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Abstract:

ABSTRACT Recently (2) T. Okubo has shown that the frame ( or principal, (1)p82) bundle F(Xn) of a
differentiable manifold Xn of class Cr(r>4) admits a tensor field @ of type (1,1), rank nR, satisfying
®3=-E , In this thesis I generalize the notion of a frame bundle and consider a fibre bundle Tm(Xn)
having m (1< m< n) linearly independent tangent vectors as fibre. Following the method of T.Okubo it
is shown that the bundle Tm (Xn) also admits such a tensor field® A symmetric affine connection is
then assigned to Tm(Xn) and the differential geometry of Tm(Xn) is developed on the basis of this
tensor structure and of the extended lift of a vector field in Xn. .

The latter portion of this thesis considers the case m=1; the so-called tangent bundle T(Xn) =T (Xn) ,
It is now well-known that the tangent bundle T(Xn), with Xn a Riemannian manifold, admits a tensor
field F of type (1,1), rank 2n, satisfying F2= -E. It is shown here that T(Xn) also admits such a tensor
field F when the base manifold is only an affinely connected space, A symmetric affine connection is
introduced in T(Xn) on the same principle as before and the geometry of T(Xn) similarly discussed. In
particular it is shown that the natural lift C (7),(3) of a path C in Xn is again a path in T(Xn).

Finally, an interesting aspect of this thesis from a technical point of view is the use made of the
"adapted frames" as originated by K, Yarn and T. Okubo (6) as our reference frames instead of the
usual "natural frames",, This choice of frames results in a number of simplifications in the calculations.
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ABSTRACT

Recently (2) T. Okubo has shown that the frame ( or principal, (1)p82)
bundle F(Xq) of a differentiable manifold Xn of class C! (rz 4) admits a
tensor field ¥ of type (1,1), rank n®, satisfying S —F . In this
thesis I generalize the notion.of a frame bundle and consider a fibre bundle
TlXn) having m (1< m< 1) linearly independent tangent vectors as fibre.
Following the method of T. Okubo it is shown that the bundle Tk Xy) also
admits such a tensor field<® . A symmetric affine commection is then assigned
" to Tu{Xy) and the differential geometry of Ty{X,) is developed on the basis
of this tensor structure and of the extended 1ift of a vector field in Xy .

" The latter portion of this thesis considers the case m~=1; the so-called
tangent bundle T(Xn)==T (X,). It is now well-known that the tangent bundle
T(Xy), with X, a Riemannian manifold, admits a tensor field F of type (1,1),
rank 2n, satisfying FP= ~E. It is shown here that T(X,) also admits such
a tensor field F when the base manifold is only an affinely comnected space.
4 symmetric affine connection 1is introduced in T(X,) on the same principle
as before and the geometry of T(Xy) similarly discussed. In particular
1% is shown that the natural 1ift C (7),(3) of a path C in X, is again a
path in T(Xn) . .

Finally, an interesting aspect of this thesis from a technical point
of view is the use made of the "adapted frames" as originated by K. Yano
and T. Qkubo (6) as our reference frames instead of the usual "natural
frames'., This choice of frames results in a number of simplifications in
the calculations. :
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INTRODUCTION
Until reéently (2) it had been an open problem as to the tensor

structures admitted by the frame bundle F(Xn) of a differentiable manifold

Xy, that is, a kind of tangent bundle whose fibre is composed of n linearly

independent vectors. This thesis has generalized the notion of a frame
bundle and considgfs a fibre bundle Tﬁ(xﬂ) having m (1{ m< n) linearly
indqpendent vectors as fibrg and following the methbd of T. Okubo it is
shown thatingxn) admits a tensor structure H of type (l,.l)9 rank ﬁhp
satisfying ﬁB - H = 0 , or équivalently a structureggisatisfying

75;522 ~ = ; Moreovér, H decorposes the unit £ensor E of rank N4-MWn
into two complementary tensor fields P and Q of type (1,1} and of .ranks

n and mn, respectlvely, and H acts on P as an annihllator and on Q as

an almost product structureo -

In assignment of affine connections to ngxn) we have a pattern due
to K. Yano and E, T. Davies (7) when the base space Xy is Riemannian,
However, since the tensor structures considerailn this 1nvest1gation
are coherent to “the afflne structure of the base manifold X v that is,
independent of the metric structure, the geometry QfT?W‘XV) should be
most profitably discussed in a frdmework frue from metrlc considerations,
The difflculty in the theory of connections of Ty {Xn) lles partially in
the fact that Xy is always reduced to a trivial affine space when the
connection is given sé that Tw(X4) is integrable, and mostly in the fact
that a basic sfmmetric connection is required in our case to satisfy two
oriteria: that the parallel displicement of the norizontal 1ift (2), (7)
of a vector fie}d in Xn coincide ﬁith the parallelism of Levi-CiQita, and

. that the natural 1ift of a path i1 X, should be a path in T1(Xy) -

S T————— . T

T




2
Thls thesis gives a 2ymmetrlc affine connection to the bundle TM(XH)
fulfilling the above requlrements and discusses the geometry of Tm(XVQ on
the basis of the tensor structure Y and of the extended 1lift of a vector
‘field in X.» 7The notion of the extended 1lift in EM(X“) of a vector field .
in Xq'belng a generalization of what S. Sasaki (3) has called the extension
of a vector field in the case of a bundle with a single tangent vector
" as fibre, that is, the case m = 1 and what K. Yano and E, T. Davies (7)
have called the complete 1ift, agamn for the case m==1,
As for a tangent bundle whose fibre is a single tangent vector it.
is now welleknown thet when the base manifold is Riemannian the bundle
admits a tensor field F of type (1,1). rank 2n, satisfying Fr— -E; (&)
- and F transforms the vertical distribution of T;(X,) onto the horizon;al .
distribution at each point of TT-\CUW)“Q7:§§“. It is shown here that
any tangent.bﬁndle TV(Xm) admits such a tensor field F when the base
manifold is only an affinely connected space. A sjmmetric affine
comnection is introduced in Q(Xh) on the same_principle'as before and
the geometry of T\(Xﬂ) similarly discussed. In partieular, it is ehown‘
that the natural 1ift C of a path C in Xj is again a path in T((X,) |
whicﬁ generalizes results obtained by S. Sasaki (3) aﬁd b& K. Yano and
E. T. Davies (7). |
' Finally,‘it should be remarked that a systematic‘use of the "adapted
frames" as originated by K. Yano and T. Okubo (6) is-gade throughouf this
| thesis; and it is the author'e opinion that the work required to do the
same calculations with respect te'the so-called "naturel frames" would be

prohibitive,

- - - ™ - "7 TT 1
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