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Anomalous preasymptotic colloid transport by hydrodynamic dispersion
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The anomalous preasymptotic transport of colloids in a microfluidic capillary flow due to hydrodynamic
dispersion is measured by noninvasive nuclear magnetic resonance (NMR). The data indicate a reduced scaling
of mean squared displacement with time from the 〈z(t)2〉c ∼ t3 behavior for the interaction of a normal diffusion
process with a simple shear flow. This nonequilibrium steady-state system is shown to be modeled by a continuous
time random walk (CTRW) on a moving fluid. The full propagator of the motion is measured by NMR, providing
verification of the assumption of Gaussian jump length distributions in the CTRW model. The connection of the
data to microrheology measurements by NMR, in which every particle in a suspension contributes information,
is established.
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The dynamics of colloidal particles suspended in liquids in
small channels impact mammalian physiology [1], design of
microfluidic sensors [2], and transport in geological systems
[3]. Colloids are also a model system for understanding the
molecular behavior of dense fluids, glass phase transitions, and
nonequilibrium statistical mechanics [4]. The displacement
time dependent dynamics of colloids in small channels control
physiological transport in the microvasculature [1] and the
ability to probe a particle with a physical or chemical
assay in microfluidic sensors [2]. Hydrodynamic dispersion
[5], the interaction of advective and diffusive displacements,
determines the transit time of a channel, and is characterized
by the axial mean squared displacement (MSD). Despite
extensive research on colloid particle dynamics and well
established theory for the time dependent hydrodynamic
dispersion of single particles, limited data or theory exist
for the time dependent dispersive transport of concentrated
colloids in microchannels. Here we present unique data
directly measuring the displacement time dependent MSD of
concentrated colloids in a microcapillary using noninvasive
nuclear magnetic resonance (NMR). The data indicate a
shear dependent structural rearrangement [6,7]. Particles first
break out of a cage of neighboring particles [8] and then
undergo dynamics [7] generating anomalous transport with
axial MSD 〈z(t)2〉c ∼ tα where α � 2.5. These dynamics
are in contrast to normal diffusion driven preasymptotic
hydrodynamic dispersion where α = 3. Mode coupling theory
for infinite spatial extent sheared glasses also predicts an
α = 3 MSD scaling for the flow direction [9]. A continuous
time random walk (CTRW) on moving fluids theory [10] is
demonstrated to model concentrated colloid hydrodynamic
dispersion in microfluidic flow.
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The transport of a colloid particle in capillary flow is
determined by the classic Taylor or hydrodynamic dispersion
[5], in which particle diffusion randomly samples the deter-
ministic velocity field [11]. The long time asymptotic behavior
of hydrodynamic dispersion is a normal diffusion process in
which the particle MSD behaves as 〈z(t)2〉c = 2D∗t for times
t � τD = R2/Do. The hydrodynamic dispersion coefficient
for capillary flow D∗ = 〈vz〉R/48Do depends on the average
velocity 〈vz〉, the capillary radius R, and the diffusion constant
Do by which the tracer particle samples the velocity field [5].
In microfluidic applications where the capillary radius R is
small (�100 μm), the time for a liquid molecule to completely
sample the velocity field by random diffusion Do ∼ 10−9

m2/s is τD ∼ R2/Do ∼ 101 s. In contrast, the diffusion time
scale for transport across the capillary for a radius a ∼ 1μm
colloid of slower diffusivity given by the Stokes-Einstein-
Sutherland diffusion coefficient (Do = DSES = kT /6πμa ∼
10−13 m2/s) is τD ∼ 105 s. This long time to sample the
velocity field by diffusion indicates preasymptotic dynamics
controls colloid transport in microfluidic systems. The time
dependent axial motion in the direction of flow is characterized
by the variance, or MSD, of the time dependent particle
position z(t). For a simple two-dimensional (2D) linear shear
field, the axial velocity vz = Gx varies linearly in the x

position with constant shear rate G = dvz/dx and the MSDs
are 〈x(t)2〉 = 2Dot , 〈x(t)z(t)〉 = 2Do( 1

2Gt2), and 〈z(t)2〉c =
〈z(t)2〉 − 〈z(t)〉2 = 2Do(t + 1

3G2t3). This result has been de-
rived using a multitude of analytical methods based on the
advection diffusion equation [11–15], the projection oper-
ator method [16], and the generalized Langevin equation
[11,15,17,18]. Direct numerical simulations have recently
reproduced this time and shear rate dependent behavior [19].
It has also recently been observed experimentally in a cone
and plate rotational flow by confocal microscopy [20]. Flow
in a pipe with uniform initial distribution of particles results in
identical scaling for the axial MSD [15,17].

A model of particle hydrodynamic dispersion in a shear flow
has been formulated in terms of a continuous time random
walk (CTRW) on a moving fluid [10]. CTRW models are
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FIG. 1. (Color online) Magnetic resonance images of the spatial velocity dependence characterize the macroscale rheology of the fluid
and allow calculation of the nonequilibrium steady-state momentum and mass flux driving forces. The MRI measured spatial phase averaged
〈vz(r)〉 = φ〈vp(r)〉 + (1 − φ)〈vf (r)〉 velocity distribution at a volumetric flow rate of Q = 0.25 ml/h with an in plane spatial image resolution
of 11.7 μm/pixel is shown in (a). The velocity profile along a diameter in (b) allows determination of the power-law fluid rheology of
the suspension. The velocity profile data derivative with respect to radial position provides the spatial shear rate distribution, shown in
(c) for Q = 0.25 and 0.5 ml/h and compared to the power-law rheology fluid form. The particle concentration profile in (d) is measured (open
symbols) by mapping the spatial distribution of velocity to the independently measured probability distribution of colloid velocity. The solid
lines [29] are a normal pressure based model for various particle Peclet numbers.

based on a probability �(Z,t) = ψo(Z)φo(t) that a random
walker makes a jump of length Z after waiting time t

[10,21]. The CTRW model on a moving fluid uses a Gaussian
distribution of jump lengths ψo(Z) = exp(−Z2/2σ 2) with
variance σ 2 and power-law Levy distributed wait time φo(t) =
τ t−1−β . The power-law wait time distribution is due to the
correlated dynamics of the particles. The CTRW on a moving
fluid generates a time fractional advection diffusion equation
governing the axial flow direction transport of the colloid
particle [10,21]. The axial MSD for this CTRW model in
a shear flow is 〈z(t)2〉c = 2D( tβ


(1+β) + 2

(1+3β)G

2t3β), which
returns the result for normal diffusion for β = 1, corresponding
to a Poisson wait time distribution [10]. The physical origin of
the Levy wait time model in a colloid suspension is long range
correlated dynamics induced by dynamical heterogeneity and
structural rearrangements of the particles [6–8,22].

Pulsed gradient spin echo (PGSE) NMR allows direct
measurement of the separate affine and random particle
motions, providing unique data on hydrodynamic dispersion
[23,24]. In particular, the ability to velocity compensate the
NMR signal by application of specific magnetic field gradient
wave forms removes the effect of affine dynamics. This
allows direct measurement of random motions [24]. Core
shell polymethylmethacrylate (PMMA) particles of radius
a = 1.25 ± 0.46 μm filled with hexadecane oil and suspended
in a water and polyvinyl alcohol (PVA) solution [25] permit
separate measurements of the colloid particle and suspending

fluid dynamics. The dynamics of the suspended particles
and suspending fluid phases are measured simultaneously
by resonant frequency resolution of the oil and water peaks
of each phase [26]. Figure 1(a) shows magnetic resonance
image (MRI) data of the spatial velocity distribution measured
by velocity sensitive PGSE MRI for a colloid suspension of
solids volume fraction φ = 0.22, flowing at Q = 0.25 ml/h in a
capillary of radius R = 126 μm. In this data spectral resolution
of the oil (particle) and water (suspending fluid) is not obtained
due to the imaging gradient. Thus, the spatial phase averaged
velocity 〈vz(r)〉 = φ〈vp(r)〉 + (1 − φ)〈vf (r)〉 is measured in
the suspension at each point in the image. Measurements
of pure water exhibit the classic parabolic spatial velocity
distribution vz(r) = vz, max[1 − (r/R)2] for low tube Reynolds
number, Ret = ρvz, maxR/μ ∼ 0.35, which is the laminar
pressure driven flow of a constant viscosity Newtonian fluid
in a capillary. In contrast, the suspension velocity profile in
Fig. 1(a) is blunted vz(r) = vz, max[1 − (r/R)(1/n)+1] due to
power-law shear rate dependent viscosity η(G) ∼ (G)(n−1)

with power-law index n, where n = 1 for a Newtonian fluid.
The average shear rate in the system is G = −4vz, max/3R. The
macroscale rheology of the suspension is measured directly by
the velocity imaging by determination of the spatial velocity
distribution Fig. 1(b) and shear rate distribution Fig. 1(c). The
measured power-law index is calculated to be n = 0.73 ±
0.02 at Q = 0.25 ml/h. The data provides characterization of
the macroscale rheology by rheo-NMR [27]. The power-law
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fluid blunting of the velocity distribution is known to have
little impact on the preasymptotic hydrodynamic dispersion
behavior discussed below [28].

The flow is well developed before the NMR detection
region. An entrance length Le > 2000R assures a steady-state
particle distribution due to shear induced diffusion, which
generates a higher particle concentration near the capillary
center [29]. The volume fraction was chosen so that many
particle hydrodynamic interactions would be present but
complete jamming in the tube center would not occur. The
concentration gradient dφ/dr measured using the NMR data
[30] varies from φ = 0.45 near the capillary center to φ = 0.15
near the wall. The impact of the radial particle concentration
distribution on asymptotic hydrodynamic dispersion, for times
longer than it takes to move a correlation length Lc = 3R3/8a2,
recently has been shown to generate non-Gaussian dispersion
[31]. In our system, the maximum length over which the
particles displace during a measurement is the sensitive region
of the NMR coil, 1 × 10−2 m. This is far below the correlation
length of Lc ∼ 0.48 m. Hence the shear induced spatial
particle distribution has limited impact on our hydrodynamic
dispersion data.

To directly measure the axial colloid MSD 〈z(t)2〉c, velocity
compensated PGSE NMR data [24] are obtained using large
magnetic field gradients of up to 11.3 T/m. PGSE NMR
directly measures the diffusion coefficient of all nuclei with
gyromagnetic ratio γ in the NMR radio frequency coil as
a function of experimentally controlled displacement time
t = � through attenuation of the NMR voltage signal
E(�) = exp[−γ 2g2δ2D∗(� − δ/3)]. The magnetic field gra-
dient pulse of duration δ is incremented in amplitude g and
the signal attenuation as a function of g fit to determine
D∗ [24]. It is informative to analyze the effective diffusion,
or hydrodynamic dispersion, coefficient D∗(t) = 〈z(t)2〉c/2t

as well as the MSD. In the absence of flow at short times
t < a2/Doil ∼ 2.2 ms, the oil in the core shell particle has not
diffused a long enough distance to sample the confining core
shell. The effective diffusion is then the diffusion coefficient
of the free hexadecane oil D∗(t) = Doil = 4.6 × 10−10 m2/s.
At longer times t > a2/Doil, the effective time dependent
diffusion coefficient decreases as displacement observation
time is increased, due to restricted diffusion in the spherical
pore formed by the core shell. This effect is well known
in measurements of porous media [24,25]. In a system of
spherical pores with a near Gaussian radius distribution, such
as our particles, theory predicts D∗(t) ∼ a2/5t . The fit to this
is shown as a black line for the no flow 0.0 ml/h data in
Fig. 2(a) and provides measurement of the core shell particle
inner radius.

The impact of shear flow on the axial colloid particle
hydrodynamic dispersion is investigated using three flow rates
Q = 0.125, 0.250, and 0.500 ml/h corresponding to shear
rates G = 13.7, 27.1, and 59.2 s−1. The flow rates correspond
to low particle Reynolds numbers Re = ρa2G/μ = 2.3 ×
10−5, 4.6 × 10−5, and 9.3 × 10−5, indicating particle inertia is
negligible. The particle Peclet numbers Pe = a2G/DSES = 80,
160, 321 signify that the advective transport rate dominates
the diffusive transport rate. In the presence of shear flow,
the effective diffusion coefficient [Fig. 2(a)] decreases until a
displacement time equivalent to a total strain γ = Gt � 1 [32].
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FIG. 2. (Color online) (a) The MR measured time dependent
axial diffusion coefficient and (b) mean square displacement (MSD)
as a function of experimental displacement observation time (�) and
volumetric flow rates Q = 0.0, 0.125, 0.250, and 0.500 ml/h cor-
responding to average shear rates G = 0.0, 13.7, 27.1, and 59.2 s−1.
The MSD data is fit using a power-law scaling 〈z2(t)〉c ∼ �α to
obtain α � 2.5 ± 0.1 for all three flowing conditions. The MSD of the
hexadecane molecules inside the spheres for the no flow condition
is obtained using 〈z2(t)〉c ∼ 2

5 a2, providing the mean internal size of
the spheres from the theory of MR diffusion measurements in porous
media [24].

The effective diffusion coefficient for longer displacement
times t > 1/G increases with time due to the axial random
particle motions. At displacement times t < 1/G the impact
on the NMR signal of the random particle motions is smaller
than molecular diffusion of the oil within the particles, while
for displacement times t > 1/G the particles undergo larger
random axial displacements due to hydrodynamic dispersion.
This indicates the colloid particles are caged [8] by neighbor
particles at times t < 1/G and break out of the cage at time
t ∼ 1/G, in agreement with simulations [6].

To analyze the increase in random dynamics at times
t > 1/G, the MSD displacement as a function of displacement
time is plotted in Fig. 2(b) and is fit to 〈z(t)2〉c ∼ tα

with α � 2.5 ± 0.1. This indicates anomalous preasymptotic
hydrodynamic dispersion. Note that some authors [14,20] have
termed the 〈z(t)2〉c ∼ t3 behavior of preasymptotic hydrody-
namic dispersion as anomalous. However, since this behavior
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FIG. 3. (Color online) The propagator of the axial colloid mo-
tion, i.e., the probability P (Z,�) that axial colloid displacements Z

occur in time �, measured as a function of displacement observation
time � and shear rate. Under no flow conditions, G = 0 s−1 in
the φ = 22% volume fraction suspension, the restricted motion of
the internal hexadecane is evident by the non-Gaussian propagators
of fixed width. The solid line is a Gaussian fit and the dashed
line is an exponential fit. The sheared suspensions display similar
non-Gaussian restricted motion for displacement time � < 1/G due
to caging of the particles. The dashed lines on the plots for the sheared
suspensions are the exponential fit to the no flow propagators. The
solid lines are Gaussian fits to the longest displacement time data for
each shear rate G. The propagators transition to Gaussian distributions
at displacement times � > 1/G, confirming the CTRW model of jump
lengths being Gaussian.

is due to a normal diffusion interacting with the deterministic
velocity shear field at short times, we refer to it as normal
preasymptotic hydrodynamic dispersion. The 〈z(t)2〉c ∼ tα ,
α � 3 behavior is termed anomalous, in keeping with the
approach outlined by Metzler and Klafter [21]. In the CTRW
model the anomalous transport decreases the time scaling
relative to the normal preasymptotic dispersion, i.e., α < 3.
The correlated dynamics modeled by the power-law wait time
distribution φo(t) = τ t−1−β decreases the axial spreading in
time. The NMR data indicate this reduced axial spreading
with time scales as α � 2.5 ± 0.1. The wait time distribution is
φo(t) � t−1.8 [33], which characterizes the particle dynamic
correlations caused by microstructure rearrangements, i.e.,
dynamical heterogeneities [6]. An interesting aspect of the
MSD data is that they represent a microrheology [33,34]

measurement by NMR, μ-rheo-NMR. All particles in the
suspension contribute to the measured MSD, in contrast to
most microrheological measurements which utilize a single
tracer particle. Recently confocal microscopy has been used
to measure MSD in the vorticity direction of transient flows
to correlate microrheology to stress overshoot in concentrated
colloidal suspensions [35]. In contrast, our data characterize
transient dynamics in a steady-state flow and incorporation of
these axial transport dynamics in a microrheological model has
the potential to provide different insight into the microrheology
of colloid suspensions.

The nanometer resolution of the displacement time scale
dependent dynamics and the structural rearrangement are
elegantly demonstrated by the propagator of the motion [24]
P (Z,t), measured by the velocity compensated PGSE NMR
measurement. The propagators in Fig. 3 are centered at zero
displacement Z(t) = z(t) − z(0) since the affine displacement
is refocused. The no flow propagators are non-Gaussian due
to the restricted motion of the oil within the particles and
are fit to an exponential distribution. The no flow propagator
provides a measure of the particle size from the half-height
width equal to a ∼ 1.25 μm [24,36]. In the presence of shear,
the displacement probabilities indicate limited change in width
until t ∼ 1/G. They then transition from the non-Gaussian re-
stricted motion distribution of displacements to near Gaussian
as the particles break out of the restricting cage of neighboring
particles. The propagators provide direct measurement of
the Gaussian jump length distribution, validating the CTRW
model assumption of independence of the wait time and jump
length distribution.

PGSE NMR measurements of preasymptotic hydrody-
namic dispersion for a concentrated colloidal suspension
in microfluidic shear flow exhibit anomalous displacement
dynamics. The axial spreading is slower than for normal
preasymptotic hydrodynamic dispersion. The colloid axial
MSD is shown to be modeled by CTRW theory [10]. The
measured dynamics indicate structural rearrangements occur
at times t ∼ 1/G, in agreement with simulations of dynamical
heterogeneities in sheared systems [6]. The data demonstrate
the ability of NMR to noninvasively quantify macroscale and
microscale colloid dynamics in three-dimensional (3D) shear
flows. The NMR measurements provide different data for
microrheological analysis and indicate that colloid transport
in physiological and geological applications, as well as design
of microfluidic devices, can benefit from the application of
CTRW models.
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