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A computer model of biofilm dynamics was adapted to incorporate the activity of an antimicrobial agent on
bacterial biofilm. The model was used to evaluate the plausibility of two mechanisms of biofilm antibiotic
resistance by qualitative comparison with data from a well-characterized experimental system (H. Anwar, J. L.
Strap, and J. We l2osterton, Antimicrob. Agents Chemother. 36:1208-1214, 1992). The two mechanisms
involved either depletion of the antibiotic by reaction with biomass or physiological resistance due to reduced
bacterial growth rates in the biofilm. Both mechanisms predicted the experimentally observed resistance of
7-day-old Pseudomonas aeruginosa biofilms compared with that of 2-day-old ones. A version of the model that
incorporated growth rate-dependent killing predicted reduced susceptibility of thicker biofilms because oxygen
was exhausted within these biofilms, leading to very slow growth in part of the biofilm. A version of the model
that incorporated a destructive reaction of the antibiotic with biomass likewise accounted for the relative
resistance of thicker biofilms. Resistance in this latter case was due to depletion of the antibiotic in the bulk
fluid rather than development of a gradient in the antibiotic concentration within the biofilm. The modeling
results predicted differences between the two cases, such as in the survival profiles within the biofilm, that
could permit these resistance mechanisms to be experimentally distinguished.

It is widely recognized that bacteria colonizing a surface as a
biofilm can be much more resistant to antimicrobial chemo-
therapy than are their planktonic counterparts (4, 14). The
reduced susceptibility of attached bacteria becomes crucial in
the treatment of infections such as those associated with
medical implants or cystic fibrosis (4). Two leading hypotheses
have be.en advanced to explain the persistence of biofilm
infections. The first hypothesis relates to antibiotic transport.
According to this hypothesis, antimicrobial agents fail to fully
penetrate the biofilm, so that in some regions of the biofilm,
bacteria simply are not exposed to effective concentrations of
an antibiotic (4, 10). The second explanation postulates that
physiological differences of sessile cells, for example, low
growth rates, reduce the susceptibility of microorganisms in
the biofilm mode of growth (3, 8).
Both the transport-related and the physiological explana-

tions for biofilm resistance to antibiotics have experimental
supp6rt, suggesting that both mechanisms may operate to
various degrees in real systems. Indeed, part of the difficulty in
interpreting experimental results is that the same transport
limita ions that might prevent an antibiotic from penetrating a
biofilm can very readily lead to physiological gradients within
the biofilm. One way to distinguish the unique features of the
two hypotheses is through theoretical investigation. This article
introduces the use of a computer model of biofilm dynamics as
a tool to augment laboratory work aimed at understanding the
persistence of biofilm infections.

This article presents a theoretical evaluation of the plausi-
bility of the transport limitation and altered physiology mech-
anisms of biofilm resistance to antimicrobial agents. The
evaluation involves the comparison of predictions of a mathe-
matical model of biofilm accumulation, which are customized
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of Chemical Engineering, Montana State University, 409 Cobleigh
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994-6098.

to incorporate either of the two resistance mechanisms, with
data from a well-characterized experimental system (1). The
purpose of this investigation was to assess whether either
mechanism, when analyzed quantitatively in terms of its con-
stituent phenomena, could capture the qualitative behavior of
the experimental data. A second objective was to discover
differences between the predicted behaviors of the two mech-
anisms that might allow them to be experimentally discrimi-
nated.

MATERUILS AND METHODS

An existing computer model of biofilm dynamics (9) was
adapted to describe the activity of an antimicrobial agent on
biofilm. This model was developed by researchers at the
Center for Biofilm Engineering on the basis of the conceptual
and mathematical formulation described by Wanner and Gujer
(25). Its central principle is conservation of mass, which is
applied to two compartments: bulk liquid and biofilm. The
equations for the bulk liquid compartment simulate the dy-
namics of a chemostat, e.g., a well-mixed, constant-volume,
continuous-flow reactor. Coupled to the equations describing
bulk liquid constituents are separate balance equations per-
taining to transport and reaction processes within the biofilm.
The biofilm is treated as a uniformly thick planar aggregate
whose composition changes only in the direction perpendicular
to the substratum. This conceptual view of the biofilm permits
a one-dimensional mathematical model. The full mathematical
formulation of the model is listed in the Appendix. The
following paragraphs give an overview of the basic model
structure.
The biofilm model applied in this investigation incorporated

processes of bulk flow in and out of the reactor, diffusion of
dissolved species within the biofilm, substrate consumption by
bacterial metabolism, bacterial growth, advection of cell mass
within the biofilm, cell detachment from the biofilm, and
antibiotic killing. Advection refers to the displacement of cells
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MODELING BIOFILM ANTIBIOTIC RESISTANCE 1053

TABLE 1. Parameter values for biofilm modeling

Parameter Symbol Value Source or
reference

Maximum specific growth rate ,uma 0.30 h-' 11
Oxygen yield coefficient Y.. 0.24 g g-1 18 and 24
Oxygen Monod coefficient Ko 0.1 mg liter-' 12
Cell volume fraction SC 0.10 6
Cell intrinsic density PX 47,000 mg liter-' 6, 17, and 20
Initial biofilm thickness LY 1.39 p.m 1
Oxygen bulk fluid concentration Co 0.035 mg liter-' Fit
Antibiotic bulk fluid concentration Ca 505 mg liter-' 1
Oxygen diffusion coefficient Do 0.090 cm2 h-1 16
Antibiotic diffusion coefficient Da 0.020 cm2 h-' 16
Biofilm-bulk diffusivity ratio Xr 0.9 26
Detachment rate coefficient kd 1 cm-' h-1 Fit
Surface area-to-volume ratio A/V 592 m- 1
Dilution rate Q/V 0.125 h-l 1
Antibiotic kill rate (no reaction) ka 0.029 liter mg1 Fit
Antibiotic kill rate (with reaction) ka 0.0385 liter mg'- h-l Fit
Antibiotic reaction rate kI 0.0016 liter mg-l h- Fit

away from the substratum due to the growth of their neighbors.
Two particulate species were considered; these were concep-
tualized as live and dead cells. Both cell types occupied the
same volume; however, only live cells metabolized substrate
and were capable of growth. Two dissolved species, oxygen and
antibiotic, were considered in the model. Oxygen was assumed
to be the limiting substrate for microbial growth, as it is in most
aerobic biofilm processes (2). The growth of live cells and
concomitant consumption of oxygen was approximated by a
Monod-type rate expression. The sole mechanism of transport
of oxygen and antibiotic within the biofilm was molecular
diffusion, modeled according to Fick's first law. The model
allowed for a reduction in the effective diffusion coefficient
inside the biofilm due to interference by particulate biofilm
constituents. Resistance to mass transfer between the biofilm
and the bulk fluid was neglected. The growth of live cells in the
biofilm created new biomass volume that caused the biofilm to
expand. At any point within the biofilm, the advection of cell
mass due to net growth moved the live and dead cells at the
same rate. Live and dead cells were assumed to detach at the
biofilm-bulk liquid interface at the same rate. The detachment
rate was modeled as being proportional to the square of the
biofilm thickness (21, 25).
The interaction of an antibiotic with the biofilm was mod-

eled in two different ways, simulating an explanation for
biofilm resistance involving either physiological reduction in
susceptibility or antibiotic consumption. In both cases, live cells
could be converted to dead cells by the presence of the
antibiotic. The importance of physiological gradients was
captured in the first case by making the rate of conversion of
live to dead cells first order in the antibiotic concentration and
directly proportional to the local specific growth rate of the live
cells. This second feature incorporates the known growth rate
dependence of killing of P-lactam antibiotics (23) and tobra-
mycin (7). For this first case, it was assumed that the antibiotic
did not react with system components or biomass. In the
second case, the antibiotic was allowed to react with live and
dead cells at a rate that was first order in both biomass and
antibiotic. The kill rate was made independent of the growth
rate in this second case.

Parameter values used in the simulations and their sources
are recorded in Table 1. Biofilm thicknesses and biofilm areal
cell densities were converted by using an average biofilm cell
density (s,p,) of 4,700 g of carbon per mi3, obtained by review

of extensive measurements on Pseudomonas aeruginosa bio-
films (6, 17, 20). To compare experiment and theory, the data
described by Anwar et al. (1) were converted from CFU per
centimeter of tubing to CFU per square centimeter by using
the surface area of the tubing pieces, which was calculated to
be 3.47 cm2/cm. By this conversion, 2-day-old biofilms had an
areal cell density of 9.5 x 106 CFU/cm2 and 7-day-old biofilms
had a density of 6.0 x 108 CFU/cm2.

RESULTS

A biofilm accumulation model was used to simulate the
experimental results described by Anwar et al., in which
chemostat-grown P. aeruginosa biofilms were treated with a
combination of tobramycin and piperacillin. The first simula-
tion involved matching biofilm accumulation data before anti-
biotic therapy was initiated (Fig. 1). Three parameters were
varied to achieve the fit. Each parameter corresponded to
information contained in distinct features of the experimental
data: the initial biofilm areal cell density, final biofilm areal cell
density, and the rate of biofilm accumulation. The initial
amount of biofilm, input to the model as a biofilm thickness,
was obtained from the areal cell density reported by Anwar et
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FIG. 1. Biofilm accumulation. *, data described by Anwar et al.;
, model fit.
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al. for 2-day-old biofilms. The simulation was begun at 2 days
because the model could not capture the prior lag phase
evident in the data. This simulation spanned the range of
biofilm ages investigated experimentally by Anwar et al., since
antibiotic treatment was performed on biofilms that were 2 or
7 days old. The rate of biofilm growth was determined by the
bulk oxygen concentration, which was adjusted to match the
observed biofilm accumulation rate in the interval between 2
and 5 days. The plateau or steady-state amount of biofilm was
determined by the detachment coefficient. The result of this
fitting process was a good match to the experimental data.
Once these three parameters were set by matching the data in
Fig. 1, they were left unchanged for all subsequent simulations.
The fitting of the model to a set of data, as reflected in Fig.

1, 3, and 4, was achieved by inspection. That is, one parameter
at a time was varied, and the predicted theoretical behavior
was compared visually with the experimental data. Once a
value of the parameter was found that allowed a reasonable
qualitative match of the data, that parameter value was fixed.
This approach does not ensure an optimal solution or permit
parameter identifiability to be addressed, but it is quite ade-
quate for the purpose of demonstrating the plausibility of a
phenomenological concept. It suffices to this end to show that
there exists a set of parameter values that provide the same
qualitative result exhibited by the experimental data.
The identical model configuration and parameter values that

described biofilm accumulation (Fig. 1) also predicted gradi-
ents in oxygen concentrations and specific growth rates within
the biofilm (Fig. 2). Again, these simulations considered the
situation in a growing biofilm before antibiotic treatment.
Whereas 2-day-old biofilms exhibited negligible gradients
across their 1.4-jim depth, significant gradients were antici-
pated within 7-day-old, 87-jim-thick biofilms. The depletion of
oxygen inside the thicker biofilms restricted the region of rapid
bacterial growth to the outer 20 to 30% of the film. There are
no data from the study by Anwar et al. with which to evaluate
the predictions presented in Fig. 2.
With basic parameters for biofilm accumulation determined,

the model was applied to simulate two scenarios of biofilm-
antibiotic interaction, as described in Materials and Methods.
The results from these two cases, which involved growth
rate-dependent killing and antibiotic reaction with the biofilm,
respectively, are presented separately below. All of the model
runs incorporating antibiotic treatment simulated an 8-h pe-
riod following addition of the antibiotic to correspond to the
interval examined experimentally. Simulations focused on the
behavior of 2- and 7-day-old biofilms, facilitating comparison
with the experimental results described by Anwar et al. Model
outputs of interest for these runs were the local concentration
of live cells within the biofilm and the biofilm thickness at the
end of the 8-h treatment period.

Biofilm resistance through growth rate-dependent killing.
To model growth rate-dependent killing of the biofilm, a single
additional unknown parameter, the antibiotic specific kill rate,
had to be specified. The numerical value of this parameter was
determined by matching the data described by Anwar et al. for
survival in 2-day-old biofilms (Fig. 3). The data and model fit
both indicated a decrease in survival fraction of somewhat
greater than 2 log units during 8 h. Without a change in any of
the intrinsic parameters, the initial biofilm thickness was raised
to 87 jim to simulate the action of an antibiotic on a 7-day-old
biofilm. For the 7-day-old biofilm, both the model and the data
indicated less than 1 log unit of killing. The model successfully
predicted, at least in order of magnitude terms, the relative
resistance of the 7-day-old biofilm compared with that of the
2-day-old one. Growth rate-dependent killing was crucial to
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FIG. 2. Theoretical oxygen and specific growth rate profiles within
biofilms. The predicted oxygen concentration (a) and specific growth
rate (b) are shown for 2-day-old (- -) and 7-day-old ( ) biofilms.
The x axis is normalized so that x = 0 corresponds to the colonized
substratum and x = 1 corresponds to the biofilm-fluid interface. The
dimensional thicknesses of 2- and 7-day-old biofilms were 1.4 and 87
,um, respectively.

this difference in this configuration of the model. When the
rate of killing was made independent of the growth rate, 2- and
7-day-old biofilms experienced identical decreases in survival
fractions (simulation not shown).
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FIG. 3. Survival in antibiotic-treated biofilms; growth rate-depen-
dent killing simulation. Data described by Anwar et al. for treatment of
2-day old biofilm (0) were fit by adjusting the value of the antibiotic
kill rate in the model (- -). Without further adjustment, the model was
used to predict the behavior of a 7-day-old biofilm ( ); data
described by Anwar et al. for a 7-day-old biofilm are compared (0).
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FIG. 4. Survival in antibiotic-treated biofilms; antibiotic reaction
with biofilm simulation. Data described by Anwar et al. for treatment
of a 2-day-old biofilm (0) were fit by adjusting the value of the
antibiotic kill and reaction rates in the model (--). Without further
adjustment, the model was used to predict the behavior of a 7-day-old
biofilm ( ); data described by Anwar et al. for a 7-day-old biofilm
are compared (0).

Biofilm resistance through reaction of the antibiotic with
the biofilm. Study of the reaction of the antibiotic with the
biofilm examined the possibility that thick biofilms are rela-
tively protected from antibiotics by virtue of consumption of
the antimicrobial agent in the biofilm. Two unknown parame-
ters appeared in this problem: the antibiotic kill rate and the
antibiotic-cell reaction rate. In contrast to the previous case,

the rate of antibiotic killing was made independent of the
growth rate for this simulation; thus, the units of the antibiotic
kill rate coefficient are different (Table 1). The two parameters
were varied to obtain a fit to the data described by Anwar et al.
for killing of 2-day-old biofilms (Fig. 4). As with the first case,
the model predicted (without adjustment of rate parameters)
the relative resistance of the 7-day-old biofilm, which exhibited
79% survival over the 8-h treatment duration. There were not
significant gradients in antibiotic concentration within the
biofilm (simulation not shown); rather, consumption of the
antibiotic caused the bulk concentration of the antibiotic to
diminish rapidly.
Comparison of two resistance mechanisms. Both biofilm

resistance mechanisms, as manifested by the modeling runs
discussed above, predicted that biofilm susceptibility to the
antibiotic would decrease as the biofilm areal cell density
increased (Fig. 5). When the resistance was due to slow growth
in thicker biofilms, attached bacteria became sharply more

resistant at areal cell densities of greater than about 108
CFU/cm2. Below this threshold, the survival fraction was

insensitive to the biofilm cell density. On the other hand, when
resistance was due to consumption of the antibiotic, biofilm
resistance was approximately proportional to areal cell density
at all densities of less than about 108 CFU/cm2. At areal cell
densities of greater than 108 CFU/cm2, biofilms in which there
was reaction of the antibiotic were very resistant to killing.
The two resistance mechanisms predicted different survival

patterns inside thick biofilms (Fig. 6). In the growth rate-
dependent killing case, most of the killing occurred in the outer
half of the biofilm. Cells in the depth of the biofilm survived in
high numbers. At the biofilm surface, the survival fraction was

0.014, whereas at the base of the biofilm, the survival fraction
was 0.98. No such steep gradient in survival was observed when
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FIG. 5. Predicted effect of biofilm areal density on survival of 8-h
treatment with an antibiotic for growth rate-dependent killing
and antibiotic reaction with biofilm (.. .) simulations.

biofilm resistance was due to antibiotic depletion through
reaction. In this case, cells survived at approximately 75%
nearly uniformly across the depth of the biofilm.

DISCUSSION

A mathematical model of biofilm accumulation was applied
to evaluate the plausibility of two proposed mechanisms of
biofilm resistance to antibiotics. The mechanisms involved
either poor penetration of the antibiotic, due to its consump-
tion by reaction with biomass, or physiological resistance due
to reduced bacterial growth rates in the biofilm. Both mecha-
nisms predicted reduced antibiotic susceptibilities of 7-day-old
biofilms compared with those of 2-day-old films, as reported by
Anwar et al. (1). This modeling study lends credence to both
mechanisms (or a combination) as plausible explanations for
the reduced susceptibilities of biofilm microorganisms to anti-
microbial agents.
A model that incorporated growth rate-dependent killing
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FIG. 6. Survival gradient within antibiotic-treated biofilms. The
local viable fraction within 7-day-old biofilms after 8 h of antimicrobial
treatment is shown for growth rate-dependent killing ( ) and
antibiotic reaction with biofilm (... .) simulations. The x axis is normal-
ized so that x = 0 corresponds to the colonized substratum and x = 1
corresponds to the biofilm-fluid interface. The dimensional thickness
of the biofilm after treatment was 85 pum.
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predicted reduced susceptibility of thicker biofilms because
oxygen was exhausted within these biofilms, leading to very
slow growth in part of the films. In thin (2-day-old) biofilms,
oxygen penetrated the biofilms fully (Fig. 2). In these biofilms,
there were no regions of slow growth; therefore, the antibiotic
was relatively effective. Biofilms that were 7 days old were
predicted to suffer severe oxygen limitation in about half of the
biofilm, leading to a significant region of retarded growth (Fig.
2). Cells in the slowly growing region survived the antibiotic
treatment in high numbers (Fig. 6).

Biofilm resistance was also adequately explained by a model
that accounted for depletion of the antibiotic through reaction
with biomass. However, this was not because the antibiotic
failed to penetrate the biofilm fully. Even with mature, 7-day-
old biofilms, there was little gradient in antibiotic concentra-
tion across the depth of the biofilm. The resistance in this case
was instead due to depletion of the antibiotic in the bulk fluid.
In other words, the reaction of the antibiotic with the biomass
was slow enough that concentration gradients did not develop
inside the biofilm but fast enough that the antibiotic was
consumed in the chemostat as a whole. This result underscores
the need to consider the biofilm, whether in vitro on in vivo, in
the context of a particular reactor or system configuration.
Biofilm activity is intimately coupled to and dependent on the
geometry (areas and volumes) and flow rates of the larger
system.

In Fig. 3 and 4, the model predicts a nonlinear kill curve for
2-day-old biofilms, whereas the experimental data suggest an
approximately linear decline. The nonlinear behavior of the
model is expected in all cases simply because of the continual
dilution of the antibiotic in the chemostat. After 8 h, the bulk
concentration of antibiotic should be reduced to 36.8% of its
initial value, even in the absence of antibiotic consumption.
The model correctly captures the order of magnitude of the
observed response. The discrepancy between the shapes of the
theoretical and experimental kill curves could be due to
imperfect bulk fluid mixing in the chemostat vessel, nonlinear
kill kinetics, or inherent variability in the experimental mea-
surements.

Nichols and coworkers mathematically modeled the diffu-
sion of a 1-lactam antibiotic into a microbial colony and
concluded, in agreement with the present study, that the
antimicrobial agent should readily penetrate the biofilm (14,
15). Their work did not consider the depletion of the antibiotic
in the fluid surrounding the microcolony and thus did not
identify the reaction or binding of the antibiotic as a potential
mechanism of resistance. This difference between the conclu-
sions of Nichols's modeling and that reported in the present
paper reinforces the importance of the larger geometrical
configuration and flow context of the microcolony or biofilm.
By way of comparison, the reaction rate constant used in this
work was equivalent to a first-order rate constant of 2.1 x
10- 3S - 1, a value that is bracketed by the range of ,B-lactamase
hydrolysis coefficients used in one modeling study by Nichols
(14).

Particularly with complex systems such as a biofilm, mathe-
matical modeling can aid in the interpretation of data and can
guide experimental design. For example, by revealing differ-
ences in the behavior predicted by two mechanisms of biofilm
resistance, the present study suggests specific experiments that
could discriminate them. One quite dramatic difference be-
tween the mechanisms is the predicted survival gradient within
the biofilm (Fig. 6). Such gradients could possibly be experi-
mentally visualized through the use of physiological stains, for
example, for respiratory activity (19) or RNA (13), or by
radiolabeling and autoradiography (22). Another difference

between the predictions of the two resistance mechanisms is
the dependence of survival fraction on areal cell density.
Additional experiments at intermediate cell densities, for
example, on biofilms between 2 and 7 days old, could be
valuable in this regard. Yet another experimental approach
suggested by the modeling would be to investigate the reaction
of the antibiotic in the reactor over time scales (1 to 4 h)
shorter than that used by Anwar et al. On a cautionary note, it
must be remembered that the predictions of this investigation
are specific to the experimental system used by Anwar et al.
They cannot be assumed to generalize.

Models of biofilm and immobilized cell activity have been
widely applied by engineers for research and reactor design
purposes. However, only in a few instances (5, 14, 15) have
mathematical models of biofilm activity been applied to ad-
dress medical questions. As illustrated in this report, existing
biofilm models could be readily adapted to tackle issues of
biofilms in medicine. The use of such models has the potential
to enhance experimental design and analysis.
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APPENDIX

This appendix presents the full mathematical formulation of the
phenomenological model used in this paper. Differential material
balances along with their associated initial and boundary conditions
constitute the model. Balance equations within the biofilm are coupled
to balances on the bulk fluid of the reactor; balances in the two
compartments are separated below for clarity.

Biofilm compartment. The concentrations of live cells, dead cells,
oxygen, and antibiotic inside the biofilm are analyzed. Cell concentra-
tions inside the biofilm are represented in terms of the fraction of all
cells. The concentrations of live and dead cells are thus subject to the
constraint

(1)8a + Si = 1

The balance on live cells is

d£a a
-= ,lLa - - (VSa) - kaCaSa

with

a = 1 at t = 0 for 0 c z c LY

(2)

(3)

To incorporate growth rate-dependent killing, the last term in equa-
tion 2 is replaced with kajCa6,.
The advective velocity must satisfy

dv
- = liRaaz

subject to the boundary condition

v = 0 at z = 0 for t > 0

The thickness of the biofilm changes according to

dLf
dt =v Z=Lf -kdLf

with

(4)

(5)

(6)

Lf= LI att=0 (7)
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The concentration of oxygen in the biofilm is described by

Aco a2c0 . CG
at

=

-z
Do

K +C EaECpx (8)& (~Z Yx() K +Co acP 8

with the initial condition

Co = C*att=0for0 z L7 (9)

and boundary conditions imposing the bulk fluid concentration at the
biofilm surface

C, = C atz = Lf fort 0 (10)

and a no flux condition at the substratum

.)C
=Oatz=Ofort20 (11)

The specific growth rate at any point in the biofilm is calculated from
the local oxygen concentration according to a Monod dependence

Co

avK,,+Co(12)

The antibiotic concentration is given by

aCa a2Ca
=DaT 2 krCaEcQaPx (13)

with initial and boundary conditions

Ca = C att = OforOcz c LY (14)

Ca= Cc, atz = Lffort > 0 (15)

iC

=O at z=O for t>O (16)

In the case in which no reaction of the antibiotic occurs, the second
term in equation 13 is omitted.
Bulk fluid compartment. Differential material balances on the bulk

fluid compartment account for flow in and out of the chemostat,
reaction in the bulk phase, and the net reaction arising from the
biofilm. The balances on live and dead cells are

dX* A Q

d= PXa +kdecEa Z= v- (17)

with initial conditions

dX,0

,E'S =
A Q
V(8

dt v- v (18)

XA =Xi* = Oatt = 0 (19)

The antibiotic concentration in the bulk is given by

dC* Q dCa A
= - C.krC*,(X +Xi*)DaTIZ=LDJ (20)

dt Va dz

with

Ca = C,*," at t = () (21)

The bulk concentration of oxygen is fixed.
These equations are solved numerically by a finite-difference

method using a tridiagonal technique and a variable time step.
Nomenclature. (i) Latin characters. Latin characters are defined as

follows: A, biofilm surface area; Ca, concentration of the antibiotic; CO,
concentration of oxygen; Da, diffusion coefficient of the antibiotic in
water; D0, diffusion coefficient of oxygen in water; ka, antibiotic kill rate
coefficient; kd, detachment rate coefficient; kr, antibiotic reaction rate
coefficient; K0, oxygen Monod half-saturation coefficient; Lf, biofilm

thickness; Q, volumetric flow rate; t, time; v, cell advective velocity; Xz,
bulk concentration of live cells; X7, bulk concentration of dead cells;
Y, yield coefficient of biomass on oxygen; z, distance coordinate
normal to the substratum.

(ii) Greek characters: E, live cell fraction; s-,, cell fraction of total
biofilm volume; si, dead cell fraction; ,u, local specific growth rate;
,,A, maximum specific growth rate; px, cell intrinsic density; T,
biofilm-bulk fluid effective diffusivity ratio.

(iii) Superscripts: ", initial value; *, bulk fluid value.
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