000, 6.0172838, 3.0173070;
.0000000, 6.4078219, 3.4216813;
.000000, 6.7758232, 3.8259800;
.000000, 7.1247909, 4.2302194;
.000000, 7.4574119, 4.6344139;
.000000, 7.7757879, 5.0385717;
.000000, 8.0816116, 5.4427012;
.000000, 8.3762589, 5.8468067 ;
.000000, 8.6608745, 6.2508929;
.000000, 8.9364192, 6.6549629;
.000000, 9.2037089, 7.0590192;
.000000, 9.4634436, 7.4630635;
.000000, 9.7162348, 7.8670992;
.000000, 9.9626073, 8.2711260;
.000000, 10.203026, 8.6751445;
.000000, 10.437908, 9.0791581;
.000000, 10.667613, 9.4831645;
.000000, 10.892477, 9.8871675;
.000000, 11.112784, 10.291164;
.000000, 11.328810, 10.695159;
.000000, 11.540789, 11.099149;
.000000, 11.748943, 11.503136;
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30.000000, 11.953472, 11.907121;
31.000000, 12.154556, 12.311102;
32.000000, 12.352368, 12.715081;
33.000000, 12.547061, 13.119059;
34.000000, 12.738776, 13.523034;
35.000000, 12.927649, 13.927007;
36.000000, 13.113801, 14.330979;
37.000000, 13.297347, 14.734950;
38.000000, 13.478391, 15.138918;
39.000000, 13.657036, 15.542886;
40.000000, 13.833375, 15.946852;
41.000000, 14.007493, 16.350818;
42.000000, 14.179471, 16.754782;
43.000000, 14.349388, 17.158745;
44.000000, 14.517318, 17.562708;
45.000000, 14.683326, 17.966669;
46.000000, 14.847478, 18.370630;
47.000000, 15.009834, 18.774590;
48.000000, 15.170451, 19.178549;
49.000000, 15.329387, 19.582508;
50.000000, 15.486692, 19.986466;
51.000000, 15.642414, 20.390424;];
if bdp==0.15
c=x1(p,2);
k=x1(p,3);
elseif bdp==0.25
c=x2(p,2);
k=x2(p,3);
elseif bdp==0.5
c=x3(p,2);
k=x3(p,3);
else
c=0;
k=0;
end
solve_LS.m.

% solve_LS.m

h

% This file uses the Least Square estimate for S and B as the
yA initial guess for S and B in the function solve_sest.m.

h
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% Generate initial guesses for Sigma and beta
S = Y’*(eye(n)-ppo(X))*Y/(n-rank(X));
beta = vec((X’*X)\(X’*Y));

% initial guesses for GO, lam, phi.

[GO,L0,dumm] = svd(S); %Spectral decomp (symmetric matrix)
lam = M*avg*diag(sparse(L0O)); %Avg multiple eigenvalues.

phi = inv(T2’*T2)*T2’*1log(inv(T1’*T1)*T1’*lam); % (Under Model 2)

[S_LS,Gam_LS,Lam_LS,B_LS,throwout ,normdw,beta_LS,mu_LS,psi_LS] = ...
solve_sest(T1,T2,A1,A2,Dp,Dg,nu,b0,c0,X,Y,lam,GO,beta,phi,output) ;

solve_c0.m.
function [b,c,iter] = solve_cO(p,r);
%_
yA
% solve_cO Solve for the constants b0 and cO.
yA
% [b,c,iter] = solve_cO(p,r) solves for the constants b0 and cO in

% S-estimation under the assumption that the underlying distribution
yA is normal, and using the integral of Tukey’s bivariate function as
%  the rho function

T

%  Inputs
yA p = dimension of data
% r = asymptotic breakdown point

/A
%  Outputs

h b = the constant b_0
% c = the constant c_0
b iter = the number of iterations to convergence

h
h

i=1:3;
tol = 1le-13;
pvec = exp(i*log(2)+gammaln(p/2+i)-gammaln(p/2));

% Bound the root between lp and rp. Since the smallest cO can be is
% when the bdp is 50%, then any number for 1lp less than 1.547 will do.
h

lp = 1.5; %The initial left point

rp = 1p;
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lsign = 6*%b_0(lp,p,pvec)/1lp~2 - r;
sign = lsign;

while sign*lsign > O,
rp = 2%*rp;
[b,db] = b_0(rp,p,pvec);
sign = 6*b/rp”2 - r;

end

o
% Now begin the routine to find the root. Use either newton or
%  bisection

h

c = rp;
iter = 0; J%count the iterations
stop = 1; %norm(step) > tol (initially)

while norm(stop) > tol,
iter = iter + 1;
c_new = c;

top = 6*b-r*c”2;
bot 6*cxdb-12%Db;

% If bot is not zero, then use a newton-step. Otherwise, force
% c_new to be outside the interval.
if abs(bot) > 1le-2,
stop = c*top/bot;
c_new = c_new - stop;
else
c_new = 1lp - .2;
end

A
% Update c
% if it’s in the interval, use the newton-step,
% otherwise use the midpoint of the interval.
in_interval = (lp <= c_new) & (c_new <= rp);
if in_interval;

Cc = c_new;
else

c = (lp+rp)/2;

stop = (rp-1lp)/2; Y%stop criterion for bisection
end

h

% Make a new lp or rp.
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YA

[b,db] = b_0(c,p,pvec);
sign = 6*b/c"2 - r;

if sign*lsign > O,

1p = c;

lsign = sign;
else

Ip = C;
end

% string = ’[%6.4e %6.4e %6.4e] stop=%6.4e\n’;
% fprintf(string,lp,c,rp,stop);
% pause

end;

o
Y=

function [b,db] = b_0(c,p,pvec)

o

% Evaluative the function b and the derivative of b for a given value
% of c.

h

i=1:3;
cs = c72;
con = pvec./([2 -2%cs 6*cs"2]);

ccdf0 = chi2cdf(cs,p);
cpdf0 = chi2pdf(cs,p);
cpdf = chi2pdf(cs,p+2*i);
ccdf = chi2cdf(cs,p+2xi);

b = con*ccdf’ + cs/6%(1-ccdf0);

db = 2*c*xcon*cpdf’ + con(2:3)*diag([-2 -4]/c)*ccdf(2:3)° + ...
c/3%(1-ccdf0) - c~3/3*cpdf0;

return;

solve_dq_betamu.m.

function [Gam,beta,q,stop,mu] = ...
solve_dq_betamu(T1,T2,A1,A2,Dp,tNp,Dg,nu,b0,c0,X,Y,lam,Gamn, ...
beta,varargin);
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%_
A
% solve_dq_betamu Solve dq_betamu = O

b

% [Gam,beta,q,stop,mu] =

% solve_dq_betamu(T1,T2,A1,A2,Dp,tNp,Dg,nu,b0,c0,X,Y,lam,Gam,beta) ;
/A

% This will solve part of the S estimation problem, with first

% minimizing the function q = avg(rho(dk)) - b0 with respect to beta
% and mu, keeping the eigenvalue parameters (psi) constant.

h

%  Inputs
pA T1 = Design matrix (models linear relations btwn eigvals)
yA T2 = Design matrix (models exponential relations btwn eigvals)
pA A1l = Matrix associated with mu
yA A2 = Matrix associated with eta
pA Dp = Duplication matrix (dup.m)
/A tNp = 2#Np (ppo of space of symmetric matrices)
pA Dg = Derivative of vecG wrt mu
/A nu = vector containing sizes of beta, mu, phi
pA b0 = Constant associated with constraint q
/A c0 = Constant associated with breakdown point
yA X = Design Matrix (location parameters)
b Y = Data Matrix Y
yA lam = Current guess eigenvalues
b Gam = Current guess for Eigenvector matrix
yA beta = Current guess for the location parameters
yA varargin = output indicator variable
b 1 = ouput iterations
pA 0 or blank = don’t output iterations
h
%  Outputs
b Gam_est = new estimate of the Eigenvector matrix
yA beta = new estimate of beta
b q = q evaluated at psi
yA stop = convergence criterion
b mu = new estimate of mu
h
2
if nargin == 16,
output = varargin{1};
else
output = 0;

end
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%
% Constants

T

tol = 1e-10;
iter = 0;

p = size(T1,1);
d size(X,2);
n = size(Y,1);

b

% Constant Matrices

A

Ip = speye(p);

Inu2 = speye(nu(2));

Lam = spdiag(lam);

Laminv = spdiag(l./lam);

kLamIp = kron(Lam,Ip);

tNpkLamIpDg = tNp*kLamIp*Dg;

KL = kron3(Ip,vec(Lam)’,Ip);

Dg2 = A2#Dp’*kron3(Ip,vec(Ip)’,Ip);
second = tNp*(kLamIp*Dg2-KL)*kron(Dg,Dg) ;

stop = 1;

if output == 1,
strl = strcat(’Stage 1 - Solve dq/dbetamu = O\n’,dashes(30),’\n’);
fprintf (strl);

end

while (stop > tol) & (iter < 100),

iter = iter + 1;

h

% Next guess for theta (Always start with a column of zeros for
b mu)

ot
=
)
ct
)
-
]

[ beta; zeros(nu(2),1) 1;
Gam*xLaminv*Gam’ ;

w0

-
g

-
=}
<
]

%
% Construct F1l_mumu and F1_mumu

A

% The next line is the same as (but cheaper)
% Fil_mu = tNpxkron(Gam,Gam)*kron(Lam,Ip)*Dg;
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kGamGam = sparse(kron(Gam,Gam)) ;
F1{2} = kGamGam*tNpkLamIpDg;

% The next line is the same as (but cheaper)

%  F2_mumu = tNp*kron(Gam,Gam)*(kron(Lam,Ip)*Dg2-KL)*kron(Dg,Dg) ;
F2{2,2} = kGamGam*second;

F11{2,2} = dvec(F2{2,2},p"2*nu(2) ,nu(2));

%

% Construct dk, W1, and wk

yA

Z = Y-X*dvec(beta,d,p);

[q,dk] = geval(Z,Siginv,b0,c0);

W1l = (1/n)*spdiag(.5*rho(1.1,dk,c0)); %diag(rho(dk)/dk)
W2 = spdiag((rho(2,dk,c0)-rho(1.1,dk,c0))./(4*n*dk."2)); %in the V’s

%Construct W and V matrices

Wxx = X’*xW1x*X;
Wxz = X’*W1*Z;
Wzz = Z’*W1*Z;

% This code takes an average of .1432 seconds per iteration,
% whereas the code below it computing Vzz,Vxz,Vxx takes .0071
% seconds per iteration, a much improved time

b

% Vxx = sparse(pxd,pxd);

% Vxz = sparse(p*xd,p~2);

% Vzz = sparse(p~2,p~2);

% for k=1:n

YA x = X(k,:)’;

% zpiS = (Z(k,:)*Siginv)’;

yA xk_star = vec(x*zpiS’);

% zk_star = vec(zpiS*zpiS’);

% Vxx = Vxx + xk_starkwk(k)*xk_star’/n;
% Vxz = Vxz + xk_star*wk(k)*zk_star’/n;
% Vzz = Vzz + zk_star*wk(k)*zk_star’/n;
% end

A

ZSiginv = Z*Siginv;

Kzz = khatrirao(ZSiginv’,ZSiginv’);
Kzx = khatrirao(ZSiginv’,X’);

W2Kzz = W2xKzz’;

Vzz = Kzz*xW2Kzz;
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Vxz Kzx*W2Kzz;

Kzx*W2*xKzx’ ;

Vxx

% ___________________________________________________
YA

% Compute derivative dql_thetal

yA

WxzS = Wxz*Siginv;

SWzzS = Siginv*Wzz*Siginv;
dql_1 = -2*vec(WxzS);

dql_2 = -F1{2}’*vec(SWzzS);
dgql = [ dqi_1 ; dqi1_2 1;

b
% Compute second derivate d2ql1_(dthetal x dthetal’)
b

d2q11_11 = 2x(kron(Siginv,Wxx) + 2xVxx);
d2q11_21 = 2x(kron(Siginv,WxzS) + Vxz)*F1{2};
d2q11_22 = -F11{2,2}’*kron(Inu2,vec(SWzzS)) + 2*F1{2}’* ...

(kron(Siginv,SWzzS) + .5*Vzz)*F1{2};
d2q11 = [ d2qli_11 d2q11_21; d2ql1_21° d2qi1_22 J;

.,

b

% Make update to thetal

b

step = -d2q11\dql;

% If it’s not a descent direction, then use

% steepest descent step.

if (dql’*step > 0) | (abs(dql’*step)>1leb),
step = -dql*(norm(step)/norm(dql));

end

thetal_new = thetal + step;

b
% If max(abs(mu)) < 0.2 continue normally, otherwise force max of
% mu to be 0.2. (Change step also also).)
YA
mu = thetal_new(nu(l)+1:end);
maxmu = max(abs(mu)) ;
if maxmu > .05
alpha = .05/maxmu;
step_new = alpha*step;
thetal_new = thetal + step_new;
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mu = thetal_new(nu(l)+1:end);
end;
stop = sqrt(abs(dql’*step));

yA

%Form current estimates for beta and G
%

beta_new = thetal_new(1l:nu(l));

eta = solve_eta(Al,A2,mu);

G = dvec(Al*mu+A2*eta,p,p);

h

% Estimate matrices

h

Gam_new = Gam*G;

Siginv = Gam_new*Laminv*Gam_new’;

0
/A
% Iteration output

b

if output == 1,
str =’ It#%3.0f, max(mu)=%6.4e, stop=/6.4e, q=%6.4g\n’;
fprintf (str,iter,maxmu,stop,q);

end

% Update Gam and beta
Gam = Gam_new;
beta = beta_new;

end

B_est = dvec(beta,d,p);

%_

function dash = dashes(n);

/A

% returns a string with n dashes
/A

dash = char(45%ones(1,n));
return;

solve_dw _psi.m.
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function [lam,phi_new,q,stop,throwout,psi] = ...
solve_dw_psi(T1,T2,nu,b0,c0,X,Y,Gam,beta,phi,varargin) ;

h
h
% solve_dw_psi  Solve dw/dpsi = 0
o
% [lam,phi_new,q,stop,throwout,psil
% = solve_dw_psi(T1,T2,nu,b0,c0,X,Y,Gam,beta,phi)
h
% This function gives the s-estimators for the location and the
%  eigenvectors and eigenvalues for the model Y = XB + E, where
% Disp(Y) = I x alphax*Sig
t
%  Inputs
yA T1 = Design matrix (models linear relations btwn eigvals)
yA T2 = Design matrix (models exponential relations btwn eigvals)
b Vi = Implicit model matrix
/A V2 = Implicit model matrix
pA Z = Centered Data Matrix (Y-XB)
/A b0 = Constant associated with constraint g
pA c0 = Constant associated with breakdown point
/A Gam = Current guess for Eigenvector matrix
yA beta = Current guess for the location parameters
/A phi = Current value for phi.
yA psi = Current value for psi.
b varargin = output indicator variable
yA 1 = ouput iterations
% 0 or blank = don’t output iterations
h
%  Outputs
b lam = updated estimate of lam
% phi_new = updated estimate of phi
b q = q evaluated at psi
yA stop = convergence criterion
b throwout = Was convergence reached?
yA psi = updated estimate of psi
o
%  For Model found in make_F11 phiphi.m only!
2
%_
if nargin == 11,
output = varargin{1};
else

output = 0;
end
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yA

% Constants

yA

tol = le-11;
toll = 1le-5;

P size(T1,1);
d size(X,2);
n = size(Y,1);
stop = 1;

h

% Constant Matrices

h

T1 = sparse(T1);

T2 = sparse(T2);

G = sparse(p,p);

Ip = speye(p);

Inu3ml = speye(nu(3)-1);
Inu3 = speye(nu(3));
B_est = dvec(beta,d,p);
Z =Y - X*B_est;

[V1,V2,psi]=initial_guess(T1,T2,Z,b0,c0,Gam,beta,phi);

[a,V1,V2,phi,psi,eta_psi,lam,D1_lam,dk,Wl,Wzz]= ...
satisfy_constraint(T1,T2,V1,V2,Z,b0,c0,Gam,beta,phi,psi);

step = 1;

iter = 0;

throwout = O;

Siginv = Gam*spdiag(1l./lam)*Gam’;

N e ——————
h

yA Main branch for minimizing w = 1n(det(Sigma)) wrt psi while
% beta and mu are constant
yA
S —
if output == 1,
str2 = strcat(’Stage 2 - solve dw/dpsi = O\n’,dashes(27),’\n’);
fprintf (str2);

end
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while (stop > tol) & (iter < 500) & (throwout == 0);

F1{3} = khatrirao(Gam,Gam)*D1_lam; %Same as kGamGam*L*D1_lam;
P1{3} Vi; %V1 - V2xinv(a’*V2)*a’*V1;
F11{3,3} = make_F11_phiphi(T1,T2,Gam,phi) ;%Depends on MODEL!!!!

W2 = spdiag((rho(2,dk,c0)-rho(1.1,dk,c0))./(4*n*dk."2));

% This code takes an average of .0987 seconds per iteration,

% whereas the code below it computing Vzz takes .0077 seconds per
% iteration, a much improved time

h

% Vzz = sparse(p”2,p~2);

% for k=1:n

% zpiS = (Z(k,:)*Siginv)’;

yA vzz = vec(zpiS*zpiS’);
% Vzz = Vzz + vzzxww(k)*vzz’/n;
% end;

Z5iginv = Z*Siginv;
Kzz = khatrirao(ZSiginv’,ZSiginv’);
Vzz = Kzz*xW2%Kzz’; Y, perform the sum using matrix multp.

(inv(V2’*a)*V2’ ) * (F1{3}’*vec(Siginv)) ;
Siginv*Wzz*Siginv;

templ
SWzzS
SS = kron(Siginv,Siginv);

Mzz = kron(Siginv,SWzzS) + .5*Vzz;

d2w11{3,3} = F11{3,3}’*kron(InuB,vec(Siginv)) - F1{3}’*SS*F1{3};
d2q11{3,3} = -F11{3,3}’*kron(Inu3,vec(SWzzS)) + 2+F1{3}’*Mzz*F1{3};

d2u{3,3} = -P1{3}’*(d2q11{3,3}*P1{3}*templ - d2w1l{3,3}*P1{3});
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0,

» Update psi first, then everything else

% We’re approaching a boundary on the parameter space.

% out!
if cond(d2w{3,3}) > 1lelb
d2w{3,3} = eye(size(d2w{3,3}));

throwout == 1;
end;
step = - d2w{3,3}\dw{3};

psi_new = psi + step;

Throw this

if (abs(dw{3}’*step) > toll) & (dw{3}’*step > toll),

%If step is not a descent direction, use
%steepest descent direction.

step = -dw{3};

disp(’Wrong way’);
end

psi

normcond = norm(exp(T2*V1i*step))/norm(lam);
if normcond > .5,
step_new = .5*step/abs(norm(step))
disp(’Step is too big!’);
psi_new = psi + step_new;
else
psi_new = psi + step;
end;

normT2phi = norm(T2#phi) ;

if normT2phi > 30,
throwout = 1;

end;

stop = sqrt(abs(dw{3}’*step));

%Specific to Model 2

[a,V1,V2,phi,psi,eta_psi,lam,D1_lam,dk,Wl,Wzz]= ...
satisfy_constraint(T1,T2,V1,V2,Z,b0,c0,Gam,beta,phi,psi_new);

Siginv = model_lam(T1,T2,V1,V2,Gam,phi);
q = qeval(Z,Siginv,b0,c0);
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iter = iter + 1;

if output == 1,
string = >  It#%3.0f, step=V6.4e stop=/6.4e, det=}6.4f q=%6.4e\n’;
fprintf(string,iter,norm(step),stop,prod(lam),q);

end;
end;
if output == 1,
fprintf (’\n’);
end

phi_new = phi;
Siginv = model_lam(T1,T2,V1,V2,Gam,phi_new);
q = qgeval(Z,Siginv,b0,c0);

%_

function dash = dashes(n);

b

% returns a string with n dashes
o

dash = char(45%ones(1,n));
return;

solve_eta_psi.m.

function [ep,iter,qfunc] = solve_eta_psi(T1,T2,V1,V2,Gam,b0,cO,...
Z,phi,psi);

%_
A
% lep,iter,qfunc] = solve_eta_psi(T1,T2,V1,V2,Gam,b0,c0,Z,phi,psi)

b

% Solves q = 1/n * sum(rho(dk)) - b0 = 0 for eta_psi given psi (Note
% that dk is a function of eta_psi and psi.)

/A

b

%  Inputs

yA T1 = Design matrix (models linear relations btwn eigvals)

/A T2 = Design matrix (models exponential relations btwn eigvals)
yA Vi = Implicit model matrix

/A V2 = Implicit model matrix

yA Gam = Current guess for Eigenvector matrix
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yA b0 = Constant associated with constraint q

/A c0 = Constant associated with breakdown point

yA Z = Centered Data Matrix (Y-XB)

pA phi = current guess for phi (probably doesn’t satisfy the
% constraint)

/A psi = current estimate of psi.

%  Outputs

b ep = solution for eta_psi as a function of psi

yA iter = number of iterations to convergence

b qfunc = q evaluated at eta_psi and psi (should be zero).
T

pA (Solves for Model found in model_lam.m)

T

o

tol = le-12;

step = 1;

iter = 0;

n = size(Z,1);

/A

% Starting point for Newton’s method (and one side of bisection).
b

ep = (V2°*V2)\ (V2’*phi);

T
% Find starting point for the other side of bisection method.
2

ep_a = ep;

Siginv = model_lam(T1,T2,V1,V2,Gam,psi,ep_a);
qa = geval(Z,Siginv,b0,c0);

if abs(qa) < tol,
ep_b = ep_a; %The constraint is already satisfied!
gb = qa;
else
% Since q is increasing as a function of eta_psi, then the sign for
% ep_b is opposite the sign of ga. Then update ep_b until a root is
% bound between ep_a and ep_b
)
if qa > 0,
ep_b = -2; %choose ep_b < 0
else
ep_b = 2; %choose ep_b > 0
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end
yA
% Update ep_b so root is bounded between ep_a and ep_b
yA
Siginv = model_lam(T1,T2,V1,V2,Gam,psi,ep_b);
gb = geval(Z,Siginv,b0,c0);
while ga*qgb > O,
ep_b = 2x*ep_b;
Siginv = model_lam(T1,T2,V1,V2,Gam,psi,ep_b);
gb = geval(Z,Siginv,b0,c0);
end;
end;

h
% Choose next newton iterate based on smallest q evalution
h
if abs(qa) > abs(qgb),
ep_c = ep_b;
else
ep_c = ep_a;
end

h
%Make sure ep_a is on the left and ep_b is on the right
h
if ep_b < ep_a,
temp = ep_b; ep_b = ep_a; ep_a = temp;
temp = gb; gb = qa; qa = temp;
end

while abs(step) > tol & (iter < 300),
iter = iter + 1;

lep_c_new,stepn,chg_slp] = newton(T1,T2,V1,V2,b0,c0,Z,Gam,psi,ep_c);
in_interval = (ep_a <= ep_c_new) & (ep_c_new <= ep_b);

if ( in_interval & chg_slp == 0 ) | (stepn < tol)
pA
% Use Newton’s method if the new estimate is in the interval
%  (assuming the slope was not bounded away from zero)
ep_c = ep_c_new;
Siginv = model_lam(T1,T2,V1,V2,Gam,psi,ep_c);



283

qgc = geval(Z,Siginv,b0,c0);
[qa,ep_a,ep_b] = switchq(qa,qc,ep_a,ep_b,ep_c);
step = stepn;

else
yA
% Bisection is needed if Newton’s method decides to blow up.
A
ep_c = (ep_a + ep_b)/2;
Siginv = model_lam(T1,T2,V1,V2,Gam,psi,ep_c);
gc = qgeval(Z,Siginv,b0,c0);
[ga,ep_a,ep_b] = switchq(qa,qc,ep_a,ep_b,ep_c);
step = ep_a - ep_b;

end;

% Uncomment the following lines to watch the convergence
h
%st = *It#73.0f, [%6.4f < %6.4f < %6.4f ] stop=Y6.4e, cstr=J6.4e\n’;
%fprintf(st,iter,ep_a,ep_c,ep_b,step,min(abs(qa),min(gb)));
%pause;
end;
hfprintf (O ———-—---—-—-—-—m - \n’)

ep = ep_c;
gfunc = qc;

o
Y=

function [ga,ep_a,ep_bl] = switchq(qa,qc,ep_a,ep_b,ep_c);

b

% This bounds the root between ep_a and ep_b (The essential step of
%  the bisection method.)

b

if qc*qa > O,
ep_a = ep_c;
qa = qc¢;

else
ep_b = ep_c;

end

h

function [ep_n,step,chg_slp] = newton(T1,T2,V1,V2,b0,c0,Z,Gam,psi,ep);
pA

% Compute one step of Newton’s Method (modified Newton’s when the
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% slope is too close to zero).

h

[Siginv,Laminv,D1_lam] = model_lam(T1,T2,V1,V2,Gam,psi,ep);
[q,dk] = geval(Z,Siginv,b0,c0);

a = compute_a(b0,c0,Z,Gam,dk,Laminv,D1_lam);

dq = a’*V2;

chg_slp = 0; %Initialize to O
if abs(dq) < le-5,
% Change slope to .5 or -.5 if slope is too small
dq = .5*sign(dq)*(dq “= 0) + .5%(dq == 0);
chg_slp = 1; %Report this is a false slope
end;

step = -q/dq;
ep + step;

[]
o)
=]
1]

solve_newguess.m.

% solve_newguess.m

h

% Find the S-estimator using an initial guess from the current
% subsample of the data. (Generated from newguess.m)

T

% Generate initial guesses for Sigma and beta

Xsub = X(J,:);

Is = eye(size(subsample,1));

S = subsample’*(Is-ppo(Xsub))*subsample/(n-rank(Xsub));
beta = vec((Xsub’*Xsub)\ (Xsub’*subsample));

% initial guesses for GO, lam, phi.
[GO,LO,dumm] = svd(S); %Spectral decomp (symmetric matrix)
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M*xavg*diag(sparse(L0)); %Avg multiple eigenvalues.
inv(T2’*T2) *T2’*x1log(inv(T1’*T1)*T1’*lam); % (Under Model 2)

[S_mine,Gam_mine,Lam_mine,B_mine,throwout,normdw,beta_mine,...

mu_mine,psi_mine] = ...

solve_sest(T1,T2,A1,A2,Dp,Dg,nu,b0,c0,X,Y,lam,GO,beta,phi,output) ;

solve_s_estimate_sim.m.

%function [S_min,Gam_min,Lam_min,beta_min,mu_min,psi_min] =

Y%solve_s_estimate();

o
b
o
h
b
h

Solve for the S-estimate using various starting points. If an
error is found, throw that guess out and start from a different
spot in the space

yA
strl = ’\n\n It#)4.0f Starting pt=%3.0f normdw=’
str2 = ’%9.4e detS=Y%12.6e\n\n\n’;

string = strcat(strl,str2);

startpts = 80;
if surreal==1, startpts=1;end;
normdet = [];

for iii=l:startpts

fprintf (’\n It#%4.0f Starting pt=%3.0f\n’,ii,iii)
throwout = 1;

iters=2000;
while throwout == 1,
try
if surreal==1,
res=Smultivar(Y,iters,bdp);
S = res.cov; %Use initial guess of cov from Smultivar.
beta = res.mean’; %Use initial guess of mean from Smultivar.
else
newguess
end
solve_newguess
if throwout == 1, iters = iters + 500;end;
catch
throwout = 1;
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end;
end;

if iii == 1,

S_min = S_mine;
Gam_min = Gam_mine;
lam_min = diag(Lam_mine);
beta_min = beta_mine;
mu_min = mu_mine;
psi_min = psi_mine;
else
if (sum(log(diag(Lam_mine))) < sum(log(lam_min))) & ...
(normdw/n < 1le-6)
S_min = S_mine;
Gam_min = Gam_mine;
Lam_min = Lam_mine;
lam_min diag(Lam_mine) ;
beta_min = beta_mine;

mu_min = mu_mine;
psi_min = psi_mine;
end;
end;
fprintf(string,ii,iii,normdw,det(S_mine));
normdet = [ normdet; normdw det(S_mine) ];
% pause
end;

pA

%This counts the number of local minimizers

pA

eee = ones(startpts,1);

diff = spdiags([eee -eee], 0:1, startpts-1,startpts);

sum(round (diff*sort (normdet(:,2))*100)/1007=0)+1

solve_sest.m.

function [S_est,Gam_est,Lam_est,B_est,throwout,nmdw,beta,mu,psi] = ...
solve_sest(T1,T2,A1,A2,Dp,Dg,nu,b0,c0,X,Y,lam,Gam,beta,phi,varargin) ;

%_

b
% [S_est,Gam_est,Lam_est,B_est,throwout,nmdw,beta,mu,psi]

% = solve_sest(T1,T2,A1,A2,Dp,tNp,Dg,nu,b0,c0,X,Y,lam,Gam,beta,phi);
b
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% This groups the two subproblems together to solve for a local
% minimum to the S-estimating equation of multivariate regression.

T

%  Inputs

yA T1 = Design matrix (models linear relations btwn eigvals)
yA T2 = Design matrix (models exponential relations btwn eigvals)
/A Al = Matrix associated with mu

pA A2 = Matrix associated with eta

b Dp = Duplication matrix (dup.m)

yA Dg = Derivative of vecG wrt mu

b nu = vector containing sizes of beta, mu, phi

yA b0 = Constant associated with constraint q

/A cO0 = Constant associated with breakdown point

yA X = Design Matrix (location parameters)

o Y = Data Matrix Y

yA lam = Current guess eigenvalues

b Gam = Current guess for Eigenvector matrix

/A beta = Current guess for the location parameters
pA phi = Current value for phi.

/A varargin= Output stages and/or overall iteration
yA [ 1 1] - ouput both stages and overall (pause at end
b of iteration.

yA [ 1 0] - ouput overall, but no stages

/A blank - no output

h

%  Outputs

yA S_est = S-estimator of the scatter matrix

b Gam_est = S-estimator of the Eigenvector matrix
b Lam_est = S-estimator of the Eigenvalue matrix

% B_est = S-estimator of the Location parameters
b throwout = Was convergence met?

yA nmdw = normdw should be zero

b beta = S-estimator of beta

yA mu = S-estimator of mu

b psi = S-estimator of psi

h

o

o

% Constants

o

p = size(T1,1);

d = size(X,2);

tNp = speye(p~2) + commute(p,p);

h
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% Iteration messages.

A

% Stage 1 message

% Divider

strl = strcat(dashes(55),’\n\n’);

% Big loop iteration message

str2 = ’It#%3.0f, step_dw=),6.4e, step_dq=%6.4e q=%4.2e stop=%6.4e\n’;

T
0
% Constants for the conditions of convergence

h

tol = 1le-12;
nmdw_tol = 1le-7;
iter = 30;

throwout = O;

% initialize convergence variables
stop = 1;

iter = 0;

lam_old = lam;

dw = 1;

% Decide whether to output stages
if nargin == 16,
output = varargin{1};
if length(output) == 2,
output2 = output(2);
else
output2 = 0;
end
else
output = 0;
output2 = 0;
end

while ((stop > tol) | (umdw > nmdw_tol)) & ...
(iter < 30) & (throwout == 0);
iter = iter + 1;
if output2 == 1,
% clear the screen
Iclear;
end

[Gam,beta,q,stepdq,mu] = solve_dq_betamu(T1,T2,A1,A2,Dp,tNp,Dg,
nu,b0,c0,X,Y,lam,Gam,beta, output?2) ;
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[lam,phi,q,stepdw,throwout,psi] = solve_dw_psi(T1,T2,nu,b0,c0,X,
Y,Gam,beta,phi,output2);
stop = abs(sum(log(lam_old)) - sum(log(lam)));
dw = derivl_w(T1,T2,A1,A2,Dg,Y,X,d,b0,c0,nu,Gam,beta,mu,psi,phi);
nndw = norm(dw) ;
if output2 == 1,
fprintf(strl);
end
if output(1l) == 1,
fprintf(str2,iter,stepdw,stepdq,q,stop);
end
if (output(l) == 1) & (output2 == 1),
pause;
end

lam_old = lam;
end

if (throwout == 1)
disp(’throw out!’);
end

if nmdw > nmdw_tol
throwout = 1;
disp(’Solution not found’);
end;

Gam_est = Gam;

Lam_est = diag(lam);
S_est = GamxLam_est*Gam’;
B_est = dvec(beta,d,p);

function dash = dashes(n);

b

% returns a string with n dashes
b

dash = char(45*ones(1,n));
return;

solve_sestimator.m.

function [S_min,Gam_min,Lam_min,B_min,sand,bias] = ...
solve_sestimator(T1,T2,m,X,Y,bdp,method,output) ;

%_



T

% solve_sestimator

h
o
h
o
h
o
h
o
h
h
th
o
o
h
o
h
o
h
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Find the global S-estimates.

Solve for the S-estimate using various starting points.

Specify which starting point to use in the method variable.
When using the Least Squares estimate or the Surreal estimate
as the initial guess, only a local S-estimate is found. To get
a global S-estimates, random starting points must be used.

When using random starting points, if an error is found, the
guess is thrown out and a new guess is generated from a
different spot in the parameter space.

Inputs:
T1 = Design matrix (models linear relations btwn eigvals)
T2 = Design matrix (models exponential relations btwn eigvals)
m = multiplicity vector
X = Design matrix for B
Y = Data matrix

bdp = breakdown point

pA method = Designate which initial guess to use

/A 1 = random starting points

/A 2 = Least Squares estimate

b 3 = Surreal estimate

yA output = Output stages and/or overall iteration

b [ 1 1] - ouput both stages and overall (pause at end
h of iteration.

pA [ 1 0] - ouput overall, but no stages

h

%  Outputs:

b S_min = S-estimate of the scatter matrix

yA Gam_min = S-estimate of the eigenvector matrix

b Lam_min = S-estimate of the eigenvalue matrix

yA beta_min = S-estimate of the location parameters
b sand = Sandwich estimator of the asymptotic variance of
h the estimators

/A bias = Estimate of the bias of the estimators.
h

2

[n,p] = size(Y);

d = size(X,2);

nu = [ pxd; (p~2-m’#*m)/2; size(T2,2) 1;

[Dg,A1,A2,L,Dp]l= constantmatrices(m); %Constant matrices.
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% Compute the breakdown point constant (Under a gaussian model)
[b0,c0] = solve_cO(p,bdp);

if sum(m) "= p,
error (’Multiplicity vector invalid’);
end
M=[1;
avgi=[];

for i=1:length(m);
M=1[Mrepmat(i,1,m(i)) 1;
avgi = [ avgi repmat(1/m(i),1,m(i)) 1;
end;
M = sparse(dummyvar(M));%Simple multiplicity structure.
avg = (spdiag(avgi)*M)’;%inv(M’*M)*M’ (Used to calculate estimates for
% eigenvalues. It averages eigenvalues)

% Output string

strl = ’\n\n Starting pt=%3.0f normdw=’;
str2 = ’%9.4e detS=%12.6e\n\n\n’;
string = strcat(strl,str2);

if method == 1, % Use random starting points
startpts = 80;

for iii=1:startpts
if output(l) == 1,
fprintf(’\n Starting pt=%3.0f\n’,iii)
end
throwout = 1;

while throwout == 1,
try
%Compute a random sample
J = sample_wor(n/2,n);
subsample = Y(J,:);

% Generate initial guesses for Sigma and beta

Xsub = X(J,:);

Is = eye(size(subsample,1));

S = subsample’*(Is-ppo(Xsub))*subsample/(n-rank(Xsub));
beta = vec((Xsub’*Xsub)\ (Xsub’*subsample)) ;

% initial guesses for GO, lam, phi.
[GO,LO,dumm] = svd(8);
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lam = M*avgxdiag(sparse(L0)); %Avg multiple eigenvalues.
phi inv (T2’ *T2)*T2’*x1log(inv(T1’*T1)*T1’*lam); % (Model 2)

[S_mine,Gam_mine,Lam_mine,B_mine,throwout,normdw] = ...
solve_sest(T1,T2,A1,A2,Dp,Dg,nu,b0,c0,X,Y,1lam,GO,. ..
beta,phi,output);

catch
throwout = 1;
end;
end;
if iii == 1,

S_min = S_mine;

Gam_min = Gam_mine;

Lam_mine;

detlogSig = sum(log(diag(Lam_mine)));
B_min = B_mine;

Lam_min

else
if (sum(log(diag(Lam_mine))) < detlogSig)
& (normdw/n < le-6)

S_min = S_mine;

Gam_min = Gam_mine;

Lam_min = Lam_mine;

detlogSig = sum(log(diag(Lam_mine)));
B_min = B_mine;

end;
end;
if output(1) == 1,
fprintf(string,iii,normdw,det(S_mine));
end
end;
else

if method == 2,
% Generate initial guesses for Sigma and beta
S = Y’*(eye(n)-ppo (X)) *Y/(n-rank(X));
beta = vec((X’*X)\(X’*Y));

elseif method == 3,
res = Smultivar(Y,2000,bdp);
S = res.cov; %Use initial guess of cov from Smultivar.
beta = res.mean’; %Use initial guess of mean from Smultivar.
end

% initial guesses for GO, lam, phi.
[GO,LO,dumm] = svd(S);
lam = M*avg*diag(sparse(LO)); %Avg multiple eigenvalues.
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phi = inv(T2’*T2)*T2’*log(inv(T1’*T1)*T1’*lam); % (Under Model 2)

[S_min,Gam_min,Lam_min,B_min,throwout] = ...
solve_sest(T1,T2,A1,A2,Dp,Dg,nu,b0,c0,X,Y,lam,GO,beta,phi,output) ;
end

% Model 2 for phi

phi_min = inv(T2’*T2)*T2’*1log(inv(T1’*T1)*T1’*diag(Lam_min));

[dw,dwl,d2w,d3w,K2,FF,sand,EZ2D0,ED1] = deriv_w(T1,T2,A1,A2,Dg,...
Y,X,b0,c0,nu,Gam_min,vec(B_min) ,phi_min);

bias = 1/sqrt(n)*ED1;

solve_surreal.m.

% solve_surreal.m

h

% This file uses the Smultivar.m estimates for cov and mean as

% initial guesses for S and B in the solve_sest.m function

2

%  Execute res = Smultivar(Y,2000,bdp) before running.

h

S = res.cov; %Use initial guess of cov from Smultivar.
beta = res.mean’; %Use initial guess of mean from Smultivar.

% initial guesses for GO, lam, phi.

[GO,LO,dumm] = svd(S); %Spectral decomp (symmetric matrix)
lam = M*avg*diag(sparse(L0O)); %Avg multiple eigenvalues.

phi = inv(T2’*T2)*T2’*1log(inv(T1’*T1)*T1’*lam); % (Under Model 2)

[S_surreal,Gam_surreal,lLam_surreal,B_surreal,throwout] = ...
solve_sest(T1,T2,A1,A2,Dp,Dg,nu,b0,c0,X,Y,lam,GO,beta,phi,output) ;




