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Abstract

The most recent mathematical models of microbial activity in heterogeneous biofilms are based on cellular automata. The main weakness
of these models is that to obtain numerical solutions the operator must specify the rules governing microbial cell behaviour in the biofilm,
and these rules are difficult to establish experimentally. To avoid this difficulty, we have used an alternative approach, discretizing biofilms
into layers, to include the effects of biofilm heterogeneity on biofilm activity. This procedure conceptually converts heterogeneous biofilms
into a stack of stratified layers of various densities, activities, and diffusivities, and can include some effects of biofilm heterogeneity, e.g
vertical distribution of biofilm density, activity, and effective diffusivity. We present this model and selected examples of computational
procedures illustrating it. We found that the activity of homogeneous biofilms can be lower, higher, or equal to the activity of stratified
biofilms; since homogeneous biofilms do not exist, their properties have to be assumed. As expected, the model predicts that the growth-
limiting nutrient penetrates deeper into stratified biofilms than it does into homogeneous biofilms.
� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Fig. 1 demonstrates the development of the concept of
biofilm structure, from homogeneous biofilms to heteroge-
neous biofilms. These conceptual models serve as a base for
biofilm modeling, and therefore the solutions of these mod-
els can only be as accurate as the underlying assumptions
about biofilm structure.
The early biofilm models were developed using the

conceptual model of homogeneous biofilms depicted in
Fig. 1A (Atkinson and Davies, 1974; Williamson and Mc-
Carty, 1976). These models were constructed to predict the
nutrient consumption rates in biofilms in a steady state, and
they were improved by many researchers who amended
the basic model of mass transport in a steady state with
additional processes. For example, Rittmann and McCarty
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introduced bacterial growth and decay factors for a steady
state biofilm (Rittmann and McCarty, 1980a,b) and then ex-
tended their model to unsteady states and dual nutrient lim-
itations (Fig. 1B) (Rittmann and Brunner, 1984; Rittmann
and Dovantzis, 1983). This model has been applied with mi-
nor modifications to many biofilm processes (Soda et al.,
1999; Stewart et al., 1996; Suidan et al., 1994; Sun et al.,
1998; Williamson and McCarty, 1976). One of the most
popular biofilm models, initially marketed as a software
called “BIOSIM” (Wanner and Gujer, 1986), was later im-
proved to include irregular biofilm structure and renamed
“AQUASIM” ( Wanner et al., 1995; Wanner and Reichert,
1996a,b).
The homogeneous biofilm model served the research

community well. However, as time progressed and the tools
for direct quantifying of intra-biofilm processes developed,
such as confocal microscopy and microelectrodes. It be-
came obvious that some of the experimental results were
impossible to interpret using a conceptual model of biofilms
in which microorganisms were uniformly distributed in a
continuous matrix of extracellular polymers. To avoid these
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Fig. 1. Conceptual models of biofilms. (A) Homogeneous biofilms, uni-
form matrix of extracellular polymers with homogeneously distributed
biomass, (B) multi-nutrient and multi-species biofilm, and (C) heteroge-
neous biofilm composed of non-uniformly distributed biomass concen-
trated in microcolonies separated by voids.

controversies, new conceptual models of heterogeneous
biofilms were constructed to reflect the fact that mi-
croorganisms in biofilms are densely packed in micro-
colonies separated by interstitial voids, as depicted in
Fig. 1C.
The growing popularity of the conceptual model of het-

erogeneous biofilms generated a need for new mathemati-
cal models of biofilm microbial activity and accumulation.
Since this coincided with the growing popularity of cel-
lular automata (CA) (Wolfram, 1986), it is not surprising
that biofilm structure was modeled using CA procedures.
CA were developed from the Game of Life (conceived by
British mathematician John Horton Conway in 1970), and
were based on simple rules for building complex structures
from simple and repetitive elements, called cells. The rules
can be selected arbitrarily, and the model is tested until the
structure resembles that seen in real biofilms, such as: cells
either live and divide, or die, depending on whether the space
adjacent is occupied or not (Wimpenny et al., 2000). The
first CA model of biofilm structure was developed by Wim-
penny and Colasanti (Wimpenny and Colasanti, 1997a,b).
Soon after,Picioreanu et al. (1998a,b)improved this model
using much more realistic assumptions and used differential
equations to describe mass transport with the discrete model
describing the structure (Picioreanu et al., 1998a,b). Further
improvements were introduced by others (Kreft et al., 2001;
Noguera et al., 1999; Picioreanu et al., 1998a,b, 2000a,b,
2001), who included hydrodynamics in their model and cor-
related mass transfer with biofilm structure. Meanwhile, to
make CA models easier to understand, Hermanowicz (2001)
proposed a CA model describing only the simplest case of a
single-species biofilm with a single growth-limiting nutrient
(Hermanowicz, 2001). Since the initial CAmodels predicted
biofilm structure rather than activity,Pizarro et al. (2001)de-
veloped a CA biofilm model capable of simulating heteroge-
neous structures and predicting nutrient concentration gradi-
ents, fluxes, and steady-state biofilm conditions (Pizarro et

al., 2001). These authors also concluded that their improved
CAmodel delivered solutions that were comparable with the
solutions of biofilm models based on differential equations
(Pizarro et al., 2001). Based on that, these authors concluded
that CA models did not offer significant advantages over
the finite difference models when simulating the microbial
activity of homogeneous biofilms in one dimension, which
considers only mass transport in the direction perpendicular
to the substratum. Similarly,Picioreanu et al. (2000)con-
cluded that the two-dimensional (2-D) biofilm model based
on CA predicted biofilm activity similar to that predicted
from a simple diffusion-reaction model (Picioreanu et al.,
2000b).
Further improvement came fromKreft et al. (2001),

who developed a 2-D multi-nutrient, multi-species model
of nitrifying biofilms to predict biofilm structures, i.e. sur-
face enlargement, roughness, and diffusion distance (Kreft
et al., 2001). These authors used only individual cells in
their model. They compared the predicted structure of the
biofilm with the predictions of the biomass (cells and EPS)-
based model developed byPicioreanu et al. (1998a,b), and
concluded that the two models had similar solutions. This
result is not surprising, because both models simulated the
same biofilm process, but they generated different biofilm
structures and predicted different growth rates of microbial
species.
Attempts to construct a biofilm model that will satisfy

researchers and practitioners are still active. Despite the
progress in modeling heterogeneous biofilms using cel-
lular automata, model predictions are uncertain because
the link between modeling and experimental verification
is still missing. In addition, these models do not produce
parameters (such as an effectiveness factor) which can be
used in scale-up of biofilm reactors. Currently, the models
of homogeneous biofilms can be verified experimentally
but they ignore the effects of biofilm structure, while the
models of heterogeneous biofilms include the effects of
biofilm structure but their experimental verification is still
missing.
In this study, we have attempted to change the approach to

modeling heterogeneous biofilms and use a one-dimensional
(1-D) model, which is used to model homogeneous biofilms.
Our model conceptually subdivides the biofilm into a finite
number of uniform layers, and then each of these layers
is modeled as a uniform biofilm. The effect of biofilm
heterogeneity is imposed by the properties of the various
layers. As experimental data show, biofilm density increases
toward the bottom (Fig. 2). This affects biofilm activity,
both by changing biofilm density and by changing effective
diffusivity. Since biofilm activity is a function of biofilm
density, and effective diffusivity is a function of biofilm
density, we use effective diffusivity as the control parameter
in dividing the space occupied by the biofilm into layers.
This allows us to quantify biofilm activity using the steady-
state diffusion-reaction equation with variable effective
diffusivity.
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Fig. 2. An example of a relative surface-averaged effective diffusivity
profile reproduced from (Beyenal and Lewandowski, 2002). The sur-
face-averaged relative effective diffusivity(D∗

f z
) is multiplied with the

diffusivity in the water to calculate the surface-averaged effective diffu-
sivity (D∗

f z
).

2. Stratified biofilms

The concept of stratified biofilms results from several
biofilm studies completed in our laboratory. Initially, to eval-
uate variations in mass transport rate between adjacent lo-
cations in heterogeneous biofilms, we introduced the con-
cept of a local mass transport coefficient, the mass transport
coefficient at a single point within the biofilm (Yang and
Lewandowski, 1995). Later, we expanded this approach and
evaluated the local and surface-averaged effective diffusivi-
ties in heterogeneous biofilms (Beyenal et al., 1998; Beye-
nal and Lewandowski, 2000). Fig. 2shows an example of a
surface-averaged effective diffusivity profile in a heteroge-
neous biofilm (Beyenal and Lewandowski, 2002).
The results inFig. 2, and the previously described obser-

vations (Beyenal et al., 1998; Beyenal and Lewandowski,
2000, 2002; Zhang et al., 1994) support our argument that
heterogeneous biofilms can be stratified and that this pro-
cess is meaningful. The experimentally measured relative
effective diffusivity profile inFig. 2 can be approximated
by a straight line using linear curve fitting, which vastly
simplifies the mathematical modeling of diffusional mass
transport in this biofilm and allows us to use a continu-
ous function(D∗

f z = 0.001∗ z + 0.2968) which correlates
relative effective diffusivity(D∗

f z) with the distance from
the bottom(z). Using the effective diffusivity gradient (the
slope of the effective diffusivity profile) within a biofilm, we
appended the equation quantifying mass transfer in homo-
geneous biofilms by a factor representing biofilm hetero-
geneity (Beyenal and Lewandowski, 2002). In this study,
we expand this approach and use a steady-state diffusion-
reaction equation with a variable effective diffusivity and a

variable biofilm density over stratified biofilms considering
heterogeneous biofilm structure. To obtain general solutions
and to calculate effectiveness factors, the equations are ex-
pressed in dimensionless forms. Selected examples are pre-
sented to compare the predicted microbial activities of the
homogeneous and stratified biofilms. The model was solved
numerically using MATLAB�.
It is important to notice that the model does not decide

how to segment the biofilm; the operator decides how to
subdivide the biofilm into layers and then experimentally
evaluates average values of the selected variables within
each layer. A layer in a biofilm is defined as the space
limited by two boundaries positioned half-way between
the neighbouring data points or half-way between the posi-
tions of the neighbouring images. For example, to prescribe
the concentration of oxygen to an individual layer of the
biofilm, we assume that the concentration of biomass and
the concentration of oxygen within that layer are constant
and that these concentrations change between the layers in
a discrete manner. For the purpose of mathematical model-
ing we describe the distribution of the selected components
in biofilm layers using continuous functions. Without it,
the model solutions would have to be limited to finite dif-
ferences. However, to make experimental verification of
model predictions possible, the model predicts concentra-
tion of various substances (such as oxygen) in the biofilm
at various distances from the bottom. The concentrations
predicted by the model can be compared with those actually
measured if the measurements are made at same distance
from the bottom as the predicted concentration. To make
this process possible, the MATLAB program automatically
solves the model equations and calculates the concentration
profiles, and the actual concentrations for the given step
sizes, which can correspond to the distances between the
layers selected by the operator. This procedure links math-
ematical modeling with experimental verification of the
solutions.
One of the main advantages of this approach to modeling

biofilms is that it is compatible with the procedures we use
to acquire biofilm images using confocal microscopy and
the procedures we use to acquire data using microelectrodes.
As shown inFig. 3, each of these experimental techniques,
imaging using confocal microscopy and effective diffusiv-
ity measurement using microelectrodes, can be designed to
characterize biofilm layers rather than generate profiles of
the measured parameter. This approach also avoids the prob-
lem of computing average parameters for the entire biofilm:
in our case average parameters are only computed for indi-
vidual layers. The parameters that control biofilm activity,
such as cell density and effective diffusivity, form vertical
profiles across the biofilm, and these profiles can be com-
posed of as many data as needed by varying the number
of layers. Since the approach is compatible with the proto-
cols of acquiring data using confocal microscopy and micro-
electrodes, model predictions can be verified experimentally
(Fig. 3).
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Fig. 3. A stratified biofilm: effective diffusivity measurements in a hetero-
geneous biofilm. (A) Local relative effective diffusivity(Dfl) is measured
by microelectrodes at arbitrarily selected locations at different distances
from the bottom, (B) theDfl are measured at grid points equally distant
from the bottom. The measuredDfl are then averaged, which gives the

surface-averaged relative effective diffusivity,Df z=∑k
n=1

Df ln

k
. (C) The

average relative effective diffusivity,Dfav=
∑p

n=1
Df zn

p , is an average of
all local measurements for the entire biofilm (Beyenal and Lewandowski,
2000).

3. Modeling

In stratified biofilms, effective diffusivity changes in the
vertical(Z) direction (Fig. 2) are more noticeable than those
in the horizontal (X andY ) directions. Therefore, the effec-
tive diffusivity (Df z) in each layer can be averaged over a
defined volume of the layer(LyLx�z) and described by the
surface-averaged effective diffusivity as (Fig. 3):

Df = Df (z) = Df z. (1)

Since effective diffusivity is a function of biofilm density,
biofilm density also changes in theZ direction: biofilms are
denser near the bottom than near the surface (Zhang et al.,
1994). The relation between effective diffusivity and biofilm
density can be approximated from the following equation
(Fan et al., 1990):

D∗
f z = 1− 0.43X0.92fl

11.19+ 0.27X0.99fl

. (2)

Fortunately, the effective diffusivity profile inFig. 2 can
be approximated by a straight line, which vastly simpli-
fies mathematical modeling of diffusional mass transport in
stratified biofilms:

Df z = a + �z. (3)

The surface-averaged relative effective diffusivity(D∗
f z) in

Fig. 2and theDf z in Eq. (3) can be related by multiplying
the relative effective diffusivity by the diffusivity in water
(Df z = D∗

f zDw). To introduce the variable biofilm density
and effective diffusivity, we define the effective diffusivity
gradient(�) across the biofilm (Beyenal and Lewandowski,
2002):

dDf z

dz
= �. (4)

Using the effective diffusivity gradient within a biofilm, we
appended the equation quantifying mass transfer in homoge-
neous biofilms by a factor representing biofilm heterogene-
ity (Beyenal and Lewandowski, 2002). Eq. (5) represents
nutrient continuity, and can be used to compute nutrient con-
centration profiles in stratified biofilms:

Df z

d2C

dz2
+ �

dC

dz
= �maxCXfl

YX/S(KS + C)
. (5)

For homogeneous biofilms (when effective diffusivity gra-
dient�=0), the nutrient continuity equation is simplified to
the form:

Dfav
d2C

dz2
= �maxCXfav

YX/S(KS + C)
. (6)

We use Eqs. (5) and (6) to quantify nutrient transfer in
stratified and, for comparison, in homogeneous biofilms. The
following list specifies the assumptions accepted in these
equations:

1. The biofilm is a continuum.
2. Nutrients are transferred by diffusion only and are con-
sumed by microorganisms.

3. The diffusion of nutrients obeys Fick’s law.
4. There is one single limiting nutrient which is consumed
at a rate described by the Monod equation.

5. Effective diffusivity and biofilm density can be computed
by averaging their values at the boundaries of adjacent
layers, as shown inFig. 3C (for stratified biofilms).

6. The biofilm processes are in a pseudo steady state, which
means that the limiting nutrient consumption rate does
not change for a short period of time, i.e. the time needed
to measure the nutrient consumption rate.

7. The limiting nutrient is transferred in one dimension
only, perpendicularly to the substratum.

8. Biofilms grow on impermeable and inactive surfaces.

The major differences between the homogeneous and
stratified biofilm models are variable effective diffusivity
and variable biofilm density. In our previous studies, we
monitored different effective diffusivity gradients(�) when
the biofilms were grown under different conditions (Beyenal
and Lewandowski, 2000, 2002). For example, increasing
the flow velocity at which biofilms were grown increased
the effective diffusivity gradient(�) up to a maximum value
(Beyenal and Lewandowski, 2002). Following these obser-
vations, in our model we assumed that the effective diffusiv-
ity decreases toward the bottom of the biofilm (Fig. 2). We
also assumed that the nutrients are transferred by diffusion.
Although it is well known that there is water movement
inside biofilms and that nutrients can be transferred by con-
vection in theX and Y directions, in our previous study
(Lewandowski and Beyenal, 2003) we showed that while
the lateral mass transport of nutrients in the voids and chan-
nels remains convective, nutrients are mainly transported
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by diffusion toward the bottom of the biofilm, in theZ di-
rection. We assumed that there is a single limiting nutrient
and that it is consumed according to the Monod equation.
If needed, the model can be further modified. Even though

we use Monod kinetics to describe microbial growth, any
type of growth kinetics can be used in the model. Even
though we only consider mass transport in theZ direction
in our model, when appropriate data (variation of effective
diffusivity in X andY directions) are available, the proposed
model can be extended to two or three dimensions. The
variation of effective diffusivity and biofilm density in the
X andY directions in the reactor can also be integrated into
the model.

3.1. Dimensionless equations for stratified biofilms

Let us define the dimensionless parameters—distance,z∗;
concentration,C∗; and Monod half rate constant,�:

z∗ = z

Lf

, C∗ = C

Cs

, � = Ks

Cs

. (7)

Plugging these dimensionless parameters into Eq. (5) yields:

d2C∗

dz∗2 + Lf �
Df z

dC∗

dz∗ = �maxL
2
f

YX/SCs

Xfl

Df z

C∗

(� + C∗)
, (8)

whereXfl andDf z are functions of the distance (Eqs. (2) and
(3)),z, andwe can express them as dimensionless parameters
by defining a new parameter,�:

� = a

Lf �
. (9)

Using the new parameter,�, the expressionLf �/Df z can
be calculated from the left side of Eq. (8):

Lf �
Df z

= Lf �
a + �z

= 1

� + z∗ . (10)

Eq. (10) can be inserted into Eq. (8) to yield

d2C∗

dz∗2 + 1

� + z∗
dC∗

dz∗ = �maxL
2
f

YX/SCs

Xfl

Df z

C∗

(� + C∗)
. (11)

Dimensionless biofilm density,X∗
f , and effective diffusivity,

D∗
f , in the biofilm are defined as

X∗
f = Xfl

Xfav
and D∗

f = Df z

Dfav
. (12)

Combining Eqs. (11) and (12) yields

d2C∗

dz∗2 + 1

� + z∗
dC∗

dz∗ = �maxL
2
f Xfav

YX/SCsDfav

X∗
f

D∗
f

C∗

(� + C∗)
. (13)

Defining the Thiele modulus as

� =
√

�maxL
2
f Xfav

YX/SCsDfav
(14)

and combining Eqs. (13) and (14) yields

d2C∗

dz∗2 + 1

� + z∗
dC∗

dz∗ = �2
X∗

f

D∗
f

C∗

(� + C∗)
. (15)

To computeX∗
f andD∗

f as functions of the distancez, we
first calculate the average effective diffusivity,Dfav, using
the following equation, derived by integrating Eq. (3), and
calculate the average effective diffusivity fromDf z:

Dfav = a + �Lf

2
. (16)

Solving forD∗
f (=Df z/Dfav):

D∗
f = 2(� + z∗)

2� + 1 (17)

and combining Eqs. (15) and (17) yields

d2C∗

dz∗2 + 1

� + z∗
dC∗

dz∗ =�2X∗
f

2�+1
2(�+z∗)

C∗

(�+C∗)
. (18)

Xfl can be calculated by numerically solving the effective
diffusivity equation (Eq. (2)) (Fan et al., 1990). The relation
between biofilm density and effective diffusivity is a single-
valued function, and it can be inverted. Since we could not
invert Fan’s equation analytically and explicitly give the re-
lation between biofilm density and effective diffusivity, we
used numerical methods and found that Eq. (19) can be used.

Xfl = −38.856+ 38.976
(

Df z

Dw

)−0.7782
. (19)

Let us define� as

� = Dw

a
, (20)

Df z/Dw can be calculated as follows:

Df z

Dw

= a + �z
Dw

=
1+ z∗

�
Dw

a

=
1+ z∗

�
�

. (21)

Fan’s equation (Fan et al., 1990) can then be rewritten in
dimensionless form:

X∗
f =

−38.856+ 38.976

1+ z∗

�
�




−0.7782

Xfav
. (22)
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The dimensionless form of Eq. (5) is calculated below:

d2C∗

dz∗2 + 1

� + z∗
dC∗

dz∗

= �2




−38.856+ 38.976
(
1+ z∗

�

�

)−0.7782

Xfav




× 2� + 1
2(� + z∗)

C∗

(� + C∗)
. (23)

3.2. Dimensionless equations for homogeneous biofilms

Using the Thiele modulus(�), the Monod half rate con-
stant (�), the dimensionless distance(z∗) and the dimen-
sionless concentration(C∗), Eq. (6) can be written as a di-
mensionless equation:

d2C∗

dz∗2 = �2
C∗

(� + C∗)
. (24)

3.3. Boundary conditions

The nutrient concentration at the biofilm surface is defined
asCs . It can be measured experimentally or can be deter-
mined from the external mass transfer resistance (Rittmann
and McCarty, 1980b). Therefore, we assumed that its value
is known. In this case, the dimensionless concentration at
the biofilm surface(z∗ = 1) is equal to ‘1’ as stated in
Eq. (25). Eq. (26) is a physical condition. Since we assumed
that the biofilm is grown on an impermeable surface, the
flux at the bottom is equal to zero. Even though the growth
limiting nutrient concentration may or may not reach zero
above the bottom, the flux is always zero at the bottom, and
the Eq. (26) is always satisfied.

@ z∗ = 1, C∗ = 1, (25)

@ z∗ = 0, dC∗

dz∗ = 0. (26)

3.4. Effectiveness factors

The effectiveness factor,�, is the ratio between the
diffusion-limited nutrient consumption rate and the nutrient
consumption rate that is not limited by diffusion (diffusion-
free), as given by Eq. (27) (Bird et al., 2002):

� = Diffusion limited consumption rate
Diffusion free consumption rate

= SUR

SUR0
. (27)

The diffusion-free nutrient consumption rate, SUR0, needs
to be calculated for both homogeneous and stratified biofilms

from Eq. (28):

SUR0 = �maxLf AXfav

YX/S

Cs

(Ks + Cs)

= �maxLf AXfav

YX/S

1

(� + 1) . (28)

For stratified biofilms we could have calculated SUR0 us-
ing variable biofilm density. In this case it would have been
difficult to compare effectiveness factors for homogeneous
and stratified biofilms (they would be calculated using dif-
ferent SUR0 values). However, we can approach this com-
putation by noticing that the ratio of the activities of the
stratified and homogeneous biofilms is the same as the ratio
of the effectiveness factors calculated for these biofilms.

3.4.1. Effectiveness factor for homogeneous biofilms
The nutrient consumption rate in a homogeneous biofilm

is equal to the product of the flux and the surface area of
the biofilm and it is calculated from Eq. (29).

SURaverage= ADfav
Cs

Lf

dC∗

dz∗

∣∣∣∣homogeneous
z∗=1

. (29)

By combining Eqs. (27) and (29), the effectiveness factor is

�h =
ADfav

Cs

Lf

dC∗

dz∗

∣∣∣∣homogeneous
z∗=1

�maxLf AXfav

YX/S

1

(� + 1)
= (� + 1)

�2
dC∗

dz∗

∣∣∣∣homogeneous
z∗=1

. (30)

3.4.2. Effectiveness factor for stratified biofilms
The nutrient consumption rate in a stratified biofilm is

equal to the product of the flux and the surface area of the
biofilm, and it is calculated from Eq. (31):

SURstratified= ADf_at_surface
Cs

Lf

dC∗

dz∗

∣∣∣∣ stratified
z∗=1

. (31)

The effective diffusivity at the surface is defined as

Df_at_surface= Dfav
2(� + 1)
2� + 1 . (32)

By combining Eqs. (27) and (31), the effectiveness factor is

�s =
ADfav

2(� + 1)
2� + 1

Cs

Lf

dC∗

dz∗

∣∣∣∣ stratified
z∗=1

�maxLf AXfav

YX/S

Cs

(Ks + Cs)

=
(� + 1)2(� + 1)

2� + 1
�2

dC∗

dz∗

∣∣∣∣ stratified
z∗=1

. (33)
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3.5. Solution method

To solve Eqs. (23) and (24) we used MATLAB’s bound-
ary value solver function (bvp4c). Function bvp4c is a finite
difference code that implements the three-stage Lobatto IIIa
formula. Mesh selection and error control are based on the
residual of the continuous solution. We used MATLAB’s
defaults to control the precision of the solution. The MAT-
LAB code is available from the authors upon request. From
the solution we calculated the first derivatives and later used
them to calculate the effectiveness factors given by Eqs. (30)
and (33). Later, we calculated the average effective diffusiv-
ity and biofilm density from Eqs. (16) and (19) (by using
average values instead of the local values). We used these
average values to calculate the nutrient concentration profile
and the effectiveness factor for a homogeneous biofilm.

4. Results and discussions

Effective diffusivity in biofilms decreases linearly toward
the bottom, and this observation justifies the procedure of
using stratified biofilms to include the effect of biofilm struc-
ture on biofilm activity (Beyenal and Lewandowski, 2002).
Using Eq. (3) we can quantify this effect, and treat the space
occupied by the biofilm as a stack of an infinite number of
layers having average effective diffusivities calculated from
Eq. (3).
One possible way of using the model of stratified biofilms

is to quantify the relation between biofilm activity and
biofilm structure. Our first step in that direction was to
compare activities of homogeneous biofilm and stratified
biofilms, which quickly revealed the need for a definition
of homogeneous biofilms and of biofilm activity. For the
purpose of this study, homogeneous biofilms are defined
as those that have uniform density, and biofilm activity is
defined as the rate of substrate consumption per unit of
volume or per unit of the surface area of the biofilm. Using
experimental data we can quantify both activity and den-
sity distributions in stratified biofilms. However, such a set
of data cannot be generated for the homogeneous biofilms
because homogeneous biofilms do not exist. Homogeneous
biofilms are conceptual constructs that are generated based
on the results of measurements in real biofilms, which are
heterogeneous. Homogeneous biofilm can be assembled
in such way that they are presumed to be equivalent to
the stratified biofilms but the rules of constructing homo-
geneous biofilms are arbitrary, and the results of further
analyses depend on the rules accepted in constructing the
homogeneous biofilms.
We start with the distribution of effective diffusivity to de-

fine homogeneous biofilms: natural biofilms are denser near
the bottom than they are near the top, which causes the for-
mation of an effective diffusivity profile across the biofilm.
It is important to simulate this effect in any conceptual con-
structs of biofilms we may have, because the distribution of

biofilm density affects the distribution of biofilm activity.
However, to simplify the conceptual image of homogeneous
biofilms we assumed that they have uniformly distributed
biomass, which translates to having a constant effective dif-
fusivity. In principle then, the effective diffusivity of homo-
geneous biofilms should be equivalent to the average effec-
tive diffusivity of stratified biofilms. However, it is not clear
how to select the average effective diffusivity in the homo-
geneous biofilms so it has the same effect on biofilm activity
as the effective diffusivity gradient has in stratified biofilms,
and we have considered three possible rules of constructing
homogeneous biofilms:
Rule #1: Homogeneous biofilms have the effective diffu-

sivity equal to the average of effective diffusivities of strat-
ified biofilms.
Rule #2: Homogeneous biofilms have the effective diffu-

sivity equal to the effective diffusivity near the bottom of
stratified biofilms.
Rule #3: Homogeneous biofilms have the effective diffu-

sivity equal to the effective diffusivity near the surface of
stratified biofilms.
As expected, homogeneous biofilms constructed follow-

ing each of these rules behave differently from each other.

4.1. Meaning of the dimensionless parameters

The Thiele modulus,�, is defined as the ratio of the rate of
diffusion and the rate of reaction (Octave Levenspiel, 1972).
A high value of� would imply that the reaction rate is fast
compared to the diffusion rate in the biofilm. In biofilms, the
reaction rate is controlled by the biofilm density. However,
according to Eq. (2) the effective diffusivity decreases with
increasing biofilm density. In a stratified biofilm, the aver-
age effective diffusivity is a function of the biofilm thick-
ness and the effective diffusivity gradient(�) (see Eq. (3)).
To compare the effectiveness factors using the same Thiele
modulus, we used average effective diffusivities. Although
the defined Thiele modulus seems similar to the literature
description, it includes an average value from the stratified
layers.
Parameter� is equal to the ratio between the diffusivity

in the liquid medium and the effective diffusivity at the
bottom of the biofilm. The inverse of� (=1/�) is the relative
effective diffusivity at the bottom of the biofilm. A higher�
translates into a lower effective diffusivity at the bottom of
the biofilm. The product� · Lf is the diffusivity difference
between the surface and the bottom, so� is the ratio between
the effective diffusivity at the bottom of the biofilm and the
difference in diffusivity between the surface and the bottom
of the biofilm.

4.2. Comparing microbial activities in homogeneous and
stratified biofilms

Fig. 4 shows a nutrient concentration profile computed
for � = 4, � = 20.62, � = 0.25, and � = 0.125. The
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Fig. 4. An example of nutrient concentration profiles predicted for a
homogeneous biofilm and a stratified biofilm defined by�=4,�=20.62,
� = 0.25, � = 0.125.

concentration profiles are significantly different, and the
nutrient penetrates much deeper into the stratified biofilms
than it does into the homogeneous biofilms. The biofilm is
less dense near the surface and the nutrients can penetrate
deeper into the biofilm. In the homogeneous biofilms, the
nutrient concentration reaches zero at approximately 40%
of the biofilm thickness, while in the stratified biofilm the
nutrient concentration reaches zero at 20% of the biofilm
thickness. The calculated effectiveness factor for the ho-
mogeneous biofilm is�h = 0.298 and that for the strati-
fied biofilm is �s = 0.0648. Since the activities of these
biofilms have the same ratio as the effectiveness factors,
it follows that the homogeneous biofilm can consume 4.6
times more nutrient than the stratified biofilm for the given
set of conditions, which is a counter intuitive result. The
growth-limiting nutrient can penetrate deeper into stratified
biofilms than into homogeneous biofilms.
To compare the activity of stratified biofilms with the

activity of homogeneous biofilms we have computed the
ratio of their effectiveness factors (Eq. (30)/Eq. (33)).

�h

�s

=

(� + 1)
�2

dC∗

dz∗

∣∣∣∣homogeneous
z∗=1

(� + 1)2(� + 1)
2� + 1

�2
dC∗

dz∗

∣∣∣∣ stratified
z∗ = 1

, (34)

where� (dimensionless Monod half rate constant) does not
dependent on biofilm structure and has the same value for ho-
mogeneous and stratified biofilms; the term 2(�+1)/2�+1
is always greater than 1 and the dimensionless derivative
of concentration with respect to distance is higher in ho-
mogeneous biofilms than it is in stratified biofilms. Thiele

Table 1
Effectives factors for different hypothetical homogeneous biofilms (� =
0.044,� = 0.5, and� = 4)
Homogeneous Density of the �h �s

�h
�s
activity

biofilms hypothetical ratio of the
constructed homogeneous homogeneous
according to biofilms and stratified
rule # computed from biofilms

1 Averaged from 0.2050 0.147 1.339
the diffusivity
profile (Eq. (16))
=32.45g/L

2 Equal to the 0.4356 0.147 2.07
diffusivity
measured near
the bottom of the
stratified biofilm
=77.8g/L

3 Equal to the 0.089 0.147 0.6068
diffusivity
measured near
the surface of the
stratified biofilm
=9.9g/L

Note that diffusion free consumption rate is calculated for average biofilm
density calculated from stratified biofilm(Xfav = 32.45g/L).

modules=
√

�maxL
2
f Xfav/YX/SCsDfav computed for the ho-

mogeneous biofilms can be different from that computed
for the stratified biofilms because in homogeneous biofilms
Thiele modules depends on the average biofilm density and
average effective diffusivity, and the latter can be computed
using different rules, as described above.
For each of the three rules of constructing homogeneous

biofilms, we calculated the effectiveness factors and activ-
ity ratios of a stratified biofilm and of a homogeneous hy-
pothetical biofilm having� = 0.044,� = 0.5, and� = 4.
The results,Table 1, show that depending on how the aver-
age properties of the homogeneous biofilms were computed,
their activities can be higher or lower than the activity of the
stratified biofilms. It is interesting to note that for rule #1,
where the effective diffusivity of the homogeneous biofilm
was equal to the average effective diffusivities of the strati-
fied biofilms, the activity of the stratified biofilm was lower
than the activity of the homogeneous biofilm. That may seem
counterintuitive, but it also demonstrates that selecting prop-
erties of a homogeneous biofilm that represent behaviour of
stratified biofilm is not trivial, and involves more than just
computing the average effective diffusivity from an exper-
imentally measured diffusivity profile. The comparison of
the data inTable 1shows that a homogeneous biofilm of a
slightly lower density than that computed for rule # 1 would
have the same activity as the activity of stratified biofilm.
However, since the activity of most biofilms is defined by
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Fig. 5. The variation of effectiveness factors by Thiele modulus for�=4,
� = 25, and� = 0.125. The two biofilms, homogeneous and stratified,
have almost identical effectiveness factors, showing that heterogeneity did
not affect biofilm activity.

the activity of the layer near the surface, then, perhaps, the
effective diffusivity near the surface should be used to gen-
erate a representative homogeneous biofilm, which would
indicate that stratified biofilm (Table 1) is 1/0.6=1.7 times
more active than the homogeneous biofilms. For the rest of
the paper we used rule #1 (density of hypothetical homoge-
neous biofilms were computed from averaged effective dif-
fusivity profile) to construct homogeneous biofilms.
Fig. 5shows the relation between the effectiveness factor

and the Thielemodulus for�=4,�=25, and�=0.125. Since
the Thiele modulus,�, is defined as the ratio between the
diffusion and reaction rates (Octave Levenspiel, 1972), the
effectiveness factor increases with decreasing Thiele modu-
lus (the reaction rate increases and diffusion rate decreases).
The two biofilms show similar effectiveness factors, indicat-
ing that they had similar activities. For high� values(>25),
homogeneous and stratified biofilms showed the same mi-
crobial activity (results not shown), indicating that stratified
biofilms with a low effective diffusivity gradient(�) have
the same microbial activity as homogeneous biofilms. Note
that the� value increases because of decreased effective
diffusivity gradient(�).
Similar to the results inFig. 5, we calculated the effec-

tiveness factors for� = 4, � = 25, and� = 0.125. The re-
sults are presented inFig. 6 (a lower value of� was se-
lected compared toFig. 5). When� decreased from 25 to
0.5, both biofilms (homogeneous and stratified) showed sig-
nificantly different effectiveness factors, indicating different
activities of the biofilms. For low� values(<25), homoge-
neous and stratified biofilms showed different activities (re-
sults not shown), indicating the importance of the effective
diffusivity gradient(�) in the biofilms.
To see the effect of the Monod half rate constant, we re-

producedFig. 6 using a higher� value (=0.5). Compar-

1

1

 Homogeneous biofilm
 Stratified biofilm

5

0.2

Φ

η

κ = 4
Ψ = 0.5
β = 0.125

Fig. 6. The relation between the effectiveness factor and the Thiele
modulus for�=4, �=0.5, and�=0.125. The biofilms showed different
effectiveness factors, indicating that heterogeneity (with respect to�)
affects the biofilm microbial activity.
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Fig. 7. The relation between the effectiveness factor and the Thiele
modulus for� = 4, � = 0.5, and� = 0.5.

ing Figs. 6and7, we see that the increased� value lowers
the effectiveness factors for both homogeneous and strati-
fied biofilms. However, the two biofilms still have different
activities.

4.3. Implementation of the stratified biofilm model

The main goal of this work was to develop a realistic
model of microbial activity in stratified biofilms that would
accept experimentally produced parameters. The models of
biofilm structure based on cellular automata generate images
resembling the biofilm structures we see in many biofilms,
microcolonies separated by interstitial voids, but these
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models are difficult to verify experimentally since they are
not built on the experimentally measured parameters. The
rules of cell growth in these models, such as competition,
growth, and cell movement, have not been quantified us-
ing reproducible measurements. In contrast, the stratified
biofilm model accepts experimentally measured parameters
and it is possible to verify the model predictions experi-
mentally. The model is somewhere between the homoge-
neous biofilm models and the heterogeneous biofilm model
composed of colonies separated by interstitial voids. It ac-
knowledges biofilm heterogeneity by using several layers
of different nutrient concentration, effective diffusivity, and
density. Assuming that the fundamental building blocks of
biofilms are layers, and not microcolonies, is the price to
be paid for the possibility of verifying the model predic-
tions experimentally. In situations where this simplification
is acceptable, the model of stratified biofilms can serve as
a tool for more realistic predictions of microbial activity
in heterogeneous biofilms than the homogeneous biofilm
models can.
Like our model, the biofilm model Aquasim (Wanner and

Reichert, 1996b) can accept variable effective diffusivity in
a biofilm. However, we solved the continuity equations in
dimensionless forms and defined new dimensionless groups
for generalized solutions. Although Wanner and Reichert
showed a case where dissolved oxygen concentration pro-
files could be different when variable effective diffusivity
was used, they did not consider variable biofilm density as
a function of biofilm density. We calculated average effec-
tive diffusivity and density from stratified biofilms and used
them to calculate the activity of homogeneous biofilms. In
addition we showed cases where both stratified and homo-
geneous biofilms can show the same (Fig. 5) or completely
different (Figs. 4, 6 and 7) activities using generalized di-
mensionless parameters.
We used stratified and homogeneous biofilm models to

calculate the microbial activities. Our results showed that
microbial activities in biofilms can vary depending on the
effective diffusivity gradient (as lumped into�), value of
the Monod constant (as lumped into�), specific growth rate
(as lumped into�), and biofilm thickness (as lumped into
� and�). The proposed stratified biofilm model is easier
to understand than the models based on cellular automata,
which reflects our conviction that simple models of hetero-
geneous biofilms can generate solutions that can be verified
experimentally using existing techniques. Linking biofilm
modeling to direct experimental verification will improve
our understanding of biofilm processes.

5. Conclusions

1. We have developed a model predicting microbial activity
in heterogeneous biofilms using stratified biofilms.

2. According to the model, heterogeneous biofilms are di-
vided into layers and the average effective diffusivity

and biofilm density of each layer are used for computa-
tions. The average effective diffusivity in heterogeneous
biofilms changes linearly, and decreases toward the bot-
tom.

3. The model of stratified biofilms has been written in di-
mensionless form to provide general solutions and was
solved numerically using a MATLAB� program.

4. The activity of homogeneous biofilms can be lower,
higher, or equal to the activity of stratified biofilms;
since homogeneous biofilms do not exist, their proper-
ties have to be assumed. Stratified biofilms with high
effective diffusivity gradients had lower activities than
homogeneous biofilms having average effective diffu-
sivity (computed as the average effective diffusivities of
the individual layers in stratified biofilms).

5. The model predicts that the growth-limiting nutrient pen-
etrates deeper into stratified biofilms than it does into
homogeneous biofilms.

Notation

a effective diffusivity at the bottom of the
biofilm, m2/s

A surface area of the biofilm, m2/s
C growth-limiting nutrient concentration,

kg/m3

C∗ dimensionless concentration(=C/Cs)

CA cellular automata
Cs nutrient concentration at the surface of the

biofilm, kg/m3

Dfav average effective diffusivity(=a+�Lf /2)
D∗

f dimensionless effective diffusivity
(=Df z/Dfav = 2(� + z∗)/2� + 1)

Df effective diffusivity of growth-limiting nu-
trient, m2/s

Df_at_surface effective diffusivity of growth-limiting nu-
trient at the biofilm surface, m2/s

Dfa average effective diffusivity of growth-
limiting nutrient, m2/s

Dfl local effective diffusivity of growth-
limiting nutrient, m2/s

Df z surface-averaged effective diffusivity of
growth-limiting nutrient, m2/s

D∗
f z relative surface-averaged effective diffu-

sivity, dimensionless
Dw effective diffusivity of growth-limiting nu-

trient in the liquid medium, m2/s
k number of microelectrode measurements
Ks Monod half rate constant, kg/m3

Lf average biofilm thickness
Lx the width of the layer in theX direction
Ly the width of the layer in theY direction
n integer
p number of layers in the direction perpen-

dicular to the biofilm surface
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SUR diffusion-limited nutrient consumption
rate, kg/s

SUR0 diffusion-free nutrient consumption rate,
kg/s

SURhomogeneous nutrient consumption rate for a homoge-
neous biofilm, kg/s

SURstratified nutrient consumption rate for a stratified
biofilm, kg/s

Xfav averaged biofilm density, kg/m3

X∗
f dimensionless biofilm density

(=Xfl/Xfav)

Xfl averaged biofilm density in the differential
element, kg/m3

Yx/s yield coefficient (kg microorganisms/kg
nutrient)

z∗ dimensionless distance(=z/Lf )

Greek letters

� dimensionless Monod half rate constant
(=Ks/Cs)

� effective diffusivity gradient
� effectiveness factor
�h effectiveness factor for a homogeneous

biofilm
�s effectiveness factor for a stratified biofilm
�max maximum specific growth rate, s−1
� inverse of the relative effective diffusivity

at the bottom of the biofilm(=Dw/a)

� Thiele modulus(
=
√

�maxL
2
f Xfav/YX/SCsDfav

)
� ratio between the effective diffusivity at

the bottom of the biofilm and the diffu-
sivity differences between the surface and
the bottom of the biofilm(=a/Lf �)
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