Assignment 7: Evaluation of Singular Value Decomposition

Name:

Instructions. The write-up below is an Al-generated solution. Your task is to check the reasoning and
accuracy of the solution.

1. This is independent work. Please do not confer until after the due date.

2. Read the question descriptions carefully for which resources you are allowed to use for each
question.

Problem. Is the singular value decomposition (SVD) unique? If so, provide a proof. If not, provide a
counterexample.
Solution. The singular value decomposition of a matrix is not always unique.

e The singular values are unique: they are the nonnegative square roots of the eigenvalues of AT A or
AAT,

e The singular vectors are not unique in general:

— If singular values are repeated, the left and right singular vectors corresponding to that singular
value are only determined up to an orthogonal basis for their eigenspaces.

— Even when singular values are distinct, each pair (u;,v;) can be replaced with (—u;, —v;) without
changing A, due to the rank-one structure o;u;vy .
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Counterexample. Let

Then A has singular values 01 = 09 = 1, and any orthonormal basis {uy,us}, {v1,v2} gives a valid SVD:

A=UxVT, ©=1I.

Ezample 1 (canonical SVD):
U=1, V=I05L YX=I.

Ezample 2 (sign flip):
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Ezample 8 (rotated basis): Let () be any orthogonal 2 x 2 matrix, e.g.,
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’ SVD is not unique when singular values are repeated.




Questions

1. Evaluate the reasoning and accuracy of the solution without using devices. You may review the
class notes on SVD. The purpose of this exercise is to see how far you can get using your own reasoning.
Put down your thoughts here. If you are stuck, try to find at least a few individual lines that you can
evaluate for truth or falsehood.

2. Evaluate the reasoning and accuracy of the solution. Devices are permitted, however you may not
use GenAl. The purpose of this exercise is to see how well you can evaluate GenAl output using
more traditional sources of knowledge.





