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ABSTRACT -

We have extended both the reliability and the range
of application of the decimation remormalization group
method for calculating the thermal and magnetic properties
of 1-dimensional qgquantum spin-1/2 systems, Efforts to
improve the accuracy include increasing the spatial
rescaling, investigating the effect of free versus periodic
boundary conditions for each renormalization cluster and

varying the iteration procedure. The systems under

investigation include (1) spin chains with isotropic

Heisenberg as well as Ising—1like and XY~1ike anisotropic

exchange in the presence of a longitudinallfield.3(2)
chains with: uniform antisymmetric exchange in a
longitudinal field, (3) chains with altermating
antiferromagnetic interactions in a field, and (4) those
with anisotropic interactions in a field with arbitrary
direction. The principal calculated results are magnetic
and thermal response functions (susceptibility,
magnetization .and specific heat), which are compared (where
possible) with previously published results using other
techniques. ’
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CHAPTER 1
INTRODUCTION

Interest in one—dimensional (1-D) maghetism arose in
the early 1920's, and still continues to advance. A central

reason for this is that 1-D models are, in general, more

tractable than those in the familiar world of three-

dimensions., In fact there exist a number of exact solutions
(as well as accurate approximate treatments) of a variety
of 1-D problems, and an examination of these often
illuminates fhe nature of the real physical systems. A
second inc;ntiye is that experjmenyalists have found an
increasiné nuﬁber of real magnetic systems whosé structure
is effectively oﬁ; dimensipnal. Now esgentially 1-D (quasi-
1-D) magnets can be 'tailor;made"in the léboratory. Also
popular is the field of organmnic conductors such as TTF-
TCNQ, wﬂich are naturally quasi-1-D. |

There exist several recent review§_of 1-D magﬂetic
systems {1,2,3,4,5], detailing the current 'expériméntal
and theoretical sitﬁationsf For this Teason the following
diséussion will bfiefly review only these developmehts

which are important for the goals of this thesis.




Analytic Developments

The_effective spin-1/2 Hamiltonian for the gene%al
anisotropic Heisenberg spin chain:may bé written in terms
of Pauli spin operators as

?V }:{ ~-J, z61+1z Ixy(61x“1+1x 0;Y6;41Y)-H,5iZ-H 6%},

\ (1-1)
We consider bilinear spin couplings, and assume nearest-
neighbor spin interactions only. The effective exchange
constant between the Z~components of the spins is'Jz’ and
that between x and y components, Jgye The Ising model is
obtained by putting J, . =0, and the XY-model is obtaimed by
putting Jz=0. If J=J;=TJyy Ve have the isotropic Heisenberg
chain.

The Ising model in the H =0 case is purely
classical, in the sense that all operators appeariﬁg in
ﬁﬁ commute with one another. This system was Suggested
by Lenz and solved in 1-D by Ising in 1925 [6]. The
solution was &essentially complete as a function of both
temperature and applied magmnetic field. This model has no
phase transition at T>0, but orders spont#neously at T=0,
In 1944, a very famous solution of the two—dimensional (2-
D) Ising model was given by Onsager [7]. He found a
transition at T>»0, but his solution provided information

on the thermal properties in zero magnetic field alone. A

complete solution, including Hy = 0, is lacking to this

Ll




day.

Fully guantum-mechanical systeﬁs, such as the
S=1/2 Heisenberg model- are much -more difficult tovsolve,
even in 1-D, for the ferromagnetic case, J>0, the ground
state consists of all spins parallel and is.(N+1)*f01d
degenerate:when H=0. In 1930 Bloch introduced the concept
of a spin wave and gave the exact eigenétates for a
single overturned spin. In 1963 the energy of the two~$pin
deviate state was obtained by Wortis [8], and Fnkpda and
Wortis [9], but the three— or more—spin deviate states are
more difficult to get. For the Qntiférromhgnetic case,
J<0, Bethe in 1931 formulated an Ansatz concerning the
general structure of the eigenstates, and found thé ground-
state eigenfunction for the S=1/2 . Heisenberg
antiferromagnetic 'chain. In doing so, he demonstrated
that no long-range grdqz exists in this model even at T=0
[10]. We note ;hat the Bethe Ansatz remains the key to the
analytic solutions of a wide class of spin chain models
as well as a variety of 1- and 2-D syst&ms other than

quantum spin chains. In 1938 Hulthen derived‘ the

ground—-state energy for this antiferromagnetic model

{111]:
E = -N|J|(21n2-1/2) = -0.886N|T|

as compared with -0.5N171 for clalséical Neel

antiferromagnetic ground state. Not until 1962 did des.

Cloizeaux and Pearson derive the energy spectrum of the

Lo k.
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. 4 .
lowest excited triplet states, finding the dispersion
relation to be [12]:

he(q) = nlJ sin qal

where a is the separation between nearest—neighbof atoms .

along the chain,
The 1-D spin—-1/2 XY model was solved apalytically'in

the 1960's independently by Lieb, Schultz and Mattis [13]

and Katsura [14]. Katsura [14] and Pfeufy [15] also

obtained exact. results for the Ising model in a
transverse magnetic field, often described as the simplest

solvable quﬁntum mechanical model.

Real progress on the gemneral spin-1/2 Ising-—

Heisenberg—XY’linear chain with gymmefry in the XY plane,
dates from 1966 andthe work of Yang and Yang, who obtained
a detgiled Zero femperafure solution iﬁ terms of anisotropy
ana magnetic field [16]. In 1980 Johnson and Bonner found
the elemelffary excitations and low-temperature
thermodynamics for the Ising—-Heisenberg ferfomagnet in
zero and very small magnetic field [17]. A‘comblete

solution of this model has yet to. be obtained.

Numerical Studies

As' indiéated abovg, a complete analytic solution for
the S=1/2 general anisotropic Heisenberg ligear¢chain is
not available e;en now. For the §$>1/2 spin ahain.an
analytic treatment ﬁlong the lines of th§ ﬁethe Ansatz

may be not possible. There is experimental interest in a
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variety of S8S>1/2 spin chains, such as effective. spin—-1-

system (containing the Ni?* ion), spin-3/2 system ( Cr®+
ion), and spin—-5/2 system ( an+ ion), Even for spin 1/2,
the-Bethe Ansatz approach cannot be applied to the
Heisenberg altérnating chain, whose Hamiltonian can be

written as

N/2
# = - Z 0 719235-102i+T252392441 1. S (1-2)
. .

This is a nearest—-neighbor exchanée model in which tﬂere
are two unequal excﬁgnge constants, - lJlilezl say,;t is
conyenient tovAefjne an alternation fatib-ﬁ % jZ/il, §0
that a=1 cdrﬁgspoﬁds to_fhg unifé;m liﬁi£ a£d a=0
corresponds to the case of decoﬁpled dimers. Thé
alternating spin éﬁain:is iméo?ight_as wellktﬁ,the theory
of spin-Peierls transitions i# .quasi—l—D orgﬁn;c;,|since
an analytic épproach‘ﬁg not feasib1e at tﬁis.time, bther
reliable theoretical calculations are.needed.

In .the 1960's Bonner and Fisher [18] and,

independently, Griffiths.[19] developéd a techmnique

referred to as finite chain extrapolation. This involves
calculating exactly the properties of a sequence of small

finite spin chains, with both periodic and free—end

boundary conditions, and steadily increasing ;hp system.

size N. Numerical extrapolations  are thQn. made to

the thermodyhaﬁib limit (N — o), . In . this way an
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extensive set of results for all H and'T, and some results
for the T=0 correlation functions were obtained for the
uniform chain with accuracy comparable to experiment [18],
By the same procedure, Blote obtained the ground-state
energies tZO], specific heat [21], susceptibility, and T=0
magthization isotherms vs, field [22] for spin valués
$=1/2, 1, 3/2, 2, up to 5/2. l)ie@erix,.Blgte g£ al.
compared the experimental and the calculated thermodynamic
properties for 1-D alteinating Heisenberg antiferromagnet

chain in copper nitrate Cu(NO;).,2,5H20 [23].

—_ e S el e —

Real Space Renmormalizatiomn Group ggg Quantum

Renormalization Group (QRG)

The renormalization group approach [24] is ‘the most
powerful and successful method in the‘modern theory of
critical phenomena, but its use has b;en confined ﬁainly to‘
classicai systems. For example, - the .real‘ space
renormalization gr;up method pioneered by Niemeijer and van
Leeuwen [251 has been successfully applied to Ising
models [26,27], while momentum—space techniques have been
widelj used in studying models in which ihe_§pin; are
; classigal n-dimensional vectors [28], However, classical
spins have their limitations as models for ﬁagnetic
phenomena, sjnce.maghetic systems have a quantum nature
that <cannot fe,igno;ed [29], especially at very low
temperature and in low dimensions. Considerably

greater difficulty, however, 1is experienced in applying




RG methods to guantum mechanical systems, The
essential reason is the familiar ' problem of
noncommuting operators, |

Very recently two kinds of RG methods ﬁave been
tested on.quantum models. One is the block transformation
method devised first by field thgo:ists [30,31] and
shortly thereafter applied to a  type of Kondo problem,
[32]., Most block RG-approéche§ hﬁve been used for T=0
cases, and onl}'a very few for T>0 [33,34,35].

The spirit of th? block RG is as follows. The lattice
is subdivided into blocks of ﬁs sites such fhat the
eigenvalues and eigenvectors of each block may be
calculated ekactly, The basis of each block (2Ns levels,
$=1/2) is truncated to some nﬁmf?; Ny of Levelg, and the
coupling between the bld:ks is written Withintthe ;rupcated
basis. For T=0 cases, the truncafed basis need only:contain
the ground state and dominant set of fifst excited states.

This bldgk QRG method has b?en exhausti&el& tgsted'pﬁ
the transverse Ising hmodel,‘wi££:éhcou#ggiﬁgi;Q§qits
[30,36];.Fie1ds et al. [37,38,3?] u;ed a f=0: éfprogch-
on the 1-D altermnating Heisenbefg. w@tiferfomagggt'chgin
in ordgf t; investigate thé‘natpre of,thqr}éwggtvexéi%ed
stateA a; a fuﬁétion of aitern;ti;n'rntio‘a;  fhé 'block‘
QRG calculations -fall naturally into t;o classes; Ns‘
odd, (3, 5, 7 and 9), with Ny=2 and Ns,even, ﬁith.N1=4,(or

6 or 8). The Ng odd éalculation means that one‘Ns‘spin




8

block maps into one renormalized site. The'Ns even

calculation méans that the Ns"sPiﬂ $lock'maps into a
renormalized N1/2—spin.block._Fiel&s‘gi al. used the Ng oéd
method and found that the uniform limit'(a=1),is_a1ways an.
unstable fixed point of syst@m,l'whi1e~a system:of
independent dimérs ka=0) is a stable fixéd foint..Théfefore
this T=0 QRG ﬁ?é&icis an excitatign gﬁp that vaﬂishesloniy
in the uniform'lim%t (no alternation).:Thej-also examin@d
the quantitative accuracy of this QRG-by compa?ing';ifh-
finife chain extrdpolafion results.‘For the groundjsta£é
energy,'the.N1=2, Ns=9 RG calculation.gives'a quantitative
discrepancy amounting to 12% innthe uniform limit._HoweQer,
the Nj=2 RG sequence, Ng = 3, 5, 7 and' 9, extrapolated to
NS=W, gives more accurate results, For the excitation gap,
the Ng odd calculation givgs a valmwe that is quantitatively
unreliable near the dimer 1imit., The Ns even calculagigi
gives results.in very good agreement with the extrapolated
curve out to a=0.6 but predicts a gap vanishing at ¢=0.962 -
rather than unity., | |

The second QRG method is the decimation
transformation method first extgn&ed by Suzuki and Takano
from its classical version [40,41,42,43)., This seems to be
the simplest RG approach for quantuﬁ spii”systems; ‘As
reviewed in detail below, Suzuki et al, 'oalcﬁlated the
temperature dependeﬁc&\of-the inté;nél energy and specific

heat of the uniform 1-D spin models (fhe isotropic
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Heisenberg model with ferro- and antiferromagnetic

couplings, and XY-model).:

In this thesis we will be concerned exclusively with

the decimation RG. Unlike fhe'block ﬁethod{ it can be
readily applied at finite temperature and in a magnétic
field. Furthermore the decimation appfpach is correct in
both the dimer and Ising liﬁits. | -

The purpose of this thesis is to extend ﬁqth fhe
reliability and the range of application of the decimation

method, We attempt to improve its accuracy by indreasing

‘the iength rescaling factor and investigating the effect of

boundary conditions.
We'apply decimation to the calculation of

thermodynamic properties by various iteration techniques.

In particular we examine the thermal and magnetic '

behavior of (1) wuniform anisotropic Heisehbe;g chains,
(2) uniform, aniso?ropic Heisenﬁerg chains with
antisymmetric exchange, and (3) alternating anisotropic
Heisenberg chains. Finally, we extend this QRG to
anisotropic spin chains in a magneti; field ﬁith‘arbitrary

direction., Wherever possible, we have compared our results

with those of other techmiques.
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CHAPTER . 2
2.1 QUANTUN BDECIMNATION RE

Suzuki and Takano (ST) have proposed a simple
decimation RG transformatioﬁ for 1-D quantum spin systems
[40,411, ;ith near;st—neighbor iﬁteraction; only. In this
section we illustrate the method by reviewing the ST
treaiment of the spin-1/2 Heisenbeig model with uniaxial
anisotropy. The reduced Hamiltonian (—énerg}/kBT? of this
model is given by

N~-1

' . .
H = Z{ Ki0i203412 + Kxy(oiX0i+1%+03¥05417) 1, (2-1)

i=0
wheére T is the temperature and kg Boltzmann's constant.

.2 denote the Pauli spin operators on

Here o,X, diy, and o4

the ith site of The linear chain with N sites; The
parameters K, 5549 Kxy are respectively -BJz and. —-BJxy,

where Jgz is the exchange coupling constant between =z

components of mneighboring spims , ny_is that between x and

y components, and B=1/kgr,
We construct a decimation transformation with scale

factor L (see.Fig. 1) according to the procedure

~y ~ ' . o
exp{ A +®H ) = Tr' exp{ﬂ] . : o (2-2)
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Here ?# is Hamiltonian on the original lattice (2-1) and
ér/is a decimated (i.e. renormalized) Hamiltonian on the
new lattice with lattice spacing La, (where a is lattice
spacing of original chain), The operation Tr’ means to take

a partial trace over all spin operators except those

belonging to the new lattice.

L =
2 6

2
X

<=

/A

Fig, 1. Decimation in one dimension with scale factor L=2,
Crosses denote spin operators to be eliminated (traced
over) by the decimation. Dots denote spin operators to
remain after the decimation. Lines denote the
interactions between neighboring spins.
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For a 1-D cléssical system, say the Ising
model, this decimation can be carried out exactly, However
in the qu;ntum case it is iﬁpossible to carry out the

decimation exactly even in one dimension because of the

noncommuting effect of operators inm the Hamiltomian, ST

have proposed the following simple approximation for the
one—dimensional decimation,

First the full Hamiltonian is divided into a sum of

cluster Hamiltonians Hpje

N/L , .

o o _ : .

H o= Z Byj . - (2-3)
i=1

Here

L

Hpj = Zﬁ(a.i—la—;i.i) 5
i=1 '

where H(E},i_l,;},i) denotes a nearest—neighbor interaction
between 31_1 and :2 in the jth cluster. We then ignore
the commutators between operators referred to different

clusters, and make the exact decimation within one cluster

only:
exp{ Ay +Hy'(S0,oL) } = Tr’ exp{ Hp(op,o1,-oL) } . (2-4)

Hb'(:o,?i) is a renormalized nearest—neighbor

interaction between the remaining spins 60 and oL , and A
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is a constant term independent of ?} and oL . Then, using

Hpj' and Al> Ve construct an approximate transformed
~ ) '
Hamiltonian aﬂ_.and-ah approximate constant term- A

as
follows:
N/L
N
o -
‘ﬂa' = Z 'Hbj'(cj,OJUj,L) s ) (2—5)
i=1 |
and
Ay = (N/L) A1 .
This entire procedure (see Fig. 2) can be written as
N/L
exp{A+ %'} = Tr' exp{# )} = Tr’ expl ZHij} =
. ‘ - j=1
el
N/L N/L ~
ji=1 - j=1
N/L
~ . ~S
¥ exp{ NAj/L+ ) Hpj' )} = explA + &) .
j=1 '

Two approximations have been made, and both introduce
errors due to the non—-commutativity of operators, Their
nature can be examined by considering the case of two

adjacent clusters only, for which we.may‘write

exp{ Hyi+Hpy } = exp{Hp1} exp{Hp2} exp(1/2 [Hpi,Hp2]l + ¢¢+}

exp{Hp1’} explHp2'} =.exp{ Hpl'+Hp2'-1/2 [Hp1',Hp2'l * '}
' (2-7)
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Roughly speaking, the errors which are introduced in
truncating these expressions have opposite signs.
Consequently they may be expected to cancel, at least, in

part, since Hp is transformed into Hb' in (2-7) after the

decimation,

Oy BT S et S
v

(b) oy
|

(C> A NNNNS®
¥

Gi> ANANNNNNBNNNNNNNNNNSBNNNNNG\S

Fig, 2. The approximate one—dimensional decimation. The
original system is divided into a sum of clusters in (a).
The decimation is carried out within one cluster shown
in (b), to give a new interaction which is denoted by a
wave line inmn (c¢). From this new interactiomn, the
renormalized system (d) is constructed.
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Applying the approximation explained above to the
HEamiltonian (2-1) we can carry out the decimation with L=2.

the Hamiltonian of ome cluster is

Hb Kz(60z51z+51z62z).+

* Kyy(o0X01X+01X0yX+0gy0o1y+o1Y0,y) =

= K,(g0%012%2+012092) + ny/z(d0+clﬁ+q1+02—+h.q) .

(2-8)
Here h.c¢ means Hermitian comjugate and
ot = oX+icy and o~ = oX-icY . : - (2-9)
The eigenstates |m> and the eigenvalues Ep of the

Hamiltonian Hy ¢can be obtained analytically (see Table 1)

for the cluster of L+1=3 sites, The transformed Hamiltonian

Hyr is of the same form as Eq.(2-8), e.s.
Hy' = Ky'e0%02% + Kyy'/2(0g 03 *sg702™)

It has eigenstates.|n>‘and .eigenvalues En' (see Table

2). ‘'The decimation Eq. (2-4) can be written in the form

exp{A1}l }: exp{En’'}lnd><nl = T’ }: exp (Ey) Im><ml =
(n}  (m)

e

}: ¢ilm><mli> exp{Ep} - (2-10)

{m,i}

where lid>'s are all states of the L-1=1 intermediate sites.

Ll il
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Table 1, The eight eigenstates and eigenvalues of a'three
spin cluster o

_____ S L S

1 I1+¢>. ‘ . . 2K,

2 feeey ' - 2K,

3. ag]tty 4 411> . beltit> ) By = <K, + 6

4 - a_|[r1y + sf&) + b_|1$1>-- E- = -E;, -G

5 apleef + 144> + baletey  Es = <Kz + 6

6 a_iit + 284> + blitdd " E- = -K; —~ G

7 1/\[; [t44 - $41d 0

8 1/4/2 Tt - 240> 0

*#: 62 = K 2 + 8ny2
a+2 = 4Kxy2/(8Kyxy2+E+2)
a_2 = 4K; 2/ (8K, 2+E_2)

bs2 = E+z/(8ny2+E+2y
b_2 = E_Z/(sxxy2+E;2)

Table 2. The four: eigenstates and eigenvalueé.of a two
spin cluster ' : '

o
1 14> K,'
2 fee> K,
3 1/4/2 |24 + 4> Kz'+2ny'
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Substituting these eigenstates and .eigenvaluwes in the

Table 1 and 2 into Eq.(2-10), we thus obtain

Aj + Ky = In{ exp(2K;) + bs2exp(E,) + b-2exp (E_) }
A1 - Kz' + 2Kxy' = 1n 4 + 1In{ a+2exp(E+) + a—zexp(E—) }

A]_ - Kg' - Zny' = in 2 .

Therefore we find the parameters in the transformed

Hamiltonian Hp'S
ny' = 1/4 1n{ exp(-K,) (cosh G + K,/G sinh G) }

Kz' = 1/2 1nf eip(ZKz)+exp(—Kz)(cosh G - K,/6 sinh G) }
- 1/2 1a 2 - gxy'

| (2-11)
A1 = Kz' + 2ny' + In 2

~For this example ST also calculated the magnitudé of

the error involved in this approximation:

A K,» ~ A Kgy' ~ A A1 ~.o(x4)
These results show that the effects of noncommutativity
neglected in the approximations start at the fourth order

in K; and Kxy- Thus? the approx#mation becomes better

at higher temperature. Thermodynamic properties are-

calculated by iditerating the rTenormalization
transformations, as will be discussed below.. The
thermodynamic properties obtained froq ﬁﬂi; approkimatibn
are found at high femperature to be in good agreement with

those found by Bonner and Fisher and by Katsura.
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2.2l SPIN CEAINS IN A LONGIIUDI&AL EIELD

‘The apéroximéfe quantum décimatiOQ‘is summarized in
EqJ2;6); In this §ection and the next we_wiil use this
method to'examine a variety of spin systgm;. We will élso
investigate thé effec?s of increasing. the scale faétor, of
using periodic rather than free boundary conditions for
each cluster, and by varying the iteration procedure which
is used to_caiculate the thermodynamic properties, The
outliﬁe.of the remainder of this‘chap£er is as folloﬁs: Iﬁ
this section, we study the 1-D model with both symmetric
and antisymmetric exchange, as well as-alternating
antiferromagnetic spin chain, The effects of scale factors,
boundary‘coﬁditions, and iteration methods will bg tested
in the alterﬁating spin chain. In next section, a ggneral
decimation method for spin chains in a magnetic field of
arbitrary direction is studied.
2.2.1 Antiéymmetric Exchange

Antisymmetric, or Dzyaloshinskii—Mo?iya‘(DM)

\ e o

interactions [44,45] are of the form DJSiij)n where D‘is
a three—-component interactiog constant andfgg anq E} are
spins on chaihn sités i and j. Terms of this type may arise
due to 'spin—orbi; coubling in low—syﬁﬁetry magnetic
structures. Among those materials in which DM intefac;ions

. .

have been commonly observed are low-dimensional. Jahn-

Teller distorted compounds. Another recent example is the
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chain-like polymer poly (cobalt n-butylphosphinate)[46], in
which the symmetric interaction (that is E}.E}) is
isotropic and antiferromaghetic, while the DM term produces
weak ferromagnetism, In a given system DM interactions are
typically an order of magniiude weaker than the s&mmetric
(E:;b coupling. Nonetheless their effects on the response
fﬁnctions may be significant, and afg known in detail only
via series expansions [47] valid in the high temperature
regime.
) —

Betts has pointed out that if Dij points in the same
direction for all paixrs of neargst neighbors, and if the
"lattice is one which can be divided into sublattices, a DM
interaction can be transformed into an XY.interaction by
rotating thehixes for spins on one sublattice through 90°
about the direction ofii If there is also a symmetrical
(Héisenberg or XY) interaction between the spins, a
rotation through tan'l(rslll) about-sﬂwould elimfnatg the
antisymmetric part of the interaction [47,48].

In the case that there is aﬁ isotropy in the XY-
plane, that i; where the antisymmetric exchange constant
has only a Z qomponéﬂt, D=D,, and that the abﬁlied field is
in the same direction, the Betts's statement gives the
following mapping relation: The Hamiltogién of the spin

chain with antisymmetric exchange
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# = E: UKy 8383417 = Kyy(83%8341%48;78;,4%) -
i “ ' (2-12)

- D(Sixsi+1y—siysi+1x) - hSiz ]'

is in fact equivalent to an aniéotropic spin chain with

Hamiltonian

# =z { —Kzsizs“l-z - ny-(sixsi+1x+siysvi+1y) - hS;% }
1 | ' (2-13)

where

Kyy2+D? : - - (2-14)

This can be proved as follows:
In the Hamiltonian(2-12) one rotates the successive

§; about the Z axis, using

2
L]
i

i+l cos A Si+1x' - sin A Si+1Y'

g
1

sin A Si+1x' + cos A Si+17' (2-15)

= Z
$j41” = Sia1 "'

If we fix A by the relation

tan A = D/K_ (2-16)

y

substituting Eq.(2-15) and (2-16) into Hamiltonian (2-12)

gives

= - - 2 - -
# - E: { -K,8;%8;,1% 1/ny +D2(8,X8, X '+8. V8,1 ¥!)

i , :
- h§.2 ] ) ' (2-17)
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Comparing Eq.(2-13) with Eq.(2-17), we have Eq.(2-14),

Both antisymmetric and symmetric exchanges are
isotropic in the XY-plane. In the above we see thaf if a
suitable rotation is made in the XY-plane, the
antisymmetric exchange is changed into a symmetfic one.JIf
there exists a transverse-field (i.e in‘thé XY—plane),'fhe 
isotropy -in thé XY~-plane is broken. Thus the‘mapping to a
symmetric exchhnge ho1ds only for the longitudinal field
case, . |

In this subsection we‘fest"ghétﬁer the QRG'mEthéa,
with 1its uncontrolled: aI;prpx.i.';;:;ztibn's.~ éan ﬁréﬁt fhe.-
additional cqmélexiﬁy of an?igymmetric excﬁgnge..We-Will-
calculate the épeci£ic.heat of the.ﬁeisenberg.cﬁain.by,fhe 
decimation RG,'and check that we reproduce the sam; results
as wit£ aﬁisotropic symmetric exchange,

The reduced Hamiltonian for this case is
~/ -
?‘L = Z{ “Kp0i%0341% = Kyy(oiX0i41%+0370341Y) -
- D(Gixai+1Y—ciYci+1x) - ho;z } , « (2-18)

here 0=28, K, -p7,, xxy;Bny, b=gHz, and Pp=1/kpT.

We use deéimation with ;cale.factor L=2 to calcplate
the thermodynamic properties, The Hamiltonian of a three
spin cluster is

Hy = —K,(50%01%401%05%) - 1/2(KyysiD) (ap*oq~+o1%057) B

- 1/2(nyfiD)(Gd—qi++“1_°é+)-- ﬁ(602/2+&12+62i12) .

(2-19)
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We have used Eq.(2-9) to write
61x0'2y"O'1YO'2x = i/2 (0’1+0'2——o'1-0'2+) ’,

and take account the fact that since each end spin 1is

shared by two neighboring qlﬁsters, half the Zeeman term 

should be included with each cluster. This Hamiltonian
commutes with the Z componeﬁt of the total spin., Therefore
we can easily solve for its gigenstates and eigenvalues
analytically, as shown in Table 3a.:The transformed
Hamiltonian Hbf is of the same form as Eq.(2-19), But for a

two—spin cluster:

Hyt = -Ez'002%02% = 1/2(Kyp'+iD’')op 02" -

- ‘1/2(ny'—iD')0'0—0'2+ - h'/2 (O"OZ'FO'Z.Z) .

Its eigenstates a#d eigenvalues are shown in Table 3b.

Sabstituting these eigenstates and eigenvalues in

the Table 32 and 3b into Eq.(2-10) (but changing the sign

of the enefgy), we ralso require that
a=d . L ‘ : T (2-20)

to keep the two spin eigenstafes consistent with those
arising from the ﬁecimation. Therefore we find
4 - A -4

explAy] - Hp'l ==§j Ind><nlexp{-En'} = 2: Ind><nf Pn - |
n=1 " : a=1 ©(3-21)
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Table 3a. Eigenstates and eigenvalues of a three spin
cluster with antisymmetric exchange T -

T .0 ... S
1 fee1> —2Kz_§h
2 [ee > -2K,+2%
3 1/\/;.|f?; - a ;11$ | ' ‘—h
4 1/\/;-I&&1 - a®tii) ; _' h
5 1/, 14216, 012 Tbotts + tit + b tittd Eq,
6 1/4[1+216_]2 lb_sts + 24t + b_*sjf} _ Eq_
7 1/, [1+2lc |2 lc st toary + c+*5*§>v Ez;'

®: 2 = (K, -iD)2/ (K, 2+D2)
by = —2(Kyy+iD)/(h+Eq4)
b_ = -2(Kgy+iD)/(h+E1._)
c+ = 2(Kgy=iD)/(h-Ez4)
6. = 2(Egy-iD)/(h-E3.)
E1+ = — h/2 + K, +-'~'\/78(K'XS,Z+D'2)+(11/2+Kz)2
xy2¥D2) +(B/24K )2

Ez+ = h/2 + K,

E1_=— h/2 + K, -

8(K
\/;(ny2+D2)+(—h/2+kz)2'

By = n/2 + K, - \/;(ny2+D2)+(-h/2+Kz)2

Ll L,
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Table 3b., The four eigenstates and eigenvalues.of a two
spin cluster with antisymmetric exchange '

LA i S
l1> = f+2> —-sz__h'
2y = o> —Kzo+hn
13> = 1/+f2 124 = a ¢4 4 sz+2./ny.2+n'2
[4> = 1/4/2 1ty + a vt Kyr-2 (ny.2+n'2
(-3
d = (Kgor-iD*)/ K,.'2-D'2
where

Pi= exp{2K,+2h} + 1/(1+21b412) exp(-Ey,} +

+ 17(1+21v_12) exp(-By_ )~

P, = exp(2K,~2h) + 1/(1+2lc 12) exp{-E,,} +
+ 1/(1+2]c_12) exp{—Ey._]

P; = exp{ h } + exp{-h }

Py = 21b,027(1+210,12) expl-EBg4} *+

+ 2lb_[2/(1+2[b_|2) exp(-Eq_} +
+ 2lcyl2/7 (1204 12) exp{—-Eg4) *

+ 2le_]2/(1+21c_12) exp{-E,_}
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Solving Eqs,.(2-20) and (2-21), we find the parameters of.

the renormalized Hamiltonian:

Ay = ( 1n Py + 1n Py + 1n P3 + 1n P4 )/4
h* = ( 1an Py + 1la Py )/2
K, = ( 1n Py + 1n Py - 1n P3 - 1n Py )/4
Kyy' = B(Kyy2-D2)/(Ky,2+D2)
D' = 2BK__D/(Ky,2+D2)

where
B =(1nP4.— 1n P3 )/4

Once we have done the decimation,:we-éap galculaté the free

energy per site of the systéﬁ (i1n Q)/N from theﬁe

renormalization transformations byfhsing the well-known

formula [25]1:

(1/N)1a Qg ¥ Ag72 + (1/2)(2/N)1n Qy/s

or,

(1/N)1n Qg ¥ (1/2) z:(1/2m)A1(R(m){K.D.h])
m=0

We can obtain thereby the specific heat

- (2-22)

C/(Nkp) = ( K2 82/0K2 + 2Kh 92/9Kdh.+ h2 32/812 )(1n Q) /N

(2-23)
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the magnetization
M = 3/3h (1n Q) /N ‘ o (2-24)
and the susceptibility
kpT = 92/232 (1a Q) /N | (2-25)

'.According to Betts’'s mapping relation, static thermal

properties of a spin chain with parameters { Kz,ny.D hz }
. Ll

are equivalent to-those of a chain with parameters {‘Kz’

ny'f. . Kgy2+D2, D'=0, h, 3}, We have used quantum
decimation to calculate the speaific heat for the spin
chains with antisymmetric exchpnge, and found that the
results confirm this mapping relation;

In the XY-case, a chain with { E,=9, Kxy, D/Kxy=1,
hy=0 } is equivalent to a chain with { kz=03 ny'=\/;.ny'
D'=0, h,=0}. Since kBT/Kxy'=(1/ i JkBT/Kxy. Therefore the
thérmodynamic properties as a function of temperatﬁre for
the D=ny and D'=0 .case will hav? different units on
temperature axis., In Fig. 3 we can see that the specific
heat curve of D/K . =1 is scaled by a factor of /2 from
that with D'~0.05., The Katsura's exact result for symmetric
exchange alone is shown inthe-same figure, Compared to the

exact line, the L=2 line has too high a maximum, This is

the same situation as that Takano and Suzuki have got [411].
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Fig., 4 shows that the specific heat forisotropic
ferromagnetic chains with different antisymmetrié exchange
has- the same character as that of different XY—Jike
| ‘ (cf.

anisotropic chains without antisymmetric exchange

Fig. 12).
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Fig. 3. Temperature dependence
1-D XY model with antisymmetric

the present results and dashed curve
Katsura [14] for the case of symmetric exchange alone.
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K T/J

Fig. 4. Temperature dependence of the specific heat of 11=D
isotropic Heisenberg model, for various values of the
antisymmetric exchange.
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2.2.2 Altermatimg Antiferromagnetic Spin Chains

The omne—dimensional magnetic c¢hain with altérnating
antiferromagnetic interactions ﬂas attracted much recent
attention, stimulated largely by experimental work on
materials such as copper nitrate Cu(N03)2-2.5H20 [23,49,50]
and on systems undergoing spin-Peierls transitions [4].

Theoretical treatments have focussed §n a model

described by a reduced Hamiltonian of the form

~
# = Z { “K453,194,2 - K20i,20i+1,1 — h(oi, 1240, 22) }
i : : (2-26)

As described above the chain consists of spins—1/2 linked

by isotropic antiferromagnetic (K1,K2<0) g;change

interactions which alternate in size.
For copper nitrate, Ajiro et al., Diederix et al.

[23], and Bonner gi'g;. [49] have found o = K9/K7 = 0.27,

and K1 T =—1.29K [49,53]1. The thermodynayic prof&rties of

this material have been found to be rich.in structuré,gt

low temperatufe and in a magnetiqifiéid. Fof;examp}el‘the
low—tempe:aturg sﬁscepiibility ;s'g function:df:fie;@
(shown échematicall&in Fig. 5) i; cﬁw;actefiied by twin
peaks at field H y and Hep, which a?isq from an éx?itation
energy gap between a.néndegenerate.sing}et ground*stgtq and
a confinuﬁm of excited t;iplet states. Igéreasing the
magnetic field depresses the Fermi level, which fof'Hiﬂél

and HY>H; .5 j1jes within the gap, and for Hg1<H(H¢2 is within

)
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1.0
0.8}
0.6}
04t
0.2t
o
0.0/890,
0.0385
o. 06'/7
0.07

Fig., 5. Susceptibility versus field at constant temperature
for copper nitrate, showing peak structure near critical

fields H.y and Hc2 (from Ref.[23]).
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the band. The maxima in the déngity of states at the top
and botto; of_the band then give rise -to the double-peaked
response, With incregsing temperature the peakg diminish in
size and merge to form a single broad maximum [507.

No exact analytic approach is presently a;ailable for
the HeisenSerg alternating chain -— in particular it has
not yet proved poss;ble to find a suitable‘techniqué based
.on the well-known Béthe Ansatz, Therefpre the most.recenf
theoretical treatmeﬁts are approximate, Tﬁe,zerb—fielq,
finite-temperature propertiqs' of’ the.‘alferhating
aniiferromagﬁet han‘beqn iﬁvésfigat&d by p;ffy and Barr
[Si], by Bonner et al. [52], and by Diederix- et al, [231
using extrapolation of e#act ﬁumerical ¥esuité for ilﬁgs'of
up to 12 spins, The field dependencé of the thermodynamic
properties, and the susceptibility ;hd specific'heat és
functions of temperature " have been'calculate@ by'Mohan and
Bonner using a method'due to Bula;vski based on a'Hagtree—

Fock approximation [50].

Our purpose is to calculate static thermodynamic

properties, particularly the magnetic susceptibility, in’

the presence of a magnetic field using'tﬁe quaﬁtum
decimation method. Its main advantages for this problem are
that it is exact in the dimer liﬁit (as noted above), its
accuracy improves as the field streﬁgth increases, and'it

is rapid and versatile, allowing us to vary H, T and e
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over a wide; 'ra#ge.' In order to improve this
approximation, we use a sequence éf sé#lé factors (L'= 5, 5
and 7) with free boundary conditions on the cluster, ;nd
also use a la?ge cluster (N=6) with periodic Boundary

conditons,

-Decjgation for L = 3, i_and 7 Free—End Cluster

The basic steps of the quantum decimation method for
sca;e factor L are first, to solve.for the eigenstates and
eigenvalues:of the Hamiltonian of an (L+1)-spin freefend
clniter, and for the two-spin renormalized Hamiltonian,
and . then to carry out the:exact decimation within égé
cluster. We next desdrib; this p&oceduré in detail for the
case of altermating interactions.

In order to keep the antiferroﬁagnetic-character in
the decimation pfocednre. (even this may not necessary for
the calculating thérmodynamic préperties, although it is

necessary to study the critical behavior), we must have an

"even number of spirns in each cluéfer. Therefore the scale

factor must be 3, 5.or 7, etc., and we must solve for the

eigenstates and eigenvalues of 4—, 6~ and 8-spin clustérs.

It is noted that even if we consider mainly i;otropic
initial interactions, it will be necessary from'dn RG
viewpoint to allow for anisotropic interactions., Thus we

may also treat easy;axisiand easy—plane systems,

For the altermnating Epin chain each cluster

Hamiltonian
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/ 2 / 2 / Q { 2 . bl L—’ L,
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Fig. 6. Two cluster types for the altérnating spin chain.

includes 1 interaction pairs, and is either of the:form 1-
2-1-2 1 or 2-1-2-1 2, as illustrated in Fig. 6. Hyy and
Hpy may then written as

(L-1)/2

Hpp = }j { -K1z02i%923+1% ~

0 “Kixy/2 (023i%02i+17+023i792541") 1 *
(L-1)/2 ‘ - .
¥ 2: { “K3402i-1%9232 —
=t - ~Kogy/2 (02i-1%92i7%02i-17923%) 1 -

L-1
T }:--h“iz - by (spZ*orL?)

C (2-278)
i=1 e
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(L-1)/2

i=0 “Koxyl/2 (0237035417 4037025,417) 1 +
(L-1)/2 |
* §: { -Ky,0235-1%023% -
i=1 “K1xy/2 (02i-1%0337%025.1792:%) } -
L-1
- E: ho;Z = hy(ggZtop?)
im1 L ' (2-27b)
Here
hl + hy = h | (2—28)
and
h2/h1 = KZ/K]_ = a (Kznxxy=B’IZ’Bny) (2_29)

We have found that the above di;i;ion;of the field terms
for spins at the ends of ;ach cluster pfeserves the
symmetry of Hygy and Hbz under the iﬁteréhaﬁge'qf indices 1
and 2, and yields the exa?t results in.the dimer liqit.

We next need solve just Hbl; The eigenstates and
eigenvalues of Hyq4 for L=3,5 and 7 are found by
diagonalizing the ‘exact Hamiltonian matrix, written in a
suitable representation._The p;ocedure follows closely that
used by Griffiths [19], Bonner and Fisher [181, and Blote
[21] for the uniform-cﬁain, andADuffy and Barr [51] and
Bonner and BlBte-[SZj for the alternating chain. The chain

is a free-end cluster. Since Hy; "and the Z component of

| T N
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total spin operator
‘ : L :
GZ=Z oiz”- S ' "‘(2.—30.)'
i=0 . | ' o
"commute, a dohveniqnt choice of»basig functidn'!Pé> ére
again‘the eigéﬁfunctions of o2 which aré dire;t prdaﬁctsiof
the eige11funqt:iog$ of 632, This yields Hb;t as a
2(L+1)g2(L+1) matrix in block form in which-tﬁe_largeSt
block is
(L+1) (L+1)
(L+1)/2 (L+1)/2)
and each block corresponds to a single o2,

A further reduction of block size can be obtained by’
introducing a mirror reflection operator R [21,52];.'which
interchanges the spim vectors at sites i and L—i: R
commutes with Hy, We can use R to introduce the simple
symmetric basis states

Ip,z> = IPz> + RIP%)
and antisymmet¥ic statés

Ip_zy = [pz> - RIPZ)

For L=3,5 and-7; we list all block sizes fpr Hbl in Table 4.

We find the eigenfunctions
lm> = 2: a;(m)]i>
i

and eigenvalues E_; numerically for the (L+1)-spin cluster,
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Table 4. The block sizes for Hy{ of L =3, 5 and 7. §1nce
the ©block size for 620 is the same as that of cz>0 we
just list that of o62)0,

L =3
cZ 4 2 0

1P,y [ps4> IP,2> Ip_2>  [p,05> IP_O>

Dim. 1 2 2 4 2

L=235

oz 6 4 2 0

TI—’+ ;— Ipi6> Ip,4> Ip_4> [p.2> [P_2) |p.O> [P 0y
Dim. 1 3 3 9 6 10 10

L =17

o2 8 6 4 2 0

Table 5. The four =eigenstates and eigenvalues of a two
spin cluster, : ‘

1I11> Enr
1> = l+¢> ';' Ell = —Klz"“- zhll
12> = s> ) Ezl = _.‘Klz' + 2h1’

13> = ;/,2’ lre + 44> Egt = K1’ - 2Kixy’
4> = 1/ 2 Tt4 = 41> Egv = gy,0 + 2K1xy’
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The renormalized Hamiltonian Hyq has‘eigenstates In> and
eigenvalues Ep’' Which we shown in Table 5.

Next we decimate within one cluaster

exp{ A1-Hp1' } = Tr' exp{ -Hp1 } = Tr' z:|m><m| exp{~Ep!

. m ’
(2-31)

= Tz’ Z (Y aitm)li>)( Y aj(m)<i1) exp{-En!
i j . )
m
Here Tr' means to take the partial trace over all (L-1)

intermediate spins, Here we 1list the all situations that

will be encountered:

Tr' a2]tAt>tAr] = a2]1><al

CTr' a2liAed<ial = a2|2>22I

Tr' a2/2 [tA+vAt><tA+vAt] = a213>¢3]
Tr' a2/2 11A-At><tAL-sAt] = a2]a><4]

Tr’ 1/2 (altAi+iBt>+b[tBi+4A1>) (a<tA+iB [+b<tBI+IAL])

= (a+b)2135<3] + (a-b)2]4><4l

Tr' 1/2 (altA4—iB1>+b]1Be—3A1>) (a¢tAI=iBt]+b(tBi-tA%])

= (a-5)2[3>¢3] + (a+b)2]4><4l

A and B are the configurations of the (L—lf—intermediate'

spins., We thereby find

4 4

Z In><¢n| exp{A1-Epn'} Z Ind<nl Py

n=1 : " n=1
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By solving these eguations, the parameters for the

renormalized Hamiltonian Hpq' are found to be as follows:

Ay = ( 1In P1 + 1n Py + 1n P3 + 1n.Pg )/4
K1z' = ( la Py + 1n Py - 1n P3 = 1ln Py )/4
Kixy' = ( 1n P3 - 1n Py ) /4
hy' = ( 1n Py - 1n Py /4

Permuting indices 1 and 2, we find the parameters Az’

K2.', KnyU and hz' for the renormalized cluster

Hamiltonian Hy,', The renormalized field is thus given by

h' = h1'+ hz' .

The free energy is calculated by iteration:

(12 /N ¥ 1/(20) ) 1/(Lm) (Agenp) (R(®) (K 0, b)) ,
=0 - (2-32)

We may check - the procedure in the dimer and Ising
cases, for which the decimation method is exact, The free

energy for. the isotropically interacting dimers is

(1n Q)/N = 1/2 1n{ exp(K+2h) + exp(K-2h) + exp(K) +

‘+ exp(-3K) }
While for the Ising case

(1n Q)/N = 1n{ exp(K) cosh h +

+ \Jrexp(ZK) sinh? h + exp(;ZK)'}--
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From the free energy, one can calculate specific
heat, magnetization and susceptibility using formqlas (2-
23, 24 and 25) and numerical differentiatioq.
Note that in Eq.2-31 every iteration needs two
decimations of the altermating chain.-Since we intend to

calculate thgrmal properties, and do not expect any

singularities in the free energy (i.e, phase transitions-

with the appearance of an order parameter) there remains
considerable freedbm in the choice of rescaling Qteps. An
alternétive method is shown in Fig; T.1In ;hig iﬁeration
scheme, after one decimation one retains an alternating
spin chain and <c¢an continume as before. In this way,
every iteratioi needs just. one decimation, ;educing
computation time, Usiﬁg this iteration proceduné,'thg

formula for the free energy becomes

(1n @/N ¥ 1/(L+1) ) 1/0(L+1)/2)2 Ay(r(m) (K,a, b))

‘m=0 - (2-33)

L is still the scale factor, 3, 5 or 7. The results using

this alternative method will be discussed below,.
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Fig. 7. Alternativeiteration method for freeemnergy
calculation,

Periodic Boundary Conditions: the 6-Spin Ring

An alternmative to using a larger scale factor is to
keep the scale factor constant but increase the number of
spins treated at once. This approach also reduces the
errors which occur due to noncommuting operators. However,
a cluster with free boundary conditions will produce
renormalized interactions which are not uniform, but vary
with their position in the cluster. Periodic boundary
conditions eliminate this problem, and have been found for
example to be important in obtaining reliable RG results
on two dimensional classical (Ising) systems. The
renormalization process for a ring is also aided by the
N/2-fold translational symmetry (for altermating

interactions), by which the diagonalization of the




42

Hamiltonian is simplified, (Tﬁi; reduction in computer
. time applies also to the finite chain extrapolations of
Bonner and others, whi;h customarily employ rings.)

~For alternating interactiomns, a 6-spin ring is the
smallest possible cluster which can be decimated.
Renormalizing (see Fig. 8b,c) to 3 spins yields uniform"i
rather than alternating interactions, but for the purpose
of calculating theAfree ene*gy this is nonetheless
'_reasonable, and we have in fact found that it gives
reliablé results.

We next briefly discuss the technical problems which

arise inmn renormalizing a ring of'sp;ns. The general

decimation formula is

exp{ Aj-Hp' } = Tr' exp{ -Hp } o (2-34)

For the free-end cluster decimations, the dqcimated-

Hamiltonian Hb' has four eigenstates In> and,eigenvalues

En'+ After decimation we find

4
2: Iny<nl eip{ A1-Eap’ 1} = E: Ind<nl Py .
n=1 . n=1
This yields four equations in four unknowns-— the constant

A1 and three parameters of the renormalized Hamiltbﬂian,

Hb': Kz.'. ny' and h'.
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(a)

by

«)

(d.) O — — - — O — = — —— — — e e o o D o e 2 e

Fig. 8. Bond-moving and spin ring decimation.

(a) The ensemble of six-spin rings arises from infinite
spin chain by bond-moving approximation.

(b,c) The spin ring before and after decimation, Note that
the six-spin alternating ring transforms into three-spin
uniform ring,

(d) The ensemble of spin ring reverts to spin chain by
bond-moving approximation.
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For the three spin ring,

Hyt = K, ' {(12)+(23)+(13)} = Kpo'{(12), +(23); +(13), }

B’ {(1)+(2)+(3)) | (2-352)

For simplicity we have introduced the symbols

(ij) = o;%20;2 ,
(iJ ).I.. = Gixdjx+qiy-cjy . (2"36)
(i) = Uiz

Using transliation symmetry, one finds the eightl

eigenstates In>, and eigenvalues Ep'» Which are listed in

the Table 6a. We see that tiefe are two doublets,

characterized by momenta ki and kg» Wwhich are linear

combinations of product states with complex coefficients,

One can use the mirror reflection operator R (see p.35) to.

make the expanéion coefficients real. The results of this
procedure are shown in Table 6b.

The six different eigenvalues in general determipe
six unknowns in the decimation procedure, and therefore two
additional interaction terms iq Hyr, Equ—gja).It‘is'of
course normal that éhe RG produces new'interactiop terms,
and as a firsf ordg; approximation, these typically are
truncated at each step. If we want to keep iust the
symmetric bilinear interaction and the longitudinal fjéld

terms in the Hamiltonian, the only interactions which we
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can add on the uniform 3-spin ring are 3—~spin terms. Thus

we add two three-spin interaction terms to Hp ' *

Hyt = —Kp* ((12)+(23) +(13)) = Ky {(12)y +(23), + (13),} -
~h' {(1)+(2)+(3)} + T(123) + o

+8{(12) (3)+(23),(1)+(13),(2)} (2-35b)

Here we use the same symbols as those of Eq.(2-36)

(ijk) o'iZo'jZsz

J

The new eigenstates are the same as those ofAEdJZ—BSa) the
new. éigenvalues are .listed in Table.6b.

For the 6—spin altermating ring

Hy = —K,{(12)+(34)+(56) +a[(23) +(45)+(16)1} -
“Kyy ((12)4 +(34) 0 +(56), +al(23) +(45) +(16).7]) -

~h{(1)+(2)+(3)+(4)+(5)+(6)}

'

The original Hamiltonian matrix is thus 64x64, but can be -

block-diagonalized by considering rotational, translational

and mirror symmetries. Choosing eigenstates of oZ%Z gives a

largest block which is 20x20. Further use of the dperators
T (translation) and R reduces the largest submatrix to 5x5
with all entries real (see Table 7). This is then rapidly

diagonalized'ﬂumerically.

P )




Table 6.
Hamiltonian
(b) real

Eigenstates
H':

(a)

and
(a) complex eigenvectors for Eq.(2-35a),
eigenvectors for Eq.(2-35a) and (2-35b).
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eigenvalues

of 3-spin ring

?3Kzé_3hv
_3sz+3hr
Kz'-h'-4Kgy'

Kz'+h'—4xxy'

cos kj

cos kj

-
b
e
v
I

( ej1 = explikjl},

1/1/3 fettvejatitsejattid
1/4f 3 Itittejiititejaiet)

ej2 = exp{iij}'

—_—— —— — = o e o e S . v e T T - St — s it ekt P o e et o e 0 o it i bkt G S SV S e - S S it S n e (e St S ooy GeAP e G e S

ky = 2nj/3,
In>
l1>=1t21>
[2y=144d>

I3>=1/V[;I¢11+1¢1+1f§>
612428 —t4t—224>
[21t4t-023>
\|6>=1/N[;|f$$+¢f$+&{>
|7>=1/\[E]2?$¢-&+&—&&?>

2feti-d3t)

_SKzf—3h'
-3K,r43n°
Kz'—4ny’—h'
Kz'+2ny)—h'
Kz’—4ny'+h'

K;'+2Kxy'+h'

—~3Kz'+T-3h'

-3Kz'-T+3h'

Kz'-4Kzy'-T+4S-h'

Ky'+2Kxy'~T-2S8-h'
Kz'—4Kxy'+T-4S+h’

Kz'+2Kxy'+T+2S+h’

S ———— o — it (o4 St e ¢ M e Mt P 0 ekl et G s B et s e e S B W S - e et e i Sy Wt et e B et o S e e A Wt Pt Aot e B e S My St

*:E_* 4is for

35b)?including 3~ spin

Eq.(2-35a)
interactions)

and En°*

et it Bt e S G . e e e s T S W e S St Wt e Py i o o e et s (ot Ut o e s ot e S A S G e - G W G T T T Ot s
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Table 7. The dimensions of block matrices of 6~spin
alternating ring Hamiltonian, Here we just 1ist those for
non—-negative Z component of total spin.

oZ 6 4 2 0
by o2 1 6 15 20
by T,R 1 ‘1,1,1,1,1,1 1,4,5,5 4,4,3,3,3,3

e et B U s e e St G e Wl - G St e S St e et Wt Bd e e (e el s S e Bt Gt S B e e A s B S W T S T S ar S W ot it M Gef A S s B B

St emls e . ain e s o s e e e w ——— s w—

Decimation procedure. .Substitutimg the
eigenstates'and eigenvalues of both three spin and six spin

ring Hamiltonians into Eq(2-31), we get

8 : 64"
Al - E En'|n><nl = in Tr' E exp{-Em'}|m>{m|

n=1 m=1 (2-37)
In the decimation proceaure, there are the followiﬁg
situations that need to be treated:

For % = 3 in the decimated (3-spin) ring,
Tr' exp{-E_ }|tAtB1C><tAtB+C| = exp{-E Jl1><1l

where |ABCY is any state function of the decimated spins,

For ¢% = 1,

Iy = Tr' exp{~Ep}lag 1AtB1C+a,y tAIBICHagtATBIC)

Caj $A1B1C+ay tAYBIC+agtAtBIC]
= exp{—Em}|a1&ff+a2?$?+a3f?G)(al$f?+a2fé?+a3?f&I

We can expand this state using basis states: 13>, 14> and

|5 in Table 6b:
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|81¢f1+a2f$f+a3ff&> =

and find

I1+ = exp{-Ep} b3byg

b42

b4b5

The same situations obtain for oz =

we find from Eq.(2-37)

Af - Hp’' = 1n B

b313> + bal4a> + bs5l5>

b32 b3bs b3bS5 |

bybs |

.b52 l

-3 and -1, As a result,

Here B is a symmetric block-diagonalized matrix that has

the form

3%3 :

.
vig

X0

0 : 3X3

We can easily take the logarithm of the matrix B,

log B =10 ( log U-1BU ) U-1 , (2-38)
where U is an orthogonal matrix that diagomnalizes B:
B’ = U-1BU, U-1 = Uyt and B' diagonal.

We find finally that
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8

A - }: En'ln><nl = U (1og ©U~1BU) U-1 . (2-39)

n=1

The left side of this equation is diagomnal, If the right
side is not, we should have included more interaction terms
in the original Hamiltonian. Fortunately, we have examined
the more general situation-—-— the alternating, anisotropic
§pin chain in large field, a<1, Kz=ny and h>>0, and find

that the right side of Eq.(2-39) is always diagonal. In

fact,
8
U (log U-1BU) U-1 = §:|n><n| Pn
n=1
where Py = Ps and P7 = Pg, corresponding to E4’=Es5’' and

E7'=Eg’- Therefore the Hamiltonian of the decimated 6-spin

ring is consistent with that of a 3-spin ring with a

. . . ;
constant term and five interactiomns.

As a consequence we find:

A -3K;' + T -3h' Pi

A; -3k, +3h'

I
=

P2

Al + Eg' — T + 4S — 4Kgy' — h' = P3
1 z Xy (2-40)

A1+Kz'_T—ZS+2ny'_h'=P4

+
=
il

Ay + Kz + T - 4S - 4Kxy' Pe

+

hﬂ

Al + Kz' + T + 28 + ZKXY' P7
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Solving this set of equations gives the constant A1 and the
i.e.

parameters of the renormalized Hamiltonian Hb“

Kz'.T.S:ny' and h’,

In summary, this approximate decimation RG has the
following characteristics: 4

1, It changes the antiferromagnetic chaim into a
ferromagnetic ong, since this ﬁecimation is for scale
factor L=2,

2. The fenormalized 3-spin interaction terms, T
and S (see Eq.(2-35b)) are always smaller by more than
one order of magnitude thamn the gne and two spin

\
interaction terms, and grow slowly with field., It is
therefore reasonable to truncafe the 3-spin terms,

From the viewpoint of bond-moving hpproximétion [54]:
a 6-spin ring can be considéred to come from an-. -infinite
spin chain after moving bonds. When we complete one
decimation, we gef an ensemble of isolated 3-spin rings.
Ve Ean turn it back into a spin chain by applying the
bond-moving procedure a second time (see Fig. 8). By

repeating procedure one again develops the free energy

formula

(1n /N Y (1/6) Z 1/(2m) Ay (R(m)(K,a,B})

m=0
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Thermodynamic Properties
i

We have introduced above the approximate decimation
procedure for L = 3, 5§ and 7 free—end spin clusters and for
the N = & ring, The results of the specific heat and
susceptibility calculations in a variety df cases are shown
inFig., 9 through 22, where appropriatg they are compared
‘with the finite—chain extrapolations of Ref.[18,57].

In Fig. 9 are plotted the ferromagnetic specific
heats for uniform isotropic Heisenberg coupling in zero
field, The results of L = 3, 5 and 7 free—end cluster
decimation are successively closer to the Bonner-Fisher
estimates, with respective deviations at kgT/J = 1,0 of
8.2%, 5.1% and 3.6%. The low—temperature results arelnot
quantitatively‘accurate, but the successive apprqximations
appear to be converging to an important feature of the 1-D
ferromagnet, namely a specific heat falling to zero as
T1/2, In the temperature regionm kgT/J>1.0 the ring
calculation gifes better results than those by L=7 open
chain decimation, but this is not the case at the lower
temperatures,.

Thé same comparison, for isotropic antiferromagnetic
coupliné, ig shown in Fig. 10. At xkgT/J = 1.0 the
deviation from the finite chain extrapolations is in every
case larger than for ferromagmnetic exchange. At the higher
témperafure region (kgTy1.0) the ring calculation again

yields the best agreement, At low-temperatures there is
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apparent conﬁérgence of the free—end cluster results to a
linear behﬁvior of C(T). (The antiferromagnetic energy
spectrum is proportional to momentum k for small k, as
opposed to k2 in the ferromagnetic case.) Approximations
involving finite numbers of spins, of course, will always
show eprnential ﬁehayior of C(T) for sufficieptly low
temperature. |

Fig. 11 shows the spééif?c heat for different
anisotropy factors y = Juy /7, ='1_.o. 0.5 and 0 in the case
of eas&—axis (ising—like) Heisenberg ferromagnetic and
antiferromagnetic chains, A single RG technique hﬁs beeﬁ
used, namely the t = 5 free—end cluster method. The.thermal
behavior of the pure Ising chain is of course the same for
either ferromagnetic and antiferromagnétic interactions, It
is known that there exists an energy gap to the first
excited state for all ¢<1 [17,55,56], which vanishes as 1-y
in the ferromagnetic case and with an essential singularity
( ~ exp(-cst./ 1-y ) ) for antiferromagnetic couplings.
Our approach, however, is not sufficiently sensitive at low
T to show evidence of these effects,

Fig. 12 displays the specific heats foreasy-plane
_(XY—like) chains with vy =1, 2 and », Again the L = 5 free-~
end cluster approach-has been used, and we remark that pure
XY chainsrhave the same specific heat for either sign of

the coupling. There is no energy gap for either the ferro-—
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or the antiferromagnetic case, ;o that C. should approach
zero in power law fashion, Here too, héwever, the RG gives
no clear indication of the detailed low~T behavior.

The susceptibility resultS‘_are in geneia] more
accurate than those for specific heat obtained by the same
methods. For instance, for the Heisenberg chain with
ferromagnetic céupliné (see Fig. 13), the. zero field
susceptibility RG results (L=3 open chain) at kBT/I = 1.0
differ from the finite chain (N=8 ring) predictions by-~
"3%,and those for the specific heat, by ~ 8% (see Fig. 9).
The same trend is apparent in the isotropic Heisenberg
antiferromagnetic case, as may b; seen by comparing
Fig. 10 and Fig..14. The same sifuatibn occurs in the
'finite‘chain calculations, where the the suscepgibilities
are surprisingly close to those of the infinite system
[141.

Ve algo find that the results of the decimation RG
for thermodynamic properties in nonzero field are more
accurate than those in_zero field. This situation is also
similar to that imn the finite chain extrapolatioﬁs, where
the convergence with N is appreciably more rapid in a field
than for H=0 [18]. Susceptibility versus temperature curves
for the ferromagnetic Heisenbefg chain for several
values of applied field are displayed in Fig. 13. Ve
find that they are in close agreement with the results for

<

8~spin finite ring [18], also shown,
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The susceptibility versus temperature -at constant

field for the uniform antiferromagnetic chain is shown'in
Fig. 15.At the critiéal field value H/J=4 (for whicﬁ the
zero—temperature magnetization saturates) the calculated
ﬂpappears to diverge as T-ﬁbo{ while for larger field it
approaches zero, both in accordance.with the‘known behaviér
[18). For small fields, }ﬂ should approach a finite-zéro—
tempe¥ature 1imit, but the RG results do. not generally
allow for reliable extrapolation in these case, The
detailed view of the H=0 situation‘providedlinFig. 14
indicates the correct trend with increasing L,

Th€ specific heat vs. temperature curves ai constant
magnetic field for the antiferromagnet are shown in Fig,
16. Exact finite—-chain resnlts.of Ref.[18] for H/J = 0 and
5 are included for comparisono (The displayed:curVes are
the means of 9= and 10-spin chain calculations.) The
improved agreemenf in the high—-field case is easily seen,
‘For H greater than the critical field little difference can
be noted between the two methods, although for H<4 the
agreement i; poorer. In particular the pronounced shoulder
at T=0,3 and H = 3 is thought to be spurious.

The improvement of the rgsults for susceptibility
over those for specific' heat, and of the finité—fie{d
results over those in zero field, appear to-be reiated to

the fact that in .finite field the couplings =~- both
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transverse and longitudinal -—- renormalize rather more’
rapidly to zero than in the cases ﬁhen the field is
absent, On the other hand, the remormalized field always
increases with each iteration for ferromagnetic chains,
while for antiferromagnetic coupling it decreasgs at a rate
that is dependent on the diviﬁion of the Zeeman teims at
the cluster ends., In any. case, the exchange constants
always decrease faéter_thaﬁ the fields. Rglatively
speaking the smaller yhe exchange, and the larger the

Zeeman term, the more accurate the RG results.

Alterngting antiferromagnetic chain
We next turn our attention to the ;ntiferromagnet
with alternating couplings, Since the quantum decimation
method is exact in the dimer l1imit, and the uniform chain
results léad us to expect gréater‘reliability in the case
of magnetic properties, we have calculated the
susceptibilities for the case a=0,27.‘corresponding to
copper nitrate, scanning the field at comnstant tempciatu:e
kgT/J = 0.05.
| The L=3 open chain method gives peaks at lower and
upper critical fields Hgq/Jy=2.1, and H,p/Jy=2.5,
respectively. While the latter agrees closely with result
(2.54) of reference 49, the lower critical field is higher

than the quoted value (1.675) by about 25% (see Fig. 17).
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Increasing the block size to L = 5 and 7 gives the
results shown in Fig. 18, The lower critical field falls
as L increases, reaching a value at L = 7 which is only
about 10% in excess of that given by finite chain
extrapolation. We can also see that as the block size
increases the peak structure becomes obscure and a third
(middle) peak becomes apparent, the origin of .which will be
discussed below.

We have also found the susceptibility'by' using the
second iteration method (Eq,(2-33)) based on free—end
clusters. Here we still use the division of the Zeeman
terms for spins at the ends of each cluster given by Eq.(2-
29). The results of this procedure are shownin Fig. 19.
They have the same character as those of Fig, 18, but the
peak structure by the second iteration method is clearer
than that by the first. We are able to carry out a linear
extrapolation [56] of H_ q vs, 1/L, giving Hg1 = 1.61 in the
large—céll limit,

We have repeated the above computation with L=3 free-
end clusters without dividing Zeeman terms petween
neighboring clusters -— that is we let hyj-} and hy=0. In
this approximation the lower critiéal field apfears at
about 1.8 —— a slight improvement == but no upper critical

field was found omt to H/J = 2.8, At slightly higher

temperature, kgr;y=0,08, The upper critical field appears
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at about 2,7 (Fig., 20). However even at high fields the
magnetization still does mnot saturate,

It is apparent that the treatment of the Zeeman term
for the end spins has a marked effect on the results. In
the last instance (hi=h.‘h2=0) we have checked the
jteration step by step and found that in high field
(H/J>2.3), at the first iteration ;he ground state is
ferromagnetic. With successive iterations, the.ﬁégnetfc
field decreases at the same rate as does the coupliﬁg
constant, until at last the ground state is mo longer
ferromagnetic, Thus the magnetization is not saturated;.or
in other words the upper critical field is shifted to a
larger value.

In Fig. 19 we considered th? following divisién of
the field terms fof the end spins:

h = h1 + ha, and h2/h1 = a.
Hence only p.art of field hy that applies to the end spins
takes part in the iteratiom. Therefore in the mnext
iteration we will leave a larger field term

Rh = hy 4+ g,

Thus we can keep the ground §tate is ferromagnetic.state
during successive iterations ,and the magnetization will be
saturated,

To summarize, by taking hy/hy=q (Fig. 19) we find an

improved upper critical field value, while by taking
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h2/h1=0 (Fig. 20) we' get a better lowercritical field.
value.. ‘ '

The enéir; Zeg;an problem for the end spins is of
course absent with periodic boundary conditions. We find in
fact that the 6—-spin ring gives a more accurate lower
critical field value. Ihe susceptibilities for thé
alternating antiferromagnetic chain along several different
isotherms are shownin Fig. 21, We can seé that as the
temperature rises the peaks diminish in size and merge to
form a single broad maximum. A third middle peak again
appears at low tempeiature; which we attribute to the use
of finite blocks. &e show the energy spectrum of an
alternating ring of six spins as a function of the applied
field in Fig. 22. Roughly speaking (since this applies to a
single iteration) the first and lasf gfound state level
crossing points determine the lower and upper critical
field values, while the intermediate levél crossing
corresponds to the middle peak. This appears only.as a
finite block effect, and causes difficulty for
extrapolating the results to the large-ring limit. It is
probable that the nﬁmber of intermediate peaks would
increase with the block size mntil, for the infinite chain,

they are obscured, only leaving the two peaks that

correspond to two critical fields.
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K T/

Fig., 9. Variation of specific heat with temperature for
ferromagnetic Heisenberg chains by decimation using L= 3, §
and 7 free—end cluster (solid line), and 6-spin ring
(dashed line). Comparison is made with the numerical
extrapolations of Ref.[18] (dotted 1linmne).
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Fig. 10. Variation of specific heat with temperature for
antiferromagnetic isotropic Heisenberg chains by decimation
using L=3, 5 and 7 free—end clusters (solid 1ine), and 6-
spin ring (dashed line). Comparison is made with the
predictions of Bonnmer and Fisher [18] (dotted 1linme).
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Fig, 11. Specific heat versus temperature at constant
anisotropy y for Ising-like spin chains (L=5 free-end
clusters). F and AF denote the spin chains with ferro- and
antiferromagnetic couplings.





































































































































