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ABSTRACT
One of the exciting discoveries from the recent X-ray spectroscopic studies of active
galactic nuclei (AGNs) is the so called “relativistically-broadened iron fluorescent emission
line” often detected in the hard X-ray spectra. It is generally believed to originate from
the inner part of the accretion disk surrounding a supermassive black hole (BH) at the
center. Although we have begun to obtain some physical insight regarding such emission
lines supported by theoretical models (e.g., disk-corona model), exactly how and where the
observed fluorescence may take place is still disputable.
Here, an X-ray data with XMM-Newton Observatory of a typical narrow-line Seyfert 1
galaxy, NGC 4051, is analyzed based on a partial covering model to consistently explain the
observed time-resolved temporal/spectral variations. This model implies that the intrinsic
emission varies significantly in the presence of the covering cloud.
We often detect a hard X-ray continuum originating from a hot region close to the central
engines of AGNs. As a promising X-ray source candidate, relativistic hydrodynamic (HD)
shocks are investigated systematically and then extended to the magnetohydrodynamic
(MHD) shocks, given the widely accepted suggestion that the presence of the magnetic
fields could play an important role in the accreting flows. I show that both HD and MHD
shocks can form in the vicinity of the BH, perhaps responsible for creating such a hightemperature region where hard X-rays are produced. Particularly in the MHD shocked
plasma, the hydro/magneto-dominated states are found.
Considering the effect of such magnetic fields in the accretion disk, I calculate nonstandard iron fluorescent line profiles in the presence of spiral density waves and find multiple sharp sub-peak structures in extremely skewed line profiles, which will be detectable
with upcoming X-ray satellites such as Astro-E2 XRS for testing the model.
This dissertation is the result of my own work and also includes some work done in
collaboration. Parts of this dissertation have been either already published in or submitted
to the Astrophysical Journal and presented at conferences, while some are still in progress.
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CHAPTER 1
Introduction

A Brief Overview of the Thesis

Owing to the rapid technological development of X-ray spectroscopic instruments, there
have been quite a few discoveries of interesting objects which presumably have a close
relation to the black holes (BHs) predicted by Einstein’s general theory of relativity. One
of the groups of such candidates is generally called active galactic nuclei (AGNs) that are
very distinctive from ordinary galactic nuclei in many respects. AGNs are among the most
fascinating astrophysical objects in the sky. In this thesis I will study some observational
aspects and theoretical implications for AGNs.
The history of modern X-ray astronomy began with a discovery of Sco-X1 in 1962.
Due to absorption by the atmosphere, it is very difficult for us on earth to observe X-rays
emitted from various objects in the universe. Thus, it is essential to carry out space-based
X-ray observations. With the constant improvement of space-borne telescopes in recent
years, we are now able to detect and investigate a variety of energetic events through
various electromagnetic spectral bands simultaneously. High energy X-ray astronomy is
now playing an important role in modern astrophysics.
Various astrophysical phenomena in the universe are known to emit X-rays. For instance, clusters of galaxies, supernova remnants and AGNs are among good examples of
X-ray sources. Careful analysis of these X-ray objects have made it possible for us to
explore in detail the properties of the emitting materials, involved physical processes and
even the evolution of the universe, which could not be realized in laboratory experiments.

2
Furthermore, it has also enabled us to observationally test theories such as Einstein’s general theory of relativity which describes the distortion of the spacetime in the presence of
massive objects.
Among the various X-ray-related astrophysical objects, AGNs are fascinating and unique
X-ray emitters in terms of their energy releasing mechanisms. Previous X-ray spectroscopic
observations and the study of stellar kinematics indicate that many galaxies in the universe
harbor massive objects at their centers. About 10% of these galaxies appear to contain a
very bright, point-like region in their nuclei. This is what makes these energetic objects
— AGNs — very distinct from other luminous objects in the universe. In general, AGNs
are about 100 times as bright as ordinary galaxies, with rapid (hours to years) temporal
variability (e.g., NGC 4051), normally accompanied by complicated spectral components.
They are typically more than 1010 times brighter than our sun (LJ = 3.85 × 1033 erg s−1 ),
and the typical length scale of the nucleus is less than our solar system (∼ 1 AU = 1013
cm).
If, as suggested by the standard theory of AGNs, a supermassive BH resides as a strong
driving force of radiation at the center, the background geometry should be described by
Einstein’s general theory of gravity. Therefore, studying the observed X-rays could help us
to understand the physics in an immediate environment of the BHs. Since accreting matter
seems to be the source of X-ray emission in some of AGNs, it is also very important for us
to investigate accretion flows around BHs in the context of general relativity.
The primary goal of this thesis is to explore the astrophysical processes related to the
observed broad iron fluorescent line, possibly originating from accretion disks in AGNs. We
offer some viable alternative or supplementary models to explain the origin of the primary
X-ray source and the resulting iron emission line. The study of iron fluorescence is important
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because it is very sensitive to the kinematics of accreting gas.
My original work in this thesis can be divided up into three items: (i) an X-ray data
analysis of a particular type of AGN called Seyfert 1 galaxy (Chapter 3), (ii) an investigation
of a standing shock formation in accreting flows as a possible X-ray source in relation to
iron fluorescence (Chapters 4 and 5) and (iii) a theoretical prediction of the iron fluorescent
line from spiral accretion disks (Chapter 7).
In Chapter 2, we review the history of AGNs, especially accretion-powered subclass
Seyfert 1 galaxies. We briefly overview their interesting properties associated with the
spectral and timing variability.
From an observational aspect of typical Seyfert galaxies, in Chapter 3 we analyze temporal and spectral changes of a narrow-line Seyfert 1 (a class of Seyfert 1s), NGC 4051.
Our model (the partial-covering model) will be described in detail, and we will show its
validity by comparing the best-fit model to the observed spectral features: (i) a power-law
component (attributed to a hot coronal region above an accretion disk), (ii) thermal emission (from the accretion disk) and (iii) an iron emission line (through iron fluorescence in
the accretion disk).
To explain the presence of a hot region (a corona) expected to be close to the central engines of AGNs, in Chapter 4 we explore standing isothermal shock formation in
hydrodynamic (HD), non-equatorial, adiabatic accretion flows onto a rotating BH. The
isothermal shock conditions as well as the regularity condition, previously developed for
one-dimensional (1D) flows confined to the equatorial plane, are extended to one-and-ahalf-dimensional (1.5D), non-equatorial flows, to study possible geometrical effects. The
basic HD equations with these conditions are self-consistently solved in the context of general relativity to investigate the formation of stable isothermal shocks. We find that strong

4
shocks can be formed in various locations above the accretion disk, especially around a
rapidly-rotating BH with prograde flows. Retrograde flows are generally found to develop
weaker shocks. The energy dissipation at the shock front above the accretion disk may offer
a viable energy source (as a primary X-ray source) for the reprocessed features, such as iron
fluorescent lines, which are often observed in many AGNs. This work is extended to the
magnetohydrodynamic (MHD) shock formation in Chapter 5.
Considering the presence of a magnetic field in AGNs, a sophisticated model is proposed
in order to treat BH magnetospheres. General relativistic MHD shocks are considered in
Chapter 5 as an extension of HD shocks in Chapter 4, to explore a more complicated
situation. We find that the postshock plasma can be sufficiently heated up so as to give off
X-rays/γ-rays, making it an ideal candidate for a heating site (i.e., corona), that illuminates
the accretion disk to produce subsequent iron fluorescence.
Particularly in Chapters 4 and 5 where standing shock formation is discussed, there is
an uncertainty regarding degenerate solutions (shock-free and shock-included accretions)
to the accretion problem. Our intension in these chapters is to suggest that “if shocks do
exist” they may exhibit certain characteristics explored in this thesis.
In Chapter 6, we review (theoretically and observationally) a standard model of the iron
fluorescent emission line, the “disk-corona model”, that has been successful in explaining
some of the characteristic features of the detected iron fluorescent emission lines, particularly
a broad fluorescent profile from Seyfert 1 galaxies. The basic physics and its common
assumptions are explained. Some uncertain issues to be solved, between observations and
the model, will be addressed.
In Chapter 7 we extend the standard disk-corona model explained in Chapter 6 by
including the effects of a spiral velocity wave triggered by instabilities possibly occurring
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in the accretion disk due to the presence of the magnetic field. In the Kerr geometry,
we compute the predicted iron line profiles for various spiral wave properties and make
theoretical predictions. We find unusual sharp sub-peak structure in the profile that is
also dependent on the phase of the spiral wave. Such spectral features can be tested
by an advanced X-ray spectroscopy (XRS) on board ASTRO-E2 and other future X-ray
observatories.
Final concluding remarks will be given in Chapter 8. A comprehensive summary, primarily of my own work in this dissertation, will be offered.
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CHAPTER 2
A Brief Overview of Active Galactic Nuclei (AGNs)
In this chapter, we will review the historical events that led to the discoveries of AGNs.
We will also review some of the general properties of AGNs, with a focus on the X-ray
band which seems to be a major observational window for these highly energetic objects.
Phenomenologically, there are various unique characteristics in the spectral features and
temporal variability.

Discoveries of AGNs

As explained in Chapter 1, AGNs are unique astrophysical objects in that they emit a
tremendous amount of radiation ranging widely from optical1 to γ-rays from a very small
region (. 1015 cm, equivalent to the size of the solar system), with a short time variability
(∼ 104 s). They are often accompanied by outflows such as a structure of collimated jets
or radio lobes (indicative of the existence of the magnetic field) and both thermal and nonthermal counterpart of radiation (e.g., Sambruna, Eracleus, & Mushotzky, 2002; Gambill
et al., 2003).
It is now widely believed from observations, and supported by standard theories for
accretion-powered AGNs, that such powerful radiation (Ltot ∼ 1042 −1048 erg s−1 as opposed
to Loptical ∼ 1041 − 1044 erg s−1 for normal galaxies) is constantly supplied by energy
conversion (with an efficiency of ηef f ∼ 0.06 − 0.42) from the gravitational energy of the
accreting gas onto the central supermassive black holes (BHs) (MBH ∼ 105 − 109 M¯ ).
(See Kato, Fukue, & Mineshige, 1998, for example.) Such an extremely high energy output
1

Radio emission originates from a more distant region in the case of radio-loud AGNs. In this thesis we
restrict ourselves to radio-quiet AGNs.
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seems to be difficult to explain by any other conversion processes (chemical reactions with
ηC ∼ 10−10 , thermonuclear fusion with ηN ∼ 0.007, for instance).
Historically, the first observation of an AGN was made in 1909 by Fath (1909), who discovered strong emission lines in the optical band from NGC1068. Around the same period,
Slipher found a broad optical emission line with an equivalent velocity of a few hundred
km/s, also from NGC1068 (Slipher, 1917). Karl Seyfert was the first person to systematically classify the AGNs that he observed in the 1940s (Seyfert, 1943). He analyzed a variety
of AGNs (e.g., NGC1068, NGC1275, NGC3516, NGC4051, NGC4151 and NGC7469) and
detected broad emission lines with an equivalent velocity of a few thousand km s−1 and
narrow emission lines with an equivalent velocity of a few hundred km s−1 , respectively.
Through these observations, he came to realize that: 1) some galaxies contain extremely
luminous nuclei at the center, 2) the observed spectral lines seem to originate from highly
ionized materials, and 3) such atomic lines are significantly broadened. AGNs that possess
the above phenomenological features are generally called Seyfert galaxies which is one of
the subclasses of AGNs. More detailed analysis of AGNs was made possible by the progressive advancement of radio observations since the 1950s as groups of scientists at Cambridge
University and Sydney University started making a large radio-object catalogue, the 3C (for
3rd Cambridge) catalogue, collecting nearly 500 radio sources. The optical observations for
these radio sources were eagerly made based on the catalogue, and two “radio stars” were
identified as the optical counterparts in M87 and NGC5128. The patterns of their emission
lines closely resembled those of Seyfert galaxies. More “radio stars” were searched for and
detected, but some of them, 3C48 and 3C273, for instance, showed an unusual spectral
signature in that none of the observed line wavelengths were consistent with known atomic
emission lines. In 1963, Maarten Schmidt pointed out that these emission lines (e.g., the
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Balmer lines of hydrogen) could be well matched with the existing atomic lines if the lines
were subject to an extremely large redshift of z = 0.16 (Schmidt, 1963). Hubble’s law implies that such a large redshift is indicative of a cosmologically large distance with respect
to us. Therefore, the absolute magnitude of the brightness could be larger than that of ordinary galaxies by three orders of magnitude. Today, these objects with no radio emission
are called “quasi-stellar objects (QSOs)” while those with strong radio emission are termed
“quasi-stellar radio sources” (only about 1% of QSOs). Both are abbreviated as quasars.

Classification of AGNs

There are two classes of AGNs: rotation-powered and accretion-powered AGNs. Throughout this thesis we only discuss accretion-powered AGNs. Seyfert nuclei are normally found
in host galaxies with spiral-arms within a relatively close neighborhood (e.g., z . 0.05) and
are less luminous (LX ∼ 1042 − 1045 erg s−1 ) than QSOs. On the other hand, QSOs are
generally detected at a cosmological distance with large redshift (z ∼ 0.1 − 6) and very
high luminosity (LX ∼ 1044 − 1048 erg s−1 ). As mentioned earlier, QSOs are very active
particularly in the X-ray regime with the presence of prominent (with either broad and/or
narrow lines) optical counterparts.
Seyfert galaxies are further classified as two types of nuclei, Seyfert 1s (type 1) and 2s
(type 2), depending mainly on their optical emission properties and existence of permitted/forbidden lines. Typical optical spectra from Seyfert 1s generally contain the permitted
lines (e.g., the Balmer series of hydrogen) with both a broad base (∆v . 10, 000 km s−1 )
and a narrow base (∆v ∼ 500 km s−1 ), while spectra from Seyfert 2s usually show only
narrow lines with an apparent lack of broad lines. The forbidden lines (e.g., [OI]:1s →
1d) always seem to be present as narrow lines (note that s-electrons can only transit to
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p-orbitals by the selection rule). The broad lines and narrow lines are thought to be produced in separate regions. A common interpretation is that the broad lines are emitted in a
dense region (Broad-Line Region, BLR, for short) with a large bulk velocity relatively close
to the nucleus, whereas the narrow lines are independently produced in a more distant,
lower-density region (Narrow-Line Region, NLR, for short) with a small bulk velocity. In
the framework of the latest AGN unification model, the apparent difference between Seyfert
1s and 2s is not considered to reflect the inherent properties of individual AGNs, but it is
rather attributed to the observer’s viewing angle. This unification scheme may thus be able
to successfully reconcile Seyfert 1s with 2s by stating that the fundamental physics behind
the two subclasses is the same.
We have seen so far that Seyfert 1 galaxies have relatively broad Balmer lines of hydrogen. However, recent spectroscopic analysis of Seyfert 1s has shed light on richer properties
of Seyfert 1s. Ostterbrock and Pogge (1985) identified a class of AGNs that satisfies all
the properties of Seyfert 1s except for relatively narrow Balmer lines (e.g., ∆v . 2000 km
s−1 ) with strong optical Fe II lines. Today, these particular types are called Narrow-Line
Seyfert 1 galaxies (NLS1s) while the rest of the Seyfert 1s are called Broad-Line Seyfert
1s (BLS1s). From the latest spectroscopic studies of NLS1s, we have learned that NLS1s
normally possess less massive BHs (inferred from the observed smaller ∆v) with a higher
accretion rate (from the observed luminosity), frequently showing larger amplitude changes
on shorter timescales (i.e., more rapid variability). Their spectra typically contain a large
soft excess photons (. 2 keV) with a steeper power-law index of ΓP L ∼ 2.2.
There are more distinctive ways to categorize AGNs other than their optical/X-rays
properties. Although it may be questionable whether the taxonomical effort of numerous
AGNs subvarieties has greatly helped us to see the whole picture of the AGN zoo, more
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Table 2.1: A traditional classification of accretion-powered AGNs.
Class
LLAGNs
Seyfert 1s
Seyfert 2s
Blazars
RQ QSOs 2
RL QSOs 3
1
2
3

z
(Redshift)
∼ 10 Mpc
< 0.1
< 0.1
< 0.3
> 0.1
> 0.1

Lx
[erg s−1 ]
< 1042
1042 − 1044
1042 − 1044
1043 − 1045
1044 − 1047
1044 − 1048

Variable

Radio

∼ 106 s
Moderate
3
4
10 − 10 s
Weak
Small
Weak
3
4
10 − 10 s
Strong
6
> 10 s
Weak
> 106 s
Strong

Optical

X-γ

Narrow
Weak
Broad+Narrow Small NH 1
Narrow
Large NH
Variable
No Lines
Broad
Weak
Broad
Strong

Neutral hydrogen column density [cm−2 ]
Radio-quiet (RQ) quasi-stellar objects (QSOs)
Radio-loud (RL) quasi-stellar objects (QSOs)

detailed classifications have been made according mostly to spectral features. AGNs in
general include Seyfert galaxies, quasars, BL Lacs, radio-galaxies, blazars, low-ionization
nuclear emission-line region galaxies (LINERs), starburst galaxies, low-luminosity AGNs
(LLAGNs) and even some more subdivisions, but the classification is empirical and somewhat vague. A general classification of accretion-powered AGNs is depicted in Table 2.1.
Since our primary interest is in accretion-powered AGNs, particularly in the Seyfert 1 galaxies, throughout this thesis, I will not discuss the detail of further categorization although
interested readers may consult the references (e.g., Kato, Fukue, & Mineshige, 1998; Krolik,
1999; Frank, King, & Raine, 2002).

Central Engines in AGNs — Supermassive Black Holes

In this thesis we will restrict ourselves to accretion-powered AGNs, mostly to Seyfert 1
galaxies, and thus we will not discuss the radio-loud AGNs. It is commonly accepted that
the powerful engines of accretion-powered AGNs are energized by central supermassive
BHs (MBH ∼ 105 − 109 M¯ ) constantly swallowing the accreting matter. As accreting
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gas falls onto the BH, because of the angular momentum it forms a structure called an
“accretion disk”. A substantial portion of the gravitational potential energy of the gas is
first liberated and then viscously converted into thermal (heat) energy. The thermal energy
is then dissipated into radiation as soft (thermal) photons. The observed UV thermal
emission bump is usually well described by the standard thin-accretion disk model (the socalled “α-disk model”), based on the following assumptions: (i) the disk is axially symmetric
and stationary, (ii) the self-gravity is negligible, (iii) the disk is geometrically-thin and
optically-thick, (iv) the outward angular momentum transport (by a viscous process) is
proportional to the gas pressure and (v) viscously dissipated energy is effectively liberated
as thermal radiation (Shakura & Sunyaev, 1973; Novikov & Thorne, 1973; Page & Thorne,
1974).
According to the model, the gas, in a (quasi-)Keplerian orbit, accretes onto a BH with a
mass accretion rate Ṁ . Neglecting general relativistic (GR) effects, half of the gravitational
potential energy of the matter is viscously dissipated into thermal radiation while the rest
is stored as rotational energy (Virial theorem). That is, the luminosity of the resulting
radiation from a region outside r is estimated to be

L(r) =

GMBH Ṁ
,
2r

(2.1)

where G and MBH are respectively the gravitational constant and the BH mass. From a ring
between r and r−∆r in the disk (with ∆r being a small width), the increase in the luminosity
is roughly ∆L(r) ∼ (GMBH Ṁ ∆r)/(2r2 ), and this should be equal to the total thermal
radiation (blackbody) released from both sides of the ring which is ∼ 2 × (2πr∆r)σ × T 4 .
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Therefore, the equivalent disk blackbody temperature becomes a function of the radius

T (r) =

Ã

GMBH Ṁ
8πσr3

which will be corrected by the factor {3(1 −

p

!1/4

∝ r−3/4 ,

(2.2)

rin /r)}1/4 (where rin is the inner radius of the

viscous accretion disk) in the framework of GR. The total disk spectrum can be calculated
by integrating the blackbody emission over the entire disk radius using the above T (r),
which is called a multi-color disk (MCD) model. This model successfully reproduces the
observed X-ray spectrum from some stellar compact objects. The soft X-ray spectrum (.
2 keV) from many AGNs, however, often cannot be identified with this model, indicative
of a deviation from the standard thin-disk model (e.g., Abramowicz et al., 1988; Mineshige,
Kawaguchi, & Takeuchi, 2000; Mineshige et al., 2000; Ohsuga et al., 2002, and see Chapter
3).
Although the above estimate is Newtonian, the accurate kinematics of falling matter
should be described by GR. Black holes, long predicted by GR, have only three characteristic
properties: mass MBH , (spin) angular momentum a ≡ J/(MBH c) and electric charge q.
Often the (normalized) specific spin parameter a∗ ≡ a(c2 /GMBH ) is used. For the rest
of the discussions, let us always denote the specific angular momentum by a rather than
a∗ . In astrophysical BHs, mass and spin seem to be more important than charge (Wald,
1984). A characteristic distance for BHs is the gravitational radius, rg ≡ GMBH /c2 =
1.5 × 105 (M/M¯ ) cm where c is the speed of light. Throughout this thesis, distance is
frequently normalized by rg . GR implies the existence of some interesting characteristic
radii of accreting matter around BHs. The event horizon (with radius rH ) is the effective
radius of a BH within which nothing can escape, and a marginally (last) stable circular orbit
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(with radius rms ) is an orbit within which no stable circular orbit is allowed. Both depend
on the BH mass MBH and spin parameter a. For instance, rH = 2rg and rms = 6rg for a
Schwarzschild BH (a = 0) while rH = rms = rg for an extremely rotating Kerr BH (a ∼ 1) in
the equatorial plane. At r = 6rg for a Schwarzschild BH, we find Lms ≡ L(rms ) = Ṁ c2 /12,
indicating that roughly 10% of the accretion power can be efficiently liberated as radiation.
In spherical accretion the actual luminosity (or brightness) due to accretion must not
exceed a certain limit. Otherwise, the radiation pressure would overcome the gravitational
force preventing further accretion. This upper limit is called the Eddington luminosity LE
and expressed as

4πcGMBH mp
LE =
= 1.3 × 1038
σT

µ

MBH
M¯

¶

[erg s−1 ] ,

(2.3)

where mp , σT and M¯ are the proton mass, Thomson scattering cross-section (between
electrons and photons) and the solar mass, respectively. The corresponding mass accretion
rate is shown as ṀE ≡ LE /(ηef f c2 ) where ηef f is the radiation efficiency. To explain
observed luminosity, this model requires that MBH ∼ 105 − 109 M¯ for typical AGN central
engines. By equating Lms to the Eddington limit LE , we can see a characteristic upper
mass accretion rate Ṁc

12LE
Ṁc =
c2

−8

= 2.73 × 10

µ

MBH
M¯

¶

[M¯ year−1 ] .

(2.4)

Therefore, a typical quasar consumes roughly a solar mass per year. Using a dimensionless
mass accretion rate ṁ ≡ Ṁ /Ṁc , the disk temperature T (r) (assuming ηef f = 0.1) can be
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scaled as

7

1/4

T (r) ≈ 5.1 × 10 (ṁ)

µ

MBH
M¯

¶−1/4 µ

r
rms

¶−3/4

[K] ,

(2.5)

which indicates that a supermassive BH produces a cooler disk than that of a stellar mass
BH. Once T (rms ) is given by observations, we can estimate a set of MBH and ṁ. One way
to estimate the radiation efficiency ηef f is to take a ratio of the gravitationally liberated
energy to the rest mass energy of the accreting matter. That is,

ηef f =

GMBH
,
rc2

(2.6)

and we find ηef f = 1/6 when r = 6rg , which is much more efficient than normal nuclear
fusion (e.g., ηef f ∼ 0.007 for hydrogen burning into helium).
X-ray Properties of Seyfert 1s

In the neighborhood of X-ray regime, many Seyfert galaxies show an interesting timing
and spectral behavior that could provide us with unique insights into the surrounding
matter in the immediate environment of the supermassive BHs in AGNs. Here, we will
go through some of the important observational facts particularly on Seyfert 1 galaxies of
accretion-powered AGNs.

Temporal Properties of Seyfert 1 galaxies
From previous X-ray observations, Seyfert 1 galaxies in general do not appear to have a
well-defined characteristic timescale, although a doubling time (i.e., a timescale over which
the X-ray intensity varies by a factor of two) seems to be from a few hours up to a few
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days (i.e., ∼ 104 − 106 s). Given that, the estimated size of the emission region should
be ∼ 1013 − 1015 cm (Barr & Mushotzky, 1986). This is indicative of an extremely small
emission region near the nucleus. BLS1s and NLS1s are overall similar to each other but
different in specifics (see Chapter 3 for NLS1s).

Spectral Properties of Seyfert 1 galaxies
The overall X-ray spectra of typical Seyfert 1s can be decomposed into several compositions, depending on the triggering mechanisms. They are also slightly different between
BLS1s and NLS1s in the optical spectra. A speculative geometry of a typical AGN is
schematically illustrated in Figure 2.1. Let us briefly summarize each of those components.

hard continuum
reflected (scattered)
emission

primary
X-ray source
reprocessed emission

soft continuum
accretion disk
BH

Figure 2.1: Geometry assumed in a standard model for for an accretion-powered AGN. A
possible origin (shocks) of such a primary X-ray source will be discussed in Chapters 4 and
5 in detail.

Hard Continuum X-rays (Power-Law Component). The bulk of the overall spectra can
be well fitted as a power-law spectrum

fP L ∝ E −ΓP L [counts cm−2 s−1 ]

(2.7)

typically in the 2-10 keV energy band where ΓP L is the power-law photon index and E is the
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observed photon energy. A high-energy exponential cut-off at 100-200 keV, corresponding to
the temperature of the coronal plasma (T ∼ 109 K), is also seen in some Seyfert 1 galaxies.
Generally, Γ ∼ 1.9 for BLS1s while Γ ∼ 2.2 for NLS1s. A most favored mechanism for
this component is an inverse-Comptonization of soft (seed) photons from an accretion disk
by relativistic electrons in a hot region (e.g., a corona) although the origin of such high
energy particles still remains unclear (see Chapters 4 and 5 for its possible origin in terms
of shock formation, and Liu, Mineshige, & Shibata (2002); Liu, Mineshige, & Ohsuga (2003)
for magnetic reconnections). Assuming this mechanism, the continuum photons and seed
photons are expected to be correlated in the observed spectra. In this picture, the observed
X-ray power-law intensity should reflect the energy density of seed photons and number
density of energetic electrons in the hot region, whereas the electron temperature may be
related to the shape of the emergent X-ray power-law. For nonthermal electrons the cooling
has the effect of steepening the electron distribution (Krolik, 1999).
Soft Excess Radiation (Thermal Component). The extrapolation of the power-law continuum into the low energy band (. 2 keV) often yields an excess emission (called soft
excess). It can be accounted for by a hard tail of thermal emission originating from cold
(∼ 104 − 106 K), optically-thick matter, presumably in the form of an accretion disk. Certain types of disk models in many cases have been successful in reproducing this component.
These excess photons are regarded as seeds to produce power-law photons in hard X-rays
as a consequence of Compton up-scattering by hot (T ∼ 109 K) electrons in a corona. The
soft excess band ranges from optical to extreme-ultraviolet (EUV) and extends up to the
soft X-ray band, showing a so-called “big blue bump” in the optical. This component is
stronger and more common in NLS1s which probably has something to do with a different
disk geometry (see e.g., Leighly, 1999; Vaughan et al., 1999; Haba, 2003).
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Reflection Component (Compton Scattering). As the incident (continuum) hard X-rays
strike cold, optically-thick matter (which acts as a reflector), some of the X-rays are photoelectrically absorbed while some are Compton scattered out. In many AGN models, the
reflector is thought to be an accretion disk. The reflected component is called Compton
reflection (or high energy) hump and is often seen at around ∼ 20 − 30 keV. The continuum
emission is more or less absorbed at lower energy by elements such as ionized oxygen and
iron, and thus the reflected component is flattened.
Reprocessed Component (Fluorescent Emission Lines). Around 5 − 7 keV, a very clear
emission line, from a weakly ionized iron atom in the accretion disk, is often detected
as an additional component to the power-law continuum. From some Seyfert nuclei, this
fluorescent line appears to be very broad and occasionally extremely redshifted. In some
cases, MCG-6-30-15, for instance, there are very peculiar line profiles with a dramatically
altered characteristic shape, with a long red tail occasionally extending down below ∼ 4
keV (Tanaka et al., 1995; Iwasawa et al., 1996a; Iwasawa et al., 1996b). According to the
disk-corona model, the hard X-rays from the corona striking the cool disk causes these lines
by iron fluorescence (see Chapter 6).
Warm Absorbers. Another interesting spectral feature is the nature of so called warm
absorbers. In many Seyfert 1s, an absorption feature is frequently detected below 1 keV
(Nandra & Pounds , 1994). This is interpreted as observational evidence for some (highly)
ionized material (probably O VII for 0.74 keV and O VIII for 0.87 keV absorption edge), with
some column density (NH ∼ 1021 − 1023 cm−2 ) and a particular geometry in the line of sight
(R ∼ 1018 cm or less from the nucleus) (e.g., see Reynolds, 1997). From the observations
of MCG-6-30-15, temporal variability has also been found in the warm absorber features
(Otani, Kii, & Miya, 1996). Although we have begun to get some physical insights into the
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properties of the warm absorber from the accumulated X-ray observations in the past, it
is not yet clear what kind of geometry it may have or where it is located from the nucleus
(Haba, 2003).
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CHAPTER 3
Narrow-Line Seyfert 1 Galaxy: NGC 4051

Introduction

As an observational aspect of the present thesis work, in this chapter1 we will analyze
one of the typical narrow-line Seyfert 1 galaxies (NLS1s), NGC 4051. We will study the
iron fluorescence and broad-band spectral features of this particular AGN.

Figure 3.1: (Left) An optical image (3 × 4 arcmin) of NGC 4051 (north is right while east is
up), adopted from Subaru Telescope, National Astronomical Observatory of Japan (NAOJ).
(Right) An X-ray image (small window mode) with XMM-Newton.

NGC 4051 (R.A.=12h 03m 9.1s, Dec.=+44◦ 32’ 06”: J2000) is a low-redshift (z=0.0023)
narrow-line Seyfert 1 galaxy with a relatively low X-ray luminosity (LX ∼ 1041 erg s−1 ).
It shows a barred and spiral feature and lies in the Ursa Major S group (around the root
of Big Bear’s hind leg) at a distance of about 33 million light years. This object has been
observed in various electromagnetic bands. The left panel of Figure 3.1 shows an optical
image of NGC 4051 taken with Subaru telescope while the right panel displays an X-ray
1

Fukumura, K., Haba, Y., Kunieda, H., & Tsuruta, S. 2005 (in preparation)
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image (in a small window mode) with XMM-Newton. The central engine exhibits a strong
X-ray variability with a large amplitude (the doubling timescale is about ∼ 2 ks according
to Matsuoka et al. (1990)), as well as a significant spectral variation on both long (∼ year)
and short (∼ 1 ks) timescales (Papadaski et al., 2002; Lamer et al., 2003).
The most interesting behavior of the observed light curve is that NGC 4051 occasionally
seems to lapse into extended periods of extremely low activity (Lamer et al., 2003). When
bright, the broad band X-ray spectrum resembles that of a typical Seyfert 1 galaxy, with a
2-10 keV continuum well modelled by a power-law of photon index ΓP L ∼ 1.8 − 2 together
with a cold reflection hump and its related Fe K narrow emission line. This source with the
above interesting characteristics has been frequently observed with various observatories,
bringing up very interesting questions to be considered. For instance, the nature of the
spectral variability between a “high-state” and a “low-state” was first observed with GINGA
(see Matsuoka et al., 1990; Kunieda et al., 1992, for their pioneering interpretation of the
partial covering model). Later ROSAT observations provided good evidence for a fluxlinked variable ionized absorber and for a soft excess below ∼ 1 keV (Pounds et al., 1994;
Komossa & Fink, 1997). Extended ASCA observations implied the existence of a strong
and broad Fe Kα emission line (implying reflection from a cold matter presumably in an
accretion disk) according to Guainazzi et al. (1996).
From the high energy band monitoring campaign of NGC 4051 with BeppoSAX, RXTE
and EUVE, some authors (e.g., Guainazzi, 1998; Uttley et al., 1999) showed that the observed spectrum in its low-state is consistent with reflection of the primary continuum source
off a cold gas. Recent Chandra observations also caught the source in its low activity state
(∼ 8 × 1040 erg s−1 ) showing a very hard (i.e., Γ ∼ 1) power-law continuum (Uttley et al.,
2003). So far XMM-Newton has observed NGC 4051 twice (2001 May 16-17 for ∼ 117 ks
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and 2002 November 22 for ∼ 52 ks, respectively) corresponding to its “bright-phase” and
“dim-phase”. In previous XMM-Newton observations, however, most of the preliminary
studies have been devoted to the comparison of the spectral features and their light curves
between those two phases (e.g., Pounds et al., 2004) or the dim-phase activity (e.g., Uttley
et al., 2004). In order to systematically understand the overall picture of NGC 4051, it is
also important to look more into the dim-phase activity. Since the 2001 observation has a
longer duration (∼ 117 ks) than the 2002 observation (∼ 52 ks), a better statistical analysis
can be expected from the former. In this thesis, therefore, we will focus our attention on
the 2001 XMM-Newton data set to explore the spectral/temporal variations.

Figure 3.2: A sketch of the highly elliptical XMM-Newton orbit. Adopted from European
Space Agency - XMM-Newton Science Operations Center.

XMM-Newton

XMM-Newton was launched by European Space Agency (ESA) on December 10, 1999.
It was launched and placed into a highly elliptical orbit (47.8 hour synchronous period, 7000
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km perigee, 114000 km apogee) for a combination of scientific and operational reasons. This
is illustrated in Figure 3.2. The spacecraft spends 141 ks of the 48-hour orbital period above
46,000 km, and because of the radiation background, on average about 132 ks can be used
to perform scientific observations with the on-board X-ray instruments. At the perigee the
observatory travels much faster at 24120 km/h. XMM-Newton’s highly eccentric orbit has
been chosen so that its instruments can work outside the radiation belts surrounding the
Earth (such radiation will cause significant degradation to the CCD cameras, mainly by
decreasing the CCD charge-transfer efficiency). The mass of the XMM-Newton spacecraft is
about 3.9 tons. The orbit inclination of 70◦ and azimuth of 18◦ allows for nearly continuous
ground-station coverage from Europe.
The basic XMM-Newton satellite design consists of three types of scientific instruments:
three X-ray CCD cameras called the European Photon Imaging Camera (EPIC), two highresolution (∼ 3.0 eV at 1 keV) spectroscopic instruments called the Reflection Grating
Spectrometer (RGS) and the Optical/UV Monitor (OM). The three EPICs and the two
RGSs reside in the focal planes of the X-ray telescopes while the OM has its own telescope.
Two of the X-ray telescopes are quipped with EPIC MOS (Metal Oxide Semiconductor)
CCD arrays (Turner et al., 2001), the third carries a different CCD camera called an EPIC
PN (Strüder et al., 2001). See Figure 3.3 for the arrangement of the chips. The EPIC
cameras offer the possibility for performing extremely sensitive imaging observations over a
field of view of 30 arcmin and an energy range from 0.15 to 15 keV, with moderate spectral
(E/∆E ∼ 20−50) and angular resolution (∼ 6 arcsec). The two types of EPIC cameras are
fundamentally different. This holds not only for the geometry of the MOS chip array and
the PN chip array, but also for other properties (e.g., readout-times, illumination process).
Table 3.1 compares various parameters of past, current and future X-ray observatories.

23

Figure 3.3: A rough sketch of the field of view of the two types of EPIC camera; MOS (left)
and PN (right). Adopted from European Space Agency - XMM-Newton Science Operations
Center.

Table 3.1: Comparison of various X-ray observatories.
Observatory XMM-Newton
Chandra
ASCA
Astro-E2
Detector
EPIC
ACIS
(GIS)/(SIS)
XRS
(MOS)/(PN) (Back)/(Front)
Energy
0.2-12
0.1-10
0.4-12
0.4-10
Range (keV)
Effective
Area (cm2 )
1 keV
922/1227
615/385
50/230
400
6 keV
768/851
205/235
125/160
300
Energy
Resolution
(eV)
1 keV
55/55
100/56
190/100
12
6 keV
130/130
170/130
460/240
12

Data Reduction

XMM-Newton reformatted telemetry is organized in the Observation Data Files (ODFs).
The ODFs are processed to produce calibrated event files using the latest XMM-Newton
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Science Analysis System (SAS) version 6.0.0.
The event files were generated using the SAS tasks called “epchain”, based on which
all the subsequent analysis will be done. The created event lists were further screened by
removing hot, dead and flickering pixels (“bad pixels”). The EPIC cameras were used in
“small window mode” (∼ 4.3 × 4.4 arcmin) in this observation (see Figure 3.3), successfully
insuring negligible pile-up (i.e., the arrival of more than one X-ray photon in one camera
pixel or in adjacent pixels before it is read out). The events corresponding to patterns 0-4
(single and double pixel events) were selected for the PN data. The EPIC response matrices
generated by the SAS tasks “rmfgen” already include the effective area of the telescopes
together with the vignetting, the transmissions of the filters and the quantum efficiency of
the detectors.
We extracted EPIC-PN source counts within a circular region of 45 arcsec radius defined
around the centroid position of NGC 4051. Also, the background circular region (∼ 45
arcsec) was taken from a similar region, offset from, but close to, the source (see the right
panel in Figure 3.1).
The net exposures available for spectral fitting in the 2001 observation are 116 ks with a
total of 2.17 × 106 photon counts from the EPIC-PN camera. The data were then grouped
into a minimum of 100 counts per bin, to facilitate use of the χ2 minimization technique
in spectral fitting based on the XSPEC2 package (Arnaud, 1996). All spectral fits include
photon absorption due to the Galactic neutral hydrogen with a column density of NH =
1.32×1020 cm−2 (Elvis, Lockman, & Wilkes, 1989). Errors are quoted at the 90% confidence
level (∆χ2 = 2.7 for one parameter of interest). Luminosities are derived assuming isotropic
emission and a standard cosmology with H0 = 75 km s−1 Mpc−1 .
2

An X-ray spectral fitting package (Arnaud, 1996).
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Data Analysis

Light Curves
In Figure 3.4 we show the background-subtracted EPIC-PN light curves of NGC 4051
for the 2001 observation, which clearly exhibits a rapid temporal variability within ∼ 10 ks
(by a factor of 2-3 in the counts) showing a “high-state” and a “low-state”. The left panel

Figure 3.4: (Left) The overall light curve of NGC 4051 for the May 16-17, 2001 data.
(Right) The corresponding energy-resolved light curve. From top to bottom, soft photon
count rates (0.3-0.5 keV), hard photon count rates (5-8 keV) and the hardness ratio (HR)
are plotted. The horizontal dotted lines denote the average values. The background photons
have been removed.
shows the overall light curve (time bin of 100 s). To examine a rough spectral behavior
of the emitting region, we furthermore looked into the corresponding energy-resolved light
curve (time bin of 1000 s) in the soft band (0.3-0.5 keV) and hard band (5-8 keV), together
with the hardness ratio (HR), being defined as the ratio of the hard photon count rates to
the soft photon count rates (right panel). The HR significantly varies between the highstate and the low-state. That is, the HR increases (“hardening”) during the low-state while
the HR decreases (“softening”) during the high-state. Therefore it seems reasonable to look
into both states in detail to find any spectral differences.
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Since we are also interested in the dynamical behavior of the emission region over the
observation time, the entire light curve is divided into eleven time regions (TRs) according
to its brightness. The high-state consists of bins (2,8,9,10) while the low-state consists of
bins (4,6). The last time region 11, however, is excluded from our subsequent analysis
because of a possible contamination due to the unresolved background noise. See Table 3.2
for the TRs.
Table 3.2: Extracted Time Region (TR).
TR a Integration Time b Counts (105 )
1
5.8
1.13
2
12
3.30
3
10
2.09
4
12
1.34
5
12
1.69
6
13
0.771
7
12
2.37
8
7
2.21
9
12
2.92
10
11
2.76
a
b

Time region (TR)
In units of ks

In order to see an overall distinction between the bright phase and dim phase, throughout
this Chapter let us collect all the time bins with relatively high brightness (2, 8, 9 and 10)
and those with relatively low brightness (4 and 6) and respectively call them “high-state”
and “low-state”. The high-state contains 1.12 × 106 photon counts while the low-state has
2.11 × 105 photon counts. Figure 3.5 shows the count rates for hard photons (5-8 keV)
vs. the count rates for soft photons (0.3-0.5 keV), for both the high-state (denoted by
filled circles) and the low-state (denoted by open-circles). The transition from the low-state
to high-state indicates that the soft photons increase more than the hard photons as the
intensity increases.
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Figure 3.5: Correlation between the hard band flux (3-5 keV) and the soft band flux (0.3-0.5
keV). The dashed line denotes the slope of one in logarithmic scale.

Spectral Analysis
To obtain a first impression of the broad-band X-ray spectrum of NGC 4051, we compare in Figure 3.6 the background-subtracted spectra for the high-state and the low-state.
Between ∼ 0.3 and ∼ 3 keV the spectral shape is essentially unchanged, except for the
fact that the high-state photon counts are a factor of ∼ 4 higher than the low-state photon
counts. Above ∼ 3 keV, there appears to be a clearly resolved emission line at ∼ 6.4 keV, on
top of the flatter continuum slope. Let us first examine the two distinct states (high/low)
as a trial step and then look into an individual time region for investigating more specific
temporal behavior of the observed spectra.
Underlying Components. As schematically illustrated in Figure 2.1 in Chapter 2, a
typical AGN spectrum is believed to contain various components. We started our spectral
analysis of the EPIC PN data for 2001 May in the traditional approach by fitting a powerlaw over the hard X-ray (3-12 keV) band. To exclude the complexity due to the emission
feature at ∼ 6.4 keV, the energy band of 5 − 7 keV was also extracted. This fit yielded a
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Figure 3.6: Background-subtracted high and low state spectra of NGC 4051.

+0.044
very large photon index of Γ ∼ 1.95+0.029
−0.029 for the high-state and small index Γ ∼ 1.65−0.043

for the low-state.

Figure 3.7: The best-fitting spectra with a simple power-law model in the hard energy band
(3-12 keV) for the high (left panel) and low (right panel) states. The lower plot shows the
data/model ratio.

Including the extracted energy band (5-7 keV) after the above fitting revealed the spectra
displayed in Figure 3.7 where the ratio of the data to the model (data/model) is also shown.
Some obvious residuals, such as the presence of a (possibly narrow) emission line near 6.4
keV and increasing positive residuals above 9 keV, seem to suggest the requirement of
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additional components (associated with cold reprocessed/reflected matter) in order to refine
the fit in this energy band.
It has been suggested from observations with Beppo-SAX and RXTE that beyond ∼ 10
keV, a reflection of the primary emission off cold matter (possibly an accretion disk) appears
to produce a gradual hump with a peak at ∼ 30 keV (e.g., Kunieda et al., 1992; Uttley
et al., 2004; Pounds et al., 2004). See also Guainazzi (1998) and Uttley et al. (1999) for
the observational implications. Because of an insufficient effective area (. 19 cm2 ) in the
hard energy band (i.e., & 12 keV) of XMM-Newton, such a high energy spectral feature
may not be statistically well resolved for our analysis. Hence, following their findings, we
modelled with “hrefl”3 in XSPEC. The parameter sets are adopted from Uttley et al. (1999)
where they found that the reflected power-law photon index is Γ ∼ 2.30 ± 0.25 (from RXTE
Proportional Counter Array and Beppo-SAX Medium Energy Concentrator Spectrometer)
−2
with a normalization of Aref
∼ (1.0+0.7
−0.3 ) × 10 . The reflection matter is assumed to
pl

subtend 2π steradians of the sky, as seen from the source of the primary continuum. Since
the inclination angle of the reflector to the line of sight is unknown, we freeze it at 30◦ (a
typical viewing angle for Seyfert 1s according to Antonucci & Miller (1985); Schmitt et al.
(2001)). (We found that this is not critical for the subsequent broad-band analysis.) The
iron K-edge at ∼ 7.11 keV (from cold iron) is also inserted.
By adding this reflection (reprocessed) component to the original power-law component,
we found ∆χ2 = 629 − 618 for 502 degrees of freedom (d.o.f.) in the high-state and
∆χ2 = 263 − 242 for 185 d.o.f. in the low-state. (The necessity of this reflection component
has been verified with the F-test4 probability in XSPEC.)
3

A simple reflection model from a cold, optically-thick matter illuminated by a point source (Basko,
1978).
4
If the F-test probability is low then it is reasonable to add the extra model component (Arnaud, 1996).
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To model a narrow emission line at ∼ 6.4 keV, we also included a gaussian model. The
line width σF e is fixed at zero because of insufficient statistics, although this choice should
not affect the global spectral feature. The overall fit at this point gave us χ2 = 545 for 499
degrees of freedom (d.o.f.) in the high-state and χ2 = 190 for 182 d.o.f. in the low-state.

Figure 3.8: Extrapolation to 0.3 keV of the obtained 3-12 keV spectral fit (powerlaw+reflection+Gaussian) showing the strong soft excess in both high (left panel) and low
(right panel) states.

As seen in Figure 3.8, extrapolating the model down to the soft emission regime (0.3-3
keV) revealed a strong soft excess below ∼ 2 keV, together with a possible absorption line
feature at ∼ 0.73 keV, also indicated in the earlier observations of NGC 4051. To account
for this component, we regarded its origin as a thermal emission and phenomenologically
fitted with the blackbody model. The most prominent absorption line is fitted with an
edge5 model. It should be noted that in the very soft energy band (. 1 keV) the spectra
appear to contain complicated atomic absorption features from various species (e.g., He-like
and H-like C, N, O and Ne ions), which has also been detected with RGS (see Haba, 2003;
Pounds et al., 2004). Since our primary interest is to explore the global spectral variation,
we will not worry too much about fitting this low energy band.
5

An absorption edge due to an intervening (ionized) matter.
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Figure 3.9: Broad-band spectra of NGC4051 fitted with a power-law continuum, blackbody
soft emission, gaussian line, edge absorption model and reflection counterpart for the high
(left) and low (right) states.
With the addition of the blackbody model, the fitting was acceptable yielding χ2 /d.o.f.=
1323/1038 (high-state) and χ2 /d.o.f.=779/589. However, it still leaves a noticeable discrepancy for energy band ranging from 1 to 5 keV as shown in Figure 3.9.
Partial Covering Model — High/Low States. Our previous attempt to fit the data with
the simple model (i.e., hard power-law continuum plus soft blackbody emission) does not
seem to be very successful considering the apparent residuals. To further reconcile the fitted
spectra with the observed data, we additionally assumed that a part of the surrounding
matter (a blob of cloud gas) may be partially covering the emission region in the line
of sight, causing the variation in brightness (probably in addition to an intrinsic spectral
change). This partial-covering model has successfully explained the sharp drop of spectral
index for several narrow-line Seyfert 1 galaxies (Kunieda et al., 1992; Boller et al., 2002,
2003; Haba, 2003; Gallo et al., 2004).
The next step we take is, therefore, to make a similar assumption that a cloud (with a
column density of NH (cloud)) may be blocking our line of sight towards the primary emission
region (hard and/or soft emission region) producing the observed flux change between the
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high-states and low-states (Pounds et al., 2004). To simulate a possible covering effect, we
add to our model a covering component with absorption included. The photon indices of
this component with and without absorption are linked to each other. Although the actual
absorbing cloud might cover both the hard and the soft emission regions, the contribution
of the soft component is negligible, because of a rapid fall-off of the transmission rate of
the obscuring cloud toward lower energy (i.e., the photo-electric absorption coefficient is
much larger below 2 keV). Thus we only consider the covering of the power-law continuum
component (Haba et al., 2003).
Table 3.3: Primary components for the partial covering model.
Model
Power-law a
Blackbody b
Gaussian c
Edge d
Phabs e

Expression
A(E) = K(E/1 keV)−Γ
2 dE
A(E) = (kT8.0525KE
)4 exp(E/kT −1)
A(E) = Kδ(E − Eline )
M (E) = exp(−τ (E/Eth )−3 ) for E ≥ Eth
M (E) =exp(−NH σ(E))

Normalization
K [photons cm−2 s−1 keV−1 ]
L39
K=D
[ergs s−1 cm−2 ]
2
10
K [photons cm−2 s−1 in the line]
N/A
N/A

a

E = observed photon energy in keV and Γ = photon index.
kT = blackbody temperature in keV, L39 = luminosity in units of 1039 ergs s−1 and D10 =
distance to the source in units of 10kpc.
c
Eline = line energy in keV in the source rest frame.
d
Eth = threshold energy in keV and τ = absorption depth at Eth .
e
Photon absorption where NH = is equivalent hydrogen column density in cm−2 and σ(E) =
photoelectric cross-section in cm2 .

b

With the covered power-law model, the best-fitting results are both statistically and
visually improved, where χ2 /d.o.f.=1287/1037 (hard-state) and χ2 /d.o.f.=662/588 (lowstate). Our spectral model consists of two “power-law” hard continua (both uncovered and
partially-covered), “blackbody” soft continuum, “reflection” component and “Gaussian”
line emission, combined with the “absorption edge” by ionized matter and the Galactic
“photon absorption”. These are tabulated in Table 3.3. In order to investigate whether
this idea (“partial-covering scenario”) is consistent throughout each time region (1-10) as
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the brightness changes, we performed a similar fitting to each time region.
Table 3.4: Time-resolved partial-covering model with a free NH (cloud).
TR
Γa
kT b
NH (cloud) c
Cf d
χ2 /d.o.f.
1
2
3
4
5
6
7
8
9
10
a
b
c
d

2.20+0.025
−0.022
2.15+0.027
−0.014
2.10+0.016
−0.018
2.02+0.024
−0.031
1.93+0.083
−0.042
1.89+0.021
−0.063
2.10+0.018
−0.020
2.20+0.036
−0.030
2.18+0.031
−0.033
2.16+0.031
−0.028

0.115+0.0029
−0.0015
0.118+0.0017
−0.0015
0.115+0.0018
−0.0017
0.112+0.0020
−0.0020
0.112+0.0018
−0.0016
0.111+0.0018
−0.0020
0.114+0.0017
−0.0015
0.118+0.0017
−0.0015
0.115+0.0017
−0.0016
0.115+0.016
−0.016

16.4+15.4
−7.21
29.1+31.8
−12.5
15.1+19.6
−7.96
7.86+1.64
−1.23
9.99+4.53
−3.67
6.98+1.15
−0.93
264+214
−89
14.7+8.92
−6.71
20.5+14.9
−7.06
27.8+30.6
−11.4

0.21+0.045
−0.081
0.18+0.079
−0.056
0.13+0.070
−0.060
0.37+0.057
−0.056
0.15+0.077
−0.064
0.50+0.073
−0.067
+0.92
0.78−0.15
0.18+0.060
−0.071
0.21+0.033
−0.055
0.24+0.099
−0.068

394/385
646/610
523/508
512/455
551/513
382/352
583/533
527/503
668/592
624/588

Photon index of power-law component
Blackbody temperature in units of keV
Column density of the covering cloud in units of 1022 cm−2
Covering fraction defined by equation (3.1)

Partial Covering Model — Time-Resolved Analysis. We applied this same model to
each time region (1-10) to analyze the dynamical behavior of the spectra for shorter timescales
(∼ 10 − 20 ks). As a first trial fitting, we let the cloud’s column density NH (cloud) vary.
The result was statistically acceptable (see Table 3.4) for each time region, but we were
not very convinced with this result because of an odd behavior of NH (cloud) as we shall
explain.
We define a covering fraction of the power-law continuum component Cf as

Cf ≡

Kplc
,
Kpl + Kplc

(3.1)

where Kpl and Kplc are respectively the uncovered power-law normalization and the covered
power-law normalization. The overall variation of the covering fraction Cf supports our
model because Cf tends to be larger when the source is dimmer and vice versa. Our results
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(in Table 3.4) roughly agrees with this expected behavior (except for possibly TR 3 and 7).
On the other hand, the column density of the partial covering absorber NH (cloud) appears
to increase when the observed flux is larger whereas it decreases when the flux is smaller.
This result can be interpreted as the covering cloud being denser in the high state and less
dense in the low state assuming that the size of the cloud does not significantly change for
the time scale of our interest (∼ 10 ks). This is a completely opposite behavior one would
expect from the idea that the cloud is primarily controlling the apparent brightness of the
source. Our scenario would conversely predict that increasing (or decreasing) NH (cloud)
should be accompanied by decreasing (or increasing) flux. We therefore regarded such a
“correlation” between NH (cloud) and the brightness to be an indication of the inappropriate
assumption that the density of the cloud varies.

NH (cloud)= 7.637x1022 cm-2

6

4

1

5
3
2

8
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Figure 3.10: Time-resolved (1-10) covering fraction Cf with a constant NH (cloud).

Due to this problem, as our more consistent case we next calculated the weighted average
of the cloud’s column density from 1 to 10, which is found to be NH (cloud)=7.637 × 1022
cm−2 , and held it constant throughout the subsequent analysis. The fitting result then

35
seemed to improve significantly, successfully describing a temporal variation of the covering
fraction Cf in a consistent fashion with the observed brightness. The previous problem
of correlation between NH (cloud) and the brightness is now resolved. Figure 3.10 for the
current model shows that Cf is high when the source is dim while it is low when the source
becomes bright, as expected. Thus, comparing the previous case where NH (cloud) is varied
to the present case where NH (cloud) is constant, the latter seems to be favored in the
context of our partial-covering model, perhaps suggesting a non-varying cloud density.

absorption
edge

power-law
emission line
blackbody

covering
component

reflection

Figure 3.11: The best-fit unfolded spectra and corresponding residuals σ for time 6 (left
panels) and time 8 (right panels). The components in the right panels are the same as in
the left panels. See text for model description.

The corresponding best-fit spectra for time 6 and 8 are shown in Figure 3.11. As
mentioned earlier, our partial-covering model consists of a power-law (dominant over 2-10
keV), blackbody model (. 2 keV), Galactic photon absorption, an absorption edge below
1 keV, a Gaussian emission line at ∼ 6.4 keV, a reflection model (hrefl) and a partial
covering component. The reflection component primarily depends on the photon index and
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normalization of this component. In the current analysis, we fixed these parameters at
the values found with previous RXTE and BeppoSAX observations (Uttley et al., 1999;
Guainazzi, Matt, & Fiore, 2000). Changing these values did not significantly alter the
fitting results. The best fitting parameters are tabulated in Tables 3.5 and 3.6.
Table 3.5: Time-resolved partial-covering model with nH (cloud)=7.637 × 1022 cm−2 .
TR
Γ
kT(keV)
Kpl (direct) a Kplc (covered) b
1
2
3
4
5
6
7
8
9
10

+0.065
2.22−0.066
+0.033
2.16−0.038
+0.049
2.11−0.037
+0.063
2.02−0.066
+0.052
1.96−0.064
+0.092
1.88−0.091
+0.042
2.16−0.053
+0.039
2.21−0.064
+0.036
2.19−0.042
+0.023
2.17−0.040

0.115+0.0033
−0.0031
0.118+0.0015
−0.0016
0.115+0.0018
−0.0017
0.112+0.0020
−0.0020
0.111+0.0020
−0.0021
0.111+0.0021
−0.0021
0.114+0.0018
−0.0015
0.118+0.0021
−0.0017
0.116+0.0017
−0.0016
0.115+0.0017
−0.0017

1.07+0.037
−0.037
1.42+0.026
−0.031
1.03+0.021
−0.028
0.525+0.017
−0.019
0.658+0.018
−0.019
0.235+0.009
−0.010
0.967+0.021
−0.023
1.52+0.031
−0.050
1.19+0.024
−0.026
1.22+0.028
−0.025

2.49+0.78
−0.15
1.59+0.91
−1.06
1.38+1.04
−0.98
3.07+0.94
−0.91
1.46+0.77
−0.87
2.45+0.77
−0.68
1.21+0.85
−0.96
2.72+1.25
−1.52
2.15+0.91
−0.99
1.83+1.08
−0.94

a

Power-law normalization of the direct component Kpl in units of photons 10−2 cm−2 s−1
keV−1
b
Power-law normalization of the covered component Kplc in units of photons 10−3 cm−2
s−1 keV−1

a
b
c

TR

Table 3.6: Continuation of Table 3.5.
Eedge a
Eline b
F2−10 c χ2 /d.o.f.

1
2
3
4
5
6
7
8
9
10

0.735+0.022
−0.021
0.738+0.008
−0.012
0.752+0.012
−0.013
0.744+0.012
−0.011
0.749+0.007
−0.012
0.730+0.009
−0.008
0.749+0.013
−0.021
0.758+0.011
−0.025
0.733+0.012
−0.014
0.724+0.014
−0.013

6.30+0.14
−0.08
6.33+0.09
−0.01
6.40+0.04
−0.09
6.40+0.03
−0.05
6.36+0.02
−0.06
6.36+0.01
−0.01
6.36+0.07
−0.01
6.36+0.06
−0.01
6.37+0.03
−0.08
6.36+0.02
−0.09

2.85+0.29
−0.25
3.71+0.17
−0.17
2.95+0.17
−0.20
2.46+0.26
−0.22
2.62+0.27
−0.19
1.81+0.26
−0.22
2.59+0.21
−0.15
3.91+0.37
−0.22
3.17+0.20
−0.16
3.24+0.19
−0.11

399/386
662/611
525/509
496/454
551/514
382/353
586/534
532/504
684/593
642/589

Absorption line energy in units of keV in the source rest frame
Emission line energy in units of keV in the source rest frame
Absorption-corrected 2-10 keV flux in units of 10−11 erg cm−2 s−1
For the clearly detected emission line at ∼ 6.4 keV, a Gaussian model has been adopted
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Figure 3.12: Fe line flux vs. photon index Γ.

although a different choice of parameter should not affect the overall end result. It is
interesting that the observed line flux almost remains the same throughout the observation
despite a large variation in the continuum emission. Figure 3.12 shows the observed iron line
flux vs. the corresponding photon index Γ, illustrating this behavior. It is consistent with
previous reports based on different models (Pounds et al., 2004). For a consistency check,
we fitted the time-averaged spectra with a variable σF e using the same partial covering
model. As expected, a very narrow line width of σF e = 62.4+0.3
−0.3 eV was found with the line
+0.35
−2 −1
energy of Eline = 6.37+0.015
s .
−0.016 keV and the line flux of Fline = 1.994−0.33 photons cm

Attempting to fit with other relativistic line models (diskline and laor models in XSPEC)
did not yield an acceptable result, resulting in noticeable residuals and/or inconsistent bestfit parameter values (too small inclination angle θobs , for instance). We thus feel justified
about our choice of σF e = 0 above.
If the absorbing gas cloud is not dramatically changing its absorbing nature (i.e., density)
during this observation, then the “effective” size of the emission region (not necessarily
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Observed (Apparent) Emission

cloud

Intrinsic Emission

Figure 3.13: A schematic illustration of the covering cloud (not drawn to scale).

the actual size) must change to generate the low-state and high-state. Several possible
situations where such a variation can occur are: (i) the covering cloud is moving (e.g.,
orbiting), blocking our line of sight with an unchanged emission region, (ii) the size of the
emission region is intrinsically changing while the cloud does not move and (iii) the cloud
and the emission region are both changing.
In order to see if the intrinsic continuum (hard and soft bands) has anything to do with
the inferred covering fraction Cf , we examined the correlation between the covering fraction
and corresponding intrinsic luminosities. See Figure 3.13 where the intrinsic and observed
(apparent) emissions are schematically illustrated in the context of our partial covering
model. Figure 3.14 shows the intrinsic luminosity for the soft band Lbb (left panel) and
for the 3-10 keV hard band Lpl (right panel) as a function of the covering fraction. As the
intrinsic luminosity decreases (increases), the covering fraction tends to be larger (smaller),
and this trend is stronger in the soft band luminosity Lbb . This result is very appealing
because both Lbb and Lpl roughly follow the same pattern. In the case of (i) above, one would
expect no correlation between the covering fraction and the intrinsic luminosity. Such a
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Figure 3.14: Correlation between the intrinsic luminosity (no covering) and the covering
fraction Cf for soft energy band (left panel) and for hard energy band (right panel).
correlation would be understood as the result of a merely coincidental event, meaning that
the cloud happens to cover the maximum (minimum) emission region at the same time
the intrinsic continuum luminosity becomes low (high), according to Figure 3.14. This
interpretation, however, seems contrived and unnatural because the position of the cloud
and the temporal variation of the intrinsic luminosity should be independent of each other.
Thus, it leads us to the more reasonable explanations, (ii) and (iii).
The observed 3-10 keV hard luminosity appears to have a good correlation with the
photon index as seen in Figure 3.15. As the source becomes dimmer, the hard continuum
tends to be flatter (i.e., hardening). In the soft energy band we found that the temperature
goes down. It can then be interpreted that the accretion disk becomes cooler and its emission
region becomes smaller allowing less soft (seed) photons to be emitted. If the hard photons
are actually produced in a coronal region via Comptonization of these seed photons, the
decrease in soft photons is expected to be accompanied by the decrease in hard photons.
Then, the observed hard continuum should become flattened, which is in fact consistent
with our data.
The left panel of Figure 3.16 demonstrates a good correlation between the hard contin-
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(power-law)

Figure 3.15: The intrinsic photon index Γ vs. the observed 3-10 keV luminosity.

TR 6

Figure 3.16: Correlation between the intrinsic hard continuum luminosity in the 2-10 keV
band and the blackbody normalization (left panel) and the temporal variation of the powerlaw photon-index Γ in the hard energy band (right panel).
uum luminosity in the 2-10 keV band and the blackbody luminosity where the increase in
the soft photon luminosity is accompanied by an increase in the hard photon luminosity,
consistent with the conventional scenario of inverse-Comptonization of seed photons.
With no inclusion of the covering absorber, one generally gets a flatter spectral feature for
the intrinsic hard spectral component (Lamer et al., 2003). The intrinsic hard continuum in
our model does not vary as much as it would without covering effects, which is illustrated

41
in the right panel of Figure 3.16. The flattening of the intrinsic hard continuum in the
dimmest state 6 is at most Γ ∼ 1.88 with our partial covering model while it can be as flat
as ∼ 1.55 without the covering effect.
Discussion & Conclusion

The observed X-ray spectrum as well as the X-ray light curve of NGC 4051 from the
2001 May 16-17 observation data were studied in terms of the spectral variations and its
driving mechanisms. The entire observation was divided into 10 time region bins (1-10)
according to the hardness ratio (HR) in the light curve and the brightness, allowing us to
trace the underlying temporal variation of the spectral features of NGC 4051. It was found
that a simple power-law model alone cannot account for the complex broad-band spectrum
and its temporal variations.
In the context of our partial covering scenario, the rapid variability (∼ 10 − 20 ks) is
triggered by an absorbing gas cloud (with a neutral hydrogen column density of NH (cloud))
that is partially covering our line of sight to the source with the covering fraction of Cf (defined by equation (3.1)). Based on this idea, the time-resolved spectra (1-10) are analyzed
with the same model components, consisting of an uncovered direct power-law hard continuum, blackbody soft continuum, the Gaussian line (for Fe fluorescence), an absorption edge
(most noticeably for a highly ionized oxygen OVII in the warm absorber), together with
a reflection component and a partially covered power-law component. Each spectrum was
best fitted with the model in which the covering cloud is better explained with a constant
density NH (cloud). The obtained covering fraction Cf , as expected, becomes larger when
dim (low state) while it is smaller when bright (high state), in agreement with the prediction
of our scenario.
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Further investigation of the intrinsic luminosity Lint , including the unmodified and covered components in both hard (3-10 keV) and soft (blackbody) continua, revealed an interesting correlation between Lint and Cf as illustrated in Figure 3.14. The fact that Lint
increases (decreases) when Cf is low (high) seems to suggest that it is the emission region
itself, rather than the gas cloud, that is primarily responsible for the nature of the observed spectral variability. Note that the relative size of the cloud and the emission region,
rather than the distance to the cloud, will determine the model in our scenario6 , because
we are considering the composite effects of direct and partially covered emissions. From the
low-state to the high-state, the emission region increases by a factor of two. Such a variable emission region size could be caused by a transient mass-accretion rate (e.g., Hirotani,
Tomimatsu, & Takahashi, 1993; Mineshige, 1996).
The observed very narrow, non-varying iron Kα emission line seems to have nearly a
constant flux despite a rapid change in the hard continuum. This fact may be explained well
if the line emission originates from a distant region (e.g., the outer part of the accretion disk).
Together with an almost constant reflection component, it seems reasonable to speculate
that both spectral features might be involved with the same (optically-thick) cold matter in
a distant region. From our time-averaged spectral analysis for the iron line, we have found
a line width of σF e = 62.4+0.3
−0.3 eV that corresponds to the Keplerian velocity of vk ∼ 168
km s−1 . The orbital radius of such a velocity field is r ∼ 3.3 × 1017 cm.
In the present analysis, we confirmed a clear correlation between the intrinsic hard and
soft continuum as seen in Figure 3.14. Furthermore, it also appears that the soft continuum
may undergo more changes than the hard continuum. This fact is quite consistent with the
idea that the soft (seed) photons from the disk emission are Compton up-scattered (i.e.,
6

We are discussing the luminosity observed at infinity, compared with the size of the source-cloud system.
The distance from the source to the cloud is then irrelevant.
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inverse Comptonization) by hot electrons in a corona resulting in the observed hard powerlaw photons. Simultaneous EUV and X-ray observations with RXTE and EUVE indicate
that the variability of the EUV photons (124 – 188 eV) and hard X-ray continuum (2-10
keV) are directly correlated with a possible X-ray time-lag of 1 ks to 20 ks. This evidence
supports the idea of the inverse Comptonization scenario (Uttley et al., 1999). Moreover,
there has been significant evidence for an X-ray-optical correlation also (4400-6900 Å in
the optical band vs. 2-10 keV in the X-ray band) with close to zero-lag (within one day),
although optical photons do not seem to be as important as the UV photons for the seed
photons (Shemmer et al., 2003).
An important aspect of the observed soft emission spectrum is the high equivalent
temperature. In our model, the soft thermal component is approximated to be blackbody
radiation with temperature kT (see Table 3.5). Knowing the estimated distance to the
source (D = 9.86 Mpc), we can calculate the emission size7 Rem using the Stefan-Boltzmann
2
law: Lbb = 4πRem
σSB Tbb4 where Lbb and Tbb can be found from its observation. For a

M = 7 × 105 M¯ BH, we get the average emission radius of Rem ∼ 1010 cm, which is
inside the event horizon (rH = 2.1 × 1011 cm). This may be indicative of either the model
assumption is not physically appropriate or the observed soft emission mechanism does not
follow the blackbody radiation (i.e., the observed temperature is too high for the blackbody
emission from a standard thin disk). Among many AGN observations (especially of NarrowLine Seyfert 1s, NLS1s) the observed blackbody temperature Tbb is almost always found to
be too high to be compatible with the traditional thin-disk emission model with Lbb ∝ Tbb4 .
Then, the standard geometrically-thin accretion disk model is no longer valid.
Recent theoretical works on the optically-thick version of the advection-dominated ac7

This is based on the assumption that the emission comes from the entire disk.
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cretion flows (ADAFs) have begun to reconcile the characteristic features of NLS1s with so
called “slim disks”. In these flows, viscously dissipated energy is balanced with advective
cooling rather than radiative cooling because of a large (radial) accretion velocity (a fraction
of speed of light) and the photon-trapping effect deep inside the accreting flows (Abramowicz et al., 1988; Mineshige, Kawaguchi, & Takeuchi, 2000; Mineshige et al., 2000; Ohsuga et
al., 2002). Despite such a large velocity, however, the disk surface temperature can be quite
high because of a large mass-accretion rate allowing more matter to efficiently flow in. The
deviation from the blackbody radiation thus can be naturally identified as the signature involving this non-standard slim-disk model. Mineshige, Kawaguchi, & Takeuchi (2000) have
found for a slim-disk model a quasi-analytic description of the modified blackbody temperature as kTbb = 0.2[(M/(105 M¯ )]−1/4 , and also concluded that the disk emission region rbb
can be very small. According to this model, we find kTbb ∼ 0.123 keV for NGC 4051. Thus,
we conclude that our NGC 4051 data is well explained by a slim-disk scenario.
As the next step, it would be interesting to study the other observation of NGC 4051
(i.e., 2002 November) and see if our partial covering model could fit into those data also.
Since our current analysis of NGC 4051 appears to be in agreement with the predictions
of the slim disk model, more extensive spectral analysis of this source would certainly be
important in terms of further testing of this model.
In the next two chapters, we will discuss a possibility that a hard X-ray continuum
component, as discussed here, could be explained by a shock formation in AGNs.
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CHAPTER 4
Global Solutions for Shock-Included HD Accreting Flows

Introduction

In many astrophysical objects such as the Earth-Sun system, we have seen formation of
shocks in the solar corona and the terrestrial magnetosphere. In some cases, it is shocks that
make it possible for us to detect radiation from active regions. Some of the observed soft
X-ray images of the Sun are in agreement with a spatial structure of shocks predicted by
magnetohydrodynamic (MHD) simulations (e.g., see Shiota et al., 2003, for 1992 January
24 observations). According to Hudson & Warmuth (2004), observations of coronal loop
oscillations in the solar corona may be interpreted as evidence that a fast MHD shock wave
propagates in the ambient corona. From simultaneous monitoring of Kepler’s supernova
remnant by the Hubble Space Telescope, the Spitzer Space Telescope and the Chandra
X-ray observatory, composite images were made. They clearly exhibit a fast-moving shell
of iron-rich matter from the exploded star, surrounded by an expanding shock wave that is
sweeping up interstellar gas and dust (e.g., Sankrit eu al., 2004).
Park et al. (2004) intensively studied, based on the best-fit two-shock spectral model, the
blast waves (slow and fast shocks) in the observed X-ray emission from the X-ray remnant
of supernova SN1987A using the Chandra X-ray observatory. In a solar corona, Tsuneta
et al. (1997) discovered, with the Yohkoh Soft X-ray Telescope (SXT), a high-temperature
source above the soft X-ray loop of the impulsive limb flare. The hot source (15-20 million
K) is attributed to heating by the slow shocks associated with magnetic reconnection while
the superhot source (100-150 million K) appears to be heated by the fast bow shock.
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Numerical simulations, in the context of the hydrodynamics (HD) and MHD, commonly indicate the presence of various types of shocks (i.e., standing shocks, travelling
shocks, spiral shocks) in various situations associated with accretion onto compact objects.
See Chakrabarti & Wiita (1993a,b, 1994) and Molteni, Gerardi, & Chakrabarti (1994) for
possibilities of spiral shock formation relevant for active galactic nuclei (AGNs). Hachisu,
Kato, & Kato (2004) suggested that the observed unusual light curve can be well reproduced with their model of two-armed spiral shocks onto an accretion disk around a nova,
V1494 Aquilae. According to Stone, Xu, & Hardee (1997), strong shocks are found in jet
beams from accretion disks in their HD simulations. Tomisaka (2002) found a number
of fast and slow MHD shocks in rotating magnetized molecular cloud cores during their
collapse. Mizuno et al. (2004) suggested a formation of shock waves around a magnetized
accretion disk in their fully relativistic MHD simulations. Particular spatial structures in
soft X-ray imaging observations of the Sun were identified with slow and fast MHD shocks
associated with the magnetic reconnection model (e.g., Shiota et al., 2003), while coronal
heating by these shocks in the Sun has been implied from some MHD numerical calculations
(e.g., Moriyasu et al., 2004).
Mainly, there are two ways that shocks can develop: (i) flowing gas colliding with an
obstacle (i.e., solid surface) and (ii) decelerating gas. In black hole (BH) accretion, the latter
case might apply. There are several mechanisms in general for decelerating accreting gas:
centrifugal barrier due to the effective potential1 , gas/radiation pressure and/or magnetic
(J × B) force (if magnetic field is present), for instance. Because of these outward forces
(acting as invisible “obstacles”), accreting gas is subject to deceleration even in the absence
of a “rigid surface”, possibly leading to the existence of one or more shocks. Detailed study
1

See the discussion of general relativistic effective potential Vef f in equation (4.9) on page 53.
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of this possibility is focus of much of this chapter.
From the above argument, therefore, it is expected that a similar shock formation may
occur in BH accreting flows in AGNs. For example, Koide, Shibata, & Kudoh (1998, 1999)
numerically simulated accreting MHD plasma onto a rotating BH in the context of general
relativity, where they found the formation of strong MHD shocks (and jets). They explored
the physical mechanism of MHD shocks and claimed that shocks indeed formed because
the supersonic infalling plasma did decelerate due to the centrifugal barrier and pressure
gradient. They also found that the accreting plasma were even stopped to form jets in their
simulations (see Figure 6 in Koide, Shibata, & Kudoh (1998) and Figure 6(c) in Koide,
Shibata, & Kudoh (1999) for the physical plausibility of shock formation in BH accretion).
Shock-included accretion flows are thus physically relevant in BH accretion and are very
important for explaining a locally heated site, acceleration of relativistic particles as well
as the observed variability of the continuum emission in AGNs (e.g., Trussoni et al., 1988).
Furthermore, dynamical (time-dependent) studies have suggested that some discontinuous (shock-included) solutions are physically more favored than the corresponding continuous (shock-free) solutions under certain situations (e.g., Ferrari et al., 1984; Trussoni et
al., 1988; Nobuta & Hanawa, 1994). On the other hand, Becker & Kazanas (2001) and Le
& Becker (2004) argued that standing shock solutions are preferred from the second law
of thermodynamics. Thus it is useful to explore the possibility of shock formation near
the BH. Dynamical stability analysis is beyond the scope of our current work. Here, we
consider only standing shock formation.
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Motivation

Our primary purpose in this chapter2 is to offer a supplementary/alternative, more
concrete mechanism for the origin of the incident X-rays (in a hot region) that trigger the
photoionizaion of the underlying accretion disk (and subsequently causing iron fluorescence;
see Figure 2.1 in Chapter 2). A realistic model of the AGN central engine may include the
effects of the magnetic field. The BH magnetosphere was studied first by Blandford &
Znajek (1977) in the context of winds and jets from radio-loud AGNs. The work has been
extended to magnetospheric physics of accreting AGNs by various authors (e.g., Phinney,
1983; Takahashi et al., 1990; Tomimatsu & Takahashi, 2001; Takahashi, Rilett, Fukumura,
& Tsuruta, 2002, hereafter TRFT02; Rilett et al., 2005, in preparation). In this case,
plasma particles should be frozen-in to the magnetic field lines, and hence the accreting
plasma should fall onto the BH from regions above the equatorial plane, along the field
lines (see, e.g., Figure 2 of TRFT02; Figure 1 of Tomimatsu & Takahashi, 2001). Then,
MHD would become important to describe the motion of the particles associated with the
background field. The resulting relativistic MHD shocks are partially explored by TRFT02,
Rilett et al. (2005, in preparation) and Takahashi et al. (2005, in preparation).
In general, the MHD shocks can be hydro-dominated or magneto-dominated (Takahashi,
2000, 2002, hereafter T02; Chapter 5). Solving the geometry of the magnetospheric structure
in a realistic manner is an extremely difficult problem, and only a very simple approximate
version has been carried out (see, e.g., Tomimatsu & Takahashi, 2001). Therefore, in this
chapter we leave out the magnetic field and explore HD shock conditions. Here, we adopt
a model which applies to the hydro-dominated shocks where the magnetic field does not
make a significant contribution to the properties of the shocks under a weak field limit,
2

Published as Fukumura, K., & Tsuruta, S. 2004a, ApJ, 611, 964
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because in such a case HD should primarily control the shock formation. We will examine
MHD shocks in detail in Chapter 5.
One-dimensional (1D), hot accretion flows around a BH, generally treated as an ideal HD
fluid, have been investigated by various authors (e.g., Sponholz & Molteni, 1994; Kato et al.,
1996; Kato, Fukue, & Mineshige, 1998). It has been found that such accretion flows must be
transonic, and will become supersonic before reaching the event horizon, while it is subsonic
at infinity (Chakrabarti, 1990a). Once such a fluid becomes supersonic, it is possible that
a standing shock wave may develop when shock conditions are met (e.g., Hawley & Smarr,
1986; Ryu et al., 1995; Molteni, Ryu, & Chakrabarti, 1996). The first attempt was made
by Yang & Kafatos (1995) to self-consistently study relativistic isothermal shock formation
around BHs. In the case of isothermal shocks3 , the postshock fluid can lose substantial
energy and entropy across the shock while the fluid temperature is continuous across the
shock location (Chakrabarti, 1990a; Lu & Yuan, 1997). Lu & Yuan (1998, hereafter LY98)
further examined isothermal shock formation in 1D adiabatic hot flows in the Kerr geometry,
for various flow parameters including BH rotation.
In this chapter, we extend the work by LY98 on isothermal shock formation in 1D
adiabatic flows in the equatorial plane, to one-and-a-half dimensional (1.5D) calculations
for flows above the equatorial plane, to investigate geometrical effects. One of our major
motivations is to explore the possibility that shocks produced in such flows act as a high
energy radiation source for some reprocessed features, such as the iron fluorescent lines. It
is generally considered that a hot illuminating source above the cooler disk is required to
produce such secondary features (e.g., Fabian et al., 1989; Reynolds & Nowak, 2003).
We first introduce our basic equations and assumptions. The HD fluid equations are
3

See Appendix E for the other types of shocks: adiabatic and isentropic standing shocks.
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solved in the context of general relativity. We discuss the isothermal shock conditions
and the stability of shocks. The results are presented in later sections where we display
shock solutions for various representative values of angular position, fluid energy, angular
momentum, and BH spin. Discussion and concluding remarks are given in the last section.

Basic Equations & Assumptions

Background Kerr Geometry
We will adopt the Boyer-Lindquist coordinates in the Kerr metric (see Appendix A) to
describe the subsequent equations. Notice that θ = π/2 corresponds to the equatorial plane
while θ = 0 corresponds to the polar axis (or angular momentum axis). Our model consists
of a relatively cool (∼ 106 K) accretion disk in the equator and a hot non-equatorial gas.

Hot, Adiabatic Fluid above the Equatorial Plane
Chakrabarti (1996a,b), Lu et al. (1997) and LY98 have studied general relativistic (GR),
equatorial flows in the Kerr geometry, whereas many of the previous works were based on the
Pseudo-Newtonian potential (Paczyński & Wiita, 1980), which is not capable of reproducing
the frame-dragging effect (Chakrabarti, 1990a). To examine 1.5D GR hot accretion flow,
here we assume an ideal Boltzmann gas in a non-equatorial region. Such an accreting fluid
spirals around the symmetry axis due to angular momentum and accretes onto the BH due
to the gravity. The poloidal path of the fluid is assumed to be conical (uθ = 0) (this does
not always have to be so, but we employ this assumption to mathematically simplify the
subject). The preshock fluid slowly starts falling from a distant location as a subsonic flow.
The fluid has only radial (ur < 0) and azimuthal (uφ 6= 0) velocity components. Therefore,
the flow will spiral around the BH rotation axis onto the hole.
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The schematic diagram of such an accreting fluid is displayed in Figure 4.1. Especially,
it may be emphasized that our version of the “conical model” is quite different from the
conical equilibrium flow often adopted in conventional non-magnetic thick disk models.

Rotational Axis
Non-Equatorial
Accreting Hot Fluid

rcout
rsh
rcin

θsh

Radiation

Accretion Disk

BH

Figure 4.1: A quasi-side-view of a transonic, non-equatorial, hot accreting fluid forming a
shock above a cool accretion disk. See text for labels.

Following the earlier works on GR accretion shocks, particularly LY98, we assume that
the dynamical time-scale of the accretion process is much shorter than that for the energy
(or thermal) dissipation during the fluid accretion. The hot, non-equatorial fluid obeys the
equation of state for an ideal gas

P =

kB
ρT ,
µp m p

(4.1)

where T, P and ρ are the temperature4 , thermal pressure and rest-mass density of the fluid,
respectively. Also, µp and mp are the mean molecular weight of the composite particles and
the mass of a particle. kB is the Boltzmann constant. The polytropic form is adopted as

P = Kργ = Kρ1+1/n ,
4

Here we only consider a one-temperature flow to simplify the problem.

(4.2)
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where the adiabatic index γ and the polytropic index n are constant. We use γ = 4/3
(n = 3) for our relativistic fluid. K is a measurement of the entropy S of the gas where S ≡
cv log(P/ργ ) (cv being the specific heat at constant volume), expressed also via equations
(4.1) and (4.2) as

K ≡

kB
T .
µp mp ργ−1

(4.3)

We consider both the fluid and spacetime to be in steady-state (∂t = 0) and axisymmetric
(∂φ = 0). Then, there exist two constants of motion along the shock-free fluid’s path:
specific total energy E and axial angular momentum component L of the fluid. These
conserved quantities are found from mass conservation law, energy conservation law and
Euler equation. These are respectively expressed as

(ρuα );α = 0 ,

(4.4)

T αβ;β = 0 ,

(4.5)

(hαβ T βγ );γ = 0 ,

(4.6)

where T αβ = (ρ + P )uα uβ + P g αβ is the stress-energy tensor of a perfect fluid. Also, uα
and hαβ are the fluid four-velocity and the projection operator, respectively. Consequently,
from the time and azimuthal components in equations (4.4), (4.5) and (4.6) we find

E ≡ µut ,

(4.7)

L ≡ −µuφ ,

(4.8)

where µ = (P + ²)/ρ is the relativistic enthalpy of the fluid, and ² = ρ + nP is the
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total energy-density including the internal energy term. With the use of the four-velocity
normalization u · u = 1 where u = (ut , ur , 0, uφ ) is the four-velocity of the fluid, we find

−1 + ur ur + (ut )2 Vef f (r, `) = 0 ,

(4.9)

where Vef f (r, `) ≡ g tt − 2`g tφ + `2 g φφ is called the (modified) GR effective potential (Lu, Yu,
& Young, 1995; Molteni, Ryu, & Chakrabarti, 1996, and also LY98) with g αβ being the Kerr
metric tensor components. Here, ` ≡ L/E = −uφ /ut is the specific angular momentum of
the fluid which is conserved along the whole flow if viscous dissipation is negligible (weak
viscosity limit). In Newtonian potential fluid elements must lose angular momentum, while
in GR potential accretion can still occur in the absence of angular momentum losses. This is
because the strong gravitational effect inherent to GR significantly lowers the corresponding
Newtonian potential well, allowing fluid to move further in (e.g., Schutz, 1985; Chakrabarti,
1990a; Lu, Yu, & Young, 1995; Kato, Fukue, & Mineshige, 1998). Mathematically, this is
recognized as the metric components, g αβ , in the effective potential Vef f in equation (4.9).
For example, in a more explicit expression, Vef f is essentially equivalent to the conventional
effective potential Ṽef f (r, L) ≡ 1 − 2/r + L2 /r2 − 2L2 /r3 when the black hole spin is zero
(Schwarzschild BH). The last term, −2L2 /r3 (corresponding to an extra attractive force),
is purely due to GR which allows accretion without losing angular momentum.
Hence, we get ut in terms of Vef f (r, `) as

ut =

µ

1 − ur ur
Vef f

¶1/2

.

(4.10)

The definition of the local sound speed is given by cs ≡ (dP/d²)1/2 following LY98, which
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is then rewritten as

c2s

dP
≡
=
d²

µ

1
1+
n

¶

Kρ

1/n

µ

dρ
d²

¶

,

(4.11)

and by definition of the enthalpy we also have

µ=

P +²
= 1 + (1 + n)Kρ1/n .
ρ

(4.12)

Thus, combining equations (4.11) and (4.12), we find

1−

nc2s

=1−n

µ

dP
d²

¶

=

1
1
= ,
1/n
1 + (1 + n)Kρ
µ

(4.13)

where we now express the local sound speed in terms of the enthalpy (or vice versa).
Accordingly, equation (4.7) can be rewritten as

E=

µ

1 − ur ur
Vef f

¶1/2

¢
¡
/ 1 − nc2s .

(4.14)

It is useful to notice here that both E and L will change across the shock location in the
case of isothermal shock, but they change in such a way that the ratio L/E (i.e., `) will stay
unchanged. Notice that K remains the same along the shock-free fluid due to the adiabatic
assumption (no heat in/out), but does change across the shock. There is another constant
along the fluid’s path called the mass accretion rate Ṁ . The spherical mass accretion rate
is 4πr2 (−ur )ρ in the radial direction, and thus the mass accretion rate per unit spherical
area by incoming fluid is given by

Ṁ = r2 (−ur )ρ ,

(4.15)
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which is constant along the whole flow, regardless of the shock formation. Since we are
interested in shocks where entropy is generated, let us follow LY98 and introduce another
conserved quantity called the entropy accretion rate

n

Ṁ ≡ K Ṁ = r

2

·

c2s
γ(1 − nc2s )

¸n

(−ur ) ,

(4.16)

where Ṁ is conserved in a shock-free fluid, but changes in a shock-included fluid due to
the entropy generation (i.e., K) at the shock location.

Regularity Conditions
It is known that any BH accretion must be transonic (Chakrabarti, 1990a, 1996a), so it
is important to locate the critical points (or sonic points to a particular observer) to make
sure that the flow is physically acceptable. Taking a derivative of equation (4.14) with
respect to r, we obtain

dur
N
=
,
dr
D

(4.17)

where

(ur )2
1 dVef f
dgrr 2c2s
−
−
,
N ≡
r
2(−1 + u ur ) dr
r
2Vef f dr
ur
c2
.
D ≡ sr −
u
−1 + ur ur

(4.18)
(4.19)

In equation (4.17), N (D = 0) = 0 is required (regularity conditions) for dur /dr to be finite.
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At the critical points these conditions give

c2s

·

¸
d(ln grr )
1 dVef f
− 4/r |c =
|c ,
dr
Vef f dr
ur ur
|c ,
c2s |c =
−1 + ur ur

(4.20)
(4.21)

where the subscript “c” denotes the critical points. Notice that the right-hand-side of
equation (4.21) is the square of a radial three-velocity component v r of the fluid, measured
by a corotating observer in a corotating reference frame (CRF). This is a locally-flat space,
and v r is equal to the speed of light at the horizon (Abramowicz & Chakrabarti, 1990).
The Mach number is then defined in the CRF by M ≡ v r /cs . In other words, the critical
points are equivalent to the sonic points only for such an observer. Multiple critical points
(i.e., an inner point rcin , an intermediate point rcmid and an outer point rcout ) are known to
exist in general for a set of (E, `) (e.g., Chakrabarti, 1990b). The fluid must pass through
a critical point on both sides of the shock in order to satisfy the transonic property. This
means that the location of the critical points will be different before and after the shock
in a shock-included fluid. Depending on the critical point that the fluid goes through, the
kinematic and thermodynamic profiles of the fluid will be different. In the framework of
our model, however, it is not very important through which critical point the accreting fluid
will pass near the BH. Therefore, we will only investigate the preshock fluid that passes
through the outer critical point rcout and the postshock fluid that passes through the inner
critical point rcin .

Isothermal Shock Conditions
In this section we exclusively investigate isothermal dissipative shock conditions. We
are particularly interested in a large amount of energy release expected at a shock front,
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where an effective particle acceleration (e.g., Tsuneta & Naito, 1998; Gieseler & Jones,
2000) and/or radiative energy dissipation may produce an ideal incident X-ray site for the
subsequent iron fluorescence (e.g., see LY98).
Since the fluid total energy differs across the isothermal shock front, we have

E1 =
E2 =

µ

µ

1 − ur1 ur1
Vef f
1 − ur2 ur2
Vef f

Esh ≡ E1 − E2 ,

¶1/2
¶1/2

¢
¡
/ 1 − nc2sh ,
¢
¡
/ 1 − nc2sh ,

(4.22)
(4.23)
(4.24)

where the subscript “1” and “2” denote a preshock and postshock quantity at the shock
location, respectively. csh ≡ cs (rsh ) is the local sound speed at the shock. From the entropy
accretion rate, we have
¸n
c2sh
(−ur1 ) ,
Ṁ1 =
2
γ(1 − ncsh )
·
¸n
c2sh
2
Ṁ2 = rsh
(−ur2 ) .
γ(1 − nc2sh )
2
rsh

·

(4.25)
(4.26)

Due to the shock formation, the fluid becomes hotter and entropy is generated at the shock
front (i.e., treated as a mathematical discontinuity with zero-thickness here). Thus, Ṁ
increases instantaneously at the shock location. However, if the radiative cooling process is
efficient, a fraction of the total entropy may be lost as radiation from the fluid surface. Le
& Becker (2004) argued that part of the fluid energy and entropy generated can be carried
off by outflowing high-energy particles. Therefore, the postshock temperature remains
continuous and the postshock entropy becomes smaller than that of the preshock flow5 .
5

The entropy is partially carried away at the shock front in the form of radiation, making Ṁ1 > Ṁ2 .
However, the net entropy, including the dissipated entropy, must increase across the shock according to the
second law of thermodynamics (e.g., LY98; Becker & Kazanas, 2001; Le & Becker, 2004).

58
That is, T1 = T2 but Ṁ1 > Ṁ2 , although Ṁ1 = Ṁ2 . From thermodynamics the change in
entropy across the isothermal shock front is written as

∆s = cv log

½

p2 /p1
(ρ2 /ρ1 )γ

¾

= cv (1 − γ) log(p2 /p1 ) < 0 .

(4.27)

The radial momentum flux density (equivalent to net pressure), F (r), is given by

F (r) ≡

c2s (r)
+ ur (r) .
γur (r)

(4.28)

From conservation of momentum flux density in the radial direction, it is found that

c2
c2sh
+ ur1 = sh + ur2 .
γur1
γur2

(4.29)

Based on the above jump conditions in addition to the regularity conditions, there are
nine equations (4.14), (4.16), (4.21), (4.20), (4.22), (4.23), (4.25), (4.26) and (4.29) for nine
unknowns rcin , rcout , rsh , E2 , Ṁ1 , Ṁ2 , csh , ur1 and ur2 . Once a set of (a, θsh , E1 , `) is specified,
the corresponding shock location rsh and all the other unknown quantities are uniquely
determined. For the sake of completeness, it should be noted that any physically acceptable
shocks in a transonic accretion flow must satisfy the boundary conditions (rcin < rsh < rcout ).
From equations (4.22) and (4.23), we note that E1 > E2 at the shock location rsh because
|ur1 | > |ur2 |. That allows some energy dissipation Esh from equation (4.24). Equations (4.25)
and (4.26) also imply that the entropy accretion rate should decrease across the shock for
the same reason. Now, we may extract some interesting qualitative implications from
these equations. For example, we note that greater energy release Esh should naturally be
expected from strong shocks because a relatively large jump in the radial velocity ur across
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such shocks is made possible. Secondly, we clearly see the general trend for the effect of
the direction, θsh , on specific angular momentum of the fluid, `. For instance, ` cannot be
large near the polar region since the centrifugal barrier is correspondingly small compared
with that near the equator. Then, the non-equatorial fluid will have a smaller rotational
velocity uφ . Consequently, the flow could increase its radial component ur more efficiently
than its azimuthal component uφ , which allows the preshock flow to become supersonic
more quickly (or sooner) in the radial direction. The resulting shock location, therefore,
will be further from the BH for small θsh as compared with the shocks near the equator
(large θsh ). Furthermore, the energy dissipation Esh from such (more distant) shocks will be
small, due to the fact that only a small amount of the fluid’s gravitational potential energy
can be released, as opposed to a large amount of energy conversion from the gravitational
potential in regions close to the BH. We will come back to this issue in a later section.
The critical points rc are determined by the fluid parameters (E, `). In dissipative
shock-included flows, the fluid energy E decreases across the shock, which will subsequently
determine the postshock critical points corresponding to different E. In other words, the
postshock fluid with (E2 , Ṁ2 ) cannot pass through the critical points already determined
by the preshock flow with (E1 , Ṁ1 ). Instead, the critical points for the postshock flow must
be determined by the postshock flow parameter (E2 , Ṁ2 ). Therefore, one must recalculate
and find these new critical points based on (E2 , Ṁ2 ) for the postshock flows to describe
global shock-included transonic flows6 . This makes isothermal shocks more complicated
than adiabatic shocks. Such a flow topology will also be illustrated later.
6

In adiabatic shocks where E is conserved across the shock, both preshock and postshock critical points
are pre-determined by the initial conditions. See Chapter 5.
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Stability Analysis
Although possible shock locations are found from the jump conditions, they need to
be stable against a small perturbation. Otherwise, the shock would disappear. The radial momentum flux density F (r) as an explicit function of r, cs (r) and ur (r), defined in
equation (4.28), must be conserved on both sides of the shock at all times. To check the
stability, we (quasi-statically) perturb the radial momentum flux density by a small change
in the shock location rsh , a method originally developed by Yang & Kafatos (1995) (see also
LY98). Thus, a small perturbation of the momentum flux density is

δF2 − δF1 =

µ

dF2 dF1
−
dr
dr

¶

δr ≡ ∆δr .

(4.30)

The shock location will then shift such that the momentum balance is retained in equilibrium. If the perturbed shock location goes back to its original position (unperturbed shock
location), then the shock is called “stable”. Otherwise, momentum balance will never be
retrieved and the shock is “unstable”. Suppose that a shock location is slightly perturbed
by δr. If ∆ > 0 when δr > 0 (outward shift), the postshock momentum flux density becomes larger for accretion, according to equation (4.30). Consequently, the shock location
will be further shifted toward increasing r, and the fluid will never find a new location at
which the momentum balance is satisfied. Likewise, if ∆ > 0 when δr < 0 (inward shift),
the postshock momentum flux is smaller than the preshock momentum flux. The shock
location will move further inward, and thus the flow will never satisfy the momentum balance, either. If ∆ < 0, on the other hand, the shock will always go back to the unperturbed
location satisfying momentum balance, regardless of the sign of δr. Therefore, ∆ < 0 is
required for stable shocks for accretion. The shock solutions presented in this chapter are
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all stable in this respect.

Results

In this section we present our results and consider their physical implications. The
obtained isothermal shock solutions are displayed for various parameters. Based on previous
AGN observations and theoretical speculations (e.g., Iwasawa et al., 1996a; Iwasawa et al.,
1996b; Wilms et al., 2001), the mass of the supermassive BH is chosen to be M = 107 M¯ ,
and the hole is in general rapidly-rotating (i.e., an extreme Kerr BH). We choose a = 0.99
in most cases, but also adopt various values of a to investigate the BH spin dependence.
The accretion fluid is rotating with the Keplerian angular velocity of Ωk = 1/(a + r3/2 ). We
consider both direct flows (a` > 0) and retrograde flows (a` < 0).
out
in out
in
) for
, rsh where rsh
< rsh
As seen by LY98, we find stable, multiple shock locations (rsh

the same set of parameters (a, θsh , E1 , `) satisfying all the requirements (i.e., shock jump
conditions, boundary conditions, and stability analysis). A preshock flow which does not
reach the event horizon is often called α-type flow. In order for α-type flows to be physically
acceptable accretion, there must exist a shock. However, it is still uncertain through which
in
out
shock location, either rsh
or rsh
, the preshock flow will “transit” to the postshock flow (i.e.,

degeneracy of shocks). There may be some other physical conditions (for instance, viscous
dissipation or magnetic field) that uniquely determine which shock is actually realized, but
this is beyond the scope of this chapter. To avoid complexity caused by the degeneracy,
in
we will consider only the inner range of shock locations rsh
. Although we are aware of the

existence of the degeneracy, throughout this chapter the outer range of shock locations are
not considered. The reason is that, as mentioned already, our work is originally motivated
by the X-ray observations of the “reprocessed features” such as the iron lines from some
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AGNs. These lines are considered to be originating from a cool accretion disk illuminated
by a hot high energy radiation source above the disk plane. The whole system should,
however, be very close to the central BH (Fabian et al., 1989), because these lines often
exhibit broadened features with a large gravitational redshift (Nandra & Pounds , 1994).
Therefore, we are primarily interested in the inner shock formation close to the hole.

Non-Equatorial, Isothermal Shock Locations
Solving the basic equations (conservation laws + shock conditions) introduced earlier, we
find various stable shock locations for different fluid parameters such as (θsh , E1 , `). The following four angles θsh are considered: 5◦ (polar region), 30◦ (high-latitude region), 60◦ (midlatitude region) and 80◦ (near equatorial region). The energy-dependence of the shock locations for various E1 is also examined in the following manner: E1 = 1.005, 1.01, 1.015
and 1.02 where E1 is expressed in units of the particle’s rest-mass energy mp c2 . To avoid
complications, we fix the BH spin at a = 0.99. First, the (rsh , θsh ) coordinates of the obtained shock locations are displayed in Figure 4.2 where E1 is (a)1.005, (b)1.01, (c)1.015
and (d)1.02 for the four selected θsh : 5◦ , 30◦ , 60◦ and 80◦ except for (d). As explained
earlier, the outer range of shock locations is not shown there. It should be reminded that a
different shock location rsh is accompanied by a different angular momentum ` in Figure 4.2.
Let us discuss this more below.
We find that the non-equatorial shock develops further out as ` increases (indicated by
an arrow) for a fixed E1 and θsh , consistent with LY98 in the equatorial case. Both the
inner critical point rcin and the outer critical point rcout will shift inward as ` increases for a
fixed E1 and θsh . There exist a minimum ` (`min ) and a maximum ` (`max ) for each set of
(E1 , θsh ) for which the physically valid, stable shock formation is possible. For ` < `min or

63

Figure 4.2: Range of non-equatorial, standing shock locations around a rapidly-rotating BH
(a=0.99 with prograde flows) for various angles θsh for fixed energy E1 . The BH horizon is
at rh = 1.14rg (central dot). The arrows denote increasing ` with increasing rsh . No shock
is found for E1 = 1.02 with θsh = 5◦ in (d).

` > `max , the shock is unable to develop because of the violation of the boundary conditions
and/or because the shock is unstable. This has also been found in equatorial shocks. The
relation between the shock location rsh and the angular momentum ` is seen in Figure 4.3
where rsh is plotted against ` for various angles θsh . E1 = 1.005, 1.01, 1.015 and 1.02 from
right to left except for θsh = 5◦ where E1 = 1.02 is absence. Although only representative
shock locations are shown in Figure 4.3, stable shocks can exist anywhere along the curves.

64

θ

θ

θ

θ

Figure 4.3: Shock location rsh vs. fluid angular momentum ` for various E1 and θsh in the
case of a=0.99 (with prograde flows). Each curve corresponds to the solutions in Figure 4.2.
In each panel from right to left, E1 = 1.005, 1.01, 1.015 and 1.02 except for θsh = 5◦ where
no shock is found with E1 = 1.02.

The characteristic transition of some important locations are shown in Table 4.1. The
max
min
range of the non-equatorial shock locations ∆rsh ≡ rsh
− rsh
in general tends to become
min
max
narrower as E1 increases for a fixed θsh . Here, rsh
and rsh
are the innermost and outer-

most shock locations, respectively. For a fixed angle θsh , the average location of the inner
in
in
critical point r̄cin ≡ (rc,min
+ rc,max
)/2 shifts outward while the average location of the outer
out
out
point r̄cout ≡ (rc,min
+ rc,max
)/2 shifts inward as E1 increases, where the additional subscripts

“min” and “max” denote the minimum and the maximum values of the critical points for
a fixed (E1 , θsh ), respectively.
Another interesting feature with regard to the angular dependence is that ∆rsh roughly
becomes larger with decreasing θsh for a fixed E1 . This is because both the innermost shock
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Table 4.1: Some important locations
min
max
E1
θsh (deg) rsh
rsh
◦
1.005
5
6.950 30.50
◦
1.005
60
4.970 21.00
◦
1.005
80
3.625 18.00
1.01
5◦
6.188 20.32
◦
1.01
60
4.050 12.85
◦
1.01
80
3.330 10.80
1.02
30◦
5.062 10.62
◦
1.02
60
2.060 7.800
◦
1.02
80
1.650 7.000

as a function of
∆rsh
r̄cin
23.55 3.868
16.03 1.377
14.38 1.262
14.13 4.238
8.810 1.420
7.471 1.278
5.559 3.048
5.741 1.515
5.352 1.316

E1 and θsh .
r̄cout
132.7
144.3
146.0
57.71
69.28
71.50
25.62
31.77
33.56

min
max
location rsh
and the outermost shock location rsh
shift outward as θ decreases, although
max
min
min
rsh
changes more than rsh
does. rsh
increases because the rcin increases. Interestingly,

no shocks can form when E1 = 1.02 with θsh = 5◦ as seen in Figure 4.2(d). This is due to
the presence of the outer critical points being very close to the BH. With such a small rcout
(together with a certain value of rcin ), there can be only a narrow (radial) region between
rcin and rcout . In the case of 5◦ in Figure 4.2(d), this region becomes so narrow that no jump
conditions can be met within this range, resulting in no shock formations at all regardless
of the angular momentum `.
As discussed earlier, the average shock location shifts outward with decreasing θsh , which
is qualitatively predicted as a result of a quick gain of the radial velocity due to smaller
angular momentum `. In general, therefore, if the total preshock energy E1 is relatively
large when θsh is small, the formation of shocks may not necessarily be expected. In other
words, the formation of shocks in the polar region may require less energetic HD accretion
fluid.

Properties of Dissipative Shocks
Figure 4.4 shows a three-dimensional plot where the shock location rsh , the shocked fluid
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angle θsh and the shock strength M1 /M2 are displayed for various E1 . We take a = 0.99

θ

θ

θ

θ

Figure 4.4: Shock strength (Mach number ratio) M1 /M2 as a function of the shock location rsh and the angle θsh for the same shocks as in Figure 4.2. (a)E=1.005, (b)E=1.01,
(c)E=1.015 and (d)E=1.02. We take a=0.99 with prograde flows.

(for the prograde flows) with E1 = 1.005, 1.01, 1.015 and 1.02 for (a), (b), (c) and (d),
respectively. Here, M1 /M2 is the ratio of the fluid Mach numbers just before and after the
shock. Once again, no shock is found for θsh = 5◦ when E1 = 1.02 (see panel (d)). For a
global geometry of the whole shock location, refer to Figure 4.2.
One of the easily noticeable features in Figure 4.4 is that M1 /M2 increases with decreasing rsh down to a certain distance (peak radius rp ) and then decreases inside rp for a fixed
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E1 . This is again the same pattern found in LY98 for the θ = 90◦ case. Such a trend is
enhanced more as θsh increases (compare the 5◦ and the 80◦ cases, for instance). However,
as E1 increases, the rate at which M1 /M2 increases outside rp becomes smaller while the
rate at which M1 /M2 decreases inside rp appears to be larger for a fixed θsh . That is, the
slope of the M1 /M2 vs. rsh curve becomes smaller with increasing E1 (compare (a)1.005
and (d)1.02, for instance). Therefore, we can conclude that the preshock fluid with a small
(large) E1 and a large (small) θsh is more likely to produce a strong (weak) shock for a fixed
shock location rsh .
The energy dissipation Esh /E1 at the shock is shown as a function of rsh and θsh in
Figures 4.5. The panels (a)-(d) correspond to those in Figure 4.4. The Esh /E1 vs. rsh
curve qualitatively resembles the M1 /M2 vs. rsh curve. The energy dissipation Esh becomes
larger as the shock occurs closer to the hole, until a peak radius rp (if it exists). Energy
release tends to be more efficient when θsh is large for a fixed energy E1 , and the variation
of Esh /E1 for a fixed θsh can be nearly an order of magnitude between large and small θsh ,
which is seen in (a) and (b) in Figure 4.5. This can be qualitatively interpreted in terms of
the energy conversion of the fluid, as we predicted earlier. A shock developed further away
can dissipate only a small gravitational potential energy whereas a shock close to the hole
can convert more potential energy for dissipation. The maximum energy release can be as
high as ∼ 18% whereas the minimum energy release is less than 1%. As another trend,
more energy tends to be released from a hot flow with a smaller E1 . Overall, it can be
concluded that more energy release is expected from a low-latitude (i.e., large θsh ) hot flow
with a small preshock energy.
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Figure 4.5: Ratio of the energy dissipation to the preshock energy Esh /E1 (in percent) for
the same shocks as in Figure 4.2.

Angular Dependence
In order to see the angular dependence of the specific angular momentum of the shocked
fluid, Figure 4.6 shows the ` vs. θsh relation. We choose preshock fluid energy and BH spin
at fixed values, E1 = 1.005 and a = 0.99, respectively, in order to better understand the
effects due to θsh alone. We find that at each θsh , ` ranges from `min to `max for different
radial shock locations rsh , (although it may be difficult to see this in Figure 4.6 because
`max − `min is much smaller than the variation of ` over θsh ). One can generally express
the angular momentum as a function of rsh and θsh , as ` = `(rsh , θsh ). LY98 found similar
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θ

Figure 4.6: Specific angular momentum of the flow ` vs. angle θsh . We take θsh =
5◦ , 30◦ , 60◦ and 80◦ . Each dot is a collection of many smaller dots that represent particular angular momentum at different radial shock locations rsh .

behavior (i.e., the rsh -dependence of ` for θsh = 90◦ ). In fact, this is a general behavior for
any shock-included global solution. On the other hand, we note that for shock-free global
accreting flows the r-dependence disappears, and hence a single value of ` is determined by
specifying θ alone.
We clearly see in Figure 4.6 the general trend that the fluid angular momentum decreases
with decreasing θsh . That is physically consistent with the fact that the centrifugal force
(due to the gravitational potential well) decreases toward the polar axis. Thus, the fluid
must possess smaller angular momentum in the polar region for accretion to be realized. A
similar trend has been found also in the work on MHD shocks by TRFT02. It is possible, in
principle, to analytically show the dependence of the physically allowed angular momentum
` as a function of θsh , for a given value of rsh (i.e., `(rsh , θsh )). However, that is beyond the
scope of our present work. For our computation purposes these three variables (`, rsh and
θsh ) are, to start with, treated as independent of each other. However, the valid numerical
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solutions do indicate that ` is uniquely determined for a given set of the shock location
(rsh , θsh ).

Black Hole Spin Dependance
Here we explore the effect of BH spin on shock properties. To decouple the effect
of the BH spin from the other effects, we hold the fluid energy and the angle at fixed
values of E1 = 1.01 and θsh = 30◦ , respectively. Figure 4.7 demonstrates the energy
dissipation Esh /E1 as a function of the spin parameter a and shock location rsh . We take
a = −0.99, − 0.5, 0, 0.5 and 0.99. Since the fluid angular momentum ` is always taken to
be positive here, the cases with a = −0.99 and −0.5 are retrograde flows.

θ

Figure 4.7: Energy dissipation ratio Esh /E1 (in percent) as a function of the shock location
rsh and the BH spin a for E1 = 1.01 and θsh = 30◦ . We choose a = −0.99, − 0.5, 0, 0.5
and 0.99. Negative BH spin cases are considered to have retrograde flows (i.e., a` < 0).

First we note that the fluid energy is most efficiently dissipated around a rapidly-rotating
BH in the presence of prograde flows. Retrograde flows with a = −0.99 appear to produce
less energy release, which corresponds to smaller Mach number ratio, M1 /M2 , compared to
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the prograde flows. Due to the frame-dragging by the BH, the prograde flows can quickly
acquire more velocity (especially the rotational component) in the course of its accretion,
as opposed to the retrograde case where the fluid rotation appears smaller (in the local
inertial frame). Therefore, the prograde flows can afford more change in the kinetic motion
at a shock location, and thus it may be “easier” for the prograde flows to dissipate more
energy. This naturally explains the large energy release Esh /E1 at shocks that we normally
find. On the contrary, retrograde flows cannot afford as much change as the prograde flows
can, in terms of the kinetic motion, and therefore only weak shocks can develop.
Keeping in mind that we are only interested in the inner range of the shocks here, the
min
minimum shock location rsh
shifts outward with decreasing spin a. The maximum shock
max
location rsh
is the greatest when a = 0. This suggests that in the retrograde flows no

shock formations should be expected in a region very close to the hole, as opposed to the
prograde case. We can thus conclude from Figure 4.7 that very strong shocks (with more
energy release) are expected near the BH for prograde flows.

Flow Topology
In the case of isothermal shocks, the global shock-included transonic solution must
pass through the outer critical (sonic) point, determined by the preshock parameters, and
simultaneously go through the inner critical (sonic) point, determined by the postshock
parameters. Before looking into the details of the particular flow dynamics, let us illustrate
such a flow topology for a specific example. Figure 4.8 shows the Mach number of the
transonic flow as a function of the radial distance r (in logarithmic scale) for a shockincluded transonic solution. The preshock flow with (E1 , Ṁ1 ) = (1.01, 5.27 × 10−5 ) goes
through the outer critical point at rcout = 63.2rg , then makes the transition via the shock7
7

The shock formation seen in Figure 4.8 is possible as the accreting flow is slowed down via several
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at rsh = 11rg to the postshock flow with (E2 , Ṁ2 ) = (0.98258, 1.06 × 10−5 ) passing through
the inner critical point at rcin = 2.58rg before reaching the horizon. Notice that the preshock
flow topology is completely independent of the postshock flow topology (both drawn in dark
curves) in that they individually possess distinct critical points (i.e., non-mutual points),
and the flow transition from the former to the latter is allowed only through the shock
(denoted by a downward arrow). A shock is thus required by the boundary conditions.
The other flows (shown in light gray curves) with different values of Ṁ are unphysical
solutions due to the fact that the jump conditions are not satisfied and that no critical
points exist. Ṁ is uniquely determined for given E and `. Hence, a range of possible
accretion rates is allowed in nature, determined by the properties of the gas coming in from
infinity. Consequently, only the dark curves through the critical points have physically
relevant Ṁ-values.
Global Shock-Included Accreting Flow Solutions
It is interesting to see how flow quantities are changing as the accreting gas falls onto the
BH. Here, we will estimate some of the important flow quantities for global, shock-included,
transonic fluids as a function of radial distance r. First, we explore the kinematics of the
flows through the four-velocity components ur , uφ , angular velocity Ω ≡ uφ /ut , and the
radial three-velocity v r in the corotating reference frame (CRF). The relativistic enthalpy
of the flow can be written as µ ≡ 1/(1 − nc2s ) in the units of fluid rest-mass energy (see
equation (4.13)). The thermal pressure P can be derived from equation (4.2) as P ∝ ργ .
Then, the local temperature of the flow goes as T ∝ P/ρ using equation (4.1). By the mass
conservation law, we get the local density of the flow as ρ ∝ 1/(r2 |ur |). Here, we define
a normalized pressure P̂ ≡ P/K = ργ , temperature T̂ ≡ P/ρ = kB T /(µp mp ) and mass
mechanisms mentioned in introduction section on page 46.
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θ

Figure 4.8: Flow topology of a global shock-included accreting flow with E1 = 1.01, ` =
1.463 for θsh = 30◦ and a=0.99. A preshock transonic flow with (E1 , Ṁ1 ) passing through an
outer critical point rcout becomes supersonic, developing an isothermal shock at rsh = 11rg ,
and becomes subsonic with (E2 , Ṁ2 ). The flow then passes through an inner critical point
rcin , becoming supersonic again before reaching the horizon. The physically acceptable
preshock/postshock flows through the critical points are denoted by dark curves, while light
gray curves denote unphysical flows.

density ρ̂ ≡ ρ/Ṁ = 1/(r2 |ur |), respectively.
Table 4.2: Global shock-included, transonic, non-equatorial accretion flows.
Flow
1
2
3

E1
1.02
1.015
1.005

`

θsh
rsh
(deg)
2.104
80◦ 2.005
1.4325 30◦ 12.75
0.2958
5◦
6.95

rcin

rcout

M1 /M2

1.347
2.697
4.059

33.65
37.85
133.3

5.398
2.987
4.761

Ṁ1
(10−5 )
15.43
9.265
1.906

Ṁ2
Figure
−5
(10 )
2.551
4.9
3.046
4.10
0.3896
4.11

In Figures 4.9-4.11 we present three types of global, shock-included, transonic, accreting
flow solutions in the case of a = 0.99 (with prograde flows): Figure 4.9 for flow 1, Figure 4.10
for flow 2 and Figure 4.11 for flow 3. The flow parameters are tabulated in Table 4.2 for
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Table 4.3: Thermodynamic properties of
Flow
E1
θsh
rsh
cs /c
(deg)
1
1.02
80◦ 2.005 0.2420
2
1.015 30◦ 12.75 0.1351
3
1.005
5◦
6.95 0.1258

accreting hot flows at the shock location.
n1 (1010 ) n2 (1010 ) M1 /M2 Figure
(cm−3 )
(cm−3 )
12.06
73.00
5.40
4.9
0.4051
1.232
2.99
4.10
1.253
6.129
4.76
4.11

each flow. Each figure displays the radial |ur | and azimuthal uφ components of the four
velocity, the angular velocity Ω (solid curve) with the equatorial Keplerian velocity Ωkep
(dotted curve), the radial three-velocity in CRF |v r | (solid curve) with the local sound
velocity cs (dotted curve), Mach number M , specific enthalpy µ, flow temperature T̂ , local
density ρ̂ and thermal pressure P̂ , respectively. The outer/inner critical (sonic) points are
denoted by large dots. The value at the event horizon is shown by another large dot. Either
a vertical downward arrow or a small dot shows the transition from a preshock flow to a
postshock flow through a stable isothermal shock. Note that rH < rcin < rsh < rcout for
physically acceptable shocks. In Table 4.3, some representative fluid quantities for each
flow are displayed in physical units.
To make concrete calculations, we adopt the following relation between the (dimensionless) mass accretion rate for the non-equatorial hot gas (ṁhot ) and the observed net
accretion rate (ṁnet ) in the units of the Eddington mass accretion rate (∼ 1.4 × 1025 g s−1 )
for a 107 M¯ BH mass, where ṁnet ≡ ṁhot + ṁdisk . Here, ṁdisk is the mass accretion rate
for the cool accretion disk. We take ṁhot ∼ 0.01ṁnet and ṁnet = 0.1 (relevant for Seyferts)
based on the assumption that most of the accreting flows (99%) are in the form of the
cool accretion disk (ṁdisk ) in the equatorial plane, whereas only a small fraction of the net
accretion flows (1%) is due to the hot non-equatorial fluid (ṁhot ).
Flow 1 in Figure 4.9 goes through a relatively strong shock (M1 /M2 ∼ 5.4) as a conse-
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φ

Ω

Ω

µ

ρ

Figure 4.9: Global shock solution for an adiabatic fluid (flow 1) with E1 = 1.02, ` = 2.104
and rsh /rg = 2/005 for θsh = 80◦ . rcout , rcin and rH are respectively denoted by dots. The
shock is represented by either a small dot or vertical downward arrow. In the top row
from left to right, we plot radial component |ur | of the flow, azimuthal component uφ of
the flow and angular velocity Ω (solid curve) along with the Keplerian value Ωkep (dotted
curve). In the middle row from left to right, we show radial three-velocity |v r | of the flow
in the corotating reference frame (CRF) (solid curve) with the local sound speed cs (dotted
curve), the Mach number M and the relativistic enthalpy µ. In the bottom row from left
to right, we plot fluid local temperature T̂ , density ρ̂ and thermal pressure P̂ . For details,
see Tables 4.2 and 4.3.

quence of the dramatic increase in the density ρ̂ and the pressure P̂ . The flow temperature
p
T̂ peaks at a peak radius rsh
where the local sound speed cs (r) is also the maximum. Notice

that the cs (r) is continuous across the isothermal shocks because the flow temperature T̂ is
p
by definition continuous. Passing through rsh
, the sound velocity starts decreasing, which

triggers a relatively large decrease in the thermodynamic properties such as µ, ρ̂, P̂ and
T̂ . The angular velocity Ω roughly follows the Keplerian value almost all the way to the
horizon. The radial three-velocity |v r | becomes maximum just before the shock and then
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slows down through a strong shock, speeds up again rapidly to become supersonic before
entering the horizon. It is seen, as expected, that |v r | = 1 at the horizon.
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Figure 4.10: Global shock solutions for an accreting fluid (flow 2) with E1 = 1.015, ` =
1.4325 and rsh /rg = 12.75 for θsh = 30◦ . The notations are the same as in Figure 4.9.

Flow 2 in Figure 4.10 shows somewhat different behaviors compared to flow 1. First,
the shock strength is weaker (M1 /M2 ∼ 3.0). In terms of the kinematics, the angular
velocity reaches a maximum value at some radius and then slows down in the azimuthal
direction subsequently. Notice that Ω(r) > Ωk at all times. An interesting difference here
is that the radial velocity is still decreasing after the shock and then increases. This is
due to a relatively distant shock location (rsh ∼ 13rg ). Thermodynamic quantities also
behave in different ways here. After the shock, the flow temperature does not drop in this
case. Instead, it continues to rise gradually until entering the horizon. This behavior is
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originating from the sound speed cs (r) due to the fact that T̂ (r) ∝ cs (r). The rest of the
thermodynamic quantities (ρ̂, µ and P̂ ) also follow the same pattern.
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Figure 4.11: Global shock solutions for an accreting fluid (flow 3) with E1 = 1.005, ` =
0.2958 and rsh /rg = 6.95 for θsh = 5◦ . The notations are the same as in Figure 4.9.

The shock strength for flow 3 in Figure 4.11 is somewhere between flow 1 and flow 2
(M1 /M2 ∼ 4.8). An outstanding feature in this case is a large deviation of Ω(r) from the
Keplerian angular velocity in the equator. Since the shock location is relatively close to the
BH, the postshock radial speed increases immediately after the shock. In both temperature
and density profiles, an interesting behavior is seen after the shock. In the temperature
profile, the postshock fluid temperature appears almost constant, producing a plateau-like
pattern, whereas the density profile ρ̂ shows a step-like change.
In general the postshock fluid does not become supersonic right away if the shock is
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formed at a relatively distant location (say, rsh & 10rg ), in which case the postshock radial
velocity can still be slowing down. It turns out, however, that it is not easy to classify all
the possible shock-included flows according to the angle θsh because the flow energy E1 as
well as the angular momentum ` are all related to the flow dynamics, which allows a variety
of flow dynamics even for a fixed θsh . For this reason, we will not try to simply attribute
the above hydrodynamic/thermodynamic features in each flow to just one parameter among
(E1 , `, θsh ).

Discussion & Concluding Remarks

Although our current work is partially motivated by the work of LY98, it also originates,
in important ways, from our very recent work on BH magnetospheres in accretion-powered
AGNs - TRFT02 and Rilett et al. (2005, in preparation), where we explored adiabatic,
relativistic MHD shocks produced in the BH magnetosphere. In this chapter we explored
the relativistic HD flows which should apply to the case of weak magnetization.
In this chapter we assumed a simple model of conical accretion flows, due to the fact that
modelling more realistic flows (such as the ones in hydrostatic equilibrium) would be very
complicated, especially in the framework of the GR non-equatorial accretions considered
here. As the next step, an appropriate force balance under the GR geometry should be
taken into account, but that is beyond the scope of our present work. We, however, would
like to stress that our results still represent (at least qualitatively) important physical characteristics of shock formation in non-equatorial accretion flows. Also, in the presence of the
magnetosphere, the fluid particles would be frozen-in to the field and hence stream along
the field lines. For such a situation, the application of conventional thick accretion disk (or
torus) models is not appropriate.
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We considered only the inner range of the shock formations in regions relatively close to
the central engine, because of our interests in some X-ray observations of the reprocessed
emission, such as the iron fluorescence lines, from some AGNs. Our results offer the possibility of a high energy source in various broad regions (0◦ < θsh < 90◦ ) above the disk plane.
However, we find that the strongest shocks (high M1 /M2 with large Esh ) should develop
near the equator, although the high-latitude shock is also possible. We find no shocks in
the polar region (θsh = 5◦ ) when the preshock fluid energy is relatively large, although the
shock-free accretion is still allowed. The magnitude of the energy release from the shock
generally increases as the shock location gets closer to the BH. In addition, however, we
further found, from our 1.5D calculations, that the shock-induced energy release Esh greatly
depends, not only on the fluid energy E1 and angular momentum `, but also on the angle of
the shock location θsh . The average shock strength (thus energy release) tends to be weaker
toward the polar region.
Although TRFT02 considered adiabatic shocks and hence no energy dissipation, in this
chapter we adopted isothermal shocks as a possibility due to strong energy dissipation at
the shock front. However, realistic shocks will probably be between the two extremes.
Also, through the stability analysis our energy source (i.e., the shock) is found to be stable. Although we adopted adiabatic flows in our current work, it should be noted that
Das, Pendharkar, & Mitra (2003) recently explored the isothermal shock formations in the
isothermal flows, by adopting pseudo-Schwarzschild gravitational potentials and 1D equatorial flows. These authors concluded that their shocks also released a substantial amount
of energy, which could be physically sufficient to become a radiation source for a strong
X-ray flare.
In the present work, it is argued that a single isothermal shock formation between the
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two sets of accreting flows (preshock/postshock flows) is quite possible with a substantial
amount of energy dissipation. One may also ask whether it is possible to have a sequence
of shock formations, one after another, in the course of the accretion. For example, a
preshock flow with energy E1 gets shocked at a shock location rsh,1 becoming a subsonic
postshock flow with energy E2 . The same flow with energy E2 then becomes supersonic and
develops another shock at rsh,2 where rsh,2 < rsh,1 , making the transition to another subsonic
postshock flow with energy E3 where E3 < E2 < E1 . Such a sequential shock formation
(namely “shock cascade” or “shock avalanche”) could be a very interesting phenomenon
(Ryu et al., 1995). Although discussion of such a possibility is beyond the scope of the
present work in which only a single shock formation is considered, it would be interesting
to investigate such a possibility in relation to some observational applicability.
Before closing, we emphasize that here we adopted the HD flows, as a limiting case
of weak magnetization, in order to take advantage of the current fortunate situation that
the relativistic HD (equatorial) shocks in 1D accreting flows have already been extensively
studied by many authors (e.g., Chakrabarti, 1989; Abramowicz & Chakrabarti, 1990; Lu
et al., 1997; Lu & Yuan, 1997, and LY98). Our current investigation, however, is new and
valuable in the sense that we have explored 1.5D non-equatorial shocks in a fully general
relativistic manner, with a possible application, for instance, to offer an attractive definite
source for the energy dissipation in regions very close to the BH.
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CHAPTER 5
Global Solutions for Shock-Included MHD Accreting Flows

Introduction

The analysis of hydrodynamic (HD) shocks in Chapter 4 theoretically implied that
radiative isothermal shock formation in the non-equatorial region was physically possible,
satisfying all the regularity and shock conditions. The obtained HD shocks were also stable,
meaning that the same source (i.e., shock) could irradiate the underlying accretion disk
constantly. However, as we briefly mentioned in Chapter 4, the actual accreting plasma
is most probably immersed in a magnetic field generated by the accretion disk/torus in
active galactic nuclei (AGNs). For example, the observed power-law X-ray spectra are
often interpreted as arising from the inverse-Comptonization of the soft seed photons from
the disk (see Figure 2.1 in Chapter 2). The exact physical process differs from model
to model, but it fundamentally requires energetic electrons that are accelerated to the
relativistic regime, indicating the presence of mechanisms involving magnetic fields (e.g., a
synchrotron process and/or magnetic reconnection).
Although in Chapter 4 we considered HD isothermal shocks where the effect of the
magnetic field was not included as a weak field limit, it is important to examine shock
formation in magnetohydrodynamic (MHD) flows when the magnetic effect is important.
For example, MHD shock formation considered in this chapter might produce a hot coronal
region close to the black hole (BH) where the production of X-rays is possible. In this
chapter1 , we continue to investigate such a possibility, in a more realistic situation in AGNs,
1

Published as Takahashi, M., Rilett, J. D., Fukumura, K., & Tsuruta, S. 2002, ApJ, 572, 950 (TRFT02);
Fukumura, K., Takahashi, M., Tsuruta, S., & Rilett, J. D. 2005 (in preparation);
Takahashi, M., Goto, J., Fukumura, K., Rilett, J. D., & Tsuruta, S. 2005 (in preparation)
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for explaining the origin of the hot coronal region. In particular, MHD adiabatic shock
formation is considered in the BH magnetosphere for various plasma flows.
Our main goal of this chapter, as an extension of the HD shocks in Chapter 4, is to
explore MHD standing shock formation based on an appropriate general relativistic formulation in the Kerr geometry that describes the correct trajectories of the plasma immersed
in the magnetic field. The shocked plasma can then offer a plausible X-ray source (perhaps
responsible for the continuum X-ray emission in the corona) for subsequent iron fluorescence, as is often observed in AGNs (see Chapter 2). The first mathematical formulation of
this problem was made by Camenzind (1986, 1987) and Takahashi et al. (1990) where they
explored the interactions between the accreting matter and the surrounding electromagnetic
fields. Being inspired by their descriptions of the MHD accreting flows onto a rotating BH,
different avenues of investigation have been conducted by many authors (e.g., Nitta, Takahashi, & Tomimatsu, 1991; Hirotani et al., 1992; Punsly, 2001). Appl & Camenzind (1988,
hereafter AC88) studied special relativistic MHD shocks in jets, which was later extended
to general relativistic MHD shocks in accretion by Takahashi, Rilett, Fukumura, & Tsuruta
(2002, hereafter TRFT02), Rilett (2003, hereafter R03) and Goto (2003, hereafter G03).
It is relevant in terms of the iron fluorescence that an illuminating X-ray source lies
above the equatorial plane. However, we do not consider here the physical processes that
eject the plasma above the accretion disk since our primary interests in this chapter are to
find out whether or not MHD shock formation is a relevant possibility to produce a radiation
source. Also, it would require further investigation to self-consistently explain the physical
connection between the plasma source (e.g., an accretion disk and/or electron/positorn pair
production) and the shock-included MHD flows considered in this chapter. Thus, we will
not try to explain the link (although it would be very important when discussing the outer
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boundary conditions of such an accreting plasma).
We find in this chapter that the MHD shock is indeed possible near a BH, leading to a
high-temperature shocked plasma. Specifically, non-equatorial shocks are possible, offering
a possible heating site where the energetic particles may be sufficiently accelerated to give
off X-ray/γ-rays. Therefore, the non-equatorial MHD shock can be one of the possible
candidates for the primary (continuum) radiation source for subsequent iron fluorescence.
From the present analysis of the MHD shock formation we find, for the first time, two
primary states of the shocked plasma: magneto-dominated and hydro-dominated states.
The hydro-dominated state is further divided into two sub-states. We also discover some
correlations between the shock strength and the primary parameters (such as the plasma
energy and the BH spin). Our main concern in this work is fast MHD shocks, although
some properties of intermediate shocks are demonstrated in Appendices E and F.
The assumptions we make remain the same as in HD accretion flows: (1) both the
spacetime and the accreting plasma are stationary and axisymmetric, (2) the accreting
plasma originates from the accretion disk around the BH, being injected with a small (i.e.,
sub-slow magnetosonic) radial velocity. We also assume that the diffusion timescale is longer
than the dynamical (accretion) timescale and therefore the plasma is regarded as adiabatic,
satisfying the Polytropic relation: P = Kρ1+1/N where P, ρ, K are the plasma thermal
pressure, local mass-density, and measurement of entropy. N is the adiabatic index. We do
not include the self-gravity of the plasma and viscous effects. The background spacetime
geometry is expressed by the Kerr metric in the Boyer-Lindquist coordinates as shown in
Appendix A, where geometrized units (G = c = 1) are adopted as usual. For convenience,
we set the BH mass to be unity. Figure 5.1 schematically illustrates our magnetic field
geometry, where the accreting plasma in the innermost region of a BH flows along the
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magnetic field, forming a shock near/above the equator.
Magnetic Field Lines

Shock

BH

Accretion Disk

MHD Accretion

Figure 5.1: A schematic picture of MHD shock formation in a BH magnetosphere where
the inner magnetic field can be approximated to be radial (not drawn to scale).

We first describe the structure of the BH magnetopshere in our MHD model, where
the accreting plasma is frozen-in to the magnetic field. We then show a set of conserved
quantities along a field line. After showing the trans-magnetosonic solutions2 for the accreting plasma, we introduce the general relativistic MHD shock conditions to discuss the
possibility of fast MHD shock formation. Some shock-related quantities are also given. We
then present our numerical results and explore their various parameter dependence. Lastly,
our conclusion and summary are given.

Black Hole Magnetosphere and MHD Accretion

The plasma is frozen-in to the magnetic field based on the assumed ideal MHD conditions. The magnetic field geometry should in principle be determined by solving the
equation of trans-field momentum (force) balance in equilibrium, or the Grad-Shafranov
(GS) equation, which is a second-order, nonlinear partial differential equation (see Grad
& Rubin, 1958; Shafranov, 1966; Miyamoto, 1976; Beskin, 1997; Punsly, 2001). Although
2

It means that the MHD plasma passes through three (critical) magnetosonic points.
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there have been some attempts to solve the GS equations using a magnetic stream function
that describes the magnetic surfaces Ψ(r, θ) in the vicinity of a rotating BH (see Nitta,
Takahashi, & Tomimatsu, 1991; Beskin, Kuznetsova, & Rafikov, 1998; Punsly, 2001; Tomimatsu & Takahashi, 2001), it is still extremely complicated. See, for example, Mobarry &
Lovelace (1986) for the field geometry in the Schwarzschild geometry, Camenzind (1987) for
Minkowski geometry, and Nitta, Takahashi, & Tomimatsu (1991) for the extension to Kerr
geometry in the cold plasma limit. Figure 5.2, obtained analytically by Nitta, Takahashi,
& Tomimatsu (1991), illustrates a possible magnetosphere around a rotating BH.

Figure 5.2: A particular magnetospheric structure around a rotating BH, obtained by Nitta,
Takahashi, & Tomimatsu (1991).

In reality a magnetic field configuration which connects the BH to the accretion disk is
expected due to the presence of the accreting plasma (see Figure 5.2). It is, however, very
hard to treat an exact field configuration in the curved spacetime in a BH magnetosphere,
taking into account fully general relativistic shock formation. In the following sections
for the shock conditions and the shock properties, we thus resort to a simple geometry,
namely a split-monopole poloidal field (i.e., radial poloidal fields). It is a symmetric field
geometry with respect to the equator, allowing an opposite magnetic polarity between the
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northern and southern hemispheres. Such a field configuration is strictly valid only for the
interval of [0, π/2) and (π/2, π]. The equatorial plane is excluded because the two magnetic
polarities will be cancelled out, leading to no magnetic field there. Also in practice, magnetic
instabilities (e.g., reconnection) and/or current sheet would be expected in the equator,
adding more complications to the present model. On the other hand, Figure 5.2 clearly
shows that the magnetic field configuration can be regarded as radial near the horizon and
that some field lines are linked to the surrounding accretion disk. Therefore, our adoption
of the split-monopole geometry, as the first-order approximation, should be justified.
The idea of the split-monopole approximation is discussed by several authors (e.g.,
Michel, 1973a,b; Blandford & Znajek, 1977) and has been adopted by many in later works
(e.g., Punsly, 2001, TRFT02 and R03). The stream function of the split-monopole field
takes the form of Ψ = A − C cos θ where A and C are arbitrary constants, and θ is the polar

√
angle. The radial poloidal magnetic field3 is given by Bp (r) ≡ C/ ∆Σ. The constant C

corresponds to the field strength at the plasma source. Here, we define the poloidal velocity
of the MHD plasma as u2p ≡ −(ur ur + uθ uθ ) where uα is the plasma four-velocity. See
Appendix A for the definition of ∆ and Σ in the Kerr metric.
Under a stationary, axially-symmetric spacetime and the MHD assumption, the plasma
streams along a field line for which five conserved quantities exist: total energy E and
angular momentum of a plasma particle L, angular velocity of a magnetic field line4 ΩF ,
particle flux per magnetic flux5 η and entropy K. The total energy and angular momentum
3

The definition of magnetic fields in the Boyer-Lindquist coordinates is shown in Appendix B.
This quantity is conserved for a stationary, axisymmetric, magnetic fields with rigid-body rotation.
5
This quantity corresponds to the conserved mass-accretion rate Ṁ in the HD flow. See Chapter 4.
4
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of a plasma particle are

ΩF Bφ
,
4πη
Bφ
,
L ≡ −µuφ −
4πη

E ≡ µut −

(5.1)
(5.2)

where ΩF ≡ −Ftr /Fφr = −Ftθ /Fφθ and η ≡ nup /Bp . Here, Fµν is the electromagnetic field
tensor and n is the local number density of the plasma. Bφ and µ are the toroidal magnetic
field and the relativistic enthalpy, respectively. The first terms on the right-hand-side of
equations (5.1) and (5.2) correspond to the HD contribution (associated with the kinematics
and the thermodynamics of the plasma) whereas the second terms are due to the coupling
with the surrounding magnetic field6 . Mathematical derivations and definitions of the above
quantities are shown in Appendix B. Further details are found elsewhere (e.g., TRFT02,
G03 and R03).
Similarly to the HD transonic accretions, any physically valid MHD accreting plasma
must pass through the critical points which are the magnetosonic points for the MHD
plasma: a slow magnetosonic point (S: r = rS where up = uSW ), the Alfvén point (A:
r = rA where up = uAW ), and a fast magnetosonic point (F: r = rF where up = uF W ) in
this order before entering the horizon (H: r = rH ). At each magnetosonic point, the plasma
speed up equals the respective magnetosonic wave speed, uSW , uAW and uF W . In addition
we impose a boundary condition that the accreting plasma slowly starts falling at some
distance with up ≈ 0, called an injection point (I: r = rI ), where the plasma is injected
from a source. See Appendix D for a description of MHD waves and the above important
points.
6

For example, the second term in equation (5.1) may also be regarded as the work done (torque) by the
field. It simply states that the plasma and field can interact with each other, exchanging energy (first and
second terms) in the plasma-field system within a total conserved energy E.
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Figure 5.3: Cold (P = 0) and hot (P 6= 0) trans-magnetosonic MHD accretion flows (dark
curves) along with invalid accretions (gray curves). We set E = 6.1, L/E = 4.1, ΩF =
0.14503, η = 0.006 for a = 0 and θ = 90◦ . Here, a is the dimensionless BH spin. H, L,
Fin,out , Ain,out and I denote the horizon, light surface (see Appendix D), (inner/outer) fast
points, (inner/outer) Alfvén point and the injection point, respectively. A MHD shock
may be possible somewhere between Fout and Fin . The radial distance r has units of the
gravitational radius rg .

Specifying the conserved quantities (E, L, ΩF , η) along a field line will uniquely determine a flow trajectory, which is given by the poloidal wind equation, also known as the
relativistic Bernoulli equation (see Appendix C). The entropy-related mass-accretion rate
Ṁ ≡ mp ηK N is conserved along a shock-free plasma, while it discontinuously increases
at a shock front, where mp is the particle mass. For a given set of conserved quantities,
there exist two distinct trans-magnetosonic plasma flows: cold and hot trans-magnetosonic
flows. An example is shown in Figure 5.3 where we introduce the relativistic Alfvén Mach
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number7 (or simply Mach number) M defined as

M≡

4πµnu2p
4πµη 2
=
.
Bp2
n

(5.3)

Cold plasma (through I → Aout → Fout → H) and hot plasma (through Ain → Fin → H)
coexist for a given initial condition. The slow point for cold flow (P = 0) disappears as
a consequence of the vanishing local sound wave. The slow point for hot flow is located
outside the plotted region. Invalid accretions (i.e., non-trans-magnetosonic), which do not
pass through all the critical points, are also shown in gray curves. Between Fin and Fout ,
MHD shock formation is possible (see Appendix E for the types of MHD shocks). More
importantly, hot plasma does not need to start from an injection point (I) if it is connected
to cold plasma through a shock formation. In this work we only consider cold plasma for
preshock flow for simplicity although hot preshock plasma is generally allowed. Next, let
us discuss the relativistic MHD shock conditions that allow such a transition between the
trans-magnetosonic accretions.

Adiabatic MHD Shock Conditions

As a trans-magnetosonic MHD flow falls onto the BH, there is a possibility that a
particular type of shock may form if physically appropriate shock conditions are met. In
this section, we will adopt the adiabatic (or Rankine-Hugoniot) shock conditions. This type
of shock can be viewed as an extreme case where a cooling process is so inefficient that the
heat generated at the shock is carried away with the postshock flow (i.e., advected), and
therefore no energy dissipation (no radiation) takes place at the shock front. However, the
7

M is related to the Newtonian Alfvén Mach number MA through M 2 = αMA2 where MA = 1 (but
M 6= 1) at the Alfvén point. See equation (C-3) in Appendix C for the definition of α(r).
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postshock flow can be significantly heated due to the entropy generation, and the postshock
plasma temperature may become very high. Consequently, this type of shock is capable
of producing a very hot region (e.g., coronal region) near the BH. By thermal processes
and/or non-thermal processes, the adiabatic shock could be a plausible radiation source.

Bφ

netic
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Field L
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n

Plasma Source
Shock Front
Black Hole

Figure 5.4: Accretion flows with a standing shock front. It is assumed that in the poloidal
plane the downstream (postshock) flow is radial and the shock front is perpendicular to the
downstream flow direction. In general, the magnetic field has a nonzero toroidal component
Bφ (marked by ⊗) due to the plasma rotation.

Figure 5.4 shows a schematic picture of simplified MHD accretion flow from a plasma
source, going through a shock front and onto a BH in the poloidal plane (side-view). In this
picture, a strong MHD shock may be possible somewhere between the event horizon and
the plasma source. The magnetic field in general has a toroidal component Bφ (denoted by
⊗).
In a complete solution to the accretion flow that includes a shock, the flow must satisfy
a set of conditions on either side of the discontinuity (i.e., shock). The jump conditions for
arbitrary shocks in a relativistic MHD flow (see AC88 and TRFT02) are

[nuα ]nα = 0 ,

— the particle number conservation ,

(5.4)

[T αβ ]nα = 0 ,

— the energy momentum conservation ,

(5.5)
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[E] × n = 0 ,

— the continuity relations for the electric field ,

(5.6)

[B] · n = 0 ,

— the continuity relations for the magnetic field ,

(5.7)

where nα = (n0 , n) is the shock normal and the square brackets denote the difference
between the values of a quantity on the two sides of the shock.
We assume that the downstream (postshock) flow velocity is radial (i.e., normal to the
event horizon) and the shock front is perpendicular to the downstream flow n = (1, 0, 0) as
sketched in Figure 5.4. Then, we set

uα1 = (ut1 , ur1 , uθ1 , uφ1 ) , uα2 = (ut2 , ur2 , 0, uφ2 ) ,
B1α = (B r , B1θ , B1φ ) ,

B2α = (B r , 0, B2φ ) ,

E1α = (E1r , E θ , 0) ,

E2α = (0, E θ , 0) ,

(5.8)
(5.9)
(5.10)

where equations (5.6) and (5.7) have been used. The subscripts “1” and “2” denote the
preshock and the postshock quantities, respectively. Equations (5.4) and (5.5) evaluated in
the shock rest frame yield the following relations

n1 ur1 = n2 ur2 ,

(5.11)

and
¶¸
¶2 µ
·
µ
µ ¶2
¶2
1
1
1
µ1
1 E
µ1 1
2
√
f12
−1 +
M1 +
2
2
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where we introduce new functions f ≡ −(Gφ + Gt L̃)/[ρw (M 2 − α)] and α ≡ Gt + ΩF Gφ .
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2
− gtt gφφ .
Here, we also define Gt ≡ gtt + gtφ ΩF , Gφ ≡ gtφ + gφφ ΩF , L̃ ≡ L/E and ρ2w ≡ gtφ

From the poloidal equation and the regularity conditions (see Appendices C and D), it
is shown that

Ṁ1,2
µ

µ1,2
mp

¶2

·
µ
¶¸N
2
M1,2
1
µ1,2
=
−1
,
(5.13)
4πηµ1,2 1 + N mp
¶2 µ
µ
¶2
µ ¶2
2
¢ 2
¤
£¡
M1,2
1
E
2
√
, (5.14)
=
α − 2M1,2 f1,2 − k −
mp
4πηmp /C
∆Σr2

where k ≡ (gφφ + 2gtφ L̃ + gtt L̃2 )/ρ2w . We are now ready to find the trans-magnetosonic
shock-included accretion flows for a given parameter set.

Useful Shock Quantities
In this section, we introduce new shock-related quantities that are useful to examine the
properties of MHD shocks. First of all, let us define the magnetization parameter σ (e.g.,
Michel, 1973a,b, AC88 and TRFT02), which denotes the ratio of the Poynting flux to the
total mass-energy flux of the plasma seen by the zero angular momentum observer (ZAMO)
in the locally non-rotating reference frame (LNRF). Here, the ZAMO is an observer who
is glued to the local inertial frame (which is dragged by the BH rotation) and thus is not
rotating locally, but appears to be rotating with the angular velocity of ω ≡ −gtφ /gφφ with
respect to a distant observer8 . From the ZAMO’s viewpoint, σ can be written in terms of
previously introduced quantities as

σ≡

Bφ gφφ (ΩF − ω)
ẽ − αh̃
,
=
−
4πηµut ρ2w
ẽ − M 2 h̃

(5.15)

where h̃ ≡ g tt (1 − ω L̃) and ẽ ≡ 1 − L̃ΩF . We further introduce a parameter q that measures
8

In the LNRF, the frame-dragging effect (i.e., an apparent rotational effect) is thus eliminated to describe
the local quantities (although the special relativistic Lorentz factor is still included).
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the amplification factor of the toroidal magnetic field Bφ across the shock

q≡

Bφ2
M2 − α
= 12
.
Bφ1
M2 − α

(5.16)

Here, q > 1 for the fast MHD shock, 0 ≤ q < 1 for the slow MHD shock, q < 0 for the
intermediate MHD shock (See Appendices E and F for further discussion) and q = 1 for no
shocks.
An important parameter for measuring the shock strength is the compression ratio λ,
which is the ratio of the postshock fluid number density n2 to the preshock fluid number
density n1

λ≡

n2
,
n1

(5.17)

where n1,2 = ηBp /(up1,2 ) is useful for later calculations. Since any physical shocks that
are compatible with the second law of thermodynamics must be compressible9 , we require
λ > 1 for valid shock formation.
Assuming the equation of state for an ideal gas (i.e., P = nkB T where kB is the Boltzmann constant and T is the plasma temperature), the dimensionless temperature Θ of the
flow10 is expressed as

kB T
1
Θ≡
=
mp
1+N

µ

¶
µ
−1 .
mp

(5.18)

Notice that Θ = 0 for the cold flow limit (P = 0 and µ = mp ). Depending on the
9

Strictly speaking, accreting flow should also be compressible for a shock to develop (at least in our
model).
10
A one-temperature plasma is assumed to simplify the situation.
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temperature Θ, the postshock flow, heated by the shock, may be capable of emitting thermal
radiation in the X-ray or even γ-ray regime, although in practice it is also necessary to
consider the non-thermal radiation due to the magnetic field.

Topological Structure of Adiabatic Shocks
MHD shocks may form under the jump conditions as given above (see equation (5.12)),
and then a cold preshock flow becomes a hot postshock flow before entering the horizon. On
each side of the shock, the accreting flow must pass through the critical points (i.e., transmagnetosonic). As the global trajectory of the MHD accretion flow is uniquely determined
by the conserved parameters (E, L̃, ΩF , η, Ṁ), so are the regularity conditions. Topologically this means that the postshock critical points (S, A and F) are pre-determined by the
initial conditions (E, L̃, ΩF , η) because the energy E is conserved in adiabatic shocks11 .

Shock-included MHD Accretions
Any trans-magnetosonic MHD accretion flows must pass through the critical points in
the right order before reaching the horizon. In the case of fast shocks, the preshock flow is
super-fast while the postshock flow is sub-fast but super-Alfvénic. The postshock flow must
pass through the inner fast point Fin and then fall onto the BH at r = rH with a super-fast
speed (i.e., I → A → Fout → fast shock → Fin → H). Regarding the boundary conditions,
a physically allowed fast shock must be located somewhere between Fin and Fout . Another
important requirement for a valid shock is that the mass accretion rate of the postshock
flow Ṁ2 (> 0) must be greater than that of the cold preshock flow Ṁ1 (= 0) due to the
heat generation. In the following, for simplicity we restrict ourselves to the cold preshock
accretion flow (P1 = 0) while the postshock flow must be hot. We also assume a radial
11

In isothermal shocks discussed in Chapter 4, the postshock critical points must be found separately
(not pre-determined) because E is not conserved across the shock.
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poloidal magnetic field (i.e., Bθ = 0 and uθ = 0) although Bφ 6= 0 due to plasma rotation.
Here, an explicit numerical algorithm for obtaining a valid shock location is the following:
(1) Valid preshock flows: By specifying a set of flow parameters (E, L̃, ΩF , η), the BH
spin a and the polar angle θ, find a valid cold trans-magnetosonic preshock accretion flow
(Ṁ1 = 0) going through I, A and Fout in this order.
(2) Find a value of the postshock entropy-related mass accretion rate Ṁ2 at Fin from the
regularity conditions.
(3) Valid postshock flows: With the same conserved quantities, find a valid hot transmagnetosonic postshock accretion flow going through Fin (although at this point we do not
know yet whether or not shock formation is possible).
(4) Now, we are able to obtain the functions Ṁsh (r) and µ(r) from equations (5.13) and
(5.14). There is one important check to be done. Ṁsh (r) must always be positive for hot
postshock flows. Any plasma accretion violating this condition is unphysical because of
the second law of thermodynamics. The region we call the “forbidden region (FR)” (see
Figure 5.5) is where the above condition is violated (i.e., Ṁsh (r) ≤ 0).
(5) Finally, obtain the shock location rsh by considering the jump condition in equation (5.12). This is equivalent to comparing Ṁsh (r) to Ṁ2 . It is required that Ṁsh (rsh ) −
Ṁ2 = 0 at a physically allowed shock location r = rsh . The composite plot of an overall shock-included trans-magnetosonic accreting flow is shown in Figure 5.5 where the cold
preshock flow is smoothly connected with the hot postshock flow via a fast shock12 at r = rsh
(indicated by a downward arrow), all lying outside the FR (gray regions).
In the next section, by specifying a set of conserved quantities we shall perform specific
case studies of fast MHD shocks and explore various parameter dependence of our results.
12

A shock may form because preshock accretion flow is slowed down via several mechanisms in general:
centrifugal barrier, gas/radiation pressure and/or magnetic (Lorentz) force, for instance. See page 53.
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Figure 5.5: The global shock-included MHD accretion flow passing through all the required
critical points (denoted by °) outside the FR (in gray). The other parameters are the same
as in Figure 5.3. The cold preshock flow is properly connected with the hot postshock flow
via a fast MHD shock at rsh (indicated by a downward arrow).

Numerical Results & Discussions

Based on the basic equations and the MHD adiabatic shock conditions that we have
just introduced, we are now ready to investigate the shock properties for various MHD
flows. We will focus our attention on fast MHD shocks as slow shocks have been intensively
examined in the past studies which include TRFT02 and R03. Intermediate MHD shocks
are discussed in Appendices E and F although we do show their partial results later in
this section. Then, our primary concern is the dependence of the fast shock properties on
the flow parameters (E, L̃, ΩF , η) for a given (a, θ). R03 found13 that the shocked plasma
typically has an adiabatic index of Γ ∼ 3/2 rather than the usually assumed value of 4/3.
AC88 claimed that even for high velocity plasma (winds in their case) Γ = 4/3 is not a good
13

In R03 the adiabatic index Γ of the plasma is treated as one of the unknown parameters to be solved
for a given set of conserved quantities.
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approximation. Therefore, Γ for our plasma is chosen to be 3/2 unless otherwise stated.
The current work applies to the case where the magnetosphere rotates faster than the BH
(see, e.g., Takahashi, 2000, 2002, and R03 for other cases).

Fast MHD Shocks – Non-Equatorial Shocks
In the standard AGN models the equatorial plane is expected to be occupied by a cool
accretion disk that can possibly supply the main portion of the accreting plasma onto the
central engine. When the plasma is injected partially into a non-equatorial region as in our
model, non-equatorial shocks may form (see Chapter 4 in the HD shocks). This section
explores such a possibility.
Magneto/Hydro-Dominated Shocked Plasma. First, MHD shocks are found for various
values of θ while the BH spin is set to a = 0, by varying two conserved quantities (L̃, ΩF ).
In order to find fast shocks, we are forced to vary both L̃ and ΩF simultaneously14 . The
behavior of these independent quantities are illustrated in Figure 5.6 for various angles θ,
where ΩF increases with increasing L̃ for a fixed θ. Interestingly, we find that the properties
of the resulting shocks are almost identical regardless of the angle θ despite the fact that a
different set of (L̃, ΩF ) is chosen in each case.
L̃ decreases and ΩF increases as θ decreases (from lower-right to upper-left). This trend
is understandable because the angular momentum of the plasma L is naturally expected to
be smaller as the accretion takes place near the rotation axis. The plasma could not fall in
otherwise.
In terms of the quantity L̃ΩF , the rotational energy per total energy of the plasma, a
plasma can generally be classified into two states: a magneto-dominated state (L̃ΩF ∼ 1)
14

When L̃ (ΩF ) is specified along a constant θ, the remaining parameter ΩF (L̃) is determined from the
shock conditions.
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η
Ω

Figure 5.6: Variation of the specific angular momentum L̃ of the plasma and the angular
velocity of the magnetosphere ΩF for various angle θ, as indicated. We set a = 0. The
three dashed curves denote L̃ΩF = 0.15, 0.5 and 1.

or a hydro-dominated state (L̃ΩF ¿ 1). Note that when the magnetic field is dominant
(i.e., η ¿ 1) the fluid component is negligible. From equations (5.1) and (5.2) we can see
the relation L̃ΩF ∼ 1 in the limit where the magnetic term is dominant (see Takahashi et
al., 1990; Breitmoser & Camenzind, 2000; Takahashi, 2002, for a more detailed discussion).
Figure 5.6 shows that for a wide range of θ the two extreme states of the plasma are present.
We investigate the shock properties for these extreme states below.
Table 5.1: Characteristic parameters for various L̃ΩF with θ = 10◦ .
Model
(a)
(b)
(c)
(d)

L̃
0.4
0.52
0.7
0.86

ΩF
L̃ΩF
0.4806 0.19
0.6167 0.32
0.8212 0.57
1.02697 0.88

rFin
rsh
rFout
rA
rI
λ
2.406 2.702 3.002 3.289 10.82 1.11
2.286 2.572 3.002 3.376 8.104 1.21
2.143 2.313 3.002 3.440 5.631 1.42
2.034 2.056 3.003 3.332 3.929 1.18

The shock solutions for θ = 10◦ are shown in Figure 5.7. Characteristic parameters
for some of these solutions are shown in Table 5.1 where rFout , rFin , rA , rI are the radii of
the outer and inner fast points, the Alfvén point and the injection point, respectively.
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Figure 5.7: Characteristic properties of fast MHD shocks for θ = 10◦ . The compression
ratio λ, postshock plasma temperature Θ, amplification of the toroidal magnetic field q and
entropy-related mass accretion rate Ṁ2 are shown as a function of the shock location rsh
in panel (a), (b), (c) and (d). In each curve, L̃ΩF increases in the direction of the arrow as
p
indicated. Each circle (◦) corresponds to the model (a)-(d) in Table 5.1. rsh
denotes the
peak radius for Γ = 3/2. In (a) the solutions for different polytropic indices (Γ = 4/3 and
3/2) are also shown for comparison.

From Figure 5.7(a), we note that weaker shocks form at larger radius for hydro-dominated
plasmas (with smaller L̃ΩF as shown for models (a) and (b) in Table 5.1), while stronger
shocks generally form at smaller radius for magneto-dominated plasmas (with larger L̃ΩF
as shown for model (c)). When the shock occurs very close to the BH, the shock is suddenly
weakened. The postshock temperature Θ in (b) and the entropy-related mass accretion rate
Ṁ2 in (d) behave in a similar fashion.
In Figure 5.7(a) we see a “hook-shape” over a range of 2.6rg . rsh . 2.7rg , where λ(rsh )
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has double values for a given rsh . Suppose that we somehow know, for instance, the flow
energy E, the accretion rate η and the shock location rsh from observations. In this hookshaped region, where the shocked plasma is hydro-dominated, we cannot uniquely determine
the shock strength unless the rotational energy L̃ΩF is known. Such a “multiplicity” of λ at
large rsh does not occur in HD shocks, thus it may be due to the effect of a weak magnetic
field. For these initial conditions, the postshock plasma only becomes as hot as Θ . 0.5.
The enhancement of the toroidal magnetic field (i.e., q > 1) in (c) is consistent with the
requirement of fast shock formation (Bφ1 < Bφ2 ). The peak locations for λ, Θ, q and Ṁ2
are not correlated.
In general, λ becomes larger as L̃ΩF increases, and the shock tends to form closer in
toward the BH (except for the hook-shaped region where the shock develops further out).
This is because a larger jump in the plasma velocity can be realized in the vicinity of the
p
BH. An interesting feature about λ is the rapid decrease after some radius, rsh
, where λ

reaches the maximum. This behavior is not surprising when recalling one of the required
conditions for the postshock plasma velocity. The postshock trans-magnetosonic plasma
speed up must exceed the inner fast magnetosonic wave speed uF W before entering the
horizon rH . This means that the difference between the postshock plasma speed and the
fast wave speed becomes so small that the postshock plasma cannot make a very large jump
in the radial velocity. Similar results are found in the HD shocks (see Chapter 4) and also
in AC88 (for a special relativistic case).
To understand this behavior, it may be useful to see how the Alfvénic Mach number
M changes at the shock location as the shock location shifts inward. The left panel in
Figure 5.8 shows the effect of L̃ΩF on the global shock-included plasma flows. See Table 5.1
for the corresponding values of characteristic parameters for models (a), (c) and (d). The
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Figure 5.8: (Left) The squared Mach number M 2 vs. the distance r along with the magnetosonic points for different L̃ΩF for models (a), (c) and (d) in Table 5.1. The inset shows
the close-up for model (d). (Right) Ratio of the preshock to postshock value of ut as a
function of the shock location rsh . Each dot (•) corresponds to the value for models (a),
p
(c) and (d) in Table 5.1. rsh
denotes the peak radius.

jump in M 2 at the shock location generally becomes greater as rsh decreases, but it turns
to decrease at very small rsh . Such a small jump in M 2 (rsh ) near the BH is thus the cause
of the rapid suppression of the shock strength due to the trans-magnetosonic property.
Another way to look at this is to plot the ratio of preshock to postshock value of the fourvelocity component ut1 /ut2 . In the right panel of Figure 5.8 we plot the value of this ratio as
a function of rsh . Note that ut corresponds to the relativistic Lorentz factor including the
gravitational factor. The ut -ratio increases as rsh decreases ((a)⇒(c)), and then drops quite
p
rapidly ((c)⇒(d)) at the same radius rsh
where λ peaks, thus indicating that the behavior

of λ(rsh ) is correlated to the plasma kinematics. We have also confirmed a similar behavior
in |ur1 − ur2 | and |uφ1 − uφ2 | supporting this.
Global MHD Shock-Included Solutions. In Figure 5.9 we show the global shock-included
solutions for different sets of (L̃, ΩF ) with θ = 10◦ . Notice that only the postshock quantity
is plotted for Θ since Θ1 = 0 for the cold preshock plasma. See Table 5.1 for characteristic
parameters of models (a)-(c).
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Figure 5.9: Global shock-included solutions by varying L̃ΩF for E = 6.1 and η = 0.006.
a = 0, θ = 10◦ and Γ is 3/2 for models (a)-(c). In the top row from left to right, we
show radial velocity |ur |, azimuthal velocity uφ and magnetization σ. In the bottom row
from left to right, toroidal magnetic field Bφ , plasma number density n and the postshock
plasma temperature Θ are plotted, respectively. Dots represent magnetosonic points (A, Fin
and Fout ) as indicated, while a solid downward arrow denotes the shock transition from a
preshock cold plasma to a postshock hot plasma. The horizontal gray line shows zero. The
dotted arrow indicates increasing L̃ΩF from model (a) to (c). See Table 5.1 for characteristic
parameters of models (a)-(c).

As L̃ΩF increases, rsh shifts inward, and the rotational velocity uφ becomes higher as
expected, while the radial velocity |ur | becomes lower. One noticeable trend in Figure 5.9
is that the postshock toroidal field |Bφ2 | tends to increase15 as L̃ΩF increases. The jump in
Bφ becomes smaller with increasing L̃ΩF .
Furthermore, σ continues to grow all the way to the horizon r = rH . By definition σ
15

Note that (postshock) Bφ2 < 0 in Figure 5.9 and we are talking about its absolute value |Bφ2 | here.
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Ω

Ω

Figure 5.10: Radial profiles of the fluid and magnetic components of energy E of the plasma.
L̃ΩF = 0.19 in model (a) while L̃ΩF = 0.57 in model (c). The downward arrow denotes the
shock. See Table 5.1 for model parameters.

is the ratio of the Poynting flux (∝ Bp Bφ ΩF ) to the plasma rest-mass energy density. As
|Bφ | increases15 with decreasing r, so does σ. We find that σ2 becomes as high as & 1.25
when L̃ΩF = 0.86 (can be as high as ∼ 6 when L̃ΩF = 0.88 although not shown here),
suggesting that the fluid component of E is efficiently converted into magnetic component
(i.e., magneto-dominated plasma)16 . The behavior of σ is also correlated with the energy
profile of the fluid and magnetic components of E. Figure 5.10 shows the two components
of E (fluid + magnetic) for models (a) and (c). For small L̃ΩF the shocked plasma remains
hydro-dominated in which the purely fluid component always exceeds the magnetic component as in model (a). We see a relatively distant shock formation in this model (a). When
L̃ΩF is not small as in model (c), the purely fluid component becomes smaller than the
magnetic component at small r, where the shocked plasma becomes magneto-dominated.
The shock develops closer to the BH in this case. The two regimes can be used as a good
16

This is made possible by the magnetic field refracted away from the shock normal (increasing Bφ ) at
the expense of the fluid component of the energy.

104
indicator of whether the properties of the plasma is predominantly controlled by the fluid
or magnetic field.
Thus, we can establish the following trend: when L̃ΩF is relatively large, the postshock
plasma can be characterized more by the magnetic field (magneto-dominated state). This
results in large λ and σ. The plasma in this state tends to have a low temperature Θ
(. 60% of the plasma rest-mass energy) because a major fraction of the total energy is
redistributed to the magnetic field rather than heating across the shock. Conversely, when
L̃ΩF is moderately small, the postshock plasma can be characterized more by the fluid
(hydro-dominated state). This results in smaller λ and σ. As L̃ΩF increases, therefore,
we are witnessing the transition of the postshock plasma from the hydro-dominated to
magneto-dominated state. These results are in good agreement with TRFT02 and R03.
In this section, we examined general properties of the fast MHD shocks in the polar region. In the following analysis, we will investigate various parameter dependence
(θ; ηE, L̃, ΩF ; a) of the fast MHD shock formation, which will be of astrophysical interest.

Dependence on Polar Angle θ
In the previous section, we changed both L̃ and ΩF simultaneously and found the polar
shock solutions. It also allowed us to see two distinct states: hydro-dominated and magnetodominated. Here, to explore the exclusive effects due to θ in detail, let us hold everything
constant except for one parameter for a given θ. In this manner, we can see the properties
of the fast shocks more systematically by decoupling L̃ from ΩF . In Figure 5.11 we adopt
for θ = 90◦ and a = 0 a “template parameter set”. The arrows indicate the increase in the
parameter L̃, ΩF or ηE where ηE is the total plasma energy flux. The dot in each panel
corresponds to a template solution for θ = 90◦ . The hook-shape (i.e., multiplicity) appears
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again in (b) when varying L̃. A few important implications appear in these results, and we
will discuss those below.
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Figure 5.11: Characteristic properties of fast MHD shocks with varying θ for a = 0. Starting
with the template parameter set (E = 6.1, L̃ = 4.0, ΩF = 0.141505, η = 0.006), L̃ is varied
along the dashed curve (regime 1), ΩF is varied along the dotted curve (regime 2), and ηE
is varied along the solid curve (regime 3). Arrows along the curves indicate the increase
in the parameters as shown. The dot denotes the template solution at θ = 90◦ . σ is the
magnetization parameter. The other notations are the same as in Figure 5.7.

One of the interesting aspects of non-equatorial MHD shock formation is the diversity

106
of our results as seen in Figure 5.11. For instance, there appear to be three regimes in terms
of λ, rsh and Θ as θ varies:
(i) The first regime (regime 1) appears when L̃ alone is decreased (along the dashed
curve) with decreasing θ. λ gradually decreases as θ becomes smaller (down to ∼ 30◦ ) as
shown in Figure 5.11(a). The shock develops further out in this regime except for the hookshaped region at large rsh (Figure 5.11(b)). It is consistent with the idea that L̃ should
decrease with decreasing θ because less angular momentum is needed for accretion to take
place near the polar region. The fact that the shock becomes weaker near the polar axis has
also been found in HD shocks (see Chapter 4). The shock is weaker in this regime compared
to the other regimes (see (a) and (b)), producing less heat Θ and magnetization σ compared
to the other regimes (see (c) and (e)). Thus, the shocked plasma is better identified as “less
magnetized, warm plasma”. This corresponds to the hydro-dominated state. The total
plasma energy E consists of two components (fluid + magnetic), and the fluid component
is further composed of thermal and kinetic parts. Therefore, if Θ is lower and σ is also
smaller, the kinetic part of the shocked plasma energy in this regime is dominant over the
rest. The shocked plasma is thus characterized by large (kinetic) bulk motion instead of
thermal energy.
(ii) The second regime (regime 2) appears when ΩF varies (along the dotted curve). The
shock becomes somewhat stronger as ΩF increases (with decreasing θ) and then suddenly
becomes weaker (i.e., rise-and-fall pattern) as θ decreases further. The shock location rsh
shifts inward with decreasing θ, as opposed to regime 1. In Figure 5.11(b) the curve of λ(rsh )
is smoothly connected with that in regime 1. The qualitative pattern of the curve for λ(rsh )
in this regime also resembles that in Figure 5.7. The shock occurs closer in because both Fin
and Fout , which determines the boundary conditions of the shock formation, shift inward.
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The dramatic drop in λ(rsh ) is thus interpreted as a consequence of the trans-magnetosonic
property as discussed for Figure 5.7(a). Interestingly, Θ decreases while σ rapidly increases
as the shock becomes stronger, showing a gradual transition from the hydro-dominated
(large Θ and small σ) to the magneto-dominated (small Θ and large σ) state.
(iii) In regime 3, λ rises sharply as θ decreases with increasing ηE. The shock location
shifts outward, as it did in regime 1 when L̃ decreased, but with larger λ. The postshock
temperature Θ significantly increases with increasing λ, while σ stays small. The degree of
magnetization for the plasma in this regime is also as small as that in regime 1. Therefore,
the shocked plasma is very hot and hydro-dominated. The shocked plasma in this regime
thus possesses a smaller amount of kinetic energy, compared to regime 1.
In the case of HD shocks, the shock tends to become weaker in the polar region (see
Figure 4.4 in Chapter 4). However, this is not necessarily the case in MHD shocks because
of the more complicated coupling between the magnetic field and the plasma.
We found three regimes in the above when the polar angle θ was varied. In this particular
analysis, a fast shock is present in the non-equatorial region (θ & 30◦ ) with small L̃ in regime
1 and a weaker shock occurs at larger rsh (see Figure 5.11 (a) and (b)). This is similar to
the trend in HD shocks (see Figure 4.4 in Chapter 4). By changing ΩF in regime 2, the fast
shock is still possible at mid-latitude (θ & 54◦ ). In this case the plasma can be substantially
magnetized as θ becomes smaller (see Figure 5.11 (a) and (e)). The fast shocks were found
for a certain range of the energy flux of the plasma ηE in regime 3. The shock location
rsh and the strength λ are both sensitive to ηE, but θ does not change substantially (see
Figure 5.11 (a) and (b)).
Under certain conditions (e.g., large ΩF in regime 2), σ is as large as ∼ 5 − 6 because
of a large toroidal field component due to the magnetosphere we chose (i.e., in our current
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investigation the magnetosphere is rotating faster than the BH). Such a large σ can be
interpreted as an indication that the dominant energy flux goes to the magnetic component
rather than the fluid energy flux (recall the definition of σ in equation (5.15)). Although
the shock generally becomes stronger as σ increases, it is eventually suppressed when the
shock forms very close to the BH where σ is very large. This outcome is in agreement with
the fast MHD shocks in the jets by AC88. This is also consistent with our results in the
previous section where L̃ΩF is varied.
In this study we also found some relationship among Θ, σ and Ṁ2 from the viewpoint of
the hydro-dominated or magneto-dominated state in Figure 5.11. Generally, Θ shows a good
anti-correlation with σ. We saw that an increasing magnetization σ generally results in a
stronger (larger λ) fast shock, as found by TRFT02 and R03. Large σ is often accompanied
by small Θ (magneto-dominated) as the two energy components are reversed across the
shock. Unlike the fast MHD shocks in jets by AC88, our fast shocks in accretion can
produce a high temperature (Θ & 1), also seen in TRFT02 and R03. Ṁ2 has a good
correlation with Θ, consistent with the fact that Ṁ2 ∝ ΘN from equations (5.18) and
(B-8). When both Ṁ2 and Θ are small, σ is relatively large, meaning that the magnetic
component becomes dominant (magneto-dominated) at the expense of the fluid component
of E.
We show in Figure 5.12 various interesting points and the shock location in the poloidal
plane. This corresponds to the shock solutions (regime 2) in Figure 5.11 where ΩF is varied.
As θ decreases, Fin tends to shift inward whereas Fout shifts slightly outward. By definition
any physically allowed fast shocks must occur between Fin and Fout . Fin also must reside
outside the horizon rH . The shock location rsh shifts inward and gets closer to Fin as θ
decreases. The shock location eventually transits to just outside Fin , yielding the minimum
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Figure 5.12: Angular dependence of various physical points corresponding to the shocks
with varying ΩF (regime 2) in Figure 5.11 in the poloidal plane. The inset shows the
adopted parameters. The horizon is rH = 2rg (the innermost circle). The dashed, solid and
dotted curves denote the outer Alfvén point A, the outer fast point Fout and the inner fast
point Fin , respectively. The shock location rsh is denoted by the thick solid curve between
Fin and Fout . The accretion flows in the direction of the arrows.

(innermost) shock location at θ ∼ 54◦ . The nature of the shocked plasma changes from
the hydro-dominated to the magneto-dominated state as θ decreases. For regions θ . 54◦
the shock surface can mathematically exist inside the surface of Fin (θ), but such solutions
must be rejected due to the boundary conditions at the BH. Note that for different sets of
conditions we can find fast shocks with even smaller θ (not shown here). From the above
angular analysis we can roughly estimate the structure of the shock surface near the BH.
Table 5.2: Characteristic parameters for various θ and ΩF .
Model
(a)
(b)
(c)

θ
90◦
73◦
54◦

ΩF
L̃ΩF
0.14151 0.57
0.15474 0.62
0.21995 0.88

rFin
2.15
2.12
2.04

rsh
2.32
2.28
2.06

rFout
3.001
3.002
3.003

rA
3.440
3.439
3.335

rI
5.69
5.35
3.95

λ
1.43
1.47
1.28
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Figure 5.13: The global shock-included solutions where both θ and ΩF are varied. Here,
E = 6.1, L̃ = 4.0 and η = 0.006. These sets of solutions correspond to regime 2 in
Figure 5.11. We set a = 0. The dotted arrow indicates increasing θ from model (c) to (a).
The other notations are the same as in Figure 5.9. See Table 5.2 for model parameters.

The global shock-included solutions in regime 2, showing typical angular-dependence, are
displayed in Figure 5.13 where θ and ΩF are varied together. The characteristic parameters
of the shocked solutions are shown in Table 5.2. We see that σ is particularly large and Θ
is very low when θ = 54◦ in (c). The magnetic field |Bφ1 (rsh )| decreases while the kinetic
motion (|ur1 (rsh )| and uφ1 (rsh )) increases with increasing θ. These are consistent with our
notion of the two states. As θ increases, the fluid (magnetic) properties become more (less)
effective, leading to the hydro-dominated state near the equator.
Figure 5.14 shows the energy profile of the fluid and magnetic components. In both
models the fluid component of E is always exceeded by the magnetic component near the
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θ

θ

Figure 5.14: Radial profiles of the fluid and magnetic components of energy E of the plasma.
θ = 90◦ in model (a) while θ = 54◦ in model (c). See Table 5.2 for model parameters. The
other notations are the same as in Figure 5.10.

horizon, but the rate of change dEf luid /dr and the difference between the two components
|Ef luid − Emagnetic | are clearly larger for θ = 54◦ . Near the horizon, therefore, the shocked
plasma state is again regarded as magneto-dominated. These results are thus indicative of
a transition from the hydro-dominated to the magneto-dominated state as θ decreases.

Dependence on Plasma Energy Flux ηE
We now turn our attention to the energy-dependence of the shock properties. We vary
the energy flux ηE and the other parameter (L̃ or ΩF ), holding the rest of the parameters
constant. The results are shown in Figure 5.15. The dot represents a template solution.
From the template solution at ηE = 0.0366, either L̃ (along the dotted curve) or ΩF (along
the solid curve) is varied over an acceptable range of ηE. Each arrow denotes the increase
in the quantity indicated.
We find both fast and intermediate shocks (see Appendices E and F for a discussion of
intermediate shocks). The fast and intermediate shocks are smoothly connected with each
other as the shock location changes when L̃ is varied. We see that relatively strong shocks
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Figure 5.15: The characteristic properties of MHD shocks with varying plasma energy flux
ηE. We choose a = 0 and θ = 30◦ . The template solution (denoted by a dot) has the
parameter set E = 6.1, L̃ = 1.6, ΩF = 0.22811, η = 0.006. L̃ and ΩF are varied along
each curve, as indicated. The thick solid curve with varying L̃, labelled as “IMS”, denotes
intermediate shock solutions.

form with large ηE for either increasing L̃ or decreasing ΩF . Generally, the shock tends to
be stronger at larger rsh when either L̃ is large or ΩF is small. The shock extends further
out as ηE increases, contrary to the HD case17 where the shock location extends inward.
This is similar to the HD case when the plasma energy is large (see Figure 4.4 in Chapter
4).
In this solution, Θ becomes quite high (. 2.0) while σ stays as low as . 0.55. This
is a good indicator for a large amount of thermal emission in X-rays and/or γ-rays to be
released at the shock front, in addition to possibly more complicated non-thermal radiation
17

In the HD case, Ṁ Ef corresponds to ηE where Ṁ is the mass-accretion rate and Ef is the fluid energy.
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mechanism. We also find (not shown here) that Ṁ2 decreases (eventually down to almost
zero) as the shock occurs closer to the horizon. This is consistent with a decreasing Mach

η

η

Figure 5.16: Radial profiles of the fluid and magnetic components of total energy E of the
plasma. ηE = 0.0366 in model (a) while ηE = 0.0441 in model (c). The other notations
are the same as in Figure 5.10.See Table 5.3 for the model parameters.

number M . High Θ and small σ is indicative of a hydro-dominated state, and we will back up
this viewpoint below by examining the energy profile E in Figure 5.16. The corresponding
characteristic parameters are shown in Table 5.3.
Table 5.3: Characteristic parameters for various ηE.
Model
ηE
(a)
0.0366
(b)
0.0408
(c)
0.0441

L̃
L̃ΩF
1.6
0.36
1.6533 0.37
1.6819 0.38

rFin
rsh
rFout
rA
rI
λ
2.255 2.520 3.0016 3.396 7.51 1.26
2.223 2.779 3.0015 3.572 7.51 1.47
2.227 2.926 3.0014 3.653 7.51 1.65

The radial profile of the fluid and magnetic components of E in Figure 5.16 clearly
indicates that the plasma maintains its fluid aspect all the way to the horizon (i.e., dominant fluid component), meaning that the shocked plasma is identified as hydro-dominated,
independent of the energy flux ηE. L̃ΩF is small in this particular case (see Table 5.3).
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Figure 5.17: The global shock-included solutions with varying sets of ηE and L̃ for ΩF =
0.22811 and η = 0.006. We set a = 0 and θ = 30◦ . The dotted arrow indicates increasing
ηE from model (a) to (c). In (b) and (c), Aout and Ain are respectively the outer and inner
Alfvén points for the intermediate-shock-included solutions. The other notations are the
same as in Figure 5.9.

Because of this, in Figure 5.15 σ is not very high at all (σ . 0.55) regardless of rsh . From
Figures 5.15 and 5.16, we see that the shocked plasma state (hydro or magneto) has a weak
dependence on ηE although Θ is heavily dependent on ηE.
The global shock-included solutions are demonstrated in Figure 5.17 with varying sets
of ηE and L̃. Notice here that Θ(r) can be small (e.g., Θ(rsh ) ∼ 0.5 when ηE is small)
while it is still hydro-dominated (see small σ2 (rsh ) . 0.55 in Figure 5.17 and the energy
profile in Figure 5.16). On the other hand, we earlier noted high Θ in the hydro-dominated
state. This case is a good example where the shocked plasma is hydro-dominated in terms
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of the dominant fluid component of E and small σ while it is not heated up significantly
(see model (a)). One might ask “where does the rest of the energy go if it does not go
to the thermal energy or the magnetic field?” The answer is found in the kinematics of
the plasma. For instance, it is clear from Figure 5.17 that the plasma loses more kinetic
energy (i.e., larger |ur1 − ur2 | and |uφ1 − uφ2 |) at the shock front as ηE increases. This trend
is therefore opposite to that in the previous case (see regime 3 in Figure 5.11(c) and (e))
where the preshock kinetic energy is in some sense “used up” by heating up the postshock
plasma (thus high temperature Θ), resulting in the hydro-dominated state with high Θ.

Dependence on Black Hole Rotation a
Let us examine the BH spin-dependence of the shock properties. In Figure 5.18 the shock
becomes stronger as a increases with increasing ΩF or ηE. Retrograde plasma accretion
(aL̃ < 0 with respect to the local inertial frame) suppresses a strong shock formation
whereas prograde accretion (aL̃ > 0) enhances a relatively strong shock. This is similarly
found in the HD shocks (see LY98 and Figure 4.7 in Chapter 4) and in good agreement
with TRFT02, R03 and G03. Such a trend is even more prominent when the energy is
large in HD shocks. As a result of frame-dragging18 by the BH, as the BH spin increases,
the fluid component of the angular momentum uφ (or uφ ) is increased causing a greater
centrifugal barrier. Consequently, the plasma suffers radial deceleration more easily at
more distant locations, causing stronger shocks to form further out. Thus, the transition of
λ(rsh ) associated with the BH spin is purely due to general relativistic effect.
As L̃ decreases (dashed curve in Figure 5.18(a) and (b)) with increasing BH spin a, λ
reaches a maximum value and then slightly decreases, while the shock location continues to
18

Around a rotating BH, a local inertial frame (i.e., spacetime) is “dragged” by the BH rotation, thus
causing more effective angular momentum for plasmas.
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Figure 5.18: The characteristic properties of MHD shocks with varying BH spin a when
E = 6.1, η = 0.006 and θ = 30◦ . L̃, ΩF and ηE are varied along the dashed, dotted and
solid curves, respectively. The dot denotes a template solution at a = 0, and each arrow
along a curve shows the increase in the parameter indicated.

shift outward. In (c) Θ becomes higher with increasing a because the plasma has a larger
velocity jump across the shock (see also LY98 for a similar discussion). We find a good
anti-correlation between Θ and σ, as expected.
Table 5.4: Characteristic parameters for various a.
Model
(a)
(b)
(c)
(d)

a
−0.08
0
0.1
0.2

L̃
L̃ΩF
2.068 0.59
2.0
0.57
1.9106 0.54
1.8159 0.51

rFin
2.1328
2.147
2.160
2.167

rsh
rFout
rA
rI
λ
2.224 3.045 3.509 5.666 1.29
2.321 3.002 3.439 5.691 1.42
2.408 2.941 3.342 5.720 1.45
2.502 2.871 3.230 5.746 1.43

The representative global shock-included solutions are displayed in Figure 5.19. The
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Figure 5.19: The global shock-included solutions with varying a and L̃ for E = 6.1, ΩF =
0.28303 and η = 0.006. Here we choose θ = 30◦ . The dotted arrow indicates increasing a
from model (a) to (d). The other notations are the same as in Figure 5.9.

corresponding characteristic parameters are shown in Table 5.4. In Figure 5.19, as the
BH rotates faster, uφ increases as a result of the frame-dragging effects. Note that uφ is
negative for (a) a = −0.08 near the horizon because of this effect. The velocity jump in |ur |
at the shock location also increases with increasing a, leading to stronger shock formation.
Therefore, the release of the plasma kinetic energy increases. Accordingly, we find that
Θ rises allowing for more entropy generation Ṁ2 (from Ṁ2 ∝ ΘN ). Because of this, the
number density n decreases. We note that σ2 decreases with increasing a. This implies that
as a increases a greater fraction of E stays as the thermal and kinetic components (hydrodominated). This is better demonstrated in the energy profile in Figure 5.20 where two
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Figure 5.20: Radial profiles of the fluid and magnetic components of total energy E. a =
−0.08 in (a) while a = 0.2 in (d). See Table 5.4 for the model parameters.
solutions are selected for comparison. When a is larger as in (d), a stronger shock occurs
further out, and the fluid component is always dominant (hydro-dominated). On the other
hand, for smaller a as in (a), the magnetic component exceeds the fluid component in the
postshock plasma (magneto-dominated) with a weaker shock.
The above trend can be summarized as follows: the hydro-dominated plasma (with a
dominant fluid component of E, higher Θ and smaller σ) is accompanied by a stronger shock
(larger λ), while the magneto-dominated plasma (with a dominant magnetic component of
E, lower Θ and larger σ) is accompanied by a weaker shock. This is very interesting because
it is not quite obeying to the classification we have previously established. We then showed
that this was purely due to frame-dragging effect. This is in good agreement with LY98
and Chapter 4 in the HD shocks. With increasing a, for example, decreasing L̃ must be
chosen to satisfy the shock conditions, and the magneto-dominated flow solution transits
to the hydro-dominated flow solution. The anti-correlation between Θ and σ is consistent
with this transition.
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Figure 5.21: Shock strength λ as a function of rsh for various BH spins: a = 0, ± 0.3 and
±0.5. L̃ΩF increases from the minimum (denoted by ◦) to the maximum (denoted by •)
along each curve, as indicated.

Lastly, another set of shock solutions is plotted in Figure 5.21 where the λ vs. rsh
relation is shown for various a ranging from a = −0.5 to 0.5. Here, L̃ΩF is varied. This
result especially demonstrates the diversity of the shock strength λ depending on the BH
spin parameter. A prograde accreting plasma (with a = 0.3 and 0.5) tends to form a stronger
shock compared to a retrograde accretion (with a = −0.3 and −0.5). In the middle sections
of the curves, the trend is similar to one another: an increasing λ with decreasing rsh . This
pattern also resembles that in Figure 5.7(a) because the shocked plasma state shifts from
the hydro-dominated to magneto-dominated state as L̃ΩF increases in each curve. For a
wide range of the BH spin, therefore, both states can exist.

Summary & Conclusion

This work is an extended version of Chapter 4 where the HD shocks were discussed in
the context of the production of a high temperature region in AGNs. The main purpose of
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the current work is to explore the properties of fast MHD shock formation in a BH magnetosphere, which may be responsible for an X-ray source in AGNs, as a result of shock
heating. Such a radiative source could potentially illuminate the underlying accretion disk
producing observed reflected and reprocessed (e.g., iron fluorescent emission) spectral features. With this application in mind, we explored non-equatorial shock formation, studying
the various parameter dependence of the shock-related quantities. The preshock flow is
self-consistently connected with the postshock flow through a fast MHD shock so we can
trace the trajectory all the way to the event horizon after the shock formation.
Because of the complicated coupling between the magnetic field and the plasma in the
context of the general relativistic treatment, we had to resort to several simplifications regarding the geometry of the magnetic field, fluid composition, axisymmetry and stationarity,
although we feel our results, as a first step, still should be instructive. This is a pioneering work in that general relativistic MHD shock conditions, including trans-magnetosonic
plasma accretion, are analytically explored for the first time in relation to the production
of a hot coronal region. Our work in this chapter is thus important in that this will be the
beginning of a link between theory and observation.
In the present work we studied the parameter-dependence of fast MHD shocks as the
following three physical parameters were varied: (i) rotational energy per total energy of
the plasma L̃ΩF , (ii) plasma energy flux ηE, and (iii) BH spin a. Here, as the function of
these parameters, we summarize the properties of fast MHD shocks and the states of the
shocked plasma. We learn that non-equatorial shocks are possible if the plasma angular
momentum is sufficiently small.
When a MHD shock forms, the plasma undergoes various changes in the physical properties at the shock front. We found in this chapter that the state of a shocked plasma
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is categorized as two primary states: (1) a magneto-dominated state and (2) a hydrodominated state. Here, the value of L̃ΩF determines which state is realized. The state (2)
is further divided into two sub-states according to the temperature Θ: (2-a) relatively high
Θ and (2-b) relatively low Θ. In this sub-division the value of ηE plays an important role.
Such a classification is enhanced by comparing the fluid and magnetic components of the
total energy E, and also by studying several shock-related parameters: shock strength λ,
magnetization σ and postshock temperature Θ.
L̃ΩF and ηE are combined conserved quantities, and we find that the physical characteristics of the shocked plasmas are better understood particularly by these quantities.
Generally, L̃ΩF can be used as a good indicator for a degree of magnetization, while ηE
controls a degree of shock strength. A chart in Figure 5.22 illustrates the classification of
the shocked plasmas according to L̃ΩF and ηE.
We find that the shocked plasma state is magneto-dominated when L̃ΩF is large (∼ 1)
while it is hydro-dominated when L̃ΩF is small (¿ 1). Magneto-dominated shocked plasmas
are strongly magnetized (large σ) with strong shocks (large λ) accompanied by the dominance of the magnetic component, whereas hydro-dominated shocked plasmas are weakly
magnetized (small σ) with weak shocks (small λ) showing a dominant fluid component.
This trend seems independent of the polar angle of the flows or the BH spin a.
In the above classification, however, the shocked plasma temperature Θ is left out of the
complete picture. As to the magneto-dominated plasma state, we notice from our results
that Θ is always low (. 0.6) and σ is large (& 1), meaning that the major fraction of the
total energy E is converted into the magnetic component in the postshock plasma at the
shock front, resulting in a “merely warm” shocked plasmas. That is, the postshock magnetic
field acquires significant energy across the shock, leaving only a small amount of thermal
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Figure 5.22: Classification of shocked plasma states.

energy behind through the shock. In the case of the hydro-dominated state, there exist two
sub-states depending on ηE: the hydro-dominated states with high or low Θ. When ηE is
large (small), the shocked plasma typically shows high (low) Θ. This is due to the fact that
the fluid component of E further consists of two parts: kinetic and thermal parts. When Θ
is high, the thermal part dominates over the kinetic part in the fluid component, thus the
shocked plasma is regarded as “hot” and kinematically less energetic. On the other hand,
when Θ is low, the kinetic part is dominant over the thermal part in the fluid component,
making the shocked plasma kinematically more energetic and merely “warm”. That is, the
value of ηE determines two sub-states within the hydro-dominated state. Notice that the
hydro-dominated state itself is not changed by ηE. Correspondingly, the shock strength is
also distinct according to each sub-state. Within the hydro-dominated state, the shock is
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relatively stronger (weaker) when Θ is higher (lower).
The above classification is made without including the BH spin variation. This situation,
however, is slightly altered when the variation of the BH spin is taken into account. We find
that the stronger shock results in the hydro-dominated plasma as the BH spin increases.
This trend is due to a general relativistic effect through frame-dragging on the plasma.
Because of this, the relationship between the shock strength and the shocked plasma state
is modified.
In summary, we conclude that for a fixed BH spin a shocked plasma state can be viewed
as (1) magneto-dominated with large λ, σ and small Θ, (2-a) hydro-dominated with small
λ, σ and high Θ, or (2-b) hydro-dominated with small λ, σ and Θ, depending on L̃ΩF and
ηE. When the BH spin dependence is introduced, however, such a categorization is slightly
modified due to a purely general relativistic effect.
We also discovered the possibility of intermediate shocks and their multiple shocks in
our calculations satisfying all the required conditions, although the stability of such shocks
are still debated. Interested readers may refer to Appendices E and F for further discussion.
As mentioned earlier, the possibility of fast MHD shocks is observationally interesting in
terms of explaining the physical origin of a hot region in the vicinity of the central engine in
AGNs. Non-equatorial fast MHD shocks may be physically relevant to cause a subsequent
photoionization in the accretion disk. One may speculate from our results that hydrodominated shocked plasmas (weakly magnetized with high temperature) can be responsible
for thermal emission while magneto-dominated shocked plasmas (strongly magnetized with
low temperature) may be related to nonthermal emission. The observed high/low-states
in the X-ray continuum spectra of stellar BH candidates, such as Cygnus X-1, may correspond to the transition between the two states of the shocked plasmas (magneto/hydro-
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dominated). Iron fluorescence in the X-ray is one of the best observational probes for
determining the unknown quantities such as the spin of the BH and the inclination angle of
the disk. Our scenario of fast MHD shocks could potentially allow us to place a constraint
on certain physical quantities (e.g., BH mass and spin) by comparing the other observed
quantities (e.g., mass-accretion rate, plasma angular momentum and released energy) with
various accretion disk theories.
Although the properties of MHD shocks are determined by local physics, a distant observer would only see apparent shock properties because of the effect of spacetime geometry
(i.e., gravitational redshift, frame-dragging effect, etc.). Our prescription for general relativistic MHD shocks should be thus useful when theory is compared with observation.
Furthermore, our analytical global MHD shock solutions are very important for verifying
shock formation in future MHD simulations. The current results obtained by our analytical
methods should give valuable insights to the problem, which should be useful for further
studies with future numerical simulations.
In our current work we explored time-independent (steady-state) solutions to the accretion flow problem in the BH magnetosphere. As is always seen in the literature, we
also found degenerate solutions (i.e., both continuous shock-free solution and discontinuous
shock-included solution for the same set of conserved quantities). To further investigate
which steady-state solution between the two is physically accessible by nature, we will need
to perform a dynamical analysis by applying a time-dependent perturbation to the flow.
Some authors (e.g., Ferrari et al., 1984; Trussoni et al., 1988; Nobuta & Hanawa, 1994)
applied such a temporal analysis to the steady-state solutions and concluded that some
shock-included solutions are indeed preferred to the corresponding shock-free solution because the former is more physically accessible by nature. Such a dynamical analysis is
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beyond the scope of our current work, but their work partially assures the credibility of our
shock solutions, and therefore the motivations of our present study should be justified.
In order to improve our current model for a more realistic physical situation, there are
some concerns that need to be addressed:
(1) We assumed a split-monopole field geometry (i.e., pure radial poloidal fields) to
simplify the problem. It would be interesting to explore any possible qualitative differences
from, say, a simple dipole-like field.
(2) Our model consists of an infinitely-thin, mathematical discontinuity at the shock
front, which makes it impossible for us to discuss the microphysics occurring within the
shock front. Allowing a finite thickness of the shock front would enable us to investigate,
for instance, particle acceleration mechanisms at the shock front, which may be the source
for nonthermal X-ray emissions.
(3) Unlike isothermal HD shocks in Chapter 4, we dealt in this chapter with adiabatic
MHD shocks in which, by definition, heated postshock flow will be the primary source for
radiation. Extension of our adiabatic MHD shock studies to isothermal MHD shocks could
be a natural step for our next work.
(4) As we discussed in Chapter 4, it is interesting to investigate whether an MHD shockavalanche (or shock-cascade) is possible. The essential difference between the HD shocks
and the MHD shocks in our current study is the magnetic field and its rotation. If a HD
shock avalanche can form, then a MHD shock avalanche may also be possible.
(5) Although our current model assumes stationarity, the actual shock formation must
be a time-dependent process with a finite thickness for the shock front. Such a dynamical
shock formation, in which the toroidal magnetic field Bφ may dramatically increase (|q| > 1)
during some dynamical timescale, could then cause a certain amount of magnetic eruption
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across the shock. Assuming that the plasma is ideally frozen-in to the magnetic field, it
is possible that the charged particles are energetically ejected from the shocked toroidal
field, possibly acting in a similar fashion to magnetic reconnection taking place in the solar
corona.
(6) In this work we considered the case where the rotation of the magnetosphere is
greater than the rotation of the BH (i.e., ΩF > ωH ). This case has also been studied in
TRFT02 (for preshock plasmas) and G03 (where the plasma was confined to the equator).
It would be important to see if the opposite case may allow very strong shocks (see R03
for the preshock plasmas in this case). In such a case, energy extraction could also be
possible from the spinning BH through magnetic fields, as recently pointed out by some
authors (e.g., Li, 2000; Li & Paczyński, 2000), as modified versions of the Blandford-Znajek
process by Blandford & Znajek (1977). An observational speculation of such an event
(energy extraction for extremely redshifted iron fluorescent lines from MCG-6-30-15) has
been reported by Wilms et al. (2001).
(7) Magnetically-dominated relativistic jets were analytically studied by Tomimatsu &
Takahashi (2003) using the solutions to the approximate GS equation as a function of a
spatial variation of the field geometry. It would be interesting to study a connection between
inflows and outflows in relation to shock formation (e.g., Le & Becker, 2004), particularly
in the BH magnetosphere.
(8) Becker & Kazanas (2001) and Le & Becker (2004) argued in the (pseudo-)Newtonian
case that shock formation (causing an increase in entropy) is preferred to no shock formation,
from the second law of thermodynamics, when degenerate accretion solutions (with and
without shock) are found for a given set of conserved quantities. Since no such dynamical
tests have been carried out on general relativistic MHD shock stability, it is yet to establish
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whether that is the case for general relativistic cases also.
(9) We found that the shocked plasma state can be systematically categorized in a
certain manner when the BH spin is fixed. Our present work is the first time when this
simple classification was found. It is also important to explore more detailed classification
including the BH spin dependence and magnetic field geometry.
Our current research contributes importantly to the first theoretical step toward the future investigations of these various interesting problems. We hope to address these concerns
in our future works.
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CHAPTER 6
Standard Iron Fluorescent Line Profiles — Disk-Corona Model

Observations

So far, we have discussed various aspects of the observational and theoretical implications that AGNs are most likely to harbor supermassive black holes (BHs), where a strong
gravitational field plays a crucial role in producing the observed spectral/temporal features.
If a radiation mechanism is involved with the distorted spacetime produced by such a BH,
then we may be able to extract information about the BH itself through careful observations
of emitted X-rays. For example, iron fluorescence is believed to be one of the best tools to
“see” the extreme environment very close to a BH. Let us first overview the observations
of iron fluorescence and go through the details of a theory explaining the observations.
The X-ray reflection1 spectrum was first obtained by EXOSAT and GINGA observatories (Matsuoka et al., 1990; Nandra, Pounds, & Stewart, 1990; Nandra & Pounds , 1994;
Pounds et al., 1994) and demonstrated that there was a cold and optically-thick material,
which is being irradiated by the (power-law) hard X-ray continuum (Nagase et al., 1992),
in the vicinity of the supermassive BH. Although many suspected that this illuminated
material could be the central accretion disk, direct confirmation of such a hypothesis had to
await more sophisticated spectral instruments. The CCD detectors on board the Advanced
Satellite for Cosmology and Astrophysics (ASCA) were the first X-ray spectrometers to
provide much more sufficient spectral resolution and sensitivity (the best resolving power
of ∆E ∼ 240 eV) for investigating the reprocessed X-rays. The first example of a clearly
resolved broad skewed iron fluorescence was from a long ASCA observation of the Seyfert
1

The term “reflection” is often used for both scattering and reprocessing in X-ray astronomy.
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1 galaxy MCG-6-30-15 (see the left panel in Figure 6.1; Tanaka et al., 1995). The sharp
drop seen at about 6.7 keV constrains the inclination angle of the disk to be about 30◦ , and
the red tail of the line implies that the inner radius of the emission is likely to be around
7rg , based on a model. This source was recently observed again with XMM-Newton, confirming the presence of skewed fluorescence (see the right panel in Figure 6.1; Wilms et al.,
2001; Fabian et al., 2002). In the next section, we will discuss a model that describes the
observations.

Figure 6.1: (Left) The continuum-subtracted broad line profile of iron Kα emission in the
ASCA SIS spectrum of the nearby Seyfert 1 galaxy MCG-6-30-15 (Tanaka et al., 1995).
(Right) The observed iron line from the second XMM-Newton observation of MCG-6-3015 (Fabian et al., 2002). This is the highest signal-to-noise relativistic line profile ever
measured. The curve denotes the best-fit model.

Disk-Corona Model

From earlier X-ray spectroscopy of Seyfert type nuclei, it was known that the typical
spectra often contained a soft X-ray excess superimposed on a hard X-ray continuum expressed by a power-law form. The soft component was regarded as thermal emission from
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a cold medium (probably an accretion disk with T . 106 K), while the hard component
was due to Compton up-scattering of the soft photons (i.e., inverse-Comptonization) by
energetic electrons in a postulated hot region called a corona. The accretion disk coexists
with the hot region; this is referred to as the “disk-corona model” or “disk-line model”.
(See Liu, Mineshige, & Shibata (2002) and Liu, Mineshige, & Ohsuga (2003) for recent
models associated with a magnetic field.) If the disk-corona model is accurate, then a cold
disk, constantly irradiated by hard X-rays, should in some ways manifest its nature in the
spectra (see Figure 2.1 in Chapter 2). In principle, such high energy photons interacting
with cold matter could be subject to a number of processes: Compton scattering by free
or bound electrons, photoelectric absorption followed by fluorescent emission, or photoelectric absorption followed by Auger de-excitation. The above processes have been intensively
studied by many authors (see George & Fabian, 1991; Matt, Perola, & Piro, 1991; Reynolds,
1996) in terms of explaining the observed atomic features in AGNs. We will now focus on
fluorescent emission from iron atoms in the accretion disk.

Iron Fluorescence

The physics of fluorescence is very interesting in terms of its rich astrophysical content
and applicability to various situations. In the standard disk-corona theory a cold disk is
constantly illuminated by a hard X-ray source somewhere above the disk plane. Aside from
what the X-ray source might be2 , X-rays with sufficient energy will strike the disk material.
When this occurs, an iron atom in the disk becomes photoelectrically ionized, and one of the
two K-shell electrons (i.e., n=1) is stripped away. Subsequently, the resulting excited state
can decay into a stable lower state in one of the following two ways: an L-shell electron (i.e.,
2

We discussed a possibility of such an X-ray source in Chapters 4 and 5, in terms of standing shocks.
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n=2) will fall onto the K-shell vacancy by either releasing a corresponding fluorescent line
photon at 6.4 keV for weakly ionized iron (34% probability) or emitting an electron from a
higher shell (Auger electron) with no fluorescence (66% probability). The former process is
called “iron Kα fluorescence” and the latter is called the “Auger destroying process”. There
is also a Kβ line at 7.06 keV and a nickel Kα line at 7.5 keV in this neighborhood. The
L-shell fluorescence yield is comparatively small. The photoelectric absorption cross-section
for the removal of the K-shell electron is approximately independent of the ionization state,
but the threshold energy3 does depend on it.

Figure 6.2: Monte-Carlo simulation of X-ray reflection from an illuminated slab. Dashed line
shows the incident continuum while the solid line shows the reflected spectrum. Adopted
from Reynolds (1996).

Figure 6.2 shows the result of a Monte-Carlo calculation in which incident power-law
X-rays (with ΓP L = 2) are reflected by a cold gaseous slab with cosmic abundances. The
3

The threshold X-ray energy for photoionization is 7.1 keV for neutral iron Fe I and 9.3 keV for hydrogenlike iron Fe XXVI, for instance.
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physical processes considered above are clearly imprinted in the obtained spectrum. First
of all, most of the incident soft photons are photoelectrically absorbed whereas hard photons are rarely absorbed and eventually are scattered out of the slab with lower energy.
Consequently, the intensity of the reflection component is less than the continuum. The
reflection peaks at ∼ 20 keV, giving rise to a broad hump-like feature. The most important
spectral feature is a series of fluorescent Kα lines of the most abundant metals (i.e., Fe, Ni,
Mg and so on). The strongest is the iron Kα line at ∼ 6.4 keV due to the combination of
its high fluorescent yield (the fluorescent yield for neutral matter varies as the fourth power
of atomic number Z 4 ) and its relatively large cosmic abundance (George & Fabian, 1991;
Fabian et al., 2000; Reynolds & Nowak, 2003). It is interesting to note in Figure 6.2 the
weak “shoulder” on the lower energy side of the iron Kα line. This feature corresponds
to the line photons that are Compton down-scattered by the electrons before escaping the
disk. It is also referred to as the Compton shoulder, which is sometimes observed (Iwasawa,
Fabian, & Matt, 1997; Matt, 2002; Matt et al., 2004).

Predicted Iron Fluorescent Emission Line

In the context of the disk-corona model, a pioneering calculation on theoretical iron
fluorescent line from a relativistic accretion disk was first carried out by Fabian et al.
(1989). The iron Kα line is intrinsically narrow but can be significantly modified by the
gas dynamics and the surrounding spacetime. Hence, according to the disk-corona model
we can study the dynamics of the accretion disk in the vicinity of the BH by using the
relativistically broadened line. The line profile is expected to be broadened and skewed
by Doppler motion and special/general relativistic effects. Figure 6.3 (Fabian et al., 2000)
demonstrates these effects in a schematic manner.
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Figure 6.3: The broad iron line caused by various effects: (a) shows the symmetric, doublepeaked profiles from two narrow annuli (r = r1 , r2 ) on a non-relativistic accretion disk.
In (b) the effects of special relativistic beaming has been included in the profiles. In (c)
the general relativistic gravitational redshift has also been considered. After summing over
the entire disk, these effects give rise to a broad, skewed line profile in (d). Adopted from
Fabian et al. (2000).

In a Newtonian accretion disk, each radius of the disk produces a symmetric, doublepeaked profile because of the classical Doppler motion (i.e., approaching and receding motion) of the accreting gas. The inner region of the Newtonian disk is mainly responsible
for producing both ends of the broad line because the gas is moving the fastest (see (a)
in Figure 6.3). Considering the relativistic motion of the accreting gas especially near a
BH, the special relativistic beaming effect (i.e., emission is spatially polarized in the direction of relativistic motion) enhances the blue peak from each radius (see (b)). Finally,
the general relativistic gravitational redshift (i.e., photons climbing up the potential well
lose some energy) shifts the entire line to a lower energy (see (c)). Consequently, adding
the line emission from all radii of the disk in (c) leads to a skewed, highly broadened line
profile with asymmetry (see (d)). Although it has been argued that turbulent motions (e.g.,
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thermal, viscous and/or magnetic) may also broaden the line, a detailed assessment of such
a possibility is yet to be completed, and we may have to rely on more advanced hydrodynamic (HD) or magnetohydrodynamic (MHD) disk simulations in the future. The standard
disk-corona model has generally been successful in explaining many of the observed broad
iron fluorescence from AGNs, as in Figure 6.1.

Basic Assumptions

The first step in describing the disk-corona model is to state the simplifications. We
make the following assumptions; (1) both the accretion disk and the background spacetime
are stationary (∂t = 0) and axisymmetric (∂φ = 0), (2) the accretion disk is geometricallythin (h/r . 0.1) and optically-thick (τes & 1), (3) the accreting matter (i.e., ionized iron)
is in a Keplerian orbit, (4) the disk forms from some outer radius rout down to an inner
radius rin which coincides with the marginally stable orbit rms (see Appendix A for rms ),
and lastly (5) the fluorescent photon has an energy of 6.4 keV (i.e., iron is in the state of
Fe I-Fe XVI). Here, h/r is the aspect ratio of the thin disk and τes is the electron-scattering
optical depth. Regarding (4), the choice of rout is not critical because the line profile is not
very sensitive to the outer radius. The assumption (5) may be justified when the matter
density in the disk is sufficiently large because iron atoms are then only weakly ionized,
uniformly producing 6.4 keV line photons. The density, however, may rapidly drop within
rms due to free-fall (Reynolds & Begelman, 1997; Fabian et al., 2000). Because of this, iron
fluorescence from the plunging region (r < rms ) is neglected. The rest of the theoretical
task is to find the photons emitted from the accretion disk to a distant observer (or an Xray telescope). This is done by calculating the null geodesics with the appropriate redshift
factor. This will enable us to compute the photon flux in the frame of the observer with
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correct general relativistic factors.

Computational Formulations

Background Geometry
The background geometry is described in the Boyer-Lindquist coordinates in the Kerr
metric (see Appendix A). Let us denote the position of a distant observer by (robs , θobs ) and
the emitter’s position (i.e., the position of iron) by (rem , θem ), respectively. Here, we set
θem = 90◦ (equatorial plane).

Keplerian Disk
First, the four-velocity of the distant (stationary) observer ũobs and the Keplerian emitter
in the accretion disk ũem are described as

ũobs = (1, 0, 0, 0) ,

(6.1)

ũem = utem (1, 0, 0, Ωk ) ,

(6.2)

where Ωk = 1/(a + r3/2 ) is the Keplerian angular velocity of the disk, measured by the zero
angular momentum observer (ZAMO) in the locally non-rotating reference frame (LNRF).
We find from the four-velocity normalization ũ · ũ = 1 that

utem =

s

A/(∆Σ)
,
1 − Vk2

(6.3)

where the three-velocity of the Keplerian matter Vk is written as

Vk =

A
(Ωk − ω) .
Σ∆1/2

(6.4)

136
Here, ω ≡ 2ar/A is the angular velocity of the local inertial frame (in LNRF) with respect
to a distant observer. A, ∆ and Σ are defined in Appendix A. The photon four-momentum
is
√
√
p̃ = Eem (1, ± R/∆, ± Θ, λ) ,

(6.5)

where Eem is the local photon energy in the emitter’s frame. The two functions R(r, λ, Q)
and Θ(θ, λ, Q) are explicitly shown as

R(r, λ, Q) = r4 + (λ2 − Q)2 + 2(Q + λ2 )r − Q,

(6.6)

Θ(θ, λ, Q) = Q − (λ · cot θ)2 ,

(6.7)

where λ and Q are two constants of motion along the null geodesics which are closely related
to the photon angular momenta in the azimuthal and polar direction, respectively (Carter,
1968; Chandrasekhar, 1983). The net redshift factor of the photon from the disk to the
observer gdo is then written as

gdo ≡

−ũobs · p̃
Eobs
1
.
=
= t
−ũem · p̃
Eem
uem (1 − λΩk )

(6.8)

This quantity gdo can be explicitly expressed in the form

gdo =

(∆Σ/A)1/2 (1 − Vk2 )1/2
,
1 − λΩk

(6.9)

which is the product of three factors: (1) the gravitational redshift or lapse function: g1 =
(∆Σ/A)1/2 , (2) the transverse Doppler shift or special relativistic beaming effect: g2 =
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(1 − Vk2 )1/2 and (3) the (classical) longitudinal Doppler shift: g3 = 1/(1 − λΩk ).
The Primary X-ray Source
In the standard disk-corona model, the primary source of high energy X-rays is conventionally attributed to a hot coronal region above the accretion disk. However, there are two
principal uncertainties in applying coronal models to observed BH systems, and both are
substantial. First, the heating mechanism of relativistic electrons with high temperatures
(Te ∼ 109 K) is currently unknown. One of the common hypotheses is associated with magnetic processes, similar to solar flares and/or heating of the solar corona (e.g., see Balbus
& Hawley, 1991; Field & Rogers, 1993; Miller & Stone, 2000), although other alternative
models cannot be ruled out. Secondly, the geometry of corona also remains unclear. One
of the widely modelled geometries of the coronal region is a slab geometry where magnetic
field buoyantly rises from the accretion disk forming a magnetically-dominated coronal region (e.g., Liu, Mineshige, & Shibata, 2002; Liu, Mineshige, & Ohsuga, 2003). In Chapters
4 and 5 we proposed a shock model in which a standing shock formation is responsible for
creating such a high temperature region in the vicinity of the BH and above the accretion
disk. For simplicity, the surface emissivity law of the disk illuminated by a primary X-ray
(point) source is phenomenologically parameterized to be a radial power-law form as

²d ∝ f (ie )r−p ,

(6.10)

where p is the emissivity index and is normally in the range of 2 < p < 4 to agree with
observations. As p increases, the emissivity becomes more centrally concentrated. The
function f (ie ) is chosen to model various limb-darkening scenarios (e.g., Chen & Eardley,
1991; Bao, Hadrava, & Ostgaard, 1994), and ie is the angle of the emitted photon in its
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local frame. For example, f is constant when the matter is optically-thick. The local emitting region is assumed to be optically thick, and the limb-darkening effect is unimportant,
especially for a small inclination angle θobs (Laor, 1991; Fabian et al., 2000). In a statistical
sense, an average value of θobs ∼ 30◦ is favored for Seyfert 1s (Antonucci & Miller, 1985;
Nandra et al., 1997; Schmitt et al., 2001). Therefore, we adopt θobs = 30◦ throughout our
computations for iron fluorescence unless otherwise stated.

Ionization of Iron
Fluorescent iron line emission for various ionization states has been studied by many
authors (e.g., Matt, Fabian, & Ross, 1993; Matt, 2002; Ballantyne, 2002). They used a
convenient parameter for describing the ionization state of iron. This is called the ionization
parameter ξ and is defined as

ξ(r) ≡

4πFX (r)
,
nH (r)

(6.11)

where FX (r) is the photon flux striking the accretion disk and nH (r) is the hydrogen number
density of the disk (e.g., Matt, Fabian, & Ross, 1993; Fabian et al., 2000). These authors
found, depending on the value of ξ, that the characteristic ionization state can be roughly
divided into the following four regimes that would critically affect the resulting fluorescent
process:
(i) ξ . 100 erg cm s−1 : for this small ionization parameter, iron is either neutral or
only weakly ionized (i.e., Fe I-Fe XVI) producing a cold fluorescent photon at 6.4 keV. It
is referred to as ”cold” because the reflection spectrum looks similar to that from a cold,
neutral gas. In the standard disk-corona model, a “cold” fluorescent photon is often assumed
for simplicity.
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(ii) ξ ∼ 100 − 500 erg cm s−1 : in this intermediate regime, the most abundant ions of
iron are in the form of Fe XVII-Fe XXIII in which there is a vacancy in the L-shell of the
ions. The subsequent line photons are then resonantly absorbed by these ions and either
re-emitted (resonant scattering) or destroyed by the Auger electrons. Thus, only a few line
photons can escape the disk, leading to a very weak iron line.
(iii) ξ ∼ 500 − 5000 erg cm s−1 : most of the iron atoms are highly ionized and have
lost most of the L-shell electrons (i.e., Fe XXIV-Fe XXVI). Therefore, the Auger destroying process (which requires at least two L-shell electrons prior to photoionization) cannot
efficiently operate. Ionized emission lines are produced (at both 6.67 keV by Fe XXV and
6.97 keV by Fe XXVI) as well as a weak cold line (at 6.4 keV by Fe XXIV). These lines are
rather strong because of the lack of the competitive Auger effect while the line photon is still
subject to the resonant scattering. The line photon is emitted by the standard transition
of a K-shell electron for lithium-like iron (i.e., Fe XXIV) whereas for helium-like iron (Fe
XXV) and hydrogen-like iron (Fe XXVI) the line photon is produced via the capture of free
electrons (i.e., recombination).
(iv) ξ & 5000 erg cm s−1 : all but a negligible fraction of the ionized iron are totally
ionized in this regime, and almost no iron line photon is produced. At this stage, iron
photoabsorption becomes less important than scattering.

Photon Flux
Assuming that photoionized iron has a monochromatic emission at Eem in its rest frame,
the local intensity of the fluorescence is

Iem = ²d · δ(E − Eem ) = ²d · gdo δ(Eobs − gdo Eem ) ,

(6.12)
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where the rest frame emissivity ²d is included in the intensity Iem .
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Figure 6.4: A photon trajectory from an accretion disk to a photographic plate (or a
telescope).

Finally, the apparent net photon flux seen by the distant observer is found by

Fobs (Eobs ) =

Z

source

=

Z

source

3
gdo
Iem dΩ ,
4
²d gdo
δ(Eobs − gdo Eem )dΩ ,

(6.13)

where dΩ is the solid angle subtended by the infinitesimal patch of the disk in the observer’s
sky. In the observer’s sky, we construct the image of the disk on a plane that is specified
by the local Cartesian coordinates (α, β) where α and β are related to the solid angle by
2
dΩ ≡ dα dβ/robs
(see Figure 6.4). The coordinates (α, β) are related to λ and Q as

α=−

λ
,
sin θobs

p
β = ± Q − λ2 cot2 θobs ,

(6.14)
(6.15)
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and λ and Q are closely related to the axial component of the photon angular momentum
(Carter, 1968).
In our calculations, we take α = β = 280 (corresponding to a spatial resolution of
∼ 0.23rg ), collecting approximately 104 photons to produce the observed line profile and
the image seen by a distant observer (see Luminet, 1979, for its pioneering work).

Computation of Null Geodesics
The next step is to find the null geodesics in the Kerr space-time. The observed photon
trajectories must satisfy the following null geodesic in the integral form (Carter, 1968;
Chandrasekhar, 1983):

Z

robs

rem

1
p

R(r)

dr = ±

Z

θobs
θem

1
p
dθ .
Θ(θ)

(6.16)

Because our model is stationary and axisymmetric, equation (6.16) is time-independent.
There exist in the literature two integration techniques to follow the null geodesics above:
direct integration (by appropriate numerical integrations) of the null geodesic equations
(Kojima, 1991; Bromley, Chen, & Miller, 1997) and the ray-tracing method (Fanton et al.,
1997; Hollywood & Melia, 1997; Cadez, Fanton, & Calvani, 1998; Beckwith & Done, 2004).
In the former method, one selects a redshift factor gdo to determine the two constants of
motion (λ, Q) for a fixed rem and see if the photon reaches the observer at infinity. If it
does, one will calculate the observed flux Fobs using such a set of (λ, Q, gdo ). By repeating
this procedure, the overall flux can be found from the entire disk. The latter technique,
on the other hand, expresses equation (6.16) in terms of elliptic integrals (Chandrasekhar,
1983). By constructing a “virtual photographic plate” at the observer’s sky, one can map
the emitted position of a photon to its arrival position. Here, we use the elliptic integrals to
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numerically evaluate equation (6.16) in the ray-tracing approach, following Cadez, Fanton,
& Calvani (1998). For the observable photons (i.e., those travelling from the accretion disk
to the observer), the apparent photon flux is computed using equation (6.13). The apparent
disk temperature due to fluorescence is then calculated from the Stefan-Boltzmann law:

Tobs =

µ

Fobs
σSB

¶1/4

,

(6.17)

which is a function of the redshift factor gdo and the position of the emitter in the disk for
a given height of the X-ray source hs .
Some photons may circle the BH while some may intersect the equator before reaching
the observer. However, we do not consider these “secondary photons” or “ghost photons”
as the contribution of such higher-order photons is negligible in terms of the line emission
(e.g., Luminet, 1979).

Predicted Iron Line Profiles

Photon Flux
If the iron in the disk is only weakly ionized (i.e., Fe I-Fe XVI), the fluorescent line photon
has Eem = 6.4 keV. Ignoring complications (thermal broadening, limb-darkening effect,
turbulent broadening and/or the production of Compton shoulder), the standard line profile
is determined by the parameters introduced in the previous section: (a, θobs , rin , rout , p). For
instance, the thermal broadening is very small (less than 5 eV even at a temperature of 108
K) according to Laor (1991). In this section, let us briefly walk through the general nature
of the theoretical standard line profiles in terms of the parameter-dependence.
Regarding the choice of a set of parameters, we will concentrate on the effects of primary
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parameters (a, θobs , p). Because the obtained profile turns out to be insensitive to rout , we
hold this radius constant. Furthermore, rout is commonly chosen to be small enough to
examine the general relativistic effects on the profile. For this reason, let us set rout = 30rg .
The final parameter, the inner disk radius rin , is usually identified with the marginally
stable orbit rms which depends on the Kerr parameter a. To illustrate the parameter
dependence of the predicted profile, various line profiles are displayed for comparison within
a reasonable range of parameter spaces. Two extremes for the BH spin parameter, a = 0
(Schwarzschild) and a = 0.998 (extreme Kerr), are chosen. The cubic-spline interpolation
is used to construct the final line profiles. The effects of various parameters on the profiles
are shown in Figure 6.5.
Figure 6.5(a) illustrates the line profiles for different inclination angle, θobs , around a
Schwarzschild BH where θobs is 5◦ (thick solid), 30◦ (dashed), 60◦ (solid) and 85◦ (dotted).
In Figure 6.5(b), the same parameters are used except a = 0.998. The effects of various
emissivity prescription ²d are presented in Figure 6.5(c) and Figure 6.5(d) where a = 0 and
a = 0.998, respectively. The spectral resolution of E/∆E ∼ 50 (achieved with ASCA) is
adopted in all the calculations. The predicted profiles are generally asymmetric and doublepeaked, with a steep blue wing and a relativistically extended red wing, regardless of the BH
spin a. In most cases (i.e., for most inclination angles), the blue peak dominates over the
red peak. A nearly single-peaked profile can be seen when the observer’s inclination angle
is very small (θobs . 30◦ ), in which case few blueshifted photons are observed. One of the
most significant differences in the profile is due to the black hole rotation because the inner
radius of the accretion disk rin = rms decreases with increasing spin a: rin (a = 0) = 6rg
while rin (a = 1) = rg . It is therefore consistent that the width of the predicted line profile
generally increases with increasing BH rotation. This is also true when the inclination
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Figure 6.5: Predicted iron line profiles for various parameters. a = 0 (Schwarzschild) in
(a) and (c) while a = 0.998 (extreme-Kerr) in (b) and (d). In (a) and (b), the inclination
angle is varied for p = 3. θobs is 5◦ (thick solid), 30◦ (dashed), 60◦ (solid) and 85◦ (dotted).
The dependence of the emissivity form ²d is shown for θobs = 30◦ in (c) and (d), where p is
2 (solid), 2.5 (thick solid) and 3 (dotted). The vertical line denotes a cold iron line at 6.4
keV in a local frame. The obtained profile is smoothed with a cubic spline for presentation
purpose.
angle θobs becomes large (i.e., shifting from face-on view to edge-on view) because of a more
dramatic effect of Doppler motion in the accretion disk. The emissivity form ²d appears
to be less significant than a and θobs , but the intensity of low-energy photons could be
enhanced when the emissivity law is very steep (e.g., p = 3). In such a case, extremely
redshifted photons from the inner region of the disk have more contribution to forming the
entire profile, and thus the red tail stands out more.
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Figure 6.6: Images of a thin accretion disk (rin = rms and rout = 30rg ) around a BH for
different inclination angle θobs and Kerr parameter a. θobs = 30◦ in (a) and (b) while 85◦
in (c) and (d), but a = 0 in (a) and (c) while a = 0.998 in (b) and (d). In each panel,
the left image illustrates the redshift field gdo of the observed photons while the right panel
displays the apparent temperature Tobs of the disk. The redshift changes from 0 (redshift)
to 1, and from 1 to 2 (blueshift). The disk temperature is scaled from its minimum value
(1) to the maximum (2) in these plots. The intensity increases from light to dark colors.
The dot at the center denotes the origin (0,0) whereas the outer circle represents the radius
of rout in Newtonian space. The disk rotates counterclockwise in these images as indicated
by the arrow.

To explicitly show the spatial distribution of the emitted photons, we obtain the redshift
field gdo of the observed photons and the equivalent blackbody temperature Tobs seen by a
distant observer. Such images are displayed in Figure 6.6 where in each panel (a)-(d) the
left image shows the redshift field gdo whereas the right image represents the blackbody
temperature Tobs of the disk (see the electronic edition of the thesis for a color version of
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this figure4 ).
For low-inclination angles such as in (a) and (b), the rotation of the disk is not very
important to the redshift field because the observer is almost looking down on the disk
(i.e., face-on view), and the gravitational redshift dominates over the Doppler shifting. As
expected, the gravitationally redshifted photons are seen to originate from the inner region
of the disk. This feature is especially strong when the BH is rapidly rotating because the
inner radius of the disk shifts more inward.
As opposed to (a) and (b), it is very clear in (c) and (d), where the inclination angle
is very large (nearly edge-on), that the approaching/receding side of the accretion disk
produces more blueshifted/redshifted photons because of the classical Doppler effect of the
rotating gas. Furthermore, those photons emitted from the inner region of the disk are
highly redshifted due to both the gravitational redshifting and the Doppler motion. Again,
this effect is amplified when the BH is rotating. More interestingly, the shape of the disk
image (equivalently, the observable emission region in the disk) is extremely distorted by
the general relativistic bending effect in such a way that the back side of the disk behind the
hole is clearly visible in these high-inclination cases (notice that the geometrical deviation
of the circle from the Newtonian case). In the next section we will review the observed line
variabilities.

Line Variabilities

The spectral shape of the typical iron emission line often remains unchanged within
the timescale of . 104 sec in many Seyfert 1s, while it can be very different over a longer
timescale.
4

At http://wwwlib.umi.com/cr/montana/main
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Figure 6.7: Time-averaged (upper-panels) and time-resolved line profiles (lower-panels) of
the iron Kα emission from MCG-6-30-15 seen in the two long ASCA observations in 1994
(left panels) and 1997 (right panels). The curves are the best-fit models. Adopted from
Fabian et al. (2000).

As an example of the observed line variabilities, over a longer timescale (& 104 s),
significant variations of the iron line have been observed from MCG-6-30-15 (see Figure 6.7;
Fabian et al., 2000). During the first long observation of this particular galaxy, a continuumsubtracted line profile was found to be extremely broad and peculiar when the brightness of
the nuclei was lower than its averaged value by a factor of 2-3 (so-called the deep minimum
phase) as seen in the lower left panel in Figure 6.7. In this particular phase, almost the
entire line emission is redshifted to energies below 6 keV, suggesting dominance by radiation
from small radii in which gravitational redshifting is quite large. It may indicate, in terms
of the observed line width, that such a peculiar line profile requires photon emission from
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within ∼ 6rg (the marginally stable orbit rms for a Schwarzschild BH).
Extended Disk-Corona Models

The standard disk-corona model was, originally established based primarily on the following assumptions: (1) axial symmetry and stationarity, (2) an accreting gas (a disk)
in Keplerian motion, (3) the disk is geometrically-thin and optically-thick, (4) the X-ray
source can be regarded as a point above the disk plane, (5) the resulting emissivity profile
takes a radial form (∼ r−p ) due to the axisymmetry, and (6) more simplifications (e.g., no
turbulence or magnetic instabilities).
Some authors have argued other possibilities from different aspects. According to previous literature, there are three distinct issues of studies involved with such modifications:
(i) focusing on a modified disk geometry instead of a simplified thin disk in the equatorial
plane, (ii) a more complex X-ray source geometry rather than a stationary point source,
and (iii) more realistic accretion flows (i.e., non-Keplerian flows) due to instabilities. These
issues may be independent of each other but they all will modify the standard line profiles
in terms of the redshift of photons, the line shape, and/or the line variabilities. Either way,
a clear explanation of such an X-ray source in regions very close to the central engine is yet
to be made.
As far as issue (i) is concerned, the actual disk geometry may not be as simple as
geometrically-thin in the equatorial plane. For instance, Hartnoll & Blackman (2000) has
discussed warping of the disk where a part of the disk surface is geometrically skewed and
tilted from the equatorial plane. On the other hand, a thin disk might become hotter as the
gas approaches the hole, forming a geometrically-thick disk (or an accretion torus). Such a
thick disk model (accretion torus) has been studied by a number of authors (e.g., Shapiro,

149
Lightman, & Eardley, 1976; Tritz & Tsuruta, 1989; Kojima & Fukue, 1992), while dense
clouds embedded in a thick disk have been discussed by others (Guilbert & Rees, 1988;
Sivron & Tsuruta, 1993; Hartnoll & Blackman, 2001).
The second point (ii) includes a stationary/dynamical off-axis X-ray source (i.e., a nonaxisymmetric point source) instead of an axisymmetric X-ray source. The primary source
(for example, an orbiting flare in a corona or high energy particles due to some acceleration
process) is either located off-axis or moving around with some bulk motion relative to the
disk (Ruszkowski, 2000; Dabrowski & Lasenby, 2001; Lu & Yu, 2001). Flaring activity
induced in the disk itself might irradiate the Keplerian gas to produce iron fluorescence
(Nayakshin & Kazanas, 2001).
To review, the primary radiation source is regarded as either a stationary or dynamic
coronal region where hot (i.e., relativistic) electrons are produced by some magnetic processes (through magnetic reconnection). However, the mechanisms of the production of
a corona, analogous to the solar corona, are not well understood, and furthermore it is
still uncertain how such high energy electrons are generated (Takahara, 1979; Liang, 1979;
Haardt & Maraschi, 1991).
As to issue (iii), Keplerian motion may not be a very practical assumption since a thin
disk is known to be subject to various kinds of instabilities to perturbations. For instance,
disk oscillations can be triggered in the innermost disk region (Kato, 2001a,b), in which
case the local emissivity is no longer axisymmetric (Yamada & Fukue, 1993; Sanbuichi,
Fukue, & Kojima, 1994; Karas, Martocchia, & Subr, 2001; Fukumura and Tsuruta, 2004b).
We will come back and address this point (iii) in detail in Chapter 7 where we present an
extended disk-corona model.
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CHAPTER 7
Predicted Iron Fluorescent Line Profiles — Spiral Accretion

Introduction

In this chapter1 we will modify the standard disk-coronal model and focus our attention on two issues (see the last section of Chapter 6), where an X-ray source geometry
and the velocity field are both important ingredients for determination of the broad iron
line. Particularly, Keplerian motion may not be a very practical assumption since a thin
disk is known to be subject to various kinds of instabilities. For instance, disk oscillations can be triggered in various forms of wave modes in the innermost disk region (Kato,
2001a,b), in which case the local emissivity is no longer axisymmetric (Yamada & Fukue,
1993; Sanbuichi, Fukue, & Kojima, 1994; Karas, Martocchia, & Subr, 2001). Also, some
magnetohydrodynamic (MHD) instabilities can induce spiral density waves in the presence
of a magnetic field. This has been phenomenologically confirmed by two-dimensional numerical studies of a magnetized disk in Newtonian gravity where a multiple-armed spiral
wave evolves into a single-armed spiral over some time (Caunt & Tagger, 2001, hereafter
CT01) due to the accretion-ejection instability (AEI). On the other hand, a recent threedimensional MHD simulation of black hole (BH) accretion by Machida & Matsumoto (2003,
hereafter MM03) suggests that an X-ray flare via magnetic reconnection could take place
in the plunging region (i.e., the region inside the marginally stable orbit) as a result of the
non-axisymmetric (one-armed) spiral density structure. This structure is initially caused by
the magneto-rotational instability (MRI) due to a differential rotation of frozen-in plasma.
See, for example, Velihov (1959) and Chandrasekhar (1960) for the original discovery and
1

Published as Fukumura, K., & Tsuruta, S. 2004b, ApJ, 613, 700
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Balbus & Hawley (1991) for their re-discovery of MRI. Hawley (2001, hereafter H01) has
independently predicted a similar formation of tightly wrapped spiral waves in the accretion disk using the Pseudo-Newtonian potential. It was also demonstrated by Armitage
(2002) that the intensity of the magnetic field in the accretion disk tends to be amplified by shearing, which could be a potential source of the observed X-rays. Additionally,
a gravitational perturbation by a nearby star or a massive gas can trigger a spiral wave
which eventually steepens into shocks (Chakrabarti & Wiita, 1993a). Line profiles with
spiral patterns are found by several authors (e.g., Chakrabarti & Wiita, 1993b, 1994) in the
Newtonian geometry. The temporal variability of the iron line from a turbulent magnetized
disk has been recently studied by Armitage & Reynolds (2003) using MHD simulations in a
pseudo-Newtonian potential. They found a highly-variable emission line profile due to the
turbulence.
In all these cases, the accreting flow is no longer Keplerian because of a substantial
radial velocity component. For instance, Hartnoll & Blackman (2002, hereafter HB02) considered the possible effects of a spiral motion on the effective line profile in an approximate
Schwarzschild geometry. HB02 found a quasi-periodic bump and many step-like features
purely due to the velocity field of spiral waves. In their work, predicted profiles were obtained for various spiral wave parameters, and these authors concluded that the multiple
sub-peaks are generally more prominent for tightly-packed spiral waves.
Our model, being motivated by CT01, HB02 and MM03, postulates a localized X-ray
flare via a relatively small magnetic reconnection (small enough not to destroy the main
structure) somewhere above the innermost region of the accretion disk around a rapidlyrotating BH. A spiral accretion flow is superposed onto the background Keplerian motion,
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which is a different set-up2 from HB02. We also consider a different height of the flare. The
X-ray flare will then illuminate the nearby disk material and produce a cold iron fluorescent
emission line at 6.4 keV in the rest frame3 . Thus, the effective iron line profile in our model
will be determined primarily by both the spiral velocity field and the location of the flare.
The structure of this chapter is as follows. In the first section we will introduce the
assumptions made and establish our spiral model in the context of the disk-corona model
in the presence of the spiral motion. We will show our theoretical line profiles for various
situations including all the special/general relativistic effects, both from the flare to the
disk and from the disk to the observer. The apparent disk image (redshift and blackbody
temperature) are also presented. The discussion and concluding remarks are given in the
last section.

Assumptions & Basic Equations

First, we construct a spiral motion, superimposed onto the unperturbed Keplerian orbit,
in such a way that it qualitatively mimics the characteristic velocity field found in H01 and
MM03. Then we introduce the geometry of our postulated flare X-ray source. For computing relativistic geodesics of emitted photons from the iron to the observer, the ray-tracing
method is employed. All the general/special relativistic effects (longitudinal Doppler shift,
relativistic beaming effect, bending of light, and the gravitational redshift) are included in
our computations, both from the flare to the disk and from the disk to the observer.

Spiral Motion with Keplerian Flow in the Disk
Let us first assume that the spacetime is stationary (∂/∂t = 0) and axially sym2

HB02 used an approximate Schwarzschild field with no light bending effect from source to disk whereas
we consider those here.
3
In this case a 6.4 keV line photon is produced from Fe I-Fe XVI.
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Figure 7.1: An illustration of an accretion disk in the presence of the spiral motion. The BH
is situated at the center above which an incident source (flaring region) emits the primary
emission.
metric (∂/∂φ = 0). Following the standard thin-disk models, the disk is considered to
be geometrically-thin (h/r ∼ 0.1) and optically-thick (τes > 1) in the equatorial plane
(θ = π/2), ranging from an inner radius rin to an outer radius rout . Here, h is the scaleheight of the thin disk, and τes is the electron scattering optical depth. The geometry of our
model is illustrated in Figure 7.1. It shows a schematic view of the innermost region along
with a local flare at height hf above the disk surface at (r, π/2, φ). The physical meaning
of the illustrated notations will be explained in later sections.
The background geometry is described in the Boyer-Lindquist coordinates as shown in
Appendix A. The unperturbed accretion disk possesses the Keplerian flow with angular
velocity Ωk = 1/(r3/2 + a) where r is the position of the emitter (i.e., iron) in the disk
surface. In order to discuss physical quantities let us introduce a zero angular momentum
observer (ZAMO) in a locally non-rotating reference frame (LNRF) which is a locally flat
space4 . As seen by a ZAMO, the physical three-velocity (radial and azimuthal components)
4

See Chapter 5 for ZAMOs.
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of the unperturbed Keplerian flow is described by

vkr̂ = 0 ,
vkφ̂ =

A
(Ωk − ω) ,
Σ∆1/2

(7.1)
(7.2)

where ω ≡ 2aM r/A is the angular velocity of the ZAMO with respect to a distant observer
and the subscript “k” denotes the Keplerian value and “ˆ” represents quantities measured
by the ZAMO. The quantities Σ, ∆, A are defined in Appendix A. We set rout = 30rg in
our calculations for two reasons: we are interested in the relativistic line broadening in the
inner region of the disk and our attention is focused on the broad redtail. The inner radius
rin coincides with the marginally stable circular orbit at rms within which the accreting
flow starts spiralling-in toward the event horizon (r = rH ) along geodesics (free-fall with
ur 6= 0). Since the radial-gradient of the density within rms (in the plunging region) is very
large due to the free-fall trajectory, the optical depth τes in that region is not large enough
to maintain the optically-thick assumption. Besides, the plunging region is very narrow
in the case of a rapidly-rotating BH (rms ∼ rH ). Thus, we do not consider the accreting
matter within rms for fluorescence.
As suggested by H01 and MM03, the accretion disk is no longer Keplerian in the presence
of magnetic fields because the field lines, which the accreting plasmas are frozen-in to, start
interacting with one another. The MRI under a differential rotation is then expected to
occur and trigger the perturbations on the otherwise ordered Keplerian flow. As a result,
a density distribution appears an asymmetric, tightly wrapped spiral pattern. There could
be multiple-armed spiral waves, but H01, MM03 and CT01 have shown that the spiral
structure will eventually evolve into a single-armed pattern after a certain rotation period.
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For instance, in MM03 a one-armed spiral appears at t ∼ 10t0 (where t0 is one orbital
time at r ∼ 50rg ) via the MRI, while CT01 has found a single-armed spiral pattern after
about 200 orbits due to the AEI. Due to these findings by various previous authors, we
only consider a one-armed spiral wave here. In H01, the specific angular momentum of
the flow tends to fluctuate around the Keplerian value due to the MRI, and therefore we
will phenomenologically include a similar effect caused by the spiral perturbations in the
velocity. In order to qualitatively reproduce similar spiral motions found in their numerical
results, we follow HB02 and use a simple representation of the bulk velocity field of the
spiral wave in the LNRF as

r̂
vsw
= −Ar e−(r−rin )/∆sw sinγo [kr (r − rin ) + mφ/2 − φsw /2] ,

(7.3)

φ̂
vsw
= Aφ e−(r−rin )/∆sw sin [kr (r − rin ) + mφ − φsw ] ,

(7.4)

where the subscript “sw” denotes the spiral wave. Such a spiral motion can qualitatively
mimic the velocity perturbation discovered by H01 and MM03, and hence the choice of
mathematical description of the assumed spiral motion is not too crucial. In this model,
the characteristic structure of the spiral motion is thus uniquely determined by a set of
parameters (Ar , Aφ , m, kr , ∆sw , γo , φsw ).
The number of parameters can be reduced by making reasonable assumptions. CT01
and MM03 both show that the azimuthal wave number m is fixed to be m = 1 for a singlearmed spiral wave in a late stage of the spiral evolution. γo determines the width of the
spiral pattern and turns out to be ineffective to the qualitative features of the line profile.
Therefore, it is held constant at γo = 2. Given these fixed parameters, the actual free
parameters are (Ar , Aφ , kr , ∆sw , φsw ). MM03 shows that the wave amplitude Ar and Aφ are
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unlikely to be very large (ur barely exceeds 0.1c). Besides, a large amplitude could perturb
and destroy the whole disk structure. Therefore the amplitude is chosen to be relatively
small (Ar = Aφ = 0.1 as in HB02) in most of our calculations here. However, we also look
for the possible effects of amplitude variations. kr characterizes the tightness (the number
of windings) of the spiral pattern, and the effective radial range of the spiral perturbation
is controlled by ∆sw . For instance, the spiral is more tightly packed when kr is large, and
it is more centrally (i.e., radially inward) concentrated when ∆sw is small. φsw denotes the
phase of the spiral. φsw becomes an important factor for determining the line profile in the
phase-dependent case. It is clear that the spiral motion is non-axisymmetric and dependent
on its phase φsw in our model. To avoid the phase-dependence of the line profile, we hold
the spiral phase constant, leaving us the free parameters (Ar , Aφ , kr , ∆sw ) for specifying a
spiral motion. However, we will later investigate the phase-evolved line profile holding every
parameter fixed except for φsw . Note that φ = 270◦ coincides with the observer’s azimuthal
r̂
angle, and vsw
< 0 for accretion. v r̂ and v φ̂ are set to be in-phase in equations (7.3) and

(7.4), although this turns out to be unimportant to the end results.
We assume that the accretion flow seen by the ZAMO is the sum of these velocity fields;
the spiral motion being superposed onto the unperturbed Keplerian motion. By adding
each physical three-velocity field, we get

r̂
v r̂ = vkr̂ + vsw
,

(7.5)

φ̂
v φ̂ = vkφ̂ + vsw
.

(7.6)

Since (v r̂ , v φ̂ ) are not axisymmetric, the net velocity field is also non-axisymmetric. The
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corresponding four-velocity field of the effective flow is then

t

r

θ

φ

(u , u , u , u ) = u

t

µ

¶
∆ r̂
Σ∆1/2 φ̂
1, 1/2 v , 0,
v +ω ,
A
A sin θ

(7.7)

where ut = [−V̂ 2 ∆Σ/A + 1 − 2r/Σ + Aω 2 /Σ]−1/2 and V̂ 2 ≡ (v r̂ )2 + (v φ̂ )2 . Thus, the

φ

Ω
Ω

Figure 7.2: (Left) The spiral structure of the radial four-velocity ur with kr = 1.0, ∆sw =
30rg and Ar = Aφ = 0.1. The inner disk region (−30rg ≤ X ≤ 30rg and −30rg ≤ Y ≤ 30rg )
is shown. A distant observer is located in the azimuthal direction of 270◦ . (Right) The radial
velocity profiles corresponding to the left panel. From upper-left clockwise, radial threevelocity v r̂ in LNRF, azimuthal three-velocity v φ̂ , specific angular momentum ` and angular
velocity Ω, respectively. Dotted curves denote the Keplerian case.
velocity field including the spiral motion in Keplerian background orbit is determined once
r̂
φ̂
we specify vsw
and vsw
through the set of free parameters (Ar , Aφ , kr , ∆sw ). The left panel

of Figure 7.2 shows an example of a perturbed accreting flow where the radial four-velocity
component ur described by equation (7.7) is plotted in the equatorial plane (−30 ≤ X ≤ 30
and −30 ≤ Y ≤ 30). The corresponding radial profiles at φ = 0◦ (along Y=0) are shown
in the right panel of Figure 7.2. Note that v φ̂ (r) and Ω(r) are assumed to fluctuate around
the Keplerian values, while v r̂ is assumed to increase toward the BH.
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A Localized X-ray Source
In our model the X-ray source is a locally stationary active region (e.g., flaring sites
in corona) at some height hf on the symmetry axis above the innermost disk. Following
the practice adopted in the standard disk-corona model for the Fe fluorescent lines, we also
approximate such a source as a point-like X-ray source (see Figure 7.1). We also assume
that the entire disk is neutral or at most only weakly ionized, producing a neutral-like
fluorescence at 6.4 keV in the source frame. In this manner we can investigate the effects
exclusively due to the spiral wave alone, by comparing our results with those obtained for
the standard Keplerian disk model without spiral waves.

Relativistic Illumination Law

In Newtonian geometry, specifying the height of the X-ray source hf would simply allow
us to compute the emissivity law of the illuminated disk. However, it is important, especially
in the innermost region in the relativistic disk, to take into account the relativistic effect
(both bending effect and gravitational redshift) on the photons from the flare to the disk.
Due to this effect, the intensity of the illuminating photon flux at the disk is subject to a
significant deviation from the Newtonian case. Reynolds & Begelman (1997) calculated this
effect for their iron lines, predicted for the Schwarzschild geometry, whereas Martocchia &
Matt (1996) calculated the photon trajectories from an on-axis source to the underlying
accretion disk in Kerr geometry. In order to take this effect into account in the Kerr
geometry, as seen by the disk, we adopt and modify the work of the latter authors who
found the redshift factor gsd measured in a local disk frame (i.e., ZAMO) as

gsd =

s

(r2 + a2 − 2r)(r2 + a2 + 2a2 /r)

(1 − V̂ 2 )(r2 + a2 − 2r)(h2f + a2 )

,

(7.8)
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where we adopt the extreme Kerr parameter a = 0.998. According to recent theoretical/observational speculations, some BHs are likely to rotate rapidly in some AGNs (Iwasawa et al., 1996a; Iwasawa et al., 1996b; Bromley, Chen, & Miller, 1997; Young, Ross, &
Fabian, 1998; Fabian et al., 2002; Wilms et al., 2001). Given the canonical photon powerlaw index (ΓP L ∼ 1.9) for Seyfert 1s (Nandra & Pounds , 1994), the actual local emissivity
1.9
is weighted by the factor of gsd
, which yields the net local axisymmetric emissivity as

1.9
²̃d = ²d gsd
,

(7.9)

where ²d is the local Newtonian emissivity of the disk expressed as

²d = ¡

hf
r2 + h2f

¢3/2 .

(7.10)

Here, r is the radial position of the emitter (iron) in the disk. Notice that because of the
perturbation (through V̂ ) the photon redshift gsd is no longer axisymmetric.

Photon Trajectories
The photon trajectories are analytically described by the geodesic equation (6.16) as
discussed in Chapter 6. We use the same ray-tracing method to find photons arriving at a
distant observer (e.g., Fanton et al., 1997; Cadez, Fanton, & Calvani, 1998, and also refer
to “Computation of Null Geodesics” section in Chapter 6).
Given the four-velocity of the perturbed flow (iron) and the four-momentum of the null
geodesic (photon), we obtain the redshift of the photons from the disk to the observer gdo
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as

gdo ≡

√
Eobs
= 1/[ut (1 − v r̂ R/A1/2 )] ,
Eem

(7.11)

where the function R(r, λ, Q) was defined in equation (6.6) from Chapter 6 and the observer
at a distant location robs is stationary. Notice that the radial velocity is now present in gdo as
opposed to that for the Keplerian motion. Eem and Eobs are the local and observed photon
energy, respectively. As in Chapter 6, we consider a photographic plate of the observer’s
window at robs facing straight at the accretion disk with the inclination angle θobs . This
window contains 840 × 840 pixels (corresponding to a spatial resolution of ∼ 0.076rg ). The
images of the disk are generated in false color.

Predicted Line Profiles

Once we know the redshift factor gdo and the surface emissivity of the disk ²d including
the additional redshift gsd , the observed photon flux is obtained by equation (6.13) in
Chapter 6. As discussed in Chapter 6, we assume θobs = 30◦ , and therefore the limbdarkening is not important. Notice in our model that the additional redshift factor gsd in
equation (7.8) due to the photon bending (from the X-ray source to the disk) is included
via our modified emissivity prescription ²̃d in equation (7.9).
Using the obtained fluorescent flux, we can estimate the equivalent blackbody temperature measured by a distant observer Tobs (see Chapter 6). The spiral wave is fixed in the
rotating disk frame, so the line profile is phase-dependent on φsw , and its characteristic
rotational period should be around the Keplerian value.
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Results

Since there are several degrees of freedom in our parameter space that primarily characterize the line shape, we need to systematically examine the effects of each parameter
alone. First, we will see the effects on various spiral patterns by varying (kr , ∆sw ) for a
given spiral phase φsw = 0◦ . In a later section, the spiral phase φsw is varied under the
assumption that the spiral structure is fixed in the rotating disk frame. Our primary goal
in this chapter is to demonstrate any detectable features in the iron line exclusively caused
by a spiral perturbed velocity field. For comparison purposes, let us consider two different
source heights: hf = 4rg (a flare close to the hole) and hf = 10rg (a relatively distant flare).
The selected parameters for various models are tabulated in Table 7.1. In all cases we set
Ar = Aφ (equal amplitude as in HB02) unless otherwise stated.
Table 7.1: Adopted Model Parameters.
Model kr ∆sw Ar
Description of Model
Figure
1
0.4 30
0.1
Mildly Packed
7.4-(a)
2
1.0 30
0.1
Moderately Packed
7.4-(b)
3
1.5 30
0.1
Tightly Packed
7.4-(c)
4
0.4 30 0.01
Rotation-Dominated
7.4-(d)
5
0.4
5
0.1 Centrally-Concentrated 1 7.7-(a)
6
0.4 15
0.1 Centrally-Concentrated 2 7.7-(b)
1
0.4 30
0.1 Centrally-Concentrated 3 7.7-(c)
7
0.4
5
0.01
Rotation-Dominated
7.7-(d)
1
0.4 30
0.1
Small Amplitude
7.8-(a)
8
0.4 30 0.15 Intermediate Amplitude 7.8-(b)
9
0.4 30
0.2
Large Amplitude
7.8-(c)
10
0.4 30 0.02
Rotation-Dominated
7.8-(d)

Dependence of the Line Profile on Spiral Motion
Using the above ray-tracing method, we compute approximately 5 × 105 photon trajectories (in each model) between the accretion disk and the observer. In the subsequent
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∆

∆

Figure 7.3: Predicted iron line spectra from a Keplerian accretion disk with no spiral
perturbation. The spectral resolution of ∆E ∼ 240 eV (left panel) has already been achieved
with ASCA while ∆E ∼ 12 eV (right panel) will be achievable with Astro-E2 XRS. The
vertical dotted line denotes a 6.4 keV line in the source rest frame.
binning process for the observed photon energy Eobs , we will consider two different spectral
resolutions ∆E for comparison. We will first show the dependence of our results on the wave
parameters (Ar , Aφ , kr , ∆sw ). Lastly, we will explain the phase-dependence of the profile.
Let us first consider the predicted standard iron line spectrum from a Keplerian accretion disk with no spiral perturbation (Figure 7.3). The line flux (in arbitrary units) is
plotted against the observed photon energy in keV. The left panel (a) is obtained with a
spectral resolution of ∆E ∼ 240 eV (already achieved with ASCA) whereas the right panel
(b) is obtained with ∆E ∼ 12 eV (achievable with Astro-E2 XRS). Nothing particularly
interesting can been seen in the standard predicted spectra in both cases (with different hf )
other than the well-known double-peak structure and a long red tail (see Chapter 6).
Figure 7.4 shows the predicted line profiles for various kr with ∆sw = 30rg . kr = 0.4, 1.0
and 1.5 for (a), (b) and (c). In (d) kr = 0.4 but Ar = 0.1Aφ = 0.01 in order to see the
v r̂ -dependence. In general, various peaks are present due to the spiral velocity field, similar
to HB02. These are not predicted by the standard disk-corona model. Our results show
the two types of peaks in the profile: sharp sub-peaks and randomly-formed spiky peaks.
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Figure 7.4: The predicted iron line profiles for various kr with ∆sw = 30rg . kr = 0.4, 1.0, 1.5
and 0.4 for (a), (b), (c) and (d), respectively. Ar = Aφ = 0.1 for all cases but (d) where
Ar = 0.1Aφ = 0.01. ∆E ∼ 12 eV is assumed.
Next, let us examine whether they are real or numerical artifacts.
We estimate the statistical noise (random error) associated with photon counting. We
find that the randomly-formed small fluctuation is nearly buried in the noise, indicating that
it is unresolved in the actual observations. Also, these small fluctuations disappear as the
photon statistics improves. Figure 7.5 shows the estimated error bar for the full-width at
half-maximum (FWHM) or 98% probability (i.e., 2.355σ where σ is the standard deviation)
in the Gaussian distribution. We thus conclude that the randomly-formed fluctuations are
caused by a crude spatial resolution in the simulations and not real. On the other hand,
the figure clearly shows that the sharp sub-peaks are real and should be detectable.
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Figure 7.5: Close-up view (5.5−6.7 keV) for Figure 7.4(b) where kr = 1.0 with the estimated
statistical noise (size of 2.355σ corresponding to FWHM).

Going back to Figure 7.4, the sharp sub-peak feature becomes more prominent as kr
increases because the winding of the spiral arm is amplified. We can see an unusual doublepeak structure (or a quasi-quadruple-peak structure) in (a). As kr becomes larger, the
profile is also more smoothed out. As the spiral wave is more tightly packed, the sudden
drop at Eobs ∼ 5.2 keV in the line spectrum is no longer present (compare (a) to (b)), and
the overall spectral shape becomes more monotonic in that the line spectrum resembles the
standard line profile. This is verified by another model with kr = 2.0 (not shown here).
The radial velocity component v r̂ appears to be insignificant in the qualitative formation
of the peaks.
The flux with a nearby X-ray source (hf = 4rg ) is larger than that with a distant source
(hf = 10rg ), as expected. For hf = 4rg the emissivity form ²̃d becomes extremely centrallyconcentrated because of the strong light bending, which yields a very steep emissivity in
the innermost region. In this case, the redshift factor is very sensitive to the innermost gas
motion. In the case of hf = 10rg , on the other hand, the bending of light is not as crucial as
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the case with hf = 4rg , and therefore such a relatively distant X-ray source can illuminate
the whole disk (gas) in an even manner.

Figure 7.6: The same profiles as in Figure 7.4 except for ∆E ∼ 240 eV.

To better illustrate an observational difference associated with the currently available
spectral resolution, the same line profiles as in Figure 7.4 are obtained with E/∆E = 25
(corresponding to ∆E ∼ 240 eV) in Figure 7.6. The same parameter set is adopted for
comparison. With such an energy resolution, it is almost impossible to differentiate the
present model (with perturbations) from the standard disk-line model. This, however, will
be distinguishable observationally with the much better spectral resolving power that should
be available in the next generation of X-ray observatories such as Astro-E2 XRS.
Figure 7.7 displays the profiles for various ∆sw with kr = 0.4. Smaller (larger) ∆sw
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Figure 7.7: The predicted iron line profiles for various ∆sw with kr = 0.4. ∆sw /rg =
5, 15, 30 and 5 for (a), (b), (c) and (d), respectively. Ar = Aφ = 0.1 in all cases but (d)
where Ar = 0.1Aφ = 0.01. Other notations are the same as in Figure 7.4.

corresponds to more (less) centrally-concentrated spiral perturbation. We use ∆sw /rg =
5, 15 and 30 for (a), (b) and (c), respectively, while in (d) we adopt ∆sw /rg = 5 and
Ar = 0.1Aφ = 0.01. The overall spectral structure is roughly unchanged between (b) and
(c). In (a) where the spiral is centrally concentrated, however, the spiral motion is not very
effective to form sharp sub-peaks. That is, it may be difficult to detect significant spiral
effects when the perturbation is concentrated radially inward. Again, the radial component
of the spiral motion appears to be unimportant in this case, too.
As we earlier mentioned, more effects of the spiral motion is intuitively expected when
the amplitude is large. In Figure 7.8, Ar = Aφ = 0.1, 0.15 and 0.2 in (a), (b) and (c),
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Figure 7.8: The predicted iron line profiles for various amplitude (Ar , Aφ ) with kr = 0.4
and ∆sw = 30rg . Ar = Aφ = 0.1, 0.15 and 0.2 for (a), (b) and (c), respectively. In (d)
Ar = 0.1Aφ = 0.02. Other notations are the same as in Figure 7.4.

respectively while in (d) Ar = 0.1Aφ = 0.02. As expected, a large amplitude tends to
complicate the line shape more effectively. Specifically, the number of sharp sub-peaks
appears to increase as the amplitude increases. For example, the number of sub-peaks can
be as large as ∼ 6 when Ar = 0.2 in (c) while it is ∼ 4 when Ar = 0.1 in (a). For a small
radial component in (d), there seems to be no significant difference from (a).
From what we find so far, the resulting line profile can be made very different from the
standard profile in two cases: (1) a tightly packed spiral wave with large kr and (2) a large
azimuthal amplitude Aφ . In both cases, more sharp sub-peaks are produced, unless the
spiral wave is restricted to the very inner region (small ∆sw ).
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Phase-Evolution of Predicted Line Profiles

In Figure 7.9 we show the phase-dependence of the line profiles for a fixed spiral structure, with kr = 0.4, ∆sw = 30rg and Ar = Aφ = 0.1, varying φsw from 0◦ to 300◦ by 60◦ .
The source height is hf = 4rg . The spiral wave is fixed to the rotating disk frame. In other
words, the spiral is corotating with the accreting gas. The distant observer at robs ∼ ∞ is
situated at 270◦ (or equivalently −90◦ ) in its azimuthal position.

Figure 7.9: The phase-resolved iron line profiles from a spiral wave with kr = 0.4, ∆sw =
30rg and Ar = Aφ = 0.1. The source height is hf = 4rg . The phase of the spiral wave
is progressing from (1)0◦ to (6)300◦ , by 60◦ steps. The spatial resolution in this case is
280 × 280 (∼ 0.22rg ). The transition of some peaks are denoted by different symbols
(circles, dotted circles, squares and dotted squares).

First of all, the profile appears to be constantly broadened over the photon energy
Eobs (& 4 keV) for the entire phase of the spiral wave φsw due to the small radius of the
marginally stable orbit rms because of a rapid BH rotation. The line shape also normally
contains a triple-peak structure (left-end peak, middle-peak and right-end peak) with the

169
blue peak (or right-end peak) dominating at all phases. The line energy of each peak then
shifts toward higher energy as a function of the phase φsw (i.e., peak transition). Some
peaks (labelled by circles and dotted squares) merge together at some phase. The main
cause of this complicated variation primarily originates from the fact that some parts of
the accretion disk are more redshifted while the other parts, on the other hand, are more
blueshifted depending on the phase φsw . Hence, non-axisymmetry in the net velocity field
is directly responsible for producing such a variability for a fixed X-ray source location hf .
As mentioned earlier, the choice of a nearby source (smaller hf ) tends to generate more
frequent sub-peaks due to more exclusive contribution from the innermost gas where the
spiral perturbation is greater. We have also confirmed that the above variation (or the
transition of peaks) with phase φsw is not so obvious when kr is large because the velocity
field becomes somewhat quasi-axisymmetric (that is, the perturbation becomes more or less
uniform everywhere). Hence, the noticeable line variability would be more expected when
the perturbing spiral wave is not so tightly packed.
The corresponding global variation with φsw can also be seen in Figure 7.10 where the
normalized line intensity is plotted as a function of the observed photon energy Eobs (in
keV) and the spiral phase φsw , corresponding to Figure 7.9 (see the electronic edition of a
color version of this figure5 ). An interesting pattern here is the existence of four distinct
“arcs (i.e., the transition of peaks)” present at different energy Eobs : arc 1 (Eobs ∼ 4.5 − 5.3
keV), arc 2 (5.3-5.7 keV), arc 3 (6.3-6.5 keV) and arc 4 (∼ 6.6 keV), respectively. The arcs
1, 2, 3 and 4 respectively correspond to the sharp peaks labelled by squares, dotted circles,
dotted squares and circles in Figure 7.9.
5

At http://www.journals.uchicago.edu/ApJ/journal/issues/ApJ/v613n2/58898/58898.html
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Figure 7.10: The intensity map of the global evolution of the iron line in the (Eobs , φsw )
space corresponding to Figure 7.9. The phase of the spiral wave φsw is progressing from 0◦
to 345◦ , by 15◦ . The normalized intensity increases from 1 to 2.

Redshift & Temperature Distribution
Assuming blackbody emission from the fluorescent photons, we estimate the equivalent
temperature Tobs measured by a distant observer. Figure 7.11 displays the spatial distribution of the redshift gdo and the temperature Tobs (see the electronic edition of a color
version of this figure5 ). Here, the redshift gdo is scaled between 0 (maximum redshift) and
2 (maximum blueshift). The temperature Tobs is normalized by 1 (minimum temperature)
and 2 (maximum temperature). The source height is hf = 4rg in this case. In the left panel
the redshift factor gdo is projected onto the observer’s local plane. The outer circle and the
inner circle denote the Newtonian radius of 30rg and the event horizon at rH , respectively.
The central dot is the origin (0, 0) of the coordinate system. The observer is situated at
the azimuthal position of 270◦ . The spiral structure is clearly seen in both panels. In these
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21
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Figure 7.11: The redshift distribution gdo of the observed photons (left panel) and its equivalent blackbody temperature image Tobs for kr = 1.0, ∆sw = 30rg and Ar = Aφ = 0.1. The
phase of the spiral is φsw = 0◦ and the primary source is at hf = 4rg . A distant observer
is situated in the azimuthal direction of 270◦ (or equivalently −90◦ ). The redshift of the
observed photon gdo ranges from 0 to 2 in the left panel while the apparent temperature
Tobs is normalized between 1 and 2 in the right panel. The inner circle denotes the event
horizon rh while the outer circle represents the Newtonian circle with radius of 30rg . The
arrow in the left panel indicates the rotational direction of the disk.

figures, the accreting gas rotates counterclockwise as indicated by the arrow. The receding
part of the disk (−90◦ ≤ φ ≤ 90◦ ) is relatively more redshifted (darker) due to the classical
Doppler motion. If kr were larger, inhomogeneity of the redshift would become more apparent. In the right panel the apparent blackbody temperature Tobs is shown for the same
parameter set. Again the spiral pattern is present due to Tobs ∝ gdo . The inner edge of the
disk shows a rapid temperature drop because of the extreme gravitational redshift. The
approaching side appears to be hotter than the other regions due mainly to the classical
Doppler blueshift. Such a hot region appears to be spatially narrow forming an interesting
two-dimensional shape (“hot spot”) in the approaching side of the disk (this can be better
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seen in the color version of Figure 7.11). As expected, the spatial size of this “hot spot” is
variable as the spiral phase φsw progresses whereas in the unperturbed disk it is unchanged.
The variation is found to be larger when the spiral wave is mildly wounded (i.e., small kr ).
In the case of hf = 10rg , we also find a similar periodicity except that the “hot spot” appears further out. This implies that such a variation can be manifested as a quasi-periodic
change in the observed photon flux. For instance, the Keplerian frequency of Ωk /(2π) is
∼ 2 mHz at r ∼ 6rg for a M = 106 M¯ .
Discussion

We modified and extended the work of HB02 on the iron lines under spiral perturbing
waves, by carrying out fully special/general relativistic calculations in the Kerr geometry.
We furthermore assumed realistically in our model that the net velocity field of the accreting
gas should be the sum of Keplerian motion and the perturbing motion. The presence of
spiral waves in the magnetized accretion disk has been suggested by various numerical
simulations (e.g., CT01, H01 and MM03). The primary motivation of our current work is
based on the numerical results by these authors, which indicate that a one-armed spiral
velocity field may be produced at a late stage of the disk evolution due to the MRI for a
differentially rotating disk. We carefully chose the spiral velocity field in such a way that it
does qualitatively mimic the velocity perturbation found in simulations by H01 and MM03.
Our results in many respects confirm the work of HB02. However, there are some
important new results. For instance, we extended the work of HB02 for an approximate
Schwarzschild geometry, to a full Kerr geometry. As a consequence, our model allows for
a very long redtail (below 4 keV), whereas the lines by HB02 extend at most only down to
4.5 keV. This is clearly due to our adoption of the Kerr geometry which allows a smaller
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radius of marginal stability rms . In terms of comparison with observations, our model is
more realistic than that of HB02 since observed lines sometimes exhibit a very long redtail.
Moreover, we included general relativistic bending of photons, both from the X-ray source
to the disk and from the disk to the observer. Bending of photons from the source to the
disk enables us to account for a more realistic centrally-concentrated emissivity profile in
the rigorous Kerr geometry. Because of this effect, the net intensity of the photon flux is
greatly altered from a Newtonian case. HB02 does not include this bending effect although
a similar source geometry was assumed. Consequently, our results more correctly describe
the resulting fluorescence.
Let us note that our time-invariant treatment of the reprocessed photons should be
valid as long as the characteristic time-scale of the spiral rotation is much smaller than the
light-crossing time-scale across the emitting region of the disk, which is our case. Thus, we
feel that our approach is justified.

Summary & Conclusion

We find the presence of sharp sub-peaks in the profile due to the spiral motion in the
accreting gas in the Kerr geometry. In addition, we newly find that the standard iron line
(meaning a broadened line with a double-peak structure) could be dramatically modified
depending on the type and/or degree of such a spiral perturbation. Our results show that:
(i) the profile commonly exhibits sharp sub-peak structure (or non-standard multiple-peaks)
even under a relatively small spiral perturbation, (ii) those peaks appear particularly for a
tightly packed spiral wave, (iii) a large amplitude of the perturbation may produce more
sharp sub-peaks, (iv) the effect of the spiral motion may not be significantly large enough
for detection when the perturbation is centrally concentrated. From the phase-evolution
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studies, we discover that (v) the characteristic line shape (i.e., relative position of the line
peaks) seems to be very sensitive to the azimuthal phase of the spiral wave, especially for
small kr and/or a small hf . The line can be highly variable with a certain periodicity.
Finally, one of our goals is to find any possible observable signatures due to the spiral
motion imprinted in the iron fluorescent line. It is beyond the sensitivity of the current Xray missions, such as Chandra and XMM-Newton, to detect some of our predicted features,
such as the sharp sub-peaks. However, it will be observationally feasible to detect such
signatures by future X-ray missions - if the spiral wave is actually involved in the production
of fluorescent emission lines. For instance, we chose the spectral resolving power to be
E/∆E ∼ 600 (equivalent to Eobs ∼ 12 eV) in all the computations, which will be reached
by the next generation of X-ray missions. For instance, Japan/USA Astro-E2, scheduled
to be launched in 2005, should be able to achieve E/∆E ∼ 500 − 700 (equivalent to the
spectral resolution of 10-13 or 6 eV of FWHM) around 6.4 keV, and NASA’s ConstellationX is designed to accomplish E/∆E ∼ 300 − 1500. Also, the next European X-ray satellite,
XEUS, a potential successor to XMM-Newton, will have E/∆E ∼ 1000 at 6 keV (see, e.g.,
Reynolds & Nowak, 2003, for these future missions). These energy resolutions should be
more than sufficient to identify the predicted multiple sub-peaks in the profile. Therefore,
our model can be tested with these future observations. Then it will allow us to evaluate
whether our proposed model can correctly describe the observed line profiles. If so, further,
careful comparison with observation may enable us to narrow down some of the parameters
for the spiral wave structure.
Previous standard disk-corona models explain well the various Seyfert 1’s iron line features already observed. However, these models do not include the effect of spiral waves,
which have been shown to be a natural outcome of the presence of magnetic fields in the
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accretion disk. In closing, we emphasize that inclusion of spiral waves in a realistic diskcorona model, as shown in our current work, gives rise to new features, such as multiple
sharp peak structures, which can be tested by future observations.
As future works, inclusion of other emission line features (e.g., iron Kβ and nickel Kα
lines) would be an interesting extension. We are currently planning to implement our spiral
line model in a tabulated form with XSPEC for future model-fitting purposes (Beckwith,
2005).
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CHAPTER 8
Concluding Remarks
In this dissertation we discussed various phenomena occurring in the vicinity of supermassive
BHs hosted by AGNs, with a particular focus on Seyfert 1 galaxies.
First of all, from an observational standpoint, the recent XMM-Newton data of one of
the typical narrow-line Seyfert 1 galaxies, NGC 4051, were analyzed in Chapter 3. We
found that the observed complex broad-band spectral feature can successfully be described
by our partial covering scenario. In this model an absorbing gas cloud partially blocks our
line of sight causing the observed temporal variability as well as the complex spectra. Our
analysis suggests that the continuum emission region is intrinsically changing in size, while
it is partially covered by clouds farther away in our line of sight. The observed equivalent
blackbody temperature is too high and its emission radius is too small for the standard
thin disk model, which is a common characteristic among many NLS1s. Such a puzzling
result, however, is consistently reconciled with a slim disk model (an optically-thick version
of the advection-dominated accretion flows). Our results are also in agreement with this
model. To confirm our current interpretation, it is necessary to perform a spectral analysis
on the other public data, 2002 November 22 (∼ 52 ks) of NGC 4051. This investigation is
currently in progress.
Secondly, in order to explain a hot region expected from AGN observations, we proposed
in Chapters 4 and 5 the idea that a standing shock formation in an accreting plasma
could be a promising candidate for producing a hot plasma (T ∼ 109 − 1011 K). All the
calculations were performed with a fully general relativistic treatment both in the HD
flows in Chapter 4 and the MHD flows in Chapter 5. The shock front may be capable of
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accelerating particles to produce X-rays and γ-rays through shock acceleration (i.e., the firstorder Fermi mechanism). It also can be responsible for creating a high temperature region (a
corona) near the central engine. The resulting hard photons will illuminate the underlying
cool accretion disk, causing various atomic features such as the iron fluorescent line at ∼ 6.4
keV. In our shock models, we considered two extremes: adiabatic (non-dissipative) shocks
and isothermal (dissipative) shocks. We found that in both cases a large amount of energy
can be released at the shock front. We also examined the angular dependence of the shock
strength (i.e., non-equatorial shocks) and concluded that polar shocks are generally weaker.
Particularly in the fast MHD shocks, two states are found for shocked plasmas: (1) the
magneto-dominated and (2) hydro-dominated states. The hydro-dominated state is further
divided into two sub-states depending on the plasma temperature: (2-a) higher temperature
and (2-b) lower temperature. The state (1) exhibits large magnetization, strong shocks and
low temperature, while the state (2) shows small magnetization and weak shocks. The
temperature of the shocked hydro-dominated plasma is high (low) when the energy-flux is
large (small).
Thirdly, as another aspect of the observed iron fluorescence in Seyfert 1s, in Chapter 7
we modified the standard disk-corona model (see Chapter 6) and extended it to a perturbed
Keplerian disk by imposing a spiral wave motion, which is predicted by recent global MHD
simulations. We found that the resulting iron line profile is subject to various sharp subpeaks, depending on the characteristic of the spiral wave. The predicted spectral features are
impossible to detect with the past and current X-ray observatories (e.g., ASCA, Chandra
and XMM-Newton), but upcoming X-ray observatories such as Astro-E2 (XRS) will be
capable of resolving the multiple sharp-peak structure of the predicted spectral pattern.
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Appendix A
Kerr Metric in the Boyer-Lindquist Coordinates

Throughout this thesis the spacetime is assumed to be stationary (∂/∂t = 0) and axiallysymmetric (∂/∂φ = 0) around a rotating BH. The background Kerr metric is then expressed
in the Boyer-Lindquist coordinates as

ds2 = gtt dt2 + 2gtφ dtdφ + gφφ dφ2 + grr dr2 + gθθ dθ2 ,

(A-1)

where

2M r
Σ
, grr ≡ − , gθθ ≡ −Σ ,
Σ
∆
2
A sin θ
2aM r sin2 θ
≡ −
, gtφ ≡
,
Σ
Σ

gtt ≡ 1 −
gφφ

(A-2)
(A-3)

with the metric signature being (+ − −−). Here, we define

∆ ≡ r2 − 2M r + a2 , Σ ≡ r2 + a2 cos2 θ ,

(A-4)

A ≡ (r2 + a2 )2 − a2 ∆ sin2 θ ,

(A-5)

where M is a BH mass, a is the specific angular momentum of the BH, along with the local
spherical coordinates (r, θ).
The gravitational radius is defined as rg ≡ GM/c2 where c and G are the speed of light
and the gravitational constant, respectively. The BH’s event horizon is then expressed as
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rH ≡ M +

√

M 2 − a2 . The marginally stable circular radius is then expressed as

©
ª
rms = M 3 + Z2 ∓ [(3 − Z1 )(3 + Z1 + 2Z2 )]1/2 ,

(A-6)

where
¶1/3 ·³
µ
¸
µ 2
¶1/2
a ´1/3 ³
a2
a
a ´1/3
2
1+
Z1 ≡ 1 + 1 − 2
, Z2 ≡ 3 2 + Z1
. (A-7)
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M
The plus (minus) sign in equation (A-6) is for direct (retrograde) accretion flows. For
example, rms = 6M for a = 0 while r = M for a = M for prograde accretion flows.
Throughout this thesis, distance is shown in units of the gravitational radius rg , and the
dimensionless BH spin parameter (−1 ≤ a/M ≤ 1) is used for computations. Please note
that we simply denote a/M as a in the text for convenience.
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Appendix B
Conserved Quantities for MHD Plasmas

In Chapter 5 we introduced five conserved quantities along a flow line (i.e., field line).
First, from an analysis of the stationary and axisymmetric ideal MHD equations the angular
velocity of the magnetosphere is given by

ΩF ≡ −

Ftθ
Ftr
=−
,
Fφr
Fφθ

(B-1)

which is conserved1 along a magnetic field line (Bekenstein & Oron, 1978; Takahashi et al.,
1990; Hirotani et al., 1992; Hirotani, Tomimatsu, & Takahashi, 1993). F µν is the electromagnetic field tensor. From the conservation of the total energy and angular momentum
for any stationary and axisymmetric system, we find the conserved energy flux as

E µ ≡ T µν kν = Ttµ = (Ttµ )fluid + (Ttµ )em ,

(B-2)

and the conserved angular momentum flux as

−Lµ ≡ T µν mν = Tφµ = (Tφµ )fluid + (Tφµ )em ,

(B-3)

where T µν = nµuµ uν − P g µν + (Fλµ F λν + g µν F 2 /4)/(4π) is the energy-momentum tensor
of plasma, kν = (1, 0, 0, 0) is the time-like Killing vector and mν = (0, 0, 0, 1) is the axial
Killing vector. uα is the four-velocity of the plasma. Labels “fluid” and “em” denote the
fluid and electromagnetic components, respectively. n is the proper number density of the
1
In Newtonian geometry, this is easily derived from the induction equation and the divergence theorem
with negligible magnetic diffusivity.
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plasma, µ is the relativistic enthalpy, P is the thermal pressure, and F 2 = F µν Fµν . We
can express the radial energy and angular momentum fluxes as E r = nur E and Lr = nur L,
respectively. E and L are the the total energy and angular momentum of plasma seen by
a distant observer and defined as

ΩF Bφ
,
4πη
Bφ
L ≡ −µuφ −
.
4πη

E ≡ µut −

(B-4)
(B-5)

Here, η is the particle flux per magnetic flux defined by

η≡

nup
,
Bp

(B-6)

and the poloidal field is defined as

Bp2 ≡ −

1 rr
[g (∂r Ψ)2 + g θθ (∂θ Ψ)2 ] ,
2
ρw

(B-7)

where Ψ = Ψ(r, θ) =constant is a magnetic stream function, which is the toroidal component
of the vector potential. The toroidal magnetic field is then defined by Bφ ≡ (∆/Σ) sinθ Fθr .
Notice that η can take a different value along a different flow line. Since we are interested in the MHD shock formation along a particular flow line, η is conserved. In the HD
case, η corresponds to the conserved mass-accretion rate (see Chakrabarti, 1990a,b; LY98;
Takahashi, 2001). The total energy E contains two primary components: the fluid (first
term) µut and magnetic (second term) −ΩF Bφ /(4πη) components. The fluid component is
the coupling between the kinetic (via ut ) and thermal (via µ) parts.
The last conserved quantity is K, which measures the entropy, and is found in the
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polytropic relation P = KρΓ where ρ and Γ are the mass-density and the adiabatic index,
respectively. As one can see, in Chapters 4 and 5 there should be no change in the entropy in
the absence of shocks. Thus, K is conserved in a shock-free adiabatic flow, but it changes
across the shock due to heat generation. In the HD accretion in Chapter 4, the mass
accretion rate is defined as ṀHD ≡ r2 |ur |ρ. There, we introduced the entropy-related mass
accretion rate ṀHD ≡ K n ṀHD which changes across the shock because of heat generation
(e.g., Chakrabarti, 1990a, LY98). In the case of MHD accretion, the particle flux per
magnetic flux η in equation (B-6) corresponds to the mass accretion rate ṀHD . Therefore,
for later usage, let us introduce similarly the entropy-related accretion rate (or simply the
accretion rate) Ṁ as

Ṁ ≡ mp ηK N ,

(B-8)

which is also another conserved quantity along a shock-free flow line (due to no change in
K N and η), but can change across the shock. mp is the particle mass. We can see from
equation (5.13) that Ṁ = 0 for a cold flow limit (P = 0) because µ = mp . It is required
that 0 ≤ Ṁ1 < Ṁ2 due to the entropy generation. In our computations, K (or equivalently
Ṁ) is a dependent variable. The description of these five conserved quantities is given in
Table B-1.
Table B-1: Conserved quantities for MHD accretion
Symbol
Physical Description
Definition
ΩF · · ·
Angular velocity of the magnetic field lines
Eq. (B-1)
E ····
Total energy measured by a distant observer
Eq. (B-4)
L · · · · Total angular momentum measured by a distant observer Eq. (B-5)
η ····
Particle number flux per magnetic flux
Eq. (B-6)
Ṁ · · ·
Entropy-related mass-accretion rate
Eq. (B-8)
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Appendix C
Poloidal Equation for MHD Accretion Flows

In Chapter 5 the particle number is conserved as (nuα );α = 0. Here, the semi-colon
(;) denotes a metric compatible covariant derivative. Secondly, the equation of motion
(conservation of total energy and angular momentum) is derived from T αβ ;β = 0. Here, the
relativistic enthalpy (see, e.g., AC88 and TRFT02) is written as

¾
½
²+P
P
.
= mp 1 + (1 + N )
µ=
n
nmp

(C-1)

Thus, µ becomes constant mp for a cold flow limit (P = 0). The total energy density ² is
defined by ² ≡ ρ + N P where the constant N is the polytropic index. The electromagnetic
field tensor F αβ satisfies Maxwell’s equations: F[αβ;γ] = 0 and F αβ ;β = −4πj α where j α is
the electric four-current. The semi-colon denotes a metric compatible covariant derivative
while the anti-symmetry operator is shown by the bracket.
We also impose the ideal MHD conditions uβ Fαβ = 0, implying that the electric field
vanishes in the rest frame of the plasma. The Ohmic Joule heating is accordingly eliminated
under this assumption. Equivalently, this means that in a perfectly conducting fluid (i.e.,
infinite electric conductivity) the plasma moves along the magnetic field and thus it is called
“frozen-in field” or “frozen-in condition” (see Bekenstein & Oron, 1978, for its validity).
From the four-velocity normalization uα uα = 1, with the help of mathematical manipulations, the poloidal trajectory of the MHD fluid can be determined by the so called poloidal
equation (or the relativistic Bernoulli equation) as

1+

u2p

µ ¶2
¤
E £
=
(α − 2M 2 )f 2 − k ,
µ

(C-2)
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where

α ≡ Gt + ΩF Gφ
= gtt + 2gtφ ΩF + gφφ Ω2F ,
gφφ + 2gtφ L̃ + gtt L̃2
,
ρ2w
Gφ + Gt L̃
,
f ≡ −
ρw (M 2 − α)
L
L̃ ≡
,
E
k ≡

(C-3)
(C-4)
(C-5)
(C-6)

2
− gtt gφφ . The
with the introduction of Gt ≡ gtt + gtφ ΩF , Gφ ≡ gtφ + gφφ ΩF and ρ2w ≡ gtφ

poloidal equation can be rewritten by the use of the entropy-related accretion rate Ṁ as
·
µ
¶¸N
1
µ
M2
−1
Ṁ =
,
4πηµ 1 + N mp
which is used in our computations in Chapter 5.

(C-7)
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Critical Points & MHD Waves

Critical Points

We list all the MHD critical points and some other characteristic points necessary to better understand the global MHD accretion in the BH magnetosphere considered in Chapter
5. There are three magnetosonic points: the slow magnetosonic point (S: r = rS where up =
uSW ), the Alfvén point (A: r = rA where up = uAW ) and the fast magnetosonic point (F:
r = rF where up = uF W ), where the poloidal velocity of the infalling MHD fluid up becomes
equal to the characteristic MHD wave speed: the slow magnetosonic wave speed uSW , the
Alfvén wave speed uAW and the fast magnetosonic wave speed uF W , respectively. By taking
a radial derivative (denoted as prime) of the poloidal equation (C-2), we get

(ln up )0 =

N
,
D

(D-1)

where
µ ¶2
E
2
N ≡
{[R(M 2 − α)CSW
+ M 4 A2 ](ln Bp )0
µ
1
2
)[M 4 (M 2 − α)k 0 − Qα0 ]} ,
+ (1 + CSW
2

(D-2)

and

D ≡ −

µ

4πµη
Bp2

¶2

(u2p − u2SW )(u2p − u2AW )(u2p − u2AF ) .

(D-3)
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Here, we define A2 ≡ ẽ2 + αk = f 2 (M 2 − α)2 , Q ≡ αẽ2 − 3ẽ2 M 2 − 2kM 4 , R ≡ ẽ2 α −
2ẽ2 M 2 − kM 4 and ẽ ≡ 1 − ΩF L̃. The definition of CSW will be given shortly. At the critical
(magnetosonic) points, D becomes zero. For (ln up )0 to be finite, N must also be zero there
(regularity conditions). Here, uSW , uAW and uF W are defined as

1
≡
2

u2SW

µ

¶
q
2
2
2
Z − Z − 4Csw uAW ,

Bp2
α,
4πµn
¶
µ
q
1
2
2 u
,
Z + Z 2 − 4Csw
≡
AW
2

(D-4)

u2AW ≡

(D-5)

u2F W

(D-6)

where

Z ≡

u2AW

Bφ2
2
+ Csw
,
+
4πµnρ2w

(D-7)

Bφ = −4πηEρw f .

(D-8)

Using the definition of the Alfvénic Mach number M in equation (5.3), the Alfvén point,
whose speed is expressed in equation (D-5), must satisfy

M 2 |r=rA = α|r=rA ,

(D-9)

where the function α(r) is defined in equation (C-3). The relativistic local sound wave
velocity asw is defined by

a2sw

≡

µ

∂ ln µ
∂ ln n

¶

ad

= (Γ − 1)

µ

µ − mp
µ

¶

,

(D-10)
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and the sound wave four-velocity Csw first appeared in equation (D-2) is given by

2
Csw
≡

µ − mp
a2sw
=
.
2
1 − asw
(N − 1)µ + mp

(D-11)

As one can see, asw = Csw = 0 for a cold flow limit (P = 0).
Substitution of the sound wave four-velocity CSW in equation (D-11) into N = 0 with
N given by equation (D-2) yields
¸
2mp {R(M 2 − α) − M 4 A2 }(ln Bp )0
, (D-12)
µc =
2{R(M 2 − α) + (N − 1)M 4 A2 }(ln Bp )0 + N {M 4 (M 2 − α)k 0 − Qα0 }
·

which is dependent only on the conserved quantities (E, L̃, ΩF , η) and valid only at the
critical points (denoted by subscript “c”). Using the poloidal equation (C-2), one can also
rewrite the condition N = 0 as
µ

µc
mp

¶2

−

(µ

E
mp

¶2

£¡
¢
¤
α − 2M 2 f 2 − k −

µ

1
4πηmp /C

¶2 µ

M2
√
∆Σr2

¶2 )

= 0 , (D-13)

where the second term in the left-hand-side comes from the poloidal equation (C-2).
As to D = 0, let us substitute CSW into equation (D-11) and the Alfvénic Mach number
in equation (5.3) into D = 0 with D given by equation (D-3) to find
¶3
µ ¶2
µc
µc
4 2 −1
2
+ (M A R − M + α)
mp
mp
µ
¶2 µ
¶2 µ ¶
2
M
1
µc
+(N − 1)(M 4 A2 R−1 − M 2 + α) √
4πηmp /C
mp
∆Σ
µ 2 ¶2 µ
¶2
M
1
+(M 4 A2 R−1 − M 2 + α)
= 0.
(D-14)
∆Σ
4πηmp /C

£
¤
(N − 1)M 4 A2 R−1 + M 2 − α

µ

It should be reminded that the final form of N = D = 0 primarily depends only on
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the initial conserved quantities (E, L̃, ΩF , η). In our computations in Chapter 5 we use the
above conditions (equations (D-13) and (D-14)) to determine the critical points.

MHD Wave Modes

MHD waves are strongly anisotropic (see the polar diagram in Figure D-1) – the wave
speed heavily depends on the direction of the wave propagation relative to the direction
of the magnetic field. The (shear) Alfvén wave speed is greatest when propagating along
B

a sw
Alfven

Slow
Fast

Figure D-1: The diagram of the three plasma wave velocities. The intermediate (Alfvén)
and slow speed go to zero when the wave propagates perpendicular to the field. For parallel propagation the slow speed is the same as the relativistic sound speed asw defined in
equation (D-10).

the field while it reduces to zero for the perpendicular propagation. The Alfvén wave is
purely due to the presence of the magnetic field (via magnetic tension) being decoupled
from the sound wave and is transverse. The slow and fast wave modes, on the other hand,
are longitudinal and can be viewed as the standard sound waves modified by the magnetic
field. The slow wave speed is fastest along the direction of the field whereas it vanishes
for the perpendicular propagation. The fast wave roughly propagates isotropically with a
slightly higher speed in the perpendicular direction to the field. When the wave propagation
(magnetic disturbance) travels exactly parallel to the magnetic field, the fast wave speed
is identified as the Alfvén wave speed while the slow wave speed becomes the sound wave
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speed. When the disturbance propagates exactly perpendicular to the magnetic field, on
the other hand, only the fast wave exists. Note that in the cold flow limit with P = 0 (or
no plasma pressure) the slow wave mode will vanish because of asw = 0. In the absence of
the magnetic field, the slow wave mode will vanish and the fast wave mode will become the
sound wave.

Light Surfaces

A BH magnetosphere possesses two light surfaces where α = 0 (see equation (C-3) for
the expression of α). This is where the azimuthal velocity of the corotating plasma in a
in
circular orbit would reach the speed of light. The inner light surface (L: r = rLS
) is produced

by the strong gravity of the BH (i.e., via the metric terms gαβ ), and within this surface
out
) is formed
the plasma must travel radially inward. The outer light surface (L: r = rLS

because of the rotating magnetosphere (i.e., via ΩF ) as in pulsars, and beyond this surface
the plasma must travel radially outward (Blandford & Znajek, 1977; Znajek, 1977). The
inner light surface coincides with the boundary of the ergosphere when ΩF = 0. Since the
accreting plasma possesses a large radial motion, the inner light surface is not dynamically
important1 in Chapter 5 (Ardavan, 1976).

Injection Points

From past observations of AGNs, outgoing (magnetized) jets have been detected and are
believed to be generated from magnetospheres surrounding the central engines. However,
the entire region of the magnetosphere cannot consist of just outflows due to the presence
of the event horizon. Therefore, there must be a region where inflows (i.e., accretion) are
in
because it also
The azimuthal velocity of accreting plasma uφ does not reach the speed of light at rLS
falls toward the center.
1
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separated from outflows (i.e., jets). In our case, this is a region where the plasma is injected
for accretion. In other words, the preshock cold (P = 0) plasma starts falling with a
small radial velocity (ur ≈ 0) onto the BH. This is called an injection point (I: r = rI ),
and we impose up ≈ 0 (M ≈ 0) in the fluid poloidal equation (C-2). But what could be
the supplier for such a mass flux? The details of the plasma injection process have been
discussed by various authors (Blandford & Znajek, 1977; Beskin, Kuznetsova, & Rafikov,
1998; Punsly, 2001). The electron/positorn pair creation in the γ-ray field of AGNs is
one possible source of the plasma. In Chapter 5, we are not directly concerned with such
an injection process (which is a completely different subject and beyond the scope of the
present work). Instead, the conserved quantities are assigned at r = rI , and we examine a
subsequent shock formation. Some of the important points are summarized in Table D-1.
Table D-1: Characteristic radial locations
Symbol
Physical Description
Definition
rI (I) · · · · · Injection Point
Eq. (C-2)
rLS (L) · · · Light Surface
Eq. (C-3)
rS (S) · · · · Slow Magnetosonic Point Eq. (D-4)
rA (A) · · · · Alfvén Point
Eq. (D-5)
rF (F) · · · · Fast Magnetosonic Point Eq. (D-6)
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Standing Shock Formation

Process of Shock Formation

Fluid medium generally supports vibratory motion such as a sound wave. Under particular situations, the sound wave evolves into a shock wave. Let us briefly discuss how the
shock forms. A disturbance caused by the fluid travels at a speed of some characteristic
wave, depending on the restoring force. In the case of HD flows, a small disturbance in the
pressure and the density of the fluid propagates as a sound wave under the linear theory

Amplitude

approximation, obeying the linear wave equation.

Position

Figure E-1: An illustration of a shock formation due to a steepening effect.

For a significantly large disturbance, however, the first-order linearization fails and the
higher-order terms (i.e., non-linear effects) will become non-negligible. This non-linearity
effectively causes the sound speed to depend on the amplitude. The wave speed at the crest
is then faster than that of the foot, so the shape of the wave continuously gets steeper,
leading to a large spatial-gradient in the pressure, density and velocity. This non-linear
steepening process is schematically illustrated in Figure E-1. Eventually, such a steep
propagation can become what we call a shock wave, obeying the non-linear wave equation.
That is, a large, non-linear disturbance cannot propagate as a sound wave, and tends to
steepen into a shock. Shocks are thus non-linear, dissipative fluid disturbances, determined
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by either boundary conditions or initial conditions. While HD flows normally cause a
disturbing wave (i.e., sound wave), in MHD flows there exist three characteristic wave
modes (i.e., slow/fast magnetosonic waves and Alfvén wave as seen in Appendix D), each
of which is associated with a different shock wave.
The shock formation is often simplified and regarded as a mathematical discontinuity
at a certain position (i.e., shock location) with an infinitesimally small width (i.e., thickness of shock front), where dynamical quantities (e.g., velocity) and some thermodynamic
properties (e.g., pressure, density and temperature) discontinuously change. The geometry
of the magnetic field also becomes discontinuous at the shock location in MHD shocks (will
be explained below).

Categorization of Shocks

For convenience, standing shocks in general can be categorized into three types: (1)
adiabatic shocks or Rankine-Hugoniot shocks, (2) isentropic compression waves and (3)
isothermal shocks (see, e.g., Abramowicz & Chakrabarti, 1990; Chakrabarti, 1990a; Molteni,
Ryu, & Chakrabarti, 1996, for review). In the case of (1), the fluid by definition releases
no energy across the shock, carrying the generated entropy and its thermal energy with it
(Fukue, 1987; Chakrabarti, 1990b; Lu et al., 1997). This is understood as an extremely
inefficient radiative cooling mechanism with the thermal energy being advected. In (2), the
shock radiates an energy equivalent to the generated entropy at the shock front such that the
entropy remains unchanged at the shock (Chakrabarti, 1989; Abramowicz & Chakrabarti,
1990). In (3), a fraction of the preshock fluid’s energy and the entropy generated are
lost from the fluid’s surface at the shock location such that the temperature (therefore the
sound speed) remains continuous across the shock (Lu & Yuan, 1997, LY98). In other words,
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radiative cooling processes are so efficient that the energy is not advected with the fluid. A
realistic shock could probably be between these two extremes (adiabatic and isothermal).
These types of shock formation have been well studied in terms of explaining the quasiperiodic oscillations (QPOs) and the jets in the galactic center (Das, 2003; Okuda et al.,
2004). On the other hand, the shock formation might be related to, for instance, a randomly
variable brightness and/or distinct X-ray spectral states (i.e., high/low-state) frequently
observed in some AGNs (e.g., MCG-6-30-15 and NGC4051 as in Chapter 3). Yokosawa
(1994) performed numerical calculations of MHD shock formations in accreting plasma and
concluded that a large amount of X-ray emission can be expected in the vicinity of the event
horizon. Another interesting aspect of the shock is a possibility of particle acceleration at the
shock front via first-order Fermi process (Fermi, 1949, 1954). Depending on the type of the
shock, a production of a hot region (i.e., a corona) and/or highly accelerated particles (i.e.,
relativistic electrons) can be quite possible as a relevant mechanism behind the observed
X-ray spectra. The standing shock formation, therefore, seems to be a plausible process to
create a high temperature region where a primary X-ray source can be expected.

Types of MHD Shock Formation

The type of the possible MHD shock is traditionally classified according to the velocity
of the preshock and postshock flows, and there are three types of MHD shocks. These are
shown in Table E-1.

Type of Shock
Slow
Fast
Intermediate

Table E-1: Types of MHD shocks.
Preshock Speed Postshock Speed Refraction of Magnetic Field
Super-Slow
Sub-Slow
Towards Shock Normal
Super-Fast
Sub-Fast
Away From Shock Normal
Super-Alfvén
Sub-Alfvén
Rotate Across Shock Normal
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For example, the fast (magnetosonic) shock can occur when the preshock plasma is
super-fast magnetosonic and when the postshock plasma is between sub-fast magnetosonic
and super-Alfvénic. Similarly, the slow (magnetosonic) shock can develop when the preshock
plasma is between the super-slow magnetosonic and the sub-Alfvénic and when the postshock plasma is sub-slow magnetosonic. The intermediate (magnetosonic) shock will bring a
super-Alfvénic preshock plasma to a sub-Alfvénic postshock plasma (Kennel, Blandford, &
Wu, 1990). The intermediate shock is accompanied by the fluid compression (as in the other
two), whereas this transition is often referred to as rotational discontinuity (or transverse
wave) when no fluid compression takes place (thus not considered as shocks).
There has been much debate (e.g., Wu & Kennel, 1992; De Sterck & Poedts, 2000, 2001)
regarding the stability of intermediate MHD shocks. While slow and fast MHD shocks are
known to be stable in plasma flows, it has been believed for a long time that intermediate
shocks in the ideal (non-dissipative/resistive) MHD plasma are most likely unstable (destabilized) against even a small perturbation on the magnetic field (Akhiezer, Liubarskii, &
Polovin, 1959; Landau & Lifshitz, 1984) and instantaneously break up (into slow and fast
MHD shocks) (e.g., Wu & Hada, 1991). However, it has recently been recognized that
intermediate shocks can be conditionally stable and persist when dissipation is taken into
account (e.g., Hada, 1994; Myong & Roe, 1997; Freistuehler, 1998; De Sterck & Poedts,
2001). In other words, in the framework of a dissipative/resistive MHD system intermediate
MHD shocks may be persistently stable and evolutionary for a wide range of coefficients
of resistivity, viscosity and heat conduction. Thus the question of whether intermediate
shocks can be formed and persist in realistic three-dimensional (3D) plasma flows is still
vigorously debated today and it needs to be verified with observations. Some claims have
been made of intermediate shock observations in the interplanetary space (Chao, 1995) and
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in front of fast solar coronal mass ejections (CMEs) (Steinolfson & Hundhausen, 1990; De
Sterck, 1999), while Kivelson et al. (1991) reported the relevance of future observations of
intermediate shocks in Venus’ bow shock.
Shock Front

Postshock
Preshock
Slow Shock

Fast Shock

Intermediate Shock

Figure E-2: An illustration of the refracted magnetic fields (with arrows) across different
types of shocks.

The type of MHD shocks can also be identified in terms of how the magnetic field
changes across the shock. As Figure E-2 shows, the magnetic field changes its direction
depending on the type of the shock. Across the slow MHD shock, the field gets refracted
towards the shock normal (i.e., the field component perpendicular to the shock normal
becomes weaker). On the contrary, the field is refracted away from the shock normal across
the fast MHD shock resulting in an amplified perpendicular component. There are two
particular situations associated with slow and fast shocks. When the postshock toroidal
field is refracted across the slow shock, it could eventually vanish, leading to the total
magnetic field being parallel to the shock normal. Then, this is called the switch-off shock
(i.e., the toroidal component is “switched off”). On the other hand, in the limiting fast MHD
shock the preshock toroidal field can be zero (i.e., the total preshock magnetic field being
parallel to the shock normal) while the postshock toroidal field becomes non-zero. Then,
it is called the switch-on shock (i.e., the toroidal component is “switched on”). Unlike
the slow and fast shocks, the intermediate shocks refract the field lines across the shock

202
normal, and thus the perpendicular field component changes its sign. In Chapter 5, we
found intermediate shocks (from super-fast to sub-Alfvénic in our case) satisfying all the
required physical conditions, although we are still dealing with the ideal (non-dissipative)
MHD. From various reasons mentioned above, therefore, we will not immediately rule out
our results for the intermediate shocks (see Appendix F), as the phenomenological essence
of such peculiar shocks could still be instructive to us.
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Appendix F
Intermediate MHD Shocks

Intermediate MHD Shock Formation

One of the interesting results in Chapter 5 is the existence of intermediate MHD shocks.
As discussed in Appendix E, intermediate shocks have often been regarded to be unstable
against an arbitrary small perturbation of the magnetic field in the context of the ideal
MHD. However, we will not immediately discard these shock solutions as they are still
phenomenologically interesting.
What is unique about the intermediate shocks is that the toroidal field Bφ changes its
orientation (+ ↔ −) with respect to the shock normal due to the presence of the “multiple
Alfvén points”, satisfying the regularity conditions defined by equations (D-13) and (D-14).
Since a preshock plasma can pass through only one Alfvén point rA at a time with up = uAW
(in equation (D-5)), the other (Alfvén) point should be identified as an “Alfvén radius”,
r̃A , where up 6= uAW . The intermediate shock can develop only if the shock occurs outside
the Alfvén radius as we shall see below. This type of shock must also be accompanied by
compression (i.e., λ > 1) just as the slow and fast MHD shocks. Without compression, the
transition is conventionally called an intermediate wave or rotational discontinuity, which
is not considered as a shock wave.
Geometrically, such an Alfvén radius corresponds to the point where the tangential
(toroidal) component of the magnetic field Bφ vanishes leaving only the radial component
Br . This geometry of the preshock magnetic field is schematically illustrated in Figure F-1
as a face-down view. The Alfvén radius is determined by Gφ + Gt L̃ = 0 (see Appendix C for
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Figure F-1: An illustration of the magnetic field configuration for (a) a fast and (b) an
intermediate MHD shock.
Gt and Gφ ) but not satisfied by the definition of Alfvén point in equation (D-5), and thus
up 6= uAW (or equivalently M 2 6= α). From equations (C-5) and (D-8) we can see that Bφ = 0
at the Alfvén radius. The Alfvén radius therefore has no physical significance for the plasma
dynamics. When the shock location lies inside the Alfvén radius, the magnetic field is
refracted away from the (fast) shock normal. On the other hand, the field is refracted across
the (intermediate) shock normal when the shock location resides outside the Alfvén radius
(see Figure E-2). Because of the definition of q in equation (5.16), q > 1 for the fast MHD
shock while q < 0 for the intermediate MHD shock.
The characteristic property of the intermediate shocks is better seen in Figure F-2 where
the amplification of the toroidal magnetic field q from equation (5.16) is plotted as a function of the shock location rsh . As the toroidal magnetic field switches the sign across the
intermediate shock, we find q < 0, as indicated.
The (poloidal) plasma speed becomes sub-Alfvénic1 across the intermediate shock. The
Alfvén radius r̃A is then identified as the “true” (inner) Alfvén point rA for the postshock
plasma. That is, the postshock plasma must go through this (inner) Alfvén point, the inner
fast point and the horizon (Ain → Fin → H) in this order. Such multiple Alfvén points are
pre-determined by the initial condition because E is conserved, and therefore the Alfvén ra1

The preshock plasma can generally be either super-fast or super-Alfvénic for intermediate shocks.
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φ1

φ1

Figure F-2: The toroidal amplification q for fast and intermediate MHD shocks with varying
E and ΩF . Here we choose a = 0 and θ = 30◦ . The template solution (denoted by a dot)
has a parameter set of E = 6.1, L̃ = 1.6, ΩF = 0.22811, η = 0.006.

dius for the preshock flow becomes the Alfvén point for the postshock flow across the intermediate shock.
As the shock location becomes closer to the Alfvén radius, Bφ1 approaches zero making
q very large in magnitude. Eventually, q diverges at rsh = r̃A (i.e., switch-on shock), as
indicated in Figure F-2. The amplification factor q thus grows (in magnitude) rapidly as
the shock location shifts toward the Alfvén radius from either side of it.

Multiple Shock Formation

We also find valid intermediate shock formation at two different locations (at most). In
other words, in some cases “multiple-shock formation” is possible for the same preshock
plasma. For example, in Figure F-3 the left panel shows the curve for Ṁsh (r) − Ṁ2 as
a function of shock location r = rsh , where Ṁsh (rsh ) − Ṁ2 = 0 at the shock location
rsh . What is interesting about this case is that the number of shock locations varies (i.e.,
1 → 2 → 1 → 0) as one of the parameters (e.g., L̃ or ΩF ) changes. There are sets
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Figure F-3: Multiple-shock formation. (Left) The residual in the postshock mass-accretion
rate Ṁsh (r) − Ṁ2 as a function of distance r illustrating multiple shock location. (Right)
The Mach number profile M 2 (r) for a particular plasma with multiple-shocks (rsh,1 and
rsh,2 ). The adopted parameters are E = 6.1, L̃ = 3.34094, ΩF = 0.2187, η = 0.005 and
θ = 70◦ around a rotating BH with a = 0.5.

Table F-1: Multiple-shock location
Shock
rsh
λ
q
Θ
σ1
1
2.294 1.280 -5.69 0.511 -0.0692
2
2.367 1.206 -2.04 0.479 -0.166

σ2
0.734
0.687

of parameters that allow multiple-shock locations rsh,1 (shock 1) and rsh,2 (shock 2). An
example of such a multiple-shock formation is tabulated in Table F-1 where some of the
important shock-related properties are given. Both shocks (rsh,1 = 2.294 and rsh,2 = 2.367)
are possible in the same preshock plasma. The shock at rsh,1 is stronger than the other at
rsh,2 . These are both intermediate shocks in which the toroidal field Bφ changes its sign
(− ↔ +) across the shock. The right panel in Figure F-3 illustrates a trans-magnetosonic
plasma with multiple-shock at rsh,1 and rsh,2 (I → Aout → Fout → shock 1 or 2 → Ain
→ Fin → H). Ain has no physical meaning for the preshock plasma because the preshock
plasma passes through Aout , not Ain . On the other hand, Ain is physically essential for
the postshock plasma because the postshock plasma must go through Ain in the case of
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intermediate shocks.

φ
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Figure F-4: The characteristic properties of multiple MHD shocks for BH spin a = 0.5. We
set E = 6.1, L̃ = 3.34094, ΩF = 0.2187, η = 0.005 and θ = 70◦ .

Since both shocks cannot occur simultaneously, (at least) one of the two should be
removed in a sophisticated stability model by introducing more realistic physics (such as
angular momentum transport (via viscosity), energy dissipation from the flow surface and/or
a more practical field geometry). A steady-state stability analysis (as is done in Chapter 4)
may also eliminate this uncertainty2 .
The corresponding global shock-included solution is demonstrated in Figure F-4 where
both shocks at rsh,1 and rsh,2 are shown for comparison. The strength of the shock appears
to be larger at the inner shock location (shock 1) because the jump in the radial velocity
2

Dynamical stability analysis, as has been done by some authors (e.g., Trussoni et al., 1988; Nobuta &
Hanawa, 1994), may also remove both shocks.
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is greater. The amplification of the toroidal field is greater for shock 1 although the actual
change in the magnetic field is greater for shock 2 because the toroidal field is refracted
more from one side to the other (i.e., Bφ1 > 0 to Bφ2 < 0 ) across the shock normal.
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