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Abstract:
Two main problems are considered In this thesis. There is a definite need for nonparametric
classification procedures, i.e. classification procedures which require no parametric assumptions.

This is the first problem considered here. A nonparametric classification procedure is presented and
various properties of this procedure are discussed.

During the course of work on the above mentioned problem, a second problem was encountered which
is important in its own right. One approach to the nonparametric discrimination problem depends on
having a consistent nonparametric density function estimator available. Consequently, a considerable
portion of the work in this thesis was concerned with finding a good nonparametric density function
estimator. Such a density estimator is introduced and its asymptotic consistency is shown. In addition, a
small empirical study was run on this estimator to obtain some feeling for its behavior for various finite
values of n.
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ABSTRACT .. -

Two main- problems-are considered -in- this thesis.- - There -is a .-
definite-need- for nomparametric-classification procedures, i.e.-
classification procedures which require no parametric assumptions.
This is the first problem considered here. A nonparametric
classification procedure is presented and various properties of this
procedure are discussed,

During the course of work on the above mentioned problem, a second
problem was encountered whieh is important in its own right. ©One
approach to the nonparametric discrimination problem depends on having
a consistent nonparametric density function estimator available,
Consequently, a considerable pertion of the work in this thesis was
concerned with finding a gooed nenparametric density function estimator.
Such a density estimator is introduced and its asymptetic consistency
is shown., In addition, a small empirical study was run on this
estimator to obtain some feeling for its behavior for various finite
values of n, '

-




CHAPTER I
INTRODUCTION

The classification or discriminétion problem arises when an exper-
imenter makes a number of measurements on an individual and wishes to
classify the individual inte one of several populations on the basis of ‘
these measurements, As an example, consider a lot of electronic parts.
Each part is e be classified as defective or'nondefective, the critericn
~being length of time to failure. If the leﬁgth of time to failure is
less than some preassigned period of time the part is classified as
defective and otherwise as nondefeective, Obviously, each of the parts
cannot be tested'to see whether it is defective or not as the necessary
test would be destructive (i.e..the part would be tested until it failed).
The discrimination approach to this problem is to make several measure-
ments on a part and then classify the part as defective or nondefective
on the basis of these measurements,

Some widely used classificétion procedures require parametric
assumptions, An example of a procedure of this kind is the one basedlon
the classical normal discriminant function, which may be found in
An&érson (1958). Many people using this procedure have been concerﬁed
with the parametric assumptions that necessarily must be made., For this
reason, nonparametric classification procedures not requiring parametric
assumptions are desirable. However, very little work has béen done in
developing such nonparametric classification procedures. In this paper
a nonparametric discrimination procedure is preséntedo Certain optimum

properties of this procedure, mainly asymptotic, are shown,
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in the process of developing this procedure, the problem of finding
a nonparametric estimator for a probability density function arose.
This ié a problem of considerable importance in its own right. Such an
esfimator is introduced in this thesis and properties of this estimator
are studied. The development of this density estimator is a principal
parﬁ of this thesis. A nonparametric c¢lassification procedure is almost
an immediate result of obtaining this density estimat;ar°

Since one of the important preperties of this nonparametric density
estimator studied here is an asymptdtic propgrty9 a small empirical
study was made én the IBM 1620 computer. The purpose of this study wés
to see how the denéity estimator behaved in practical situations for
finite sample sizes. The results of this study are included in this

thesis,
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CHAPTER II

REVIEW OF LITERATURE

2.1 Iiterature oﬁ_Noﬁparametric Classification

The classification problem was introduced in Chapter I. In the
example given in Chapter I there are only two populations invelved, the
defective or the nondefective. Two typeé of errors can be made in
classifying a part. It can be tlassified as nondefective when it is
actually defective or vice versa. The problem is to find discrimination
procedures that minimize the probabilities of these errors.

The notation to be used in this simple two populatioh case is now
sét down. Let F and G be the distribution functiens of two random
ﬁariablesg ¥ and Y respectively. F and G are assumed to be absolutely
continuous. The corresﬁénding probability density funétions are f and g,
X and Y are assumed to ﬁé p~dimensional. A p-dimensional random variable
7 is assumed to have eiﬁher the F or the G distriﬁution@ The problem is
to decide on the basis of %z, an observed value of Z, which of the two
distributions Z has. In other‘words9 the problem is to decide which
p0pu1ation Zz belongs to. - |

Fix and Hodges (1551) have broken the classification problem inte
éhree subproblgms'acco#ding to the assumed knowledge about F and G,

These are: o
(1) F and G are céﬁpletely known,
(2) F and G are known except for the values of one or more para-

meters, i.e, the functional forms of £ and g are known except
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for parameters,
(3) F and G are completel& unknpén except possibly for assumptions
about existence of densities, etc,
Subproblem (1) is completely solved since the discrimination depends
only on £(z)/g(z) by the Neyman-Pearson Fundamental Lemma (cf, Welch
(1939)), Ag appropriate ¢ is chosen and then F or G is chosen as

followa:

choose F if‘f(z)/g(z) > ¢
choose G if 'f(z)/g(z) < ¢

choose F or G arbitrarily if f£(z)/g(z) = c.

Fix and Hodges (1951) call ‘this tﬁe w likelihood ratio procedure® and
use the notation L{c) for it., It is convenient to assume that P{f(z) =
cg(z)} = O and this is done-hereafter,

For subproblems (2) and (3) samples Xy eXjpoeeaXy and ¥ 33500009
from F and G, respectivel&9 are assumed given., In subproblem (2) i¥vis
further assumed‘that f and g are known except for ﬁhe values of a
vector parameter ©, where @ belongs to the set fL, Thus f and g may be
written as £(©) and g(ejo The most .common approach to subproblem (2)
is to use the sampies of x“sland ¥y's to obtain an estimate 8 for ©.
Using'g'the values f(é) and g(69 are obtained and then one proceeds as

if £ and g are known as in case (1), An alternative method is to use

the likelihood ratio criterion to set up a discriminatien procedure.

3




o B

5
Examples of both of these methods are given in Anderson (1958), pp. 137~
142, for the case of underlying normal assumptions. The first method
leads to the procedure based upon the classical discriminant functien.
These approaches seem reasonable if the underlying assumptions are valid,
In the discriminant function case, for example, if there is much departure
from the nermality assumptions very little is known about the validity
of the results,

From the above discussion the need for ways of solving subproblem
(3) is seen., This is known as the nonparametric discrimination problem,
Here there is a minimum of underlying assumptioné. Fix and Hodges (1951)
and (1952) were the firét to work on subproblem (3}, Their work is
discussed in some detail here because it is pertinent to the succeeding
work. Stoller (1954), Johns (1969) and Cooper (1963) have also eonsidered
this problem and brief mention of their work. is also made,

No ndnparametric classification proéedure exists that is better
than the Optimum,proceduré available if the density functions f and g
are assumed completely known (cf. Pix and Hedges (1951)). The L(ec)
procedure can éhérefore be used as a sort of limiting procédure to try

to approach with a nonparametrie procedure. Intuitively, it would

.seem that a good nonparametric procedure should have a limiting form

which is in seme sense consistent with L(e¢). Fix and Hodges (1951)
have made these consistency notions precise., They formmlate definitions

in terms of sequences of decision functions,

ot
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Consider & finité decidion space with elements dysesesd o For two

populations there are only two decisiops.,‘dl and déo Let {Dﬁ} and {B g]

be two sequences of decision functions. For example, Dﬁ is a function

" which for each n chooses one of the decisions dlg.,,,ds (or in the

setting of this thesis, Dg chooses the population into which z is
classified). These decision functions will ﬁsually depend on n observed
values of some random variable. Two ways in whicﬁ tﬁese two sequences-
can be thought of as being comsistent with eéch other are now considered.

First, for each n there.is a proebability that Dﬁ will make the decision

d., that Dﬁ will make the decision &

7 55 etc., The same thing is true

“for DW. If the probabilities that’ D and D " make the decision d;

are nearly‘the same for all i as n increases, then in thiS'sgnse the
sequences are consistent with each other. Secondly, it might happen
that there is a high probability that Dg and D % will make the same
decision as n increases, These ideas motivate the following definitiens

of Fix and Hodges (1951).

Definition 1 We shall say that the sequences {Dﬁ} and {D g} are consistent
in the sense of performance characteristics if, whatever be the true
distributions, and whatever be ¢ > Oy there exists a number N such that

whenever m > N and n > N,

lp{Drvl =4} - P{D® = di}l <e

for every decision dio

L
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Definition 2 We shall say that the sequences {Dﬂ} and {D ;} are consistent

in the sense of decision functions if, whatever be the true distributions,
and whatever be ¢ > O, there exists a number N such that whenever m > N

and n > Ny
T [ - [ -
P{Dn =D m} > 1 = ¢

Consistency in the second sense implies consistency in the first sense,
but not vice versa (cf, Fix and Hodges (1951)). It is éenerallyk
convenient to use definition 2, |

Earlier discussion has shown that in nonparametric discrimination
it would be desirable to have a way of comparing a sequence of decision

functions and the L(c¢) procedure, The following definition is a

specialization of definition 2 which does this.

Definition 3 A sequence {Dh m} of discrimination procedures, based on
9

72 and on samples X 9% 59000 9%, from F and Yy9Tp00009Ty from G, is said
to be consistent with L(c) if, whatever be the distributions F and G,
regardless of whether 7 is distributed according to F or according to G,

and whatever be £ > 0, we can assure

P{Dn g and L{c) yield the same classification of Z2} > 1 -~ ¢

9

provided only that m and n are sufficiently large,

Dn o has the doubile subscript as each D is a functien of Xq9Xp9000y
9

X9 JyeTpseees¥, and Z. Both m and n get large in the sequence {Dngm}°
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o Theorep 1 of Fix and Hodges (1951) concerns consistency in sub-
préblem (2)7 It shows the relationéhip between consisﬁency in estimation
and the consistency of sequences of decision functions as defined above.
The following additional notation is needed in order to state this theorem.
Let P1 denote Probabi;iﬁi?§vcompgted assuming that 2 is distributed
according to F and P2 probabilities computed assuming that Z is
distributed according to G. Letj}fz= {feJOGJt} an&u%{%: {gelgejl} be
classes of density functioms. It is assumed that some notion of
convergence is defined in fL and © may be a vector. Suppose that for

~

‘each n and m there is aé estimate ehsm for © which is a function of
xlﬁxzsaoo,xn and ¥y s¥59e0e3¥pe
Theorem 2.1 If,
(a) the estimates {gh,m} are consistents
(b) for every €, £ (z) and gy (z) are continuous functions of & for
every z except perhaps zsZ, where Pi(Ze) =0, i = i,29 then the
'sequence-§f discrimination procedures {ingm(C)? obtained by

applying the likelihood ratio principle with critical value

c >0 to fg (z) and g5 (z) is consistent with L(c).
n,m n,m

Fix and Hodges (1951) prove this theorem and the proof is similar to the
proof of Theorem 2.2 given below,

With this background, the way is clear for discussion of subproblem
(3). It should be recalled that the assumptions being made for this

case are only that F and G are absolutely continuous., Consideration of
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the L(e¢) procedure and Theorem 2.1 suggests an approach to subproblem (3),

In the L(c) procedure, once z is given, the only information needed to

meke the discrimination is f(z) and g(z). In Theorem 2.1, f(z) and g(z)
are not directly available so they are estimated. This is dene by first
estimating © and then using this estimate of © to estimate f(z) and g(z).
Likewise, in case, (3), £(z) and g(z) are not directly available, but these
densities are not characterized by a parameter ©. Therefore, it seems
lggicalrto try to estimate f(z) and g(z) themselves. BEstimating the
dersities f and g at z is a problem of considerable merit in its own
right. Consequently, a later section will be devoted to the literature:
of this subject. It will include work done by Fix and Hodges on this A
problem while they were investigating the nénparametric classification
problem,

Suppose estimates £ and ; for £ and g are available. If the L(c)
procedure is applied using these estimates for f and g the resulting
procedure is designated by L*(c,;’sg)e Theorem 2.2 below, due to Fix
and Hodges (1951), states what type of estimates % and g should be in
order for the procedures 3*(09%9;) to be consistent with L(e). This
theorem is basic to the work of tﬁis paper. For this reason and since
the proof does not explicitly appear in Fix and Hodges (1951) it is

included here,

Theorem 2,2 If fn m(z) and g, m(z) are consistent estimates for f(z)
9

9

where P, (Z
i

fsg) =0, i =.l’2’

f.g
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then ﬂf]n(c,f,g) is consistent with L(c),
9

Proof:

The L(c) procedure depends on f(z) - cg(z). If £f(z) - eglz) >0
choose F and if f(z) - cg(z) < O choose G. The event f(z) - cg(z) = O
is agsumed to have probability zero under either distribution. Likewise,

% A A . . A A
the Lnam(c,f?g) Procedure will depend on the‘var1a§le fn;m(z)‘--cgn,m(Z)°

Te show that Li m(cgfgg) is consistent with L(c) it will be sufficient
. 9 . .

to show two things. The first is that £ m(z) - °g, m(Z).;fo> f(z) -
. . s AN

. 9
cg(zj and the second is that If(é) - cg(z)lcan be bounded away frem zero
with suffieiently high ﬁroba’pil_ity° The first condition assures that
f(z) - eg(z) and }n?m(z) - c;n,é(Z) a;elérbitrarily close to each other
with high probability. The seecond condition assures that they are both
positive or both'negative with high probaBili’c—y'° The two together show
that both‘procedures will-maké:the gameléeeision with high probability.
?he above conditions are shown here in reverse order. VFix c>0
and e > 0, Consider the random variable |£(z) - eg(z)|, For i = 1,2,
P_i{lf(z) - cg(z)| < a} is the distribution function of this random

variable and is continuous on the right. By assumption

Pi{lf(z) - cglz)] = 0} = 0. Therefore, there exists a & > O such that

P, {1£(2) - cg(z)] <8} < /2 i=1,2

This is condition two above,

By assumption f
Dy

m(z) N £(z) and cg, m(z) AN cg(z). Therefore,
2 9 .
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£ h(z) - og, m(z) N f(z) - cg(z)., That is, there exists an N and M
9

9

such that if n > N'and m > M
PUE, () - oz, ((2) - (2(2) - sg(2))] > 6/2) < /2,

This is condition one above,

Combining these two yields

P{ﬁi m(c?f,g) anfl L(c) yield the same classification of Z} > 1 - ¢
. :

if n > Nand m > M, ¢

This ends the discussion of the Wﬁrk of Fix aﬁd Hodges for the
moment, Further discussion of their work will be contained in the
density estimation section of this chapter,

Stoller (1954) gives a distribution-free procedure for the
Hninvariatenﬁpgli two—popplation.case and an eétimate of the probability
of cerrect classification. His approach to the problem is based on a
paper by Hoel and Peterson (1949). He restricts the form of his
procedure which makes it difficult to generalize it to higher dimensions
than p=l. The procedure is éb cﬁoose a point A, If z < A classify z

as from F and if z > A classify z as from G, Stoller shows that (1)

~the estimate of the probability ef correct classification is a consistent

.estimate of the optimum probability of classification and (2) the

probability of correct classification induced by this procedure converges
in probability to the optimum probability of correct classification.
Johns (1960) has also considered the nonparametric discrimination

problem, He uses a slightly more general decision theory.setting thaq

i
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Fix and Hodges do, In their setting the loss depends only on the
probabilit& of misclassification. This is a particular case of Jéhns"
work which has a loss structure that takes into account the relative
severity of'misclassifications,

Cooper (1963) demonstrates that the multivariate classification
procedure optimal for the multivariate normal distribution, the
discriminant function, is optimum for broader classes of distributions,
These classes are the multivariate extensions of the.Pearson Type II

and III distributions., Thus, this paper is not directly concerned with

-nonparametric classification,

2,2 Literature on Nonparametric Density Estimation

As indicated in the frevgous section, the problem of estimating
density functions may arise in connection with the nonparametric ciass-
ification problem. Some other authors who have worked on this problem
were motivated by the problem of estimating the hazard, or conditional
rate of failure, function f(x)/{1 - F(x)}. Here it is assumed that F(x)
is an absolutely continuous distribution funetion. The first part of
this section concerns work done by Fix and Hodges (1951) and (1952).
They applied this work to nonparametric discrimination. Consequently,
this part of this section will consider both density estimation and the
application to the discrimination problem. It ﬁay be thought of as a
gontinunation of the previous section,

.. As before, a sample xl,kavono,xn is to be used to obtain an

estimate of f(x) at z. The idea is to take a small neighborhoed of z for
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each n. If N is the number of x's that are in this neighborhood then
N/n is an_estimate rof the probability in the neighberheod, and N/n
"dividqd by the measure of this neighborhood should provide an estimate
of ‘£(z), Lemma 2.3 below due to Fix. and Hodges (1951l) makes.these ideas
explicit.. |
Let p domate Lebgsgue measure in p-dimensional space :and Iet

|X - Y| denote the Euclidean distance between X and Y in this same space.

Lemma 2,3 If f(x) is continuous at x = z, and if {Ah} is a sequence

of sets such that

lim, éup lz - a]l =0

n&émn'daﬂh

and lim. nu(A ) = @, and if N is the number of X,,X,,...,X_Wwhich lie
—>o n 1972 n

inlxn, then {N/nu(l%)}‘is a consistent estimate for f(z).

There are two main ideas involved in the proof ampd they are roughly
stated here, First P(An) fggf(z)u(An) and. secondly P(An) = N./n° One key
point to notice in the above lemma is that the méasure of the setsA.rl
approaches zero but not as fast as n>w, i,eo>u(1%)—>o but nu(ﬁ%)—>m>,
This type of assumption will bé very important in the construction of
further density estimators which are consistent,

The'nonparametric.classification procedufes based on' these estimates
are designated by ﬁ*(c,N/hu(Zg),M/mu(jxm))o By Theorem 2.2 these ‘:
procedures are consisfent with L(c). These procedures. have one drawback.

How should the regionslﬁn for f and the corresponding regions_PLm for g
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be chosen? Choosing these regions too large or too .small can have
serious_consequences on the density estimators. Consequently; Fix and
Hodges have given an alternative approach to this density estimation
problem in order to avoid some of these problems. This approach was
designed specifically for the nonparametric discrimination problem.
It is aimed at estimating two densities at a point =z simultaneously.
Preliminary to discussing the alternative approach it is shown

that the nonparametric classification proeblem can be reducéd from
p-dimensions to one. Let ?‘(x,z) be a metric. Suppose that ®Q (x,z) and )
Qi(y,z) are random variables possessing densities, say fz(x) and gz(y)9
which are continuous and not both zero at zero. Settingﬂi(x,y) equal to-
p~-dimensional Euclidean distance will work. The two samples Xq9X590 009X,
and yys¥peeees¥, are replaced by R(x;42), Q(xa,z),.o.,e (x_52) and
Q.(yl,z)? Q(yzi,z),;,q”Q(ym,z) respectively. The problem now is to
decide whether fZ(O) or ch(O) is larger. Hence, it may be assumeé
without loss of generality that f and g are densities of non-negative
univariate random variables and that z = O, This is done for the
remainder of this chgptero .

__'The”maiﬁ idea of Theorem 2.4 due to.Fix and Hodges (1951) is to
take an integer - k for each n and m and take the k closest points, either
x!s or y"s, to 2, This then is the regionlxland the regionJLmo
-Qﬁestioné whiéh arise are how should the k's behave and since N+M = k

What effect does this have on the estimates? Theorem.2.4 answers these

guestions.,
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Thebrem 2,4 Let X and Y be non-negative. ILet f and g be positive and
continuous at O, Let k(n,m) be a positive-integer-valued function such
that.k(n,m)—éﬂoq (1/n)k(n,m)—>0 and (1/m)k(n,m)->0, as n and m approach
®, (These limits are restricted so that ﬁ/n is bounded away from

O and @), Define
th

U =k smallest value of combined samples of X's and Y's
N = Number of X's SlU
M = Number of Y's < U,

Then N/nU is a consistent estimate for f(0) and M/mU is a consistent

estimate for g(0),
The L%(C,N/nU,M/mU) procedure is then to

_ choose F if N/n > cM/m

. and chooge G if N/n < cM/m,

“This precedure is comsistent with L(c).

_ 'The above procedure is seen to have optimum properties as n and m

;

.get large, One question which arises immediately is how do these

“procedures behave if n and m are small?

'The procedure based upon the linear discriminant function is a

. reasonableprocedure if .(1)-F and G aye p-variate normal and (2) F and G

~ have the same covariance matrix. This procedure involves much cemputation

whereas the procedures proposed above are easy to apply. This brings up
a second question, How much discriminating power is lost if the non-

parametric procedure above is applied when assumptions (1) and (2) are
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valid? Fix and Hodges (1952) attempt to answer this question and the one
in the preceding parégraph éimultaneously° They compute tpe two types of
error for p=1,2 and‘vgrioué values of n (mostly small) and cémpare tﬁese
errors for the two proceéurés, The ngnparametric proceéure seems to
compare ,very fa\‘rorablyo | ‘

. This ends the review of the work of Fix and Hodges (1951) and
(1952). A discussion of several papers concerned solely with density
estimation follows,

Parzen (1962) has construeted a family of estimators for a density
function f(x). His estimators are based on a sample of n independent
XRIITEN with the same
continuity assumptions as stated previously. His estimators are con-
sistent in quadratic mean, (this type of consistency implies ordinary
consistency). They are also asymptotically normal, A review of his

work follows,

Let Fn(x) be the sample distribution function.

il

o .
Fn(x) for x < X

1)

(2.1) r/n for X(p) <x< X (r41) r=1l,..0,n-1

i

1 for x Z_X(n)

where the lower subscript in ﬁarehtheses‘indicates an order statistic.
The random variable Fn(x) is a binomial rarndom variable with EFn(x) = F(x)
and var {Fn(x)} = {(1/n)F(x)}{1-F(x)}. One possible estimate for £(z)

which occurs is
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(2.2) %n(z) = {Fn(z+h) - ?n(z-h)}/zh,

Here h is a positive:number which must get small as n>o . How fast
should h get small? How should h be choseg? These are question which
mﬁgt be answeréd in studying %n(z)° |

These questions may appear new but they were encountered earlier.
In fact, the estimator (2.2) is of the type proposed by Fix and Hodges in
Lemma 2,3 for the univariate case. Once h is chosen, for a particular n,
this determines an interval or regionzﬁn about z of diameter 2h,
Fn(z+h) - Fn(z~h) is the number of x's which fall inxﬁﬁ, say N, divided
by the total number of x's, n. Thus, %n(z) is equal to N/2En which in
turn is equal to N/nu(l%), This is the Fix and Hodges ‘estimator as
claimed, Tﬁe problem of choosing h is thus seen tg be analogous to the

earlier problem of choosing A\ -

Rewritinghgn(z) in;an alternative form will suggest a whole class
of estimators based on the empirical distribution function Fn(x), It
tu?ns out that to study the estimate (202) énd to try to answer the
above questions concerning h it'is just as easy to consider this whole

class of estimators. Let

K(y) = 1/2 Iyl <1
fhen
-~ @ q .
fn(z) = f (l/h)K({Z-y}/h)an(y) = (1/nh) T K((z—xj]/h),

- j:]_ :
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Varying K(y) will lead to other estimators.

A few of the results obtained by Parzen are now stated. This is not
an exhaustive listing of his results, but a summary of results relevant
to the work of this paper.

K(y) will be ;;estricted to be a weighing function, i.e. K(y) will be

an even function satisfying the feollowing conditions:

(1) sup [K(P]| <@
- <y<m '

@
(i1) J IK(Play < »
(264) -®D
(iii) lim. |[yR(| =0
y—>m
®
(iv) [ K(y)dy = 1.
-
The first three of these conditions are necessary for applying a theorem
in Bochner (1955) which is a key theorem needed in the proof of some
of Parzen's resultsi.

Since h depends on n let h=h(n), If

(2.5) lim, h(n) = O,

‘ n—>m
then (2.2) isvasymptotically unbiased (i.e, lim, E fn(z) = f(z)). If
' e ‘ :
in addition to (2.5) the h's satisfy
- : _—
(2.6) lim, nh(n) = @,

n—>w
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then fn(z) is consistent in quadratic mean (i.e, lim, Elfn(z) - f(z)|2 = 0),
‘n—>o

We note that h(m) approaching zero is equivalent to the interval
about z,l&n,<gettin§‘smallo ’In efféct5 (2:6) sayé thafzgh must not get
small as fast as n—%ayf This samé idea was noted previously in comments
immediately following Lemma 2.3, “

Here, then, is a class of estimators all of which are comsistent.
These are the type of estimators needéd in Theorem 2.2, However, certain
problems in choosing the h's still remain, as conditions (2.5) and (2.6)
allow for wide variation. Parzen (1962) has obtained a theeretical optimum
value of h which is of-the form cn—é where ¢ is a constant and 0 < & < 1.
Its fractical value in applications is somewhat limited however, since
knowledge of the unknown density.is necessary in computing the optimum h,
This problem of choosing h's seems to be basic to the density estimation
problem, Intuitively, it seems that perhaps the choice of h should depend
on the sample of n, Xq9X590009% o available, ﬁhis makes a fundamental
change in.the'estimatprs as h would then be a random variable rather than
a constant, A close look at the alternative density estimators proposed
by Fix and Hodges in Theorem 2,4 shows that this is exactly what has been
done there, This will also be the case for a density estimator proposed in
the work of this paper.

Resenblatt (1956) was the original contributor to the nonparametric
density estimation problémo He considered the estimator (2.2) in some

detail, He also indicated how a class of estimators could be generated
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using different weighing functions and discussed them briefly. Parzen's
paper (1962) is a continuation aﬁd generalization of Rosenblatt's work.
One interesting fact which Rosenblaﬁ% proves is that ali nonpérametric
density function estimators are biased.

Cacoullos (1964) is concerned with estimating a multivariate\deﬁsityo
His paper is a generalization of Parzen's (1962) work with almost all
results being‘multivariéte analogieg of,Pafzén“s results.

Manija (1961) gives “the two-dimensional generalization of Rosenblatt's
paper (1956). . In view of Cacoullos"’paper (1964), mentioned above, this
paper need not be considered here,

Some work on estimating density functions has been done using a
somewhat different.approach than those already disceussed. In particular,
Whittle (1958) and Watson and Leadbetter (1963) have used results-from
spectral analysis in constructing density estimators. Spectral analysis
is concerned with analyzing a'stationary time series., It turns out that
it is much easier to work with the spectral density function, which is
the Fourier transform of the autocovariance function of the time series,
than to work with tbe time series directly. A problem which immediately
arises is the estimation of this spectrél density function. Several
papers have been written on this subject, most of them prior te the papers
on-the density estimation problem., This estimation pr@ﬁlem turns out to
have several similarities with the one being discussed here,

Whittle (1958) follows an approach that he used in an earlier

paper on spectral density estimation, Watson and Leadbetter (1963) use




21
the techniques of Parzen from an earlier paper on spectral density
estimatien, Whittle (1958) considers estimators of the form
A n

(2.7) f(x) = (1/n) © w_(x,),

e o X ]

J=1
where wx(y) is chosen to minimize " expected mean square error !, A key
assumption in his work is " that the curve f(x) being estimated is one
of a whole population of curves, and that the pepulation correlation
coefficient of f(x) and f(x+e) tends to unity as € tends to zero ¥,

[

Watson and Leadbetter (1963) consider estimators of the form
N n
(2.8) f ()= (1/n)_>: B, (x-x,),
i=l
with 6n assumed square integrable, They use various criteria frém the
Parzen paper on spectral density estimation including minimizing the
" mean integrated square errer"” . Tﬁo broad»classes are defined in terms
of the behavior of the characteristic function of the distribution. It
is shown that the class of estimators propesed by Parzen (1962) falls
into one of these categories. Some comsistency criteria are defined,
again following Parzen, and the estimates (2.8) are discussed in terms
of these definitiens,
Discussion of these last two papers in greater detail here does not
seem warranted as they are not closely related to the work of this paper.
The papers of Fix and Hodges (1951) and Parzen (1962) are mere closely

related. In addition, the discussion of these latter two, in some detail,
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serves as good background material for the density estimation problem, as
it will be treated here. It should be noted that only papers déaling with
nonparametric denéity estimation have been reviewed. Néthing is said

albiout parametric density estimation.
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CHAPTER IIT
THEORY OF COVERAGES
The theory of coverages plays a key role in the development of the
density estimator of this thesis. The results needed will be developed
in this chapter. The notation set down in Cﬁapter iII will continue to
be uééﬁ tﬁrouéh;u;.the later chapters, |

Let x

l,xa,,,.xn be a sample frem a population with an absolutely

continueus distribution function F(x). Let the ordered values be‘x(l),

R(oyseeeaX(n)o i.e, X(1) < X(2) < s0s < X(n)e The intervals (-eo,x(li],

)
‘

(x(l),x(ail,..., (x(n),+qﬂ are called sample blocks and designated by

B(l) B(n+l)

oo The coverages ¢ eoC
1 eIy ° g 19°°°9%,

+1 of these blocks are defined

as F(X(l5), F(X(Z)) - F(Xﬁl))’°°°’ 1- F(x(n)), respectively. Since

n+l
z cy = 1 only the first n coverages are usually considered., The
i=1

subscript on the B's indicates that these blecks are for one-~dimensional
variables. Note: P(Bil)) = ¢; and the ¢, are random variables. The
following theorem on coverages is easily proved using the theory of the

dirichlet dié&ribution and the theory of order statistics (see Wilks

(1962)).

Theorem 3.1 The sum of any k of the coverages ¢ has the

1°%59°°°9%n41

beta distribution with parameters k and n-k+1.

The generalization of this theorem in termé of multi~dimensional

coverages is used in some of the proofs of this paper. Multi-dimensional
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coverages are now introduced and the generalization of Theorem 3.1 is
given,
Let Xy 9Xog00e X be a sample of n from a p-dimensional distribution.
x; = (xli’xzi"’°’xpi) for i = 1,2,...,0n. An ordering fgnction ¢ is
introduced where w = @(x) is a univariate random variable which has a
continuous distribution function H(w). Consider thé new random variables

Wy gWaseeesW where wy =‘¢(xi) for i = 1,2,...,0. . Order these w. obtaining

We1)eW(o)seees Wegye The coverages are new deflngd as ¢y = H(w(l)),

R = H - H = - ]
c, (W(E)) (W(l))’°°°° c, H(w(n)) H(w(n-l))f- ?Q?y correspond
to the p-dimensional samﬁle'blocks B;l), Béa),o.., B;n+1). The blocks

are the disjoint parts that the p-dimensional space is divided into by
the ordering curves ¢(x) = W(5) for i = 142,0..,n. As before, ¢, =

P(Bé’l))g i = lszvooogno

Theorem 3.2 The sum of any k of the p~dimensiqna1 COVerages Cqy Chgeoesg

c has the beté distribution with parameters k and n-k+1,

n+l
Further discussion and proofs may be found in Wilks (1962), Wilks (1941),
Wald (1943) and Tukey (1947).

An example is now given. It illustrates how this theorem will be
used in this paper. DLet p = 2, and consider a sample of n two-dimensional
random variables XpgeoosX o Let z be a point in two-dimensional Buclidean
space, Define ¢(x) as the two-dimensional Euclidean distance between x
and z, i.e, w = p(x) = Ix-zl, Using‘@ we obtain a new set of orderéd
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kth ordering curve

FIGURE 1

SAMPLE BLOCKS AND COVERAGES FOR p = 2
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. X | , (1) (n+1)
varlables-wu),,“,w(n)° These }nduce the sample blocks B2 "°°’B2 o
The distance from z to the X, closest to it is Wipye Therefore, Bél>
consists of those points~inside a circle about z of radius w This

1) o

circle is the ordering curve ¢(x) = Weye The distance from z to the X5

that is an closest to z is v Therefore, B censists of those

2)° 2

but which are not in

points inside a circle about z of radius w(

: 2)
Bél)o Bék) consists of those points which are inside a circle of radius
Wi,y about z but which are not in p(1) p(2) B L) ok 2 1,2,.0,m.

2 9 2 900049 2

Bén+l) consists of those points outside the circle of radius W(n) about 2z,
(1)

See Figure 1. As previously, ¢, is equal te P(B2 )y i = 1,25...40. The

(1),
2

3
sum of k blocks B Bék)

ocoeo

consists of those points inside a circle
of radius W(k) about z. The sum of correspending coverages is

G, + coo + Co By Theorem 3,2 this sum of coverages has the beta

1 k
distribution with parameters k and n-k+l, Analogous results are
available for arbitrary dimension p except that the circles are replaced
by p-dimensiomal hyperspheres. |

The followiﬁg results concerning the beta distributioen shoul@ be
recalled as they are used in the seq-uélo If m has the beta distribution
with parameters k and n-k+l then

E(m) = k/(n+1)

(3.1) var (m) = k(n«-k+l)/(n+l)2(n+2)°
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CHAPTER IV
A NONPARAMETRIC DENSITY FUNCTION ESTIMATOR
An estimator for a multivariate density function is now proposed.

In one sense,  the estimater propesed in Theorem 2.4 by Fix and Hodges
may;be considered a special case of this estimator. The two estimators
will be compared, The motivation and development of this estimator is
by different methods than those used b& Fix and Hodges. The theory of
coverages contained in Chapter IIT is used in the proof of the consistency
of this estimator.

| Let XlgoOO,xn be a sample of n p-dimensienal observations on a
random variable X = (Xlengooogxp)a An observation x, is x, = (xligooo,
xpi)° Assume X has an absolutely eontinﬁous‘distribution funcetion,
F(x) = F(X19X2°f°°°xp)° with corresponding demsity function f£(x) =

f(xlgngooogxp)g which necessarily exists almost everywhere.

DPF(Xlg,,,gxp)
(.LI'ol,) f(Xlg.o“,Xp) = ax

1§x2.°;bxp

An estimate is desired for the density f at a point of continuity9
z = (zlvzz.,ooa,,zp)9 where f is also positive,
4,1 Preliminary Work ahd Notation

Let hi9 i=1,2,.0.,p be positive constants,

P{Zl—hl _<_ Xl < Zl+h19°°°92p-hp S Xp < Zp+hp}

'(4f2)

= F(Zl+h 9Zp+hp) - F(Zl+hl°'°°gz +hp_lgz “"hp) = o000

lgooo p-l p
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- - -1)P - -
F(z1 h1922+h2”’°9zp+hp) + seo +-( 1) F(z1 hl,,..,zp hp)

= Ar
el pF(Zlgooogzp)o

In particunlar, for the case p=2

A\ - ’ - i — - -
2F(Z1’Z2) = F(zl+h1,za+h2) , E(zl+h1922 h2) F(zl hl,zz+h2)

-+ F(Zl-hl 9 Za-ha) o

Now by definition and ‘the original éssﬁmptions

" Lime A F(2yeeey3)
b p_1"""p
f(z 93.332 ) =h‘°’~'_>\o
1 je [ P .
o 2’n n_,..h
(LI-eB) . 1=19oo09p 172 p
lim, P{z.-h, <X, < 2.+h. 40002 -h < X <z +h
=h,—> 0 1Py ST < ety hy S X < )
5 , .
T P
1—19 e oo 9p R 2 h.lhzo o‘ehp

It is convenient to firite (453) in an alternative form. For this
the following notation is necessary. Let d(XyZ) represent the p-dimen-
sional Euclidean distance function |X-Z|. A p-dimensionai hypersphere
about z of radius r wi}i bg ?esignated by Sr9Z9 ie. 8, = {xla(x,z) < rl.

9
The ,volume or measure of the hypersphere Sr 2 will be called Ar o A

. o2 T,z
is equal to 2rpnp/2/pr1(p/2)°

“Briefly
o) d(x';z) = |X-7|
(4.5) s, = (xlaGxe) < 1)
(4.6) ' Ay, = Measure of érsz = 21«1’1#’/2/]9f'-"(;p/z)°

7
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Both S
Ty%

and Ar 5, @ppear later with identifying sub-subscripts.
9

?

Using this notation and noting that Ar Z——> 0 if and only if

9
r —> 0, f(zl,zzgoaa,zp) may be written

lim,
(4.7) f(zlgoo,,zp) = 50 P{Xesrgz}/ﬁrgz,

i.e., there exists an R such that if r < R then

(4.8) IP{Xs-Sr Z}/Ar’z - f(zl,,,.,,zp)l <€y

9
for arbitrary ¢ > O,

4,2 A Nonparametric Density Function Estimator

This section will include a general discussion which will serve as
the motivation for writing down a density estimator fn(z)° In the
following section the consistency of this estimator will be shown,

According to (-’L;.S)9 P{Xesr9z}/Ar,z can be made as near f(zlqooo,zp)

as one chooses by letting r appreach zero, P{XsS? z} is unknown since

9

it depends en the density f-which,is being estimated., Therefore, if a

good -estimate of P{Xesr Z} can be found, it can be substituted in the
9

, and this should be a good estimate of the

9327 Ty

density f at z, This is the approach whiech will be used here,

In the example given in the chapter on coverages it was seen that the

sum of k blocks B;l) + Béa) + o000 F Bék) was a p-~dimensienal hypersphere
Srkg where T = W(k)’ and W(k) is as defined in the example of Chapter

ITI, If the hypersphere Sr ” in the preceding paragraph is replaced by
. 9 .
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S s a sum of blocks, then P{XsS
L : _ r

coverages, Theorem 3,2 on coverages gives the distribution of this sum

z} is the sum of the corresponding
. .

of coverages. If this sum of coverages‘converges in pfobability to its

expectation, then approximating it by this expectation seems reasonable.,

This is basically the idea used hgre to obtéin a density estimator.
More specifically, let {k(n)}be a sequence of iﬁtegers (this can

be generalized to more general k(n) with minor difficulty) such that

lim, k(n) = @
n—>@

1im, k(n)/n = 0,
n—>aw

From now on, k(n) is set equal to k unless somethiné to the contrary
is stated, i.e. k(n) = ko

Let the ordering function be ¢(x) = w = |¥-z|. The ordered
variables are Wipye WioyseeoaWinyo corresponding to the set of p-
dimensional x's, xl’°°°’xn° According to the example of Chapter III,
the~orde#ing curves @(x) = Wiy i=lyee0q ity are surfaces of p-idimensional
hyperspheres of radius Wisys i=l,...,n, about z. The corresponding blocks

are B;l)g..,g B(n+l) and the coverages are ¢

b 1

sum of k of these blocks, B;l)+ ooo B;k)

4C.g0005C o Consider the
2 n
. This sum is a p~-dimensional

hypersphere Sr

z where Ty = W(k). Let Uk equal the corresponding sum of
k‘)

+ soe + C. o

coverages ¢
8es Gy k
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(4.10) U, =c¢

k +,,°.+C

= P{Xssr Z]o

1 1

k

By Theorem 3.2, Uk has the beta distribution with parameters k and n-k+l,

Therefore, using (3.1) it is easily shown that U, minus (k-1)/n converges

in probability to zero, i.e. U - (k-1)/n —2> o, Thus, (k~1)/n is an
approximation for Uk = P{XsSr Z}o This leads to the proposed estimator
: Kk
£ (2) = ((-1)/}{(1/A, )

k?
(4,11)

H

(k-1)/n} o[ (p/2) /222 ).

The reason for using (k-1)/n rather than k/(n+l) is discussed in Chapter
VI, Theorem 4.1, below, supplies the details of the préceding discussion.,

4,3 Consistency of the Nonparametric Density Estimator fn(z)

Lemma 4.1 If ¢ = an/bn N # 0 and a, N 1, then b, P 1/c.

Proofs

a, *—E—> 1 and c, ——B€> ¢ # 0. Therefore, an/cn = bn ~—E—> 1/c.

This elementary lemma is used in a key step of the proof of Theorem 4.1

below; thus it is convenient to have it explicitly set down here,
Theorem 4,1 The density estimator fn(z) as given in (4.,11) is consistent.

Proof:
The first step in this proof is to show that f(z,,...,2_) can be
1°? b

approximated by P{XeS }/A - This is done by showing that
LA Y .




DI R N

)

-

)

!

Ll

[N

. 32
P{Xssrkvz}/A'rqu'——P—> £(zg,0002 )
P{Xesrk,z} = Uk has the bété distribution with parameters k and
n-k+l. This can be used to show that U_ P 5o, By (3.1)
EU, = k/(n+1)

(4.12) 5
var {Uk} = k(n-k+1)/(n+1)“(n+2).

Using the Tchebysheff inequality and for arbitrary ¢ > O
P{|U, - k/(mD)| > €} < var (U)/c°

= k(n—k+1)/(n+1)2(n+2)czo

' Using the conditions (4.9), the right hand side is seen to converge to

zero. Thus, for large n, the right hand side can be made arbitrarily
small, That is, Uk - k/(n+1) N Using (4.9) again gives

k/(n+l) —> 0. Combining these two results gives

(4.13) U = P{XeS_ _) ——> o,
k L
However, this can happen only if the measure of S s Viz. A .

Ty o2 Ty e
converges in probability'to zero, by the éontinuity assumptions. 'This,
in turn, can occur if and only if T ——E—> Oo

Let R be as defined in (#.8). Since r ——2—9 O, there exists an N

k
such that if n > N, and for arbitrary'n >0

(4.14) P{r, <R} >1-0.
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Using (4.8) and (4.14) the follewing statement can be made, If n > N

P{IP(XsSrk,Z}/Ark,Z - f(zl,,..,,zp)l <e}>1-T,
iaeo "
. : P
(4015) P‘{Xesrk9z}/Arksz ——9 f(Zlgooogzp)a

This concludes the first part of the proof,
The concluding portion of the proef goes as follows. By (4.15)
P . .

Uk/Ark,z —> f(zl,,..,zp) or, rewriting this,

(4.16) (/1) )0, /(n/ (k-1 5> £ (2),00022)0 -

k Ty a2 1 P
If it can be shown that the numefato? of (4.16), viz. {n/(k—l)}Uk9
converges in probability to 1, them it will follow that the denoeminator,

viz, {n/(k—l)}Ar i will converge in probability to l/f(zl,ooeaz Yo
k9 ‘ - “p

This is so because of Lemma 4,1, when the following associations are

made: a = {n/(k-l)]Uk,bn = {n/(k-l)}Ark,zg c, = an/bn and ¢ =
f(zl,“r,,z'p)° But the above statement is equivalent to

(4.17) {(k—l)/n}{l/Ark ) P £(zyg00esz o

9
This is the desired conclusion of the theorem., It remains to show that
(n/(k-1) U, N

Consider {n/(k-l)}Uka
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E[{n/(k-l) Yo, | = {n/(k-1) Hkx/(n+1)}
(4.18) -

var [?n/(k—l)}UéJ = {nz/(k—l)z}{k(n—k+l)/(n+1)’2(n+2)}o

The variance in (4.18) approaches zero by (4.9). Using the Tchebysheff

inequality and for arbitrary € > O
P‘[ l{n/(k—l)]Uk - {n/(k-1)}k/(n+1)}| > e‘] < var Efn/(k~l) }Ulgl/ e

(4.19) = (02/(k-1)2} (k(n-k+1)/(n+1)2(n+2) }{1/e7}.

Thus, {n/(k-1)}U, - {nk/(k-1)(n+1)} —=> 0, Also, nk/(k-1)(n+l) —E=> 1,

Combining these two results gives
(4.20) {n/(e-1) JU, —> 1,
Thus, (4,17).follows from the argument above and the theorem is p’roved°
Written out in detail, (4.17) looks as follows:
i D p/2y P
(4.21) {(k-l)/n}{pl"(p/a)/arkn } ——> f(zl,.,.,zp)o

4.4 How Home Basic Problems Were Solved for %n(z)

Earlier, the problem o? choosing neighborhoods (or equivalently
h's) was mentioned, In particular, it was mentioned in the discussion
following Lemma 2.3 and in the paragraph following (2,5) and (2.6) in
the review of Parzen's (1962) paper. There, it was pointed out that
in order to have a consistent density estimator it was necessary for
the h;s to get small as n increases but noet as fast as n increases.

These conditions are made explicit by (2.5) and (2.6) in the review of -
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Parzen's (1962) paper, It seems necessary to point out that these

. requlrements are satlsfled in the estlmator of Theorem 4,1 and why

they are requlfea for“the con51stency of this estimator.

| The condltlons which" are equlvalent to (2.5) and (2 6) are (4.9).
The-flrst condltlon of (4 9) requires that the sequence of constants |
get large as n —> ® and the second requires that this sequence be

of loﬁer Qrdér of 1nf1n1ty than ﬁo These conditions are used 1n‘the‘
discuésionyimmediétely following (4.135° lThefé it is seen;tﬁét U,

approaching zere implies the same thing for Ar which, in turn, implies
k

the same thing for o Thus, T, can be thought of as h{(n) and if Uk
does not get small as fast as n —> o then neither does r By (4.12)

k*
U, is of order k/(n+l) and hence converges to zero, but not as fast as
n —> ®, since k also approaches ® , Thus, rk.also gets small, but ﬁot
as fast as n—> o

So far, it has been pointed out that the conditions (4.9) are
equivalent in some sense te (2.5) and (2.6). It remains to show that
they were necessary conditions in the proef of the theorem. This is
done simply by pointing out where they were used., The second of the
conditions (4.9) was used immediately preceding (4.13) in order to arrive
at (4.13). The first of the conditions (4.9) was used in the application

of the Tchebysheff inequality immediately following (4.18), It has the

effect of making the variance in «4.18) go to zero as n —» ® .,
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It may appear that the estimator }n(z) could have beenh simplified
by fixing k at some constant value for all n, However, this is now ruled
out b& the‘above discussion since %n(z) wouldﬁﬁhén(not be a consistent -
estimator.
4,5 The ﬁnivariate Case and a Comparison of It with Theorem 2.4

In this section, the discussion will be restricted to the case
where X is a univariate random variable with X > O; £(0) > O and f is
continuous on'[b,mf), These are the conditions used in Théorem 2.4 and
are interesting-in view of the discussion in the second paragraph

preceding Theorem 2.4. An estimate of £(0) is desired. The special-

ization of (4.11) to this case is given. The estimators of Theorem 2.4

-are discussed and briefly compared to the specialization of (4.11) given

here,

By definition, £(9) is

(4,22) . £(0) = if:a (F(h) - F(O))/h = if;a F(h)/h.

This statement is equivalent to (4.7) in the general case, In this case,
h is the length of the interval DDQh)D There is not a central interval
about the point zero as X > 0, The general density estimator is based
on a central interval about O of length 2h. Thus, some slight modifi-
cations must be made in the general density estimator to handle this
case, The reason for these modifications being that if f is definéd‘as

0 for X < O; then X = O is a point of discontinuity of f. However, f
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is assumed continuous on thé interval EDQQ>), The development is
sketched here, the verification being almost identical to the proof of
Theorem 4,1, |
The observations X(1)voe=9X(y) are already ordered as to distance

from z = O since X > O and X is univariate. Therefore, the ordering

function d(x,z) is not necessary here. Consider the blocks Bil) =
(2) : (n+l1) .
P,x(lﬂ., B = (x(l),x<2ﬂ,,,,, BTN = (x(n),m). Correspending

to these blocks are coverages ¢, = F(x(l))9 c, = F(x(a)) - F<X(1>)gooog

¢ op =1 - F(x(n))o Now
Uy = Cp + oo +
= Flxgy)
and B:El) + soo + Bik) = E)”x‘(k)}

The measure of this last sum of blocks is X(k)° Uk has the same
distribution as it had in prévious work. Therefore, the procedure now
is the same. as that in developing fn(z) in the general case. This leads

te
(4.23) ?(0) = ((k-1)/n}{1/x(yy e

In Theorem 2,4, Fix and Hodges have two nonnegative univariate

random variables X and Y, respectively. Assuming £(0) > 0 and g(0) > 0

the problem considered there is estimating £(0) and g(0) simultaneously

from samples x seco X, from f and yi,,oogyhnfrom g. Their procedure

1

| )
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is to choose a sequenée of .integers k(n,m), such that k(n,m) —> o,
(1/n)k(n,m) —> 0 and (1/m)k(n,m) —> O as mand n —> ® , and to

define

U= kth smallest value of combined samples of X's and Y's
N = Number of X's < U
M = Number of I's < U,

Note: M + N = k(n,m) = k.

Then
(4?24) ‘E(o) = N/nU and é(o) = M/m¥, .

No use of the theory of coverages was made in this development,

There is some similarity between (4.23) and (4.24). They both
make use of the observations in determining h. 1In the first case, h
is (1) and in the second case, it is U, This is in contrast to work
such as that im Parzem (1962) and Watson and Leadbetter (1963) where h
ié a constant that dgpends on n but not on Xq9o009% o The estimators
(g,ag)_are‘available only for the speéialized case considered in this
section. This is very restrictive as far as density estimation in
cases other than the classification preblem is concerned. On the other
hand, the estimator (4911) is available for any multivariate density
satisfying the continuity assumptions previously set down.
4.6 E%n(z)'and var }n(z) for the Uniform Distribution in One Case

Let X be a randem variable unifo;mly distributed on the interval

[0,1]. Then
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£(x)

1 x ¢ [0,1]

. o= 0 otherwise.

Let z = 0, Consider the estimator of £(0), fn(O), This is a particular

case of (4.23), i.e.

-

fn(O) = {(k-l)/n]{l/x<k)},
In this section, Ef (0) and var f (0) are examined and the behavier of
fn(O) is studied for this special case,

The distribution function for x is

F(x) =0 x<O0
(4.26) = X 0<x<1
=1 X > 1.

Using (426)9 the distribution of the kth order statistic can be
written down, See Sarhan and Greenberg (1962) or use the results of

Chapter 1II.

: n} : k-1 n-k
We2?) Yyl = nr Gaie) | )

Therefore,

1
- nl yk=2 -k
B[l/x0)] =/ G GoT) A ao) T )

2

(4.28) CMx-1) T (n+l-k) . nl
= () (k=1)! (n-k)?
= n/(k-'l)o

N -
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Likewisey

1
2 _ n} . k-3 n-k
Bx0] =/ T T )

(4.29) = [n(n-lf]}/ [(x-1) (x-2)].

Using (4.28) and (4.29)

Efn(o) = {(k—l)/n}E{l/x(k)}
(4.30) =1
‘ =f(O),
~2 2,2 2
(4.31) = {(k-1)/0}{(n-1)/(k-2)}
and N as - >
var fn(O) = Ef“(0) - {Efn(O)}
(4.32) = {(k-1)/n}{(n-1)/(k-2)} - 1
; n-k+1 |
= n(k-2)
Using the conditions (4.9), the following results are immediate
Efn(O) =1
(4.33) var fn(O) —> 0

E‘n(o)——ﬁa’ 1 = £(0).

This is exactly as guaranteed by Theorem 4.1, For this special case,
if the factor k/(n+l) had been used rather than (k-1)/n in defining

fn(O)9 then fn(O) would have been biased upward. This is the first
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indication that using the factor (k-1)/n in defining fn(z) will lead to

a better estimator than using k/(n+l) will.

the same in either case,

The asymptotic results are

L
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CHAPTER V
NONPARAME&RIC CLASSIFICATION

A nonparametric ciassification procedﬁre is iﬁtroduced in.this
chapte;’° It will be based on the density estimators developed in the
preceding chaptér and on Theorem 2.2, Invariance properties of the
procedure will be discussed. Special cases will be considered and some
comparison with the procedure given by Fix and Hodées based on Theorem
2.4 will be given?
5.1 A Nonparametric Classificgtion Procedure

Let f and g be two density functions cerresponding to absolutely
continuous distribution functions F and G, respectively. F and G are
unknown. Let z be a p~variate observation which is to be classified as
belonging to' F or to G. Samples KpgeoosX, and Jysocesd, are given from
¥ and G respectively. Consistent estimates for the densities f and g at
Zy %n(z) and ;m(z)9 are given byiTheorem 4,l, Let [kl(n) = kl} and

{ka(m) = k2} be sequences of integers such that

lim, kl = @ ‘ lim, k2 = ®
n—>w m—>-w ’

(5.1
lim, kl/n =0 1im, kz/m = 0,
n—>-m m—>a

Essentially what (5.1) says is choose k, and k, large but small

compared to n and m respectively.

kl k2 k

defined in section 4.2 of Chapter IV, (r

Let r, and r, be defined analogeusly to the way in which r,_was

K is defined using the x's and
1 ;3
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. . . ' . . . .
. 1is defined using the y's)., Likewise, deflne,Ar 2 Ar .2
2 kl k.?
. 2
S and S as A_. © and S re defined i ti .2 of
rk o2 rk ,Z ?koz re, we efined in sgc ion 4 o]
1 2
Chapter IV,
Then "
fn(z) = {(kl-l)/n}{l/Ark ,z}
1
= {Ge-1)/n}p[" (p/2)/2x) /2y,
1
(5.2) and .
gm(z) = {(k2~l)/m}{1/Ark vZ}
2
= {(ka-l)/m}{p[”(p/Z/Zrﬁ np/a}°

2

It should be noted that even if kl and k2 are equal the r in fn and the

A

r in g, are not in general equal., The notation will not be further
complicated, at this time, in order to distinguish the r's. The

classification procedure is then as follows:

choose F if gn(z)/;m(z) > c
(5.3)
choose G if fn(z)/gm(z) {vc,

This procedure will henceforth be designated by L(cggn?;m)o Tﬁe cheice
of ¢ aepends on the relative importance of the two types of errors:
classifying z as being from G when it is from F and viece-versa. For
example, if ¢ is choesen so that the probabilities of these two types of
errors are equal the proceaure is called a minimgx procedure. The choice

of ¢ is not considered here but it is assumed to be given,
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According to Theorem 2.2 and Theorem 4.1, L(c,%n,;m) is consistent
with L(c). Since L(e¢) is optimum with respect to minimizing the prob-
abilities of the errors of misclassification, L(c’gn’ém) will share these
optimum properties as m and n get large. Thus, (5.3) provides a
nonparametric classification procedure that has asymptotically optimum

properties. It is not restricted to the one-dimensional situation or to

‘any special cases,

= 1, the proecedure (5.3) does not depend on the

=%
If kl b or k

2
observations. \Thereforeg if kl =1 or kz = 1 it is convenient to alter
(5.3) slightly by changing the density estimators (5.2). The following
change, which will be made, does not affect the asymptotic properties of
the estimators (5.2). Thus, it does not affect the asymptotic proeperties
of (5.3) either. If k; =1 or k, = 1 the factors (kl—l)/h and (k2-1)/m
will be changed to kl/(n+1) = 1/(n+l) and k2/(m+1) = 1/(m+1), respectively.

These changes are assumed in effect for the follewing work.

5.2 Special Cases\and»a’Comparison with the Tix and Hodges Proecedure

(5.3) can be written in the following alternative form,

P
. (kl—l)m k.
Choose P if <k2_1>n * 5 >c
STy
1
(5.4) and .
(e,-L)m Tk
. 1 2
choose G if - o <e.,
(ka—l)n P
¢ rk
1
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Suppese that m = n. It seems reasonable then to choose kl = k2 =k

Let 1T and or designate an r coming from samples from F and G-

respectively. Then L(c,fnggm) is as follows:

choose F if /ir >c
(5.5)
choose G.if / r <ec,
In order to compare this procedure with that based on Theorem 2.4,
X and Y are assumed to be univariate nemnegative random variables. Also,

z is taken to be gzero and £(0) and g(@) are assumed to be greater than

zero., In view of the discussion that leads to (4.23), (5.4) can be

- simplified to the following:

(ky-L)m y(kZ)

choose F if o > c
Uep=Ln * x¢e )
(5.6)
(k;-1)m y(kz'),
choose G if T —l)h o 3 <ec,
- 2 ()

Under the further assumptions that m = n and that kl = k2 =k, (5,6) can

be simplified to the folleowings

choose F if y(k)/x(k) > c

(5.7)
choose G if y(k)/x(k) <e¢

*
The procedure based on Theorem 2.4 is L (c¢,N/nU,M/mU). It is as

follows:

Ll b Lk L
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choose I if N/n > c(M/m)
(5.8)
choose G if N/n < c¢(M/m),

N and M are as defined in Theorem 2.4, If n = m, (5.8) reduces to the .

A

following:

choose F if N> cM
(5.9)
choose G if N < cM,

For the moment, let ¢ = 1. Then (5.7) says to choose F if the i B

ordered X, X(x)? is less than the kth ordered y, T(x) e and choose G
otherwise. (5.9) says choose F if out of the k(n,m) = N + M x's and
y's nearest zero there are more x's than y's and choose G otherwise, If
the further restrictions k =1 and k(n,m) = 1 are‘made,‘then both
pro;edures are equivalent. Each procedure consists of classifying F

if the closest obéervation to zero is an x and vice versa.

Fix and Hodges (1952) have considered this latter procedure for
small values of n and have compared it to the procedure based upon the
discriminant function under assumptions necessary for this latter
procedure. It compares very favorably. Hence, the classificatioq
procedure of this chapter will also compare favorably to the discriminant
function precedure in this last case, |

5.3 Invariance Properties of L(c,fn%gm)

The classification procedure L(cgfn,gm) has certain invariance

properties that are examined in this section. Since L(Can’gm) depends
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o? the samples Xygooe X, and Fyoeeesdy only through fn and &n it follows

S A

that whenever fn and g, are invariant then _L(c,,fn

’;m) is also.
Consequently, the invariance properties of %n(z) are considered first.

It isAreasonable to fequire that certain transfermations of the
n p-dimensional observations Xy 9% 9000 9K ) and z will leave‘}n(z)
unchanged., Assumg KygooooX, and z are 1 x p vectors. Let b be a 1l x p
vector of constants, i.e. b = (bl,oub,bp),. Consider the linear trans-
lation z + b, X *+ PoooogX + o This translation has the effect of
moving the whele density te a new location, Henbe, the estimate of the
density at . .the translatéd z point should be the same as that at the
original point z. That is, %n(z) should be the same as %:(z + b),
where the % on f indicates that the estimate is based on the translated
variables X+ b,oo,,xn + b, This then is the first invariance property
that ;n(z) should have.

Secondly, let r1 be a p x p orthogonal matrix, Consider the tréns-
formation z [ ' X, r_gooogxn [ . ?his is a rotation and since it does
not change the relative positions of the points Kqgeoog®, and z it
should satisfy the same criterien that the translation did, namely
that %n(z) and ﬁf’:;(zr-r ) are equal,

Looking at (4011) it is seen that %n(z) depends on the sample
X g0009X and z only through r, . But, r, is d(x,z) for some

Xs9 i=l,.004n. Therefore, it is only necessary to look at d(x,z) in

order to study the behavior of fn(z) under the transformations discussed
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above., If d(x,z) is invariant, so is fn(z), But, d(x,z) may be

written as followsys
(5.10) ad(x,2z) = V(x-z)(x~-2z)" ,

Consider the translation by the vector b and let d*(x;z) designate the

distance between the two tfanslated variables. Then

d(x,z) =V (x-2) (x-2)1

J (x+b-(2z+b) ) (x+b-(2+b) )"

(5.11)

i

il

a*(x,2).
Thus, %n(z) is invariant under translations, since d(x,z) is.
Let [ be an orthogonal matrix of dimension p x p. Then
d(x,2) = VfZQ:ZSTE:ZS?
S T o)
ST = s )G e
alx" 2l ")

(5.12)

]

i

a*(x,2)
Thus fn(z) is seen to be invariant under an orthogonal transformation.
Since fn and g, are invariant under a translation or orthogonal

transfor&ation then.L(cgfn,ém) ié also invariant under these

transformations.
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Now let ¢ be a scalar. Transform xl,,.o,xn,’yi,Q,O,ym and z to’

CX;g90009CK 5.CYq 00090y and cz. First, examine the result of this

transformation on d(x,z) as above.

S (x-2z)(x-2)°"

(1/c) ,j(cx—cz)(cx-cz)'

d(x,2)

(5.13)

H

(1/c)a*(x,2).

Thus, fn(z) is transformed to (l/c)fn(z) and gm(z) is transformed to
(1/c)gm(z) since f and g depend on 1/d(x,2). Since L(c,fn,gm) depends
only on the ratio fn/g;m it is invariant under this scale transformation.

The 1/c¢ in the numerator and. denominator of the ratio cancel out. This
concludes the discussion of the invariance preperties of the classifica-

tion procedure L(c,fn.,gm)o

WALl
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CHAPTER VI

AN EMPIRICAL STUDY OF fn(z)

When actually uéing Fhe estimator %n(z) proposed in this paper,
séveral questions arise,
i) Since %n(z) N £(z), how lérge should n be for %n(z) to be
very near f(z)%.
ii) How should one choose the constant k used in the estimator.
fn(z)?

iii) How does this estimator compare with other estimaters? In
particﬁlar9 how does it compare with an estimator obtained by
assumiﬁg a particular parametric form for the density function
f and then using maximum likelihood estimation to obtain
estimates for the unknown parameters in the density function?

In order to illuminate some of these questions, a, 6 small empirical
study was carried oqt on an IBM 1620 computer. Three specific
distributions (the uniform, the'exponential and the normal) were
treated in this study. The purpose was not to find concrete answers
te the above questions, but to try to obtain some feeling for the
behavior of the estimator %n(z) and at the same time perhaps get some
indication of what the answers to the above questions might be. The
exact study carried out, the results, etc. will be presented in the
following sections,

6.1 Generation of Random Variables from Uniform, Exponential

and Normal Distributions
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Much of'the work in this empirical study involved generating random
samples from the above three distributions. The techniques used are
briefly discussed here, -
.The three density functions involved are:
i) Uniform |
f(x) =1 ' 0<x<K1
=0 otherwise;

ii) Exponential

f(x3B) = <1/B‘)e‘(x/5) (>0 0<x< @)
=0 otherwise;
iii) Normal

. 2y _ 1 _EZE__

fx3p,07) --————2——i-7-2-exp 2 ~-o< x < ®-

(2ro™)
o<1 < ®
0< %,

There is a random number genefator subroutine built into the IBM
1620 Fortran programming system., This subroutine gemerates numbers

uniformly on the interval (0,1) and this subroutine was used to genérate

.random numbers from the uniform distributien.

A sample x X, from the exponential distribution was generadted

lgoao

by using the probability integral transformation. First, a sample
Uygeeeyl Was generated from the uniform distribution using the

n . .
subroutine described above. Set U = F(x B) where F is the distribution

-x/B

function for the exponential distribution, ioe, U=z1-¢e » Then
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x = -Bln(1l - U) is distributed as an exponential variate, hence

x, = -Bln(l - ul), x

1 = -Bln(l - ua),,“.,,xn = -Bla(l - uh) is a sample

2
of n from the exponential distribution.

In the normal case, it is not possible to use the technique
described in the preceding paragraph as the distribution function F for
the normal distribution does not have a clesed form as.the exponential
distribution function deoces. That is; F(x;p,oz) for the normal
distribution involves an integral which can only be evaluated
numerically. A search for some alternative method of_generatiﬁg random
normal variables led to-a method proposed by Box and Muller (1958)~
which will be described belew. Muller (1959) indicates that this is a
satisfactory procedure.

The Box and Muller techniqﬁe of generating normal random variables
again-makes use of the uniform random number generator subroutine., Let
Ul, U2 be independent randon variables from the.same uniform density
fﬁnction on the interval [b,l], Let

x (-21nUl)l/2cos 2nU2

1

it

x (-21nU1)1/ 2ain 2nl,

2
Then (Xl’XZ) will be a pair of independent random variables'from a §ormal
distribution with mean zero, and variance one, These two normal- variables
can now be transfermed to two other normal variables having any desired
mean and variance. Proceeding in this manner, we can generate a randem

sample of any desired size,
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6,2 Maximum Likelihood Estimates for Normal and Exponential Distributions

The maximum likelihood estimate of the parameter B in the exponential

~

distribution, based on a sample XpseoogX from this distribution is B =
X, The maximum likelihoed estimates of the. parametersp and 62 in the

normal distribution, based on a sample of Xq9o0egXy from this distribu-~

AN v ~

tien are by, = x and Gi = 52 respectively, where

n

.3 (x, - X)2
2 ~i=1 T
2 =

n

\ » :
By well known properties of maximum likeliheod estimators, Bn ——£%> Bs

P *2 P 2 P

£(x3m407) o
6.3 Description of the Empirical Study and the Results

The results of this empirical study had a significantleffeet on
earlier chapters of this thesis and that effect is now pointed out prier
to discussing the empirical study. In this empirical study, the estimator
;n(z) as given in (4.11) was not used. instead9 an estimator using the
factor k/(n+l) rather than (k-1)/n was used., Using fhis estimator fer
f led to estimates which were biased upward a large percentage of the
time., This will readily be seen when the results are presented later
in this section. As a result of this, a search was started for am
estimator whiéh would net have this étrong tendency to be biased upward.

In the last section of Chapter IV a special case was considered and
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there it was observed that using the factor (k-1)/n instead of k/(n+l)
led to an unbiased estimator at a certain point. Thus, the estimates
obtained in this study were converted to new estimates based on the
estimator (4,11) rather than that originally used. It was observed that
approximately one-half of.all estimates obtained in thié study were now
lower than their theoretical value and approximately one-half were now
higher. This seemed to be sufficient evidence to recommend using (4.11)
rather than some other asymptotically.equivalent estimator for f, such
as the one described above,

The empirical study made use of the results in the previous
sections.of this chapter and of the work on the proposed estimator ;n(z)
in Chapter IV. A description of the empirical study undertaken will be
presented first and it will be divided into three parts as will the
presentation of the results. The three parts will consist of 1) the
uniform distribution case, 2) the exponential distribution case and 3)
the normal distribution case.

No attempt was made in the uniform distribution cdse to compare the
estimator of this paper with the maximum likelihood estimator, Table I
of the Appendix contains the various pfoblems considered., This table will
be explained in some detail, as Tables ITIy Vy VII, and IX are very

\
similar. Consider problem U-3 in Table I, A sample of 25 was
generated from the uniform distribution and estimates of f(x) were
calculated at the points z = .05, .25, ,50, +75 and .95 using ;n(z) with

k ='3, i.e, f25(.,05)9 f25(o?5)9 f25(o5o)9'f25(075) and f25(o95) were
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calculated. The estihator }n(z) is as described in the first paragraph
of this section, rather.than (4,11), and this is also true for the normal
and exponential cases considered in the following two paragraphs. This
procedure was repeated ten times giving ten oifferent estimates of f£(x)

at each of the five =z points° The means at each of these p01nts9

( 05), ( 25) ( 50) ¢ ( 75) and f ( 95), were caleulated as’

well. as the sample variances of each of these means. These sample

variances will be designated by var fn(z)o In all cases k is chosen

near nl/20 For the cases where the number of observations per sample
is 25 and 100, k is varied slightly above and slightly below nl/2 as well

(e.g. when the number of observatlons per sample is 25, 3 values of k,

3, 5 and 7, are used) The results of the problems in Table I are given

4

in Table II. Problenm numbers in Table II correspond to those in Table I.
' : i

Any time the same problem was run with 10 samples and also with 50

samples, these results appear 51de by side. This occurs in almost all

‘cases as can be seen by looklng at Table I. The same procedure will be

followed in Tables IV, VI, VIIT and X. Table II is self-explanatory when
usedlwith Table I. For convenienee; the theoretical values of the density
at each point where it was estimated are listed here. They are £(.05) =
£(,25) = £(.50) = £(,75) = £(.95) =

The exponential case was considered next. Problems were run with
the parameter 8 in the exponential distributions equal to .5 and 2.0,

Using the nonparametric estimator fn(z), essentially the same type of
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problems were run as in the uniform case for both B = .5 and B = 2,0, The
problems are given in Table III, which reads the same as Table I. Next,
maximumn likeliﬁood estimation was considered. All of the problems run
corresponded to similar situations in the nonparametric case, and tﬁey
are listed in Table V. Consider problem number E2-3 in Table V. A
sample of 25 was generated from an exponential distribution with B = .5,
;» the maximum likelihood estimate of B, was calculated. X was sub-
stituted in the exponential density function for B and estimates of
f(x) at z = .25, .50, 1.0 and 2.0 were calculated. This was repeated
ten times, giving ten estimates of f(x) at thése four z points. The |
mean of these estimates-at each of the points, designated by ?(z)9 was
calculated as well as the sample variance of each of these means,
Gg} ?‘(z)° The results of problem number E2-3 are comparable to those of
El-3, El-5. and El-7 in the nonparametric case. The results of the “
problems listed in Tables III and V are given in Tables IV and VI,
respectively. The theoretical values of f(x) at the points where it was
estimated ares B = .5, £(.25) = 1.21306, £(,50) = ,73576, £(1.00) =
.27067, £(2,00) = ,03663; B = 2,0, £(.25) = 44125, £(.50) = .38940,
£(1.00) = ,30327, £(2.00) = ,18394. These values as well as those for
the normal distribution given below are also given on the first pagé of
the appendix for convenience.

The normal distribution was the last case considered.  Only problems

for the normal distribution with mean zero and variance one were
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considered, The problems run for the nonparametric estimater for the
nermal distribution are very similar to those run for the uniform and
exponential distributions and are éiven in Table VII, The problems run
for the maximum likelihoed case correspond to the nonparametric preblems
the same as in the exponential case. The maximum likelihood procedure
here is exactly as in the exponential -case except that X and 529 the mean
and sample variance, are substituted in the nermal densiéy function each -
time fof 1 and @2 rather-fhan x for B. The estimator s2 is not the
precise maximum likelihood estimator but is unbiased, The problems run
are listed in Table IX and the results of problems<in Tables VIT and

IX are given in Tables VIIT and X. The values of f(x) at the points
where it was esti@ated ares £(-2.5) = £(2,5) = ,01753, £(-1.0) = £(1,0) =
224197 and £(0) = 39894, |

6.4 General Remarks on the Empirical Study

_.. _As was pointed out earlief; it is readily seen that a fairly large
proportion of the estimates as originglly obtained in the empirical

study were high, It was not Surprising that the estimator originally

used was biased in view of the statement proved by Rosenblatt (1956).,

He proved that any nonparametric density function estimator is biased;

However, the nonparametric density estimator (4.11) seems to have less

bias than the one used in this empirical study,

1/2

The value of k was chosen near n » It was varied slightly in a

1/2 1/2

few cases. In these cases it appears that k = n or k > n’ - gave
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better results than k < nl/2
since few cases were considered. The choice of an optimum k is a point
which would be worth investigating.

As the number of observations per sample increases, the trend is
for the various nonparametric estimates of f(x) to improve. This is

expected in view of the asymptotic properties of the estimate used. No

definite conclusion can be drawn concerning.ﬁow.large n should be for

the estimate to reach a certain accuracy. This point appears worthy of

further investigation,

A few comparisons of the estimates obtained by using the nonpara-'

metric estimato} and those obtained by using maximum likelihood estima-

tion shows that the maximum likelihood procedure appears to be substan-
tially better. This is true even if the nonparametric estimates
obtained in this study are converted to the estimates of (4,11). This
is not at all surprising because of the large amount of additional
information assumed in the maximum likelihood case. However, in those
situations where it appears that there is simply not enough evidence to
warrant any parametric assumptions, %n(x) is a reasonable estimator to

use.

. The evidence is not too strong, especially




CHAPTER VII
SUMMARY

The first part of Chapter II was a revieﬁ of work done in the area
of nonparametric élassification° It was pointed out that the nonpara-
metric classification problem can be closely related to the problem of
nonparametric. density estimation. As a result of.this‘7 a major portién
of 'the work in this thesis was concerned with nonparametric density |
estimatien.

In Chapter IV, a nonparametric density function estimatp;'was
introduced. It was shown that it was basically guite different than_

most other nenparametric density estimaters appearing in the literature.

The main result of this chapter is contained in Theorem 4.1, which shows A

the consistency of the nonparametric density estimater fn(Z)o The.
similarities between this estimator aand one introduced by Fix and Hodges

(1951) are discussed for a special case. The expected value and variance

. of fn(z)9 for a special case, are also found.

A nonparametric classification procedure based on ;‘n(z)9 as
introduced in Chapter IV, is given in Chapter V. This precedure is
shown to have certain optimum properties asymptotically. A brief
comparison of the similarities Eetween this procedure and one
introduced by Fix and Hodges (1951) is made for a special case.
Invariance properties of this classification procedure are discussed
briefly. |

An empirical study was. made-on the nonparametric estimator

fn(z)° It provided some feeling for the behavior of fn(z) for finite
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sample size. This study also led to a density estimator which appears
to be less biased than one that had been coﬁsidered earlier.

Several questions concerning gn(z) which are as‘yet unanswered
were mentioned in the last section of Chapter VI, Similar guestions
can be asked concerning the ﬁonparamefric claésification procedure given
in dhapter 'S Fof example, what is the behavior of this classification ,
procedure for finite n? Several of these questions are also worthy

of further investigation.
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For convenience in reading the tables on the following pages
of this appendix the theoretical values are given here for all peints

where a density was estimated,

Uniform Distribution

£(,05) = £(,25) = £(.50) = £(.75) = £(,95) =1
' Exponential Distribﬁtion
i) B = .5  £( ,25) = 1.21306 £( .50) = .73576
£(1.00) = ,27067 £(2,00) = ,03663
ii) B = 2,0 £( .25) = 44125 £( .50) = ,38940
£(1,00) = ,30327 £(2,00) = ,18394

Normal Distribution
2

p =1 . c =1
f(—205) = f(205) = 001753
£(-1.0) = £(1,0) = 24197

£(0) = ,3%9894
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TABLE I

-SUMMARY OF UNIFORM DISTRIBUTTION PROBLEMS RUN IN
THE EMPIRICAL STUDY FOR THE NONPARAMETRIC CASE

No, of obs,
per sample=n

10
10
25
25
25
25
25
25
50
50
100
100
100
100
100
100
500
1000

No. of

30 .25

k The point z where the

samples density was estimated
10 3 05 .25 .50 .75 .95
50 3 05 .25 .50 .75 .95
10 3 05 .25 .50 .75 .95
50 3 05 .25 .50 .75 .95
10 5 05 .25 .50 .75 .95
50 "5 05 .25 .50 .75 .95
10 7 05 .25 .50 .75 .95
50 7 05 .25 .50 .75 .95
10 7 05 .25 .50 .75 .95
50 7 05 .25 .50 .75 .95
10 7 25 295
50 7 .25 095
10 10 025 «95
50 10 025 »95
10 12 025 «95
50 12 025 295
10 22 225 295
10 o 95

A




- " Prob. no.

U-1

U-3

-7

U-9

RESULTS OF UNIFORM DEISTRIBUTION PROBLEMS LISTED IN TABLE I '

- 962351
1.26147
1.11745
1.14999

. 78459

1.46334
© 1.65453
1.61989
1.94361
o .86447

1,20246
1,3%0236
1,03680
1.153%62

.89503

.73812
1,04738
»96931
1.23992
77807

1.12740
1.18992

»96097
1.10176
1.04352

TABLE IT

ar £ (z)
n

04377
.02382
045k
.06103
.02389

.13073
,02308
24283
.20868
. 02306

.09253
.01402
,01831
.01925
.05301

.01143
.01621
.00353
.01328
. 01024

.03412
.03548
.00504
.021456
.01272

Prob, no,

U-4

U-6

U-10

§;(z)

-94235
1.48632
1.29170
1.29347

- 94966

1.20370
1.54005
1.41832
2. 54434
1.71656

.. 97372
1.08661

1.,27768
1.12560
1.09554

71917 -

1.10768
1.10590

1.11329

.79193

1.02342
1,09320
1.20062
1.14133
1.08909

—-—

PN
var fn(z)

- .01936
.03612
.01691
.01167
.01382

.01517

L0206l

.01839

73322
.05921

.01784
.00331
.01231
00741
.01557

.00384
- 00374

.00253 .

.00356
.00862

.00988
. 00308
.00599
. 00679
.00481

79
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Prob. no,

U-11

13

U-15

~g<17

.25

<95

.25

025

95

o25

(=)

' >
5% }

1,05055
1.13575

1:08446

1.%8658

,88705
;73289

1,26483
.91601

TABLE-II (cont.)

A\ A
var'fﬁ(z)‘ " Prob, wo,

001117 U_12
W PRLOBL

00562 U-1k
702186 )
00591 016
200811

.00161 ’

1.09559
1706274

.1.07590

1.00803

1.07085

"1./01370

1,0Q901
1.06097

49
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TABLE ITI -

SUMMARY OF EXPONENTIAL. DISTRIBUTION PROBLEMS RUN
IN THE EMPIRICAL STUDY FOR THE NONPARAMETRIC CASE

Prob, No, of obs. No. of k B The points z where the
no, per sample=n  samples density was estimated
"E1-1 10 10 3 o5 .25 .50 1,0 2.0
El-2 10 50 3 o5 .25 .50 1,0 2.0
E1l-3 ’ 25 10 3 .5 .25 .50 1,0 2.0
El-4 25 50 3 o5 .25 .50 1.0 2,0
E1-5 25 10 5 .5 .25 L50 1.0 2,0
El1-6 25 50 5 o5 .25 .50 1.0 2.0
E1-7 25 : 10 7 .5 .25 .50 1.0 2.0
E1-8 25 50 7 5 .25 .50 1,00 2.0
E1-9 50 10 7 .5 .25 .50 1.0 2.0
E1-10 50 50" 7 .5 .25 50 1.0 2.0
E1-11 100 10 7 o5 .25 1.0
El-12 100 50 7 5 025 1.0

E1-13 100 10 10 5 .25 150,
El-14 100 50 10 5 .25 1.0
EI-15 100 10 12 o5 .25 1.0

El-16 100 50 12 .5 .25 1.0

E1-17 500 10 22 - .5 025 1.0
E1-18 . 1000 10 30 .5 .25 1.0

E1-19 10 10 3 2.0 .25 ,50 1,0 2.0
E1-20 10 50 3 2,0 .25 .50 1.0 2.0
El-21 25 10 3 2.0 .25 .50 1.0 2.0
E1-22 25 50 3 2.0 .25 .50 1,0 2.0
El-23 25 10 5 2.0 .25 .50 1.0 2.0
E1-24 25 50 5 2.0 25 .50 1.0 2.0
E1-25 25 10 7 2.0 .25 .50 1.0 2.0
E1-26 25 50 7 2.0 .25 L,50 1.0 2.0
E1-27 50 10 7 2.0 25 .50 1.0 2.0
E1-28 50 50 7 2.0 .25 .50 1.0 2.0
E1-29 100 10 7 2.0 .25 1.0
E1-30 T 100 50 7 2.0 .25 1.0
E1-31 100 10 10 2.0 .25 1.0

El-32 100 50 10 2.0 .25 1.0
E1-33 100 10 12 2.0 .25 1.0
E1-34 100 50 12 2.0 .25 1.0
E1-35 500 10 22 2,0 .25 1.0
E1-36 1000 10 . 30 2,0 .25 1.0




Prob, no.

Bl-1

E1-3

E1l-7

El-9

El-11

E1-13

TABLE IV

RESULTS OF EXPONENTIAL DISTRIBUTION PROBLEMS LISTED IN TABLE III

025
050
1.00

2,00 .

025
.50
1.00
2,00

025
.50
1,00

2,00

225
- 50
1,00
2,00

025

1.00
2,00

025
1.00

02D
1,00

1,98562
75498
034732
,10313

1.38593
1,02351
- 40374
06157

1.51422
.91269
. 28414
,09105

1.54477
73138
- 35359
»10219

- 1,29015

64764
235592
07535

1.23271
. 27065

1.16631
. 30122

var fn(z) Prob. No. z
07842 _ .25
,00670 El-2 .50
- 0024 1,00

- .00003% 2,00
e 04492 ) a 25
.06263% El-4 .50
.00211 1,00
,00001 2,00
.01986 025
.01425 El-6 .50
.00054 1,00
.Q0009 2.00
.05097 .25
.00210 E1l-8 .50
.00087 1,00
,00002 2,00
,03320 .25
,00184 E1-10 .50
,00085 1,00
.00002 2,00
.0%611 El-12 .25
,00116 1,00
.013%63% El-14 .25
.00032 A 1,00

2.37902
1,21984
. 31804
.10922

1.46637
.99896
43792
.07828

1.48670
»90736
37968
,08709

1,353898
.87525
30805
.10095

. 1,65895

o732

s 35504
.07228

1, 44500
.28623

1.34312
.29822

var fn(z)

.38881
,02899
»00030
. 00001

. 02495
01185
00500
. 0000k

,01173
. 00686
.00146
,00001

.00498
.00198
.00009
»00000

.01368
.00113
. 00204
»00000

.00953
.00018

.00487
.00021
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Prob, no,

El1-15

E1-17

E1-19

E1-21

El-23

El-25

E1-27

1025

1.00

025
1.00

.25

1.00
2,00

25
050
1.00

2,00

«25
- 50
1.00
2,00

.25
.50
1.00
2.00

025

1.00
2,00

? (z)

Tn

1,27754

. 27436

1,20023
. 27561

.60371

o D445
L4181y

. 23648

.56115
.95150
,64018
.19830

43824
. 55152
34382
.20135

42013
43635
. 31229
19696

47175
.38321
.31698
.22060

TABLE IV (cont.)

Fh >} !

N\
var
n

,00988

» 00029

.01380
,00012

.01230
,01248
.00380

.00101

.01761
12177
.08192
00043

.00321
.01024
. 00247
. 00074

. 00473
.00166
.00052
»©00007

,00285
,00129
,00138
.0009L

(z)

Prob, no,

E1-16

E1-18 .

El-20

E1-22

El-24

E1-26

E1-28

Z

025
1.00

- .25

1,00

.25

»50
1,00
2.00

fn (,Z )

1.27768
. 351312

1.25589
26545

. 56046
. 51860
.39516
. 26877

.66830
.66625
41535
+25973

. 51852
48579
- 30814
.21617

o 43471
- 45066

06595 -
.20278 -

51363
- 45625
.32658
.19267

A&
var fn(z)

.00390
00025

,00521
.00026

00680
.00274
.00121
.00071

.00573
.02194
S00152
.000L7

.00293
.00132
.00032
.00019

.00089
.00039
.00029,
.00007

,00089
. 00062
.00021
.00007

89




Prob, no.

E1-29
E1-31
E1-33

E1-35

2

o5
1.00

029
1.00

025
1,00

025
1.00

TABLE IV (cont,)

A2
var £ (z)
T Tn

.00423
00076

.00092
.00045

.00053
.00056

00097
.00057

Prob, no.

E1-30
El-32
E1-34

E1-36

fn(z)

. 50426
36398

48166

- 33608

47853
22523

48259

.28969

A

var.fn(z)

00150
00042

,00033
.00028

.00037
00025

.00070
,00021

69
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TABLE V

SUMMARY OF EXPONENTIAL DISTRIBUTION PROBLEMS RUN IN
THE EMPIRICAL STUDY FOR THE MAXTMUM LIKELIHOOD CASE

Prob, . No. of obs, No. of B " The points z where the
no. ' . per sample=n samples density was estimated
‘E2-1 10 10 °D 025 .50 1.0 2,0
E2-2 10 50 oD 25 .50 1.0. 2.0
E2-3 25 10 .5 025 .50 1.0 2,0
E2-4 25 50 o5 025 .50 1,0 2.0
E2-5 50 10 0D 025 « 50 1.0 2.0
B2-6 50 50 05 25 +50 1.0 2,0
EB2-7 100 10 «5 - 025 1.0
E2-8 100 50 .5 - 225 1.0
E2-9 500 10 . 0D .25 1.0
E2-10 1000 10 o5 025 1.0
E2-11 10 10 2,0 .25 50 1.0 | 2.0
E2-12 10 50 2,0 .25 050 1,0 2,0
E2-13% 25 10 2,0 .25 .50 1.0 2.0
E2-14 25 50 2,0 .25 .50 1,06 2.0
E2-15 50 10 2,0 25 » 50 1.0 2.0
E2-16 50 50 2,0 025 .50 1.0 2.0
E2-17 100 10 2.0 025 1.0
E2-18 100 50 2.0 =25 1.0
E2-19 500 10 2,0 025 1.0
E2-20 1000 10 2,0 225 1.0




Prob. no.

E2-1
E2-3

E2-5

E2-7

E2-9

E2-11

E2~13

TABLE VI

RESULTS- OF EXPONENTIAL DISTRIBUFION PROBLEMS LISTED IN -TABLE V

1.00
2,00

02D,

050
1,00
2.00

1,28463
65745
.20387
.02783

1.26504
.71880
.23912
.02953

1,21988
. 72762
® 26330
.03667

1,16868
.28685

1.19919
27652

. 42249
. 36899
.28342
s 17174

- 42936
. 37852
.29478
.18016

AR
var £ (z)
. "n

Prob, no,

,00251

,00128 E2-~2
.00114 -
.00007

,00114
,00005 E2-14
.00029
00003

.00032 .
,00001 T E2-6
.00018

.00003

00053 E2-8
.00009

00005 E2-10

00001

,00218
L0020 E2-12
. 00031

- =,00001

. ,00066
. 00037 E2u14
,00010
»00000

1.19045
.'70168
26226

04535

- 1.22792

071313
025257
.03690

1.17902
.72896
.28195
.04393

1,21115
: 26996

1,21698
.26870

145828
39664
,29922
17473

o 44530
, 39118
. 30230
.18150

AN\
var fn(z)

00060
00003
00012
,00002

.00035
»00002
.00008
»00001

»00012
»00000
.00002
.00000

.00006
.00001

. 00004
.00001

.00035
,00018
+00004
.00000

00042
.00023
. 00006
. 00000

T
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Prob. no.

E2~15

FB2~17

E2-19

025
.50
1.00
2,00

025
1.00

.25
1,00

%n(z)

o 4h273
. 38985
+ 30250
.18262

162
- 30413

41873
» 30602

TABLE VI (cont,)

62; fn(z) Prob., no,

,00024
., 00014 ' E2-16
. 00004 :

»00000

. 00008 E2-18 -

. 00001

00003 E2-20
00000

225
- 50
1.00
2,00

/\A
var fngz)

, 00006
. 00003
,00001
00000

,00003
,00000

,00000
-00000

2/,

W17
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-TABLE- VII-

_SUMMARY OF NORMAL DISTRIBUTION PBOBLEMS RUN IN
"THE EMPIRICAL STUDY FOR THE NONPARAMETRIC CASE

Prob, No, of obs. No. of k “The points z where the {
no, per sample=n samples density was estimated
N1-1 10 10 3 -2,5 ~1.,0 0.0 1.0 2,5
N1l-2 10 . 50 3 -2,5 -1,0 0,0 1.0 2,5
N1-3 : 26 10 3 -2,5 -1.0 0.0 1.0 2.5
N1-4 26 50 3 -2,5 -1.0 0,0 1,0 2.5
N1-5 26 10 5 -2, -1.0 0,0 1.0 2.5
N1-6 26 50 5 -2,5 -1.0 0,0 1.0 2.5
N1i.7 26 10 7 -2,5 -1.0 0,0 1.0 2.5
N1-8 26 50 7 -2,5 =-1.0 0.0 1.0 2.5
N1*9 50 10 7 -2,5 -1,0 0.0 1.0 2.5
N1-10 50 50 7 -2,5 -1,0 0,0 1.0 2.5
N1-11 100 10 7 -2.5 1.0
Ni-12 100 50 7 -2.5 1.0
N1-13 100 10 10 -2.5 1.0
N1-14 100 50 10 -2,5 1.0
N1-15 100 10 12 ~2,5 1.0
N1-16 100 50 . 12 -2.5 1.0
N1-17 500 10 22 -2.5 1.0
N1-18 1000 10 30 =2.5 1.0




TABLE VIII

RESULTS OF NORMAL DISTRIBUTION PROBLEMS LISTED IN TABLE VII

n P = P
Prob, no. z ?n(Z>- var ?n(g) Prob. no. z ?n(z) var f (z)
2,5 .07076 .00001 -2,5 .07834 .00001
~1.0 231022 .00130 : -1.0 .31198 .00089
N1l-1 .0.0 247612 .01226 N1-2 0,0 57118 .00270
1,0 . 24924 .00061 1.0 . 33845 .00129
2.5 .07609 ,00002 2,5 07775 -00003
-2.5 .04278 .00001 -2.5 0722 .00000
-1.0 " .34028 , 00557 _ -1,0 33081 . 00177
N1=-3 - 0.0 63971 .01897 N1l-i 0.0 .70590 .01704
' 1.0 . 26811 .00535 - 1.0 . 33897 »00078
2.5 054436 .00004 2,5 .05266 .00001
’ ~J
-2.5 . 05935 00002 -2.5 .05842 ,00000 ¥
-1.0 24620 .00179 ~1,0 »29180 .00041
N1-5 0.0 116142 ,00482 N1-6 0,0 148260 .00153%
1.0 . 27469 . 000614 1.0 » 31206 .00046
2,5 . 06506 . 00003 2,5 .06167 - 00000
=2,5 . 06987 .00001 ~2,5 07317 »00000
-1,0 .23109 . 00044 : -1.0 .26401 .00020
N1-7 0,0 - 45013 .00150 N1-8 0.0 44572 . 00060
1,0 . 28510 00070 1.0 24580 "~ ,00011
2.5 .07328 .00001 2,5 07021 .00000.
-2.5 ,05114 ,00001 ~2.5 .04900 .00000
<1.0 35095 .00213 -1.0 .293%91 .00036
N1-9 0.0 49571 .00L64 N1-10 0.0 . 49898 .00156
"1.0 024445 .00032 : 1.0 .26113 © 00019
2.5 04725 ,00000 2.5 .05182 . 00000

i B il il Iy
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Prob, no.

Nl=11

N1-13

N1-15

N1-17
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TABLE VIII (cont.)

var £ (z)
n

.00000
.00133

, 00000
.00041

. 00000
.00018

. 00000
.00031

Prob. no,

N1-12
N1i-1h
N1-16

N1-18

'
o | iR LiB\")
a °© © o
[@RN;] oun

i

S
L] °
owu

.03680
0 30344

.04169
.23958

04538
.25792

. 02287
. 27420

N
var
. 00000

.00074

.00000
.00008

- 00000
.00012

.00000
»00078

&

kol i
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TABLE IX

.. .SUMMARY OF NORMAL DISTRIBUTION PROBLEMS RUN IN THE
] EMPIRICAL STUDY FOR THE MAXIMUM LIKELIHOOD CASE

Prob. No., of obs, No, of The points z where the

no. per sample samples density Wwas estimated
N2-1 10 10 -2,5 -1.0 0.0 1.0 2,5
N2-2 10 50 -2,5 -1.,0 0.0 1,0 2.5
N2-3 26 : 10 -2,5 -1,0 0,0 1.0 2.5
N2-4 26 50 -2.5 -1,0 0,0 1,0 2.5
N2-5 : 50 10 -2,5 ~-1,0 0,0 1,0 2.5
N2-6 50 50 -2,5 -1,0 0,0 1,0 2.5
N2-7 100 ‘ 10 -2,5 1.0 ,
N2-8 100 ‘ 50 -2.5 1.0

N2-9 500 10 -2.5 1.0
N2-10 ~ 1000 10 -2.5 1.0




TABLE X

- . .RESULTS - OF NORMAL DISTRIBUTION-PROBLEMS .LISTED -IN TABLE IX

Prob. no. z E'(g-) 7ad £(z) Prob. no. z %(z) fox %(z)
-2.5 ,02175 . 00004 -2.5 .02329 , 00001

-1,0 223056 .00163 -1.0 .22012 . 00015

E2-1 0.0 . 38799 .00076 E2-2 0.0 . LOL75 .00022

~ 1.0 24068 .00114 1.0 -2377h .00015
2.5 .02746 ,00010 2.5 .02570 .00001

-2.5 ,02772 . 00004 -2.5 .01901 . 00000 .

-1.0 . 24610 ,00015 -1.0 .23125 . 00005

E2-3 0.0 .38229 .00025 E2~-4 0.0 « 40400 .00010 -
1.0 222999 00017 1.0 23938 .00005

2.5 . 02066 ,00001 2.5 .02276 . ,00001

«2,5 01821 L, 00001 -2.5 01704 ., 00000

~1,0 024935 .00010 -1.0 < 23407 .00003

E2-5 0.0 . 40841 .00011 _ E2-6 0,0 40041 .00003%
1.0 023139 . 00009 ‘ 1.0 24534 .00003

2.5 . 01477 »00001 2.5 .02053 . ,00000

E2-7 -2,5 .01569 . 00000 E2-8 -2.5 .01822 ,00000
1.0 . 24031 ,00003 1.0 23822 .00001

. B2-9 -2.5 .01705 . 00000 E2-10 -2.5 .01759 .00000
1.0 1.0 » 24027 .00001

24418 ,00001
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H i
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