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1.19 The six molecular configurations and H-bond asymmetry. ............. 29

1.20 The relaxation time of ice as determined by Suga [122]. ................ 32

1.21 Plots of Cv/T versus temperature for ice Ih.................................. 34

1.22 The heat capacity of H2O ice doped with 0.01 M KOH. ................ 37

1.23 The crystal structure of ice XI..................................................... 38

1.24 The TSD current of ice XI. ......................................................... 39



viii

LIST OF FIGURES – CONTINUED

Figure Page

1.25 The c lattice constant of ice in the Ih→XI transition. ................... 40

2.1 A shifted Leonard-Jones potential. .............................................. 43

2.2 The volumetric thermal expansion of ice and water....................... 45

2.3 The ∆L/L and alpha of CoSb2O6. .............................................. 46

2.4 Longitudinal and transverse waves in a crystal lattice. .................. 48

2.5 The optical and acoustical modes for transverse vibrations............ 49

2.6 The phonon DoS of ice. .............................................................. 50

2.7 The intermolecular vibrations in ice. ............................................ 51

2.8 Inelastic neutron scattering spectrum of ice.................................. 52

2.9 Negative thermal expansion between atoms.................................. 54

2.10 The phonon DoS isothermal Grun̈eisen parameter. ....................... 56

2.11 The four point defects in ice........................................................ 59

3.1 A diagram of the zone refining process. ........................................ 64

3.2 A diagram of the crystal growth apparatus. ................................. 65

3.3 The deaeration of water. ............................................................. 67

3.4 A schematic of uniaxial birefringence. .......................................... 69

3.5 A Formvar-etch replica. .............................................................. 70

3.6 A mounted ’D’-shaped sample. .................................................... 72

3.7 The goniometer and sample assembly........................................... 73

3.8 A polished ice sample. ................................................................ 75

4.1 A cross-sectional diagram of the cryostat. .................................... 76

4.2 A diagram of the dilatometer cell. ............................................... 78

4.3 An assembled dilatometer cell. .................................................... 79

4.4 The capacitance data before and after corrections......................... 80



ix

LIST OF FIGURES – CONTINUED

Figure Page

4.5 A diagram of the dielectric cell. ................................................... 81

4.6 An assembled dielectric cell. ........................................................ 82

4.7 The resistance and sensitivity of temperature sensors.................... 85

5.1 The linear thermal expansion of ice. ............................................ 89

5.2 The ∆L/L of this work alongside published data.......................... 91

5.3 The ‘raw’ linear thermal expansion coefficient of ice...................... 92

5.4 The sublimation of ice. ............................................................... 94

5.5 The fits of the linear thermal expansion coefficient of ice............... 95

5.6 The α of this work alongside published data................................. 96

5.7 Plots of the TSD currents in ice. ................................................. 99

5.8 A log-plot of the static conductivity in ice.................................. 101

5.9 A plot of the dielectric relaxation time in ice.............................. 103

6.1 The εs of ice and its contribution to conductivity........................ 107

6.2 The thermal expansion coefficient α of H2O and D2O. ................ 113

6.3 The effect of isotopic substitution on α and β. ........................... 114

6.4 The heat capacity at constant pressure of H2O and D2O............. 115

6.5 The linear thermal expansion coefficient along a and c. ............... 116

6.6 The c/a ratio of ice................................................................... 117

6.7 The volumetric thermal expansion of ice. ................................... 119

6.8 The correlation between thermal expansion and TSD in ice......... 120

A.1 The tetrahedral oxygen arrangement along (101̄0). ..................... 145

B.1 The tetrahedral oxygen arrangement along (010). ....................... 147



x

ABSTRACT

Ice Ih, formed by freezing liquid water below 273 K at atmospheric pressure,
is well-known and highly-studied, but some of its fundamental physical properties
have mystified scientists since the early twentieth century. The thermal expansion
is one of those properties; the low relative-resolution of past measurements has left
questions regarding the structural isotropy and negative thermal expansion (NTE).
Furthermore, the existence of relaxation phenomena near 100 K, related to the
residual entropy at 0 K, may reveal itself through subtle features in the thermal
expansion and, thus, warrants further investigation. Here we measure the thermal
expansion of ultra-pure single crystal ice from 5–265 K with 106 times higher relative
resolution than has previously been made. The data reveal a distinct crossover to
NTE below 62 K, and a third-order transition along the crystallographic c-axis near
100 K, as evident by an unambiguous relaxational decrease in the thermal expansion
coefficient on cooling. To further understand the nature of the transition, isotopic
substitution and dielectric measurements were performed.

Three properties of the dielectric relaxation in ice were probed at temperatures
between 80–250 K; the thermally stimulated depolarization (TSD) current, static
electrical conductivity, and dielectric relaxation time. The dielectric data agree with
relaxation-based models and provide for the determination of activation energies
which identify the dielectric relaxation in ice as being dominated by Bjerrum defects
below 140 K. An anisotropy was also found in the data which revealed that molecular
reorientations, in the form of propagating Bjerrum point defects, are energetically
favored along the c-axis between 80–140 K. Furthermore, a similar relaxational effect
to that observed in the thermal expansion was observed in the TSD current along
c, which provides a strong correlation between dielectric relaxation and inherent
thermodynamic relaxation in ice. Finally, isotopic substitution in both measurement
sets indicates the transition is related the movements of hydrogen nuclei, not those of
the whole molecule, and provides details about the low temperature phonon modes.
These findings paint a picture of ice as a proton-disordered crystal which undergoes
a partial ordering on cooling near 100 K but, before an ordered equilibrium state
is realized, the exponentially increasing relaxation time rapidly slows the ordering
and ultimately freezes-in the residual entropy, causing a continuous decrease in the
thermal expansion coefficient.
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CHAPTER ONE

INTRODUCTION

1.1 Motivation

The motivation for this work came from what was assumed to be a trivial

search for data on the thermal expansion of ice by Dr. John J. Neumeier in the

fall 2011. While developing a lecture plan to explain his technique for measuring the

thermal expansion of solids [3] to the students of his physics course at Montana State

University, he sought thermal expansion data of a well-known material to show as

an example of typical expansion. He chose ice. However, to his surprise he found

Figure 1.1: The thermal expansion of H2O ice Ih determined by Röttger et al. [1, 2].
The circles are raw values and the lines are fits as measured along the a-axis (blue)
and c-axis (red). The inset shows the region of negative thermal expansion (§2.1.3)
and the relative scatter in the data below 70 K.
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Figure 1.2: Preliminary measurements of the thermal expansion coefficient of
polycrystalline H2O ice Ih versus temperature made by Dr. John J. Neumeier in
2011. The sample was grown from deionized water, and was frozen in an ice tray and
commercial freezer. The inset shows the region of a previously unreported anomaly
near 110 K.

that its thermal expansion had not been investigated with very high resolution;

a recent Handbook of Chemistry and Physics [4] gives density values down to -

180 ◦C (93 K), but states that “[t]he thermal expansion coefficient appears to become

negative around -200 ◦C [73 K], but there is considerable scatter in the data”, as

shown in the inset of Fig. 1.1. Therefore, a proposal was written to obtain financial

support to measure the thermal expansion of single-crystalline ice Ih with a relative

resolution that is about 106 times higher than that of previous measurements [1, 2];

with preliminary measurements revealing an unreported anomaly in the derivative

of the data near 100 K, as shown in Fig. 1.2. The author was lucky enough to join

the Montana State University Condensed Matter Physics group as a member of Dr.

Neumeier’s research team at around the same time that the proposal was funded [5]
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by the US National Science Foundation Division of Materials Research in the spring

of 2012. This project led to the body of work presented in this dissertation.

1.2 The Importance of Ice

Water is arguably the most important substance in nature; it is vital for all

terrestrial life and covers about 70% of the globe. The solid phase of water, ice, is

equally as important; with up to 5% of the surface area of the oceans covered in ice

at certain times in the year, it plays a large role in maintaining a comfortable climate

for mankind [6]. It is also proposed that ice constitutes a large portion of the matter

found in interstellar molecular clouds [7]. Presently, there are eighteen or so distinct

crystalline phases of ice [8], denoted with the numerals I-XVII1 which form under

different temperatures and pressures [6, 9–11]. Ice Ih, which occurs when water is

frozen at atmospheric pressure, is the most abundant phase on Earth and is one of

the most recognizable and highly-studied solids in the world [6]. However, despite its

simplicity, it is a highly-complex solid and some of its fundamental properties have

mystified scientists since the early 20th century [12–15].

1.3 The Thermal Expansion of Ice

The first measurements of the thermal expansion of ice were made in the mid-

19th century [16], with new and improved measurements being made on polycrystalline

samples every decade or so between then and the mid-20th, as reviewed by Dorsey [17].

In the later-half of the 20th century, measurements on single crystals began to

reveal anisotropy [18–21]. However, by the end of that century, measurements had

determined the thermal expansion to be “virtually isotropic” [1, 2]. Furthermore,

1There are two phases of ice denoted by I; Ih and Ic, which have hexagonal and cubic crystal
symmetries, respectively.
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“considerable scatter” [4] in the most precise and wide-ranging data [1, 2] (see the

inset of Fig. 1.1) has led to uncertainty in the temperature of negative thermal

expansion, below which ice contracts on warming. The ambiguous behavior of ice is

compounded by unequivocal observations of anisotropy in the dielectric properties of

ice [22], and relaxational anomalies near 100 K have been observed in dielectric [23]

and heat capacity [24, 25] measurements that are likely related to partial proton

ordering. Considering the effects of other ordering processes on the thermal expansion

of solids, it should seem intuitive that partial proton ordering would constitute

measurable structural perturbations in ice. Now, with the onset of the 21st century

came advances [3] in dilatometry; high-resolution measurements (1 part in 108) of

the thermal expansion of solids are revealing second-order phase transitions related

to antiferromagnetism [26], low-energy vibrations [27], and superconductivity [28].

This advancement, paired with the ambiguities mentioned above, warranted a

reinvestigation of the thermal expansion of ice.

1.4 The Structure of the Dissertation

This dissertation outlines the structure of ice and the theory related to its

thermal expansion and dielectric relaxation, describes the methods used by the author

in rectifying the issue outlined in §1.1, and presents the results of those measurements

and discusses their significance. Though there are presently eighteen or so phases of

ice [8], this dissertation will only discuss ice Ih and its proton-ordered phase, ice XI.

For a more detailed explanation of the other phases see Ch. 11 of Physics of Ice by

Petrenko and Whitworth [6]. After an overview of the H2O molecule, crystallography,

lattice types, single crystals, amorphous solids, and polycrystals, Ch. 1 will focus on

the structure of ice Ih and ice XI. The configuration of the hydrogen protons within

the crystal structure of ice brings about many of its special and, at times, peculiar
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properties [14]. Therefore, a section dedicated solely to the proton configuration and

consequences of which will be included towards the end of this chapter.

The rest of the chapters are outlined as follows. Ch. 2 outlines the relevant

theoretical background necessary for a complete understanding of this dissertation.

The techniques for the growth, orientation and polishing of the ice singly crystals used

in this work are described in Ch. 3, with the experimental setups for measurements

of their thermal expansion and dielectric relaxation explained in Ch. 4. The results

of the measurements are provided in Ch. 5, and a discussion on their interpretation

is found in Ch. 6. Finally, Ch. 7 will conclude the dissertation. Appendices at the

end are provided for some mathematical proofs and derivations.

1.5 Crystallography

The rest of this chapter will focus on the structure of ice and provide a brief

history and explanation of crystallography - the study of crystals. The reader is

assumed to have an understanding of atomic theory and the basic principles of physics

and chemistry which support it. For detailed accounts of general chemistry and

physics and a thorough explanation of the atomic theory, the reader is encouraged

to read General Chemistry by Pauling [29]. For an extended explanation of

crystallography and related topics see references [30–32].

1.5.1 History and Definitions

Crystallography is one of the oldest scientific fields of study. Crystals were

instinctively studied because they had naturally occurring smooth, flat faces. In the

late 18th century crystallographers had only the means to study the bulk geometric

properties of crystals. Carangeot [33] developed the first contact goniometer which
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measured the angles between adjacent faces of a crystal. The goniometer led to the

discovery of three fundamental laws of qualitative crystallography [30]:

1. Naturally formed crystals have plane faces. Crystallographic axes can be formed

by creating lines which are perpendicular to any three of these faces which lie

in separate planes.

2. With the exception of crystals with cubic symmetry (defined in §1.5.2), the

crystal angles formed between adjacent faces are the same for crystals of

the same chemical composition. This observation holds true even if the

stoichiometrically identical crystals are formed under different circumstances.

However, there do exist different thermodynamic phases of crystals with the

same chemical makeup (as is the case of H2O ice which has the potential to form

eighteen distinct crystalline phases, see §1.2), which are classified as polymorphic

crystals.

3. The law of rational positions, which states that the lengths between two parallel

faces of a crystal are always measured to be integer multiples of determined

unit-lengths; known as lattice constants, they are fundamental criteria of the

crystalline material and, when paired with the corresponding axes and angles

between adjacent faces, form the lattice parameters of the crystal.

The above laws led to the idea of crystal axes with directions denoted as â, b̂, and ĉ.

The lengths measured along these axes are written in terms of the lattice constants

which are denoted as a, b, and c, respectively. And the crystal angles, denoted as α,

β, and γ, are the angles between the b̂- and ĉ-, â- and ĉ-, and â- and b̂-directions,

respectively. From these are assigned lattice vectors, ~a = aâ, ~b = bb̂, and ~c = cĉ; the

concept of which leads naturally to the definition of the primitive unit cell, shown in

Fig. 1.3. The unit cell is a three-dimensional cell which will always have the same



7

Figure 1.3: (left) An arbitrary unit cell and (right) its corresponding axes directions.

number of atoms for a given crystal structure [31] (the different crystal structure

types will be listed in §1.5.2). Unit cells are chosen in such a way as to maximize the

symmetry of the crystal, however, this does not always result in a minimum-volume

cell [34]. The volume of the arbitrary unit cell shown in Fig. 1.3 is

V0 = | ~a ·~b× ~c |

= abc[1− cos2(α)− cos2(β)− cos2(γ) + 2cos(α)cos(β)cos(γ)]
1
2 ,

(1.1)

by elementary vector analysis.

The three laws outlined above were met by a century-long debate about the

internal structure of crystals. There were many hypotheses as to the underlying

structure of crystals but the most widely accepted was that of a regular, periodically

repeating internal structure. The idea of crystals existing as a periodic array of

unit cells was discussed in the early 19th century by the founders of the Theory

of Elasticity, namely Navier, Cauchy, and Poisson [30]. The Theory of Elasticity

describes the deformation of solids under external forces utilizing modified forms

of Hooke’s Law [35] applied to periodic structures. Cauchy, one of the most-well

known contributors to the theory, was the first to publish the correct set of equations

of elasticity [36]. The idea of a periodic internal structure of solids remained a
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Figure 1.4: The (3-D) crystal structure of ice Ih (c) is comprised of bases of H2O
ice molecules (b) located on lattice points within the (2-D) hexagonal space lattice
(a). The values for the H—O—H angle and O—H distance have come from [6] with
uncertainties of ±1.5◦ and ±0.005 Å, respectively. The crystal lattice and structure
in (a) and (c), respectively, are viewed along the c-axis or (001)-direction. The black
box in (c) is the unit cell determined by Bernal and Fowler [44].

solely theoretical construct for nearly 70 years until 1912 when Laue discovered X-

ray diffraction [37–40] and added experimental evidence which supported the claim.

The X-rays, when incident on a crystalline sample, diffracted at calculable angles

dependent on the energy of the X-ray and the lattice constants of the sample. Finally,

by 1913, it was Bragg’s interpretation [41,42] of X-ray scattering, and the subsequent

law which carries his name, which corroborated Laue’s periodic-structure hypothesis,

confirmed the existence of atomic-scale particles within solids, and paved the way for

the quantitative analysis of crystals and modern crystallography. For a thorough and

concise monograph on the interactions of X-rays and crystals the reader is referred

to the book Elements of X-Ray Diffraction by Cullity [43].

In modern crystallography the term lattice is designated to define a set of

periodically repeating mathematical sites, lattice points, in three dimensions. A (2-D)

hexagonal lattice is shown in Fig. 1.4(a). Centered on each lattice point is a group
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Figure 1.5: The four crystallographic lattice variants.

of atoms or molecules, referred to as a basis. The basis for ice Ih is the H2O ice

molecule shown in Fig. 1.4(b) and, because the integrity of the water molecule is

retained2, ice is considered a molecular solid. This collection of bases centered on

points within the lattice forms the modern concept of a crystal structure, shown for

ice Ih, as determined by Bernal & Fowler [44], in Fig. 1.4(c).

1.5.2 Lattice Types and Miller Indices

Symmetry is the key to defining a unit cell and corresponding lattice types.

Translations and symmetry operations can be carried out on a given unit cell to map

it onto itself. Rotations are common operations and, thanks to the symmetry of an

infinite periodic lattice, there are only 14 lattice types [31], known as Bravais lattices,

which fall into seven different lattice systems. Each system can contain up to four

different lattice variants ; simple, base-, body-, and face-centered as shown in Fig. 1.5.

The 14 lattice types are listed in Table 1.1.

The lattice parameters can also be used to determine the orientation of a crystal

plane, but it is often more common to use Miller indices. A crystal plane is defined

as one which contains any three arbitrarily-chosen lattice points. Because of the

periodicity of an ideal infinite crystal lattice, an infinite number of lattice points

2The geometry of the H2O ice molecule is actually slightly different from the free H2O molecule,
see §1.6 for more on this topic.
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Table 1.1: The 14 three-dimensional lattice types.

Lattice system Possible lattice variants Definitive lattice parameters
Triclinic simple a 6= b 6= c

α 6= β 6= γ
Monoclinic simple & base-centered a 6= b 6= c

α = β = 90◦ 6= γ
Orthorhombic simple, base-, body-, & face-centered a 6= b 6= c

α = β = γ = 90◦

Tetragonal simple & body-centered a = b 6= c
α = β = γ = 90◦

Cubic simple, body-, & face-centered a = b = c
α = β = γ = 90◦

Trigonal simple a = b = c
α = β = γ < 120◦, 6= 90◦

Hexagonal simple a = b 6= c
α = β = 90◦, γ = 120◦

must be contained within a single crystal plane. This redundancy is simplified using

Miller indices, defined as follows. Consider two lattice points separated by ~a. Because

each of these points themselves lie on crystal planes which are perpendicular to the

connecting vector ~a it can be divided into a number, h, of equal sections by the

intervening planes. The number of sections h is then the first of three Miller indices.

A similar argument can then be made by considering the division of ~b and ~c to yield

corresponding Miller indices of k and l, respectively [45]. The index of a plane is then

written in closed parentheses as (hkl). Therefore, these planar indices represent both

single planes and multiple, parallel planes. The Miller index notation of a crystal

plane is easily derived by following two simple rules [31]:

1. Find the intercepts of the plane along each axis â, b̂, ĉ in terms of the

corresponding lattice constant a, b, c.

2. Take the reciprocal of these numbers and reduce to integers of lowest common

ratio. An index of zero corresponds to an intercept of infinity.
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Figure 1.6: This plane intersects the ~a, ~b, and ~c axes at 3~a, 2~b, and 2~c, respectively.
The reciprocals of these magnitudes are 1

3
, 1

2
, and 1

2
. The lowest common numerator

to give integer ratio-values is 6, giving 6
3

= 2, 6
2

= 3, and 6
3

= 2. Therefore, the Miller
indices of the plane are (233).

Therefore, the planes perpendicular to â, b̂, and ĉ are indexed by (100), (010), and

(001), respectively. For an example of an obliquely oriented Miller-indexed plane see

Fig. 1.6.

1.5.3 Single Crystals

The most basic type of crystal is called a single crystal. Single crystals are

classified as homogeneous materials [29] in which the lattice of periodically repeating

unit cells is continuous throughout the entire sample, corresponding to long-range

ordering within the crystal. Single crystals often have unique (sometimes anisotropic)

optical, mechanical, and electrical properties which result from the interaction of the

lattice with external forces, temperature, light (photons), sound (phonons), electrons,

and ions. As an example of this interaction, single crystal ice Ih is a uniaxially

birefringent material [6, 46–48], meaning that when viewed between two crossed

polarizing filters the sample will appear bright or dark depending on the orientation

of the c- (or optic-) axis (see §3.2). Single crystals are very important to the study

of solids because they allow for measurements along individual crystal axes. Recent
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Figure 1.7: Amorphous ice (a.k.a., amorphous solid water, or ASW) formed from
condensed ambient water vapor on a Cu substrate (LN2 transfer-line) held at 77 K.

thermal expansion measurements on single crystal Nb, which has a cubic structure

at 295 K, revealed anisotropies below 250 K when measured along the three crystal

axes [49]; a behavior which is inconsistent with cubic structures. Single crystals are

also of great importance in the semiconductor industry, namely single crystal silicon;

on which microprocessors are fabricated. For more information about single crystals

and their properties see Physical Properties of Crystals by Nye [50].

1.5.4 Amorphous Solids

With the structure of a single crystal outlined above one now considers an

antithetic structure - an amorphous solid. Amorphous solids “do not possess the

long-range order (periodicity) characteristic of a [single] crystal” [51]. The atomic

or molecular arrangement within an amorphous solid is (as far as this dissertation is

concerned) completely random; for a more detailed explanation of the precise degree

of randomness see Ch. 3 of Physics of amorphous materials by Elliot [51]. Some

common examples of amorphous solids are glasses, plastics, and gels. A glass is

a specific type of amorphous solid which undergoes a glass transition—a transition

from an amorphous solid to an ultraviscous liquid, similar to molten silicate glass—on
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Figure 1.8: Schematics of the three structures of solids; a crystalline structure (a), a
polycrystalline structure (b), and an amorphous structure (c). The green lines in (b)
are grain boundaries.

warming above the glass transition temperature, Tg. There is a well-studied [15] glass

transition in amorphous ice at Tg = 136 K. Amorphous ice is formed [15] when water

vapor freezes below 100 K at cooling rates on the order of 107 K/s, which is commonly

observed on Cu components of liquid-cryogen transfer lines, as shown in Fig. 1.7.

1.5.5 Polycrystals

In the spectrum between the two extremes of solid-states — single crystals and

amorphous solids — lie polycrystals. Polycrystals are solids which contain elements

(or grains) of short-range ordering (single crystals) which are randomly arranged

Figure 1.9: Two polycrystalline samples viewed between crossed polarizing filters to
expose the grain structure.
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Figure 1.10: The geometry of a free H2O molecule.

with respect to each other, forming long-range disordered bulk structures. The

boundaries of these randomly-oriented crystals are called grain boundaries and are

shown schematically in Fig. 1.8(b) and as observed in polycrystalline ice in Fig. 1.9.

For completeness, similar diagrams of crystalline and amorphous structures are shown

in Figs. 1.8(a) and 1.8(c), respectively.

1.6 The H2O Molecule

Pure water consists entirely of hydrogen (H) and oxygen (O) atoms in all of

its phases: solid (ice), liquid (water), and vapor (steam) [12]. Hydrogen and oxygen

gases, at the same pressure and temperature, can be combined in a 2:1 H:O volumetric

ratio to synthesize steam in the form of free H2O molecules, as shown in Fig. 1.10.

From Avagadro’s law one obtains the balanced chemical reaction equation,

2H2 + O2 → 2H2O. (1.2)

The National Institute of Health’s National Center for Biotechnology Information

gives the atomic weight of oxygen [52] to be 15.9994 g/mol and that of hydrogen [53]

to be 1.00794 g/mol. Therefore, the molecular weight [54] of H2O, m(H2O), must

be 18.01528 g/mol. Finally, the mass of the H2O molecule, mH2O, is obtained
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with the use of Avagadro’s number, NA = 6.0221 × 1023 molecules/mol, via

mH2O = m(H2O)/NA = 2.9915× 10−23 g.

There exists three isotopes of hydrogen: 1
1H (or simply H), 2

1H (commonly written

D for deuterium), and 3
1H (or T, for tritium). Tritium is radioactive and prone to

self heating [6], thus it is rarely used for ice physics and will not be discussed beyond

this section. Oxygen isotopes also exist: 14
8O, 15

8O, 16
8O (or simply O), 17

8O, 18
8O, and

19
8O. The 14

8O, 15
8O, and 19

8O isotopes are radioactive and short-lived [12]. Along these

lines, there also exists isotopic variants of H2O, some of which include 2
1H2

16
8O (or

simply D2O), 3
1H2

16
8O (or simply T2O) and 1

1H2
18
8O. Depending on the origin, normal

water contains roughly 0.015% of 2
1H and 0.2% of 18

8O [6]. For the purpose of this

dissertation water will be treated as purely comprised of H2O and, when explicitly

stated, D2O.

As outlined above, when deuterium combines with oxygen the stable isotope

D2O, commonly referred to as heavy water, is formed. D2O is not commonly found

in nature but, because the hydrogen isotope has an added neutron, D2O ice is

often studied with neutron diffraction [55–58]; the D nuclei have a much shorter

incoherent scattering cross sections than do those of H and, thus, are less problematic

to study [59]. From these measurements, and the postulate that the H and D occupy

roughly the same sites in the ice Ih structure (see Table 1.2), the locations of the

hydrogen atoms were inferred. Although a minimal attempt is made to describe

D2O in detail, some of its properties will be mentioned mainly to compare with those

properties of H2O. For example, deuterium has an atomic weight [60] of 2.0141 g/mol,

twice that of H, giving D2O a molecular weight [61] of 20.0276 g/mol. Therefore, the

molecular mass of D2O is mD2O = 3.3257× 10−23 g, about 10% more massive than

mH2O.
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It will be shown that the structure of the H2O molecule changes only slightly

as it exists in the three phases; ice, water, and steam. Those changes, however

small, are still nonzero and must be considered when discussing the structure of

the H2O molecule. Therefore, the remainder of this section will be divided into

two subsections: the free molecule and the ice molecule. Because this dissertation

focuses mainly on properties of ice, a more detailed discussion on the structure of the

liquid molecule and free molecule can be found in The Hydrogen Bond and the Water

Molecule by Maréchal [62, 63]. This section will mainly focus on the intramolecular

geometries of H2O in ice and those of the free molecule. For a detailed discussion on

the intermolecular geometries in ice, see §1.7.

1.6.1 The Free Molecule

The free water molecule is an individual H2O molecule which is absent from

interactions with other H2O molecules or substances, the geometry of which is

shown in Fig. 1.10. A free molecule is one onto which no external forces are

applied3 and, therefore, has no chemical bonds except the ones which unite its

constituent components. Because they are comprised of individual molecules bound

to one another through van der Waals forces, solids and liquids can not contain

free molecules. Gases, however, are comprised entirely of free molecules. In

most substances the intramolecular geometries differ only slightly between the three

prevalent phases; solid, liquid and gaseous. It is the distances between the molecules

which change the most and account for vastly different properties between the

phases [29].

3Neglecting collisions; both intermolecular and those with the walls of the containing vessel which,
for water vapor at 20 ◦C and 1 bar, occur approximately once every 0.1 ms [17].
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Figure 1.11: Contour plots of the electron density, in units of electrons per cubic
Bohr radius, of a free H2O molecule in its ground state lying (a) in a plane containing
the oxygen and hydrogen nuclei, and (b) in a plane perpendicular to that of (a).
The positions of the H are marked by red crosses and those of the O are marked
by a red circled crosses. This figure is copied from Physics of Ice by Petrenko and
Whitworth [6] and used with permission from Oxford University Press.

The geometry of the free H2O molecule shown in Fig. 1.10 is derived from

calculations performed by Császár et al. of high-quality ab initio semiglobal adiabatic

potential-energy surfaces of the electronic ground state of water [64]. They deduced

that the equilibrium O—H distance, rOH , is 0.95785(10) Å and the H—O—H angle,

θHOH , is 104.50(1)◦. The bend in the molecule provides the geometric-basis for a

molecular dipole moment of (6.186± 0.001)× 10−30 C m (or 1.8546 Debye) along the

bisector of the H—O—H angle, as determined by Clough et al. [65]. The hexagonal

arrangement of the molecules in the crystal structure of ice (see §1.7) is also attributed

this bend.

That the molecule is bent, rather than having a linear atomic arrangement,

results from the ground state wave functions of the electrons shared between the

oxygen and hydrogen atoms. Alone, oxygen and hydrogen atoms have eight and
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one electrons, respectively. Therefore, the H2O molecule has ten shared electrons;

two fill the 1s states near the oxygen nucleus, and the remaining eight occupy the

perturbed 2s and 2p states of the oxygen. The contour plot of the electron density in

the ground state of the molecule is shown in Fig. 1.11. The contours were calculated

from quantum mechanical first principles by M.I.J. Probert, Cavendish Laboratory,

Cambridge in 1997. These shared electrons constitute the covalent bonds which hold

the molecule together.

With the geometry of H2O comes three possible modes of intramolecular

vibration [62]: (1) symmetric O—H stretching, ν1, (2) asymmetric O—H stretching,

ν3, and (3) H—O—H bending, ν2, as shown in Fig. 1.12. The symmetric stretching

modes correspond to vibrations where both O—H bonds extend and contract in

unison, whereas the asymmetric modes correspond to one bond extending while the

other contracts and vice versa. Finally, the bending modes corresponds to vibrations

of the H—O—H angle about its equilibrium. To quantify them, it is common to refer

to the frequency of the vibration (in units of THz); the frequency of ν2 are centered at

48 THz and span 21 THz, and those of ν1 and ν3 are centered at 110 THz and 113 THz,

respectively, and have overlapping modes which span 15 THz (see Fig. 2.10(a)). For

the purposes of this dissertation the equivalent temperature,

T ′ = hν/kB, (1.3)

will also be used, where h is Planck’s constant, ν is the vibration frequency, and kB

is Boltzmann’s constant. The corresponding T ′ are then 1820–2830 K, 5262 K, and

5404 K for ν2, ν1, and ν3, respectively.
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Figure 1.12: The three normal modes, ν1, ν2, and ν3 of a free H2O molecule.

1.6.2 The Ice Ih Molecule

The ice molecule shares the same intramolecular covalent bonds that form the

free molecule, as mentioned in §1.6.1. The geometry of the ice molecule, however,

differs from that of the free molecule because of the intermolecular forces which

tetrahedrally bond nearest-neighbor molecules; the hydrogen bonds. Each molecule

has four sites at which an H-bond can be made; two donor sites and two acceptor

sites. The two covalently-bonded hydrogen of each molecule establish H-bonds with

two nearest-neighbor molecules while two other neighboring molecules form H-bonds

with the acceptor-sites (or lone-pair orbitals) of this same molecule. This arrangement

results in tetrahedral symmetry of four nearest-neighbor molecules around each

individual molecule and, consequently, distorts the rOH and θHOH values [6] to

0.985(5) Å and 106.6(15)◦, respectively, as shown in Fig. 1.4(b). Clearly, the H-bond

affects the molecular geometry by extending rOH by 2.3–3.4% and opening θHOH by

0.6–3.4%. These changes in geometry, however small, bring about noticeable changes

in the frequency spectrum.

In ice, with the molecules under the influence of H-bonds, the T ′ of these

intramolecular modes become slightly shifted [63] to 2374–3165 K for ν2 and 4676 K

for ν1 and ν3. Furthermore, two new sets of intermolecular modes are revealed at

lower frequencies; the translational modes, corresponding to relative intermolecular
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Figure 1.13: The unit cell of a hexagonal lattice. The c-, a1- and a2-axes are denoted
with arrows and correspond to the (001)-, (100)-, and (010)-directions, respectively,
with ~c normal to the plane of ~a1 and ~a2. The black circles at the corners represent
lattice points.

stretching (i.e., the stretching and bending between H-bonded molecules), and the

librational modes, corresponding to relative molecular rotations about the O—H-axis.

The translational modes, individually referred to as the TA, LA, LO, and TO modes,

occur at a T ′ of 86 K, 220 K, 315 K, and 427 K, respectively, and the librational modes

occur between 790–1450 K and 570–1020 K for H2O and D2O, respectively. The TA

mode involves H-bond bending, and the LA, LO, and TO modes correspond to H-

bond stretching [66, 67]. The low-frequency spectrum of these new modes is shown

in Fig. 2.6, and a full-frequency spectrum of all the modes is shown in Fig. 2.10(a).

These modes, and their contribution to the thermal expansion, are discussed in greater

detail in §2.1.2.

1.7 The Structure of Ice Ih

Ice Ih is the most abundant phase of ice on Earth and is obtained by freezing

water in the temperature range 150–273.16 K at atmospheric pressure [6]. Given its

definition (Section 1.5.1), it is interesting to note that the word ‘crystal’ comes from

the Greek word krustallos which means ice [68]. The designation of the number ’I’
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Figure 1.14: A figure from Bragg’s paper [70] showing the first generally correct
structure of ice. The unit “AU” stands for “Ångström unit” and is equivalent to 1
Å. This figure is copied from a manuscript by Bragg [70] and used with permission
from IOP Publishing.

was first assigned by Tammann [69] after he discovered the first of the high-pressure

phases of ice, ice II and ice III. The ’h’ is commonly used to denote its hexagonal

crystallographic structure [44,55,70–78], shown in Fig. 1.4, and to distinguish it from

the meta-stable variant, ice Ic, which has a cubic crystallographic structure [79].

The hexagonal lattice, in which the H2O molecules in ice are arranged, is shown

in Fig. 1.13. Single crystals of ice Ih grow naturally in nature, like the ice from

Mendenhall Glacier in Alaska [80], but most of the ice single crystals used for modern-

day experiments are grown in the laboratory. Ch. 3 will provide more details on

artificial ice crystal growth.

1.7.1 A Brief History of Ice

The first measurements on the structure of H2O ice by X-ray analysis were made

by Rinne in 1917 [81], St. John in 1918 [82], Gross in 1919 [83], and by Dennison
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Figure 1.15: The tetrahedral arrangement of the oxygen atoms (a) projected onto the
(001) plane and (b) projected onto the (010) plane.

in 1920 [84] and again in 1921 [85]. Dennison’s later measurements enabled him to

correctly determine the lattice constants of ice Ih as a = 4.52 Å and c = 7.32 Å. Using

the results of these measurements Bragg accurately proposed the general structure of

ice in 1921 as being hexagonal where “each oxygen atom is at the centre of gravity of

four neighboring oxygens, from each of which it is separated by a hydrogen atom” [70].

He included a diagram, shown in Fig. 1.14, which revealed the first generally correct

structure of ice. For a more detailed account of the history of the structure of ice see

Properties of Ordinary Water-Substance in all its Phases by Dorsey [17].

1.7.2 Positions of the Oxygens

By 1930 the positions of the oxygen atoms in ice had been unequivocally

determined [71, 86]. Each oxygen atom is surrounded by four others to form the

tetrahedral arrangement shown in Fig. 1.15. The early structural analysis of ice

was performed using X-rays, which are scattered by electrons in the crystal [43].

Because the oxygen atoms in H2O are covalently bonded with the hydrogen atoms,

the molecule is surrounded by an electron cloud [87] (see Fig. 1.11) which acts to
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shield the location of the hydrogens from X-rays [6]; this compunds with the fact

that X-rays scatter as Z2, where Z is the atomic number, to makes the detection

of H so difficult. Therefore, it was not until the late 1940s and the development of

neutron beam diffraction, with which neutron are scattered off atomic nuclei, that

the locations of the hydrogen atoms could be determined. The H positions will be

discussed in more detail in §1.7.4. Nevertheless, the space group of the oxygen atoms

is P63/mmc, which is described as follows:

• The ‘P ’ denotes a primitive cell, or unit cell with the smallest possible volume

and with one lattice point per cell.

• The ‘63’ denotes a 6 -fold right-handed hexagonal screw rotation about the

principle axis of symmetry, the c-axis, with a pitch of (3/6)c = c/2 or half

of the c-axis lattice constant. In other words, if the oxygen atoms in an ice

crystal are translated along the c-axis and, at the same time, rotated such that

they make one complete turn after traveling a distance of c, then they will

coincide first with their initial positions after traveling a distance of c/2, and

again after traveling a distance of c. This pattern is shown in Fig. 1.16(a).

• The first ‘m’ represents the existence planes perpendicular to the c-axis with

mirror symmetry. That is, oxygen atoms below these planes have a mirror

image oxygen above them, as shown in Fig. 1.16 (a).

• The second ‘m’ indicates the same as the first but these planes are parallel to

the c-axis, as shown in Fig. 1.16(b).

• finally the c indicates a glide plane, which means that the if the oxygen atoms on

one side of the plane are mirrored on the other side and translated by c/2 along
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Figure 1.16: The symmetry elements of ice Ih comprising the P63/mmc space group;
(a) the mirror plane perpendicular to the c-axis, (b) the mirror planes parallel to the
c-axis and the glide planes as viewed from a (001)-projection, and (c) the glide plane.

the c-axis (either up or down) the atoms will coincide, as shown in Figs. 1.16(b)

and 1.16(c).

1.7.3 The Primitive Cell of Ice Ih

The primitive cell of the averaged structure of ice was first correctly determined

by Barnes in 1929 [71]. At that time, x-ray diffraction was the only available means to

study the structure of solids which limited knowledge of the structure of ice solely to

the position of the oxygen atoms (see §1.7.2), giving no information about that of the

hydrogen atoms. Nonetheless, Barnes determined that the primitive cell contains four

oxygen atoms located within the primitive hexagonal lattice (Fig. 1.13) at sites [88]

(1
3
, 2
3
, zO); (1

3
, 2
3
, 1
2
− zO); (2

3
, 1
3
, 1
2

+ zO); (2
3
, 1
3
, 1− zO).

The positions above are denoted with the first, second, and third values in parentheses

being the distances from the origin along the (100)-, (010)-, and (001)-directions,

respectively, and normalized to the corresponding lattice constant. A diagram of this

crystal structure, with ‘half-hydrogen’ at each possible H-site (see §1.7.4), is shown



25

Figure 1.17: The crystal structure of ice Ih projected on (a) the (001)- and (b) the
(100)-planes as proposed as a spacial average by Kuhs and Lehmann [88]. The red
spheres represent the positions of the oxygen atoms and the gray spheres represent
the possible sites of the hydrogen atoms in the half-hydrogen model (see §1.7.4).

in Fig. 1.17; the unit cell indicated by the box in the lower-left corner of each frame.

The parameter zO accounts for the puckering of the hexagonal rings which lie along

the a-axis, as shown in Fig. 1.16(b). A value of zO = 1
16

= 0.0625 would indicate

perfect tetrahedral symmetry [89] around each oxygen atom, but as will be shown, for

ice it is slightly less; zO = 0.0622± 0.0001 at -15 K [6] (see Table 1.2). This deviation

reveals a slight flattening of the puckered rings lying in the basal plane – the plane

perpendicular to the c-axis – and an opening of the angle between the oxygen atoms

that lie in those rings.

The ratio of the primitive cell dimensions, c/a, reveals properties of the positions

of the oxygen atoms and their lack of ideal tetrahedral symmetry. Röttger et al. have

performed the most precise measurements on the lattice constants of ice between

10–265 K using synchrotron radiation [1, 2], and their c/a values are plotted in

Fig. 1.18. The average c/a ratios over the entire temperature range are 1.62806(9)
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Figure 1.18: The c/a ratio of H2O (filled circles) and D2O (open circles) calculated
from the data of Röttger et al. [1,2] and their average values (dashed lines) of 1.62806
and 1.62820, respectively. The uncertainty is on the order of the average scatter, and
the solid lines are guides for the eye.

and 1.62820(16) for H2O and D2O, respectively, slightly below the ideal tetrahedral

value of
√

8/3 ≈ 1.63299 (proven in Appendix A). Other researchers have deduced a

smaller c/a value than that of a perfect tetrahedral crystal; La Placa and Post [20]

give c/a = 1.6288 ± 0.0003, Brill and Tippe [21] give c/a = 1.6280 ± 0.0002, and

in a critical review of this subject in 1958, Lonsdale [18] cites a c/a-value of ∼1.6289.

This ratio is discussed further in §6.2.

Considering the tetrahedral oxygen arrangements in Fig. 1.15, the smaller non-

ideal c/a-value is brought about either by (1) the oxygen-oxygen distances of nearest

neighbors parallel to the c-axis, rOO
′ , being shorter than those obliquely-oriented

distances, rOO
′′ ; (2) the O

′
—O—O

′′
angles being less than the ideal tetrahedral angle

of 109.47◦ [6], consequently making the O
′′
—O—O

′′
angles greater than 109.47◦; or
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Table 1.2: The crystallographic parameters of ice Ih. The data come from Kuhs
and Lehmann [88] with revisions by W. F. Kuhs, and published in Physics of Ice by
Petrenko and Whitworth [6].

H2O D2O
15 K 223 K 15 K 233 K

zO 0.0622 0.0623(2) 0.0621 0.0621(2)
zH1 1.999(2) 0.1989(4) 0.1990 0.1983(2)
xH2 0.4552 0.4540(2) 0.4545 0.4539
zH2 0.0169 0.0167(3) 0.0169 0.0171
rOO′ (Å) 2.750 2.759(2) 2.752 2.763
rOO′′ (Å) 2.751 2.761 2.752 2.762
rOH1 (Å) 1.008 1.004(3) 1.002 1.002(2)
rOH2 (Å) 1.006 1.000(2) 1.000 1.000
O
′
—O—O

′′
(deg) 109.33 109.36(4) 109.32 109.36(2)

O
′′
—O—O

′′
(deg) 109.61 109.58(4) 109.63(2) 109.58(2)

(3) a combination of both (1) and (2) [90]. Whichever the case, it is clear that

D2O causes less of a deviation from the ideal symmetry than does H2O. It is easy to

prove these options using the basic geometric and trigonometric arguments given in

Appendix B.

Assuming option (1) to be the case, Lonsdale calculated rOO
′ = 2.757 Å and

rOO
′′ = 2.766 Å at 0 ◦C, a difference of 0.009 Å. However, Brill in 1962 [91] assumed

option (2) and, using data from La Placa and Post’s 1960 paper [20], calculated

that the O
′
—O—O

′′
and O

′′
—O—O

′′
angles deviated from the ideal tetrahedral

angle (109.47◦) by -0.14◦ and +0.14◦, respectively4. It wasn’t until 1986 that precise

determinations of the structural geometry of ice were made by Kuhs and Lehmann [88]

using neutron diffraction, the values of which are summarized in Table 1.2. The data

show that the values of rOO
′ and rOO

′′ differ from those of Brill by 0.25–0.54%. Being

that Kuhs and Lehmann’s values were taken at 15 K, this difference is not surprising

4Brill actually calculated a deviation of ∓0.16◦ [91], but W. F. Kuhs revised their original values
in 1996 [6].
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Table 1.3: The lattice constants of H2O and D2O ice Ih. The data come from Röttger
et al. [1, 2]. The average precision is ∼0.0002 Å in a and ∼0.0006 Å in c.

Temperature (K) H2O D2O
a (Å) c (Å) a (Å) c (Å)

10 4.4969 7.3211 4.4982 7.3253
25 4.4967 7.3205 4.4980 7.3229
40 4.4967 7.3205 4.4977 7.3226
55 4.4964 7.3200 4.4973 7.3216
70 4.4959 7.3198 4.4969 7.3226
85 4.4961 7.3198 4.4972 7.3220
100 4.4966 7.3204 4.4977 7.3228
115 4.4975 7.3219 4.4986 7.3250
130 4.4988 7.3240 4.5001 7.3267
145 4.5002 7.3268 4.5014 7.3303
160 4.5021 7.3296 4.5035 7.3334
175 4.5042 7.3332 4.5057 7.3369
190 4.5063 7.3372 4.5083 7.3412
205 4.5088 7.3411 4.5114 7.3460
220 4.5117 7.3447 4.5146 7.3508
235 4.5148 7.3503 4.5180 7.3558
250 4.5181 7.3560 4.5216 7.3627
265 4.5214 7.3616 4.5266 7.3688

when the thermal expansion of ice is accounted for. As mentioned earlier, Röttger et

al. [1,2] made reliable measurements of the lattice constants over a wide temperature

range, effectively measuring the thermal expansion (see §2.1). Their values are shown

in Table 1.3 and a plot of their change relative to the value at 10 K, ∆L/L10K , versus

temperature is shown in Fig. 1.1. Here, ∆L = L(T )−L10K , L(T ) is the sample length

at temperature T , and L10K is the sample length at 10 K. This quantity forms the

basis of the dissertation, and will be discussed further in §2.1.

1.7.4 Positions of the Hydrogens

Up until this point little has been said about the position of the hydrogen atoms

within the crystal lattice of ice. This is not because little is known about their loca-



29

Figure 1.19: (Left panel) The six possible configurations of the two covalently bonded
hydrogen around an oxygen in the structure of ice Ih. (Right panel) An H-bond
between two oxygens in ice. The open and filled circles represent oxygens and
hydrogens, respectively, and the solid and dashed lines represent covalent bonds and
H-bonds, respectively.

tions; many researchers have studied their positions extensively [44,55,56,72,74,92–95,

etc.]. The reason for neglecting to mention them earlier was that the locations of the

hydrogen atoms are completely disordered within the very well-ordered arrangement

of the oxygen atoms. Unlike the oxygens, which have exact time-averaged positions

and define the hexagonal structure of ice, the two hydrogens are capable of being in

one of six configurations around each oxygen, as shown in the left panel of Fig. 1.19.

Furthermore, as a result of the H-bond there exist two possible hydrogen

positions between each nearest-neighbor oxygen pair (see Fig. 1.17). The covalent

bond between the O and H atoms places each H 0.985 Å away from the O, as shown

in Fig. 1.4. However, the O—O distance is on the order of ∼2.76 Å (Table 1.2).

This means that the hydrogen atom lies closer to one hydrogen-bonded oxygen atom

(∼0.99 Å away) than the other (2.76 Å − 0.99 Å = 1.77 Å away), as shown in the

right panel of Fig. 1.19. To account for this symmetry-breaking, an early model [88]

placed two half-hydrogens at each of the possible positions between two H-bonded

oxygens, as shown in Fig. 1.17. This half-hydrogen model brings about substantial



30

disorder in the crystal lattice; therefore a set of guidelines was sought in an attempt

to limit and quantify the resulting entropy.

1.7.5 The Ice Rules

With the general structure determined, a set of rules were first proposed by

Bernal and Fowler [44] which constrained the possibilities of hydrogen bonds between

neighboring oxygen atoms. The number of rules was refined by Pauling [72] to just

two, which have become commonly referred to as the ice rules :

1. Around each oxygen there are two adjacent hydrogens.

2. Between each oxygen-pair there is only one hydrogen.

Within these limits, however, there is no way to preserve hexagonal symmetry within

the unit cell described in §1.7.3. The only way to maintain hexagonal symmetry

whilst obeying the ice rules is with the use of a 12-molecule cell but, because of the

ordered hydrogen arrangement, it is polar. As will be discussed in §2.2, ice is in

fact paraelectric and, thus, can not be composed of polar unit cells. The only cell

which meets the above stipulations is the 4-molecule cell containing half-hydrogens

(Section 1.7.4) instead of whole hydrogens, as determined by Kuhs and Lehmann [88]

and shown in Fig. 1.17. The half-hydrogen statistical model allows for the random

proton disorder found in ice and, thus, a zero net-polarization of the bulk. This

disordered arrangement has wide-ranging implications; the most obvious of which

being its effect on the zero-point entropy of ice, as discussed below.

1.8 Proton Disorder

The proton disorder and its effects in ice are very well-documented [72,78,94–121,

etc.]; yet, because of a similarly vast number of ambiguities which it displays [14],



31

the disorder is still worthy of future research. It is easy to calculate theoretically and

verify experimentally, as shown below, but ambiguity remains as to the completeness

of the disorder. Therefore, this section is divided into two parts; the first outlining

the initial measurements and subsequent theory of proton disorder in ice, and the

second focusing on further measurements and the observation of partial order.

1.8.1 Residual Entropy

That ice has a measurable excess entropy was first determined by Giauque and

Ashley [96]. Pauling developed a model [72] to account for this entropy, outlined as

follows. The third law of thermodynamics states [29] that the entropy of a perfect

system is equal to zero at 0 K. This means that if a system is disordered at high

temperatures, it must transition to a completely ordered state on cooling to 0 K.

Pure ice Ih, however, does not undergo such a transition because the relaxation time

(§5.2.3) becomes so long—on the order of the age of the universe [25] at 50 K, as

shown in Fig. 1.20—that any residual disorder at low temperatures becomes frozen-

in. However, the introduction of dopants, like KOH or HCl, decreases the relaxation

time and allows the ordered-state to be fully realized. This proton-ordered state is

called ice XI, and will be discussed in detail in §1.9. Pauling was able to calculate

the residual entropy associated with the frozen-in disorder in ice at 0 K using the

following argument.

The zero-point entropy, S0, is related to the total number, W , of hydrogen

configurations within a crystal by

S0 = kB lnW. (1.4)

There are a number of ways [6] to argue the value of W in ice, all of which give the

same value, but only one version will be presented, as follows. A crystal composed of



32

Figure 1.20: A log-plot of the dielectric relaxation time versus temperature, as
determined by Suga [122], alongside common relative time-scales (dashed lines).

N molecules will have 2N bonds; each H2O molecule forms 2 H-bonds with 2 other

molecules. If the first ice rule is ignored, each bond has two possible arrangements;

one with the H adjacent to the donor molecule, and the other adjacent to the acceptor

molecule. This means that there are 22N possible bond arrangements. Furthermore,

each oxygen has four potential bond sites each with two possible bond-states, with

or without a hydrogen, giving 16 possible configurations. If now the first rule is

enforced, it is clear that of the 16 configurations, only the 6 displayed in the left

panel of Fig. 1.19 comply, giving a total of
(

6
16

)N
configurations. Finally, the number

of possible configurations is found to be

W = 22N

(
6

16

)N
=

(
3

2

)N
, (1.5)
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to give the zero-point entropy in ice as

S0 = NkB ln

(
3

2

)
= R ln

(
3

2

)
= 3.371 J mol−1 K−1, (1.6)

where R = 8.3145 J mol−1 K−1 is the molar gas constant.

There are, however, some refinements yet to be made to the theoretical S0

concerning the lack of a purely dendritic bond-system through the existence of closed

bond-loops. In a hexagonal loop with five H-bonds which are correctly formed with

50% probability, the sixth bond will have a 0.069% higher probability of forming

correctly [123]; this leads to an increase in W and, thus, S0. When paired with other

less influential corrections [124], this result gives a more refined theoretical vale of

S0 = 3.4091(8) J mol−1 K−1. The experimental value of 3.41(19) J mol−1 K−1 was

determined by Haida et al. [25] using measurements of the heat-capacity. That these

values agree so well proves the validity of the model and shows that ice is, at least

at high-temperatures, a completely proton-disordered crystal. There are, however,

instances where ice has shown signs of partial ordering at lower temperatures.

1.8.2 Partial Order in Ice Ih

As mentioned earlier, there exists a completely proton-ordered analog to ice Ih,

called ice XI (see §1.9). It is intuitive, then, that it must be possible for a spectrum

of partially-ordered phases to exist between the two. Early measurements of the heat

capacity at constant pressure, Cp, by Giauque and Stout [24] revealed that ice took a

much longer time to reach thermal equilibrium between 85–100 K than it did above

and below that range. Their results were further analyzed by Haida et al. [25] who

showed that in the same range there exists a “small systematic deviation” from the Cp
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Figure 1.21: Plots of Cv/T versus temperature for ice Ih subjected to the thermal
treatments given in the legend. The data come from the work of Haida et al. [25].

values extrapolated from those at higher temperatures. They later measured5 the Cp

with higher resolution and under different cooling and annealing procedures, revealing

excess heat capacity between 95–115 K for samples that were fast-cooled or annealed

for long periods of time, as shown in Fig. 1.21. They attributed these increases to

the onset of short-range proton order on cooling below 140 K, but concluded that

the relaxation time below 95 K becomes so long that it prevents the system from

reaching the proton-ordered state. Such a freezing-in of disorder, and the tendency

of the crystal to obtain more order given more time, implies a relaxational process

and draws correlations to dielectric polarization and relaxation. For reference, the

relative change in Cv resulting from these anomalies is ∼10%.

5They actually measured the isovolumetric heat capacity, CV . The two heat capacities vary only
slightly and CV is commonly what is measured, whereas Cp is more often what’s calculated. CV

will be discussed in greater detail in §2.1.1.
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Because of the molecular dipole moment of the molecule, ice can be polarized

with the application of an electric field. If this polarization is applied at high

temperatures, and the sample is allowed to cool in-field, it follows that the polarization

will become frozen-in below a certain temperature. If the field is removed below this

temperature, and the sample is allowed to warm, the polarized molecules will begin to

relax to their equilibrium orientations as they gain thermal energy. These relaxations

can be measured as peaks in the current across the sample in the direction opposite

that in which the field was applied. This current is known as the thermally stimulated

depolarization (TSD) current. This effect in ice is well studied [23, 125–127], and a

strong general theory has been developed [128]. Of those studies on ice, all observed a

current peak between 100–140 K, often with the samples which were cooled the fastest

having the highest peak-temperatures, as shown in Fig. 5.7(b). The results of these

measurements indicate there is, indeed, a relaxational process involving molecular

rotation and subsequent proton order around 100 K. This effect is discussed further

in §2.2 and §5.2.1.

Finally, as proof that these two processes are the same (i.e., that the dielectric

and calorimetric experiments measure the same relaxation process in ice near 100 K),

consider again to the relaxation time of ice. In the calorimetric work of Haida

et al. [25] they were able to determine a relaxation time associated with the

proton configurational enthalpy still to be relaxed as their sample came to thermal

equilibrium after a change in temperature. Their data, which extend from 89–108 K,

are well fitted with a relaxational model (Eq. 2.22) and, therefore, are linear when log-

plotted versus inverse temperature. If this line is extrapolated to 200 K, it extends

directly into the dielectric relaxation time data of Kawada [22], as inferred from

Fig. 5.9. This overlap gives strong support for a shared origin in the dielectric and

thermodynamic relaxation of ice [129]. Clearly, ice undergoes a relaxation process
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on cooling near 100 K which acts to order the proton configurations within the

crystal, but its fully-ordered state is never achieved due to prolonged relaxation times.

However, as mentioned above, there is a way around this limitation; doping.

1.9 Ice XI

The temperature at which ice Ih transitions to the proton-ordered phase, ice XI,

is 72 K in H2O and 76 K in D2O. However, as mentioned in §1.8.1, pure ice will never

become completely ordered because the relaxation time effectively freezes-in most of

the proton disorder (see Fig. 1.20). Therefore, dopants must be used to decrease the

relaxation time and allow for the order to be fully realized as the sample is cooled to

0 K. The most effective and widely-used is KOH because of its ability to introduce

OH− ions which catalyze proton mobility at low temperatures and, thus, reduce the

relaxation time and increase the ordering-rate. These effects will be the main focus

of the analysis of doped ices in this dissertation. For a more detailed analysis on the

physics of dopants in ice, see Physics of Ice by Petrenko and Whitworth [6].

The first observation of a transition to ice XI came from dielectric permittivity

measurements of KOH-doped ice obtained by Kawada [130]. His data showed a steep

decrease in the permittivity and a latent heat—a sluggish thermal response of a sample

on warming—near 70 K. This latent heat is similar to that observed [24] in pure ice

between 85–100 K (see §1.8.2). The transition was also observed in calorimetric

studies, as steep discontinuities in the heat capacities of KOH-doped H2O ice [131] at

72 K, as shown in Fig. 1.22, and of KOD-doped D2O ice [132] at 76 K (not shown).

The steep, narrow peaks represent the latent heat of proton disordering as the sample

was warmed after being cooled to, and annealed at, temperatures below the transition

temperature. The entropy associated with these transitions was never more than 68%

of the residual entropy (Eq. 1.6), even for those samples with high-doping and long
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Figure 1.22: The heat capacity versus temperature of H2O ice doped with 0.01 M
KOH (1 M = 1 mol/dm3). The peak at 72 K represents the XI→Ih phase transition,
and that at 273 K represents the solid→liquid phase transition (on warming). The
inset shows the region of the XI→Ih transition, with the dashed line connecting the
regions above and below the transition to emphasize the excess heat capacity above
the transition. The data come from the work of Tajima et al. [131]

annealing times. Later measurements [133] claim to have obtained 86% order in a

“well-annealed” KOH-doped ice sample. The three researchers involved in these last

three studies, Tajima, Matsuo, and Suga, coined the term ‘ice XI’.

Many structures have been proposed for ice XI [100], but high-resolution neutron

diffraction [134] has established an orthorhombic crystal structure. The 4-molecule

unit cell, of dimensions [134] a = 4.464 Å, b = 7.858 Å, and c = 7.291 Å at

70 K, is shown in Fig. 1.23. As is clear from the figure, all bonds along c have

the same orientation. Similarly, all bonds in each puckered (001)-layer have the same

orientation but, for each alternating layer, these orientations rotate around the c-axis

by 180◦; this is the 63-symmetry described in §1.7.2. Because the H2O molecule is

polar (see §1.6.1), this order along c, and alternating order normal to c, causes a net
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Figure 1.23: The crystal structure of ice XI as determined by Leadbetter and
Ward [135]. The box represents the unit cell (the oxygen within which are outlined)
and the arrows indicate the crystallographic directions. The red spheres represent
oxygen, and the gray spheres represent hydrogen.

dipole moment in along c and, thus, causes ice XI to be ferroelectric. This is important

because it ties the local order (or lack thereof) in a crystal to its macroscopic dielectric

properties.

The relationship between order and dielectric responses in ice is easily tested

using TSD (Section 1.8.2). The disordering in the ferroelectric-to-paraelectric

XI→Ih transition has a depolarizing effect in the bulk, which is measured as a

current to/from the electrodes in surface-contact with the ice (see, for example,

the experimental setup in Fig. 4.5). By measuring the TSD current on surfaces

parallel and normal to the c-axis of KOH-doped ice Jackson and Whitworth [136]

found the depolarization occurred predominantly along c, as shown in Fig. 1.24.

These results indicate that the first-order Ih→XI phase transition is anisotropic [6].

Subsequent TSD measurements [137] on KOH-doped H2O which underwent different
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Figure 1.24: The thermally stimulated depolarization current versus temperature of
0.055 M KOH-doped ice measured along the a (blue points) and c-axis (red points).
The data come from Jackson and Whitworth [136]. The lines, B-spline fits, are guides
for the eye.

Ih→XI transformation conditions all gave values of the released-charge which were

smaller (∼10%) than that predicted for complete ferroelectric ordering. This suggests

that transformed ice is actually a two-phase mixture of ice XI and untransformed ice

Ih.

This two-phase model is supported by high-resolution neutron diffraction

studies [134], which showed a reduction in the volume of ice XI (compared to that of

ice Ih) by ∆V = 0.15(3)%. When this value is paired with the gradient of the XI-Ih

boundary in the phase-diagram of ice [138], dp/dT = 0.015(1) K MPa−1, and used in

the Clausius-Clapeyron equation,

dp

dT
=

∆S

∆V
, (1.7)
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Figure 1.25: (a) The c lattice constant as a function of temperature for pure and
detransformed D2O ice. (b) The difference, ∆c, in the pure and detransformed c-
value versus temperature showing a decrease in that of the latter below 100 K. The
lines, B-spline fits to the data, are guides for the eye. The data come from Line and
Whitworth [134].

the change in entropy of the transformation is calculated to be ∆S = 1.9 J mol−1 K−1.

This change is only 56% of the residual entropy (Eq. 1.6), meaning that most but

not all of the disorder is lost in the transition, which gives structural correlation to

the observation of incomplete ordering in KOH- and KOD-doped ice as determined

by the calorimetric measurements mentioned above.
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1.9.1 Partial Ordering Above the Ih→XI Transition

In the heat capacity measurements of KOH-doped ice a small excess was

measured above the transition temperature, as shown in the inset of Fig. 1.22.

Between 72–100 K this excess corresponds [6] to 5% of the residual entropy (Eq. 1.6),

showing that some partial short-range ordering occurs below 100 K as doped ice is

cooled to the Ih→XI transition. Because the effect [134] of the Ih→XI transition

is to decrease the c-lattice parameter by 0.43%, a smaller decrease in c of 0.06%

observed in detransformed ice—doped-ice which has been transformed to XI, warmed

above the transition temperature, and rapidly-cooled back below the transition to

prevent transformation—indicates local proton-ordering occurs in ice Ih above the

transition temperature, and is shown in Fig. 1.25. These observations are supported

by the fact that the relaxation time in pure ice is short enough to permit slow partial

ordering above 100 K. In the calorimetric work on ice Ih by Haida et al. [25], they

determined that the ordering in ice on cooling (within a laboratory time-scale) is

halted below 100 K (Section 1.8.2); and they describe this process as a glass transition

(Section 1.5.4).
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CHAPTER TWO

THEORETICAL BACKGROUND

As was mentioned in §1.1 and will be shown in Chapter 5, a previously

unreported anomaly in the derivative of the thermal expansion data began a extensive

search for its cause. An anomaly in the same temperature range has been observed

in measurements of the heat capacity, a property closely related to the thermal

expansion, which involves residual entropy caused by a disordered arrangement of

hydrogen atoms (protons) within the crystal lattice. This disorder, and its relaxation,

are driven by charge propagation, in the form of protonic point defects, which

subsequently affects the dielectric properties of the bulk. Therefore, this chapter

outlines the theory of two related properties of ice: the thermal expansion and the

dielectric relaxation.

2.1 Thermal Expansion

This section is intended to introduce the basic theory of thermal expansion

as the result of anharmonic potentials and fundamental lattice modes, then close

with the modes’ involvement in negative thermal expansion. Because the theory of

the thermal expansion of solids is well-studied, there are many suitable resources

which give detailed accounts: Thermal Expansion by Yates [139], Heat Capacity and

Thermal Expansion at Low Temperatures by Barron and White [34], or any advanced

solid-state textbook [31]. Therefore, only those equations related to the theories which

are relevant to this work will be provided, and the reader is referred to the resources

above for information that isn’t otherwise covered herein.
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Figure 2.1: A shifted Leonard-Jones potential used to model the interaction between
two atoms in a solid. The arrows indicate the amplitude of vibration at the given
temperatures, T1, T2, . . ., and the filled circles indicate the average atomic separation,
r1, r2, . . ., respectively.

2.1.1 Anharmonic Vibrations

The theoretical basis of thermal expansion comes from kinetic theory, in which

the temperature of matter is defined by the mean kinetic energy of its constituent

atoms, and which relates this energy to the average interatomic separation. The

Leonard-Jones potential [140] accurately models the interaction between individual

atoms, and is shown in Fig. 2.1 as a function of interatomic distance, r. At absolute

zero the vibrational atomic frequency is zero and the system is at the potential

minimum, with the static atomic separation at the origin. With the addition of

energy the temperature increases to T1 and the atoms vibrate, with an amplitude

represented by the horizontal arrows, resulting in an average atomic separation of

r1. As more energy is added the process repeats itself; the temperature continues to

increase and the atomic separation continues to increase. This effect is the simplified
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basis for positive thermal expansion, and is a result of the asymmetric shape of the

anharmonic potential. If the potential was harmonic, like that of a simple mass-

spring system, the curve would be symmetric about the minimum and the average

separation would not increase despite an increase in energy.

The thermal expansion of solids is often measured as a relative quantity in one

dimension. By measuring the length, L, of a solid at a given temperature, T ∗, then

changing its temperature and measuring the change in its length, ∆L, after reaching

thermal equilibrium, one determines the linear thermal expansion as

∆L

LT ∗
=
L(T ∗)− L(T )

L(T ∗)
, (2.1)

where ∆L = L(T ∗) − L(T ) and LT ∗ = L(T ∗). This concept is extended to three

dimensions with the volumetric thermal expansion,

∆V

VT ∗
=
V (T ∗)− V (T )

V (T ∗)
= 3

∆L

LT ∗
, (2.2)

where V is the volume of the solid, ∆V = V (T ∗) − V (T ), and VT ∗ = V (T ∗).

Because Eqs. 2.1 and 2.2 are relative quantities, they will be referred to as ∆L/L

and ∆V/V , respectively, unless explicitly stated otherwise. The last equivalence in

Eq. 2.2 is only true for solids which expand by the same amount in each direction—

isotropic expansion. If, however, the solid expands differently in any given direction—

anisotropic expansion—then ∆V/V is written as the sum of the individual ∆L/L

along each axis. For example, in systems with hexagonal symmetry (Section 1.7.3)

the a-axes are isotropic but the c-axis will, generally, introduce anisotropy, leading to

∆V

V
= 2

∆La
La

+
∆Lc
Lc

, (2.3)
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Figure 2.2: The volumetric thermal expansion of ice (blue curve) and water (red
curve) versus temperature. The melting temperature, Tm is indicated by the dashed
line at 273.15 K.

where La and Lc are the lengths measured along the a- and c-axis, respectively.

According to Ehrenfest’s classification [141] first-order phase transitions, like the

solid-liquid transition, display a discontinuity in ∆V/V and ∆L/L at the transition

temperature. This effect is observed in H2O at the ice-water transition temperature

(melting point), Tm = 273.15 K, as shown in Fig. 2.2. Second-order transitions,

like some ferroelectric and superconductivity transitions, are continuous in ∆V/V

and ∆L/L, but exhibit a discontinuity in their temperature-derivative, the thermal

expansion coefficient. This behavior is observed for the antiferromagnetic transition

in CoSb2O6 measured by Christian [142], as shown in Fig. 2.3. These classification

types, and more, are discussed further in §6.2. Like ∆L/L and ∆V/V , there are two

coefficients; the linear thermal expansion coefficient,

α =
d

dT

(
∆L

L

)
, (2.4)
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Figure 2.3: The (a) linear thermal expansion and (b) linear thermal expansion
coefficient of CoSb2O6 versus temperature, T , measured along the a- and c-axis. Note
the discontinuity in α along a, indicating a second-order phase transition related to
the coupling between magnetic ordering and the lattice. The figure is copied from
the PhD thesis [142] of Aaron B. Christian and used with his expressed permission.

and the volumetric thermal expansion coefficient,

β =
d

dT

(
∆V

V

)
= 3α, (2.5)

with the last equality in Eq. 2.5 being true only for isotropic expansion. For

anisotropic expansion, β is equal to the sum of individual α. To continue the example

above, hexagonal symmetry gives

β = 2αa + αc, (2.6)

where αa and αc are the α along the a- and c-axis, respectively.

The importance of these coefficients is not limited to classifying transitions, it is

also related to other fundamental physical properties. The isovolumetric heat capacity
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per unit volume can be written as [6]

CV
V

=
Kβ

γ
=
K

γ
(2αa + αc) , (2.7)

where K is the bulk modulus and γ is the Grüneisen parameter. This parameter is

the thermally weighted average of mode Grüneisen parameters,

γi = −∂ ln νi
∂ lnV

, (2.8)

where the subscript i denotes the mode of lattice vibrations associated with the

anharmonic inter-atomic potential (Fig. 2.1) and νi is the frequency of the ith

mode. Depending on whether the dominant vibrational modes increase or decrease in

frequency upon compression, γ can be positive or negative, respectively (see §2.1.3).

For isotropic expansion, Eq. 2.7 reduces to

α =
γCV
3V K

, (2.9)

found by combining the isotropic equalities of Eqs. 2.5 and 2.7. Because the heat

capacity and bulk modulus are always positive, changes in sign of γ correspond to

changes in sign of α and lead to negative thermal expansion (NTE). A negative α

(or β) can be simply conceptualized as the contraction in length (or volume) of a

solid on warming. The simple argument for thermal expansion given above does not

allow for the possibility of NTE in matter. Nonetheless, NTE is observed in some

solids [143, 144], including ice [145], and in liquid water1 (see Fig. 6.7). Therefore,

another model must be entertained.

1As far as the author can ascertain, water is the only known liquid to display NTE.
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Figure 2.4: (a) A longitudinal and (b) a transverse wave traveling through a crystal
lattice. The dots represent atoms, and the lines represent bonds between them.

2.1.2 Lattice Vibrations

The physics of condensed matter, specifically that related to lattice vibrations

(phonons), is well-documented and mostly beyond the scope of this dissertation.

However, some relations are necessary to explain the physics of this work and they will

be explained in detail in this subsection. For an introduction to solid-state theory, see

Introduction to Solid State Physics by Kittel [31]. To understand the theory behind

this work, a brief introduction to lattice vibrations must be included.

Consider an atomic-scale wave propagating through a crystal lattice. As shown

in Fig. 2.4, there are two types of translational lattice waves, or phonons: (1)

longitudinal and (2) transverse. Longitudinal waves consist of atomic displacements,

∆~r, which are parallel to the wave’s direction of travel, represented by the wavevector

~k; whereas ∆~r perpendicular to ~k constitutes a transverse wave. If the lattice under

consideration consists of two atom types with different masses, then each wave-type

branches into two modes with different frequencies: the optical and acoustical modes.

The partial displacements in these branches are conceptualized for transverse waves

in Fig. 2.5. In optical modes, the atoms oscillate against each other while keeping



49

Figure 2.5: The optical (left) and acoustical (right) modes for transverse lattice
vibrations involving two types of atoms with different masses, indicated by the open
and filled circles.

their center of mass fixed; acoustical modes vibrate the atoms, and their center of

mass, in unison.

From these arguments it is clear that there are four independent translational

phonon modes in ice, transverse acoustical (TA), transverse optical (TO), longitudinal

acoustical (LA), and longitudinal optical (LO). In ice, the TO, LA, and LO modes are

related [67,146] to the intermolecular H-bond stretching modes, and the TA mode is

associated with the H-bond bending mode, as discussed in §1.6.2. These modes reveal

themselves as peaks in the lattice vibration spectrum (a.k.a., the phonon density of

states), as shown for lower frequencies in Fig. 2.6. Furthermore, as discussed in

§1.6.1, there are also modes involving intramolecular O—H stretching and H—O—

H bending [67], and molecular rotations [147]. The three normal modes of a free

H2O molecule, corresponding to the molecular stretching, ν1 + ν3, and bending, ν2,

are shown in Fig. 1.12. To understand those modes involving molecular rotations,

another geometric argument must be entertained.

In studying inelastic neutron scattering on H2O-doped D2O, Li and Ross [102]

identified modes related to the bending of an HDO molecule surrounded by D2O due

to the breaking of translational symmetry by the H atom. A diagram of this decoupled

arrangement is shown in Fig. 2.7. The three possible modes related to the rotation,
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Figure 2.6: The phonon density of states (black curves) of H2O (solid) and D2O
(dashed) versus frequency and equivalent temperature, and the Einstein terms (red
lines) from the fits (see Chapter 6) using Eq. 2.16. The data come from Li and
Ross [102].

µ1, bending, µ2, and stretching, µ3, of the centralized molecule, as indicated by the

arrows, are the result of perturbations caused by the three nearest non-covalently-

bonded O atoms. Whereas µ3 is related to ν1 and ν3 through molecular stretching and

µ2 is related to ν2 through molecular bending, the rotational nature of µ1 is unique.

The mode µ1 involves H-vibrations in a direction oblique to the plane of the molecule,

and constitutes a fundamental mode [147] associated with a “rigid rotation” [6] of

the molecule. This rotational mode makes up a wide band in the phonon density of

states, commonly referred to as the ‘libration’ band. Of all the modes in ice, it is

this libration band which is most affected by isotopic substitution; a shift to lower

frequency is observed in D2O, as shown in Fig. 2.6. Because it is inextricably tied to

the rotation of molecules under constraints from their neighbors, it is intuitive that

this band would have a strong dependence on the mass of the H isotope. As an aside,
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Figure 2.7: The three decoupled modes, µ1, µ2, and µ3 of an isotopic hydrogen
impurity in ice (gray-filled circle). The open and filled circles represent oxygen and
hydrogen, respectively.

Li et al. [148] observed that proton ordering in the Ih→XI transition sharpens the

features in this region of the librational modes as shown in Fig. 2.8, suggesting that

rotations are involved in the ordering process. This effect is discussed further in §6.1.

The density of states (DoS) of a solid, in theory, tells the whole story about its

heat capacity and thermal expansion. The total phonon energy is given by

U =
∑
k

∑
p

〈nk,p〉hνk,p, (2.10)

where the summations are over the phonon wavevector, k, and polarization, p, 〈nk,p〉

is the thermally-averaged Planck distribution function, and νk,p is the indexed phonon
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Figure 2.8: Inelastic neutron scattering spectrum of single crystal ice along the c-axis
for transformed ice XI, and ice Ih. The lower curve shows the difference of the upper
two, magnified by ten. The data come from Li et al. [148].

frequency. The distribution as a function of temperature, T , is given by

〈nk,p〉 =
1

eθk,p/T − 1
, (2.11)

where θk,p = hνk,p/kB is the vibrational equivalent temperature. Using the definition

of the heat capacity at constant pressure and Eqs. 2.10 and 2.11, Cp is expressed as

Cp ≡
(
dU

dT

)
p

= kB
∑
p

∫
gp(ν)

x2exdν

(ex − 1)2
, (2.12)

where x = θ/T = hν/kBT and gp(ν) is the mode DoS as a function of frequency. By

combining Eqs. 2.9 and 2.12, and by assuming temperature-independent γ and K, one

obtains a similar relation for α. However, because it has strong dependence on many
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modes with different frequencies, gp(ν) is often difficult to model [149]; especially in

water [14].

At temperatures below 128 K, the DoS of ice is dominated by only 2–5 phonon

modes [66], so CV and α can be approximated using the simple Einstein model [31]. It

should be noted that the Debye model can also be used, but it is reliable only for T �

θD and T � θD, where the low-temperature limit [150] of the Debye temperature, θD,

is 220 K. However, in the intermediate temperature range the Debye model fails to

predict experimental data, especially when compared to the success of the former [31].

This failure of the Debye model in ice was observed by Smith et al. [151] by measuring

the Cp from 0.5–38 K; they only observed Debye behavior below 3 K. Furthermore,

the Debye model does not allow for a crossover to NTE (see §2.1.3) because, with one

term, the model would be either entirely negative or entirely positive.

The Einstein model assumes N harmonic oscillators have the same frequency,

νE, so that g(ν) = Nδ (ν − νE), where δ is the Dirac delta function, defined as

δ (ν − νE) ≡


1, if ν = νE,

0, otherwise.

(2.13)

Using this approximation, Eq. 2.12 reduces to

Cp ≈ NkB

(
θE
T

)2
eθE/T

(eθE/T − 1)
2 , (2.14)

where θE = hνE/kB is known as the Einstein temperature (or Einstein ‘term’). After

combining Eqs. 2.9 and 2.14, α is approximated as

α ≈ α0

(
θE
T

)2
eθE/T

(eθE/T − 1)
2 , (2.15)
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Figure 2.9: A diagram of (left panel) longitudinal and (right panel) transverse
vibrations resulting in positive and negative thermal expansion, respectively.

where α0 = γNkB/3KV . Eq. 2.15 gives an approximate model for the thermal

expansion coefficient as a function of temperature, with the assumption that only one

mode of equivalent temperature, θE, exists within the solid. However, Eq. 2.15 can

be summed over multiple θE as

α ≈
m∑
i=1

αi

(
θi
T

)2
eθi/T

(eθi/T − 1)
2 , (2.16)

and used to fit experimental α of simple solids [152,153] over a range of 0–800 K with

m = 3. As discussed in §2.1.1, harmonic vibrations cannot contribute to thermal

expansion. Since the vibrations in the Einstein model are harmonic, this appears to

be a fundamental flaw with Eq. 2.16. However, the model still shows good agreement

with experiment and is worthy of further consideration. It will be shown in §6.2 that

this equation not only produces a useful fit to the low-temperature thermal expansion

data measured in this work, but it also reveals information about the negative thermal

expansion ice.
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2.1.3 Negative Thermal Expansion

The phonon model allows one to consider vibrations that do more than just

increase r with an increase in thermal energy (Section 2.1.1). Now, the opposite effect

is possible—NTE—as displayed in Fig. 2.9; transverse modes allow for behavior which

acts to bring next-nearest-neighbors closer together with an increase in temperature.

To understand the physics of NTE, one must recall the definition of the Grun̈eisen

parameter (Eq. 2.8) as the weighted mean of modes which change their frequency upon

a change in volume and energy. Because of the different geometrical configurations

by which these modes are created (Section 2.1.2), their energies of excitation and

their general behavior upon compression are vastly different. From Eq. 2.8 it is clear

that if the dominant mode frequencies increase with decreasing volume (increased

compression), then γ and α will both be positive (Eq. 2.7). However, if νi decreases

with increased compression, γi will be negative and if this mode dominates the

average, NTE will ensue. This frequency shift on compression is shown for ice in

Fig. 2.10(a), the data of which come from Salim et al. [67] using ab initio modeling.

As is clear from Fig. 2.10(a), the only modes which shift to lower frequency upon

compression are the TA and ν1 + ν3 modes. However, the ν1 + ν3 modes in ice are at

such high frequencies that the thermal energy required to excite them is on the order

of 103 K. Therefore, because of their low energies, the only modes which contribute

notably to the thermal expansion of ice are the translation and libration modes,

as shown in Fig. 2.10(b). The figure shows the isothermal Grun̈eisen parameter as

a function of frequency, γ(ν)|T , determined for three temperatures by Tanaka [66]

after modeling one-hundred proton-disordered configurations for ice Ih, from which

he minimized their isothermal Gibbs free energy with respect to volume. At 228 K,

γ is dominated by the H-bond stretching LA, LO, and TO modes. This dominance

decreases, however, as the ice is cooled until, at a temperature between 28–128 K,
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Figure 2.10: (a) The phonon density of states of ice versus frequency for two pressures: (upper) -1.40 GPa and (lower)
1.25 GPa. The arrows indicate the shift, negative (left) or positive (right), in frequency upon compression. The data
come from Salim et al. [67]. (b) The isothermal Grun̈eisen parameter of ice versus mode frequency for three temperatures:
28 K, 128 K, and 228 K. The data come from Tanaka [66].
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the H-bond bending TA mode becomes dominant and γ as a whole becomes negative.

Therefore, the NTE in ice is a result of low-energy lattice vibrations involving the TA

modes which are the result of intermolecular H-bond bending.

As mentioned in §1.9, the proton-ordering associated with the Ih→XI phase

transition brings about a measurable polarization in the bulk (Fig. 1.24). Further-

more, this ordering causes a decrease in the c lattice parameter of ice at the transition

temperature (Fig. 1.25). Therefore, the proton order/disorder in ice has proven to be

the common origin shared between the dielectric relaxation and thermal expansion.

In order to test this theory, measurements of some of the dielectric properties of ice

were made alongside those of the thermal expansion. Therefore, a discussion of the

theory of dielectrics is included below.

2.2 Dielectric Properties

As discussed in §1.7, ice Ih has a hexagonal crystal structure [88] defined by the

ordered tetrahedral arrangement of the oxygen atoms. Within the limits of the ice

rules [44], however, the protons are highly disordered [25,72,117], with one of the six

possible configurations shown in the left panel of Fig. 1.19 around each oxygen atom.

Ice XI [154], the proton-ordered phase of hexagonal ice, has periodically-repeating

hydrogen configurations around the oxygen atoms (Fig. 1.23). Because each free H2O

molecule has a dipole moment [65] in the direction parallel to the bisector of the H—

O—H angle, ice XI is ferroelectric along the c-axis [136]. But, because the protons

in ice Ih are disordered, the bulk crystals have zero net dipole moment [121] and are,

therefore, paraelectric. It is possible to induce a polarization ~P in ice [126] with the

application of an external electric field ~E. By measuring changes in P with time and

temperature, properties of dielectric relaxation in ice can be determined.
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Polarization in dielectric media is related to the applied field according to the

electrostatic equation for a linear dielectric [155]

~P = ε0χe ~E, (2.17)

where ε0 is the standard permittivity of free space and χe is the electric susceptibility

of the dielectric. The susceptibility is related to the relative permittivity, εr, by

χe = εr−1. In ice, this induced polarization is due to a partial ordering of the proton

configuration, through localized-breaking of the ice rules, shown as the point defects

in Fig. 2.11. This claim is supported by the observation of the Curie-like behavior of

χe ∝ 1/T when measured along the a-axis [22,156]. This behavior is predicted by the

theory used by Slater [157] on KH2PO4, applied to ice by Hollins [123], and quoted

for ice by Onsager and Dupuis [158] which requires that the dielectric polarization is

a result of the configuration of protonic point defects. As an interesting aside, Curie-

Weiss-like behavior of χe ∝ 1/(T −∆), where ∆ ≈ 46 K for ice [22, 156], is observed

when measured along the c-axis. Such behavior is indicative of interactions which

lead to ferroelectric ordering, and has been the cause of much debate (see §5.3.2 of

Physics of Ice by Petrenko and Whitworth [6]).

The dominant defect-driven polarization processes in ice are those involving the

orientational point defects commonly referred to as Bjerrum L- and D-defects [6, 74,

92, 126]. An L-defect is a hydrogen bond between oxygen atoms that is left vacant

(i.e. without a hydrogen atom) after a molecular rotation. Similarly, a D-defect is a

bond which is left doubly occupied by two protons after a rotation. Furthermore, the

ionic point defects H3O
+ and OH− also contribute to polarization and conduction

in ice Ih, but they tend to dominate in ice that is heavily-doped with impurities

like KOH [159]. It is defects like these which are introduced in great numbers upon
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Figure 2.11: A 2-dimensional projection of the ice Ih crystal lattice demonstrating
both the creation of Bjerrum defects, L and D, after a molecular rotation and the
creation of ionic defects, OH− and H3O

+, resulting from a proton jump along the
bond. Open circles represent oxygen atoms and filled circles denote hydrogen. The
O—O, O—H, and H—H distances are not drawn to scale. The red, dashed line
indicates a would-be ionic conduction process.

doping, and which act to shorten the relaxation time in KOH-doped ice, allowing for

its transition to the ordered state (Section 1.9).

The theories of the TSD currents [23,125–127], static conductivity [6,12,160,161],

and dielectric relaxation time [23,125,162–164] for ice are well documented and have

shown conformity with experiment. In this work, only a fraction of the complete

theoretical knowledge on ice is required for the data analysis. The reader is thus

referred to the above references for a complete description of the theories.

2.2.1 Static Conductivity

Electrical conductivity requires drift of carriers from unit cell to unit cell in

response to an applied electric field. In contrast, polarization describes the dielectric

motion that is confined within a unit cell. In ice, the response to an electric field

consists of the motion of Bjerrum and ionic defects as mentioned above. Bjerrum
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defects move by means of successive rotations of water molecules, which can alter

the polarization but cannot move charges (protons) from one molecule to another.

Ionic defects move by means of successive motions of protons along hydrogen bonds,

which also can alter the polarization but cannot move protons away from their original

bonds (see Fig. 2.11). Accordingly, both Bjerrum and ionic defect motions are needed

for conductivity to occur in ice [6]. The activation energy for the conductivity will

be the activation energy for the process which has the higher barrier, which for ice is

ionic motion.

The conduction process in ice can be partially modeled with two independent

relations for the static conductivity σs. The first is the standard equation for stable

ohmic conduction,

σs =
Iσ
V

l

A
. (2.18)

The variables in Eq. 2.18 are defined in reference to the diagrams shown in Figs. 4.5(a)

and 4.5(b), where A is the area of the low capacitor plate, l is the sample thickness,

V is the applied voltage, and Iσ is the conduction current through the sample. The

second relation for σs comes from the equation for an ionic semiconductor,

σs = nqµ = σ0e
−Eσ/kBT , (2.19)

where both the carrier concentration n and the mobility µ are thermally activated, q

for ice is the proton charge e, σ0 is the infinite-temperature conductivity, and Eσ is the

activation energy of static conductivity. The experimental value of σ0 is determined

by extrapolating the usually straight line in the plot of log σs versus 1/T .

In Introduction to Solid State Physics, Kittel [31] gives the expression

σ0 =
N0e

2pνa2

kBT
, (2.20)
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where, for ice, N0 is the proton concentration, p is the probability that the carrier

is an ionic defect (p ≈ 1 as T → ∞), ν ≈ kBT/h is the jump attempt frequency

below the Debye temperature, h is Planck’s constant, and a is the carrier jump

distance along ~E. For a simple cubic crystal, N0 = 1/a3, so in a rough but simple

approximation, σ0 ≈ e2/ha if the conductivity is intrinsic. Choosing a = 2 Å, nearly

the distance between two adjacent O–H· · ·O bonds, σ0 ≈ 2 × 103 S/cm. This value

represents the intrinsic infinite-temperature conductivity, σ0,int, of impurity-free ice,

and provides a reference with which to compare the experimentally-determined σ0

and, thus, determine the fractional crystal purity as follows.

If the conductivity is extrinsic, for instance by doping with a fraction f of KOH,

then one expects a fixed concentration, fN0, of OH− ionic carriers and almost no

H3O
+ ionic carriers. This means that Eσ becomes the mobility activation energy,

and the linear extrapolation of the semi-log conductivity plot will give a σ0 which

is a factor, f , lower than σ0,int. If the crystal is not intentionally doped, f becomes

the level of unintentional doping, as discussed in §6.1. Sometimes the semi-log plot

will display a kink, going from a lower slope corresponding to extrinsic conductivity

at lower temperatures to a higher slope corresponding to intrinsic conductivity at

higher temperatures (see Fig. 5.8). It follows that at a given T , extrinsic conductivity

is never lower than the intrinsic conductivity. Finally, the two types of ionic carriers

are expected to have different mobility activation energies, with the H3O
+ energy

being lower because its third proton is less energetically bound to its oxygen than the

proton which jumps to the OH− ion in the conduction process indicated by the red,

dashed arrow in Fig. 2.11.
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2.2.2 Dielectric Relaxation Time

The dielectric relaxation time τD is a measure of the time taken to polarize

a dielectric following the application of an external electric field. This delay in the

polarization is modeled by the Debye relaxation process [165] as extended by Petrenko

and Whitworth [6], and given by

dP

dt
=

1

τD
(Ps − P ) , (2.21)

where t is time, P = |~P | and Ps = ε0χs| ~E| is the static equilibrium polarization of

the dielectric. For ice, the dielectric relaxation time depends on the temperature and

purity of the sample [6, 122].

The Debye relaxation time has been theoretically evaluated and extended by

Kauzmann [162] from Eyring’s rate-process theory [163] and applied to ice by Johari

and Jones [23] and Loria et al. [125] The general form of the dielectric relaxation time

is given by

τD (T ) = τ0e
Eτ/kBT , (2.22)

where τ0 is a scaling factor and Eτ is the activation energy of dielectric relaxation. For

the purposes of this dissertation τ0 and Eτ are treated as constants to first-order [125].

Because of its reliability in measuring τD on the order of hours or days, the

voltage-step technique [23, 164] was used to determine its behavior in ice at low T .

The theory of this technique is explained as follows. By ‘sandwiching’ a sample

between two ideal ohmic parallel-plate electrodes (see Fig. 4.5(a)), applying a DC

voltage across the electrodes, and measuring the current to the capacitor plates as a

function of time, τD is calculated using the well-known theories for the displacement

current [166], Id, and the proton conduction current [160], Iσ. The displacement
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current is given by the dynamic equation

Id(t) = ε0A
dE

dt
+ A

dP

dt
. (2.23)

Since ~E is static, the first term in Eq. 2.23 is zero and, after combining with the

solution to Eq. 2.21,

P (t) = Ps
(
1− e−t/τD

)
, (2.24)

Id becomes

Id(t) =
APs
τD

e−t/τD . (2.25)

In the ohmic conduction process, the conduction current Iσ is related to the steady-

state conductivity σs according to Eq. 2.18. This current is isothermally static and

is therefore treated as a constant. The sum of these currents gives an expression for

the measured current across the capacitor as

I(t) = Iσ +
APs
τD

e−t/τD . (2.26)

It must be noted that this relation holds only if the system has one relaxation time.

In some instances pure ice has been observed to exhibit more than one relaxation

time [127, 164]. However, in this work Eq. 2.26 provides good agreement with

experiment.
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CHAPTER THREE

SAMPLE PREPARATION

This chapter begins by introducing the method of producing the ice single

crystals used in this work, followed by a section which details the procedures used to

determine the samples’ quality and orientation, and closes with techniques used to

prepare them for measurements along their specific crystallographic axes. For further

reading material on the growth of artificial ice and its handling, storage, and more

see references [32,167–177].

3.1 Growth

There are many different methods of growing single crystals of H2O ice. The most

common approach is to grow crystals from the melt, but they can also be grown from

vapor [174]. An effective and widely-used method is the Bridgman technique [167], or

a modified form of it. Modified-Bridgman techniques like that of Ohtomo, et al. [172]

and zone-refining [170,171] tend to produce single crystals of the highest quality [6].

Figure 3.1: A diagram of the zone refining process used to grow ice single crystals.
The convection in the melt is a result of water’s density maximum at 4◦.
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Figure 3.2: A diagram of the zone-refining crystal growth apparatus, not drawn to
scale. The thick solid lines represent supports unless otherwise labeled.

Zone-refining, the method of choice for this work, consists of three zones, as shown

in Fig. 3.1; two cold zones with a warm zone in between them, through which a solid

sample is lowered. The temperature of the cold zones are held below the solids Tm,

and the warm zone is held just above it. Convection in the melt and a slow lowering-

rate promote competitive growth and prevent impurities from freezing back into the

crystal. This refining process gives rise to a crystal with higher purity and more

structural order below the melt. Therefore, the process can be repeated by flipping

the sample and using the new, more ordered growth as the seed for further refining.

A diagram of the single crystal growth apparatus is shown in Fig. 3.2. It was

modeled after the technique of Bilgram et al. [171] and consisted of a cold bath

of diluted ethylene glycol (automotive antifreeze) with a warm layer of silicon oil
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floating on top. The assembly sat in a laboratory chest-freezer, which maintained the

temperature of both the ambient air and the cold bath at -17.5 ◦C. The temperature of

the warm zone was maintained at 8 ◦C for H2O, and 14 ◦C for D2O crystals, via a PID

microcontrolled filament and thermocouple immersed in the oil. Due to the coarse

temperature control of the freezer, the fluctuation in both the cold- and warm-zone

temperatures was ±0.5 ◦C. The ingot was contained in a low-density polyethylene

vial 22 cm in height, 1.5 cm diameter, and with 0.05 cm-thick walls, and lowered

via a stepping-motor controlled with a programmable indexer. Determination of the

samples’ quality and orientation, and their shaping and polishing, was accomplished

in a -10 ◦C cold room within the SubZero Lab, College of Engineering, Montana State

University.

The heavy water used to grow the D2O ice Ih crystals was sourced1 from

Cambridge Isotope Laboratories2, and was 99.6% pure. The water used to grow

the H2O crystals was purified with reverse osmosis, followed by filtration through a

Milli-Q Advantage A10 System with a 0.22 µm Millipak polisher to obtain ultra-pure

water [175] with an electrical resistivity of 18.18 MΩ cm at 25 ◦C, a total organic

carbon concentration of 121 ppb, and a pH of 6.998. The water was degassed in

a tapered quartz tube, shown in Fig. 3.3(a), using consecutive freeze-pump-thaw

cycles [178] until gas evolution was no longer observed, as shown in Figs. 3.3(b) and

3.3(c). In a manner which minimized the diffusion of air back into the deaerated water,

it was slowly transferred to the polyethylene growth vessel via a transfer pipette.

The growth vessel and its contents were then loosely capped with a rubber stopper,

suspended from a rod connected to the stepping motor (Fig. 3.2), and positioned such

that the top surface of the water was situated within the warm zone. This allowed

1The heavy water was obtained by the courtesy of Dr. V. Hugo Schmidt of the Department of
Physics, Montana State University.

2DLM-2259-Q, CAS [7789-20-0], Lot DL-442
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Figure 3.3: (a) A quartz tube with one end tapered closed, used to deaerate the liquid
water prior to crystal growth. The formation of bubbles (b) after initially freezing
the water under vacuum and (c) after thawing and re-freezing under vacuum.

the water underneath to freeze and expand upward; it also prevented any cracking

or rupturing of the vessel caused by the expansion upon freezing. Finally, the vessel

was lowered at a rate of ∼2 cm/hour until the entire volume had nucleated, creating

a polycrystalline ingot.

With the ingot formed, the vessel was tightly capped and suspended such that

the bottom of the vessel was ∼3–5 cm below the bottom of the warm zone. The

system was left for 12–24 hours, after which it had reached thermal equilibrium and

a layer of melt was formed with a thick layer of ice below it. An indexer program

was then set to begin the growth by automatically lowering the vessel at a rate of

4 cm/day. After one complete pass (4 days) the sample would still be polycrystalline,

but with fewer and larger grains than before the initial pass. Therefore, the sample

was flipped 180◦ such that what was initially the top of the crystal, and the section

with the highest crystalline quality, served as the bottom seed for the next pass.
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The same procedure was followed for subsequent passes until the sample was entirely

single crystal; typically taking 3–5 passes, for a process lasting between 2–3 weeks.

Competitive growth, the dominant growth mechanism in zone-refining [171],

is promoted with good convection in the melt. Because liquid H2O has a density

maximum at 4 ◦C, and 11 ◦C for D2O, the warmer liquid will sink and the near-

freezing liquid will rise, creating a convection in the melt. This convection causes

the liquid-solid interfaces to be curved; a convex interface on the bottom and a

convex surface on top, as shown in Fig. 3.1. Ice crystals, under most conditions,

grow more rapidly along a [6], meaning those grains with a oriented in the direction

of unrestricted growth (i.e. the vertical) will outgrow those adjacent grains with less

favorable orientations [177]. Because the ingot is initially polycrystalline, with many

small grains throughout, competition is high as similarly oriented grains begin to

fill the bulk during zone-refining. Therefore, multiple passes through the warm zone

were made to ensure that the most favorable orientation dominates throughout the

entirety of the ingot.

3.2 Quality

The crystallinity of the ingot was easily determined using polarized light.

Because ice is a uniaxially birefringent material [6], the ingot can be visually inspected

for grains by placing it, still within the polyethylene vessel, between two back-lit,

crossed polarizing filters. When viewed between the filters the ingot will appear

brightly lit when the c- (or optic-) axis, projected on the plane of the filters, is

oriented 45◦ from their transmission orientation, as shown in Fig. 3.4(a). As the

c-axis is rotated in either direction the ice will dim, as shown in Fig. 3.4(b), until

c is parallel to one polarizing filter’s transmission axis (and perpendicular to the

other) whereupon the crystal will appear dark, as shown in Fig. 3.4(c). If the ingot
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Figure 3.4: A schematic of a sample viewed between back-lit crossed polarizing filters
(polarizer and analyzer), oriented with the optic (c-) axis (a) at a 45◦ angle, (b) a
22.5◦ angle, and (c) parallel to the polarizer’s transmission axis (arrows). The sample
goes from brightest to darkest through this rotation, with a reverse effect upon further
rotation until the sample becomes bright again at -45◦. This whole process is repeated
every 90◦.

homogeneously brightens and dims through the aforementioned rotation, then the

ingot is entirely single crystal. If, however, there are visible grains within the ingot

which brighten and dim at different orientations, as shown in Fig. 1.9, then the ingot

is polycrystalline and must be passed again through the zone-refining apparatus.

Another, more quantitative method for determining the quality of a crystal is to

count the number of dislocations (or defects) within a cross-sectional area. Crystal

dislocations, and various techniques for their observation, are well documented in

Introduction to Dislocations by Hull [179], and The Direct Observation of Dislocations

by Amelinckx [180] and references therein. X-ray topography is the preferred method

of determining the dislocation density—the number of dislocations per unit area—in

ice [179–181], but it requires a finely tuned X-ray or synchrotron source, a cold-

stage, and a high-resolution detector or film [6], all of which are highly expensive

and complex in their design. Etching is another common method to determine the

dislocation density of ice [182–184] but the results of which are much more limited
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Figure 3.5: A composite of six images of one Formvar-etch replica viewed through a
5× lens. The surface area is 1 cm2 and reveals about 100 individual dislocations (lines
and points). The scale shown has no scale-reference, and is, therefore, arbitrary.

and their interpretations can be varied. However, etching has the advantage over

topography in that it is relatively inexpensive and simple to perform.

The etching procedure is as follows: A thin layer of a 2% solution of polyvinyl

formal (Formvar) in ethylene dichloride (readily available on the chemical supply

market) is deposited on a smooth, microtome-finished surface and left for 8–10 hours,

during which the solvent evaporates, leaving a thin, transparent, plastic film on the

surface [184]. After removing the film, the process is repeated on the already-etched

surface, this time producing a replica of the initially investigated area which can

be used for future observations without the need of a cold-room or cold-stage. A

composite image of one of these replica as viewed through a 5× microscope is shown

in Fig. 3.5. The etching process is chemical, as opposed to thermal [185], and occurs

as preferential dissolution takes place at imperfections, like dislocations, whereupon

evaporation occurs through small holes in the film [186]. The replica film can be

viewed under a microscope and the individual dislocations, which appear as raised

lines and dots in the film, are counted within an established area, and a dislocation

density is determined. After preforming the etching procedure on dozens of ice
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samples and counting by eye all of the lines and points, an average dislocation density

of 100(20) cm−2 was obtained. This is in agreement with the measured dislocation

density of about 100 cm−2 for the similarly-grown ice single crystal of Ohtomo, et

al. [172], and is 10 times lower than that reported elsewhere [171].

3.3 Orientation and Polish

The orientation of ice can also be determined using polarized light, as described

in §3.2. Once the ingot was determined to be single crystal, it was removed from the

polyethylene vessel by slightly warming it with hand-heat until just enough melt was

created to slide it out, with any melt left on the ingot recrystallizing in exactly the

same orientation [187]. The ingot was then roughly cut crosswise using a jeweler’s saw

to create cylindrical samples of 1.5 cm in length. These smaller samples were placed

on the light table (described in §3.2), with the flat-face down, and viewed between

the filters. Because c tends to be perpendicular to the growth direction [171], it

was approximately parallel with the filters’ plane (the horizontal). The c-axis was

roughly determined as outlined above, and a small segment was cut lengthwise, with

the cut-plane perpendicular to c, to create a ‘D’-shaped piece. This newly cut, flat

surface then becomes the surface which is mounted to a goniometer head, as shown

in Fig. 3.6, for a more fine orientation.

The goniometer head was constructed of a 1”x1.5”x0.5” block of Al, and is

shown in Fig. 3.6. To form a smooth, flat surface on which to adhere the ice, a

glass microscope-slide was cut to 1”x1.5” and glued to the large surface of the block.

The ice-mounting procedure was modified from that of Langway [187]. The sample

was rested on the glass surface of the head (Fig. 3.6), and the assembly was placed

on a hot-plate. The hot plate was warmed, on its lowest setting, until the sample

began to melt at the ice-glass interface. As soon as the melt had wicked across the
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Figure 3.6: A mounted ’D’-shaped sample.

entire interface, the assembly was removed from the hot plate and placed on a brass

heat-sink to quickly dissipate the heat and allow the melt to recrystallize. Once the

melt was resolidified, and a strong bond had formed between the ice and glass, the

assembly was mounted to a two-stage goniometer for fine orientation and polish.

The goniometer, shown in Fig. 3.7, allowed for the determination of the c-

and a-axes of the ice samples used in this work, and assisted in their subsequent

orientation. It consists of a sample platform situated on two adjustable rotation

axes—the horizontal- and vertical-stages—which allow for the rotational alignment

of samples to within ±1.5◦. With both stages set to zero, so that the axis of

the push-rod is parallel to the horizontal and perpendicular to the vertical, the

goniometer was positioned such that the plane of the ice-glass interface, the face-

plane, was normal to the filter’s transmission orientation. This was accomplished

using two cylindrical alignment tabs of equal length mounted to the goniometer, and a

wooden board mounted to the light table perpendicular to the polarizer’s transmission

orientation(Fig. 3.4). The axis of the tabs were normal to the face-plane when the
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Figure 3.7: The goniometer and sample assembly with a ’D’-shaped sample mounted
to the goniometer head.

goniometer was zeroed. Therefore, when the alignment tabs were pushed flush against

the wooden board the face-plane was normal to the polarizer’s transmission axis.

With the goniometer situated on the light table, the horizontal-stage was rotated

until the sample became dark and the corresponding angle, ΘH , was recorded. The

head was then rotated 90◦ about the axis normal to the face-plane, and the same

procedure was used to determine the corresponding angle, ΘV ; this angle measured

the vertical angle through which the sample was to be rotated to align c with the

horizontal after rotating the head back 90◦ to its initial orientation. With the head

in its original setting, the horizontal- and vertical-stages of the goniometer were set

to ΘH and ΘV , respectively. The sample was now oriented such that a face polished
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normal to the axis of the alignment tabs would reveal a face that is normal to the

c-axis of the sample, the c-face.

Polishing of the c-face was a two step process: coarse and fine. Controlled

melting allowed for the removal of a large amount of material in a short period of

time. The sample was recessed in the goniometer using a push-rod (Fig. 3.7), with

its axis perpendicular to the face-plane, and the goniometer was situated such that

its alignment tabs were pushed flush against a warm (∼20 ◦C), thick, and squared

aluminum slab set against a vertical plane. The push-rod was extended until the

sample came into contact with the slab and began to melt, then it was quickly recessed

and wiped dry. This process was repeated until the c-face reached a large-enough size

to allow the sample to balance on said face.

Fine polishing followed with 1500 grit sandpaper to create an even, flat surface

such that flush-contact could be made between the sample and the walls of the

dilatometer. With the sample again recessed in the goniometer, the alignment tabs

were pushed flush against the vertical plane and the sample was extended until they

came into contact. The push-rod was locked and the goniometer was tipped 90◦ such

that the alignment tabs and the sample were resting on the table’s surface, forming

a tripod. With the sandpaper secured to the table, the sample was gently slid across

it, stripping away a very thin layer with each pass. After a few passes, the sample

was aligned again with the vertical plane to ensure that it made flush contact with

the sandpaper during successive passes. A polished sample is shown in Fig. 3.8, still

mounted to the head.

With the first c-face polished, the sample was removed from the goniometer

head by heating it up just below the melting point, and quickly sliding it off the

glass with the help of sublimation. The sample was flipped 180◦ so that it rested

on the polished face, and was remounted, polished, and removed again using the
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Figure 3.8: A 3 cm × 2 cm × 1 cm polished sample still mounted to the goniometer
head.

same techniques outlined above. This final process produced two parallel faces for

dielectric relaxation and thermal expansion measurements along c. For the dielectric

measurements, these samples were ready to be loaded into the dielectric cell (§4.5);

however, the thermal expansion measurements required smaller sample-sizes due to

the geometric limitations of the dilatometer and Faraday cage (§4.1). Therefore, after

the final polish and before being removed from the head, the sample was the cut into

smaller ∼1 cm3 samples using a jewelers saw.

This section has outlined the preparation of a c-axis oriented sample in its

entirety; for a-axis oriented samples the procedure was nearly the same, except the

sample was rotated by 90◦ after the c-axis was determined but before the sample

was polished. To minimize the condensation of impurities (freezer-burn) onto their

surfaces, the samples were oriented and polished no longer than 12 h prior to

measurement. But, because the sample’s age—the amount of time between crystal

growth and measurement—has been shown to affect some properties of ice (see § 2 in

the addendum of Ice Physics by Hobbs [12]) measurements were performed on samples

with ages ranging from 3 days to 3 years; however, no quantifiable differences were

observed among them.
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CHAPTER FOUR

EXPERIMENT

The thermal expansion and dielectric measurements were made using two

different cells ; a dilatometer cell for the thermal expansion measurements, and a

dielectric cell for measurements of the TSD current, static conductivity, and relaxation

time. However, all of the measurements utilized the same cell-housing, cryostat,

and thermometry, with slight variations of the same LabVIEW-based programmable

heating and data acquisition routines. A cross-sectional diagram of the experimental

setup is shown in Fig. 4.1. The first two sections of this chapter are dedicated to

Figure 4.1: A cross-sectional diagram of (a) the cryostat used for the thermal
expansion and dielectric measurements and (b) the thermally regulated section of
the cryostat indicated by the red circle shown in (a). The Manganin wire in (b)
wraps around the Cu-can nine times, as represented by the stacked circles on either
side. This diagram is not drawn to scale.
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the dilatometer and dielectric cells and their use in specific measurements, with the

final section outlining the shared devices. Because the exact experimental details of

each measurement are unique, they are provided in Ch. 5 at the beginning of each

corresponding section.

4.1 The Dilatometer Cell

There are three common methods for measuring the thermal expansion of

solids; optical, x-ray, and electrical. Each of the methods use the mechanical

nature of matter’s expansion and contraction to measure the corresponding change

in interference, lattice parameter, and capacitance, respectively. A capacitance-based

electrical method [3] with a relative resolution on the order of 10−10 (see proof in

Appendix C) was used in the thermal expansion experiments of this work. This

section is therefore dedicated to the design and capabilities of this capacitance-based

dilatometer—a device with which to measure the dilation of matter. For general

descriptions of the optical and x-ray methods see Thermal Expansion by Yates [139]

and/or Heat Capacity and Thermal Expansion at Low Temperatures by Barron and

White [34].

Electrical dilatometers have been used to measure the thermal expansion of

solids since the 1950s [188]. These first capacitive-based dilatometers had sensitivities

to changes in length [139] on the order of 100 Å. Since then major developments

have been made in capacitance bridges and dilatometers constructed of low-thermal-

expansion materials, which has led to sensitivities [3] on the order of 0.1 Å. Due

in large part to the accessibility of high-resolution capacitance bridges, like those

of Andeen-Hagerling, Neumeier et al. [3] were able to develop a high-resolution

capacitance-based dilatometer. Their dilatometer was made almost entirely of fused

quartz (silica) which has a very low coefficient of thermal expansion and therefore adds
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Figure 4.2: (a) An exploded diagram, and (b) an assembled diagram of the fused
quartz dilatometer. The diagrams are not drawn to scale.

a relatively small contribution of the cell’s thermal expansion to the raw data [3]. The

dilatometer used in this work, shown in Fig. 4.2, was based on their design.

Extensive details about the dilatometer, its calibration, and corrections to the

raw data are provided by Neumeier et al. [3], therefore only details of the cell’s design

and construction will be provided herein. The dilatometer, as shown in Fig. 4.2,

consisted of two L-shaped pieces; the moveable and stationary L-shaped pieces. The

L-shaped pieces were held together by two 0.0065”-thick quartz springs which were

glued to the L-shaped pieces using sodium metasilicate (Na2SiO3) as adhesive. A

100 Å/1000 Å Cr/Au film was vapor-deposited onto the adjoining parallel faces of

the L-shaped pieces to form the capacitor plates, with small tabs deposited onto the

adjoining perpendicular faces to form the electrodes. A 0.0007”-thick line of gold was

removed, inset ∼1 mm from the edge of the low capacitor plate, to create a guard

ring as shown in Fig. 4.2(a). A wedge is used in the sample space to hold the sample

in place and create a gap between the capacitor plates. The assembled dilatometer is

roughly 20 mm × 18 mm × 25 mm, as shown in Figs. 4.2(b) and 4.3.
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Figure 4.3: An assembled dilatometer cell with a loaded Cu sample (top center),
situated within a Cu Faraday cage (bottom). The Cu and Pt leads are shown to be
connected in series to the Au electrodes on the stationary L-shaped piece (left).

To make electrical connections to the cell, two 0.001”-thick annealed platinum

wires were glued to the electrodes using silver paint. Because the Pt leads were very

fragile, 0.005”-thick high-purity Cu leads were glued to the cell using Na2SiO3 and

soldered to the ends of the Pt leads, as shown in Fig. 4.3. In total there were three

wire assemblies; one connected to the low-capacitor plate electrode, one connected to

the high-capacitor plate electrode, and the last connected to the guard ring electrode.

Because the Cu leads were anchored to the dilatometer, their ends could be safely

soldered to coaxial wires which ran the height of the cryostat and connected the low-

capacitance bridge capable of reliably measuring changes in capacitance that were

stable to within 10−6 pF, occasionally getting as low as 10−7 pF.

There is a slight difference between the dilatometer design used in this report

and that designed by Neumeier et al.; there exists a two-step platform which can

accommodate a sample up to 5 mm-long in lower platform, and a 1.5 cm-long sample

in the upper platform. This additional sample-space is evident in Fig. 4.2 as the

top surface of the moveable L-shaped piece, with the thin shelf at right (opposite
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Figure 4.4: The measured (uncorrected) capacitance data (black curve), relative to the
capacitance at 5 K, versus temperature for a typical thermal expansion measurement
of ice; it is plotted alongside the data after making corrections for the empty-cell
effect (red curve) and the thermal expansion of quartz (blue curve) [3]. The inset
shows the low-temperature region to emphasize the maximal deviation.

the side with the wedge) acting as the backing for a 10–14 mm-long sample. The

actual cell, with a ∼1 mm-long sample loaded in the smaller sample-space, is shown

in Fig. 4.3. Measuring the thermal expansion of a sample that is ∼10 mm in length

versus one that is ∼1 mm corresponds to a 1000% increase in the relative resolution

of the measurement. Therefore, this upper platform was used exclusively for the

measurements described herein. A typical plot of the uncorrected capacitance versus

temperature is shown in Fig. 4.4, alongside the data after making corrections for the

empty-cell effect the thermal expansion of quartz [3].
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Figure 4.5: (a) The circuit diagram of the dielectric experiment, with a 2-D schematic
of the dielectric cell and a sample of thickness l situated within a Faraday cage
that shares a common ground with the guard ring. Components A, S, and V are
an ammeter, a DPDT single-break level-switch, and a DC floating-voltage source,
respectively. (b) An exploded view of the fused quartz dielectric cell, showing the
high- and low-capacitor plates, the guard ring, and the electrodes made of Au.

4.2 The Dielectric Cell

As discussed in §2.2.2, the voltage-step technique is a reliable way to measure

the dielectric relaxation time of ice. As it happens, it also allows for measurements

of other properties with minimal changes; properties like the TSD (Section 1.8.2)

and static conductivity (Section 2.2.1) are made by simply changing the polarization

and/or temperature with time. The specifics of these changes are provided in the

corresponding sections of Ch. 5. This section is dedicated to the common instrument

shared among all the dielectric measurements—the dielectric cell.

A diagram of the dielectric cell is shown in Fig. 4.5(b), and an assembled cell

is shown in Fig. 4.6. Its construction was similar to that of the dilatometer cell. It

consists of two fused quartz square prisms of dimensions 2×2×0.25 cm3. On one

square face and one side of each platform, a 100 Å/1000 Å Cr/Au film was vapor-

deposited to form the conductive capacitor plates and electrode tabs, respectively. A
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Figure 4.6: An assembled dielectric cell with a loaded sample of ice and BeCu C-clamp
springs to hold the assembly together.

18 µm-thick line of gold, inset ∼1 mm from the edge of the low capacitor plate, was

removed to create the guard ring shown in Fig. 4.5(b). The electrical connections to

the electrodes were the same as those outlined for the dilatometer cell (§4.1), except

the coaxial cables ran to a Keithley 5517A electrometer, capable of reliably measuring

currents as low as 0.01 fA. The circuit diagram is shown in Fig. 4.5(a).

4.3 Shared Equipment

The two cells explained above (§4.1 and §4.2) are both housed in a Cu Faraday

cage, along with two resistance-based temperature sensors (§4.3.2), and grounding

for the guard ring and coaxial cables. The cage is fixed to the bottom of a stainless

steel rod with stacked thermal-shields and the coaxial cables from the cell running its

length. The top of the rod is fitted with a brass flange with hermetically-sealed cable

terminals. This probe assembly was then lowered into a custom cryostat (§4.3.1), and

cooled and warmed using a LabVIEW-based heating routine (§4.3.3). The equipment

and experimental procedures involved in these processes are explained in detail in the

remainder of this section.
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4.3.1 Cryostat

The cryostat used in the dielectric and thermal expansion measurements of

this work was the same as that [3] reported by Neumeier et al. Therefore, only

a brief outline of the cryostat, as shown in Fig. 4.1, will be discussed herein.

The commercially available helium Dewar has a custom insert which allows for

measurements between 5–350 K. The insert has a copper can at the bottom of the

Dewar, in which the Faraday cage surrounding and supporting the dilatometer hangs

from a stainless steel rod. A Manganin wire is wrapped around the copper can which

acts as a heating element, and the assembly sits in a concentric hermetically-sealed

space—the exchange-gas chamber—which acts as a buffer between the Cu can and

the liquid cryogen. The pressure in this space can be controlled to adjust the cooling

power to the Cu can, while the heating element provides precise thermal power to

the can. Around the liquid-cryogen space is a super-insulating material surrounded

within another hermetically-sealed vacuum space to thoroughly insulate the internal

components and liquid cryogen from ambient heat. At the center of it all sits the

Faraday cage and cell assembly, which also contain the thermometry to allow for

temperature measurements in, and thermal control of, the sample space.

Before each measurement the Faraday cage assembly, without a loaded sample,

was placed in the cryostat. To keep it free of condensed gases on cooling the sample

space was pumped to 10−5 mbar at 350 K for 12 hrs, with three intermediate

flushes of pure He gas. The cryostat was then cooled with liquid nitrogen (LN2)

and held at 265 K until thermal equilibrium was reached, after which the cryostat

was continuously flooded with He and the assembly was removed. The cryostat

was immediately capped and the assembly was quickly placed in an atmosphere of

LN2 boil-off at ∼240 K. For the dielectric measurements, the pre-cooled sample-cell

assembly (assembled in the cold-room) was then placed into the Faraday cage, the
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electrical connections were soldered together, and the assembly was sealed back into

the cryostat. The thermal expansion measurements were prepared in a similar fashion,

with the exception that the dilatometer was always within the Faraday-cage and the

electrical connections were never broken; this means the sample was loaded into the

dilatometer cell at the same time that the pre-assembled dielectric cell was being

placed into the Faraday cage.

4.3.2 Thermometry

As important as capacitance measurements are to the thermal expansion, so

too are the temperature measurements. Modern commercially available temperature

sensors, available from companies like Lake Shore Cryogenics, Inc., are reliable within

wide temperature ranges (0.1–400 K) with sensitivities of ∼5–10 mK between 0.1 K

and 30 K and ∼10–65 mK between 30 K and 400 K [189]. These sensitivities

correspond relative resolutions on the order of 10−2–10−4 which, when compared

to those of the dilatometer (10−9), are substantially high (less sensitive). Therefore,

the temperature measurements contribute the most to uncertainties in the thermal

expansion data, especially in the temperature-derivative (see Fig. 5.3).

The thermometry for this measurement is exactly the same as that [3] used by

Neumeier et al. Two resistance-based temperature sensors were used to calculate the

temperature. One sensor, made of Pt, is most sensitive above 50 K and the other,

called CernoxTM, is most sensitive below 50 K. Therefore, a weighted average based on

the sensitivity S = dR/dT = (dT/dR)−1 is used to calculate the temperature from

measured resistances. The sensors were calibrated using a Quantum Design, Inc.,

Physical Properties Measurement System (PPMS). The PPMS was used to cool the

sensors down to 2 K then warmed them to 375 K in 1.0 K intervals. The sensors were

given 4 min to reach thermal equilibrium at each temperature before the resistivity
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Figure 4.7: (a) The measured resistance versus temperature curves used to calibrate
the platinum and Cernox temperature sensors used in the thermal expansion
measurements. (b) The sensitivity (dR/dT ) of the platinum and Cernox temperature
sensors.

measurements were made. The isothermal resistivity obtained was an average of 25

resistance measurements. Once the resistance, R, and temperature, T , data were

gathered for each sensor, they were fit using a polynomial function. The Cernox and

platinum polynomials have the forms [3]

TCer (R) = a0R
−5 + a1R

−9/2 + a2R
−4 + · · ·+ a13R

3/2 (4.1)

and

TPt (R) = b0R
−8 + b1R

−15/2 + · · ·+ b23R
7/2, (4.2)

respectively, where ai and bj, with i = 0, 1, 2, · · · , 13 and j = 0, 1, 2, · · · , 23, are the

fit coefficients. The resistance versus temperature for both the platinum and Cernox

sensors are shown in Fig. 4.7(a) and their corresponding sensitivities (dR/dT ) are

shown in Fig. 4.7(b). TCer and TPt are valid in the ranges 2 K < T < 375 K and

50 K < T < 375 K respectively. Therefore, the weighted average temperature Tavg,
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based of the sensitivity S is calculated by

Tavg =
SCerTCer + SPtTPt

SCer + SPt

, (4.3)

where SCer = (dTCer/dR)−1 and SPt = (dTPt/dR)−1

Though the thermometry plays a vital role in the acquisition of reliable thermal

expansion data as outlined above, it has two more equally important roles to play: its

ability to maintain a constant warming/cooling rate, which plays an important role

in obtaining smooth α-data. By maintaining a slow and constant warming rate, one

allows the sample to warm in a quasi-static manner. Most temperature controllers,

like the Lake Shore Model 340 used in these experiments, have a calibration curve

as part of their firmware. This allows for the calculation of the temperature given

a measured resistance after entry of some calibration points. For resistance values

measured between these calibration points, a linear interpolation is used to estimate

the temperature. If one were to differentiate the R(T ) behavior, a series of steps for

the regions between calibration points would be found. This leads to substantial

fluctuations in the warming rate, which causes scatter in the α-data. It is the

continuity and smoothness of the polynomial functions (Eqs. 4.1 and 4.2) which allows

the heating routine (§4.3.3) to maintain a constant warming/cooling rate to within

1%, and prevents erroneous kinks in the thermal expansion coefficient data brought-

about by slight changes in the warming rate.

4.3.3 Heating Routine

As mentioned in §4.3.2, the warming rate plays a crucial role in thermal

expansion measurements, especially in the determination of α, and it is the

discontinuity in temperature calculations determined by interpolations made by the

temperature controllers which hamper attempts at maintaining a constant warming
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rate. This setback was overcome with the use of the polynomial fits to the R(T) data

(Eqs. 4.1 and 4.2) in conjunction with a logic-based heating routine. The heating and

cooling routines were the same as those [3] used by Neumeier et al. In brief, they

were run with a LabVIEW-based data acquisition program on a computer interfaced

with the temperature controller, heating filament, bridge, and ammeter.

The program measured the temperature, heater output, time, and the capaci-

tance or current, depending on the type of experiment. These data were gathered

once every ∼1.5 seconds, while the routine simultaneously controlled the warming

rate. The program is capable of maintaining a constant temperature in the cryostat

to within 1 mK and controlling the cooling/warming rates to within 5 mK/min.

However, because the cooling rate depended on the cooling power of LN2, it always

decreased as T approached the boiling point of nitrogen, ≈ 76 K. For slow-cooling

(|dT/dt| < 1 K/min), the rates were controlled with the heater and were constant

until a temperature was reached whereupon the heater was no longer required to

slow the rate. At lower temperatures, the rate depended solely on the cooling

power of N2, which decreases as T approaches 76 K on cooling. For fast-cooling

(|dT/dt| > 1 K/min), control came exclusively from the change in pressure of a

thermal-exchange chamber situated between the sample space and nitrogen bath.

Therefore, the fast cooling rate curves were not constant but resemble that of the

cooling power of N2 versus temperature. Curves of typical cooling rates used in this

work are given in §5.2.1.
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CHAPTER FIVE

RESULTS

This work started with the premise of measuring the thermal expansion of ice

with the highest relative resolution (§1.1), but an anomaly observed in the preliminary

measurements of α near 100 K (Fig. 1.2) resulted in a search for its cause. An

anomaly was also reported [25] at the same T in the specific heat (Fig. 1.21), which

suggested it was related to proton disorder; to test that idea, measurements of the

dielectric properties were performed on the same samples as those used in the thermal

expansion measurements. Therefore, the results of said measurements, detailed in this

chapter, are separated into two respective sections; those on the thermal expansion

and dielectric properties.

5.1 Results of the Thermal Expansion Measurements

The thermal expansion of ice was determined as follows. The sample with

parallel-faces, either along or normal to the c-axis, was loaded into the dilatometer

as explained in §4.3.1. Before each measurement, the samples were loaded into a

pre-cooled cell immersed in liquid nitrogen boil-of gas at ∼235 K. While the cell was

cold, it was essential to keep the capacitor plates free of condensed water vapor; any

condensation would act as a dielectric and cause erroneous capacitance readings. In

order to ensure the plates were clean after installation of the sample, the sample-cell

assembly was warmed in the cryostat (§4.3.1) to 265 K, and held there until all of

the condensed vapor had sublimated away from the plates and the capacitance had

stabilized; up to two hours. The sample/cell assembly was then cooled to 80 K using

liquid nitrogen, then cooled to 5 K with liquid helium (LHe), at rates ranging from
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Figure 5.1: The linear thermal expansion of (a) H2O and (b) D2O ice Ih measured along a (blue) and c (red). The insets
emphasizes subtle upticks along c, and the regions of NTE.
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Table 5.1: The temperatures of negative thermal expansion, TNTE, in ice; below it
expands on cooling, and above which it contracts.

H2O D2O
a-axis c-axis a-axis c-axis

TNTE (K) 62.3(1) 65.0(1) 60.5(1) 62.9(1)

0.1–12 K/min. The system was then warmed at a constant rate of 0.2 K/min and

the capacitance of the dilatometer cell was measured as a function of temperature.

The capacitance values were used to determine spacing between the capacitor

plates, d, via the standard equation for the capacitance of a parallel-plate capacitor,

C =
εA

d
, (5.1)

where εA is proportional to the area of the capacitor plates and was determined by

measuring the thermal expansion of high-purity annealed Cu and calibrating the cell

to that of published data [190]. The change in d on warming was equal to the ∆L of

the sample and L263K was measured to within 0.013 mm using calipers; the scalable

thermal expansion, ∆L/L (§2.1), followed simply. There are minor contributions to

∆L, namely corrections due to the thermal expansion of quartz and the empty-cell

effect, which must be subtracted [3] from the uncorrected data (see Fig. 4.4).

A typical1 plot of the linear thermal expansion (Eq. 2.1) of H2O and D2O ice

Ih measured along a and c is shown in Fig. 5.1(a) and 5.1(b), respectively. The

agreement of this data with that of Röttger et al [1,2] is shown in Fig. 5.2. Of notice

in Fig. 5.1 are a clearly defined region of NTE (small inset) up to 60–65 K, given

individually in Table 5.1, and a slight uptick (large inset) in the c-axis data at 100 K

1The c-axis results were reproduced in 32 independent measurements on 8 separate c-axis samples,
and the a-axis results were reproduced in 17 measurements on 9 different samples; all of which were
cut from one of 4 differently aged ingots (see §3.3).
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Figure 5.2: The linear thermal expansion measured along (a) the a-axis and (b) the c-axis for H2O (solid curves) and
D2O (dashed curves) ice Ih from this work alongside that of Röttger et al. [1, 2], determined with X-ray diffraction, for
comparison. The thermal expansion was calculated using Eq. 2.1, and substituting L with their values of a and c. The
insets show the region below 150 K, and emphasize the improvement in relative resolution.
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Figure 5.3: The ‘raw’ α = d(∆L/L)/dT data along a (blue points) and c (red points) and piecewise Chebyshev polynomial
fits of the data (black lines) for (a) H2O and (b) D2O. The insets show (i) the low- and (ii) the high-temperature regions
to emphasize the increased uncertainty.
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and 122 K for H2O and D2O, respectively. These observations are emphasized in the

insets of Fig. 5.1(a) and 5.1(b). Although these data are intriguing, much more is

learned from their derivatives.

A point-by-point derivative of ∆L/L with respect to temperature yields the

linear thermal expansion coefficient, α, shown in Fig. 5.3(a) and 5.3(b) for H2O and

D2O, respectively. Because of the noticeable scatter in the ‘raw’ data, it was fitted

using piecewise sums of the 1st- to 6th-order Chebyshev polynomials of the first kind,

shown as the black lines in Fig. 5.3. For the c-axis data, between 7–10 curves were

used to fit the entire T range; 4–6 were used for the a-axis. The fits were made

to smooth out occasional experimental artifacts, like the small unreproducible dip

in the raw a-axis α-data of H2O near 120 K (Fig. 5.3(a)); and and to polish the

scatter between 25–40 K (insets (i) of Fig. 5.3), which resulted from the boil-off of

LHe and a subsequent warming-rate destabilization. Because of the rapid decrease

in α above 255 K observed along c for both H2O and D2O (insets (ii) of Fig. 5.3),

the fits were also used to extrapolate the data. This decrease was the result of the

combined effects of sublimation of (1) matter from the sample and (2) condensed

ice from the capacitor plates. The time-dependent isothermal change in length of

a 10.34 mm-long a-axis oriented sample was measured between 240–265 K at 5 K

intervals using the dilatometer cell., the results of which are shown in Fig. 5.4. The

isothermal sublimation rates, given in the inset, were calculated from linear fits of

∆L versus time.

If, on warming at 0.2 K/min, the temperature is considered to be static static

to within ∆T = 0.1 K (for example, from 99.95–100.05 K), then the sample is

in isothermal equilibrium every 30 s. At 240 K, the sublimation rate becomes

0.282 Å every 30 s, which is on the order of the relative resolution of the dilatometer

(Appendix C). Therefore, any sublimation effects below 240 K are undetectable at this
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Figure 5.4: The isothermal change in length as a function of time due to sublimation
for an a-axis oriented sample of length 1.034 cm. The approximate linearity of the
change (red lines) allowed for a determination of the sublimation rates given in the
inset.

(or a faster) warming rate. Furthermore, the α-data in Fig. 5.3 shows that the effects

of sublimation begin to appreciably detract from the data above 255 K. As determined

by the rates shown in the inset of Fig. 5.4, the sample contracts by 8.82 Å in 30 s

at 255 K; by 19.6 Å at 260 K; and by 57.5 Å at 265 K. With these considerations,

it is clear as to why the effects of sublimation become discernible on warming above

255 K (as indicated in Fig. 5.3). Overcoming these sublimation effects proved to be the

Table 5.2: The linear thermal expansion coefficient of H2O and D2O ice Ih at 265 K
as determined from the fits along the a and c axes. The values in parentheses are
the average differences in the last digit between the fits and raw data (Fig. 5.3) from
260–265 K.

H2O D2O
a-axis c-axis a-axis c-axis

α265K × 106 (K−1) 50.8(6) 47.5(42) 52.1(3) 51.1(11)
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Figure 5.5: The fits to the linear thermal expansion coefficient versus temperature of (a) H2O and (b) D2O along a (blue)
and c (red). Inset (i) shows the region of the transition along c at 100 K and 122 K for H2O and D2O, respectively, and
(ii) shows the crossover temperature to NTE.
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Figure 5.6: The α of H2O from this work alongside the published data of Jakob &
Erk [192], Powell [193], Butkovich [19], Dantl [194], LaPlaca & Post [20], and Röttger
et al. [1, 2]. Those with a and c next to the names indicate the axis along which the
measurements were made; if no letters are present, the samples were polycrystalline.

most challenging aspect of the thermal expansion measurements; they were ultimately

minimized by measuring large samples, providing an environment of ambient2 partial-

pressure of water vapor, and performing a thermal cleansing (outlined above) of the

capacitor plates.

To account for the high-T effects of sublimation, the fits to the raw α-data (the

α-fits) for temperatures above 255 K were non-linearly extrapolated to provide a

smooth approach to an asymptote at Tm = 273 K; the extrapolations were modeled

after the a-axis α data, which displayed a much smaller decrease at high T , as shown

in Fig. 5.3(a) and 5.3(b). The values of the α-fits at 265 K are given in Table 5.2.

This technique, of fitting α instead of ∆L/L, was used because of the piecewise-nature

2the average humidity [191] is ∼50% in Bozeman, MT, USA where the measurements were
performed.
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of the fits; each curve, besides the first and last, began and ended at an intersection

with the curve before and after it, respectively. Because of even slight differences in

their slopes, kinks were formed at the intersections which resulted in discontinuities

in the derivatives. Therefore, if ∆L/L were piecewise fitted, the derivative of the fit

(i.e., α = d(∆L/L)/dt) would have discontinuities at each intersection point.

The α-fits are shown by themselves in Fig. 5.5(a) and 5.5(b). The curves give

sound agreement with the published data shown in Fig. 5.6. The insets of Fig. 5.5(a)

and 5.5(b) emphasize (i) a pronounced anisotropic transition along c at 100 K and

122 K for H2O and D2O, respectively, and (ii) the crossover temperature to NTE. It

should be noted that even for those a-axis samples oriented with the highest precision,

a small transition in α was observed on the order of 10% of that measured along

c; with an even larger transition being observed in samples with less precise a-axis

orientations. This is interpreted either as a result of inexact a-axis orientation, due to

the uncertainty of ±1.5◦ (discussed in §3.3), as a contribution from the ĉ-components

of the obliquely-oriented H-bonds, or a combination of the two. Furthermore, it was

found that the transition temperature, TD, depended on the rate at which the sample

was cooled, as shown in Fig. 6.8(a), with faster cooling rates resulting in higher TD

on warming; a behavior which is indicative of a relaxational origin of the transition.

This idea is discussed in greater detail in §6.3.

5.2 Results of the Dielectric Measurements

After it became clear that the transition in α was likely related to proton

disorder (Section 1.8), measurements of the dielectric properties related to the

relaxational effects involved in the order/disordering processes were made to test the

connection. Three properties related to the dielectric relaxation in ice (Section 2.2)

were probed as a check; the TSD, static conductivity, and relaxation time. All
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of the dielectric measurements were made only on H2O ice, with the exception of

one set of TSD measurements that were also performed on D2O ice. Because the

dielectric experiments were all slightly different from the prior, each measurement

procedure and its corresponding results are assigned their own subsection below. The

interrelatedness of these measurements and their results, however, are brought back

into focus later in §6.1.

5.2.1 TSD Current

In the TSD measurements, the samples were polarized for 5 minutes at 250 K

with the application of 550 V to the capacitor plates (see Fig. 4.5), creating an electric

field of 80–100 V/mm. The samples were cooled in-field at different rates, as shown

in the insets of Figs. 5.7(a) and 5.7(b). Once a base-temperature of 80 K was reached,

the electric field was removed and the sample was warmed at 0.2 K/min while the

current to the capacitor plates was simultaneously measured to yield the TSD current.

The TSD currents along a and c from 80–145 K for different cooling rates

are shown in Fig. 5.7(a) and 5.7(b), respectively. Peaks in TSD currents indicate

the temperatures at which relaxation processes, like the molecular reorientations in

ice, occur. Each curve reveals two peaks, indicating that there exist two relaxation

processes in ice in the range 80–145 K. In Fig. 5.7(a) the slow-cooled curves (i and

ii) reveal a peak near 115 K that decreases in amplitude with faster cooling until it

completely disappears. The fast-cooled a curves (iii and iv) are nearly identical to

each other, and show peaks near 110 K and 125 K.

The TSD currents along c in Fig. 5.7(b) are more revealing. The most-slowly-

cooled curve (i) shows a peak at 105 K that shifts to 112 K and decreases in amplitude

as the cooling-rate increases. There is a similar effect with the peak in the slowest-

cooled curves (i and ii) at 90 K that completely disappears in the fast-cooled curves
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Figure 5.7: A plot of the TSD currents in ice measured along (a) the a-axis and (b) the c-axis. The insets show the cooling
rates of each run, with the colors and labels (i, ii, iii, and iv) being the same as their counterparts in the main panels.
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(iii and iv). Another interesting feature is the development of a very sharp peak at

136 K in curves iii and iv along c which, unlike the 105 K peak, increases in amplitude

upon faster cooling. If, as will be discussed in §6.1, it is assumed that a peak which

increases in amplitude on slower cooling is the result of relaxational proton ordering,

then an increase in amplitude on faster cooling is the result of relaxational disordering.

The temperature of this 136 K-peak is also of interest because it occurs, perhaps

coincidentally, at the Tg of the highly disordered glass-transition in amorphous ice [15]

(see §1.5.4), which is, perhaps uncoincidentally, also the result of defect diffusion [195].

Also worthy of mention is the area under the TSD curves which is proportional

to the charge released during warming. Along a, the areas under curves ii, iii, and

iv in the range 80–145 K are all equal to 85(1)% of the area under curve i. Thus,

the total charge released along a has little dependence on the cooling rate, especially

for |dT/dt| > 0.5 K/min. Along c, however, the area under each curve from 80–

145 K depends on the rate at which it was cooled. As a percentage of the total area

under curve i, the area under curves ii, iii, and iv are 98(1)% , 87(1)%, and 79(1)%,

respectively. Thus, slower cooling along c allows the charge to order more thoroughly

and, therefore, more charge is released on warming. Finally, it is shown in §6.1 that

the charge released in the peak-process can be used to quantify the involved proton

order.

5.2.2 Static Conductivity

The static conductivity was determined by polarizing the sample at 250 K with

the application of 550 V ( ~E ≈ 90 V/mm) and measuring the current to/from the

capacitor plates on cooling at -0.1 K/min. The current measured was the conduction

current Iσ in Eq. 2.18, from which the static conductivity was calculated using V =

550 V, A = 318(1) mm2, and h = 6.97(5) mm and 5.50(5) mm for the samples with
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Figure 5.8: A log-plot of the static conductivity versus inverse temperature as
measured along a and c of pure single crystal ice Ih. Published data are shown
for comparison with their sample types given in the legend.

~E parallel to a and c, respectively. It should be noted that some researchers have

encountered problems with ohmic electrodes in determining the conductivity of ice,

mainly in the form of reduced charge-exchange between electrons in the metal and

protons in the ice [6]. However, it appears that this effect was made negligible in this

work due in large part to the guard ring, which acted as a catch for any space charges

emanating from the ice-electrode interface.

A log plot of σs versus 1000/T measured along a and c is shown in Fig. 5.8

alongside published data [196–200] for comparison. It reveals three linear regions

along both axes. Error bars for the data are also included, although only 20 are shown

in an effort to minimize clutter. The three Eσ, found using a weighted least-square

linear fit, along a are: 0.017(7) eV from 83–103 K, 0.141(5) eV from 103–125 K,
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Table 5.3: Values of Eσ at 250 K from this work and the published data from Fig. 5.8.
The letter in parentheses, if present, represents the axis (a- or c-) along which the
measurement was made; if no letter is present then the sample was polycrystalline.
Uncertainties are provided when available.

Reference Eσ (eV)
This work 0.357(1) (a)

0.356(1) (c)
Gränicher et al. 0.325(5)
Bullemer et al. 0.35(2) (c)
Gross et al. 0.14(1)
Petrenko et al. 0.70(7) (a)
Petrenko & Schulson 0.63 (c)

and 0.357(1) eV from 125–250 K. Those along c are: 0.120(4) eV from 83–102 K,

0.059(1) eV from 102–141 K, and 0.356(1) eV from 141–250 K. These values reveal

isotropic Eσ from 141–250 K along a and c, and a clear anisotropy below 140 K.

Furthermore, σs along c becomes larger below 125 K, indicating a clear preference

for dielectric relaxation along c below 125 K. For reference, Table 5.3 shows the

high-temperature values of Eσ from this work and those of the authors referenced in

Fig. 5.8. The values of σs at 250 K are 1.516 × 10−9 S/cm and 6.294 × 10−11 S/cm

along a and c, respectively.

5.2.3 Relaxation Time

The dielectric relaxation time in ice was determined as follows. The samples

were cooled from 250 K to 145 K at 1 K/min. Once the system reached thermal

equilibrium, a 220 V step-voltage (see §2.2.2) was applied across the dielectric cell and

the isothermal current was measured as a function of time until it reached a constant

(Iσ). The sample was then depolarized for the same length of time by flipping switch

S in Fig. 4.5(a) to the up position, and grounding the capacitor plates. Finally, the

samples were cooled by 2 or 3 K at -1 K/min and the process was repeated until the
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Figure 5.9: A plot of τD of pure ice versus 1000/T measured along a and c. The linear
relationships reveal activation energies of 0.256(2) eV and 0.233(3) eV for a and c,
respectively. Published data are shown for comparison.

last measurement was made at 102 K. The measurement times ranged from 20 min at

145 K to 20 hr at 102 K. The currents were fitted with an exponential least-squares

fit, in the form of Eq. 2.26, which determined the value of τD. A measurement count

of one every 1.5 s was determined by the time required of the ammeter to provide

a repeated average of 20 readings. This set a lower limit in the determinability of

τD to 0.75 s; any lower and the sample would be almost completely polarized before

the first measurement was made. An upper limit was set by the patience of the

experimentalist.

A log plot of τD versus 1000/T measured along a and c is shown in Fig. 5.9

alongside published data [22, 25, 201, 202]. In the past, measurements of τD were

made either with polycrystals or were found to be isotropic along a and c. In this
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Table 5.4: The dielectric (Debye) relaxation times measured along a and c in the
temperature range 102–145 K. The value in parentheses is the error in the last digit.

T (K) τD (s)
~E ‖ a ~E ‖ c

145 0.7436(4) 0.989(9)
142 0.965(1) 1.188(10)
140 1.171(2) 1.521(3)
137 2.029(5) 1.884(12)
135 3.283(5) 2.806(7)
132 5.20(1) 5.17(2)
130 7.23(2) 6.62(3)
127 11.95(3) 11.34(5)
125 16.75(9) 15.10(6)
122 28.6(2) 23.3(1)
120 41.5(3) 30.8(3)
118 77.8(6) 57.2(4)
115 121(1) 91.3(7)
112 251(2) 171(1)
110 435(3) 281(2)
107 765(4) 450(3)
105 1608(7) 1049(4)
102 3997(10) 2340(15)

work, however, anisotropy is observed which reveals τD along a to be 1.7 times longer

than that along c at 102 K. Above 135(2) K this relationship is reversed, with τD along

c becoming longer than that along a as T increases. The relaxation times are also

listed in Table 5.4 along with their uncertainties. The linearity predicted by Eq. 2.22

allowed for the use of a linear least-squares fit of ln τD versus 1/T to determine the

value of Eτ to be 0.256(2) eV and 0.233(3) eV along a and c, respectively. The

values of Eτ reported in the published work for the temperature range 150–230 K

vary between 0.195–0.234 eV, in good agreement with the values presented here.
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CHAPTER SIX

DISCUSSION

The possible existence of a transition near 100 K was first reported by Giauque

and Stout [24], who noticed a sluggish response in the heat capacity, Cp, with the

addition of heat between 85–100 K (see §1.8.2). Subsequent measurements [25]

revealed a feature in Cp that was strongly influenced by the cooling rate and thermal

treatment (Fig. 1.21). A feature near 100 K has also been observed in dielectric

measurements [23], which is related to proton ordering dynamics [95, 126]. There is

strong argument [129] for the case that ice undergoes a freezing-in of disorder and a

partial proton-ordering in the form of relaxational protonic point-defects, a process

similar in nature to a glass transition (see §1.5.4); this leads to the classification of ice

as a “glassy crystal” [25]. In this work, the transition in α behaves similarly, in that it

is relaxational, proton-dependent, and occurs at 100 K, so it followed naturally that

the two process could be related. This idea—that the transition in α is related to

the proton dynamics, and potentially to their partial ordering—became the working

hypothesis of this work.

In order to test the hypothesis it became clear that studies of the dielectric

properties of ice would be necessary because, if proton-ordering is involved in the

transition, then the bulk dielectric properties will be affected (see §1.8.2 and §1.9).

Therefore, this chapter is divided into three sections; the first will discuss the

findings and analysis of the dielectric results, the second will discuss those of the

thermal expansion, and the third will tie-together correlating properties from each

and complete the narrative of this dissertation. It is shown that the dielectric results

reveal a relaxational effect along c at the same temperature as the transition in α.

They also indicate that the proton relaxation in ice, caused by molecular rotations,
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is energetically favored along c. The results of the thermal expansion show the same

anisotropy and indicate a similar relaxational origin of the α-transition, which is

undoubtedly involved with proton disorder. These results are used together to paint

a picture of residual proton disorder being frozen-in, and possibly undergoing a slight

ordering, along c as ice is cooled; the effect being an anisotropic anomaly observed

in α at 100 K. Furthermore, the isotopic substitution reveals that phonon modes

associated with molecular rotations (librations) begin to noticeably contribute to the

thermal expansion above 50 K, with Einstein models indicating that translational

modes dominate below 80 K. By opening with this picture, it is the author’s hope

that the reader will view this discussion through a more focused lens—so as to

develop a well-informed understanding of the subtleties in ice physics—and decide

for themselves what physics the measurements are trying to expose.

6.1 Discussion on the Dielectric Results

The smaller slopes of the σs curves below 140 K (Fig. 5.8) are interpreted as

follows. Anisotropy was measured in the static permittivity1, εs, between 126–263 K

by Kawada [22]. His data are fitted to the Curie law, εa = 23700 K−1/T , and

the Curie-Weiss law [31], εc = 22500 K−1/(T − 46 K), where εa and εc are the

permittivities measured along a and c, respectively, and are shown in Fig. 6.1(a)

along with the fits and extrapolations to 80 K. His data indicate that during cooling

ice displays an increase in permittivity, which, in the experimental setup of this work

(§4.2), would cause the capacitor to receive a dielectric charging current density Jd.

Combining Eqs. 2.17 and 2.23 yields Jd = Id/A = dP/dt = ε0Edε/dt which gives the

1εs is the low-frequency limit of the the absolute permittivity, ε = ε0εr.
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Figure 6.1: (a) The static dielectric constant measured along a (εa) and c (εc) by Kawada [22]. The raw data (circles)
are what was actually measured, the fits (solid lines) are of the form 22500/(T − 46 K) for c and 23700/T for a, and the
extrapolations to 80 K (dashed lines) are an extension of said fits. (b) The measured σs alongside the predicted dielectric
contribution to the conductivity, σd. The subscripts a and c in the curve labels of (b) indicate the axis along which σs
was measured and σd was calculated.
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dielectric contribution to the measured conductivity as

σd =
Jd
E

= ε0
dε

dt
. (6.1)

In this work, dε/dt = (dε/dT )(dT/dt), where dT/dt = −1/600 K/s (§5.1), dεa/dT =

−23700/T 2, and dεc/dT = −22500/(T−46 K)2. These formulas explain the locations

of the predicted curves, the dashed lines in Fig. 6.1(b), down to 110 K.

Below 110 K, the downturns of the curves in Fig. 6.1(b) result from the inability

of the permittivities to follow the Curie and Curie-Weiss laws because the relaxation

times, and their extrapolations from Fig. 5.9, become too long (see also Fig. 1.20).

Instead, below 110 K it became necessary to step the following differential equations

degree-by-degree to find the predicted permittivities for these temperatures. These

equations are dεa/dt = 23700/τDaT and dεc/dt = 22500/τDc(T − 46 K), where τDa

and τDc are the relaxation times at T along a and c, respectively. The predicted

crossover of the conductivities along a and c occurs near the observed temperature

of 127 K. Also, the predicted onsets of change in slope occur at the measured values,

125 K along a and 140 K along c. Finally, the shapes of both predicted curves are

similar to the measured shape for σs along c, as shown in Fig. 6.1(b), but the predicted

curves are well above the measured curves below 120 K, which could be a result of

the extrapolation below 125 K of Kawada’s Curie and Curie-Weiss law expressions

for static permittivity. This agreement suggests that the changes in Eσ of ice below

140 K, especially those along c, are related to its increased permittivity (and thus its

increased ability to resist molecular rotations) as T decreases to 110 K. Below 110 K,

the molecules which have yet to rotate become frozen-in as a result of the increasing

relaxation time on cooling. This postulate is supported by observations of others
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concerning frozen-in proton disorder [25], and even some partial ordering [122], in the

same temperature region (§1.8.2).

Under consideration now are the extrapolations to infinite temperature of the

data in Fig. 5.8 in terms of the discussion of intrinsic and extrinsic conductivity

in §2.2.1, where the intrinsic infinite-temperature conductivity σ0,int was roughly

approximated to be 2 × 103 S/cm. In Fig. 5.8, only the extrapolations of Petrenko

et al. [199] (a-axis) and Petrenko and Schulson [200] (c-axis) converge to that value

as T →∞. Furthermore, their curves have the highest activation energies, exceeding

the others by 2–6%. Therefore, it is likely [6] that they measured the intrinsic

conductivities along these two axes, and all of the other data in Fig. 5.8 are partially

related to extrinsic conductivity. The value of σs along c determined in this work and

by Bullemer [197] have the same activation energy to within experimental uncertainty.

They also both give a value of σ0 ≈ 10−3 S/cm, which is a factor f = 5× 10−7 times

lower than σ0,int, implying that f is the fractional-concentration of unintentional

impurities in the samples used in this work.

Through conductivity measurements, the activation energy of L-defect mobility

in HCl-doped ice was determined by Takei and Maeno [156] to be 0.190(17) eV.

They also showed a curve of the D- and L-defect conductivity, which qualitatively

looks the same as the σs measured along c in this work. Similarly, Chamberlain and

Fletcher [203] measured thermally stimulated polarization currents in HF-doped ice

and determined the activation energy for liberation of an L-defect to be 0.12(6) eV.

The agreement between these values and those of the intermediate Eσ determined

in this work, 0.141 eV along a and 0.120 eV along c (§5.2.2), suggests L-defects

dominate in the conductivity of pure ice below 140 K. Furthermore, in an effort to

probe the partial ordering of pure ice at around 100 K, Haida et al. [25] determined

calorimetrically (i.e. without dielectric stimulation) relaxation times associated with



110

the proton configurational enthalpy still to be relaxed as their sample came to

thermal equilibrium (see §1.8.2). From these they calculated an activation enthalpy

of 0.228(40) eV, in agreement with Eτ determined by Kawada [22], 0.234 eV, and

in this work, 0.256(2) eV and 0.233(3) eV along a and c, respectively (§5.2.3). This

agreement, and the fact that the τD of Haida et al. extrapolate directly into those

of Kawada, who determined τD dielectrically (see Fig. 5.9), gives strong support for

a common origin shared between the dielectric relaxation dynamics and the partial

proton-ordering in ice near 100 K [95,129].

Further support for the assignment of Bjerrum defects as the dominant dielectric

relaxation mechanism in ice comes from the work of Schmidt [204], who used

quadrupole perturbed deuteron NMR to find the mixing time for deuterons in ice.

He found that c-axis bonds moved to the oblique bonds, and vice versa, through the

propagation of Bjerrum defects. This is due to the fact that the diffusion of an ionic

defect merely moves a hydrogen along a bond, so the effect does not not appreciably

change the electric field gradient at the deuteron site in NMR. Therefore, Schmidt’s

τm results were not sensitive to ionic diffusion and so they must measure only the

effect of relaxations involving Bjerrum defects. That his values of τm extrapolate

into the τD from this work below 200 K suggests that they share the same relaxation

process; molecular rotations via propagating Bjerrum-defects.

Because the relaxation process in pure (or weakly doped) ice is dominated by

Bjerrum-defects [6,92], it is postulated [126] that peaks in the TSD current near 100 K

arise from the associated molecular rotations. It is also suggested [23] that the shift

in temperature of the current peak near 100 K is a result of the disordered proton

configuration becoming frozen-in at higher temperatures with faster warming rates.

Using these ideas, the TSD currents of this work is interpreted as follows. As ice Ih

cools below 120 K it begins to transition to the proton-ordered equilibrium state [154],
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XI, through molecular rotations with a preference along c. This process is halted,

however, near 100 K because the dielectric relaxation time becomes so long that it

effectively freezes-in the residual disorder [72] and prevents the complete transition.

This behavior is well-known (§1.8.2) but, until this work, anisotropy in this relaxation

process had not been observed in pure ice. As an aside, it follows that the increase

in amplitude of the 105–112 K peak in Fig. 5.7(b) indicates more proton ordering on

slower cooling. Conversely, the decrease in amplitude of the 136 K peak indicates

more ordering on faster cooling; this reveals a tendency for proton disorder along c

in pure ice at the same temperature as the highly disordered Tg of amorphous ice (see

§1.5.4 and §5.2.1).

Anisotropy has also been measured in TSD experiments on KOH-doped ice by

Jackson & Whitworth [136], with the observation of a large peak at the ferroelectric

Ih→XI transition along c, and a relatively short peak along a (see §1.9 and Fig. 1.24).

Their results indicate an anisotropic order-disorder transition whereupon molecular

reorientations bring about ferroelectric order along c. They suggest roughly 10%

of complete proton order along c, and 0.1% of that along a. It appears that the

anisotropy observed in this work is related to the aforementioned transition, but with

partial proton order along c near 100 K (as discussed in §5.2.1). Furthermore, the

amplitude of the c-axis peak in ice XI is 1.6 × 103 times larger than that of pure

ice observed in this work (Fig. 5.7). From the peak at 100 K, the charge released

was equal to 0.066 mC m−2, which is 0.028% of the 230 mC m−2 expected [136] for

complete ferroelectric order.

Finally, the results of the conductivity measurements from this work reveal

anisotropy in Eσ below 140 K. In the intermediate region from 102–140 K, one notices

a smaller Eσ along c to that along a. It is also within this region, near 125 K, that the

conductivity along c becomes higher than that along a. Similarly, the τD data reveals
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anisotropy at low temperatures, with Eτ along a being larger than that along c and

τD along a being nearly twice that along c at 102 K. These independent observations

imply that as the sample cools, the mobility of Bjerrum-defects becomes more easily

realized along c than along a. In other words, molecular rotations are energetically

favored along c below 140 K.

6.2 Discussion on the Thermal Expansion Results

In this work, the transition in α appears primarily along c, as shown in Fig. 5.5

and, if it is indeed related to the disorder/partial-order transition observed by

others [23–25,95,126], the data suggest that the molecules preferentially rotate along

c. These postulates are supported by (1) the observation of an isotope effect which

increases the TD of D2O over that of H2O, as shown in Fig. 6.2(a), implying a

relation to the H/D-configuration; (2) the fact that the isotope substitution affects

phonon vibrations related to rigid molecular rotations, the librational modes; and (3)

the finding of anisotropic dielectric relaxation in ice, which showed that molecular

rotations favor propagation along c below 140 K (see §6.1). For completeness, the

α of H2O and D2O measured along a are shown in Fig. 6.2(b). The difference in α

due to isotopic substitution along a and c is emphasized in Fig. 6.3(a); the differences

reveal that isotopic substitution minimally affects α below 50 K, with an increase in

that of D2O along both axes above ∼50 K. Furthermore, as is clear from Fig. 5.6, the

thermal expansion coefficient measurements of Dantl [194] show the best agreement

with those of this work for H2O; however, his measurements of D2O deviate from

those of H2O between 20–120 K, and show little difference above 120 K.

A similar increase upon isotopic substitution to that observed in α of this work

has been observed in the heat capacity of ice [25, 132, 150] (as expected from the

proportionality given by Eq. 2.9), typically with a higher Cp of D2O above ∼50 K as
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Figure 6.2: The thermal expansion coefficient α of H2O and D2O along (a) the c-axis
and (b) the a-axis.
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Figure 6.3: (a) The difference in α of H2O and D2O ice along a (blue curve) and c (red curve) versus temperature. (b)
The difference in β of H2O and D2O. The error bars indicate the uncertainty propagated from those of the fits (§5.1).
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Figure 6.4: The heat capacity at constant pressure of H2O and D2O ice Ih versus
temperature. The H2O data come from Flubacher et al. [150] (below 12 K) and
Haida et al. [25] (above 12 K). The D2O data come from Matsuo et al. [132]

frequencies [102] in D2O, they are more easily excited above 50 K and result in a

larger Cp.

As a check on these modes, the α-data of H2O and D2O below 80 K were fitted

using the Einstein model, given in Eq. 2.16. The determined θE do not equate to any

physical properties, but are roughly related to peaks in the phonon density of states

when plotted against equivalent temperature [153]. In this work, m = 2 produced

satisfactory fits, as shown in Fig. 6.5, with the determined Einstein terms given in the

inset. The values of θ1 are higher along c in both isotopes and higher in H2O along

both axes, with those of θ2 all equal to within experimental uncertainty. Fig. 2.6

shows that the average θ1 = 71.2 K and θ2 = 314 K are in good agreement with the

equivalent temperatures at which peaks occur in the phonon density of states [206],

corresponding to translational modes (§2.1.2); 86 K for the TA mode and 330 K for

the LO mode.
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Figure 6.5: The linear thermal expansion coefficient of (a) H2O and (b) D2O ice along
a (blue) and c (red). The black lines are the corresponding fits using Eq. 2.16 and
the Einstein terms given in the legend.

Furthermore, the α1 of each fit were always negative and the α2 were always

positive; this sign change allowed for the modeling of NTE below 62 K, and suggests

that the θ1 terms (TA modes) are those which bring about the NTE in ice (as discussed

in §2.1.3). It is proposed here that the thermal expansion of ice below 80 K is

heavily affected by these translational modes, with the TA modes dominating below

62 K. Moreover, the effect of isotopic substitution on the density of states determined

by low-frequency neutron diffraction data [206] only shows a decrease in energy of

the librational modes (see Fig. 2.6 and §2.1.2), which are associated with rotational

molecular vibrations brought about by the less-coupled deuterons. Therefore, when

paired with the effects of isotopic substitution observed in α (Fig. 6.2), it follows that

the thermal expansion of ice becomes appreciably affected by the librational modes

above 50 K.

When the ∆L/L data are normalized to the lattice constant data of Röttger

et al. [1, 2] at 10 K, values of the c/a ratio as a function of temperature are

determined, as shown in Fig. 6.6. Until this work, it has been assumed that the
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Figure 6.6: The c/a ratio versus temperature for H2O and D2O calculated using the
thermal expansion data normalized to the lattice constant data of Röttger et al. [1,2]
at 10 K. The inset shows a projection onto the (010) plane of the tetrahedral oxygen
configuration in ice Ih, with the c-axis along the vertical.

c/a ratio of ice is temperature-independent, this despite the observation of structural

anisotropy in other hexagonal crystals [207–209], but the data in Fig. 6.6 show a

clear T -dependence, indicating distinct anisotropy. The average values of 1.62807(8)

and 1.62814(10) for H2O and D2O, respectively, are lower than the ideal value of

1.63299 expected for perfect tetrahedral symmetry (see Appendix A) due to a slight

flattening [88] of the hexagonal rings lying in the basal plane perpendicular to the

c-axis (see §1.7.3). This flattening corresponds to a reduction of the O’—O—O” angle

and an opening of the O”—O—O” angle, as inferred from the inset of Fig. 6.6 and

proven in Appendix B. Clearly, because the average c/a is higher for D2O, the effect of

isotopic substitution is to reduce said basal-flattening. Distinct minima at 100 K and

122 K, and maxima at 186 K and 213 K are observed in H2O and D2O, respectively.

These extrema unveil a definitive structural anisotropy which can be extended to the
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average tetrahedral coordination around each oxygen as a change in the O—O—O

angle of 0.01◦ between the extrema.

The volumetric thermal expansion, ∆V/V10K, of H2O and D2O is shown in

Fig. 6.7(a), and was simply determined from the linear thermal expansion data

(Fig. 5.1) and Eq. 2.3. The inset shows a volume minimum (density maximum)

in H2O at 62.3 K which, when displayed alongside the region of the well-known

volume minimum of water at 277 K, reveals that the volume minimum of ice is

about 3 times larger than that in the liquid. The volume-minimum in liquid water

can be predicted using a mixture-model [210, 211], in which ice-like clusters form

by structural collapses [212] which result from an increase in non-nearest-neighbor

coordination through the slight bending of H-bonds [213]. This H-bond bending

draws immediate comparison to the intermolecular-bending TA phonon mode in ice

(see §2.1.2). Notwithstanding that the H-bond bending inferred from the c/a-ratio and

that which results from the TA mode are conceptually similar, they are not likely to

be related; the former is a static average and the latter is a dynamic vibration. For

completeness, the volume-minimum in D2O occurs at 61.2 K, and the volumetric

thermal expansion coefficient, β, of H2O and D2O ice are shown in Fig. 6.7(b). The

difference in β due to isotopic substitution is emphasized in Fig. 6.3(b), and shows

similar behavior to that in observed in α (Fig. 6.3(a)); a minimal effect of isotopic

substitution is observed below 50 K, with a sustained increase in β of D2O above

50 K.

6.3 Interpretation of Correlated Properties and Closing Remarks

To probe the origin of the transition observed in the α-data, described above,

and to test the postulate that it is the same as that observed in the heat capacity of

ice (see §1.8), measurements were made of the thermal expansion after undergoing
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Figure 6.7: (a) The volumetric thermal expansion of H2O (solid curve) and D2O
(dashed curve) ice. The inset shows the region of the volume minima (density
maxima) for ice (solid curve) and liquid water (dash-dot curve), where ∆V/V is
relative to 5.5 K and 273 K for the solid and liquid, respectively.The liquid data come
from Kell [145]. (b) The volumetric thermal expansion coefficient of H2O (solid curve)
and D2O (dashed curve) ice.

different cooling rates. As mentioned in §5.1 and shown in Fig. 6.8(a), it was found

that TD shifted to higher temperatures upon faster cooling, as is typical of most

relaxational phenomena [214]. This shift, observed in the same sample as that with
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Figure 6.8: (a) The linear thermal expansion coefficient and (b) the TSD current
along c for H2O measured with the same samples and on warming at 0.2 K/min after
cooling at the rates shown in the inset of (a), and indicated by their shared color and
label (i, ii, iii, and iv). (c) The α and (d) TSD current along c for H2O and D2O,
measured with the same samples and with the same cooling and warming rates of
-0.1 K/min and 0.2 K/min, respectively.

which the TSD measurements were made, behaved identically to the 100 K TSD

peak (§5.2.1), as shown in Fig. 6.8(b). The cooling rates for both measurements were

the same and are shown in the inset of Fig. 6.8(a). Furthermore, typical plots of

the isotope effect in α and in the TSD current around TD are shown in Figs. 6.8(c)

and 6.8(d), respectively. As stated in §6.1, the TSD peaks constitute a partial proton

ordering of roughly 0.028% of that expected for complete order. These results indicate

that there is a common origin shared between the transitions dynamics and dielectric

relaxation in ice—the propagation of Bjerrum defects (§2.2).

Finally, the foundation has been laid for an understanding of the structural

dynamics of ice, especially in the anomalous region near 100 K. As ice Ih cools,
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the originally disordered configurations [56] begin to order [25] around 110 K, albeit

very slowly [24], and the bulk begins to transition to the completely proton-ordered

phase [132], ice XI. However, τD grows exponentially on cooling [122]; from about an

hour at 100 K to the age of the universe at 40 K. After less than 0.03% of the proton

configurations have become ordered along c on cooling, the increasing τD slows the

ordering-rate to a relative stand-still around 100 K. This process results in a transition

along c, and effectively freezes-in the zero-point entropy [72] at 0 K. Furthermore, the

librational phonon modes, which show appreciable excitation above 50 K, become

overtaken by translational TA and LO modes below 50 K, with NTE being the result

of the dominating H-bond-bending TA mode below 62 K.
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CHAPTER SEVEN

CONCLUSION

In this work, the thermal expansion of ice was measured with a relative resolution

of 2×10−10, and over a broad temperature range of 5–265 K. The data reveal a clearly-

defined transition to negative thermal expansion at 62 K, not the previously-reported

value of 73 K. The impact of isotopic substitution was to (among other things)

increase the thermal expansion coefficient above 50 K, with little difference below.

Einstein modeling of the coefficients below 80 K yielded two Einstein terms which

correspond to the equivalent temperatures of the transverse acoustic and longitudinal

optic phonon modes, suggesting their strong influence in the thermal expansion of ice

at low temperatures. Furthermore, a previously unreported transition in the thermal

expansion coefficient along the hexagonal c-axis was observed at 100 K, which began

an extensive search for its origin.

The transition displayed behavior indicative of a relaxation process, in the form

of an upward shift in the transition temperature on faster cooling, and exhibited an

isotope effect which increased said temperature to 122 K. The transition temperature

coincides with those of other anomalies observed in measurements of the heat capacity

and dielectric polarization of ice; the cause being a well-known freezing-in of entropy,

brought about by a high degree of disorder in the hydrogen configurations within the

crystalline oxygen lattice. The relaxation time of ice becomes so high on cooling near

the transition temperature that any disorder which would otherwise settle to a more

ordered, lower-energy state, becomes locked-in and prevents the ice from transitioning

to the completely ordered state, ice XI.

Measurements of the thermally stimulated depolarization current, static conduc-

tivity, and dielectric relaxation time reveal that relaxation in ice is strongly dependent
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on molecular rotations which result from the propagation of Bjerrum point defects,

and subsequent localized breaking of the ice rules. Furthermore, the dielectric results

revealed an energetic preference for this type of relaxation along c, and showed that

the dielectric relaxation, which is the result of an external force, shares a common

origin with inherent relaxation involving the partial order of protons on cooling near

100 K. It was shown that the relaxation below 140 K is due to extrinsic polarization

brought about by unintentional doping, and that it is probable that few (if any)

experiments have measured purely intrinsic properties of ice. That said, it is clear

that even very pure ice undergoes a transition at 100 K which is unequivocally tied to

the freezing-in of proton disorder, and is likely the result of partial (0.028%) proton-

ordering on cooling.
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[175] Riché, E., Aude, C., Andin, N., and Mabic, S., High-Purity Water and
pH, American Laboratory , 38(13), 22 (2006).

[176] Groenzin, H., Li, I., and Shultz, M. J., Sum Frequency Generation on
Single-Crysytalline Ice Ih, in Physics and Chemistry of Ice, edited by W. F.
Kuhs, pp. 191–199, The Royal Society of Chemistry (2007), The Proceedings
of the 11th International Conference on the Physics and Chemistry of Ice (PCI-
2006) held at Bremerhaven, Germany on 23–28 July 2006.
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DERIVATION OF THE c/a RATIO FOR IDEAL TETRAHEDRAL SYMMETRY
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Figure A.1: The tetrahedral oxygen arrangement projected onto the (101̄0) plane.

When the tetrahedron in Figure A.1 is projected onto the basal plane, the top

sphere in Figure A.1 is at a distance of a/
√

3 from each of the surrounding three

(defined center of an equilateral triangle). Using the Pythagorean theorem one obtains

a2 = (c/2)2 + (a/
√

3)2. Rearranging yields c/a =
√

8/3 ≈ 1.633.
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APPENDIX B

GEOMETRIC ARGUMENTS ON TETRAHEDRAL SYMMETRY
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Figure B.1: The tetrahedral oxygen arrangement projected onto the (010) plane.

Consider the tetrahedron in Figure B.1. If rOO′ = rOO′′ , then θ = 180◦− 2φ and

φ = tan−1
(

2√
3

a

c

)
. (B.1)

Now, if c/a =
√

8/3 = 1.633, the ideal tetrahedral ratio, then

φ = tan−1
(

1√
2

)
, (B.2)

and θ = 109.47◦. But, if c/a < 1.633, then θ < 109.47◦. Conversely, if θ = 109.47◦,

but rOO′ 6=rOO′′ , then

rOO′ =
c

2
− a√

3 tan (180◦ − θ)
, (B.3)

and

rOO′′ =
a√
3

√
1

tan2 (180◦ − θ)
− 1. (B.4)

Finally, setting c/a < 1.633 gives rOO′ < rOO′′ .
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APPENDIX C

RELATIVE RESOLUTION OF THE DILATOMETER
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The relative resolution of the measurement comes from the resolution of the

capacitance bridge, δC = 10−6 pF. Taking a derivative of Eq. 5.1 with respect to d

yields the resolvable change in separation of the capacitor plates as

δd = − εA
C2
δC = 0.02 Å, (C.1)

where εA = 1700 pF·µm, and C ≈ 30 pF on average. As a reference, δd of 0.10 Å

is commonly attainable with this family of device [215]. Given the result of Eq. C.1,

and a sample length of ∼1 cm, the final relative resolution of 2.0×10−10 is obtained.
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