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ABSTRACT

The serial dilution assay is a standard microbiological method
for determining the density of organisms in a solution. This paper
presents alternatives to current standard serial dilution confidence
interval, point estimate and design recommendations.

Original exact confidence intervals are given which are narrower
" than those available in standard tables. Point estimates are given
which have smaller mean squared error than the standard most probable
number (MPN) maximum likelihood estimator. An algorithm is given which,
for the techniques discussed and within certain researcher-chosen
constraints, identifies the optimal design and the most efficient
estimator. - :

' This paper also gives the solution to the general finite -
population serial dilution problem, discusses finite population analogs
of the confidence interval and point estimate techniques discussed, and
compares the finite and the infinite population models.

The computer programs which were used to obtain the confidence
intervals, point estimates and tables presented in the text are given
in the Appendix. These programs, including the one for identifying
‘the optimal design, generalize to any number of dilutions, any number
of samples per dilution and any dilution factor.




1. INTRODUCTION
Halvorson and Ziegler (1933a) state "the use of dilution methods
...dates back to the early days of science" and note that‘Pasteur, for
example, was using serial dilution techniques about 1875, Typically,
one seeks to estimate the number of organisms per unit volume of
solution under the assumptions that (1) the organisms are randomly
distributed throughout the solution and (2) each sample from the

solution, when incubated in the culture medium, is certain tovexhibit

" fertility whenever the sample contains one or more organisms. If the -

,solurion averages A organisms per unit volume and z is the dilution
(multiple of the unit volume selected for analysis), then, under the
foisson probability model, P(sterile,sample) ='e_kz. In practice, one
gnarde against obtaining samples which are likely to be either all
sterile or all fertile by nsing more than.one dilution}. Lettlng X
lequal the number of fertile samples in‘ni trials at the 1th dllutlon,

P(X;mr) = (“1)(1-e‘“'i)r(_e

Az, n,-T
i) 41 7.
In the first definitive study of the problem of estlmatlng A

using serial dilutions, McCrady (1915) described the estimate A the

1

' value ‘of A that maximizes the probability of obtalnlng the spec1fic
arrangement ‘of fertile and sterile samples observed. McCrady called
:-A the 'most probable number" (MPN) and presented the. procedure whlch
foday is known as maximum likelihood (ML) estimation, as Bayes
estimation with an improper unifnrm prier on A.2 TpﬂjUStify tne

prdcedure, he citeé, among others, distinguished late'nineteenrh
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century mathematician Richard L. Edgeworth who stated, "The

assumption that any probability comnstant about which we know nothing

in particular dis as likely to have one value as another, is grounded
upon the rough but solid experience that such constants do, as a
matter of fact, as often have one value as another."

For k dilgfions, the likelihood function is given by
(1.1) L(x)5%pse %0 3A) = H(i]:_) ('1—e—}\zi)xi(e—>\zi)ni—xi
and the maximum likeiihood estimaie for A, still moét commonly
reférred to as‘the MPN, is the A which solves Z(xizie_xzi)/(l—e_kzi) =
Z(ni—xi)zi, which simplifies (deMan 1977) to
(1.2) In.z, = Zx,z./(l—e_xzi).

i%i i7i" e
For k>1, the solution to (1.2) must be obtained by iterative methods.
Several programs (e.g., Parnow 1972) to obtain the MPN for amy k, any
z; and any n, are readily available.

While the methods of all sections of this paper generalize to
any k, any z; and any n, (except in Chapter 5 where it is required
that Zniziji), the numerical examples given are for the commonly
encountered case of k;3 decimal dilutions zi=(.l):.L with ni=3.for.
i=1,2,3. The 64 possible (X;,X2,X3) sample results will be referred
to‘by the codes 000,001,...,332,333. For these Kk, z; and n,, the

first three colummns of Table 1 summarize the results presented and

recommended by standard reference works.




TABLE 1

3

95% Confidence Intervals: .n=3, Z'l=-l 22='01 z3=.001'
Combiningd  Minimum®
a b c Independent Expected
result MPN Woodward deMan Resgults Widch
000 0.0 0-9f 0-12 0-13
001 3.0 0-9 <1-17 2-15
002 6,0
003 9.0 .
010 3.0 .085-13 <1-17 <1-16 2-10
o1l 6.1 7-19
012 9.2
o013 12
020 6.2 2-22 4=17
021 9.3 16-20
022 12
023 16
030 9.4 17-17'"
031 13
032 16
033 .19
. 100 | 3.6 .085-20 <1-21 <1-24 <1-25
101 7.2 .87-21 2-27 3-28 -
. 102 ‘11 26-28.
102 15 )
110 7.3 ,88-23 2-28 1-30. 3-20
11L 11 3-36 434 7-35
112 15 35-35
113 19
120 11 2.7-36 4-35 5-32
121 15 6-41 17-37
122 20 :
123 24
130 16 . 6-42 18-32
131 20
132 24
133 29 .
200 9.1  1.0-36 2-38 1-42 <1-37 '
201 14 2.7-37 5-48 5-50 11-14
202 20 . 27-50
203 26
210 15 2.8~44 5-50 3-55 5-42
211 20 7-89 7-60 9~64
212 27 36-65
213 34
220 21 3.5-47 8-62 7-61 10-32
221 28 10-150 11~74 18-71
222 35 51-72
223 42
230 29 11-77 19-63
231 . 36 40~74
232 44
23 53
300 23 3.5-120 <10~130 3-137 4-120
301 39 6.9-130 10-180 10-175 14-69 .
302 64 15-380 20-230 42-183
303 95
310 43 7.1-210 10-210 5-257 7-200
311 75 14-230 20-280: 15-320 21-180
312 120 30-380 40-350 51-340
313 160 195-345
320 93 15-380 30~380 11-456 12-360
321 150 30-440 50-500 26-594 38-400
322 210 35-470 80-640 69-659 120-260
323 290 110-~790 208-687
330 240 36-1300 <100-1400 27~1612 26-990
331 460 71-2400 100-2400 54->1800 70-2000 !
332 1100 150-4800 300-4800 115--1800  140-4070
333 @ 460~ 298~ 370-=

3pmerican Public Health Associlatlon (1970, page 101) .
American Public Health Assoclation (1971, page 676); see section 2.1
CdeMan (1977); see section 2.2

d

see section 2.3

€gee section 2.4

fone-sided 95% confidénce interval
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This paper examines presently recémmended serial dilution
interval estimation (Chapter 2), point estimation (Chapter. 3) and
aesign (Chapter 4) techniques. In each chapter, alternétives are
developed and cdmpared to the currently standard methods. In
Chapter 5, the exact solution is given to the finite popylation

serial dilution problem.




2_ . VCONFIDENCE INTERVALS

Sections 2.1-2.4 present two comﬁonly used and two new methods
for comstructing exact 100(1-a)7% confidence intervals. Séveral
approximate confidence interval techniques are discussed briefly in
section 2.5. The 95% confidence intervals obtained by the methods in
sections 2.1-2.4 are given in the final four columns of Table 1. As
apparent from the discussion below, the methods of sectiomns 2.1-2.3
can be used to construct one-sided confidence intervals, and for these
methods the endpoints given in Table 1 may be used as the endpoints

for appropriate 97.5% one-sided confidence intervals.

2.1 Woodward's Method

Perhaps the most commonly used 957 confidence intervals are those
given by the American Public Health Association (1971, page 676).
Prepared by Woodward (1957) and appearing in the "Woodward” column of
Table 1, these intervals are the accepted norm by which other
procedures are often judged (e.g., Martins and Selby 1980). Woodward
ranked each of the 64 possible X;XyX3 outcomes according to the
magnitude of the MPN and then constructed 95% confidence intervals
(i.é., approximate intervals, since the outcome space is discrete) by
testing HO:A=AO for selected Ao values in [0,»). TFor a given X1X2X3
outcome, Woodward rejected HO:A=AO if and iny if that XIXéX3 outcome

produced an MPN in the lower 2.5% or the upper 2.57 of the

probability distribution of MPN's generated under Ho' The set of all
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) Ao's not rejected for any X;X,X; outcome comprise the two-sided 95%
confidence interval associated with that outcome.

Figure 1 illustrates the Woodward method. When testing HO:A=21
vs. H :A%Zl, one obtains the distribution of MPh's shown. ReJectlng
- the .025 most extreme results in each tail, WOodward rejects A=21. for
x}x2x3=000,001,010,100,002,011,020,101 in the lower tail and for
"X1X2X3=333,332,331,323,330,322,313,321,312,303 in the upper tail. The
'Woodward-QSZ contidence intervals of Table 1 for these results (when
given) should not include the value 21. This is true for ali cases
except X1X2X3?101, which represents an error in Woodward's
:ealculations. Nor is this the only error in Woodward's work;.as‘deMan
(1975) notes. "In the table preseﬁted by Woodward (1957)," he states,
' ﬁa feW'mistakee were also found, but they were minor. Undodbtedly{*:
thie,table should have been given‘more attention than:it apparehtlp
reCeived.db The program used to geherate the probabilitiee for ;
Figdre_l ispgiven in Appendix I. The MPN's in Figure 1 were obtained“
by Newton's method within the program of Appendix IIi}

" Two additional comments regarding Woodward's confidence iﬁtervals'

]

~heed’to"be made. Flrst, a caveat given by Woodward but often om1tted
by those reproduc1ng his tables should be repeated. For the 000 '(333)
result Woodward rejects H :A=A if and only if the MPN is in the

- upper (lower) 5/ of the sampllng dlstrlbutlon and presents only upper

(lower) 95/ confldence intervals.

Vo




FIGURE 1
Distribution of Possible Sample Results (arranged by
magnitude of MPN)

A=21

MPN

0.00
3.01
3.05
3.57
6.02
6.11
6.19
7.23
7.36
9.05
9.18
9.18
9.31
9.44
10.99
11.18
11.38
12.26
12.43
12.61
14.33
14.68
14.84
15.11
15.39
15.56
15.69
15.79
18.99
19.14
19.50
19.89
19.92
20.47
21.07
23.12
23.72
24.20
25.99
26.78
27.63
28.55
28.61
33.61
34.77
36.04
38. 50
42.42
42.73
44.08
52.57
63.56
74.89
93.28
95.38
115.22
149. 36
158.80
214.66
239.79
291.72
462.18
1098.95

result

n=3, z

<+ 00T

1

=,1 zzf.Ol z

- 002

3

=.001

+ 00€

+ 00%*

0000009

001 . 0001

010 .0006

100 .0197
002 ~.0000

011 .0000

020 .0002

101 ,0013

110 ] .0138
003 0000

012 ..0000

T

200

] .1415

0210000
030/ .0000
102 .0000
111.0009
120°7.0032

12120000
022 .0000
031 .0000

paempooy

2011;77] .0090 |
210§ .0992

103 /0000
112'. 0000
121.0002
023|.0000
130 .0003
032 .0000
033 .0000
113 .0000
122 .0000
131 .0000
202 .0002
211 7| .0063

300

220 L.0232

I0afax 03 syTrEy

i
i
i
i

1.3379

123 0000
132 .0000
203 *.0000
212!.0001
221'.0015
230..0018
133 .0000
213}.0000
222{.0000
231|.0001
301} .0215
223 {,0000

H

TZ=X:

310

].2369

232(.0000
233!, 0000
302 {.0005
311777 .0151
320

303 {.0000
312.0003
321 7].0035
313 {20000
322.0001
3301].0043
323 10000
331 1.0003
332 :.0000
333,0000

. 0554




8

Secondly, while Woodward's method provides a 95% confidence
interval for each of the X;X,Xj3; possible outcomes, his 1957 table
includes confidence intervals only for what he determines to-be the 22
most likely X1X2X3 outcomes. The remaining 42 X1X2X3‘outcomes he
~calls "improbable' and recommends that they not be used for making
:infefences. In other words, there are some X;XpX3 outcomes (e.g., the
?ésul£ 003 -- no organisms presen£ in the more concentrated .1 or .01
‘dilutions, but organismé present in all three samples at the weakest
i.OOl dilution) for which Woodward's ;ethod gives a 957 confidence
interval in which he apparently does not have 957 confidence.' The
. iast two methods of Table 1 eliminate this,subjectiﬁity by inherently
‘failing to give confidence intervals»(i.e., by giving empty confidéﬁce
intervals) for improbagle‘results.

A further inspection of Woodward's method reveals some serious
_practical flaws. Note from Figure 1 that ordering the X;X;X3 results
by the magnitude of the MPN does not yield a unimodal saﬁpling
distribution. According to most statistical inference texts (e.g.,
Cox and Hinkley 1974, page 66), this means that the MPN is hét én
accep£aﬁle test statistic since more-éxtreme values of the MPN.do-not
necessarily give stronger evidence of departure from H;. Fisher
(1956, page 98) objeéted to a procedure of Bartlett for simila?
reasons since his statistic "does not increase or décrease

monotonically for changes in the weight of the evidence."
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The difficulty caused by a ﬁulti—modal sampling distribution
can be seen from Figure 1. Woodward's rejecfidn region includes the
result 100 for'whiéh P(X1X,X3=100) = .0197 but fails to include the
less likely result 110 for which P(X;X,X5=110) = .0138. 1In fact,
Woodward cannot place in his rejection region any result, no matter

how unlikely, which gives an MPN larger than 3.57 unless the result

100 were already in the rejection region. Woodward's intervals, then,
form a "staircase" based on the magnitude of the MPN so that the lower
(upper) confidence limit associated with one sample result cannot be
lower (higher) than the limit associated with another sample result
yielding a lower (higher) MPN. © Consequently, the width_of an
interval is not determined by the precision associated with the sample
result, and preliminary calculations verify that the actual level of

Woodward's intervals is greater than 957%.

2.2 DeMan's Method
Another set of commonly used confidence intervals is given by

deMan (1975) and appears in the "deMan" column of Table 1. Even
though deMan uses the term 'confidence interval,' his procedure does
not meet the necessary and sufficient conditions given by Neyman
(1941), the originator of the concept of confidence intervals as
presently employed. In the opinion of many authors (e.g., von Mises
1942), however, this is not necessarily to deMan's detriment. beMan

does, in fact, provide the limits of the middle 95% of the likelihood
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distribution for each X;X;Xj3 result or, equivalently, the Bayesian
interval for A under an improper uniform prior. While the posterior
function f(A;x1.,%2,%x3) is défined cpntinuously for Ae[0,®), deMan used
discrete approximations in both directions from the MPN and truncated
the posterior distribution whenever an additional tail histoéram
area contributed less than .000005 of the cumulative total.

DeMan's method, like Woodward's, provides a 957 confidence
interval for each of the 64 possible X;X,X3 results. Also like
Woodward, deMan sates that ''MPN tables‘should be restficted to results
having a defined minimal probability" and gives no confidence
intervals for "improbable' X;X,X3 results. 1In Fheir original
articles, deMan and Woodward agree in all but two cases on what is
improbable (deMan considers the result 312 improbable, but not the
result 211). It is clear that each finds himself deciding which of
-his 95% dintervals he chooses not to accept with nominal level 95
per cent.

If one desires to use a Bayesian procedure, of course, he is not
limited to an improper uniform prior. In general, the more specific
prior information the researcher has (or is willing to assume) about
A, the marrower he can make his '"confidence iﬁterval.” Even if the
researcher begins with complete ignorance about A, however, the
uniform prior may not be the apprépriate prior. Box and Tiao (1973)

discuss Bayesian interval estimation in general and define a
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"noninformative prior,'" based on Fisher's information, that they

recommend for the researcher with little or no prior information.

2.3 Methods of Combining Independent Results

Since each of the three dilutions gives results independent of
thoselbf the other dilutions, the total serial dilution experiment
yields three independent point estimates and fhree independent
confidence intervals for A. First impressions might suggest
constructing 3/.95 confidence intervals Ci1, C2 and C3 for each of the
three dilutions and using the intersection C;MNC2/1Cy as an
experiment-wide 95% confidence interval. This is certainly
statistically acceptable and has the advantage of permitting certain
unlikely results to produce empty confidence intervals whenever
C1MNC2NC3= . There are, however, at least two disadvantages
major enough to discourage the use of this procedure.

First, the three independent confidence intervals have at most
three distinct'lower endpoints and three distinct upper endpoipts.
This means that the 64 possible X;X,X3 results generate a maximum of
32=9 dis;inct non-empty confidence intervals. Certainly, there exists
the possibility of different X;X»Xj3 results yielding identical
confidence intervals. This would not be undésirable if the minimal
sufficient statistic were some function of the Xi (e.g., Y=ZXi) thgt

could assume only some number of values considerably less than 64,
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Here, unfortunately, the minimal sufficient statistic is the ordered
triple (¥X;,X,,X3) and none of the 64 possible X;X,X; outcomes gives
the same information as any of the other outcomes.

Secondly, one intuitively has more confidence in the interval
associated with the strongest concentration z; since it represents, in
some sense, the largest sample size. Or should one have more

-confidence‘in the interval associated with the weakest concentration
123 since it represents, in some sense, the finest scrutiny of the
solutioﬁ? What if two of the three intervals agree and the third
appears to be an outlier? While the weighting of estiﬁates is

usually associated with point estimation, one can't help but feel that
merely intersecting three intervals obtained at three different levels
of examination wouid be naive and inefficient..

. Fisher (1932) introduced a mefhod of combiniﬁg the results of
independent teéts using p-values, .and Lancaster (1976) gives én
updated reyiéw of the procedure. Here, one combines .the p-values
'asgociated with HO:A=AO for each of the three dilntiéns to obtain an
expefiment—wide,p—value. The method uses the well-known (e.g., Hogg
and Craig 1970, pages 349,104 and 159) facts |

(i) For any continuous random variable Y with distribution

function F(Y), the random variable W=F(Y) has a.uniform
[0,1] disfribution.

(ii) If Y is a random variable having a uniform [0,1]
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distribution, then W=-2[1n(Y)] has a chi-square distribution
with 2 degrees of freedom.
(iii) 1If Y1,Y2,...,Yk are independént random variables each
having a chi-square distribution with r, degrees of freedom,

then W=Y1+Y,+...+Y, has a chi-square distribution with

k

r=ri+ Lot...tr degfees of freedom.

k
When the test HO:A=KO vs. HO:A>AO at the single dilution z yields

m fertile samples in n trials, the associated p~value is given by

0 h -A Z.X, =\ _zZ.n-X
(2.1) P X§m(x)(l—e 07) (e "07)

P(Xom [ A=A )

1 - P(X<m]A=AO)

1 -FX

(ignoring the lack of continuity, a correction for which will be given
later). Since p = 1-F(X) has a uniform [0,1] distribution whenever
W = F(X) has a uniform [0,1] distribution, (i), (ii) and (dii) above
imply that an experiment-wide p—vélue for three independent dilutions
can be obtained by calculating the probability that —22[ln(pi)] is
greater than a random variable having a chi-square distribution with
6 dggrees of freedom. Collecting for each X;X,Xj3 result the Xo's for
which one fails to reject HO:A=AO vs. Hazx>ko at the a=.925 level
(i.e., for which the p—valﬁe is greater than .025) and for which one.
fails to rejgct HO:A=AO vs. Ha:k<ko at £he 0=.025 level, one

constructs two-sided 957% confidence intervals.
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Rosenthal-(l978) reviews several methods of combining the results
of independent studies and for k=3 independeﬁt results such as those
in the serial dilution problem, he recommends Fisher's method.
Rosenthal does, however, remind his readers of two disadvantages
inherent in the method. First, for several independent p-values just
slightly lower fhan .50, Fisher}s method might not yield an overall
éignificant p;value when such simple tests as the sign test would.
Secondly; independent trials with strongly significant results in
opposite directioné could causelFisher's method to support the
significance of either outcome. While it is precisely this second
phenomenon that proves to be the desired advantage in the serial
dilution problem by causing empty confidence intervals for improbable
results, not all authors would.see this as an asset. Cox and Hinkley
(1974, page. 225), for example, discuss procedures that give empty |
confidence intervals and say, ''the assertion that [the parameter]
lies in a null region is certainly false... What is the point of
making assertions known to be false?"”

Lancaster (1949) gi&qs a continuity correction for Fisher's

method which, according to' recent surveys (e.g., Rosenthal 1978),
ki
others have not been able to improve upon since. Moses (1956)

_discusses the Lancaster—cdrrected Fisher technique in detail.

i

Confidence intervals obtained using Fisher's technique and Lancaster's

correction for continuity are given in the "Combining Independent
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Results" column of Table 1. While Woodward's method and deMan's
method yield confidence intervals for all possible X;X,X; results
(recall that those authors give intervals only for what they consider
"probable" and acceptable results), the method of combining
-independent results described above yields only the confidence
intervals given in Table 1. X;X,X; results for which no confidence
interval is given are results inconsistent with any value of AO. The
program used to obtain the "Combining Independent Results' entries

in Table 1 is given, along with an example, in Appendix II.

2.4 The Method of Minimum Expected Width

It is axiomatic that methods giving narrower confidence intervals
are to be preferred over competing methods (all other considerations
being equal). While the combination method of section 2.3 certainly
gives narrower confidence intervals than Woodward's or deMan's method
.whenever it yields an empty interval, TaEle 1 indicates other X;Xy¥3
. fesults (e.g., 120) for which the combination method gives the
narrowest non-empty confidence interval of the three methods. This
prompts a search for yet another method which deliberately seeks to
minimize the widths of the 957 confidence intervals. It will be
apparent, however, that such a method produces only two-sided
intervals and does not have the ability of the Woodward, deMan or

combination method to use upper or lower 95% confidence interval
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endpoints as endpoints of corresponding 97.5% one-sided
confidence intervals.

The method of'minimum expected width, like Woodward's method,
starts by testing HO:K=KO vs. Ha:A%XO at the 0=.05 level, considering
the probability distribution of the 64 possible X;X»Xj3 results under
HO and rejecting Ho if the observed result falls within the extreme
5% of the sampling distribution. The two methods differ according to
how each determines whether a‘particular X1X2X3 result lies within the
extreme 5% of all reéults possible under Ho'

Most textbook presentations of the minimum expected width
technique are confined to continuous unimodal problems, for which the
technique gives the shortest confidence interval (e.g., Guenther
1969). Mood, Graybill and Boes (1974, page 383) describe the
technique for this case and. contrast it with the usual equal tails
method of constructing confidence intervals. Larson and Marx (1981,
page 290) néte that the technique, unlike the equal tails method,
preserves the likelihood ratio criterion. Sterne (1954) first applied
the technique in a discrete problem when he constructed l—ao
confidence intervals for the binomial parameter p by forming rejection
regions of size afqo that contained as many points as possible under

.Ho:p=p6. Crow (1956) dindicates that this technique does achieve
the minimum possible expected width among all non-randomized

techniques meeting the usual Neyman confidence interval definition.
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In general, a 952 minimum expected width confidence interval may
be formed as follows. For the parameter A and the statistic T having
the sampling distribution £(t;)), increase r until éf(t;ko)dt = .05;
where R={Tlf(t;ko)§r}; R then forms the rejection region for testing
HO:X=AO vs. Ha;A#XO and the collection of Ao's for which a particular
value of T is not in R forms the confidence interval associated with
that particular T. 1In Figure 1, ﬁf(t;ko)dt = EP(X1X2X3;AO=21) = ,0496
when r=.0138 and the rejection region R is the set of all 64 X;X,X;
outcomes except. 100,200,210,220,300,301,310,311 and 320. Accordingly,
the "Minimum Expected Width" column of Table 1 includes A=21 in
pfecisely the confidence intervals associated with 100,200,210,220, .
300,301,310,311 and 320.

The confidence intervals appearing in the "Minimum Expected
Width" column of Table 1 were obtained following the procedure
described above and using the program eﬁployed to construct Figure 1
(and given in Appendix I) to produce the sampling distributions for
various A's. X1X2X3 results for which no confidence interval is
given are those results which, as with the combination method in
section 2.3, were inconsistent with all values of A. In this author’s
opinion, the combination method and minimum expected width method are
significant improvements over currently used techniques and should be
the recommended serial dilution analyses for one-sided and two-sided

confidence intervals respectively. There are, however, some general




© 18
cautions and areas for further work associated with the method of
minimum expected width of which the reader should be made aware.

First, while the confidence intervals given in the "Minimum
Expected Width'" column of Table 1 are generally narrower than those in
the other columns (recall that the deMan intervals, while generally
wider than those of this section anyway, are not true Neyman
confidence intervals at all), there are a few specific exceptions
(e.g., for X1X»X3=100)., This reminds one that the method guarantees
minimum expected width over all 64 possible X;X,X; results and not
necessarily the minimum width confidence interval for each X;XyXj
result individually.

Secondly, the failure of the sampling distribution to be unimodal
can cause the minimum expected width.confidence interval to be the
union of disjoint intervals. Tor the k, z,, Ty and o of this chapter,
this occurred only once, and to two significant digits the confidence
interval properly associated with the result X;X»X3=330 is
261)[32,990]. Since this would not be‘an acceptable result to most
researchers, this author recommends the procedure used in Table 1 of
extending the confidence intervals across any such gaps from the
lowest included A value to the highest included A value. Santner and

-Snell (1980), in the first paper applying the minimum expected width
technique to a multi-modal distribution and, hence, the first paper

addressing this problem, describe an algorithm that makes adjustments
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that guarantee continuous minimum expected width intervals.

Finally, as discussed in Chapter 3, the MPN is a positively
biased point estimate for A. Blyth and Hutchinson (1960) note that
the minimum expected width confidence interval technique presented
here is also biased and that minimum expected Width unbiased
¢confidence intervals for discrete distributions require randoﬁization,
a technique unacceptable to most researchers. After examining the
endpoints of the confidence intervéls in Table 1 and considering the

positive bias of the MPN discussed in Chapter 3, this author

conjectures that the minimum expected width confidence intervals

are ndt only generally narrower but also less biased than the other
competing intervals considered. Since, however, there‘may exist a
non-randomized confidence interval procedure with greater_expectedl
width but less bias than the minimum expected width technique, bias

investigations of these and other methods might be appropriate.

2.5 Approximate Methods

The methods of sections 2.1-2.4 use the true probabilities
generated under the Pouisson assumptions to‘provide exact confidence
intervals which, by definition, are to be preferred over approximate
methods advocated before the availability of advanced computing
te¢hniques.‘ Various approximate methods proposed by such authqritigs

as Neymén (Matuszewski, Neyman and Supinska 1935), Haldane (1939),
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Fisher and Yates (1943), Cochran (1950), Ferguson (1958) and Finney
(1978), however, continue to enjoy widespread use and do offer useful
insights into the problem. Eisenhart and Wilson (1943) adequately
review the pre-computer history of the MPN K, the search for estimates
of the variance of X and ln(i), and approximate confidence intervals.
They conclude, "With regard to further research, it seems highly
desirable to construct mathematically exact charts giving .95 and .99
confidence intervals for the bacterial density for the case of several
tubes at a single dilution, and for the case of one or more tubes at
each of the successive dilutions.’ Woodward's (1957) exact tables,

"a direct response to the above challenge, are prgceded by further
warnings about the inadequacies of continuous approximations when n=3
and n=5 samples are used at each dilution. Inspection of Figure 1
indicates the degree of departure of the true sampling distribution of
X and ln(X) from any normal approximation.

As a final note, one needs to be on guard against computer
generated confidence intervals which, although sometimes even
narrower than those of sections 2.1-2.4, are based on only
approximate methods. Parnow (1972), for example, gives a program to

- determine confidence intervals based on the normal approximation to

In(A). Not only is his estimate Oln(X) = (1/%)0; based on asymptotic

theory, but his starting estimate of GX’ taken from Haldane (1939),
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uses the very crude approximations GX = 1/VI(X) and I(\) =
-3%1n(L)/8A?, where L is the likelihood function defined by equation
(1.1) evaluated at the observed (X;,X,,X3) with K estimating A. Even
for large valués of ﬂnand ., Parnow's method involves at least five
distinct approximations. For the k<5 and niilO typically encountered

in practice, one should certainly prefer exact confidence intervals.




3. POINT ESTIMATES
The MPN is precisely defined as the solution to equation (1.2).
Being the ML estimate for A, the MPN is asymptotically unbiased and
asymptotically fully efficient. In fact, Cochran (1950) states, 'The
‘limiting distribution of the MPN ﬁas the smallest standard deviation
that can be achieved by any method of estimation... There is no point

in seeking further for a more precise estimate.”

Because, however,
the MPN is tedious to compute, there has been a steady stream of
alternatives and adjustments starting with Wolman and Weaver (1917)
ever since McCrady (1915) introduced the concept. In addition, modern
compufing techniques are allowing authors to discover just how biased
the MPN really is for the small n encountered in practice.

Section 3.1 examines the small sample behavior of the MPN,
section 3.2 discusses alternatives and adjustments proposed in the
literature as well as some original estimates, and section 3.3
compares tﬁe bias and the mean squared error (MSE) of the estimates
presented. The numerical examples are, as in Chapter 2, for the

commonly encountered and tabled k=3 decimal dilutions z;=.1, z3=.01

"and z3=.001 with ni=ns=n3=3.

~ 3.1 The MPN

Most review articles and textbooks on statistical methodology in
the biological sciences (e.g., Eisenhart and Wilson 1943 and Finney

1978) begin the serial dilution problem by examining the single
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X, =Az. . n-x

(e ) . As

dilution experiment for which £(X;)\) = (2)(1—e_kz

)
first noted by Finney (1952), Fisher's informatién I(A) =
~E[3%1n(f)/dA%] = nzz/(ekz—l) is maximized for Az=1.59. This suggests
selecting 251.59/2, where X represents the researcher's Best a priori
guess for A, would provide the most efficient single solution design
and selecting'zél.59/i as the middle dilution would provide the most
efficient k=3 serial dilution design. Indeed, this is the current
recommendation of most authorities (e.g., Finmney 1978).

The design of Chapter 1, then, with gl=.l, z,=.01 and z,=.001
should be appropriate (if not optimal in some sense) for A's near 160.
Table 2 gives the egpected value, variance and MSE of the MPN for

Z-A=10(10)300. As the MPN is infinite for XiX»X3=333, only the reduced
sample space copsisting of the remaining 63 possible XiX,X3; results
was used for all calculations. The "T" (for "Total") column gives,
for each A, the sum of the probabilities over this restricted space.
.Evén though some of the estimators to be considered give finite
point estimates when X1X2X3=333, this will be the procedure through&ut
all of Chap£er 3. Table 2 was constructed from the output of tﬁe
'pfdgram given in Appéndix III.

Inspection of Table 2 reveals several disturbing facts. First,
for the k, z, and n, of the example, the MPN has a positive bias of

about 45%. While the positive bias of the MPN is well known (e.g.,

Eisenhart and Wilson 1943 and Thomas and Woodward 1955), there has-
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TABLE 2
MPN Results: n=3, z1=.l zz=.01 z3=.001
A T E(MPN) VAR(MPN) MSE(MEN)
10 1.000 13.73 165 179
20 1.000 29.17 656 740
30 1.000 43.68 1504 1691
40 1.000 57.26 2720 3018
50 1.000 70.56 4304 4727
60 1.000 84.06 6248 6827
70 1.000 -97.95 8538 9318
80 1.000 112.28 11208 12186
90 1.000 127.01 14038 15408
100 1.000 142.06 17179 18948
110 1.000 157.34 20526 22767
120 1.000 172.77 24034 26819
130 .999 188.26 27665 31059
140 .999 203.74 31376 35439
150 .999 219.14 35136 39916
160 .998 234.40 38912 44447
170 .998  249.49 42673 48992
180 .997 264.35 46401 53516
190 .997 278.96 50073 57987
200 .996 293.28 53677 62378
210 .995 307.32 57194 66665
220 .995 321.04 60618 70827
230 .99 334.43 63943 74849
240 .993 347,50 67161 78717
250 .992 360.25 70267 82422
260 99D 372.66 73263 85955
270 .989 384.74 76621 89313
280 .988 396.50 78919 92491
290 .987 407.95 81578 95490
300 .985 419.08 84129 98309




25
been very little investigation concerning the exact magnitude of the
bias for small n. For k=3 decimal dilutions, however, McCarthy,
Thomas and Delaney (1958) empirically estimate the bias to be 30% for
n=5 samples per dilution and Salama, Koch and Tolley (1978) calculate
exact biases of about 10% for n=10. In addition, Thomas (1942) and
Johnson and Brown (1961) give mathematical approximations expressing
the bias in the serial dilution problem as being inversely related to
n. Halvorson and Ziegler (1933c) state, "Evidence has been presented
in suﬁport of the thesis that when three effective dilutions are used
to determine‘the bacterial population, the accuracy is... dependent
~only on the number of tubes used in each dilution." Unfortunately,
neither the "Standard Methods" vyolumes (American Public Health
Association 1966, 1967, 1970, 1971) nor current literature providing
MPN tables (e.g., deMan 1975,1977) warn the researcher of the
magnitude of the bias in their tabied MPN values for small n.
| Secondly, note that even the lafge bias discussed above does not
éignificantly increase MSE(MPN) over VAR(MPN). This Suggests that the .
MPN suffers extremely large variability, a fact long known to
researchers in the field. Olson, Turbak and McFeters (1979), for
example, bemoan 'the large confidence intervals inherent in the MPN
procedure" and Georgia (1942) even proposed that this variability b;
.acknowledged by abandoning the MPN in favor of the "most probable’

range" (MPR). 1In addition, one standard reference (American Public
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Health Association 1966, page 139) cautions, "It is desirable to
remember that, unless a large number of portiéns of samples are
examined, the precision of the [MPN] test is rather low.'" 1Indeed,
the Rao-Cramer lower variance bound for unbiased estimators,
[T(MN)] = [ani/(ekzi—l)]_l, is 10731 for A=160 and suggests that
considerable improvement over the MPN is possible.

Finally, notice that without exception MSE(MPN)>)2. This means
that an estimator which completely ignores the experimental data and
constantly guésses A=0 (even when some of the samples are fertile)
would, for this example, dominate the MPN! Clearly, while the MPN
might possess desirable asymptotic properties, its behavior for small

n calls for consideration of alternative techniques.

3.2 Alternative Procedures

Table 3 gives the point estimates associated with each of the 64
bossible X1X2X3 results and Table 4 gives the expected value and MSE
for A=10(10)300 for each procedure discussed in this section. The
program used to generate the point estimates, expected values and MSE
values for the procedures in sectioné 3.2.1 to 3.2.4 is given in
Appendix III. While the program is giveﬁ‘for the k, n, and zi of
section 3.1, it readily generalizes. The estimates for .the procedu;es
of section 3.2.5 were obtained as indicated in the text and their

expected values and MSE values were calculated in the usual way.




TABLE 3
Point Estimates: n=3, zl=.1 z.=.01 23:_001
a T b K > a e I f T8
result MPN AC AF AT AS Al )2
000 0.000 0.00 0.00 0.000 1.40 0.00 0
00l 3.008 2.30 3.50 3.008 3.02 2.09 9
002 6.024 4.61 8.58 6.024 6.51 5.97 18
003 9.050 6.92 17.35 9.050 14,02 6.85 30
010 3.049 2.33 3.50 3.049 3.02 2,20 5
011 6.108 4.67 8.58 6.108 6.51 5.98 14
012 9.177 7.02 17.35 9.176 14.02 6.85 23
013 12.255 9.37 38.23 12.254 30.21 12.3 35
020 6.194 4,74 8.58 6.195 6.51 5.99 10
021 9.307 7.12 17.35 9.307 14.02 12.1 19
022 12.430 9.50 38.23 12,436 30.21 12.3 28
023 15.565 11.90 87.48 15.562 65.10 15.1 39
030 9.441 7.22 17.35 9.444 14.02 12.1 17
031 12.611 9.64 38.23 12.613 30,21 12.3 26
032 15.793 12.08 87.48 15.793 65.10 15.1 34
033 18.986 14.52 180.23 18.983 140.24 15.1 45
100 3.571 2.73 3.50 3.590 3.02 3.94 2
101 7.233 5.53 8.58 7.196 6.51 6.03 15
102 10.988 8.40 17.35 10.817 14,02 12.1 28
103 14:839 11.35 38.23 14,454 30.21 15.1 44
110 7.357 5.63 8.58 7.339 6.51 6.44 10
111 11.183 8.55 17.35 11.034 14.02 12.1 23
112 15.109 11.55 38.23 14.745 36.21 15,1 35
113 19.136 14.63 87.48 18.473 65.10 15.1 51
120 11.384 8.70 17.35 11.264 14.02 12.2 17
121 15.391 11.77 38.23 15.055 30.21 15.1 29
122 19. 504 14.91 87.48 18.863 65.10 15.1 41
123 23.718 18.14 180.23 22.689 140.24 27.8 56
130 15.684 11.99 38.23  15.385 30.21 15.1 26
131 19.886 15.21 87.48 19.278 65.10 15.1 38
132 24.198 18.50 180.23 23.192 140.24 27.8 49
133 28.611 21.88 426.72 27.124 302.14 28.0 65
200 9.178 7.02 8.58 9.503 6.51 9.22 6
201 14.327 10.96 17.35 14,309 14.02 12.4 24
202 19.920 15.23 38.23 19,151 30.21 15.1 43
203 25.990 19.87 87.48 24.031 65.10 27.8 67
210 14.689 11.23 17.35 14.823 14.02 13.7 16
211 20.474 15.66 38.23 19.845 30,21 15.1 36
212 26.781 20.48 87.48 24.909 65.10 27.8 55
213 33. 608 25.70 180.23 30.015 140.24 28.0 80
220 21.065 16,11 38.23 20,620 30.21 15.5 26
221 27.632 21.13 87.48 25.890 65.10 27.9 46
222 34.771 26.59 180.23 31.208 140.24 28.0 65
223 . 42.421 32.44 426.72 36.575 302.14 29.5 90
230 28.551 21.83 87.48 26.998 65.10 28.0 41
231 36.036 27.56 180.23 32.556 140, 24 28.0 61
232 44.081 33.71 426,72 38.169 302.14 60.9 79
233 52.571 40.20  1098.66 43.840 650,95 60.9 105
300 23.116 17.68 17.35 28.618 14.02 20.6 15
301 38.500 29.44 38.23 * 38.749 30.21 28.7 59
302 63.558 48.60 87.48 49.212 65.10 61.0 113
303 95.376 72.93 180.23 60,030 140,24 124 187
310 42,729 32.67 38.23 45.706 30.21 42,1 40
311 74.885 57.26 87.48 58.417 65.10 64.8 118
312 115.215 88.10 180.23 71.750 140,24 124 190
313 158.797 121.42 426.72 85.775 302.14 152 261
320 93.280 71.33 87.48 75.993 65.10 93.4 84
321 149.357 114.21 180.23 94.916 140,24 138 196
322 214.657 164.14 426.72  115.659 302.14% 155 305
323 291.724 223.07 1098.66 138.633 650.95 294 466
330  239.790 183.36 180.23  189.832 140.24 211 207
331 462.183 353.41 426.72  271.244 302.14 447 632
332 1098.950 840.32  1098.66  438.397 650.95 1058 1433
333 w @ © © 1402.43 >1800 >1800

a
b
c

the MPN; sce seecion 3.1
the MPH with Thomas' correction tor bias; see section 3.2.1
Fisher’'s estimate; see section 3.2.2

Thomas' escimate; see section 3.2.3
“cthe .Johnson-Brown Spearman estimace; see section 3.2.4
the egtimate from Woodward's C.T. method; see section 3.2.5
gx:he est lmate from the combinacion €.1. method; see secclion 3.2.5
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TABLE 4
Expected Values and MSE Values: n=3, z;=.1 z,=.01

z,=.001

3

: a ., b e 0d_ s e 0 f T g " N : : " " 2

_A_ T EQ)™ EQ) EQR T EQ) T EQQ) T E()T E(,)® MSE(R) MSE(A,) MSE(Ap) MSE(A;) MSE(A) MSE(A;) MSE()))
10 1.000 13.7 10.5 12.9 14.9 10.3 13.1 11.6 179 97 155° 196 86 157 173
20 1.000 29.2 22.3 27.0 30.2 21.2 27.6 26.6 740 389 658 521 " 344 656 832
30 1.000 43.7 33.4 40.5 42.3 31.4 41.4 41.6 1691 891 1490 875 759 1465 2057
40 1.000 57.3 43,8 53.3 52.1 40.9 54.3 56.3 3018 1605 2633 1302 1317 2565 3917
50 1.000 70.6 54.0 65.9 61.0 50.3 66.8 70.9 4727 2532 4109 1819 2010 3983 6514
60 1.000 84.1 64.3 78.6 69.6 59.7 79.4 86.0 6827 3671 5947 2413 2828 5746 9939
70 1.000 '98.0 74.9 91.7 78.2 69.3 92.2 101.8 9318 5015 8164 3058 3758 7870 14248
80 1.000 112.3 85.9 105.2 86.9 79.1 105.4 118.3 12186 6550 10763 3728 4787 10354 19459
90 1.000 127.0 97.1 118.9 95.6 89.0 118.9 135.5 15408 8259 13732 4399 5897 13185 25552
100 1.000 142.1 108.6 132.9 104.&4 98.9 132.8 153.4 18948 10119 17047 5051 7073 16334 32477
110 1.000 157.3 120.3 147.1 113.2 108.9 146.8 171.9 22767 12107 20676 5671 8299 19769 40159
120 1.000 172.8 132.1 161.4 121.8 118.9 161.1 190.8 26819 14199 24579 6247 9560 23447 48508
130 .999 188.3 144.0 175.7 130.4 128.8 175.5 210.1 31059 16369 28713 6775 10842 27325 57425
140 .999 203.7 155.8 190.0 138.7 138.5 189.9 229.6 35439 18595 33032 7252 12134 31359 66804
150 .999 219.1 167.6° 204.3 146.8 148.1 204.2 249.2 39916 20852 37492 7681 13424 35504 76542
160 .998 234.4 179.2 218.4 154.7- 1576 218.6 268.9 44447 23121 42049 8065 14704 39716 86538
170 .998 249.5 190.8 232.4 162.4 166.8 232.8 288.5 48992 25382 46662 8412 15968 43957 96695
180 .997 264.4 202.1 246.2 169.8 175.8 246.8 308.0 53516 27620 51294 8727 17211 48190 106927
190 .997 279.0 213.3 259.8 176.9 184.6 260.7 327.4 57987 29821 55910 9020 18430 52383 117152
200  .996 293.3 224.3 273.2 183.7 193.2 274.4 346.5 62378 31972 60481 9301 19621 56507 127299
210 .995 307.3 235.0 286.4 190.2 201.6 287.8 365.3 66665 34065 64979 9579 20785 60538 137306
220 .995 321.0 245.5 299.3 196.5 209.7 300.9 383.8 70827 36093 69382 9864 21922 64454 147118
230  .994 334.4 255.7 311.9 202.5 217.6 313.8 402.0 74849 38049 73671 10167 25033 68240 156691
24¢ .993 347.5 265.7 324.2 208.3 225.2 326.4 419.9 78717 39930 77831 10496 24120 71882 165984
250 .992 360.3 275.5 336.3 213.8 232.6 338.8 437.3 82422 41733 81849 10862 25186 75369 174968
260 .990 372.7 285.0 348.1 219.1 239.9 350.8 454.4 85955 43459 85716 11273 26234 78693 183618
270 .989 384.7 294.2 359.7 224.1 246.8 362.5 471.1 89313 45108 89423 11739 27269 81851 191913
280  .988 396.5 303.2 370.9 228.9 253.6 374.0 487.3 92491 46681 92967 12267 28293 84839 199842
290 .987 408.0 311.9 381.9 233.5 260.2 385.1 503.2 95490 48179 96344 12864 29311 87656 207392
300 .985 419.1 320.5 392.6 237.9 266.6 396.0 518.7 98309 49607 99553 13539 30328 90302 214560
Ethe MPN; see sectiom 3.1

the MPN with Thomas' correction for bias; see section 3.2.1
Cr.. v .
dFlsher s estimate; see sectiom 3.2.2

Thomas' estimate; see section 3.2.3

_the Johnson-Brown Spearman estimate; see section 3.2.4

the estimate from Woodward's C.I. method; see section 3.2.5

the estimate from the combination C.I. method; see sectiom 3.2.5
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3.2.1 Bias Corrections

In general, the bias of an estimator ; is a function of the true
parameter value and given by b(}) = E(i)—k. The positive bias of the
MPN is well known and was noted for the numerical example of this
paper in section 3.1. Thomas and Woodward (1955) compared MPN
‘estimates to "exact" plate counts obtained by collecting organisms as
the samples passed through a membrane filter (MF). "A considerable
part of the disparity between MF and MPN values," they conclude, "may
be attributed to the fact that mathematically considered, the MPN
tends to overestimate the true density; on the average, MPN values are
greater than the true density." McCarthy et al. (1958) made ten
replicate n=5 MPN determinations and also used '"exact" plate counts
for their true K's.d Their empirical estimate was that E(MPN) =
1.29A.

Thomas (1955) uses a log-normal approximation to estimate E(MPN) =
ef805(%\ and recommends the multiplicative bias correction e—'SOS/?.
Not being able to discover é better correction factor, this author
recommends the Thgmas adjustment for any k and z, . Such biasl
'correétgd values for the example of this paper are given in the ch-

columns of Tables 3 and 4.

Tn a deliberate attempt to develop an estimator with less bias

~ 1

than the MPN, Salama et al. (1978) use expansions to obtain a A for-

. ~ N ‘.
which E(\) = A+0(1/n®). Unfortunately, their k=3 dilution numerical
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example uses middle dilution z,=.001, which suggests their design
would be appropriate for A's near 1600, while their bias and MSE
calculations cover A=25(25)100(50)200(100)1200. Chapter 4 discusses
the problems associated with A's outside the optimal range of the
experimental design. Limited comparisons this author made for the
Salama et al. design, however, indicate that their rather complicated'
estimator does not perform significantly better than the much simpler
MPN with Thomas' bias correction. Further, subsequént sections will

indicate that other non-MPN alternatives achieve even better results

"than does the Thomas bias-~corrected MPN.

3.2.2 The Fisher Estimate

Fisher (1922) proposes an estimator based on W=Z(ni—Xi), the
total numbe; of sterile responses. Since each dilution represents an
independent experiment, E(W) = ZniP(Xi=O) = Znie—xzi and thé A that
sblveg W = Znie—kzi would be an estimator botﬁ reasonable and

relatively simple to compute. Fisher showed his estimator to be

‘87.71% efficient in the sense that for large n, the variance of the

MPN (which is asymptotically fully efficient) is 87.71% that of his:-

A

estimator. Values of his estimator, designated AF in‘Tables 3 and 4,‘

.for the example of this paper were obtained by Newton's method uéing.

the program of Appendix III. Fisher and Yates (1943) provide

"N .

.+ additional discussion and tables for obtaining AF for n trials at each
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of k>4 two-fold, four-fold and decimal dilutiomns.

3.2.3 The Thomas Estimate

Thomas (1942) gives the estimate AT = ZXi//[Z(ni—Xi)zi][Znizi],

which is the geometric mean of the estimates obtained using e—Az,é

1-Az and e-_}\Z = l/e>\z = 1/(1+xz) in equation (1.2). For X, X,X,=110

2

3
and the n and zZ, of Table 3, for example, Thomas' estimate is AT =

2/vV(.233)(.333) = 7.339. Thomas recommends his pre-computer

estimator for its remarkable ability to approximate the MPN (which

A

Ar

~

must‘be found iteratively), as seen by comparing the MPN and
columns of Table 3. Apparently unknown to Thomas, however, his AT
also enjoys considerably less variance than the MPN and deviates

from the MPN so as to effect a significant reduction in bias.

The net result, as shown in Table 4, is that ;T is - the estimator,
for the example of this paper, with by far the smallest MSE for
values between 40 and 300. 1In fact, for A=160, XT.approaches the Rao-
Cramer lower variance bound [l+b'(k)]2/I(X) for estimators of its
bias. Empirically estimating b'(A=160) from Table 4 to be
[-7.6-(~3.2)1/[170-150] = -.22, one calculates the Rao—Craﬁer lower
bound to be 6479, to which VAR(XT) = 8037 favorably compares.

Finally, while Thomas gives XT//fig as an approximate standard

error for his estimator, he recognizes that the distribution of the

estimator follows no tabled distribution and suggests no confidence
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interval procedure.

3.2.4 The Johnson-Brown Estimate

Johnson and Brown (1961) develop an estimator based on the
Spearman (1908) technique which, like Fisher's estimator, uses only -
the total number of fertile responses and is also 87.71% efficient.

Their analysis, which requires n,=n and’zi=z a for i=1,2,...,k,

1

produces the estimate

(3.1) XS = {20/ [2n+1n(d) 1n(2) 1} Y12 IR IR, /n)=. 5]
where 2n/[2n+1n(d)1n(2)] is a multiplicative bias correction, y=.57722
is Euler's constant and d is commonly called the dilution factor.

The Johnson-Brown Spearman estimator enjoys both practical use
(e.g., Masover, Benson and Hayflick 1974) and further discussion
(e.g., Church and Cobb 1975) in the literature. In fact, Cornell
(1965) states, "The work of Johnson and Brown prompted several
investigations which are summarized here." Cornell and Speckman
(1967) discuss and compare by simulation several procedures, including
Johnson and Brown's,‘for estimating (for different values of z)'the
parameter A in the model with expectation l—e_xz. Finally, Maﬁtel
(1967) discusses arithmetic (as opposed to the usual logarithmic)
énd arbitrary spacing of the zi's.

el

Identified as A the Johnson-Brown Spearman estimator performs

S’
quite well for the example of Tables 3 and 4. Despite the fact that
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it ignores the pattern of the Xi’s and, consequently, is not based on
"the minimal sufficient statistic, it is second in MSE only to Thomas'

~

AT of section 3.2.3.

3.2.5 Eétimates derived from Confidence Intervals

Typical mathematical statistics texts (e.g., Bickel and Dokgum
1977, page 155) note that 1-o confidence intervals must include the‘
‘entire parameter space when o=0 and, in general, decrease their
- coverage of tﬂe parameter space as o, the probébility of error;
increasés? As alincreases toward 1.00, the confidencé interval
© decreases toward the emﬁty set and, as illus?rated by the comb;naéioﬁi'
method and the‘miniﬁum expegted width method of Chapter 2, may-aéhié;é”.“

T

the.empty,set ;ven before o increases to .05. This suggegtsAtﬁat ‘ o
incre;siné o ﬁntil the 1-o confideﬁce intervél decreases to a siﬂglé{y
ﬁoint in tﬁe parameter space (i.e., finding the smallest non—empty"‘
confidence interval associated with a particular sample résu;t),ﬁquldf
1be a reasonable ﬁoiht estimation procedure.' This is eqhivalept to‘
.5fihding the point?contained in every non—empty-confidénée inte;val%:

_Applying fhis procedure to each of the true confidence interval

_techniqueé of Chapter 2 (i.e., the Woodward method, the.cdmbinatioﬁ :

" method and the minimum expected width method) yields three additionalzlf'gﬁ

' A .o . e
competitive point estimates for M.

Figure 1 gave the distribution of possible samplezresults'




34

arranged by magnitude of the MPN and illustrated Woodward's technique
for obtaining confidence intervals. As o increases toward 1.00 in the
test of hypothesis, the only sample result for which one fails to
reject HO:X=XO is the median sample result. Although the discrete
nature of the distribution leads to a range of A values, a unique X
_can be obtained for each X;X;X3; sample result by finding the AO
associated with the distribution for which that X;X,X3; is the exact
median in the sense that the sum of all P(X§X§X§IA=AO) for

MPN(X?X?X?) < MPN(XIXZXg) plus one half P(X1X2X3[A=AO) is exactly
.5000. These values were calculated for each X,X,X,; sample result and
are designated X1 in Tables 3 and 4.

The point estimate associated with confidence intervals obtained
by the combination method is the Aé for which the p-value for the
alternative Ha:X<AO equals the p-value for the alternative Ha:X>AO.
The smallest non-empty confidence inte?val occurs for an ¢ eéual to
twice that comman p~value. The sample output accompanying Appendix II
indicates that for X;X,X;=301 this occurs at A=59. These values were
caluclated for each X X X, sample result and are designated Xz in
Tables 3 and 4.

The procedure for determining the point estimate associated with
the minimum expected width method for obtaining confidence intervals

is well-defined but extremely tedious. TFor a given X X, X, result, one

must find the largest p-value for testing HO:A=AO, and the Ao at which
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that p-value occurs is the desired point estimate. It is conjectured

that this procedure leads to the MPN, as this author has found such to

be the case for every X, X,X, examined. TFor the result X;X,X3=220, for

example, Figure 1 indicates that the p-value for testing HO:A=21 is
.1290. A check of similar figures gives a p—valué of .1091 for
testing HO:A=20 and a p-value of .1257 for testing HO:A=22. The MPN

for X1X2X3=220 is 21.

3.3 Bias and MSE Comparisons

Recall that both Woodward and deMan cautioned against certain
X XX, results that "are not mentioned in the table and are always
unaéceptable” (deMan 1975). While Table 4 was constructed under the
obvious restriction of excluding X,X,X,=333, one might be more
interested in a table constructed excluding all -"unacceptable"
results. Table 5 gives selected expected values and MSE values over
the severely truncated sample space consisting of only those 18 X1X2X
results having non-empty minimum expected width confidence intervals.
Note that the "T" values are naturally somewhat (but, perhaps
surprisingly, not significantly) smaller than those of Table 4 and

that the expected values and MSE values are essentially unchanged.

Since additional truncation of the sample space appears not to affect

3

the "rankings'" of the estimators, subsequent comparisons will continue

to use the sample space obtained by eliminating only the X1X2X3=ﬁ1n2n

3
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TABLE 5

Selected Expected Values and MSE Values: n=3, z,=.1 z,=.01 z,=.001

Truncated Sample Space: only those 18 X

width confidence intervals

a

1X,X, results with non-empty minimum expected .

A T E(L) E(xc)b EQLg) E(Xl)d E(1,)® MSE(A) MSE(A) MSEQ\) MSE(A,) MSE(h,)
10 .979 13.8 10.5 10.1 13.1 1l.4 182 98 84 159 172
50 .992 70.6 54.0 49.9 66.8 70.6 4733 2535 1984 3993 6493
100 .992 142.2 108.7 98.5 132.8 153.1 19008 10150 6995 16449 32635
150 .991 219.5 167.8 147.6 204.7 249.4 40048 20910 13241 35752 77019
200 .990 293.6 224.5 192.6 275.0 346.9 62549 32050 19351 56814 127955
250  .987 360.4 275.6 231.9 339.4 437.8 82635 41845 24910 75680 175675
300 .982 419.1 320.5 265.8 396.6 519.2 98583 49768 30114 90591 215255

the MPN; see section 3.1

o AN o

the MPN with Thomas' correction for bias; see section 3.2.1
the Johnson-Brown Spearman estimate; see section 3.2.4
the estimate from Woodward's C.I. method; see section 3.2.5

the estimate from the combination C.I. method; see section 3.2.5
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result. Furthermore, since the estimators Xl and 22 are tedious to
compute and did not berform well in the example of this paper, they
"~ will not be included in further comparisons.

As noted in section 3.2, Thomas' KT is without question the
preferred estimator for the example of Table 4. There is no guaréntee
that some other estimator,vhowever, would not perform better than XT
for other'zi or n, values. Table 6 compares the expected values and
the MSE values for the estimators of the program in Appendix III

N ~

(i.e.,~the MPN, XC’ AF’ AT and XS) for n=3,5,10 and for k=3 two-fold,
four-fold and decimal dilutions (i.e., for dilution factors d=2,4,10)
centered at z,=.01. Each of these nine experimental designs, which
cover virtually all k=3 serial dilution settings found in the
literature, should be appropriate for X=160 and the comparisons will
be made, as in Table 4, for A=10(10)300.

The MSE values of Table 6 follow a definite pattern illustrated

by Tables 6.1-6.3, which vary the dilution factor while maintaining

>

n=3 samples per ‘dilution. For dilution factor d=10 (Table 6;1), T

> >

performs best as measured by MSE. For d=4 (Table 6.2), however, S
enjoys the smallest MSE. And for d=2 (Table 6.3), XC appears to be
the superior estimator. As n increases, each estimator, as expected,
performs better than it did for the previous n. For any single

dilution factor, however, the '"rankings" of the estimators do not

change as n increases.
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" TABLE 6

Expected Values and MSE Values
k=3 dilutions with middle dilution z,_=.01.
n = number of samples per dilution

d = the dilution factor
X = the MPN; see section 3.1
§C= the MPN with Thomés' correétion for bias; see section 3.2.1
}F= Fisher's estimate; see section 3.2.2
AT= Thomas' estimate; see section 3.2.3
XS= the Johnson-Brown Spearﬁan estimate; see section 3.2.4

Tables 6.1 — 6.9 vary n and d as indicated below.

—> A

VI 6.1 6.4 6.7
|
|

G 4 6.2 6.5 6.8

2 - 6.3 6.6 6.9
T T ——
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TABLE 6.1

99553

n=23
d =10
_7\_ T E(X) E(}\C) E()\F) E(AT) E(}\S) MSE(A) MSE(AC) MSE(AF) MSE(AT) MsE(AS)
10 1.000 13.73 - 10.50 12.92 14,85 10.27 179 97 155 196 86
20 1.000 29.17 22.31. 27.03 30.24 21.17 740 389 658 521 344
30 1.000 43.68 33.40 40.48 42,30 31.36 1691 891 1490 875. 759
40 1.000 57.26 43.78 53.26 52.12 40.91 3018 - 1605 2633 1302 1317
50 1.000 70.56 53.96 65.87 60.98 50.28 4727 2532 4109 1819 2010
60 1.000 84.06 64.27 .78.64 69.57 59.71 6827 3671 5947 2413 2828
70 1.000 - 97.95 74.90 91.74 78.18 69.30 9318 ~ 5015 8164 3058 3758
80 1.000 112.28 85.85 105.17 86.87 79.07 = 12186 6550 10763 3728 4787
90 1.000 127.01 97.12 118.91 95.63 88.97 15408 8259 13732 4399 5897
100 1.000 142.06 108.63 132.90 104.42 98.94 18948 10119 17047 5051 7073
110 1.000 157.34 120.31 147.07 113.17 108.92 22767 12107 20676 5671 8299
120 1.000 172.77 132.11 161.35 121.83 118,88 26819 14199 24579 6247 9560
130. .999 188.26 143.96 175.68 130.36 128.76 31059 16369 28713 6775 10842
140 .999 203.74 155.79 190.00 138.70 138.51 35439 18595 33032 7252 12134
150 .999 219.14 167.57 204.26 146.83 148.12 39916 20852 37492 7681 13424
160 .998 234.40 179.24 218.40 154.73 157.55 44447 23121 42049 8065 14704
170 .998 249.49 190.77 232.40 162.37 166.79 48992 25382 46662 8412 15968
180 .997 264.35 202.13 246.23 169.75 175.82 53516 27620 51294 8727 17211.
190 .997 278.96 213.30 259.84 176.85 184.63 57987 29821 55910 9020 18430
200 .996 293.28 224.26 273.23 183.68 193.20 62378 31972 604381 9301 19621
210 .995 307.32 234.99 286.38 190.24 201.55 66665 34065 64979 9579 20785
220 .995 321.04 245.48 299.27 196.52 209.67 70827 36093 69382 9864 21922
230 .994 334.43 255.73. 311.89 202.53 217.55 74849 38049 73671 10167 23033
240 .993 347.50 265.72 324.24 208.29 225.21 78717 39930 77831 10496 24120
250 .992 360.25 275.46 -336.32 213.79 232.63 82422 41733 81849 10862 25186
260 .990 372.66 284.95 '348.12 219.06- 239.85 85955 43459 85716 11273 26234
270 2989 384.74 294.19 359.65 224.09 246.84 89313 45108 89423 11739 27269
280 .988 396.50 303.19 370.91 228.90 253.63. 92491 46681 92967 12267 28293
290 .987 407.95 311.94 381.91 233.51 260.22 95490 48179 96344 12864 29311
300 .985 419.08 320.45 392.64 237.91 266.62 98309 49607 13539 30328
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TABLE 6.2

~ B

10

20

30

40

50

60

70

80

90
100
110
120
130
140
150
160
170
180
190
200
210
220
230
240
250
260
270
280
290
300

3
A
T E(A) E(AC) E(XF) E(AT) E(XS) MSE()) MSE(AC) MSE(AF) MSE(AT) MSE(AS)
1.000 11.54 8.82 11.37 11.75 12.65 116 68 109 127 54
1.000 23.70 18.12 23.13 24 .42 20.68 337 192 311 376 156
1.000 36.40 27.83 '35.26 37.67 29.42 708 395 654 763 322
1.000 49.46 37.82 47.64 51.10 38.37 1264 691 1172 1287 539
1.000 62.74 47.97 60.18 64.42 47.26 2019 1089 1878 1933 794
1.000 76.07 58.17 72.77 77.46 55.92 2963 1584 2764 - 2680 1077
1.000 89.37 68.34 85. 34 90.13 64.28 4068 2162 3805 3500 1378
.999 102.55 78.41 97.84 102.41° 72.32 5297 2802 4965 4362 1691
.998 115.56 88.36 110.20 114.30 80.04 6608 3484 6205 5239 2012
.997 128.36 98.15 122.41 125.80 87.43 7959 4186 7486 6103 2336
.996 140.92 107.76 134.42 136.93 94.50 9311 4890 8769 6934 2665
.994 153.23 117.17 146.19 147.70 101.27 10631 5578 10024 7712 2999
.992 165.25 126.36 157.71 158-11..107.74 11890 6239 11221 8424 3344
.989 176.97 135.32 168.94 168.17 113.92 13065 6862 12340 9059 3702
.986 188.37 144.04 179.85 177.89 119.81 14139 7441 13364 9610 4082
.982 199.43 152.50 190.44 187.26 125.42 15097 7974 14282 10075 4490
.977 210.15 160.69 200.67 196.28 130.76 15933 8460 15087 10454 4935
.972 220.50 168.61 210.55 204.95 135.84 16641 8900 15775 10750 5424
.967 230.49 176.25 220.06 213.28 140.66 17222 9300 16348 10967 5967
961 240.11 183.60 229.20 221.27 145.24 17678 9664 16810 11112 6572
.954 249.36 190.67 237.97 228.91 149.57 18015 10000 17166 11194- - 7249
.947 258.24 197.46- 246.37 236.23 153.68 18239 10317 17425- 11222 8006
.939 266.75 203.97 254.42 243.22 157.57 18359 10622 17597 11207 8852
.931 274.90 210.21 262.11 249.90 161.26 18387 10926 17691 11159 9793
.922 282.71 216.17 269.46 256.27 164.75 18333 11238 17720 11090 10839
.913 290.17 221.88 276.47 262.34 168.05 18209 11568 17695 11012 11995
.904 297.29 227.33 283.17 268.13 171.17 18027 11926 17629 10935 13270
.894 304.10 232.53 289.56 273.64 174.14 17800 12321 17534 10872 14668
.884 310.60 237.50 295.65 278.89 176.94 17540 12764 17422 10832 16197
.874 316.80 301.46 89 179.60 17259 13262 17304 17860

242.24

283.

10826




41

TABLE 6.3

o
on

10

20

30

40

50

60

70

80

90
100
110
120
130
140
150
160
170
180
190
200
210
220
230
240
250
260
270
280
290
300

T EQN) E(AC) E(AF) E(AT) E(AS) MSE()) MSE(AC) MSE(AF)- MSE(AT) MSE(AS)
1.000 10.87 8.32 10.84 10.93 23.58 126 76 124 129 214
1.000 21.90 16.75 21.80 22.14 29.06 289 177 284 306 153
1.000 33.12 25.32 . 32.90 33.69 34.68 501 309 490 555 143 -
1.000 44.53 34.05 44.18 45.66  40.33 778 478 759 908 176
1.006 56.15 42,94 55.63 58.07 45.93 . 1129 688 1100- 1392 249 .

.999  67.94 51.95 67.20 70.92  51.37 1556 937 1512 2022 360

.999 79.84 61.05 78.84 84.12 56.61 2044 1219 1980 2790 512

997 91.72 70.14 90.43 97.57 61.59 2569 1519 2478 3666° 712

.994 103.48 79.13 101.85 111.09 66.26 3099 1824 2973 4603 968

.990 114.98 87.92 112.97 124.52 70.61 3601 2120 3437 5548 1289

.984 126.12 96.44 123.69 137.70 74.62 4049 2399 3841 6451 1689

.976 136.80 104,61 133.92 150.49 78.30 4422 2657 4169 7268 2181

.967 146.96 112.37 143.61 162.79 81.66 4709 2895 4413 7967 2777

.955 156.55 119.71 152.71 174.52° 84.70 4906 3120 4572 8528 3489

.941 165.56 126.59 161.21 185.62 87.47 5617 3340 4654 8940 4331

.925 173.98 133.03 169.12 196.09 89.96 5053 3567 4670 9206 5311
.907 181.82 139.03 176.46 205.91 92.22 5026 3816 4636 9331 6439 -
.888 189.11 144.61 "183.23 215.10 94.26 4953 4100 4569 9330 7723
.867 195.88 149.78 189.49 223.68 96.10 4850 4433 4488 9217 9170
.846 202.14 154.57 195.25 231.66 97.77 4735 4830 4413 9013 10786
.823 207.94 159.00 200.56. 239.10 99.28 4626 5303 4361 8737 12576
.799 213.31 163.11 205.44 246.01 100.64 4540 5865 4349 8409 14545
.775 218.27 166.90 209.94 252.43 101.88 4493- - 6527 4394 8047 16696
.750 222.87 170.42 214.08 258.41 103.01 4500, 7301 4510 7673 . 19032
.725 227.13 173.68 217.89 263.96 104.03 4575 8194 4713 7303 21556
.700 231.08 176.69 221.40 269.13 104.97 4731 9216 " 5013 . 6954 24270
.675 234.74 179.49 224.64 273.94 105.82 4979 10375 5423 6642 27176
.650 238.13 182.09 227.63 278.42 106.60 5330 © 11678 5952 6381 30275
.625 241.29 184.50 230.39 282.60 107:31 .. 5794 13130 6610 6185 33569
.601 244.22 186.74 232.94 286.49 107.97 6380 14738 7405 6066 37059
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TABLE 6.4

n=>5
d =10
_i_ T EA) E(AC) E(AF) E(kT) E(As) MSE(X)) MSE(AC) MSE(AF) MSE(AT) MSE(AS)
10 1.000 11.83 10.07 11.54 12.59 9.96 64 44 58 82 42
20 1.000 25.25 21.50 24.03 26.93 20.78 270 178 258 254 165
30 1.000 38.18 32.50 . 36.13 38.62 30.79 598 391 590 366 361
40 1.000 50.02 42.58 47.55 47.55 40.03 1031 681 1019 459 632
50 1.000 61.29 52.18 58.68 55.04 49.03 1587 1063 1546 598 980
60 1.000 72.52 61.73 69.84 62.02 58.12 2288 1547 2188 812. 1404
70 1.000 83.99 71.50 81.23 68.95 67.44 3151 2144 2964 1106 1901
80 1.000 95.85 81.59 92.83 76.01 77.01 4191 2858 3894 1471 2465.
90 1.000 108.10 92.03 104.80 83.26 86.81 5418 3693 4996 1893 3092
160 1.000 120.74 102.78 116.97 90.71 96.77 6840 4653 6287 2359 3776
110 1.000 133.72 113.83 129.36 98.31 106.85 8462 5739 7778 2853 4512
120 1.000 146.99 125.13 141.93 106.04 117.00 10283 6951 9478 3362 5296
130 1.000 160.50 136.63 154.66 113.84 127.16 12303 8286 11392 3877 6123
140 1.000 174.20 148.30 167.50 121.66 137.30 14518 9742 13520 4387 6989
150 1.000 188.05 160.08 180.43 129.47 147.37 16921 11315 15860 4887 7891
160 1.000 201.99 171.96 193.43 137.21 157.36 19503 12998 18406 5375 8825
170 1.000 216.00 183.88 206.46 144.86 167.23 22255 - 14787 21150 5850 9789
180 1.000 230.03 195.82 219.50 152.39 176.97 25165 16673 24082 6312 10780
190 1.000 244.04 207.75 232.54 159.76 186.57 28222 18651 27189 6766 11796
200 1.000 258.02 219.65 245.54 166.97 196.02 31412 20711 30460 7216 12834
210 1.000 271.93 231.49 258.50 174.00 205.30 34724 22847 33880 7668 13895
220 1.000 285.75 243.26 271.40 180.83 214.42 38145 25051 . 37435 8128 14975
230 1.000 299.46 254.93 284.22 187.46 223.37 41661 27316 41111 8603 16075
240 1.000 313.06 266.50 296.96 193.89 232.15 45261 29635 44895 9102 17192
250 1.000 326.51 277.96 309.61 200.12 240.77 48933 32000 48772 9631 18327
260 1.000 339.83 289.29 -322.16 206.14 249.23 52664 34406 52729 10197 - 19478
270 .999 352.99 300.49 334.61 211.97 257.52 56446 36845 56754 10810 20645
280 .999 365.99 311.56 346.95 217.59 265.67 60266 39312 60834 11474 21828
290 .999 378.83 322.49 359.18 223.03 273.66 64116 41902 64957 12197 23026
300 .999 391.51 333.29 371.30 228.29 281.51 67986 44309 69113 12985 24240




43

TABLE 6.5

[«
[}

10
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30
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100
110
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140
150
160
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180
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220
230
240
250
260
270
280
290
300

5
4

T EQV) E(XC) E(AF) E(XT) E(XS) MSE(}) MSE(AC) MSE(AF) MSE(AT) MSE(AS)
1.000 10.82 9.21 10.76 10.92 12.76 56 41 55 59 33
1.000 21.94 18.68 21.73 22.40 20.61 150 108 146 167 84
1.000 33.39 28.42 - 32.90 34.35 29.26 299 211 291 - 335 176
1.000 45.09 38.38 44.23 46,53  38.20 515 357 506 559 299
1.000 56.95 48.48 55.67 58.65 47.13 810 554 800 831 448
1.000 68.88 58.64 67.14 70.53 55.87 1191 807 1181 1147 620
1.000 80.82 68.80 78.63 82.09 64.37 1662 1121 1653 1505 813
1.000 92.75 78.95 90.13 93.32 72.62 2230 1500 2220 1907 1027
1.000 104.65 89.08 101.65 104.27 80.63 2899 1946 2886 2358 1260
1.000 116.54 99.21 113.21 114.97 88.40 3670 2562 3652 2860 1512
1.000 128.44 109.34 124.81 125.50 95.97 4544 3047 4520 3413 1783
1.000 140.37 11950 136.46 135.90 103.34 5519 3699 5487 4017 2072
1.000 152.34 129.68 148.17 146.2L 110.51 6587 4412 6548 4666 2379

.999 164.35 139.91 159.92 156.44 117.51 7741 5180 7693 5355 2705

.999 176.38 150.16 171.69 166.62 124.32 8968 5994 8913 6075 3051

.999 188.44 160.42 183.48 176.75 130.95 10252 6844 10192 6817 3418

.998 200.50 170.68 195.26 186.81 137.39 11579 7717 11515 7570 3809

.997 212.53 180.93 206.99 196.81 143.64 12929 8604 12865 8325 4227

.997 224,51 191.12 218.66 206.71 149.70 14286 9491 14225 9071 4675

.995 236.40 201.25 230.22 216.50 155.56 15631 10369 15578 9798 5157

.994 248.19 211.28 241.67 226.17 161.23 16948 11227 16907 10498 5679

.992 259.83 221.19 252.97 235.70 166.70 18220 12055 18197 . 11164 6245

.991 271.31 230.97 264.10 245.06° 171.97 19434 . 12847 19434 11789 6862

.988 282.61 240.58 275.03 254.24 177.04 20577 13597 120607 12369 7533

.986 293.69 250.02 285.76 263.24 181.93 21639 14298 21706 12902 8267

.983 304.55 259.26 296.26 272.02 186.62 22613 14950 22723 13384 - 9068

.980 315.17 268.30 306.53 280.60 191.13 23492 15549 23652 13818 9943 .

.976 325.53 277.12 316.55 288.95 195.45 24273 16096 24490 14203 10898

.973 335.63 285.72 326.32 297.07 199.60 - 24953 16592 25235 14542 11939

.968 345.46 294.09 335.83 304.96 203.58 25532 17040 25886 14838 13072
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TABLE 6.6

n=>5 .

d =2 -

_i_ T E(}) E(AC)‘ E(AF) E(AT) E(AS) VMSE(A) MSE(AC) MSE(AF) MSE(AT) MSE(AS)
10 1..000 10.49 8.93 10.48 10.52 24.06 69 51 68 70 - 215
20, 1.000 21.07 17.93 21.02 21.20 '29.48 154 115 153 159 131
30 1.0000 31.72 27.01L _ 31.64 32.08. 35.08 258 193 256 275 97
40 1.000 42.48 36.17 42.34 43.20 40.74 386 290 385 428 - 104
50 1.000 53.35 45.42 53.13 54.60  46.37 546 408 545 . 630 152
60 1.000 64.35 54.78 64.03 ° 66.33 51.90 743 552 744 901 239
70 1.000 75.48 64.26 75.05 78.41 57.28 988 727 992 1260 369
80 1.000 86.76 73.86 86.20 90.87  62.47 © 1288 . 938 1294 1734 546
90 1.000 98.17 83.57 97.46 103.73 67.44 1648 1187 1657 2342 776

100 1.000 109.70 93.39 108.82 116.96 72.17 2068 1474 2079 3099 1066

110  .999 121.32 103.28 120.23 130.54 76.65 2541 1794 2551 ..4007 1425

120 .998 132.96 113,18 131l.65 L144.40 80.86 3055 2138 3060 5053 1860

130 .997 144.55 123.06 143.01 158.45 84.80 3589 2496 3585 6211 2381

140 .994 156.04 132.83 154.23 172,59~ 88.48 4123 2853 4105 71444 2999

150 .991 167.32 142.44 165.23 186.70 91.89 4636 3199 4599 8709 3723

160 .987 178.35 151.82 175.96 200.67 95.05 5106 3523 5047 8962 4564

170 .981 189.04 160.93 186.33 214.41 97.96 5518 3818 5434 11160 5530

180 .974 199.35 169.71 196.32 227.82 100.64 5860 4081 - 5749 12267 6631

190  .966 209.24 178.13 205.87 240.82 103.09 6126 4312 5989 13251 7875

200 .956 218.69 186.17 214.96 253.36 105.34 6314 4514 6153 14092 9271

210 .944 227.67 193.81 223.58 265.39 107.40 6427 4694 6246 14775 10824

220 .931 236.17 201.05 231.73 276.89 109.29 = 6471 4859 6275 15293 . 12542

230 .916° 244.21 207.90 239.41 287.85 111.01 6456 5021 6251 15645 . 14430

240  .901 251.79 214.35 246.62 298.25 112.58 6392 5189 6187 15837 16493-

250 .884 258.92 220.42 253.39 308.11 114.02 6292 5378 6098 15876 18734

260 .865 265.62 226.12 259.73 317.43 115.34 6171- 5597 5997 15775 21158

270 .846 271.90 231.47 265.66 326.23 116.55 6042 5861 5899 15549 23767 -

280  .826 277.80 236.49 271.21 334.53 117.65 5920 6180. 5820 15212 26564

230  .805 1283.33 241.19 276.38 342,35 118.66 5818 6566 5774, 14783 29552

300 .784 288.50 245.60 281.22 349.71 59 5750 5774 14277 32731

119.

7030




TABLE 6.7

n =10
d =10
_ﬁ_ T E(A) E(AC) ,E(AF) E(AT) E(AS) MSE(X) MSE(XC) MSE(AF) MSE(AT) MSE(AS)
- 10 1.000 10.75 9.91 10.68 11.17 9.80 20 16 20 26 18
20 1.000 22.40 20.66  21.93 24,09 20.64 89 71 89 lll 72
30 1.000 34.24 31.59 33.10 35.85 30.65 213 168 221 174 154
40 1.000 45.36 @ 41.85 43.77 44,88 39.74 368 292 392 187 269
50 1.000 55.82 51.50 54.16 52.01 48.51 552 444 591 199 421
60 1.000 66.03 60.93 64.51 58.23 57.36. 771 626 817 251 612
70 1.000 76.30 70.40 74.99 64 .14 66.47 1028 841 1073 356 838
80 1.000 86.75 80.04 85.61 70.01 75.88 1326 1090 1363 516 1097
90 1.000 97.42 89.89 96.39 75.97 85.57 1670 1374 1695 731 1386
100 1.000 108.32 99.95 107.31 82.07 95.49 2064 1698 2075 997 1702
2110 1.000 119.44 110.20 118.35 88.33 105.57 2516 2066 2512 1310 2042
120 1.000 130.74 120.62 129.50 94.75 115.76 3031 2482 3013 1666 2405
130 1.000 142.21 131.21 140.74 101.32 126.01 3615 2952 3584 2058 2787
140 1.000 153.84 141.94 152.07 108.01 136.27 4275 3480 4232 2483 3188
150 1.000 165.61 152.80 163.48 114.82 146.50 5012 4067 L4961 2933 3606
160 1.000 177.50 163.77 174.95 121.70 156.65 5829 4716 5773 3404 4038
170 1.000 189.50 174.85 186.47 128.62 166.72 6727 5427 6672 3892 4486
180 1.000 201.60 186.01 198.03 135.57 176.67 7706 6199 7657 4394 4947
190 1.000 213.77 197.23 209.61 142.50 186.48 8763 7031 8729 4907 5422
200 1.000 225.99 208.51 221.21 149.38 196.14 9897 7922 9886 5432 5911
210 1.000 238.26 219.83 232.82 156.21 205.65 11103 8869 11125 5968 6414
220 1.000 250.54 231.16 224.41 162.94 215.00 12379 9869 12444 6517 6931
230 1.000 262.83 242.50 255.98 169.55 224,18 13721 10919 13841 7084 7464
240 1.000 275.10 253.82 267.53 176.04" 233.19 15124 12017 15312 7671 8012
250 1.000 287.34 265.12 279.04 182.39 242.05 16586 13161 16853 8284 8578
260 1.000 299.54 276.38 290.51 188.58 250.74 18102 14347 18461 8928 9163
"270 1.000 311.69 287.58 301.94 194.61 259.28 19669 15573 20133 9610 9767
280 1.000 323.77 298.73 313.31 200.48 267.67 21285 16839 21866 10336 10393
290 1.000 335.78 309.81 324.63 206.18 275.92° 22947 18142 23656 11112 11040
300 1.000 347.71 320.82 335.90 211.70 284.03 19482 25503 11945 11712

24652
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TABLE 6.8

n =10
d =4
L T EO) E(}\C) E()\F) E()\T) E(Ks) MSE(}) MSE(AC) MSE(XF) MSE(AT) MSE(AS) :
10 1.000 10.38 9.58 10.36 10.43 12.90 24 21 24 25 20
20 1.000 20.88 19.27 20.81 2i.17 20.63 62 52 ° .62 67 39
30 1.000 31.52 29.09 31.36 32.22 29.23 117 98 118 ~131 82
40 1.000 42.30 39.03° 41.99 43.49 38.17 194 162 200 219 142
50 1.000 53.19 49.08 52.68 54.78 47,13 299 247 312 327 215
60 1.000 64.14 59.18 63.39 65.90 55.93 434 355 456 448 302
70 1.000 75.11 69.30 74.09 76.72 64.50 598 487 631 577 403
80 1.000 86.04 79.39  84.79 87.20 72.82 793 644 839 712 518
90 1.000 96.94 89.44 95.47 97.33 80.91 1018 826 1078 856 648
100 1.000 107.79 99.46 106.15 107.15 88,78 1275 1034 1350 1012 795
110 1.000 118.62 109.45 116.84 116.74 96.45 1566 1270 1656 1185 959
120 1.000 129.45 119.43 127.56 126.14 103.96 1893 1536 1997 1379 1143
130 1.000 140.28 129.%43 138.32 135.41 111.29 2259 1833 2377 1596 1346
140 1.000 151.16 139.46 149.13 144:61--118.48 2665 2163 2798 1841 1570
150 1.000 162.08 149.54 159.99 153.76 125,51 3116 2529 3264 2114 1817
160 1.000 173.06 159.67 170.90 162.91 132.39 3615 2932 3778 2418 2089
170 1.000 184.11 169.87 181.87 172.06 139.13 4163 3374 4343 2753 2388
180 1.000 195.23 180.13 192.89 181.23 145.72 4764 3858 4963 3121 2717
190 1.000 206.43 190.47 203.97 190.44 152.17 5421 4385 5640 5321- 3077
200 1.000 217.70 200.87 215.10 199.67 158.47 6135 4956 6376 3956 3472
210 1.000 229.04 211.33 226.28 208.94 164.62 6907 5573 7173 4424 3905
220 1.000 240.45 221.85 237.50 218.24 170.63 7739 6235 8031 4926 4378
230 1.000 251.91 232.42 248.76 227.57 176.49 8630 6944 . 8951 5464 4896
240 1.000 263.42 243.04 260.05 236.93 182.21 9579 7697 9932 6036 5460
250 1.000 274.97 253.70 271.37 246.30 187.78 10584 8493 10971 6642 6075
260 1.000 286.54 264.38 282.71 255.69 193.21 11643 9331 12065 7282 6744
270 1.000 298.14 275.08 294.06 265.08 198.50 12750 _ 10206 13210 7955 7471
280 .999 309.75 285.79 305.42 274.48 203.65 13903 11115 14402 8658 8258
290 .999 321.35 296.50 316.77 283.86 208.66 15094 12055 15635 9391 9110
300 .999 332.94 307.19 328.11 293.24 213.54 16317 13019 16902 10151 10029
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TABLE 6.9

n =10

d =2 .

_)\— T EN) E(KC) E()\F) E(AT) E(XS) MSE(}) MSE()\C) MSE()\F) MSE()\T) MSE(KS)
10 1.000 10.24 9.45 10.23 10.25 24 .45 32 28 32 32 217
20 1.000 20.51 18.92 20.49 20.59 29.84 71 61 71 72 117
30 1.000 30.82 28.43 - 30.78 31.05 35.41 117 101 117 122 64
40 1.000 41.17 37.98 41.11 41.67 41.07 172 149 173 185 52
50 1.000 51.56 47.58 51.48 52.47 46.72 236 205 239 263 79
60 1.000 62.01 57.22 61.89 63.46 52.29 314 271 319 363 146
70 1.000 72.51 66.91 72.35 74.68 57.73 405 349 414 489 255
80 1.000 83.08 76.65 82.86 86.13 62.99 513 440 527 647 410
90 1.000 93.70 86.46 93.43 97.83 68.05 641 546 661 847 618

- 100 1.000 104.40 96.33 104.06 109.79 72.88 791 671 819 1099 885

110 1.000 115.17 106.26 114.76 122.03 77.48 969 816 1006 1415 1220

120 1.000 126.02 116.27 125.52 134.55 81.84 1178 986 1226 1811 1629

130 1.000 136.95 126.36 136.36 147.39. 85.97 1423 1183 1482 2308 2120

140 1.000 147.96 136.52 147.28 160.54 89.87 1708 1412 1780 2925 2702

150 1.000 159.06 146.76 158.27 174.04 93.55 2036 1674 2121 3688 3381

160 1.000 170.24 157.07 169.34 187.88 97.01 2410 1971 2508 4616 4166

170 1.000 181.49 167.45 180.46 202,07 100.27 2830 2303 2940 5729 5063

180 .999 192.79 177.88 191.64 216.59 103.33 3291 2666 3412 7037 6081

190 .999 204.11 188.33 202.84 231.44 106.20 3787 3057 3917 8544 7224

200 .998 215,44 198.77 214.02 246.56 108.89 4309 3466 4445 10241 8302

210 .997 226.72 209.19 225.16 261.91 111.41 4844 3886 4984 12109 9919

220 .995 237.93 219.52 236.22 277.43 113.76 5380 4307 5520- 14120 .11482 -

230 .993 249.00 229.75 247,14 293.05 115.95 5902 4717 6039 16239 . 13197

240 .990 259.92 239.81 257.89 308.69 117.99 6396 5107 6526 18423 . 15070

250  .986 270.62 249.69 268.42 324,28 119.89 6850 5469 6969 20628 17106

260 .982 281.07 259.33 278.70 339.74 121.66 7252 579¢ 7358 22809 19311

270 .976 291.24 268.72 288.69 354.99 123.29 7595 6083 7687 24923 21688

280 .970 301.10 277.81 298.36 369.98 124.81 7874 6329 7949 26930 24241

290 .962 310.63 286.60 307.69 384.64 126.22 - 8085 6532 8144 28795 26976

300 .953 319.80 295.06 316.66 398.93 127.52 8230 6697 8272 30490 29894




48
While it may be disappointing that no single estimator performs
best across all dilutions, it should not be surprising. As the

dilution factor decreases to 1 (d=1 is equivalent to using the single

dilution 2z=.01 for all 3n=9 samples), the Fisher estimator AF

approachés the MPN and the Johnsdn~Brown Spearman estimator approaches

e—y—ln(zl) _ é—Y—ln(.Ol)

~

the constant value AS = = 56.15. As the

dilution factor increases, it can be shown algebraically that the
~ N A

Thomas estimator XT shrinks and the Johnson-Brown estimator XS grows.
In short, the dilution factor affects each estimator in a

particular manner and it seems, in general, that KT perfo;ms best at

"high" dilution factors, XS performs best at "“intermediate" dilution

~

factors and XC performs best at "low"

dilution factors. The choice of
the dilution féctor, however, moves one inté the apea_afﬂdesign
.considerations. Chapter 4 will examine current design
recommendations, design suggestions in light of Table 6, and the final

selection of an estimator.




4. DESIGN CONSIDERATIONS

Early serial dilution investigations (e.g., Fisher 1922) suggest
that most researchers of the day simply used large numbers of
dilutions over a range wide enough to be certain of obtaining.at least
one dilution for whiéh some but nof all pf the samples‘wére fertile.
Matuszewski et al; (1935) noted that '"the most accurate prediétions
are obtained" when between 597 and 66% of the total number of samples
are fertile and recommended trying to select dilutions accordingly.
Fisher and Yates (19435 advocated that the "two-fold dilution series
should be used, with correspondingly fewer [samples] at each levgl, in
preference to a four-fold or ten-fold series covering the same range."
Stevens (1958) proposed. a test to detérmine whether suspicious results
(e.g., X1X2X3X4X5=30303 for ni=3 énd zi=(.5)15 are suitaﬁle for
further analysis.

Most current methods books recommend using k=3 decimal dilutions
with n=3 or n=5 samples per dilution and that even when more than
three dilutions are used to be certain of avoiding either all ferfile
or all sterile resuits, "the results from only three of theée_are used
in computing the MPN" (American Public Health Association 1971). The
more statistical works, however, echo Finney's design statements that
(1) "If N, the total number of samples is fixed, the ideal allocation
would be to use all [samples] at the dilution giving 1.59 organismé
per sample" (Finney 1978, pagé 436) and (2) for serial dilutions, "The

dilution factor should be as small as practicable; 2 and 4 are




50
definitely preferable to 10" (Finney 1978, page 437).

In this chapter, it is established that the above present
recommendations are not necessarily correct. As in Chapter 3, the
discussion commences with a consideration of the single dilution
exﬁeriment (seétion 4.1). Finally, a workable algorithm is given for
determining, under certain researcher-chosen constraints, an efficient

serial dilution design (section 4.2).

4.1 The Single Dilution Experiment

Ever since Finney (1952) first noted that Fisher's information

-I(K) for the single dilution problem was maximized for Az=1.59,

statements like (1) in section 4.1 have abounded in the literature
(Mantel 1975). Unfortunately, Az=1.59 is not optimal for the small
values of n encountered in practice.

Before Finney solved the single dilution problem asymptotically,
Halvorson and Ziegler (1933b) set out "to show how [A], as well as the
number of tubes, influences the accuracy of the results." Using the
coefficient of variation as their measure of accuracy, they note that,
"An examination of this table and graph shows that the point of
maximum acéuracy varies with the number of tubes. With 10 tubes, the
maximum accuracy is obtained when 70% of the tubes show growth [i.e.;
for Az=1.2], but with 100 tubes, the maximum accuracy is obtained when

78% of the tubes show growth [i.e., for Az=1.5]." While their
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conclusion, "Theoretically, the maximum accuracy is obtained with a
bacterial population of approximately 1.2 to 1.5 organisms per
[sample]; this range shifting toward the higher values as the number
of tubes is increased," fails to identify the exact asymptotic bound
as 1.59, it is unfortunate that their small sample work has been
largely ignored.

A further consideration discussed by neither Finney nor Halvorson
and Ziegler is the effect of the MPN's sizable positive bias when MSE
and not variance is used to judge precision.f Table 7 gives expected
-values aﬁd_MSE values for the single dilution design using all n=9
samples at either z=.008, z=.010 (Finney's optimal design for A=160)
or z=,012, . While the varying degree of truncation caused by
eliminating the result for which all samples were fertile makes
comparisons across dilutions difficult, note that MSE(X) near A=160
is actually smallest for z=.012 (i.e., for Az>1.59).

It should be noted that the figures in Table 7 indicate that
'VAR(A|A=160, z=.012) < VAR(A|A=160, z=.010) < VAR(A|A=160, z=.008),
wﬁich seems to contradict the previously mentioned Halvorson and
ziegler result. The latter's work, however, uses binomial approxima-,
tions without actually considering each of the n+l possible saﬁple
results. Because Table 7 eliminates the result for which all samples

were fertile, Halvorson and Ziegler's conclusions cannot be directly

compared with those of this paper. At any rate, simply choosing
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MPN Expected Values and MSE Values for the Single Dilution: n=9

z=.008 z=,010 z=.012
A T E(A) MSE(M) T E(A) MSE() T E(A) MSE(M)
160 1.000 10.63 165 1.000 10.64 134 1.000 10.65 114
20 1.000 21.33. - 353 1.000 21.37 292 1.000 21.40 252
30 1.000 32.10 567 1.000 32.19 479 1.000 32.29 421
40 1.000 42.97 813 1.000 43.14 700 1.000 43.31 627
50 1.000 53.92 1094 1.000 54.19 958 .999  54.42 867
60 1.000 64.96 1412 .999  65.31 1248 .998  65.52 1123
70 1.000 76.07 1765 .998  76.42 1556 994 76.45 1370
80 .999  87.20 . 2141 .995 87.41 - 1859 .987 87.01 1581
90 .998  98.28 2527 .991  98.14 2134 .976  97.02 1736
100 .995 109.26 2904 .984 108.50 2362 .960 106.37 1824
110 .992 120.03 3254 .974 118.36 - 2527 .939 114.95 1849
120 .987 130.51 3559 <960 127.64 2627 .912 122.75 1825
130 .980 140.63 3806 .943 136.29 2663 .880 129.75 1770
140 .971 150.33 3989 .922 144.28 2646 .844 136.01 1710
150 .960 159.55 4105 .897 151.62 2592 .803 141.57 1670
160 .947 168.27 4157 .869 158.30 2520 .760 146.48 1675
170 .931 176.46 4153 .837 164.38 2451 .715 150.82 1748
180 .912 184.12 4106 .803 169.88 2406 .668 154.64 1910
190 .892 191.26 4029 .767 174.85 2405 .621 158.01 2180
200 .869 197.88 3937 .730 179.32 2470 .575 160.97 2574
210 .844  204.02 3849 .691 183.35 2616 .530 163.57 3106
220 .817 209.68 3781 .652 186.98 2862 .486 165.86 3788
230 .789 214,91 3749 .614 190.23 3221 445 167.88 4630
240 .760 219.72 3770 .575 193.16 3707 .405 169.66 5640
250 .730 224.15 3859 .537 195.79 4331 .368 171.22 6826
260 .699 228.22 4031 .501 198.16 5103 .334 172.60 8194
270 .688 231.96 4299 .465 200.29 6032 .302 173.82 9747
280 .637 235.40 4674 .431 202.20 - 7125 .273 174.89 11491
290 .606 238.56 5169 .399 203.92 8389 .245 175.84 13428
300 .575 241.45 5792 .368- 205.47 9830 .221 176.67 15562
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.AZ=1359 clearly does not necessarily yield the optimal single dilution
- design.

Observing the.”T” column in Taﬁle 7 for 2z=.010 reveals another
difficulty with the Az=1.59 "ideal allocation." Even if the
researcher's a priori gueés of A=160 should happen to be exactly-
correct, he can expect to obtain usable experimental results only
86.9% of the time; 13.1% of the time he will observe all the samples
fertile and be unable to calculate a meaningful poiht estimate for A.

" If, moreover, the researcher guessed too low so that A=300 were the
.true dénsity, he would obtain unusable results a full 63.2% of the
time! This illustrates, of course, the wisdom of the éerial dilution
-’design, which protects agéinst obtaining samples either all fertile or
all sterile.

Finally, note from Table 7 just how large a change in the T and
the MSE values occurs for such a small change -of .002 in the dilution.
It appears that the choice of the dilution(s) for the problem of

estimating the density of organisms needs to be a carefully considered

one.

4.2 A Design Algorithm for the Serial Dilution Experiment
The discussion of Table 7 in section 4.1 suggests that one could
characterize the serial dilution problems as one of minimizing MSE

. " \ . .
while controlling P(all samples fertile)=1-T. It seems, then, that
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the first design consideration of the researcher should be
determining p, the risk he is willing to aséume of obtaining all
fertile samples. This being accomplished, one needs an estimate of
Xmax’ the largest possible value the researcher believes that A could
reasonably assume.

The program in Appendix IV allows the user to input n (the number
of samples per dilution), Amax and p (the maximum acceptable
probability of obtaining all samples fertile, which will occur, of
course, when X=Amax). For various dilution factors, the program

outputs z the middle dilution of a k=3 serial dilution experiment

23
satisfying the input constraints. ¥For any larger choice of z, s
P(X,X,X4=333) will be g?eater than p. Any smaller choice of z, will,
in generql, increase the MSE values of the estimators. While the
program is given for k=3, i£ readily generalizes to any k. Figure 2
gives the output of the program for n=3, Amax=300, p=.01 and
d=1(.5)10.

Now the researcher must decide which of the (daz) pairs meeting
his n, Xmax and p constraints gives the smallest MSE. Recall that the
“program in Appendix IIT generates expected values and MSE values for
the estimators of sections 3.2.1 to 3;2.4 for designs with any
dilution factor d and any middle dilution‘zz. Using the'program in

Appendix III, then, for each (d,z) pair and over the A values of

interest, the researcher may note which (d,z) pair achieves the
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FIGURE 2

Output for the Program of Appendix IV

HOW MANY TUBES PER DILUTION?
73

WHAT IS THE MAX EXPECTED L?
2300
WHAT IS THE RISK FOR HAVING ALL TUBES FERTILE?
?.01

INPUT THE STARTING D, ENDING D AND JUMPSIZE
21,10, .5

Z

.00305

.00314

.00334

.00359

.00389

.00422

. 00457

.00492

.00527

.00563
.00598

.00633

.00688

.00703

.00738

.00774

.00809

00844

.00880
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CWOWOwWoOm~~IOOY W U1~
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smallest MSE and for which estimator that smallest MSE occurs.

Appendix V gives the output obtained using the program in
Appendix III over the (d,g)lpairs of Figure 2 for A=10(10)300. Note
that in each case T = .990 - 1-p for A = Amax = 300. For the
researcher's best a priori guess of A=30, for example, he would
construct from Appendix V a summary chart similar to Table 8 giving
the MSE for each of the three competing estimators (the discussion
of section 3.3 eliminated X and XF from further.consideration) at each
(d,z) design. ©Note that the bias-corrected MPN XC achieves its
minimum MSE of 506 for the design (d,z)=(4.5,.00492); the Thomas
estimator XT achieves its minimum MSE of 977 for the design (d,2z)=
(4.0,.00457); the Johnson-Brown Spearman estimator KS achieves its
minimum MSE of 400 also for the design (d,z)=(4.0,.00457). The
researcher should use the estimator XS and the desigﬁ with dilution
factor 4.0 centered at z,=.00457.

Note that in both p=P(all éamples fertile)’and MSE this design is
superior to the original example of Chapters 1-3 of z,=.1, z,=.01 and
' z3=.OOl which, according to Table 4 has p = P(X X,X,=333) ='.015 and
MSE(XS|X=30) = 759, Note also that the selected dilution factor of
4.0 contradicté the previously mentioned advice of Fisher and Yates
(1943) and Finney (1978).

When constructing a summary chart similar to Table 8, however,

the researcher may not wish to be so specific so as to design the
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TABLE 8
MSE Comparisons: maximum A = 300
best guess A = 30
d 22 MSE(;\C) MSE(&T) MSE(;\S)
1.0 .00305 799 1332 23741
1.5 .00314 757 1268 5798
2.0 .00334 684 1161 1923
2.5 .00359 618 1071 848
3.0 .00389 566 1009 512
3.5 .00422 530 979 414
4.0 .00457 511 977 400
4.5 .00492 506 997 416
5.0 .00527 514 1027 44
5.5 .00563 532 1059 477
6.0 -.00598 559 1087 511
6.5 .00633 591 1106 545
7.0 .00688 629 1113 580
7.5 .00703 670 1109 613
8.0 .00738 713 1093 646
8.5 .00774 756 1067 678
9.0 .00809 800 . 1034 708
9.5 .00844 844 997 737
10.0 .00880 886 957 765
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experiment for precisely A=30. Recall, for example, from the single
dilution analysis the problems that can arise when the true A value is
far from the researcher's best a priori guess. 1In this case, the
researcher could construct his summary chart by entering, for exampié,
the maximum MSE(XIlQiAElOO) instead of MSE(XIA=30) for each estimator.

While this author recommends the preceding algorithm and finds it
to be both simple and reliable,.a few additional comments and-cautions
need to be given. First, it should be noted that under every
reasonable set of comstraints imposed in connection with this paper,

S A ~

(1) the three estimators (i.e., AC’ XT and XS) all achieved their

minimum MSE values at approximately the same (d,z) pair and (2) the
Johnson-Brown Spearman estimator KS proved consistently to be the
preferred estimator. As there are no obvious analytical reasons why
either of the above should be true without exception, however, they
are presented as '"observations'" and not 'conjectures."

Secondly, Table 8 indicates that the Thomas estimatotr XT MSE
value actually peaks for d=7.0 and begins to decrease as d increases.
One wonderé whether it will ever drop below the 400 valﬁe attained
by XS for d=4.0. The answer, unfortunately, is yes,‘as MSE(XT|A=30)_
drops to 376 for (d,z)=(60,.04853) and keeps on dropping. In this
author's opinion, however, the previously recommended (4.0,.00457)

design should still be preferred because (1) dilution factors much

greater than 10 reflect too much uncertainty to be of practical
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concern and indicate the need for a "preliminary investigation' and
(2) the behavior of all the estimators, as mentioned in section 3.3,
degenerates for both very large and very small (i.e., near d=1.00)
dilution factors. The first statement is a matter of opinion, and
Seligman and Mickey (1964), for example, state, "Not infrequently,
however, the confidence in the pre-existing estimate is such that a
1,000~fold dilution interval is éﬁployed." The second statement

recalls the fact that lim(XT)=0. As d increases, there will be some
A die

point at which MSE(XT) is artificially minimized before climbing back
to MSE(AT) = (best guess)z.' A similar phenomenon occurs for the

Johnson-Brown Spearman estimator which, as previously noted,

approaches the constant e_Y—ln(Zl) as d approaches 1. If the

researcher's best guess happens to be close to e—Y—ln(zl)’ there will

~

be some point at which MSE(AS) is artificially minimized before

climbing back to MSE(A.) = ((best guess)_e—Y—ln(zl))z_




5. THE FINITE POPULATION MODEL

Each technique described in Chapters 1-4 assumes that the Xi's
are independent responses or, equivalently, that the samples come
from an infinite population. This is certainly acceptable when one
is monitoring organism levels in, for example, water systemé or dairy
products. Suppose, however, the parameter A is the_number of
organisms in a épecific finite volume and not the average number per
volume in some conceptually infinite population. In this case, the
number of fertile samples cannot exceed A and a point estimate or
confidence interval value less than the total number of.obserﬁed
fertile responses is not appropriate. Furthermore, since the infinite
model éonsiders the given volume a random sample, it incorporates
additional variation due to sampling into point estimates and
confidence intervals.

‘ Oléon, Turbak and McFeters (1979), for example, employed memhréne
diffusion chgmbers to study the survival of organisms in mine waters.
After using serial dilution techniques to estimate the number of’
organisms in a small volume, they placed the volume in mine water in
é chamber that allowed the mine water but ﬁot the organisms to pass
freely in and out of the chamber. Periodically, they used seriai
dilution techniques to estimate the number of organisms surviving in
the chamber. While the authors were investigating a clearly finite

population (i.e., they were trying to estimate the true count in a
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particular chamber at a particular time), they were forced to turn
to standard (i.e., infinite population) MPN tables for point estimates
and confidence intervals and concluded 'the large confidence intervals
inherent in the MPN procedure make a more definite statement difficult
to justify."

It is interesting to mote that McCrady's (1915) original serial
dilution paper dealt exclusively with finite populatioms.
Acknowledging that his mathematical analysis represents only an
approximation, he states

When more than one volume is to be drawn from the

[population] , - these formulae demand that for each draw

the initial conditions must be the same. That is, after

the first volume has been drawn, this volume, together

with its contained B. coli, must be replaced in the

[population] before drawing the next volume. Such a

procedure is obviously impossible in practice.

But perhaps, when the first volume has been drawn,

it may be assumed that a proportionate number of the B.

coli have also been drawn in this volume. 1If so... the

value of the general factor... has remained practically

unchanged,

' But even if this assumption is not justified,
calculation will show that the error due to non-replacement

is, in general, negligible.

Although later in the paper he partially works out one specific
example correctly accounting for this non-replacement, there is no
evidence that he was aware of the exdct solution to the general
finite population problem.

Starting with Greenwood and Yule (1917), papers'considef.only'

the simpler and, in truth, more useful infinite model. Several
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authors (e.g., Cochran 1950), however, use a finite population
situation to motivate the serial dilution problem, state that "this
is closely approximated by" the infinite model, and then proceed to
discuss mathematically only the latter. |

Section 5.1 develops the exact mathematical formulation of the’
general finite population problem. 1In section 5.2, point estimation
and interval estimation results are given and compared with those
Lobtained undér the usual infinite model. Except where otherwise
noted, the examples follow Chapters 1-4 in.using theAcommoﬁly employed
and tabled k=3 serial dilution experiment with ni=3 and zi=(.l)i-_l

- for i=1,2,3..

5.1 The General Formula

According to Johnson and Kotz (1977), quya once maiﬁtained fhat
"any problem of frobability appears comparable to a suitable‘problém
abou£ bags containing balls." The finite population serial dilution
problem is, in fact, a variation of the classical occupancy problem
of urn modeling. Imagine that each of Y>1 balls is placed at réndom
into one of n equally likely urns and that X denotes thé number of
urns thus occupied. The probability that eiactly_r urns are occupied

' (see; for example, Johnson and Kotz 1977) is given by

r . ’ ‘
(5.1) p=r) = (2, -DTTDE/MT re1,2,. L minY).

Suppose there ére n, equally likely urns of type i=1,2,3 and
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that the probability associated with each type i urn is z; SO that
P(being placed in a type i urm) = n,z, and P(not being placed in any
urn) = l—Znizi. If Yi'representsuthe total number of balls placed
in type i urms, then after A balls have been placed (¥ ,Y,,Y,) has
a multinomial distribution with parameters p,=n. Z. and A. In
addition, letting P(X,,X,,X,=r,,r,,r;) = £(X;X2X3),

(5.2) £(X,X,X,) = EY1Y2Y3f(X1X2X3|y1y2y3)

E[£(X, ]|y,) (%, |y,)£(X,|y,)]
) &2 &2 1ZosEorko TV

8l (i/n) 1(3/n,) Y2 (e/n ) Fa].

X
i

IX-i-j-k

X,y /X
GGG

The joint moment generating function for the multinomial
distibution of (Yl,Yz,YS)'with paraméters P,» P,s P, and A'indicates
that E[AYlBYZCYa] = [p1A+sz+p3C+(l—p1—p2—p3)]A for any constants A,
B and C. Here, E[(i/nini(j/n2)¥2(k/n3)Y3] = [l—an+iz1+jzz+kzg}X.

Substituting into equation (5.2) gives
n X, X, X4

_ 0.y m _yEX-i-j-k
(5.3) £(X,X,X,) = (xi)(xi)(xz)iéo%oéo( D

X X X
1 2 3
(1 (2 ()
(l—le+iz +iz +k )>L
n 1712, TK257
the exact probability function for the finite population serial
dilution problem with A total organisms and n, samples at the zg

dilution for i=1,2,3.

e

e da

et e g T —

L
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5.2 Point and Interval Estimation

The method of combining independent results (section 2.3) and
Fisher's XF estimate (section 3.2.2) require independent Xi's and,
consequently, cannot be used for finite populations. Each of the
other techniques of Chapters 1-4, however, can be applied in the
finite poPulation situation by using equation (5.3) instead of
‘equation (1.1) to obtain the sampling distribution of the X XX,
valués. The program'used éo generate these probabilities is given in
‘Appendix VI and is the finite analog of the program in Appendix I.

Table 9 compares the MPN point estimates and the deMan and
minimum expected width interval estimates of the infinite and finite
models for the 18 X,X,X,; results with non—emptf minimum expected width
confidence intervals. 1In both the infinite and the'finite model, |
these 18 X ,X,X, results include about 98% of the probaﬁility for
10<A<300. Note that for the finite model the MPN's are generally
slightly smaller and thé confidence intervals are generally slightly
narréwer, The fact that the differences are so minor is noteworthy
in that this design involves sampling Znizi=.333 of the population.
Even when the portion of the finite population sampied is qﬁite
significant, apparently, the differenée between the infinite and the
finite analyses is negligible. Since the Olsomn et él. (1979) mine
water problem of this chapter, for example, involved sampling only

very small portions of the population at.each step, then, applying the




TABLE 9

Infinite and Finite Population Results: n=3, z.=.l
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. z,=.01 =z =.001

.95 deMan .95 minimum expected
MPN wvalues interval estimates width intervals

result infinite® finiteb infinite® finiteb infinited finited
000 0.0 0 0-9 0-13 0~-11
010 3.1 3 <1-17 1-14 2-10 2-9
100 3.6 3 <1-21 1-18 <1-25 1-21
110 7.4 7 2-28 2-24 3-20 3-19
200 9.2 9 2--38 2-35 <1-37 2-36
201 14.3 14 5-48 5-45 11-14 10-14
210 14.7 14 5-50 5-46 5-42 5-40
220 21.1 20 8-62 8-59 10-32 10-32
300 23.1 22. <10-130 8-126 4-120 4-120
301 38.5 37 10-180 15-174 14-69 15-69
310 42.7 42 10-210 16-210 7-200 8-200
311 74.9 74 20-280 27-278 21-180 20-170
320 93.3 93 30-380 33-383 12-360 12-360
321 149.4 149 50-500 55-503 38-400 37-400
322 214.7 214 80-640 86-637 130-260 130-250
330 239.8 239 <100-1400 91-1393 26-990 33-990
331 462.2 - 461 100-2400 178-2405 70-2000 70-1990
332 1099.0 1098 300~4800 381-4785 140-4070 150-4070

a .
‘“one decimal

accuracy

integer accuracy

c
values
values
values

dvalues
values

for results 000-222 are
for results 300-322 are
for results 330-333 are

less than 100 are given

given to the nearest integer
given to the nearest 10
given to the nearest 100

to the nearest integer

greater than 100 are given to the nearest 10 .
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finite population analysis will not affect their conclusions.

The finite population deMan Bayesian intervals in Table 9 were
obtained using the program in Appendix VII. Recall that deMan (1975)
employed a truncated likelihood function to obtain his intervals for
the infinite model. The sum of the finite model likelihood values
across all posssible A's (i.e., from A=EX to A=w), however, converges

analytically to

X, X, X,

(5.8 BEGKEE) = GH G E, ZoiZorZoCs

1><X2>< 3)

. . ;¢ . .
[(1-Snz+iz +jz,+kzy) "]/ (Enz-iz,-jz,-kz,)
so that the program in Appendix VII provides exact intervals. It can
also be shown that the exact mean of the deMan Bayesian posterior

distribution in the finite population case is given by

AL (A5X1X0X3)

X, X, X4

n 1
= IX + [1/2£Q0; X1X2X3)]( D 2)( 2 1Z05Zako

(il)(jz)(ks)[l—an+izl+jzz+kZ3)ZX-l]/

(an-izl—jzz-kzg)z.
Even though the positive skew of the likelihood distribution and the
positive bias of the MPN (the mode of the llkellhood distribution)
prevent the mean and the median of the posterior distribution from
being useful point estimates for A, the program in Appendix VII gives
these values for completeness. |

The difference between the infinite and the finite population




67
models is greatest as Zn z, appraoches 1, at which point all of the
'fieite.population is included in the sample. Table 10 considers
“such an extreme case of the finite population pfoblem and makes the
same comparisons as Table 9 but in the case for which zl=.3, z;=.03,
z3=;003T While the finite model intervals ere, as in Table 9,
narrower than their infinite counterparts, even when anz .999 of the
populaeion is selected for‘observation, the finite analysis appears to
»serve malnly to prevent lower interval estimate endpoints from falllng
below the observed number of fertile tubes when IX (and by inference,
- A) is small.

Taken together, Tables 9 and 10 suggest that the finite
population model results are essentially identical to those of the
infinite model when Znizi is small and differ from those of the
infinite‘model as.Znizi approaches 1 only when X is small. Chapters

1~ -4 suggested that the Johnson-Brown Spearman estimatoy i was
;generally the "best" 1nf1n1te population estimator, however, so that
ene should.examrne'the finte analog of XS before reechlng any
“‘tentative conclusions.

Using equation (5.3) instead of.(l.l),.this author mimicked the.
_ work of Johnson and Brown (1961) and obtained the following results.
(i) For large A, the finite and infinite. models yield the

A

same non-bias-corrected. point estimate A =
-Y—ln(z )+[ln(d)][(ZX/n)— 51
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TABLE 10

Infinite and Finite Population Results: n=3, z;=.1 2z,=.01 2z;3=.001
.95 deMan .95 minimum expected
MPN values interval estimates width intervals

. Y ! . .. b . .. b . .
result dnfinite finite 1nf1n1teC finite - 1nfin1ted flnited

000 0.0 0 0-0 0~4 0-0
010 1.0 1 <,3-5.7 1-2 <1~3 1-1
100 1.2 1 <.3-7.0 1-4 <1-8 1-4
110 2.5 2 .7-9.3 2-6 <1-6 2-5
200 3.1 2 .7-13 2-9 <1-12 2-10
201 4.8 4 - 1,7-16 3-13 b~4 4-5
210 4.9 4 1.7-20 3-13 . 2~-14 3~12
220 7.0 6  2.7-31 4-17 4-10 5-11
300 7.7 7 <3.3-43 3-40 2-41 3-40
301 12.8 12 3.3-60 5-56 5-23 5-23
310 14.2 13 .3.3-70 5-68 3-66 4-66
311 25.0 24 6.7-93 9-91 7-60 - 9-58
320 31.1 30 10-127 10-126 4-120 6-110 .
321 49.8 49 17-167 18-165  13-130 13-130
322 71.6 71 27-213 28-210  42-87 41-84
330 79.9 79 <33-467 30-463  11-330 10-330
331 154.1 153 33-800 59-800  24->600 24-660

332 366.3 366 100-1600  127-1593 47->600 49->1000

* %one decimal accuracy
integer accuracy
Cyalues from Table 9.divided by 3

dvalues less than 100 are given to the nearest integer
values greater than 100 are given to the nearest 10
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(ii) When Znizi is small, COV(Xi,Xj) is negative but
negligible and both the finite and thé infinite models yield
the multiplicative bias correction given in section 3.2.4 and
produce the final estimator of equation (3.1).
These results, the development of which is sketched in Appendix VIIT,

support the suggestions of Tables 9 and 10 given above.




6. SU'[\TMARS(

Even though the serial dilutiomn assay is a standard micro-
biological method for determining the density of organisms in a
solution, there has been very little mathematical investigation into
.the statiétic;l appropriateneés of the decimal dilution design, the
MPN point estimate and the Woodward (1957) confidence intervals that
have been loﬁg accepted as standard procedure. This paper, the only
recent re?iew of the serial dilution problem, has been the fifst to
compare exact MSE values of competing estimators, the first to provide
an algorithm to determine efficient serial dilution designs, and the
first to give the exact formulation .of the finite population serial
dilution ﬁroblem. .In addition, original serial dilution point
estimates and exact confidence intervals we%e given and compared with
the MPN and pre&iously proposed alternatives.

Tt is the author's conclusion that the serial dilution design and
estimation recommendations of standard textbooks (e.g., Finney 1978)
and referénée works (e.g., American PUblic Health Association 1971)
are not adequate and, specificallf,

(i) The cdmbining independent results (éectioﬁ:2.3) and
' minimum expecfed‘width (section 2.4) confidéhce interval methods
shoqld be the recommended techniques fof obtaining one-sided and
two—sided confidence intervals respecti&ely.
(ii) The.algorithm‘of section 4.2 should be used to identify

both the optimal serial dilution design and the most efficient
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péint estimate.
(iii) The finite population probabilities given by equation

,(5.3) should be used when applicable, éspecially when A is sméll

and many non-fertile samples are likely.

General computer programs that aliow the researcher to put the
recommendations of this paper inté practice (or to compare completely
new procedures to those‘in this papér) appear in the appendices. In

addition, caveats and areas for further work have been identified

throughout the paper.




FOOTNOTES

aMcCrady's paper spells out and applies ML estimation several
years before Fisher popularized the concept during his "spectacular
dispute' with Karl Pearson, who preferred the method of moments
estimation (Owen 1978). Credit for the first clear and explicit
formulation of ML estimation by differentiating the likelihood
function, however, belongs to Daniel Bernoulli in 1777. Pearson and
Kendall (1970) give a translation and discussion of Bernoulli's paper
and of Fuler's rebuttal (which was published in the same 1777 volume)
of Bernoulli's ML ideas.

bThe MPN's given in Figure 1, calculated by the program giﬁen in

Appendix ITI, also reveal two minor errors in the American Public
Health Association (1970) MPN's given in Table 1. The MPN's
corresponding to 110 and 200 should be 7.4 and 9.2 respectively.

“Note that this is not the case for the other three 95%
confidence intervals given in Table 1. The issue here is whether
Woodward is really following the accepted testing procedure of
rejecting the null hypothesis for the "most extreme'" 0=.05 of the
results when he chooses to reject for "likely'" results and not for
Munlikely" ones.

Y

dWhile it is not within the scope of this paper to discuss the
‘biological appropriateness of either the serial diultion or the MF
technique for various organisms, their frequent comparison in the
literature deserves some comment. Most authors which consider this
aspect of the problem (e.g., Middlebrooks, Middlebrooks, Johnson,
Wight, Reynolds and Venosa 1978) stress that neither procedure should
be regarded as absolute and note that "one technique does not appear
- to be more reliable than the other." DeMan (1977), however, opinions
that "because microbiological standards for foods are becoming
increasingly severe, in the future MPN [serial dilution] methods will
probably often have to replace plate counts.' Futhermore, one
standard reference (American Public Health Association 1966, page 139)
notes that "the limitations of the plate count method are well known"
and "a more accurate method for the enumeration of smallnumbers of
organisms is the MPN technique."

I SO
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®This technique can certainly be applied to deMan's Bayesian
intervals also, and the resulting point estimate would be the median
of the posterior distribution. Since, however, deMan's posterior
distributions are unimodal and positively skewed, the median of each
posterior distribution would be larger than its mode (which is the
MPN), and the resulting point estimate would be even more positively
biased than the MPN. The same would be true for the estimate obtained

by ‘using the mean of the posterior distributiomn.

fWhile Halvofson and Ziegler (1933c) were actually the first to
note the positive bias of the MPN, they do not mention the bias as a

_design factor when selecting dilutioms.




APPENDICES
APPENDIX I :

PROGRAM TO GENERATE EXACT SAMPLING DISTRIBUTIONS FOR LAMBDA
FROM 1 TO 100 FOR N TUBES AT EACH OF 3 DILUTIONS

A IS THE BINOMIAL PROBABTILITY W/O THE COEFFICIENT

D IS THE BINOMIAL COEFFICIENT

X IS THE NUMBER OF FERTILE TUBES

Z IS THE DILUTION

AMAT SAVES THE VALUES FOR OUTPUT A PAGE AT A TIME (10 LAMBDA
VALUES BY 64 TUBE COMBINATIONS)

OO0 an

DIMENSION A(3),D(0:10),X(3),Z(3),AMAT(66,40)
QUTPUT 'INPUT THE 3 Z VALUES'
INPUT Z2(1),Z(2),Z2(3)
QUTPUT 'INPUT N (# TUBES PER Z)'
INPUT N
D(0) = 1.0
DO 5 I=0,N-1

5 D(I+1)=D(I)*(N-I)/(I+1)
1=1

9 DO 60 IM=1,40,4
IF (L>100) GO TO 99
AMAT(1,IM)=L
C=0
KOUNT=2
DO 40 X1=0,N
DO 40 X2=0,N
DO 40 X3=0,N
X(1)=x1
X(2)=X2
X(3)=x
CN = D(XL)*D(X2)*D(X3)
DO 30 I=1,3

30 A(I)=(1-EXP(-Z(I)#L))**X(I)*(EXP(-Z(I)*L))**(N-X(I))
F=CN#*A(L)SA(2)*A(3)
AMAT (KOUNT , IM)=X1
AMAT (KOUNT , IM+1)=X2
AMAT (KOUNT, IM+2)=X3
AMAT (KOUNT , IM+3)=F
KOUNT=KOUNT+1
C=C+F

40 CONTINUE
AMAT (66 ,IM)=C
L=L+1

- 60 CONTINUE
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APPENDIX I (CONTINUED)

WRITE (108,200) AMAT(1,1),AMAT(1,5),AMAT(1,9),
C AMAT(1,13) ,AMAT(1,17),AMAT(1,21),AMAT(1,25),
C AMAT(1,29),AMAT(1,33),AMAT(1,37)
200 FORMAT (T7,13,9(9%X,I3))
DO 70 I=2,65 v
70 WRITE (108,300) (AMAT(I,J),J=1,40)
300 FORMAT (X,10(2X,3I1,F7.4))
WRITE (108,400) AMAT(66,1) ,AMAT(66,5) ,AMAT(66,9),
C AMAT(66,13) ,AMAT(66,17),AMAT(66,21) ,AMAT(66,25),
C AMAT(66,29) ,AMAT(66,33) ,AMAT(66,37)
400 FORMAT (T7,F6.4,9(6X,F6.4))
GO TO 9
99 END
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APPENDIX II

cOo0O00Na0o

o0

10

11

15

PROGRAM TO FIND .95 C.I. ENDPOINTS BY THE FISHER-LANCASTER
METHOD FOR 3 TUBES AT EACH OF THE DILUTIONS .1,.01,.001
THIS PROGRAM ALSO IDENTIFIES THE ASSOCIATED POINT ESTIMATE

D IS THE BINOMIAL COEFFICIENT

F IS THE BINOMIAL PROBABILITY

PU AND PL ARE THE UPPER AND LOWER P-VALUES

CU.AND CL ARE THE UPPER AND LOWER CHI-SQUARE VALUES
14.45 IS THE CHI-SQUARE VALUE WITH 6 DF AND .025 BEYOND

DIMENSION D(0:4),F(0:4,3),PU(3),PL(3),CU(3),CL(3),X(3),2(3)
REAL L

D(0)=1

D(1)=3

D(2)=3

D(3)=1

Z(1)=.1

7(2)=.01

Z(3)=.001 : \

OUTPUT 'HOW MANY FERTILE TUBES PER DILUTION?'
INPUT X(1),X(2),X(3)

OUTPUT ' L UPPER TATL LOWER TAIL'
OUTPUT ' CHI#*%2 CHI*%2!
L=1.00 ‘

CONTINUE

DO 10 1=0,3

DO 10 J=1,3

I INDEXES THE # OF FERTILE TUBES PER DILUTION
.J INDEXES THE DILUTIONS

F(I,J)=D(I)*(1-EXP(-1%Z(J)))**I
C  *(EXP(-L*Z(J)))**(3-1)

CONTINUE
DO 40 J=1,3

§=0

N=X(J) _

DO 11 I=0,N
S=S+F(I,J)

IF (N.EQ.0) GO TO 19
S1=0

DO 15 I=0,N-1
S1=S1+F(I,J)
PU(J)=(S+51)/2
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APPENDIX IT (CONTINUED)

CU(J)=-2%LOG(PU(J))
GO TO 20

19 CU(J)=2-2*L0G(S)

20 -CONTINUE
T=0
DO 21 I=N,3

21  T=T+F(T,J)
T1=0
IF (N.EQ.3) GO TO 29
DO 25 I=N+1,3

25 T1=T1+F(I,J)
PL(J)=(T+T1)/2
CL(J)=-2%LOG(PL(J))
GO TO 30

29 CL(J)=2-2%LOG(T)

30 CONTINUE

40 CONTINUE
CHU=CU(1)+CU(2)+CU(3)
CHL=CL(1)+CL(2)+CL(3)

THE FOLLOWING LINES ELIMINATE OUTPUT NOT NEAR THE POINT
ESTIMATE OR THE ENDPOINTS OF THE .95 C.I.

a0

IF ABS(CHU-14.45).LE.1.00) GO TO 50
IF ABS(CHL~14.45).LE.1.11) GO TO 50
IF ABS(CHU-CHL).LE.1.00) GO TO 50
GO TO 60
. 50 WRITE (108,200) L,CHU,CHL
©- 200 FORMAT (3X,I4,X,2F11.4)
60 . IF ((CHU.GE.16).AND.(CHL.LE.13)) GO TO 4
. L=L+1 - .
GO TO 5
" END
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APPENDIX IT (CONTINUED)

SAMPLE OUTPUT AND EXPLANATION

HOW MANY FERTILE TUBES PER DILUTION?

?3,0,1
: 1 UPPER TAIL TLOWER TAIL
CHI#*#*2 CHT#%2
8 2.6784 15.4329
9 2.7878 14.7117
10 2.9001 14.0869
11 3.0145 13.5394
58 7.0247 7.1454
59 7.0895 7.1049
60 7.1541 7.0653
174 14.3686 4 .8804
175 14.4319 4.8700
176 14,4951 4.8596
177 14.5583 4.8492

From the outqu above, one rejects HO:A=AO in favor of Ha:A<AO at
the .025 level for X02;76 and one rejects HO:A=XO‘in favor of Ha:A>AO
at the .025 level for XO§9. Hence the two-tailed 95% confidence
interval associated with X;X,X3=301 extendsgfrom 10 to 175 as

indicated in the "Combining Independent Results" column of Table 1.
(As noted in the program, the x2 value with 6 degrees of freedom and
.025 beyond it is 14.45. One rejects the null hypothesis when the

calculated x2 value falls above 14.45.)
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APPENDIX ITI

PROGRAM TO CALCULATE POINT ESTIMATES, EXPECTED VALUES AND
MSE VALUES FOR FIVE SERIAL DILUTION ESTIMATORS

MPN: CALCULATED IN LOOP 25, CALLED M IN PROGRAM AND OUTPUT
BIAS-CORRECTED MPN: CALCULATED BY ADJUSTING THE MPN, CALLED
- C IN PROGRAM AND OUTPUT

FISHER ESTIMATE: CALCULATED IN LOOP 20, CALLED Y IN THE
PROGRAM AND F IN THE OUTPUT

JOHNSON-BROWN SPEARMAN ESTIMATE: CALCULATED IN LOOP 20, CALLED
B IN THE PROGRAM AND S IN THE OUTPUT

THOMAS ESTIMATE: CALCULATED IN LOOP 25, CALLED T IN THE
PROGRAM AND OUTPUT

C IS THE BINOMIAL COEFFICIENT
K IS A DUMMY VARTABLE FOR NEWTON ITERATIONS

THIS PROGRAM IS FOR 3 DILUTIONS, N TUBES PER DILUTION AND
DILUTION FACTOR D

sNoNeNoNoNeNoNeNoNeNoNoNoRoNoReNoNoNa e

THE PROGRAM DIMENSTON STATEMENT MUST BE ADJUSTED FOR EACH N

DIMENSION B(0:3N-1),C(0:N),K(30),Y(0:3N-1)
REAL K,L,M )

INTEGER X1,X%X2,X3

EL(W)=EXP(-Z1*W)

E2(W)=EXP (-Z2*W)

E3(W)=EXP(-Z3*W)
FL(W)=X1%Z1/(1-EL(W))+X2%22/(1-E2(W) )+X3*23/ (1-E3(W))
C -N*(Z1+Z2+Z3)
GL(W)=—X1*Z1*%2%E1 (W) /(1-EL (W) ) *%2
C -X2%Z2%%2%E2 (W) / (1-E2(W))**2
C -X3*%Z3%%2*%E3(W)/(1-E3(W))**2

F2 (W)=N*EL (W) +N*E2 (W)+N*E3 (W) -TN

G2 (W)=-N*Z1*E1 (W) -N*Z2%E2 (W) -N*Z3%E3 (W)
REWIND 1

OUTPUT 'WHAT IS N?'

INPUT N

OUTPUT 'WHAT IS THE MIDDLE DILUTION?'
INPUT Z2

OUTPUT 'WHAT IS THE DILUTION FACTOR?'
INPUT D

OUTPUT 'INPUT STARTING L, ENDING L, JUMPSIZE'
INPUT Al,A2,A3
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APPENDIX IIT (CONTINUED)

aoaoOo00n

10

20

15

16

17
100
25

Z1=Z2%D

7Z3=72/D

c(0)=1.0

Do 5 I1I=0,N-1

C(I+1)=C(I)*(N-I)/(I+1)

DO 20 I=0,3#N-1

TN=3#*N-T

K(1)=20

DO 10 J=1,19
K(J+1)=R{(JI)~-F2(R(JT))/G2(K(T))

IF (K(J+1).LE.0) R(J+1)=.01

IF (ABS(K(20)-K(19)).GE..01) GO TO 990
Y(I)=K(20)
B(I)=(1/Z1)%EXP(-.57722-.5%L0OG(D)+((LOG(D)) /N) *1)
B(I)=B(I)*(2*N) /(2*N+L0OG(D) *L0OG(2))
CONTINUE

THE FISHER (Y) AND JOHNSON-BROWN (B) ESTIMATES ARE NOW STORED
IN MATRICES .
THE MPN AND THOMAS ESTIMATES WILL NOW BE COMPUTED AND SENT

TO A FILE

DO 25 X1=0,N

DO 25 X2=0,N

DO 25 X3=0,N _

IF (X1.EQ.N) IF (X2.EQ.N) IF (X3.EQ.N) GO TO 25
S=X1+X2+X3 :
S1=(N-X1)*Z1+(N-X2) *Z2-+(N-X3) *#23

S2=N*(Z1+72+23) '

T=8/ ((S1%82) %% 5)

IF (X1.EQ.0) 1IF (X2.EQ.0) IF (X3.EQ.0) GO TO 16
K(1)=20 ' _ :

DO 15 J=1,29

K¢I+1)=K(J)~-FL(K(JI))/GL(R(I))

IF (K(J+1).LE.O0) K(J+1)=.01

IF (ABS(K(30)-K(29)).GE..01) GO TO 991

M=K(30)

GO TO 17

M=0.00

WRITE (1,100) M,T

FORMAT (2F8.3)

CONTINUE




81

APPENDIX III (CONTINUED)

eNeNeNeNeNe!

THE MPN (M) AND THOMAS (T} ESTIMATES HAVE NOW BEEN STORED

IN A FILE
THE PROGRAM WILL NOW CALCULATE EXACT PROBABILITIES, EXPECTED
VALUES, VARIANCES AND MSE VALUES FOR ALL THE ESTIMATORS

OUTPUT ' L T E(M) E(C) E(F) E(S) E(T) MSE (M)
C MSE(C) MSE(F) MSE(S) MSE(T) '

DO 80 L=Al,A2,A3

REWIND 1

TO=0 .

SM=0

SF=0

SB=0

ST=0

SSM=0

SSF=0

SSB=0

SST=0

DO 70 X1=0,N

DO 70 X2=0,N

DO 70 X3=0,N

§=X1+X2+X3 .

IF (XL1.EQ.N) IF (X2.EQ.N) 1IF (X3.EQ.N) GO TO 70
P=C(X1)*C(X2)*C(X3)*(1-E1 (L)) **X1%(EL(L)) **(N~X1)
C  *(1-E2(L))**X2%(E2(L)) **(N-X2)

T C *(1- E3(L))**X3A(E3(L))**(N—X3)

200

READ (1,200) M,T
"FORMAT (2F8.3)
TO=TO+P

PM=P#*M

PF=P*Y(S)
PB=P*B(S)

" PT=P*T

PPM=PM*M
PPF=PF*Y(S)
PPB=PB*B(S)
PPT=PT*T
SM=SM+PM
SF=SF+PF
SB=SB+PB
ST=ST-+PT
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APPENDIX III (CONTINUED).

SSM=SSM+PPM
SSF=SSF+PPF
SSB=8SB+PPB
SST=SST+PPT
70 CONTINUE-

EM=SM/TO
EF=SF/TO
ER=SB/TO
ET=ST/TO

. VM=SSM/ TO-EM**2
VF=SSF/TO-EF**2
VB=SSB/TO-EB**2
VT=8ST/TO-ET*%2 .
SEM=VM+( EM-L) *%2
SEF=VF+(EF-L) *%2
SEB=VB-+(EB-L) *%*2
SET=VT+(ET-L) #*%2
.TH=EXP (-.805/N)

" EC=EM*TH

. VC=VM*TH#*%2

: SEC=VC+(EC-L) **2

WRITE (108,300) L,TO,EM,EC,EF,EB,SEM,SEC,SEF,SEB,SET -

300 FORMAT (I5,F6.3,5F7.2,5I10)
80 CONTINUE - .
GO TO 91
990 OUTPUT 'FISHER ESTIMATE DOES NOT CONVERGE'
: GO TO 91 .
. '991 OUTPUT 'MPN ESTIMATE DOES NOT CONVERGE'
91" END
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APPENDIX IV

PROGRAM TO FIND Z (THE MIDDLE DILUTION OF A K=3 DILUTION
SERIAL DILUTION EXPERIMENT) FOR A GIVEN DILUTION FACTOR
THAT WILL
—~KEEP P(ALL FERTILE TUBES) TO SOME MAXIMUM INPUT VALUE
—ACCEPT L MAX (THE MAXIMUM REASONABLE VALUE LAMBDA ASSUMES)

acocaoaoao

" DIMENSTION Z(30)
REAL J,L,M,N
E1(W)=1-EXP (-L*D*W)
E2(W)=1-EXP(-L*W)
E3(W)=1-EXP (-1*W/D)
F1(W)=EL(W)*E2(W) *E3(W)-R**(1/N)
F2(W)=EL(W)*E2(W)*(L/D)*EXP (-L*W/D)
C +E1(W)*E3 (W) *L*EXP (-1*W)
C  +E2(W)*E3 (W) *L*D*EXP (~L*D*W)
OUTPUT. "HOW MANY TUBES PER DILUTION?'
INPUT N °
OUTPUT 'WHAT IS THE MAX EXPECTED L?'
. INPUT L
OUTPUT 'WHAT IS THE RISK FOR HAVING ALL TURES FERTILE?'
INPUT R A
OUTPUT 'INPUT THE STARTING D, ENDING D AND JUMPSIZE'
.INPUT A,B,C- ‘ '
OUTPUT ' D A
. ZD=-(1/L) *LOG (1-R** (1/3*N)))
DO 20 D=A,B,C
z(1)=ZD
DO 10 TI=1,29
CZ(I+L)=Z(I)-F1(Z(1)) /F2(Z(1))
.- IF (Z(I+1).LE.0) Z(I+1)=.000001
10 CONTINUE ‘ :
IF (ABS(Z(30)~Z(29)).GE..0001) GO TO 999
ZD=Z(30)
WRITE (108,100) D,ZD
100 FORMAT (F6.3,F8.5)
20 ' CONTINUE
_ GO TO 30
.999 OQUTPUT 'Z DOES NOT CONVERGE'
30 END .
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WHAT IS N7
73

WHAT IS THE MIDDLE DILUTION?

7.00305

WHAT IS THE DILUTION FACTOR?

71.0

?10,300,10

L T
10 1,000
20 1.000
30 1.000
40 1,000
50 1,000
40 1,000
70 1.000
80 1.000
90 1.000
100 1,000
110 1,000
120 1.000
130 1.000
140 1,000
150 1,000
160 1.000
170 1.000
180 1.000
190  .999
200 .999
210 .999
220 ,998
230 ,998
240 .997
250  .996
260 .996
270 994
280 ,993
290 992
300 .990

XSTOPX 0

APPENDIX V
TABLE A

E(M)
10.61
21.25
31.91
42,59
53.31
64,05
74.82
83.63
96.47

107.34
118,25
129.19
140,17
151.18

162,22
173,30
184.3¢9
195.51
206.64
217.77
228.89
240,00
251.09
262.14
273.14
284,07

294,94

305.71
316,39
326.96

INPUT STARTING Ls ENDING

E(C)

8.11
16,25
24,40
32.57
40.76
48.98
57.21
65,48
73.76
82.08
20,42
?8.79

107.18
115.460
124,05
132,51
141.00
149,50
158.01
166,52
175.02
183.52
192.00
200.44
208.85
217,22
225,52
233.76
241,93
250.01

Ly JUMP SIZE

E(F)
10.62
21.25
31,91
42,60
53,31
64.05
74,83
85.63
96.47

107,34
118,25
129.19
140.17
151.18

162,22
173.30
184,39
195.51
206.64
217.77
228,89
240.00
251,09
262,14
273,14
284,07
294,94
305.71
316239
326,96

E(S)
184,08
184,08
184,08
184.08
184.08
184,08
184,08
184.08
184,08
184.08
184.08
184,08

184.,08-

184,08
184.08
184.08
184,08
184.08
184.08
184.08
184,08
184.08
184,08
184.08
184,08
184.08
184.08
184,08
184,08
184,08

ECT)
10.62
21,29
31,99
42,75
53,56
64,43
75.37
84.38
97.47

108,45
119.92
131.28
142,75
154,33
166,02
177.82
189,73
201.74
213,87
224,09
238,39
250.78
263,24
275.75
288,31
300,89
313.48
324,06
338,61
351,13

MSE (M)
418
857

1316
1798
2304
2835
3395
3984
45604
5258

o?48

6674 .

7438

8239

2078

2952
10860
11798
12763
13749
14751
15762
16776
17786
18784
19763
20716
21636
22516
23350

MSE(C)
248
514
799

1102
14246
1770
2135
2521
2931
3364
3821
4303
4809
5339
5894
6471
7069
7688
8324
8975
9639
10313
10993
11677
12363
13047
13727
14401
15068
15727

MSE(F)
418
857

1316
1798
2304
. 2835
3395
3983
45604
5258
5948
6674
7438
8239
?077
9952
10860
11798
12763
13749
14751
15762
16776
17786
18784
19763
20716
21636
225146
23350

MSE(3)
30305
26923
23741
20760
17978
15396
13015
10833

8851
7070
5488
4106
2925
1943
1161
' 580

2108

4344
5763
7381
?199
11218
13436

MSE(T)
420
863

1332
1830
2360
2926
3535
4190
4898
5666
6499
7404
8387
2454
10608
11852
13188
14615
16131
17732
19412
21164
22979
24845
26751
28685
304634
32582
34517
36425
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WHAT IS N7
73 :

WHAT IS THE MIDDLE DILUTION?

?.00314

WHAT IS THE DILUTION FACTOR?

?1.5

INPUT STARTING L»

710y300,10
L T
10 1.000
20 1.000
30 1,000
40 1,000
50 1.000
60 1.000
70 1,000
80 1.000
?0 1.000
100 1,000
110 1.000
120 1,000
130 1.000
140 1.000
150 1,000
160 1.000
170 1,000
180 1.000
190 .999
200 .999
210 .999
220 .998
230 .998
240 .997
250 .996
260 ,995
270 ,994
280 .993
290 .992
300 .990
ZASTOFX QY

APPENDIX V

TABLE B

E(M)
10.69
21.41
32.16
42,94
93.76
64,61
75.51
86.44
?7.41

108,43
119,50
130,61
141.77
152.97
164,21
175.49
1846.81
198.16
209.52
220.90
232.2

243,66
25S.02
266.35
277.464
288.87
300.03
311.12
322.11
332,99

ENDING

E(C)
8.17
16,37
24,59
32.84
41.11
49,41
57.74
66,10
74,49
82,91
91.37
99.87
108,40
116,97
125.56
134,19

142,84.

151.52
160.21
168.91
177.62
186.32
195.00
203,67
212,30
220.89
229.42
237.90
246.30
254,62

Ly JUMF SIZE

E(F)
10.69
21,39
32.12
42,89
53.68
64,51
75.38
86.28
97.22

108.20
119.22
130.29
141.40
152,55
163.74
174.96
186.21
197.48
208.77
220.07
231,37
242,65
253.91
265.13
276.30
287.41
298.44
309.38
320,22

330.95

E(S)
26.99
101,01
105.01
109.01
112.99
116.96
120,89
124,81
128.468
132,53
136,33
140.10
143.82
147.49
151.11
154.48
158.20
161,65
165.0S5
168.39
171.66
174.86
178.00
181.06
184,06
186.98
189.84
192.61
195.31
197.94

ECT)
10.71
21.46
32.27
43414
54.07
65.08
76.17
87.35
98.63

110.00
121.49
133,09
144,82
156.67
148,65
180.76
192.99
2035.36
217.84
230.43
243,13
255.92
268.79
281.73
294,72
307.75
320.79
333.83
3446.86
359.89

MSE (M)
393
809

1249

1717 .

2213
2749
3302
3200
4538
5219
5945
6718
7540
8412
9333
10304
11321
12381
13480
14613
15774
16955
18150
19349
20545
21729
22894
24030
25131
26189

MSE(C)
232
48S
757

1050
1364
1702
2063
2449
2862
3302
3770
42467
4794
5350
5936
6550
7191
7857
8546
9255
9981
10720
11470
12227
12987
13747
14505
15257
16000
16735

MSE(F)
391
806

1244
1709
2201
2725
3282
3875
4508
5182
5900
b666
7478
8340
9250
10206
11207
12249
13327
14436
15569
16719
17878
19038
20171
21327
22439
23519
24359

25552

MSE(S)
7622
6674
5798
4994
4261
3599
3008
2487
2038
1661
1356
1125

269
890
888
P66
1125
1348
1696
2113
2619
3219
3915
4710
5607
6609
7720
8942
10279
11735

MSE(T)
395
816

1248
1755
2280
2849
3449
4147
4891
5708
6607
7596
8483
9874
11180
12598
14134
15787
17556
19436
21422
23505
35475
27921
30230
32587
34978
37387
39799
42199
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WHAT
?3

IS N7

WHAT IS THE MIDDLE DILUTION?

?,0033

4

WHAT IS THE DILUTION FACTOR?

?2.0

~

INFUT STARTING Lo

710,30

L
10
20
30
40
50
60
70
80
2?0

100
110
120
130
140
150
160
170
180
190
200

APPENDIX V
TABLE C

0s10
T
1,000
1.000
1.000
1.000
1.000
1,000
1,000
1.000
1.000
1.000
1.000
1.000
1,000
1.000
1.000
1.000
1,000
999
9299
999
299
.298
. 998
997
996
995
+294
. 993
. 992
. 990
oY

E(M)
10.83
21.70
32,63
43,60
54.63
65,72
76.86
88.08
29.35

110.70
122,12
133,40
145,16
156.78
168.47
180.21
192.01
203.85
215.72
227.62
239,53
251,44
263.33
275.19
287,01
298.77
310,45
322.05
333.55

344,94

ENDING

EC)
8.28
16.59
24,95
33.34
41.77
50.25
58.77
67435
75.97
84.65
73.38
102.16
110.99
119.88
128.82
137.80
1446.82
155.87
164,95
174.05
183.16
192,26
201,35
210.42
219.46
228.45
237.39
246.26
255.05
263.76

L, JUMP SIZE

E(F)
10.81
21.64
32.52
43,43
54,39
65.39
76,45
87.56
98.72

109,94
121.21
132.55
143,94
155.39
166.89
178.43
190.01
201,63
213.26
224.90
2346.54
248.14
259.75
271.30
282.79
294,21
305.54
316,77
327.89
238,89

E(s)
60,11
65.32
70.63
76.04
81.52
87.06
92.66
?8.28

103,93
109.5%
115.25
120,89
126,52
132,11
137.67
143.17
148,62
154,01
159,32
164,56
169.71
174.78
179.75
184.63
189.40
194,07
198,43
203.08
207.43
211.66

E(T)
10,85
21,78
32,79
43,90
55,10
b6.41
77.84
89.40

101.08
112,90
124.87
136,99
149,25
161,67
174.,2

186,95
199,81
212,80
225,90
239,12
252,43
265,82
279.2

292,77
306.29
319.82
333.33
346.82
360,25
373,61

MSE (M)
347
724

1134
1580
2067
2598
3179
3814
4509
5269
6097
6999
7976
9030
10163
11371
12652
14002
15414
16881
18394
19944
21520
23111
24707
26296
27867
29411
30916
32374

MSE(C)
205
433
484
941
1263
1595
1957
2352
2782
3249
3755
4302
4890
5520
6191
6902
7652
8436
9253
10097
10945
11852
12753
13663
14578
15491
16400
17300
18188
19060

MSE (F)
344
716
1120
1557

2033
2552
3118
3737
4413
5152
5958
6834
7782
8805
9902
11070
12306
134606
14963
16348
17813
19288
20782
22295
33786
25273
26737
28166
29553
30888

MSE(S)
2589
2222
1923
1685
1504
1377
1301
1272
1288
13446
1446
1586
1766
1984
2240
2535
2869
3243
3659
4117
4620
5170
5769
6421
7128
7894
8723
9618

10584
11624

MSE(T)
350
735

1161
1634
2162
2752
3415
4159
4995
5936
6990
8169
2481
10933
12531
14276
16168
18205
20382
22690
25119
27655
30286
32995
35764
38578
41416
44262
47098
49906
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WHAT
73

IS N7

WHAT IS THE MIDDLE DILUTION?
?.00359
WHAT IS THE DILUTION FACTOR?

72,5

INPUT STARTING L,
7105300510

il
10

APPENDIX V
TABLE D

T
1.000
1.000
1.000
1.000
1.000
1,000
1.000
1.000
1.000
1.000

1.000

1.000
1.000
1.000
1.000
1.000
1.000
999
299
299
9298
. 298
297
297
19296
+ 995
9294
+ 9293
992
+ 990
av

E(H)
10.97
22,02
33.15
44,36
55.67
67.06
78.55
?0.14

101.83
113.62

125.51

137.50
149,58
161.74
173.99
186.30
198.66
211,07
223.50
235.95
248,39
260.81
273.20
285.53
297.80
309.98
322,06
334.04
345.88
357.60

ENDING

E(C)

8.39
16.84
25.35
33.92
42.56
51.28
60,07
68,93
77.87
86.88

?5.97

105.14
114,38
123.68
133.04
142,45
151.91
161.39
170.90
180,42
189.93
199.43
208.90
218.33
227.71
237.03
246.27
255.42
264,48
273.44

Ly JUMP

E(F)
10.93
21.91
32.94
44,04
55.20
66.43
77.73
89.11

100.36
112,09
123.70

135.39
147.14
158.96
170.84
182.76
124.72
206.71
218.71
230.70
242,67
254.462
2646.51
278,34
290.09
301.75
313,30
324,74
336405
347.22

SIZE

E(S)
41,29
47,09
53,12
59.36
65.77
72.33
79.01
85.78
92,62
99.50

106.40

113,31
120.20
127.06
133.87
140.63
147.31
153.92
160.43
166,84
173.14
179.33
185.41
191,35
197.17
202.86
208.41
213.84
219.12

224,27

E(T)
11.01
22,14
33.41
44,82
56.39
68.12
80,01
?2.06

104.28
116.67

129.23

141,94
154,80
167.81
180.95
194,20
207.54
220,99
234,50
248,05
2561.63
375,22
288,79
302,33
315.82
309,24
342,58
355,80
368,91
381.89

MSE (M)
302
644

1031
1467
1962
2521
3153
3866
4669
5548
6370

7680

89201
10234
11476
13224
14872
16612
18434
20327
22277
24271
26296
28337
30380
32411
34417
346385
38305
40166

MSE(C)
179
384
4618
884

1183
1521
1899
2323
2795
3319
3897

4532~

5224
5973
6778
7635
8543
9495
10487
11513
12566
13640
14729
15825
16924
18017
19101
20171
21222
22250

MSE(F)
298
632

1006
14264
1900
2435
3040
3721
4489
5349
6309

7372

8540

2815
11195
12674
142446
15903
17636
19431
21277
23160
25066
26982
28895
30790
32655
34479
36251
37962

MSE(S)
1059
918
848
841
891
991
1136
1322
1545
1802
2068

2402

2741 .

3104
3490
3897
4324
4773
5242
5734
6249
4789
7356
7953
8581
9245
9948
10692
11483
12325

MSE(T)
306
660

1071
1547
2099
2739
3477
4327
5298
6403
7650

9047
10598
12306
14170
16186
18348
206467
23067
25599
28224
30926
33687
36488
39311
42137
44949
47729
50462
53133
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WHAT IS N7
73
WHAT IS THE MIDDLE DILUTION?
?,00389 .
?gﬁgT IS THE DILUTION FACTOR?
INPUT STARTING L, ENDING L» JUMP SIZE
710,300,100 ‘
L T EM E) EW(F)  ES ECT) MSE (M) MSE(C) MSE (F) MSE(S) MSE(T)
10 1,000 11.11 8,50 11,05 30,41 11.17 264 155 258 493 269
20 1,000 22,34 17.08 22,17 36,61 22.53 578 343 560 465 601
30 1,000 33,71 25.77 33.38 43,20 34.11 951 566 914 512 1009
40 1.000 45,20 34.57 44,648 50,12 45.91 1394 829 1332 626 1505
50 1.000 56,84 43,446 56.08 57.30 S57.92 1918 11346 1824 799 2103
60 1,000 68.62 52.47 &7.58 64,70 70.15 2533 1494 2403 1022 2814
70 1,000 80.54 41.58 79.18 72,26 82.58 3253 1908 3080 1292 3649
80 1.000 92,59 70.80 90,88 79.94 95.20 4089 2382 3868 14601 4618
90 1,000 104.78 80,12 102.48 -87.70 108.00 5050 2922 4777 1946 5729
100 1,000 117.09 89.54 114.57 95.50 120.94 4146 3532 5815 2321 6588
110 1.000 129,52 99,04 1246.55 103,32 134,02 7383 4214 65988 2724 8398
120 1,000 142.06 108,63 138,61 111.12 147,22 8765 4969 8299 3151 9941
130 1.000 154,49 118,29 150,73 118,89 160,51 10290 5797 9747 3599 11673
140 1,000 167.40 128,00 162.92 126,60 .173.87 11957 6696 11330 4066 13529
150 1,000 180.17 137.77 175.15 134,23 187.28 13759 7662 13040 4549 15520
160 1,000 192,99 147,57 187.40 141,78 200.71 15688 8690 14870 5044 17634
170 ,999 205,84 157.40 199.468 149.22 214.16 17732 9775 146809 5557 19863
180 ,999 218,70 167.23 211,95 156,55.227.58 19878 10910 18842 6081 22186
190 .999 231.55 177.05 224,21 143.76 240.98 22111 12087 20955 6617 24590
200 ,999 244,37 186.86 2346.43 170.84 254.31 24416 13298 23134 7165 27057
210 .998 257.15 196,43 248.61 177,79 247.58 T 24776 14535 25361 7727 29549
220  .998 269.87 206.35 260.73 184.40 280.76 29175 15790 27621 8303 32111
230 .997 282,51 2146.02 272,77 191,26 293.83 . 31594 17056 29898 8895 34443
240 994 295,06 225.62 284.72 197.78 306.78 34020 18325 32176 9504 37211
250 ,994 307,51 235,14 296.57 204.15 319,40 36435 19590 34440 10133 39738
260 .,995 319.84 244,546 308.31 210.38 332.28 38825 20846 36676 10785 42229
270  .994 332,04 253.89 319.92 2146.446 344,80 41177 22085 38872 11463 44470
280 ,993 344,10 253.11 331.40 222.39 357.14 43478 23304 41015 12169 47050
290 ,991 356.01 272,22 342.74 228,18 349.35 45717 24498 43099 12907 49357
300 .990 367.77 281,22 353,93 233,82 381.36 47883 25664 45102 13680 51581
*STOFX 0Y

APPENDIX V.
TABLE E
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APPENDIX V

TABLE F

WHAT IS N7
73

WHAT IS THE MIDDLE DILUTION?

?.00422

WHAT IS THE DILUTION FACTOR?

?3.5 :

INPUT STARTING L»

7105300510
L T
10 1.000
20 1.000
30 1.000
40 1.000
50 1.000
40 1.000
70 1.000
80 1.000
90 1.000

100 1.000
110 1.000
120 1,000
130 1,000
140 1,000
150 1,000
160 1,000
170,999
180 ,999
190,999
200 .998
210 ,998
220 .998
230  .997
240 ,996
250 .995S
260 995
270 .994
280 .993
290 .991
300 .990
XSTOPX OY

E(M)
11.24
22.67
34,31
446.14
58.18
70.40
82.80
?5.37

108.08
120.91
133.89
1446.87
159.95
173.07
186.21
199.34
212.46
225.549
238.56
251,51
264,38
277.16
289.82
302,38
314,80
327.10
339.25
351,26
363,12
374,83

ENDING

E(C)
8,60
17.34
26,23
35.28
44,48
53.83
63.32
72.92
82.44
92,45
102,35
112,30
122,31
132.34
142,38
152,43
162,46
172,46
182,42
192,32
202.16
211,93
221,62
231,21
240,72
250.12
259.41
268.59
277.66
286,61

Ls JUMP

E(F)
11,16
22,43
33.84
45,37
57,05
48,85
80,78
$2.83

104,98

117.2

129,55

141,93

154,35

166,81

179.27

191,73

204,18

214,59

228,95

241,26

253,49

245,65

277,71

289,47

301,51

313.24

324.84

336,31

347,64

358.82

SIZE

E(S)
23,68
30.26
37.38
44,93
52.81
60.94
69.24
77 +65
86.12

74.60

103,06
111.45
119.77
127.99
136.10
144,08
151,93
159,43
167.20
174,61
181.88
188,99
195.96
202,77
209,44
215.95
222,32
228,55
234,63
240,57

E(T)
11.32
22,95
34,90
47.15
59469
72.46
85,43
?28,.56

111,80
125,11
138,46
151.82
165.16
178,45
191,67
204,81
217.83
230.74
243,52
256.15
268,64
280,97
293.13
305.14
316.97
328,62

340.11

351.41
362,54
373.49

MSE (M)
232
528
901

1348
1945
2647
3490
4487
5648
6981
8488
10148
12016

14023

16177
18463
20867
23370
25954
28400
31291
34008
36734
39452
42148
44807
47415
49942
52436
54828

MSE(C)
134
311
530
800

1128
1522
1989
2535
3165
3883
44689
5582
6560
7618
8750
9948
11203
12508
13854
15230
16628
18039
19456
20870
22274
23463
25031
26373
27685
28963

MSE (F)
225
504
852
1284

1817
2470
3256
4189
5280
6534
7954
9528
11282
13178
15213
17374
19646
22012
24454
26955
29497
32062
34435
37198
39738
42241
44495
47087
49409
51651

MSE(S)
259
297
414
602
852

1157
1510
1906
2340
2807
3303
3823
4365
4924
5498
6085
64683
7290
7906
8529
9160
9800
10448
11107
11778
12463
13165
13886
14628
15396

MSE(T)
239
560
979

1511
2167 -
2954
3881
4950
6163
7520
9014
10640
12388
14246
16201
18239
20345
22503
24698
26913
29135
31350
33544
35705
37821
19883
41882
43809
45657
47422
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WHAT
73

IS N7

WHAT IS THE MIDDLE DILUTION?

7.0045

7

WHAT IS THE DILUTION FACTOR?

74,0

INPUT STARTING L» ENDING Ls JUMF

7105300910

L
10
20
30
40
50
60
70
80
20

100
110
120
130
140
150
1460
170
i80
i%0
200
210
220
230
240
250
260
270
280
290
300
XETNPX

APPENDIX V
TABLE G

T
1.000
1.000
1.000

1.000
1.000
1.000
1,000
1,000
1.000
1.000
1,000
1.000
1.000
1.000
999
999
999
. 9299
298
. 998
297
297
19926
+ 295
+ 994
2923
292
991

+ 990
ny

E(H)
11.37
23.02
34.96
47.19
59.67
72.38
85.28
?8.33

111.50
124.75
138.06
151.40
164,74
178.06
191.35
204.59
217.76
230.87
243.88
256.81
269,64
282,37
294,99
307,50
319.88
332.15
344.28
356.2

368,15
379.88

E(C)
8.469
17.40
26,74
346,08
45.63
55.34
65,21
75.19
85.26
?5.39
105.57
115.77
125.97
136,16
146,32
156.44
166,51
176.53
186,49
196.37
206,18
215,92
225.57
235.13
244,60
253.98
263,26
272,43
281.51
290,47

E(F)
11.27
22.70
34,32
446,12
58,10
70,23
82.50
?4.88

107.34
1192.87
132,43
145,02
157.62
170.20
182.77
195.30
207.79
220.22
232,60
244,91
257.14
269.29
281.34
293,30
305.15
316.89

.328.51

340.01
351.38
362,61

SIZE

E(S)
19.33
26.28
33.92
42,07
50.59
59.35
68,26
27,22
86.18
?5.10
103.93
112,66
121.2
129,73
138.05
146,23
154,26
162,13
169.86
177.44
184,87
192,16
199,30
206,30
213.16
219.89
226.47
232,92
239.24
245.42

E(T)
11.48
22,41
35.79
48,54
61,62
74.89
88.28

101.71
115.14
128,49
141,74
154,86
167.83
180,63
193,26
205.71
217,97
230.06
241,96
253.68
265.2

276.61
287.82
298.86
309.74
320.45
331.00
341,39
351,62
361,69

MSE(M)

207
494
880
1389
2041
2855
3848
5032
6415
7998
9779
11749
13898
16211
18672
21263
23965
26758
29623
32541
35493
38461
41428
44379
47298
50172
52988
535733
58399
60976

MSE(C)
122
289
511
797

1157
14601
2136
2769
3503
4339
S277
6311
7436
8646
2931
11282
12690
14144
15635
17152
18687
20230
21773
23308
24828
26328
27801
29242
30647
32012

MSE (F)
199
464
817

1281

1880

24632

3554

4657

5948

7429

9097
10945
129463
15139
17457
19901
22451
25092
27802
30566
33363
36178
38994
41796
44548
47299
49976
52588
55125
57578

MSE(SY
156
23S
400
640
P46

1313
1734
2202
2712
3259
3838
4445
5075
5723
6388
7064
7751
8445
9145
2850
10559
11272
11989
12711
13438
14173
14916
15670
16438

17222

MSE(T)
217
534
977

1552

2264

3115

4105

5231

6485

7862

9350
10938
12614
14364
16175
18033
19924
218364
23756
25672
27572
29446
31285
33079
34821
36504
38122
39669
41141
42534
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WHAT
73

IS N7

WHAT IS THE MIDDLE DILUTIONT?
?.00492
WHAT IS THE DILUTION FACTOR?

74.5

INPUT STARTING L»

?10s300s10
L

10
20
30
40
50
60
70
80
- 90
100
110
120
130
140
150
1460
170
180
190
200
210
220
230
240
250
260
270
280
290
300

XSTOPX

APPENDIX V
TABLE H

T
1,000
1.000
1.000
1,000
1.000
1,000
1.000
1,000
1.000
1.000
1,000
1.000
1.000
1,000
1,000
999
£ 92929
999
' 999
+ 798
9298
997
' 997
996
995
294
993
992
991
+ 290
oY

E(H)
11.50
23,39
33.69
48,34
61.2
74.46
87.80

101.2

114,73
128.24
141.74
155,20
168,61
181.96
195.25
208.46
221,60
234,66
247,64
260,55
273.37
286,11
298.75
311.30
323.76
336,10
348.34
360,45
372,45
384.32

ENDING

E(C)
8.79
17.89
27.29
36.97
46.87
56.94
67.14
77.41
87.73
28,06
108.38
118.67
128,93
139.14
149.30
1592.40
1469.44
179.43
189.36
199.23
209.03
218,77
228,44
238.04
247.56
257.00
266,36
275.62

284,79

293.87

Ly JUMP

EC(F)
11.37
22,97
34.83
46.93
59.22
71.67
84.24
?6.88

1092.56
122,25
134.94
147,61
160.2

172.87
185.44
197.98
210,46
222,90
235.29
247.61
259.87
272,06
284,17
296,19
308.12
319.95
331.68
343,29
354.77
366.13

SIZE

EC(S)
16,43
23,77
31.93
40.45
49,72
58.98
68,32
77.64
86.90

-946,04
105.05
113.91
122,62
131.18
139,58
147.84
155.96
163,93
171,77
179.47
187.05
194,49
201.80
208,98
216,04
222,96
229,76
236,44
242,98
249,40

E(T)
11,64
23.93
36,79
50.07
63.59
77.21
20.79

104.2

117.51
130.56
143,36
155.91
168.21
180,27
192.11
203,73
21S.14
226,37
237.42
248,31

259,03

269,60
280.02
290.2

300.42
310.41
320.26
329.97
339.53
348.95

MSE (M)
189
474
886

1452

2197

3141

4299

5679

7282

9105
11137
13367
15778
18354
21074
23921
26874
29913
33019
36173
39355
42549
45736
48902
52031
55108
58121
61058
63907
66660

MSE(C)
110
275
506
817

1219
1723
2336
3063
3905
4861
5925
7093
8355
9702
11125
12614
14157
15743
17343
19007
20663
22324
23980
25624
27247
28844
30408
31934
33418
34856

MSE(F)
179
438
809

1323

2004

2874

3944

5222

6709

8402
10293
12375
144630
17044
19602
22284
25072
27949
30898
33893
36924
39972
43020
46053
49057
52017
54921
57759
60519
63194

MSE(S)
108
217
416
697

1051
1471
1951
2485
3064
3689
4347
5037
5752
6487
7240
8005
8779
2560
10345
11132
11920
12708
13495
14282
150648
15855
16645
17438
18238
19045

MSE(T)
201
527
997

1611

2366

3254

4269

5400

6638

7971

9389
10878
12427
14024
15658
17315
18987
20661
22328
23979
25604
27196
28746
30248
31696
33084
34409
35665
36851
37963
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WHAT
73

IS N7

WHAT IS5 THE MIDDLE DILUTION?
?.00527

WHAT IS THE DILUTION FACTOR?

?5.0

INPUT STARTING L»

710r30
L
10
20
30
40
50
60
70
80
90
100
110
120
130
140
150
160
170
180
190
200
210
220
230
240
350
260
270
280
290
300
XSTOPX

APPENDIX V

TABLE T

0,10
T
1,000
1,000
1,000
1.000
1,000
1,000
1.000
1.000
1.000
1,000
1,000
1,000
1,000
1,000
1,000
999
9299
1999
9299
298
9298
997
297
192926
9293
+ 994
9923
P92
+ 921

+ 290
oy

E(M)
11.63
23.80
36.49
49.58
62,97
76.54
90.20

103.88
117.53
131.12
144,64
158,09
171.46
184,76
198.00
211.18
224,31
237.39
250.42
263.39
276,31
289.16
301.95
314,66
327.29
339.83
352.26
364.58
376.78
388,85

ENDING

E(C)
'8.89
18.20
27.90
37.91
48,15
58.53
68,97
72.43
89.87
100,26
110,60
120.88
131.11
141.28
151.40
161.48
171.52
181.52
191.48
201.40
211.2
221.11
230.89
240,61
250.2
259.85
269.36
278.78
288.10
297.33

Ly JUMP

E(F)
11,47
23.26
35.38
47.78
60.38
73.10
85.8%
98,69

111,47

124,22

136.93

149,40

162,24

174.84

187,41

199,95

212,47

224,95

237,39

249,80

262,16

274,46

286,70

298.86

310.94

322,92

334.80

346.57

358,21

369,72

SIZE

E(S)
14,44
22,19
30.85
40,07
49,59
5?.21
68,82
78.32
87.6%
?26.91

105.95
114.84
123,58
132,17
140.462
148.94
157.14
165.21
173.17
181.02
188,75
196.36
203.86
211,24
218,51
225.64
232,66
23%2.55
246,32
232,95

E(T)
11,82
24,50
37.86
51.60
65.45
79.19
?2.468

105.85
118,67
131,14
143,26
155,07
166.60
177.87
188.92
199.77
210,44
220,95
231.31
241,53
251,63
261,59
271,43
281,14
290,72
300,18
309.51
318,70
327.75
336,47

MSE (M)
175
448
215

1550
2399
3481
4806
6375
8184

10222
12476
14931
17570
20372
23321
26395
29574
32839
36170
39546
42950
46362
49765
53141
56474
59750
62955
66076
469102
72023

MSE(C)
102
268
514
857

1308
1877
2572
3394
4342
5410
4593
7883
9249
10741
12290
13903
15569
17277
19016
20775
22543
24312
26071
27810
29527
31210
32853
34453
36004
37503

MSE(F)
1464
425
825

1400
2176
3169
4386
5829
7494
2375
-11461
13741
16199
18820
21588
24483
27489
30587
33758.
36984
40246
43528
46811
50080
53320
56516
59655
62725
65715
68614

MSE(S)
85
216
444
760
1156
1626
0162
2757
3405
4099
4833
5602
6398
7217
8053
8903
9762
10626
11492
12358
13221
14080
14935
15783
16627
17466
18301
19134
19967
20802

MSE(T)
190
530

1027
1671
2447
3342
4345
5442
6624
7880
9199
10571
11985
13430
14897
16377
17859
19334
20793

22228

234832
24998
26318
27587
28801
29956
31047
32074
33033
33924


















































































