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Abstract:

The basic problem considered in this thesis is how to discretize a random process observed at one end,
and after transmission, to reconstruct the desired signal from the discretized data received at the other
end. The discretizing process consists of sampling, quantization and a presampling operation. The
system under consideration in this work can either be regarded as a data communication or a data
processing system.

The main purposes of this work are: 1. To solve for the optimal realizable pre-transmission filter
(prefilter) at one end, and the optimal realizable reconstruction filter (postfilter) at the other end using a
state-space representation and the innovations approach.

2. To investigate the functions of the optimal realizable pre- and postfilters in comparison with that of
the optimal unrealizable filters. 3. To investigate the smoothing problem as a function of allowable
delay.

The major contributions of this work are: 1. The state-space and innovations approach has been
successfully applied to derive the optimal realizable zero-lag pre-and postfilters. The initial step in the
procedure is to find the optimal post (pre) filter with a given pre (post) filter. Joint optimization then is
carried out for the special case in which the quantization noise and channel additive noise are absent.
The optimal filters are specified as solutions to differential equations in the state variables. 2. In the
absence of the optimal prefilter, the optimal finite-lag postfilter has been found. An error-reduction
factor and a delay-efficiency factor have been defined in order to study the effect of introducing delay
on reducing the error between the output of the system and the desired signal. 3. Numerical examples
of the performances of various systems have been worked out, and interpretations are given.
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ABSTRACT

‘ The basic problem considered in this thesis is how
to discretize a random process observed at one end, and
after transmission, to reconstruct the desired signal from
the discretized data received at the other end. The dis-
cretizing process consists of sampling, quantization and
a presampling operation. The system under consideration
in this work can either be regarded as a data communi-
cation or a data processing system.

The main purposes of this work are: 1. To solve
for the optimal realizable pre-transmission filter
(prefilter) at one end, and the optimal realizable recon-
struction filter (postfilter) at the other end using a
state-space representation and the innovations approach.
2. To investigate the functions of the optimal realizable
pre- and postfilters in comparison with that of the opti-
mal unrealizable filters. 3. To investigate the smoothing
problem as a function of allowable delay.

The major contributions of this work are: 1. The
state-space and innovations approach has been successfully
-applied to derive the optimal realizable zero-lag pre-
and postfilters. The initial step in the procedure is to
find the optimal post (pre) filter with a given pre (post)
filter. Joint optimization then is carried out for the
special case in which the quantization noise and channel
‘additive noise are absent. The optimal filters are speci-
fied as solutions to differential equations in the state
variables. 2. In the absence of the optimal prefilter, the
optimal finite-~lag postfilter has been found. An error-
reduction factor and a delay-efficiency factor have been
defined in order to study the effect of introducing delay
on reducing the error between the output of the system and
the desired signal. 3. Numerical examples of the perfor--
mances of various systems have been worked out, and inter-
pretations are given.




Chapter 1
INTRODUCTION

1.1 "Problem Statement

N

In designing data commuqication or data processing
sysﬁems, channel capaqity is often one of the‘ﬁajor design—'
ing factbrs.' Whenever the‘amount of informatidh exceédS'

. the capaéify of the channel being used for transﬁitting
the informatibn, it is advantageoué, or even necessafy, to -
compress the information before £ransmission. ‘For example,
one has'to.discretize an analog signal before transmitting
~it‘through,a digital channel. Aftef'receiving the com-
pressgd informaﬁion such as the discretized data at the
othér end, one then tries to reconstruct the original.in—
formation from the compressed data according to a éerﬁain
fidelity criterion. ‘
| Numerical analysis provide aﬁ example of the dis-
cretization and‘reconstruction process. For_examplg}
functions éuéh as exp(x), cos (x), etc., are first tébulated
and stored.. One then approximates thé value of eﬁp(x) at
an arbitrary'point by some kind of iﬁterbolation pfocess
from ‘a set of tabulated values. | ‘ |
- The system under consideration in this thesis is

depicted in Fig. 1.1. n;(t) in Fig. 1.1, is the primary
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Figure 1.1 A sampled-data communication system.




3
‘observation noise. 'The observation process r(t) is dis-
cretized before transmission. The discretizing of r (t)
could simply be accqmplished bj éampling and éqgntizatioﬁ,
but in general it“ﬁight be édvantageous'to 6perate on f(t)
prior to samp;ing in such a way that the overall distof;
tion is reduced. This is one of the basic reasons why ‘a
prefiltef.is inse?ted in the sysﬁem. fhe functions 6f the'
prefilter will be'inveétigated in more ﬁétail later. ' The
_function of the postfilter is obvious; to reconétruct the
desired siénal from the discretized and §Qséibly contam-
iﬁated data received at the other end. The functions of
the quantizer are:

1. To combat- the additive noises in the channel
" (55). - R

2.. To reduce the amount of information to be
_transmitted (31).

In this work, the desigh of thelquantizer is not
undertaken; only its effects on the design of the optimal
pre- and.postfilters are considered. In Fig. 1.lb, the
input-output relationship of the quantizer is specified by
an additive noise nq(tk) called the quantization noise.
If the sampling-process is periodic, tk=kT, otherwise tk

denotes the time the kth sampling takes place. In’
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Fig.l,lc,nq(tk) and the channel additive h?ise nc(tk)gre
combined to become nz (t, ). The characterizatioh of'tﬁg
quaqtization'noise will be discussed in Section 1.5.

Dépending on whether ni, n, or/and nq ére present
or not, the system shown in Fig. l.l‘can éither be re-~
garded as a PCM (Pulse Code Modulation) system, a PAM
(Pulse Amplitude Modulation) system, or a data.procéssing
éystem. | .

The distortion between d(t) and d°(t) is due_td
n;, nz, and the sampling process. The object is to applf
the innovatioﬁs approach to find the opfimal realizable
pre- and postfilters‘for reconstructing a(t) accbrding to
a mean—squére—error criterion, and to discuss their physif

cal interpretations.

1.2 Historical Summary

Previous work in this area can be grouped into
three catégories: 1. The fréquency domain analysis, where
the optimai filters are specified by their £ransfer func-
tions wﬁich are the frequenéy domain representation of the
impulse fesponse of the. optimal filters. 2. The state-
space épproach, where the.optimal filters are specified by

differential or difference equations which relate the
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- inputs tp the outputs of the:optimal fi;feré. 3}::ﬁﬁméﬁi_
cal'methodé{ while both of tﬂe above two methods can Se
used injconjupction with numerical methods, the one that
will be mentioned in fhis'thesis'is’that-of Kellog's (31).
The three'ﬁethods are.discqssed iﬁ ﬁére détail as folloWs.

1. Freéuency ddmaiﬁ énalysis: Ever since Wiener's
work in linear least-~squares estimation of coﬁtinuous‘rah—
dom pfécesses (the system is shown in Fig. 1.23), the re-
sult haé been extended by_various people.' Costas (10)'
. studied fhe system shoﬁn in Fig.‘1725, where an unrealiz-.
able pre-transmissibn filter with a power constraint is
added. lfhe error redﬁction resulting from the ﬁéage of
~ this prefiiter were shown to be moderate for a simple sig-
nal such as a first-order G.M. (Gauss-Markov) process with
a white additivg noise. Franklin (47), and Tretter and
Steiglitz (57) considered the system shown ip Fig. l.Zc,
where a:sampler is included. They also consiaered fixed-
lag posgfilters but did not provide -a° detailed guantita-
tive error analysis. ' Katzenelson (30), Steiglitz‘(54),
and Ruchkin et al. (50) investigéte the system shown ih

Fig. 1.2_, where quantization is included. Since the ef-

d
fect of. the quantization process' can always be . -
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Figure 1.2 Models of communication systems.
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Figure 1.2 (cont.) Models of communication systems.
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characterized as adding noiseiﬁo the signal, this'systéﬁ
reduces.to'that showq in Fig. l.ch They studied the
tradeoff betﬁeen the number of quéntizafion 1evelé and
-the éampling rate.

Goodman and Drouilhet (19) studied the system
shown in Fig. 1.2e which includes a pre-sampling filter.
They assume that the power spectrum of the input signal
is bandiimited, and modeled the qﬁantizatién noise as an
uncorrelated white noise. Thus, this system reduces to
thg ohé:éopsidered by Costas.. Robbins (49), Derusso (12),
Chang (9), and others investigated the system shown in
‘Fig; l.2f, where the filteré are constrained to be zero-
lag realizable filters. Quantization was not considered
in their.Work. No error analysis has been found in the
abdve thfee papers; hence, it is not quantitatively clear
'what réle the optimal realizable prefilter plays. Brown
(5) and Spilker (53) studied the same $ystém with unrea-
lizable filters. The optimal unrealizable filters found
in this case are ideal bandpass filters. A similar result
was ob?éinéd by Chah and Donaldson (7) in.their work on
the.syétém,shown in Fig. l.2g,'where n(t) Fan be qyanti—

zation hoise or/and channel additive noise. One of the
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major‘contributions of their work was that they,found'that

t@e;joiﬁtly optimized unrealizable pfe; éna postfiltérs
'eliminaté the aliasing effect which will be explained in

Section.l.4. Hayes (20) studied fhe system shown in |
- Fig. l.2h.in which the prefilter was pﬁt behind the-saﬁf
pler. - Thqs,-it is not surpfising‘thétAthis érefilter has
no effect on the aliasing error. |

| The frequency-domain analysis is restricted to

stationary prodesses,.time—invariant systems} and steady—.
state con@itions. Furthermore, it iny applies tolthose
stationary processes having péwef spectrai densities that .
can - be faqtored."The.sblutions'for jointly optimized pré—
and pbsffilters found by fréduéncy—ddmain methods are'in
general rather messy when reélizability-is ;eqﬁired. As
the expressions for the transfér function of the optima1 
filters get more . complicated, it bécomes increasingly dif-
- ficult to realize and analyze these filters.

2. - State-space approach: Kalman (28) and'Kalman
and Bucy (29) originated the state-space approach to
linear estimation problems as extensions of Wieper's wqu.
' Meditch (37), Fraser (13), and Méhré.(38) extendéa this

work to the smoothing problem. Kailath and others (23-27)
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succeszqlly applied the innovations approach to this
problem. ' The innovations approach will be further dis-
cussed in Section 1.4. The.systems.considered by these
resea:che?s were either purely continuous or ﬁurely dis;
crete,'wheféés in this thesis, a partly'céntinuous and
partly diécrete system is considered.
) Moore and Hetrakul (40) applied the stafe-space
ap?roach-to.a PAM system. They'considergd tﬁe problem of
recénstructing the sigﬁal at discrete pointé in time based
‘Qn coﬁtinuous observations of the cqntaminated input. The
problem conéidered in this thesis is.how to reconstruct
" the analqg signal continuously from discrete observations.
Petersen (42) considered the system shéwn iﬁ Eig. l.lc
with no Wofd-abOut Quantization. He started the solution
by propoging a particular model for the pfe- and post-
filteré structure. The prefilter in his modgl consists of
a continﬁous KSVF (Kalman State Vector Filter) followed .
by a coder which is'simply a gain matrix. The optimal
postfilter in his model qah also‘bé represented by a KSVF.
This structure is intuitively appealing but needs to be
generaliéed. Further, no erfor analysis is ééntained in

Petersen's work. 'Alsd} no clue cah be found about
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suboptimum sysfeﬁs. For example, what is theé Situation
when the opﬁimal prefilter is absent?

Thé'basic ideas'behinalfhe State—spécé!approach
are: | | ‘ |

a..-ihstgad of chéracterizing thé sighéls by their
covariance.functions, or their power spectral densities,
characterize Ehem'by différeﬁtial ér differénce equations
in the é;ate variables with a white nbise‘as the driving
.functiohf The signals can be fepréseﬁted as iineér com-
binationé of the state variables.

b. 'Ipstead of estimating the desired signal di-
rectly,'éstimate the state variables first.‘>The best |
estimaﬁe qf thg signal ié simply.a linear’combinétion of
the best:éstimates of the state variables.

é. _Iﬁétead of finding the impulse responses of
the optimum filters, which are specified by integrai
- equations (or the analogous equations with a summation
term on one side of thé équétions in the discrete case),
or by transfer‘functions in frequency domain, specify the
optimal ﬁiltérs by diffefential or difference equatipns
.which relaﬁe‘the inputs to the outputs of the optimal

filters.
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The major advantages of the étate—space:approachg
are: . i h

a; " Both ﬁhe differential or difference equations
-which specify the optimal estimates exhibit the charac-
teristic bf recursiveness. That means that it is not

necessary to store'ali the past information. Thus,  the

amount of,storagg required is reduced. If one cannot
solve thé'differential or difference equations analyti-
cally;lhe_éan’use an analog or a digital computer;

, b. This épéroach can be applied td nonstationary
processes éﬁd timé;variant systems. The only reguirement
is thatlthe.state models of the signéls and the noises>be
given. 'Furthermore, transienf behavior and nonperiodic
sampling éan be analyzed using the state-space approéch.

The majér problem encounteréd in tﬁe state-space
épproach_is the modeling of the signal and noise by state
variables. For a discussion'of this mddéling problem,
see Kailath (24), Kailath and.Geesey (27), and Moore and
Andéfson (39).

3;. Numerical methods: both of the above two:
methods can be uséd.in conjunction with the numéricai;'

methods.  The one that is of interest here is that of 
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_ Kellog's (31). He investigated the systems 'of Figs. 1.2

and 1.2g numerically. The key points in his approech are:

"a. The impulse response of the optimal filters are .

'assumed to vanish outside a certain time interval.
b. The. approximate 1mpulse responses of the opti—
" mum filters are found by locating their sampled values at
_discrete points of time. For -example, if the impulse re-
sponse of the optimal filter is f(t), the numerical method
Ifinds the values of f£(t) at t=b-k-T, where k=0, 1, 2, ...,
and 0. <b.<1l. One then plots.f(t) from this discrete set
of sampled values to yield an approx1mate solutlon of f(t)
While the numerical method is certainly one possi-
ble way to deal with the filtering problem, its difficulty
lies in 1ts computational complexity. Also, one has to be
careful of,the roundoff error in the numerical analysis.

itself.

1.3 Outline of Contents and Statements of Results

In Sectionil.4, some of the basic concepts and
tools, such“as the,orthogonality principle of linear esti-
mation, used‘in this work are‘discussedA This discuss1on
will provide some insight into the problem under con51d—

eration.. In Section 1.5, the characterization of

GE
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quantization noise is discussed. The apﬁrqximatipps'made
by.ééher researchers.about the.quantization noise aéé
"given a Heurisfic justifigation in that section.
Thé method used in Chaptérstz, 3, and 4 is the
'state—spacé‘and the innovations approach. The optimal
filters found are realizable ones. | |

In Chapter‘z, the reconstructién problemvis stﬁdied.
Since the system under consideration is‘partly discrete
and partly conﬁinuous, it is necessary to have béth con-
,tinuous §ﬁd diécfete staté models of the signal. The
c0ntinuoﬁ$ model is assuméd to be given,_and'the préblem
is to discretize it; this problem is solved in_Secfion.Z;Z.

Both the zero—lag and the fixed-lag optimum filters
are spécifiéd by fhe coefficients of differential equa-
tions. . The amount of delay is‘conétrained to bé'an in-
teger multiple éf the sampliﬁg period. Error expressions
have aléo.beeﬁ found for both the filtering and the
smoothing:problem. For the smoothing problem, we defined
‘an errorjréduction.factor, and a delay-effidiency factor;
and iﬁveStigate thisiprobIem using numerical examples. I£
is found thét the stronger the noise,- the greater the de-

lay required for the performance of an optimum realizable
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f?l?eflﬁéﬂéﬁéfoxi@ate that oﬁ the‘oét;mﬁmJunréa}i%églg
%ilfer;z.It is also found thét error féduétion due £éﬁ£ﬁe
. first sample'of delay usually contributes. a major portidn
of the oﬁerall error redﬁétion,"i.e., the error reduction
using infiﬁite—lag pqsﬁfilter (the unrealizable post-'
filter); For the case of a first-order G.M,fpxécess wifh
a white éddifive‘ﬁoise, it is found that the maximﬁm error’
reduction fhatAcan-be achieved by introducing delay is
essentially acéomplisﬁed within five sampleé 6f'dela§;
i.é.,;the.performancg of the obtimal realizable fixed-lag
ppstfilter appfoaéhes that of the éptimal unrealizable
péstfilter‘Wi%hin five saﬁples of delay in this case.

‘The:design of.the optimal‘prefilter with a given
poétfilter is investigated in Chapter 3. We first notice
théﬁ if the number of sampled-data links can be made équai'
to the numbgr of states, and n: in Fig..l.lC is absent}
fhen the érefilter of the jointif optimized pre- and post-
filters is simbly a continuous KSVF. In.the casé when
'the£e is only one sémpled-data link, the optimal prefiiter
can be répresentéd as the combination of a coﬁfinuous‘KSﬁF'
followed by a coder where the impﬁisé response of the

_coder is in general an impulse train.
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Joint optimization of thé pre- and postfilters'with
a singlé.sampled—data link is discussed in Chépter 4, 1In
the cése_when n: in Fig. 1.1, is abseqt} the jointly opti-
mized prefilter can be represented as a cascade of a con-
tinuous KSVF. followed by a constént cbder, which is the
model prqposed by»Petersen (42). 'In this case, since the
.optimal postfilter can be found éasily’by the méthdd'def
rived in Chapter 2 of this thesis once.the constant coder
is kﬁowp, and since that KSVF is a well known filter, the
problem‘redﬁces to finding the constant coder. Nonlinear °
prog;amming-has been successfully appliéd to find the
. constant codexr in the éteady state.

A summary and some extensions of the frequenéy-
démain approach,to this probleﬁ are presented in Chapter 5. .
The results found in previous chapters are checked here-
by examples. Numerical examples are then worked out:and
' performgnées of various systems aré compared. .

For examples worked out in Chapte; 5,'it is found
fhat in.the absence ofAn;, the ' main function of the rea-
lizable.pfefilter is £o-prevent the aliaéing'of the pri-

‘mary observation noise (n; in Fig. 1.1).
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Finally, in Chapter 6, the results of this work
are summarized, and suggestions for further work in this

area are provided.

1.4 Basic.Concepts and Theorems

Some of the basic concepts and Theorems which are
fundamental to the problem being investigated are dis-
cussed in this section. The discussion will provide some

insight into the problem under consideration.

1.4.1 Sampling theorem and aliasing effect

Assume that we are given the sampled value of a
certain continuous function f(t) at t=..., -T, O, T, ....
It is nétural to ask Whether oné will be éblelto fina the
value of £ (t) atAan'arbitrary t ffom this set of saﬁpied
values.  The answer to this question ié the content of'
the Sampiing Theorem (56). The Eheorem_sfates that if a
signal does not contain any frequéncy components higher
than'wé radians‘per second, it is completely characterized
by the values of the_signal meésured at instants of time

separatéd by *T=(1T/wc)+ seconds. If the signal is a

P R
(ﬂ/wc) = kixg [(Tr/mc) + A]
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random prbééés} then the phfase "combietéa characterized"
is in thg sense of zero mean-square-error. Té give a
simple intefpretation-of.this theorem, assume that a ¥an—
dom pfocess with a bandlimited spectral density as shown
in Fig. l'ja ié being sampled by the sampler’showh in
Fig. l.3b; The sampling pe;iod T ié aséumgd to be equal
to ﬂ/mc.' The Qutput,of the sampler hés'a'pdwer ;pectrum
shown in Fig. 1.3 . An ideal low-pass filter with cut-off
frequency W=w is used to reconstructgthe original signal.
The output of this low pass filter has'a power épectrum
exactly equal to that of the original one,.and the mean-
-square—érfor between z and z’ is zero.

Signals with perfect bandlimited spectra do not‘
occur in:nature. Frequéntly, a random procéss migh£ haVev
‘a power spectrum as.shown .in Fig. l.4a. If one passes
this signél through the sampler shoWn in Fig. 1'3bf the
output of the sampler will have a powef spectrum which is-
the sum df the  waveforms shown in Fig. l}4b. If we use
an ideél low-pass filter to reConstruct‘the original sig-
nal, the distortioh due to the sampling»process Qill be
observed as.é result of two,factorsﬁ the information

lost outside of the frequency band of théifilter, and. the
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Figure 1.3 Reconstruction of a bandlimited signal after
sampling.
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Figure 1.4 Power spectrum of (a) a nonbandlimited signal;
(b) its sampled output.
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tail effect of the induced frequency bands. The‘secon@
effect is called aliasing. If an ideal low-pass filter
with the same cnt—off frequency as the postfilter is added
to the, system as a pre- sampllng filter, the a11a51ng ef-
fect can be eliminated and the dlstortlon.can be reduced.
As shown in Fig. 1.5, by u51ng this combination of the
pre- and postfllters, the aliasing effect is eliminated,
whereas the 1nformat10n lost out51de of the frequency band
of the fllters remains the same as in the case with a‘
postfilter only. It can be proved easily (32) thatlthe
use of the‘prefflter in this c¢ase halves the distortion.
It turns out that the combination of the ideal low pass

li

pre- and postfilters in this case is optimal.

.1.4.2 Orthogonality principle in linear estimation

This is the basic tool used in solving the linear-
least-squares estimation probiems. Assume that r(t) is'
the observation process, d(t) is the desired signal, and.
&(t) is.the linear-least-squares, estimate of d(t) based |
on r(t) for TiiTin, the orthogonality principle states
that the difference between d(t) and a(t) is orthogonal

to r(t) for all Tijﬁjmf, i.e.,

EA(£)-d () r(1)] =0 for T,<T<T..
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Figure 1.5

(a) Optimal pre- and postfilters for the
signal with power spectrum shown in Fig. 1.4_;

(b) the power spectrum of the resulting

output.
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Depending. on the values of‘Ti and Tey applications of the
orthdgonalify principlé yields the solution to the linear
'_filtering, predication, or smoothing problemé.

To:interpret this principle geometrically (58),
see Fig. 1.6, where the shaded area represents those
points thafﬁcan be obtained by-a linear operation on_r(T).'
One tries to select the vector lyihg withiﬁ the shaded
area so as to minimize the mean square error between it
and d(t). It is intuitively clear ‘that the projection of
d(t) on the.shaded area yields the optimum estiﬁate‘of-
d(t). "Thus, the error isldfthogonal to r(t) and to any

linear combination of r(t) for Tifrjif.'

1.4.3 The innovations approach

The innovations approach was first defined by
Kailath (23), but the approach itself. has been used by
various researchers before.. This dpproach is equivalent
to the whitening approach in the frequency—dpmain analysis.
The erd.‘inhovatioﬁs"reférs to the innovation processes,
or equiValenfli,"the whitening pfocesses which represent'.
the new information contains in some signal processes as

time goes on.
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Figure 1.6 Geometric interpretation of the orthogonality
principle in linear estimation.
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Figure 1.7 The innovations approach.
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Kolomogorov (34) seeﬁs to be the first bﬁe to use
this épproach to discrete linear estimation'problems.
Bode and‘Shannoﬁ (4) used this approach to derive Wiener's
result. Kalman. (28) applied this mefhod in déeriving ﬁisl
result-of the sEate—space approach to linear discrete
estimation. Recently, Kailath (23,24), Kailath and Frost
(25), and Kailath énd Geeséy (26) applied this method to
derive Kalman and Bucy's (29) results, and to extend these
results to smoothing, and nonlinear esﬁimation_problems.

There are two basic concepts imbedded- in the inno-
vations approach;' |

1. Since a signal with a flat épeétfal_density is
easy to deal with both in the ffequency and .in the time
domains, one first converté.thé original observation pro-
cess into a white noise by an invertible filter. The re-
sultiné white noise is to be called thefinhovation pro-
cess, and the invertible whitening filter is to be called
the innovation filter. For a discussion of the existence
of such:aﬁ innovation process, refer to Kailath (24).

2. :If there does exiét such an invertible inno-
vation filtef, then the original“process and the inno-

vation process are equivalent to each other in the sense
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that they contain the same statistical information,: Thus,
~the optimum estimation of the desired signal haseq.onrthe
innovation process will be the same as the one basea on'
the original observation process. o

A simple proof of the ahove statement, due to
Van'Trees'(58), is given below. The proof hinoes on the
1nvert1b111ty of the innovation fllter.

System (L) shown in Fig. 1 7 operates on r(t) to
yield an'output which is optimum according to some fidel-
ity'crrterion. In system (2), one-first operates on r (t)
with anjinvertihle innovation fi;ter fu(t,r) to obtain
the innovation'process u(t). One‘then operates on u(t)
to yiela.an output which is oétimum according to the same.
fidelity criterion nsed in system’(l). We claim that the
tmo sfstems have the same performance; Apparently, system
(2).cannot’perform better than system (1); otherwise, it
will oontradiqt the statement that system (1) is the op-
timum system given r(t) as its‘input; We claim that
system - (2) cannot perform worse than 'system (1) either.

If it does, we can design the thlrd system shown in
Fig. 1‘7C’ recalling that fufis invertible. System-(B)is

equivalent to system (1). That contradicts the statement
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that system (2) is the optimum system given ukt) as its
input. Thué, the proof is completed. ‘
The major advantéges of'the innovations approach
are: |
1. ihe derivation of the 0p£imum‘fil£ér is simpler
in genefal.
| 2. Tﬁe smoothing probiem can not only be handled
more easiiy using the innovations approach, but will yield
to a better physical interprefation.
3. Thé innq%ations approach can be extended fo

deal with nonlinear estimation problems‘(14).

1.4.4 The smoothiﬁg problem

| InAéeneral, the greater the delay-allowéd, the
closer the performance of an optimum realizable filter
will appréximate tha£ of the corresponding optimum unrea;
lizable filtef (47,57). It is of interest té inﬁestigate
quantitatively the efficiency of this delay factor in a
sampled—data systém.‘ For examplé, assume that the signél_
underléonsideration is the first—ofder Gauss-Markov prd—‘
cess with autocorrelation func?ioh'Rz(t)=exp(-altl), and

the system under consideration is shown in Fig. 1.35. If

one uses the optimum fixed-lag realizable reconstruction
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filter,'thé mean square error- between égt)hand z° (t) is

determined by the reconstruction density function y(t)

W]:;le]';e
o o <t< = (T-D)
-pa . o iy
P(t) = Sy [2F-e722 D) 8 L rpyce (L)
(1-e ) ‘
(1 ~ e—ZaT)%-eDa e—at D < £ < o,

The general shape of ¥ (t) specified by Eg. (1.1) is shown
in Fig. 1.8. Depending on whether D=0,>0, or<0, we are
dealing with the zero-lag, fixed-lag, or prediction prob-
lems. It is obvious from Fig. 1.8 that a‘delay of D=T is
all that is needed for the performance of this optimal
réaliZgble'filter to equal that of the o?timum unrealiz-
able one. Shown in Fig. 1.9 are the following: 'a plot of
the error versus aT for the optimum zero-lag realizable

postfilter (reconstruction'filter), for the optimum unrea-

‘lizable postfilter in the absence of the prefilter; and

for the jointly optimized. unrealizable pre- and post-
filters (see Section 1.4.1 of this thesis). The jointly
optimized zero-lag realizable prefilter is simply a

straight line in this case. Fig. 1.9 giﬁes some
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= (T+D) D

Figure 1.8 The general shape of the 'Reconstruction
density function' of a first-order G.M.
(Gauss-Markov) process.
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Figure 1.9 Normalized reconstruction error of a first-
order G.M. process after sampling.
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ihdicétioh.atht how much erro? reduction céhfbe éphiéved

by usingiunrealizable filters, and by usiﬁg a prefilter.

1.5 Characterization of the Quantization Noise

The effect of including a quanﬁizef in the system
can alWays be characterized as adding noise to the signal
being qﬁantized. Assume that y is the input of thé quan-—
tizer, s is the oufpuf, and n is the quantizatioﬁ noise
as shown in'Fig. 1.10. lThe modei usually used to charac-

terize the guantizer is .

s =y +n : ' ' (1.2)

Various'researchers‘have studied the chafacterﬁ
ization of this quantizatioh noise. Widrow (60) aﬁd
Katzenéison (30), for example, have shown'thét for many
cases,'n(t) can be approximated by an uncorrelated noise
with an autocorrelation function Rn(T) wﬁich.décreases
with T much faster than does the autocorrelation function
of the input signal. The approximate variance of the
quantization nbisé depends 6n the number of the quantiéa-
tion leveis only. Ruchkin (50) and othefs have shown that
except for véry‘cgarse quantizing,tana very small sampling

period ‘(with periodic sampling), the power spectrum of the
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yl: end points of the M input ranges

S stoutput ‘level ' for yl_li.y < yl

Figure 1.10 An equal-interval quantizer.
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sampled version of the quantization noise for a large;

class of y can be approximated by

s:l(f) = T R _(0) ' (1.3)
where

. My 4

Ry0) = T f;i_;(sl—y) P_(y) dy (1.4)

yl is the ith end point of the M input ranges; s' is the
output level for yl_l§y<yirand Pr(y) is- the probability
density function of y. But since «x @ - , .
A s’ (£) =m- § & (2TEET g gup)
n n
k=—w
(1.3) essentially says that Rn(kT) for k#0 is negliéible

in comparison with Rﬁ(O)} i.e., n(kT) is approximately

" a discrete white noise with

. "

The validity of (1.5) will be examined later using a
time—doﬁaiﬁ analysis.

Buségang (6) has.found that for Gaussian inputs,
the créés cbrrelatién between the input and the output of

the quantizer is given by

Ely(t)-s(t)] =a; Ely(t)y(1)]=a, Ry(t-T)r (1.6)
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where
i
L] Y .
st/ i1 ¥ exp(-x2/2) ax. . : (1.7)

1 -y /2T

V)]
i
e~ =2

i

Kellog (31) has-found that the autocorrelation function of

the output of the quantizer can be written as

- M Yi
R (1) = ] (s*//2m):f ;_; h(e,n) exp(-n?®/2) an,
: i=1 v
: (1.8)
+ where
M . .
: : . _ i_ i .
hip,n) = J (s*/2)lerf( =L _err L 2P0 7 (1.9)
. i=1 V2(1-p2) V2(1-p2)
p(1) = R (1) | - ©(1.10)
" and
fx) = o [x ~t?) at | 1.11
erf(x) = /F A exp (-t . o (1.11)

Equations.(l.S) and (1.9) can be solved by numerical in-
tegration.
Curry (11) has found that if we.characteriZe the

quantiéer by s = c-y + nc,. ' (1.12)
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instead-of the commonly used.s=y+n.(i.e., c=1); then by
1etting.¢=a1, the signal to noise ratio'(a%Efyz];tévEIﬁé])
is maximizéd, and the qﬁantizatioq noise n,(t) is as
wﬁite as possible. Furthermofe, nc(t) is uncorrelated
with thelinput v, i.e., E[y-nc]=0. For oﬁr pqrposeé
either (1.2) or (l.lé) is adequate to model the quantizér.
With p(t) given, one can find R (1) from (1.8) énd (1.9);
then R (1) and R (1) can be found from (1.2) and,kl.l2),
respectively. .

‘Assume that the input to the quantizer has an

-ale :

. autocorrelation function given by RéT)=e Using the

‘procedure. outlined above with c=a,, plots of RY(T), Rﬁ(r),
and Rn (f) versus at for a Max equal-interval quantizer
c

(35) with 2, 4, and 8 quantization levels are shown in

Fig. 1.11 and Table 1.1. Let us investigate the ratio

Rn(kT)/Rn(O) and R (kT)/R_ (0) for k#0 since those‘values 

: c c :
indicate when the sampled version of the quantizatio

noise can be approximateed as a discrete White‘noise. It
is obvious from Fig. 1.11 that the'larger.the sampling
period i'is, the smaller the ratios Rﬁ(kT)/Rn(O) and

R (kT)/Rn.(O) for k#0 become. To see thé effect of the.

c c : ,
number of quantization levels on those ratios, a plot of
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Figure 1.11
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(t)=exp(-a|T]|)

\RY

Autocorrelation functions of quantization
noises.
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Table 1.1 Autocorrelation functions of the 1nput, output,
and the quantization noise of a Max equal—'
interval quantizer o
* .
kS k Ry(kT),' Rs(ki) Rnc(kT) Rn(kT)
2 0 1.0 0.6368 0.2314 '0.3634
1 0.9048 .4585 .0917 L2111
3 .7408 .3382 .0379 .1357
5 .6065 .2641 .0183 .0983
7 .4966 .2107 .0094 . .0749
9- .4066 .1697 .0048 .0586
4 0 .8814 .1050 .1191
‘ 1 .7256 .0230 .0358
3 .5864 .0112 .0217
5 .4770 .0060 0146
7 . 3889 .0033 .0103
9 .3175 .0018 .0075
8 0 .9632 .0367 .0381
1. .8440 .0057 .0070
3 .6892 .0029 ©.0039
-5 .5635 .0015 ..0024
7 .4609 .0008 .0015
9 3771

0004 .0010

* The number of the guantization levels.
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those ratios versus the number of quantization levelg (up
to 32) for a Max equal-interval quantizer is sho&ﬁ iﬁiaﬁ'
Fig. 1.12. "It is shown iﬁ Fig. 1.12 that tﬁe larger the
number of Quantization ITevels, the whiter fhe quantization
noise becémés. It is also shown in‘Fig. 1.12 that the
differencé.bétwéen the modeling of the quanfizer‘with c=1
and c=a; in Eq. (1.12) (Eq. (1.12) rgduces'to Eq. (1.2)
with c=l)<bécomes less.significant as the number of quan-
tization levels increases. fhis is also evident from the
fact Eha£ a1 approaches 1 as the number of quantization
levels inéréases. Whether the gquantization noise speci-
fied by Eg. (1.2) can be approximated by an uncorrelated
noise dependé on the value of ai. The éloser a1'approaches
1, the less correlation there will be between the inpu£
signai and the guantization noise. These figures-also
provide a heuristic.look at the result of Katzenelson (30)
and othefs'aboﬁt the fact that the autoco;relation‘funétion
oﬁ the quéﬁtizatibn noise specified in (1.2), Rﬁ(T), de-
creases with T much féster than .that of the inbut signal.

' Thus, in most of the practical cases, it is reason;
able to assume that the sampled version of. the Quantization

noise séecified by (1.12) with c=a; can be approkimated.by'
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R,(0.1)/R_(0)

I} 1
2 4 8 16 42

Figure 1.12 Ratios of Rn(O.l)(or Rn COBEE) O Rn(O)

(R_ (0)) versus the numbBer of quantization
N levels.




§ I R T SR TR I |

Ll

40
é:QiséreﬁéfWhite noise uncorrelated'withwtbe?ihpﬁt signal

énd With.its autocorrelation function givén by

R (kT-3T) = R_ (0) akj, | (1.13)
o c , .
where
M . .
. . . ) . :
R_(0) = ] [¥ (sT-a;y)® PL(¥) dy. .. (1.14)
c i=1 yi-t : _ : o

Notice that even though the quantization noise can be
approximated by an uncorrelated additive noise, it is
still dependent.on the input signal since‘Rn (0) depends

c
‘on the power of the input signal.




Chapter 2
THE OPTIMAL POSTFILTER

2.1 Problem Statement and Preliminary Remarks

The system under consideration in this chapter is
depicted iﬁAFig. 2.1. Shown in Fig. 2;la'is the syétem
that generates the signal z(t) to be éémpled, possibly
gquantized, and then transmitted to the receiving endf
'Fig. 2.1b specifies the relation bétween the desifed sig-
nal and,thé sfate vector. Shown in:Fig; 2.1, is the
overall syétem.being considered;‘where the sampling is
periodic; h(k) can be quantization noise or/and channel
additive noise; and g(t,kf) is the'prtfiltef tbAbe de-

termined. The Systems'equations are

x(t) = A(t) x(£) + T(t) w(t), | (2.1) -
z(t) = H(E) x(t), 2.2
r(kT) = z(kT) + n(kT), | o C(2.3)

and .the desired signal is given by

d(t) = C(t) x(t). - (2.4)

The T in Eqg. (2.3) is the sampling period.. In order to
simplify notétion, we will occasionally denote kT by k

. from hefe on if it does not cause confusion. The state
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? .
4 s B (o )Etsl I A6
A(t)
(a)
x (t) & d(t)
(b)
n (k)
(t) (k k)
: o + r( igt, KT')

(c)

Figure 2.1 The design of the postfilter:

signal; (c) the system.

k)

(a) the message
model; (b) the generation of the desired
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7,

vector x(t)-is an n-vector; w(t) is an 24vector;VQ(t)fi$.

4

dimensions of A(t); I'(t), H(t), and C(t) are nxn, nx4%,

i%n, and pXn, respectively. Let
Rghw,f) = El£(e) n' (1)1,
R, (t,T) = Eln(t) n'(1)]

and

- , .
Vn(t) = Rn(t’t) En“ ()1,

where £,n1 are any related signal.

Prior statistics of the sytem are

Eln(k)] = E[x(iT)] = 0 ‘ (2.5)

E[w(t)] =

R_(t;1) = V_(t) §(t-T) | (2.6)
R (#;Ts1) = 0 for >4, T, o (2.7).
Rwﬁ(t,kT) =0 | ” (2.8)

and the initial covariance Vx(ﬁiT) is known, where QiT
denotes. the initial time the eétimation begins, 'Lét
g(t/zi,zf,n(k)) A 1inear least-squares estimate of
£ (t) based on the observation of the n(k)'s for zifkizf.
Depending on whether m>%ey M=Le, OF M<fey where m=<t/T>,

‘we are dealing with the prediction, filtering, and

an vagcto;, and r(t), z(t), and n(t) aré i—vectofé. The'
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smoothing problems. A steady-state.estimatién corresponds
to li%fm.j.If an unrealizablg filter wifh.an infiﬂite mem-—
ory caéacity is used'as:thé postfilter4,2f=¥2i=w7 .ﬁifher'.
one of the above two situétions is usually assumed a prior
conditiqh.in'the frequenéy-dbmain approach to this'problem.
In some cases, one of mére_of the qpantitieslzi,ﬂf, or/and
n(k) can be omitted from the notation defined above when
there is no need to specify them. For example, when there
is nolneea £o specify zi,zf and n (k), g(t) will be used to -
denote g(ﬁ/ﬁi,if,n(k)). When there is no need to specify

zi and n k), g(t/lf) will be used to denote

_ é(t/li,kf,n(k)). In this work, the initial time liT-does

not have to be -«, but ziT<t and £i<£f. Thus, finite time

observations and transient behaviors can be analyzed using

'this state-space approach.

At a first glance, it seems that the probleﬁ can be
solved ih two steps:

1. Find d(k) from the r(j)'s ﬁsing'a discrete
filter. | | |

2. Find d(t) from the d(k)'s using a filter which

is the optimal reconstruction filter if the d(k)'s are

the inputs.

yere—
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This is indeed the case if the optimum filter under
consideration is an unrealizable filter .with an inf;nite
memory capacity. To prove this point, assume d(t)=z(t).

for easy presentation, and let

y) = J g, (t,kD) z(k), | (2.9)
. k= —

[=¢]

where the quantities g, (t,kT)'s satisfy the equation

0

B[z (t) - ] g, (t,kT) z(k)] z' ()} =0 (2.10)

= - ®

for all t, j; i.e., g,(t,kT) represents the impulse're=

sponse of the.optimum filter to reconstruct z(t) from the .

z(k)'s. %(k) in Eqg. (2.9) is the optimum discrete esti-

mation of z(k) from the r(j)'s for all j, i.e:,
CE{[z(k) - 2(k)] r'(§)} = 0 for all j,k. (2.11)

Let

'\1' S . A~ ’

E(-) = () - g(-). : (2.12)
Then (2;11) becomes

E[¥(k) r'(j)] = 0 for all 3, k. = (2.13)
We want to prove that y(t)=;(t); i.e., to prove that (from

the orﬁhdgonality principle)
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i) - y(0)] £1(3)} =0 for all 3

frb@ (2;12) it fbllowsﬂthat
z(k) = z(k) - Z(k). - ‘ (2.14)

Substituting (2.14) into (2.9) yields.

y(€) = J. g, (kD) (z(k) - 2Z(&)]
4 Lo
= ] g, (t,kT) z(k) - ] g, (t,kT) Z(k).
k== - (2.15)
" Thus,
Elz(0)-y(8)] £ (I= Ellz(t) = § ‘g, (£,kT) z(k)
S T k= - -
+ 1 g, (t,kT)
k=~
x z(k)] r'(3)}
= E{[z(t) - ] g,(t,kT)z(k)Ir'(3)}
. k= = - . ’
¥ ] gy (6, kDEIF () ' ()]
k= ~ o o
. ‘ (2.16)

The second term on the right-hand side of (2.16) is zero

from (2.13). For the first term,
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fic~18

E{l[z(t) =
i v X

go (£,kT) z(K)] r' ()} = EAlz(t)

- ] o (£,KT) z (k)]

X [2"(3) + n'(j)1}

= E {[z (t)

T g, (£,kT) z(k)] z'(3)} +
k= .

-0

E{[z(t) L 9o (t,kT) z(Xk)] n'(§)}.

- 00

k
(2.17)
The first term on the right-hand of (2.17) is zero from
(2.10). The second term is also zero since n(k) is as-
sumed to be uncorrelated with the signal. Thus, from the

above arguments,
E{lz(t) - y(t)] £' ()} =0 for all j; (2.18)

i.e., ykt)=§(t) from the orthogdnality principlef‘ Tﬂe
postfilter‘that impleménts the two steps mentioned before
is shown in Fig. 2.2. | |

If‘reaiizability is required, let z(t) denote the
zero~-lag optimum esfimate of z based on the r(k)'s for
k<m; i.e., z(t)=z(t/%;,m,r(k)), where m=<t/T>.

.Eq. (2.10) becomes




z (k/-*,°,r (k))

n (k)
Z(k) /l\r(k) : = : /z\(t/_oo,oo,r(k))
Q/ —>ga(3,k) gb(t,J’D——»

ga(j,k) & the optimal unrealizable discrete filter to
reconstruct z(j) from the r(k)'s.

gb(t,jTﬁ éthe optimal unrealizable continuous filter
to _reconstruct 2z (t) from the z(3)’'s.

Figure 2.2 A two-filter structure for the optimal unrealizable
postfilter.

87
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e ' CoT S
E{lz(t) - ] 9o (t,kT) z(k)] z'(3)} = 0 ' for j<m,
k= (2.19)
and (2.13) becomes
E[d(k) £'(3)1 = 0 for 3 < k. . (2.20)

Following the same procedure used for the case of unrea-

lizable fi;ter, (2.16) becomes

E{[z(t) - y(£)] £' ()} = E{[z(¢)

m

- kZ 9o (£,kT) z(k)] xr' ()}
m

+ kz go (t,kT) E[d (k) r'(3)]

(2.21)

If E{[z(t)-y(t)] r'(j)} is zero for all j<m, the two steps
mentioned before will yield the optimai zero-lag estimate
of z(t). The first term on the right-hand side of (2.21)

is zero for all j<m from (2.19) and the fact that n(j) is
uncorrelated with z(t). But the second term might not be
zZero since E[%(ks r'{(j)] is_guaranteed zero only if jfk,

whereas the summation is from k= - o fo k=m. If z(t) is a
first—ordex Gauss-Markov process, and A(t)=-a and H(t)=1

in Equetions (2.1) and (2.2), respectively, theh


































































































































































































































































































































































































































































































































































































































































































































































































































