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ABSTRACT 
 
 

Composites like other engineering materials suffer damage due to mishandling, 
manufacturing defects and under design. Once they are damaged, an available option may 
be to restore them to working condition. This work investigated the characteristics of 
repairs done on wind turbine grade fiber reinforced composite laminates and sandwich 
beams. Two layups ([0]2 and [45/-45/0/-45/45]) were investigated with varied forms of 
repair (infusion bonded, adhesive bonded, infusion with overply) conducted on them. 
Repaired laminate specimens and repaired sandwich beams were subjected to static 
tensile loads and four-point flexure respectively. Three-dimensional finite element 
models augmented with cohesive traction separation relationship were used to analyze 
bond behavior and compare with experimental observation. Strain data was collected 
using the process of digital image correlation. Results showed that repairs certainly 
reduced the stress concentration around regions of damage up to certain strain levels. 
Similarity in debond behavior was also observed between laminates and sandwich beams 
of similar ply orientation. Differences were noted in the debond behavior of the two 
different layups ([0]2 and [45/-45/0/-45/45]) that were repaired and tested. The 
observations provided conclusions that could help improve the repair effectiveness of 
composites. 
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CHAPTER ONE 
 
 

INTRODUCTION 
 
 

Overview of Composites 
 
 

A composite material is a multi-phase combination of two or more component 

materials with different properties and different forms through compounding processes, it 

not only maintains the main characteristics of the original component, but also shows 

new character which are not possessed by any of the original components [1]. The 

uncommon balance of high-strength, high stiffness and low density has led to an 

increased use of composites in engineering structures. Their low strength to weight ratio, 

coupled with good resistance to environmental degradation lends applicability towards 

industries were these traits are needed, such as the aerospace and wind turbine sectors. 

Even though composites have a few advantages over conventional metals like steel and 

aluminum, they do have their disadvantages. Prominent among them is the relative high 

cost of their constituent materials and also relatively complex manufacturing process 

which has largely restricted the usage of composites to big businesses that can afford 

them.  

Like all engineering materials, composites can be susceptible to damage. Repair 

of damaged composites can be cost-prohibitive and therefore has prompted research into 

an effective and cost-friendly reliable repair scheme for composites. Unlike homogenous 

materials such as steel, which has a robust technical history and for which its 

applicability in repair may not owe much to the dexterity of the technician, the same 
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cannot be said for composites. This is owing to their anisotropic nature and relatively 

short use in engineering history. 

 
Classification of Composites Structures 

 
 

The two principal parts that form a composite are the fiber and the matrix system. 

Fibers are the principal load carrying members while the matrix which surrounds it keeps 

them in proper location and correct orientation [2]. The matrix also serves as a wall of 

protection for the fibers against external impact. Composites are generally classified 

based on the type of material the fiber and matrix are made from. There are other 

classification categories but they will not be mentioned here. Refer to [1, 3] for a more 

exhaustive classification. Types of reinforcing fibers used in composites are: glass, 

carbon, Kevlar, boron, and natural fibers like sisal. Fibers tend to dictate the strength of 

the composite. Categorizing according to the nature of the matrix system there are: metal 

matrix composites (MMC), polymer matrix composites (PMC) and ceramic matrix 

composites (CMC). Examples of resins which constitute the matrix system in PMCs are: 

epoxy, polyester, vinyl ester among others.  

 

Figure 1. Composite laminate 
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A cured layer of reinforced fabric and matrix produces a lamina. Laminae are 

orthotropic which means they have different material properties in three mutually 

orthogonal directions. Laminae are the building blocks upon which composites structures 

are formed. A stack up of laminae produces a laminate.  A major precept when designing 

fibrous composites materials is to stack-up the laminae in such a manner that it bears the 

greatest amount of load in the desired orientation with the minimum number of plies 

possible. For example, a laminate with [0/30/-30/90] will give different strength, bending, 

and tensile properties compared to a laminate with [90/0/45/-45] orientation. 

An important group of laminated composites are sandwich composites. Sandwich 

structures are comprised of two composite facesheets and a core sandwiched in-between. 

The facesheets exist to provide strength in the desired fiber direction while the core 

provides flexural stiffness to the structure.  

 

Figure 2. Sandwich structure 
 
 
Sandwich structures have the advantage of providing flexural rigidity while not 

compromising in weight and their low density has found immense benefits in the 

aerospace industry where weight can be a critical issue. Most composite sandwich cores 
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are made of balsa, PVC foam or honeycomb. Each has an advantage over the other, for 

example end-grain balsa wood has a superior stiffness and strength to that of PVC foam 

in compression and in shear [4] but they are both still relatively light weight materials.  

 
Overview of Damage in Composites 

 
 

Damage in composites can arise from diverse sources. A few of them are: 

manufacturing defects, impact and under design. The reliability of a composite structure 

relies a lot on its manufacturing quality. Manson et al. [5] gives a good review of 

different manufacturing processes of composites.  While a composite might have been 

dexterously designed on paper to suit its intended purpose, all the good work can fall 

apart due to poor manufacturing methods. For example, the average design life of a wind 

turbine blade is 20 years but reports of a survey done by Hill et al. [6] in 2008 on over 

400 wind turbines showed that manufacturing defects had led to several blades needing to 

be replaced yearly. It is for this reason that a lot of research has gone into better and 

advanced manufacturing processes of composite structures to reduce manufacturing 

defects. Some of the manufacturing defects that are present in composites are voids, 

waves, matrix cracks, porosity and delamination. 

Impact damage as the name suggests has largely to do with velocity impact on a 

body. Sources of impact damage on composites structures include accidental drop from a 

height, bird strikes in the case of aerospace or wind turbines, collision crashes and so on. 

In profound cases, damage may be detectable with the naked eye, but in subtle cases they 

might be hard to see visually. For damage that is not easily seen with the unaided eye, the 
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use of non-destructive techniques (NDT) is the only other way of identification. 

Examples of conventional non-destructive techniques are: ultrasonic scanning, tap 

(percussive) testing and eddy currents. With the advent of newer and faster technology 

over the last several years, more sophisticated NDT techniques have been developed, 

such as terahertz radiation [7], pulse & lock-in infrared thermography [8, 9] and optical 

fiber testing [10]. Some of these techniques are espoused on in Ch. 2. Researchers such as 

Cheng et al. [11] and Bowkett et al. [12] have done comparative work between various 

NDT techniques as regards detecting defects in composites. 

 
Repair of Composites 

 
 

Once damage has been detected, a decision needs to be made on how deleterious 

it is, whether it is cost effective to repair or completely replace, and when repair is 

necessary. If repairs are to be made, it generally takes one of the following forms: scarf 

repair, external repair (doubler), or stepped repair. Scarf repair (Fig. 3) involves taking 

out the damaged region as well as a large portion of the undamaged region and replacing 

the void with a newly fabricated patch which has its plies oriented to match that of the 

parent laminate. The amount of undamaged region that needs to be taken out is motivated 

by the fact that a good scarf has to be made at a small angle to the surface of the part 

which invariably takes off a good amount of the material.  
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Figure 3. Scarf repair 
 
 

Repairs on sandwich structures generally requires considerable skill on the side of 

the technician. This is in part because of the delicateness of the core, as any damage to it 

can demand a whole reconstruction of the part. An in-depth review of repair methods and 

procedures is done in the next chapter. Baker et al. [13] and Katnam et al. [14] have done 

an extensive review of the repair process in aircraft structures and wind turbines 

respectively. 
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CHAPTER TWO 
 
 

RESEARCH BACKGROUND 
 
 

Composites in Aerospace 
 
 

Composites have begun to supplant the use of a lot of other engineering materials 

where light-weight and corrosion resistivity cannot be compromised. The aircraft 

industry is seeing a shift from the use of aluminum alloys in construction of aircraft parts 

towards composite materials. Similar trend is being experienced in the marine industry 

where the use of composites have become more prevalent since their first introduction in 

the late 1960s with the construction of shrimp trawlers from fiber reinforced polymers 

[15]. Composites are now used in canoes, kayaks, hulls and masts of ships, yachts among 

others.  

In aerospace, Boeing is arguably the largest user of composites. The Dreamliner 

Boeing 787 aircraft which has its structure made from approximately 45% composites 

has experienced greatly reduced corrosion and fatigue maintenance activities, resulting in 

costs savings attesting to the benefits that accrues from using composites.  

Components of the aircraft in which composites have found application are the 

aero foil, landing gear and the fuselage among a host of other parts. The expanded use of 

composites, especially in the highly tension-loaded environment of the fuselage, greatly 

reduces maintenance due to fatigue when compared with an aluminum structure [16].  

Unlike metals, polymer matrix composites are not readily susceptible to 

corrosion. This is largely owing to the properties of the matrix or resin system. Resins are 
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highly viscous fluids which harden and solidify under treatment. They are formed from 

natural occurring matter like plants and fossil fuels and also can be synthetically 

manufactured in the laboratory. The most common fibers available are the glass fibers 

and carbon fibers. Selection is based on a conglomerate of factors such as material 

properties, cost, performance, lifecycle and so on. For example, in aerospace structures, 

carbon fiber is superior to glass fiber from a performance and cost standpoint, since 

superfluous weight is very costly [17], glass fiber being denser. Carbon fibers can also be 

more sensitive to fibers being misaligned (off-axis), which causes reduced strength, so 

increased care is actually demanded during the manufacturing process. In general, studies 

have consistently shown that strength properties of composites in tension and 

compression are diminished with the presence of misaligned fibers and fiber waviness 

[18, 19]. 

Aircraft parts made from composites are often designed with the intention of 

giving quasi-isotropic properties, of which the most common quasi-isotropic layups are 

stacked in a 0˚, -45˚, 45˚ and 90˚ sequence or in a 0˚, -60˚ and 60˚ sequence [20]. Quasi 

isotropic laminates have the advantage of exhibiting isotropic properties in-plane which 

makes calculations easier and material deformation more predictable.  

 
Forms of Damage in Composites 

 
 

Composite laminates are labeled to have sustained some element of damage when 

any of these flaws are detected during operation: matrix cracking, matrix crazing, fiber 

failure or delamination. From observation, the sequence of damage growth often begins 
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with matrix crazing, then grows into matrix cracking which then leads to delamination, 

though there can be exceptions and it does not necessarily have to follow this 

progression. Fiber failures often signify a catastrophic end of the part as it totally erodes 

the load carrying capacity of a structure. The research group at Montana State University 

has done some work on flaw characterization and studying the effects of defects in wind 

turbine grade composites. Refer to some of their published work [21, 22] for more 

information. 

 
Matrix Crazing 
 

Matrix crazing can be defined as a cluster or network of fine cracks that appears 

on the surface of a material. Crazes cannot be felt by touch and their presence doesn't 

drastically reduce the strength carrying ability of the composite. Matrix crazing typically 

occurs in composite fibers that are very strong and stiff in comparison to the matrix  

material [23]. 
 
 
Matrix Cracking 
 

Matrix cracking as the name suggests, is the presence of noticeable cracks which 

cause discontinuities in the matrix system. These cracks can drastically reduce the load 

bearing capability of a composite material. Two forms of them are interfacial debonding 

and intralaminar cracking. Debonding involves interfacial separation between the fiber 

and the matrix at the region of attachment.  Intralaminar cracking is shown in Fig. 4 

below. The presence of cracks compromises the integrity of composites and these effects 

cannot be properly defined for using just strength properties. Herein, comes the field of 
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fracture mechanics. Fracture toughness is an important parameter used in fracture 

mechanics analysis and the ability for a crack to grow is dependent on this property. 

 

 

Figure 4. Matrix cracking [24] 
 
 
Delamination 
  

Composites are made of plies laid on one other and delamination occurs when the 

matrix system holding these plies together fail causing the plies to separate. Delamination 

can be caused by impact, longitudinal shear stress between the layers, or transverse 

tensile stress across the layers [25]. Delamination results in a critical decrease in laminate 

strength and its nature means it can grow undetected for a considerable time. In the 

aerospace industry, its presence is tested for periodically to uncover it in its early stages 

as unchecked propagation can be catastrophic. For delamination to be analyzed, a key 

parameter called the interlaminar fracture toughness needs to be determined 

experimentally through standard test procedures like the Double Cantilever Beam test 

and the Mixed Mode Bending test.  An image of delamination failure is shown in Fig. 5.  
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Figure 5. Delamination 

 
 
Fiber Fracture 
 

Fiber fracture describes ultimate failure in a composite part. The failure of the fibers 

ends the load bearing capability of a part. This phenomenon can be designed for, using 

progressive damage analysis of which one of the easiest methods is the ply discount 

method. The ply discount method, can be used to account for stiffness reduction as a 

laminate goes through the sequence of damage initiation, propagation and ultimate failure. 

When ultimate fiber failure is reached, the longitudinal stiffness is totally discounted 

representing the failure of that part. 

 
Non-Destructive Testing of Damaged Composites 

 
 

Presence of any of the flaws listed in the previous section can prove inhibitive to 

the prolonged life of any composites and therefore needs to be monitored and managed. 

Flaws can sometimes be invisible to the naked eye and when this occurs, a sort of 

detection mechanism needs to be introduced to identify its quantity and location. These 

detection mechanisms are expected to have a neutral effect on the composite material 

wherein the phrase non-destructive testing (NDT) is phrased. Examples of a few NDT 

methods are given below: 
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Tap Testing 
 

Tap testing is the most low-tech method of detecting inherent flaws in composite 

materials. It involves using an hammer or a coin to gently tap on the surface of a 

composite, while listening for variations in acoustic response. An area free from 

delamination or debonds will produce an even pitch sound compared to the contrary 

which gives off a dud sound. The tapping rate needs to be rapid enough to produce 

enough sound for any difference in sound tone to be discernable to the ear [20] . An 

electrically controlled tap can be used in this case. Preferentially, the tap test is suitable 

for thin laminates over thick ones because this approach loses sensitivity with depth [26]. 

This technique is considered not very efficient for complex assemblies that are made up 

of different materials and it is recommended to follow it up with a supplementary NDT 

method for cross reference.  

 
Figure 6. Tap testing 

 
 
For safer practice, a technician who is familiar with the internal cross-section of the part 

should conduct a tap test. Fig. 6 shows a pictorial representation of a tap test. 
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Active Thermography 
 

Thermography is a relatively recent NDT technique in inspecting composite 

structures. The process works by exposing a designated area to an increased amount of 

heat flow. This transfer of heat causes an excitation of temperature on the part being 

tested. This temperature distribution can be recorded and visualized with the aid of an 

infrared camera to study the internal geometry of the part for defects.  

 
Figure 7. Active infrared thermography 

 
 

Thermography works on being able to calculate for differences in thermal conductivity 

between intact and flawed areas. Flawed faces are expected to reflect a lower thermal 

conductivity compared to intact faces due to discontinuities. Thermography is 

increasingly being favored because it has the ability to inspect non-invasively, large areas 

in short times and provide full field images in a non-contact nature, compared to methods 

like radiography that involves hazardous radiation [27].  

 
Radiography 
 

The application of electromagnetic radiation to view internal structures has been 

around for some time. This process also commonly referred to as X-ray Imaging was first 



14 
 
employed in the medical industry. It has since then been applied in engineering to study 

the sectional structure of materials. The procedure works by sending radiation through a 

composite part and using an X-ray film to receive the radiation on the other part. This 

radiation impregnates an image on the film that can be studied after it has been 

developed. Radiography relies on the fact that flaws and discontinuities absorb less 

radiation than intact bodies, thereby allowing more radiation to hit the film. These 

variations in radiation absorption depict the internal structure of the part that was X-rayed 

and can be read by a professional. The use of radiography also has its detriments and one 

of them is the increased health risks it poses to users after prolonged periods of exposure. 

Therefore, this technique is compulsorily used with caution. The use of protective gear 

made from lead by technicians can help ameliorate the potential medical hazards that 

exposure to radiation can cause.  

 
Ultrasonic Inspection 
  

Ultrasonic inspection can be conducted in various forms but they operate under 

the same underlying principle. Ultrasonic is derived from the root words, 'ultra' which 

means extreme and 'sonic' which means sound. An ultrasonic wave form is propagated 

through a part and received on the opposite end either through reflection or attenuation. 

The received signal is then translated into visual plots using a display screen which can 

be interpreted by a trained technician. In ultrasonic testing, wave signals sent out from a 

pulser are expected to be reflected back if a flaw or void is present in the test material 

which results in lesser wave energy being collected at the receiver end. 



15 
 

 
Figure 8. Ultrasonic inspection 

 
 
One of the general features of an ultrasonic non-destructive testing method is the need for 

a couplant at the receiving end of the part to separate the contact transducer from the part 

being inspected. Couplants serve the purpose of helping to transmit sound waves. The 

preferred way to use them is to immerse both the transducer and the part into a bath or 

container filled with the couplant solution (usually water) [28]. Sound travels differently 

in fluids and solids and this disparity can cause a disruption on how much frequency is 

picked up at the receiving end.  

 
Penetrant Testing 
  

Liquid penetrants are used to expose surface cracks or discontinuities on a part 

that are visibly difficult to see without having a sort of contrast. This contrast is provided 

by the penetrant when it settles into crevices or cracks existing on the part. Compatibility 

analysis should be done before selecting a liquid penetrant. Factors that are considered 

when choosing a penetrant, are the chemical composition of the part, the chemical 

composition of the penetrant, and the opacity of the penetrant. 
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Eddy Current Testing 
 

Eddy current testing is applicable to metals because of the property of conducting 

electricity. Carbon fibers are good electrical conductors and therefore this NDT method 

can be extended to this group of composites but cannot be used for non-destructive 

evaluation of electrically non-conducting composites such as glass fiber reinforced 

plastics [29]. Eddy current testing employs the phenomenon of electromagnetic 

induction. If an electrically charged coil is brought near an electrically conducting 

material, eddy currents are induced. If there is a discontinuity in the fiber, it can be 

detected because of a distortion in the flow of current. 

 
Fracture Mechanics 

 
 

Fracture Mechanics is the field of mechanics that studies how cracks initiate and 

propagate in materials. It generally uses an energy criteria to determine an increment in 

crack size. This research work hugely applied this field of knowledge into studying 

failure of repair bonds. The nature of repairs implies broadly that the bonding interface 

provides the path of least resistance and therefore that crack initiation and propagation is 

most likely to occur first in this region. 

 
History 
 

It is a relatively recent field in material mechanics as concern did not really 

develop for the study of inherent flaws in a material and how the flaws affect a materials 

reliability, until after the end of the Second World War. Engineers were left scratching 

their heads, when war ships which they thought had been adequately designed, split in 
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two through the middle. Other catastrophic examples included airplane parts breaking off 

midflight such as the Aloha Airlines incident of 1988 involving a Boeing 737 aircraft. 

 

 
Figure 9. Brittle fracture of WWII Liberty ships [30] 

 

A.A. Griffith was the first person to ever publish work on the behavior of cracks 

in brittle fracture of glass. Griffith’s paper [31], published in 1921, postulated that an 

existing crack will propagate if the total energy of a system is lowered. This assertion has 

been verified over time, and has been postulated into an energy balance theory where a 

decrease in the elastic strain energy is approximated by the energy needed in making new 

brittle crack surfaces. 

Considering a body subjected to uniform tensile stress, strain energy can be 

represented by: 

𝑈𝑈 =  
𝜎𝜎2

2𝐸𝐸
𝑉𝑉 

where 𝜎𝜎 is tensile stress, 𝐸𝐸 is Young’s Modulus and 𝑉𝑉 is volume. Eq. 1 is used for 

a zero crack length.  

(1) 
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Figure 10. An infinite plate with a through crack loaded. 
 

The presence of an elliptical crack can be estimated to cause an energy release 

dependent on the crack dimensions using the expression:  

𝑈𝑈 =  
𝜎𝜎2

2𝐸𝐸
𝑉𝑉 −   

𝜎𝜎2

2𝐸𝐸
𝐵𝐵𝐵𝐵𝑎𝑎2 

The extension of the crack will require a certain amount of energy. For a brittle material 

the crack extension energy needed in creating new surfaces is:  

𝑈𝑈𝛾𝛾 = 2𝛾𝛾𝑎𝑎𝐵𝐵 

where 𝑎𝑎 is area, B is width and 𝛾𝛾 is surface energy per unit area. 
  
The total energy in the system can then be written as: 

𝑈𝑈 = 2𝛾𝛾𝑎𝑎𝐵𝐵 +  
𝜎𝜎2

2𝐸𝐸
𝑉𝑉 −

𝜎𝜎2

2𝐸𝐸
𝐵𝐵𝐵𝐵𝑎𝑎2 

The peculiar thing about crack growth is that at short lengths, steady increase in energy is 

required for steady crack extension. This behavior is considered stable but beyond a 

certain length, instability creeps in where there is a drop in total energy as a result of 

dynamic crack growth. This behavior is depicted in Fig. 11 below.  

(2) 

(3) 

(4) 



19 
 

 

Figure 11. Energy balance plot for crack growth 
 
 
The point of instability marked out in Fig. 11 can be analytically estimated by finding the 

derivative of total energy in Eq. 4 and equating that to 0. 

𝑑𝑑𝑈𝑈
𝑑𝑑𝑎𝑎

= 2𝛾𝛾𝐵𝐵 −  
𝜎𝜎2

𝐸𝐸
𝐵𝐵𝐵𝐵𝑎𝑎 = 0 , 

where σ is the fracture strength, 𝑎𝑎 is the crack length, 𝐸𝐸 is the Young’s modulus of the 

material, and 𝛾𝛾 is the surface energy density.  

Re-arranging, 

𝜎𝜎 =  �
2𝛾𝛾𝐸𝐸
𝐵𝐵𝑎𝑎

 

The expression 2𝛾𝛾 is also known the Griffith Energy release rate, 𝐺𝐺𝑐𝑐. 

𝜎𝜎 =  �
𝐺𝐺𝑐𝑐𝐸𝐸
𝐵𝐵𝑎𝑎

 

Energy release rate is one of the most important parameters in fracture mechanics. It can 

be defined as the energy dissipated by unit increase of new crack surface area. Energy 

(5) 

(6) 

(7) 
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release rate can be determined experimentally using fracture toughness tests such as the 

double cantilever beam tests, end notch flexure test, mixed mode bending test. 

 
J-Integral 
 

The J-integral was developed by James Rice, with the J taken from his first name. 

The J-integral is a path-independent line integral with a value equal to the decrease in 

potential energy per increment of crack extension [32]. It was developed due to the 

limitations of the LEFM method which requires loading and crack growth to follow a 

linear elastic form. The J-integral works for both elastic deformation as well as plastic 

and was an essential furtherance in the understanding of fracture mechanics. 

The J-integral is written as: 

     𝐽𝐽 =  ∫ (𝑊𝑊𝑛𝑛1 − 𝑇𝑇𝑖𝑖Γ
𝜕𝜕𝑢𝑢𝑖𝑖
𝜕𝜕𝑥𝑥1

)𝑑𝑑𝑑𝑑 ,          (8) 

where W is strain energy density, 𝑇𝑇𝑖𝑖  is the component of traction, 𝑢𝑢𝑖𝑖is the component of 

displacement, Γ is the contour path around the crack tip, n is the outward vector normal to 

the vector. 

 

Figure 12. J – Integral around a crack tip 
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Cohesive Zone Modeling 
 

Cohesive zone modeling was initially developed by Barenblatt and Dugdale in the 

1960's but it wasn't until the 2000's before it really gained traction with its application to 

the analysis of crack propagation, adhesive debonding, and delamination. CZM is 

governed by traction-separation law in three different modes, Mode I, II and III for 3D 

models and Mode I and Mode II for 2D models. Each mode is dependent on a critical 

energy release rate distinct for each mode, but the nature of the geometry of most repairs 

necessitates that mode interference almost always has to be taken into account. The CZM 

is a much improved model of other progressive damage models like VCCT, and the J-

Integral because it does not need a precrack to be defined.  The cohesive zone method 

(CZM) is based on the theory that bond strength of the interface between the two 

separating faces is not lost completely at damage initiation, but rather is a progressive 

event governed by progressive stiffness reduction of the interface between the two 

separating faces [33]. This separation is modeled by special elements called cohesive 

elements, which are governed by a traction separation relationship as shown in Fig. 13 

below.  
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Figure 13. Traction separation law (Triangular) 
 
 

     𝜎𝜎𝑖𝑖 = 𝐾𝐾𝑖𝑖𝛿𝛿𝑖𝑖            (9)  

where 𝜎𝜎𝑖𝑖 = surface tractions in Modes I, II, III 

𝐾𝐾𝑖𝑖 = penalty stiffness in Modes I, II, III 

𝛿𝛿𝑖𝑖 = separation in Modes I, II, III 

From the figure above, the line OA shows the linear elastic relation until damage 

initiation where the slope 𝐾𝐾𝑖𝑖0 is the penalty stiffness. The progressive application of load 

up until point A (maximum traction, or initial separation), leaves the damage variable di 

unchanged at 0. After damage initiation has been achieved, the damage variable di 

increases and the cohesive material loses stiffness until the damage variable gets to 1. 

 
Material Properties Degradation  

  
 

There are several failure criteria that have been developed over the decades to 

predict damage initiation in composite parts of which a few are the Hashin, Tsai-Wu and 

maximum strain criteria. These failure criteria have had much success over the years, and 

have been applied repeatedly in the design of composites. They have a shortcoming 

though, as they only estimate the stress point at which damage supposedly creeps in. A 

O 

A 
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composite part could still very much be usable even after damage has started, and it 

should not be automatically condemned to the scrapheap just because of initial signs of 

damage. This has led to robust studies on analyzing damage propagation wherein the 

stiffness properties of a composite part is gradually lessened as damage progresses. 

Subsequently, methods like the ply discount method and continuum damage mechanics 

(CDM) approach were developed. The ply discount method is considered to be the 

earliest, simplest and least accurate modeling technique to address matrix damage [34] 

where plies are discounted when the failure strength is exceeded. The continuum damage 

approach is generally applied in finite element analysis and it involves the use of a 

damage variable which tracks damage levels and needs to be updated after every time 

increment. CDM has been extensively applied to good success in finite element analysis 

but is still notorious for convergence problems. An in-depth review of the CDM is done 

by Barbero [35] and the reader can refer to the resource for more details. 

 
Repair of Composite Structures 

 
 

Composites can be damaged while in operation due to impact, under-design, and 

mishandling. Also, damage can be built-in right off the manufacturing line. Once this 

occurs, repairs need to be done to restore the part to its initial or designed structural 

integrity. The repair strategy depends on the extent of damage and on some key criteria 

involving the structure to be repaired such as static strength and stability, thickness, 

stiffness requirements, weight and balance, aerodynamic smoothness in the case of  

aerospace repairs, operational temperature and environment [36]. 
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Types of Repair 
 

Composites repair could be carried out using the following techniques. The task 

falls on the technician to determine what method is most suitable.  

 
Adhesive Bonded External Repair. This repair process is quite straightforward, as 

it involves the technician using a paste or film based adhesive to hold a repair plate over a 

damaged region. Before the adhesive is applied, it's recommended to surface treat the 

bond surface to increase adhesion. This can be done by using a vacuum to take out dust, 

and a damp rag to glaze over the surface. Bonded doubler repairs can regain a significant 

portion of the original strength of the structure or even full strength but with a significant 

stiffness and weight penalty in many cases [37]. 

 
Mechanically Fastened External Doubler. This form of repair involves the use of 

bolts, screws, rivets to fasten an external composite plate onto a damaged region. This 

repair technique is beneficial in urgent situations where a repair needs to be done without 

needing the cure time that the adhesive bonded repair requires. It also provides a good 

bond in itself and can be used as a permanent repair form. The downside of this repair 

technique is that it leaves a residual stress or crack start at the region of the fastener 

which can extend in-service and deteriorate the structural integrity of the composite part. 

Similar to the adhesive bonded external repair, there is an increased stiffness in the region 

of the repair and this might compromise the usability of the part if flexibility is an 

important factor. 
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Figure 14. (a) Single side doubler              b. Doubler on both sides  
 

Scarf Repair (Hard Patch). This form of repair involves grinding or tapering the 

lip of the damaged area at a certain angle to serve as a seat for the repair patch. The repair 

patch is then fabricated and bonded into the scarfed parent laminate using a paste or film 

adhesive and left to cure. Surface treatment is also required before bonding like the 

external doubler case. Preferred scarf angles range from 2⁰ to 8⁰. Adkins et al. [38] did a 

study of repair efficiency on varying scarf angles ranging from 1.1⁰ to 9.2⁰ for carbon 

epoxy composites and deduced from their study that repair strength is increased with 

decreasing scarf angle. Similar results have been obtained by other authors such as 

Kumar et al. [39] where scarf angles less than 2 degrees produced failure in the adherends 

and not adhesive. 

 
Figure 15. Scarf (Hard patch) 

 
 

Scarf Repair (Soft Patch). This repair technique involves creating a scarf into the 

damaged part and instead of placing an already fabricated plate to fit into the recess, dry 

fabrics are laid up in the proper orientations to match the parent material and then peel 

ply material, flow media, and vacuum bag is placed over them using tacky tape to keep 

the assembly air tight. A vacuum is pulled and resin is infused into the repair area. The 

θ 
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resin functions as both the matrix material for the dry fabric as well as the bonding 

mechanism between the patch and the parent material. This sort of repair technique is 

common on the jobsite as it does not require the tooling of a hard patch like in the 

previous case, instead the repair patch is molded in-situ. A disadvantage of this method is 

that it's not a quick fix and requires considerable skill on the side of the technician. 

 

 
Figure 16.  Resin infusion repair 

     
 

Stepped Repair. This repair technique is similar to the scarf method except that 

instead of a taper, the stepped repair removes plies at different diameters as shown in the 

image below. This method poses some disadvantages over the scarf technique. One, it 

tends to produce high stress regions at the edges which can serve as crack starters. 

Secondly, the technician needs to be extremely careful when cutting through plies, so as 

not to cut into the adjacent ply that lies underneath as that further reduces the structural 

integrity of the part. 

 

 
Figure 17.  Stepped repair 
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Factors Affecting Scarf Repair 
 
 The repair of a composite is dependent on a set of factors, each of which 

contributes to the effectiveness of the repair, though some more than the other. 

 
Scarf Patch.  The orientation of plies has a major role to play in the strength of the 

repair. The standard convention is to match the orientation of the plies to that of the 

parent material, so as to permit uniform shear distribution in the bondline between two 

similar oriented patch and parent material. Breitzmann et al. [40] obtained positive results 

by optimizing the ply stack sequence of the repair adherend to reduce the stress in the 

adhesive bondline. Also, the effect of overplies have been studied as well, and it's fair to 

say that overplies in general increase the repair strength but sacrifices flexibility of the 

part, which might be a critical detriment if the part is subjected to bending. 

 
Surface Pretreatment. Pretreating the bond faces has been shown to enhance 

bonding efficiency. Pretreatment can take the form of grinding faces, application of 

coupling agents like silane among others. Pretreatment doesn't necessarily guarantee 

increased repair strength as was shown in work done by Hamano et al. [41] where they 

compared the effect of different surface treatment methods on repair strength. 

 
Scarf Angle. The angle of the scarf plays a prominent role in the repair of a 

composite part. Several authors [38, 39] have shown that the higher the scarf angle, the 

lower the repair strength. The downside of using very low angles is that the technician 

has to remove more material. Optimum repair scarf angle has been placed at around 2˚ by 
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several authors which has been verified over and over again. Anything higher than that 

does not tend to effect the repair strength. 

 
Doublers. If a flush repair surface is not required, the use of doublers has been 

shown to increase the strength of repairs. Robson et al. [42] proffered some 

recommendations for determining the number of external plies needed to recover the 

parent laminate strength. One more condition that affects the effectiveness of doublers is 

the overlap length. The overlap length has to be long enough as the doubler is susceptible 

to peel and shear stresses at the tip. Osnes et al. [43] recommends that bonded joints 

should be designed with a long overlap that is at least twice the ratio of load per unit 

width to yield shear stress of the bond, where load per unit width is taken at the design 

load. 

  

 
Figure 18.  Overply bonded with adhesive 
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CHAPTER THREE 
 
 

EXPERIMENTAL PROCEDURES FOR REPAIR 
 
 

Specimen Design 
 
 

 Experiments were conducted to study the effects of various repair techniques 

using wind turbine grade fabric. The repair techniques investigated were scarf method 

and overply method using either resin infusion or adhesive as the bonding mechanism. 

The fabrics used were of two brands: The PPG Devold L1200-G50 fiberglass and the 

Vectorply E-LT-3800 which are representative of the fabrics commonly used in wind 

turbine blades. The matrix system was made from Hexion Epikote MGS RIMR 135 for 

the resin and Hexion RIMR for the hardener. Tests were carried out on an Instron 8562 

machine with a 100 kN load cell. Composite plates were fabricated through the process 

of vacuum assisted resin transfer infusion, placed under vacuum pressure for 24 hours 

after infusion and then post cured in an oven for an additional 12 hours at 70⁰C. 

  

 

Figure 19. An infused composite plate 
 

12 cm 



30 
 
Subsequently, upon post curing, the plate was cut into the required dimensions for the 

specimens. The dimensions of the specimens investigated were approximately 300 mm x 

51 mm x 1.85 mm for [0]2 layup. These dimensions were based on the limitations of the 

size of the grips on the Instron 8562 machine. For a specimen of this width, the minimum 

scarf angle that would accommodate for the radius of the scarf to lie within the width of 

the specimen was 6⁰. Three modes were investigated to ascertain the efficacy of the 

repair: the control mode where intact undamaged specimens are used to determine the 

bounding strength, a damaged unrepaired mode where the specimens are damaged and 

left unrepaired to find the residual strength and the damaged repaired mode where the 

specimen is damaged and then repaired using one of the resin infusion method, the 

adhesive bond repair method or the infusion repair with overply method. 

  
Figure 20. Dimensions of scarfed specimen 

 

Table 1. Resin and fiber specifications 

 
  

Lay-Up Fabric Used Resin Used 
[0]2 PPG 1200-G50 UD Hexion Epikote MGS RIMR 135, RIMH 1366 
[0]2 Vectorply E-LT-3800 Hexion Epikote MGS RIMR 135, RIMH 1366 
[45/-45/0/-45/45] Vectorply E-LT-3800 Hexion Epikote MGS RIMR 135, RIMH 1366 
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Consistency In Damage Introduction And Scarfing 
 
 
 For comparisons to be justified, some element of consistency needed to be 

introduced in the damage that was done on the specimens. This required that the damage 

had to be engineered. First, a 10 mm hole was drilled into the specimens. Consistent 

scarfing was achieved by 3D printing a “sanding tool” which had a 6⁰ bevel and then 

fixing a 40-grit sandpaper on the surface. This printed sanding tool was then fixed to a 

bench drill press and material was gradually sanded off until the 6⁰ taper was reached. An 

image of the tool is shown in Fig. 21 with the sandpaper fixed on the grinding surface. 

 
Figure 21 (a). Schematic sanding tool (b). Sanding tool 

 

This approach was able to inculcate a tenable level of consistency across the specimens 

that were damaged. Image of a damaged specimen is shown in the figure below. 

 

 

Figure 22. Damaged specimen with scarfed hole 
 

52 mm 
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Repair Fabrication 
 
 
 The repair techniques applied in this study were the: 

1. Infusion Repair 

2. Adhesive Bonded Repair 

3. Infusion with Overply 

 
Infusion Bonded Repair 
 
  For infusion repair, fabric was cut to fit the scarfed hole and resin was infused. 

 

 
Figure 23. Repair patch 

 

 

Figure 24. Resin infused repair 
 

45 mm 
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After infusion, the part was left to cure for 24 hours at room temperature and then put in 

the oven to cure for another 12 hours after which some trimming and sanding was done to 

even the edges and surface in preparation for testing. 

 

 

Figure 25. Repaired part (Infusion) 
 
 
Adhesive Bonded Repair 
 
 The patch that was used in this repair method was made by constructing a 3D 

printed tool which was used to crop out a part from an already existing plate that would 

fit in as precisely as possible into the scarfed cavity of the damaged composite. The tool 

design was made by just inverting the sanding tool used for making the scarf. The new 

tool is shown in Fig. 26. Once the patch had been cut, paste adhesive was used to bond it 

to the parent part. Also, a small clamp was used to put some pressure on the assembly to 

make for a firmer bond. The adhesive used in this research was the Huntsman Araldite 

2015 epoxy gel with a minimum strength cure time of 240 mins though the repaired bond 

was left to room cure for a few days.  
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Figure 26. Tool for creating patch 
 

 

Figure 27. Hard Patch used in adhesive repaired case 
 

 

Figure 28. Cured Adhesive Bonded Part with Tabs 
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Infusion Repair with Overply 
 
  This repair technique follows the same procedure as the infusion repair 

discussed earlier. The only difference is that there is an extra ply on top, which adds 

strength but sacrifices some flexibility. 

 

 

Figure 29. Resin infusion with overply 
 
 
After the curing process, all [0]2 specimens were tabbed and speckled patterned for 

testing on an Instron machine. The speckle pattern is required in order for strain to be 

calculated using the Digital Image Correlation (DIC) technique. 
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CHAPTER FOUR 
 
 

EXPERIMENTAL DETERMINATION OF FRACTURE TOUGHNESS 
 
 
 Results of tests carried out on repaired composites showed that failure was more 

likely to occur in the bonding region between the patch and the parent laminate. To 

effectively simulate this failure, debonding needs to be modeled using a fracture 

mechanics analysis technique. To do this, experimentation has to be done to estimate 

fracture toughness values for the different modes of failure. For this research, three 

different forms of fracture tests were carried out namely: the Double Cantilever Beam 

(DCB) test for Mode I, the End Notch Flexure (ENF) test for Mode II and the Mixed 

Mode Bending (MMB) test for mixture of Mode I and II. Two groups of fracture test 

specimens were made: the infusion bonded and the adhesive bonded.  

 
Manufacturing Process for Specimens (Infusion Bonded) 

 
 

 To capture the closest real-life estimate of the fracture energy that would be 

dissipated during debonding, some of the test specimens were fabricated using a slightly 

different approach from the current convention. The plates from which the specimens 

were cut, were made by placing dry glass fiber fabric on top of an already post-cured 

composite laminate plate, and then setting up other accessories like the peel ply, flow 

media, and vacuum bag on top of that before resin infusion was done. Simply put, it is 

forming a plate over an already existing plate. This replicates an infusion repair event, 

where a dry glass fabric patch is placed in an engineered scarfed hole belonging to a pre-
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existing composite part and then resin infusion is done. An illustration of this is depicted 

in the figure below. 

 
Figure 30. Set-up for manufacturing DCB specimens 

 
 
 A nylon-like material (Airtech Release 234TFNP) is placed in between the plate 

and the fabric to prevent bonding; this serves as a crack starter. After resin had been 

infused, the assembly was left to room cure for 24 hours and then later oven cured for 

another 12 hours. The plate was then cut into DCB sizes of 150 mm x 25 mm x 3.6 mm 

with adherence to the ASTM D5528 guidelines. Aluminum loading blocks were then 

bonded to the DCB composites with the assistance of a jig to ensure proper alignment of 

the tabs. This stage is crucial as any misalignment of the tabs makes the specimens 

unusable. Fortunately, fracture toughness tests had been run in previous times by the 

composites research group at MSU, therefore the jig, loading blocks and pins were 

already available and didn't have to be fabricated newly. Schematic of a DCB is shown in 

the figure below. 
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Figure 31. DCB schematic 

 

DCB (Mode I) 
 
 With deference to the ASTM D5528 standard for Mode I [44], there are quite a 

few data reduction methods to calculate GIC. The method employed in this work is the 

Modified Beam Theory (MBT) method [44] while the 5% slope offset was used in 

determining critical load (10% offset in some test data that seemed appropriate). The 

expression for the Mode I interlaminar fracture toughness using MBT is as follows: 

     𝐺𝐺𝐼𝐼𝐼𝐼 = 3𝑃𝑃𝑃𝑃
2𝑏𝑏(𝑎𝑎+|∆|)

    (1) 

where:  

 P = load 
 ao = initial crack length 
 b = width of specimen 
 Δ = crack length correction 
 
 
ENF and MMB (Mode II and Mixed Mode) 
 
 Specimens used in determining GIIC were almost similar to those used in 

determining GIC, except that the starter crack length (ao) was much shorter. Recourse was 

made to work done by Agastra [45] whose work was an outgrowth of prior work done by 

Reeder and Crews [46] when determining GIIC for the specimens. ENF and MMB tests 

tend to be more complex than DCB tests because of the large deflections and rotations. 
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Shear deformation must be considered if the shear modulus is relatively small considered 

to the longitudinal modulus, as in most polymer matrix composites [45]. Expressions for 

GIC and GIIC from Reeder and Crews are included below for convenience. 

                                     𝐺𝐺𝐼𝐼𝐼𝐼 = 12𝑃𝑃𝐼𝐼2

𝑏𝑏2ℎ3𝐸𝐸11
�𝑎𝑎𝑜𝑜2 + 2𝑎𝑎𝑜𝑜

𝜆𝜆
+ 1

𝜆𝜆2
+ ℎ2𝐸𝐸11

10𝐺𝐺13
�  ,                              (2) 

                                               𝐺𝐺𝐼𝐼𝐼𝐼𝐼𝐼 = 9𝑃𝑃𝐼𝐼𝐼𝐼2

16𝑏𝑏2ℎ3𝐸𝐸11
�𝑎𝑎𝑜𝑜2 + ℎ2𝐸𝐸11

5𝐺𝐺13
�  ,                                (3)       

𝜆𝜆 =  1
ℎ �

6𝐸𝐸22
𝐸𝐸11

4   ,          (4) 

 𝑃𝑃𝐼𝐼 =  𝑃𝑃𝑐𝑐(3𝑐𝑐−𝐿𝐿
4𝐿𝐿

)  ,          (5) 

 𝑃𝑃𝐼𝐼𝐼𝐼 = 𝑃𝑃𝐼𝐼(𝑐𝑐+𝐿𝐿
𝐿𝐿

)   ,           (6) 

where: 
 c = geometric variable that changes the 𝐺𝐺𝐼𝐼 𝐺𝐺𝐼𝐼𝐼𝐼�  ratio, 

 E11, E22 = longitudinal and transverse moduli, respectively, 

 G13 = in-plane shear modulus, 

 h = half-thickness of specimen, 

 L = half-length,  

 λ = elastic foundation correction, 

 PI, PII = mode I and II loadings respectively, 

 



40 
 

 

Figure 32. DCB test in progress 
 

 

Figure 33. MMB test 
 
 

Table 2. Test matrix for fracture toughness testing 
Test  
performed 

Information  
gained 

No. of 
replicates 

Comments 

DCB GIC 4 Input for cohesive model - Mode I 
ENF GIIC 3 Input for cohesive model - Mode II 
MMB (Set 1) GIC & GIIC 3 Input for cohesive model - Mode I & II 
MMB (Set 2) GIC & GIIC 3 Input for cohesive model - Mode I & II 

 
 

DCB 
Specimen 
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Following experimentation, the subsequent test results were extracted after the raw test 

data was processed. 

Table 3. GIC values for infusion bonded (Mode I) 

Specimen Stage DCB-01 DCB-02 DCB-03 DCB-04 
J/m2 

Initiation (a0) 298 201 220  
Propagation (a1 ) 348 290 292 344 
Propagation (a2) 266 250  373 

 
 
Since it is best practice, to select the GIC from the propagation stage, the average of the 

second stage (propagation, a1) values of all four specimens was chosen for the GIC value. 

 
Table 4. GIIC values for infusion bonded (Mode II) 

Specimen No. GIIC   (J/m2 ) 
Specimen 5 2097 
Specimen 6 2247 
Specimen 7 1938 

Average 2094 
 
 
The results from the Mode I tests showed that there was not a very large deviation for the 

GIC. This suggested that the effect of fiber bridging was reduced because of the manner in 

which the DCB specimens were manufactured, which was different compared to what 

would be expected in specimens fabricated with dry fabric infused from the ground up. 

Nonetheless the geometry of a scarf lends itself to the fact that there will be varying 

contributions of Mode I and Mode II since the scarfs are made at an angle. This prompted 

the need for mixed mode bending tests as well to determine the exponent factor for mixed 

mode behavioral relationships like the Benzeggagh-Kenane law. 
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Table 5. MMB Set 1 
C value 

Specimen 
GIC GIIC 

mm J/m² 

24.59 
MMB-04 490.3 3247.6 
MMB-05 326.9 2164.6 
MMB-06 302.8 2004.4 

 

Table 6. MMB Set 2 
C value 

Specimen 
GIC GIIC 

mm J/m² 

37.36 
MMB-07 727.8 984.7 
MMB-08 574.2 774.8 
MMB-09 522.1 690.9 

 

The average for this fracture toughness values were then plotted and curve fitted with a 

2nd order polynomial. This is shown in Fig. 34. 

 

 

Figure 34. Mixed Mode contribution GIC and GIIC (Infusion bonded) 
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Manufacturing Process for Specimens (Paste Adhesive Bonded) 
 

 
 Using paste adhesive as a repair mechanism to bond a patch to a parent laminate 

is a method that has been widely applied in salvaging composite parts and in this 

research, the efficacy of a repair done using paste adhesive was tested. The adhesive used 

here is Huntsman Araldite 2015 and DCB tests were carried out to determine fracture 

properties in Mode I. It turns out that exhaustive strength and fracture testing had been 

done by previous authors [47-49] on this particular adhesive brand and deference was 

made to these resources for the rest of the properties needed.  

 The fabrication process used for the DCB specimens used here was quite 

different. A composite plate with layup [0]2 was fabricated using the vacuum infusion 

process. It was left to room cure for 24 hours after which it was placed in an oven to post 

cure for an additional 12 hours at 70ºC. After post curing, the plate was cut up into two 

separate and equal sizes, and then the Huntsman Araldite 2015 adhesive was applied 

upon both plates leaving some distance from the edge. A Teflon sheet was placed on one 

of the plate surfaces where adhesive was applied, encroaching a bit on the region where 

the paste adhesive was applied to serve as a crack starter. The other plate was firmly 

pressed on top of it and a wide bulky dense prism was placed on top of the assembly to 

offer uniform pressure while the adhesive cured. This was left for 48 hours after which 

the Teflon sheet was removed, and the plate was cut into specimen dimensions of 150 

mm x 25 mm x 3.6 mm. Aluminum loading blocks were tabbed on and left to cure. 
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Figure 35. Adhesive bonded DCB 
 
 

Fracture Toughness Tests Results 
 
DCB (GIC Only) 

 
Table 7. GIC (Adhesive Bonded) 

Specimen Stage DCB-01 DCB-02 DCB-03 
J/m2 

Initiation (a0) 507 351 360 
Propagation (a1) 580 427 654 
Propagation (a2) 398 335 638 
Propagation (a3) 517 591 498 

 
 

Damage Assessment Using Digital Image Correlation 
 
 

Digital image correlation is an analytical tool that makes use of images to 

determine localized and full field strain in engineering materials. The development of 

Digital Image Correlation was paralleled in chronology with the evolution of the digital 

camera in the 1980's. As the technology behind digital imagery progressed, the 

possibility of using optical imagery to assess damage on engineering structures was 

experimented with but it wasn't until the 1980's that Chu, et al. [50] showed its 

applicability in the field of mechanics. DIC is an optical, non-contact technique which 

uses a deformation based measuring technique to measure surface displacement and 

20 mm 
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strains on an object. It works in both 2D and 3D, the former needing just one camera 

while the latter requiring two to function properly. DIC has gained increased acceptance 

in the past couple of decades because of its versatility in being able to measure strain 

across a wide area as opposed to other conventional means such as the strain gauge which 

only permits measurement between two points.  

Series of deformation measuring algorithms have been developed over the years 

to track image-captured deformation of which a few are: Cross-correlation, Sum of 

absolute difference, Sum of squared difference. The DIC equipment used in this work is 

the ARAMIS measuring system developed by GOM. An image of the DIC set-up is 

shown in Fig. 36. 

 

 

Figure 36. DIC equipment in operation 
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CHAPTER FIVE 
 
 

FINITE ELEMENT ANALYSIS 
 
 

Three-Dimensional Continuum Damage Model 
 
 

The finite element method is an analysis technique that can be used to study the 

repair made on a damaged composite part and to investigate the state of the repair as the 

composite is being stressed. All finite element simulations intended in this study are three 

dimensional in nature and employed two forms of material behavior to define the model. 

The first was either a 3D elastic orthotropic constitutive law or a continuum damage 

model (CDM) to describe the behavior of the laminae of the fiber reinforced composite 

while the second relation was based on the principles of fracture mechanics to define 

delamination between the patch and parent laminate, and between laminae.  

 
Mesh Elements 

 

Eight Node Brick Element 
 

Generally, most laminated composites are thin with an high aspect ratio which 

makes analysis simpler by permitting plane stress assumption, since the dimension in the 

thickness direction is relatively slender. Plane stress elements which are two dimensional 

(thickness normalized) are used to model the geometry of such a part and that means that 

𝜎𝜎13, 𝜎𝜎23, 𝜎𝜎33  of the stress tensor can be assumed to be zero. The limitation of this is that it 

cannot be extended in modeling parts where the stress components in the thickness 

direction can’t be ignored. An example of this is in the case of scarf repair such as is done 
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in this study where the scarfed region when stressed, has significant stress components in 

the thickness region around the scarf region. This necessitated the use of 3 dimensional 

brick elements to model the part geometry, though more computationally expensive, 

better captures the analysis intent. 

 

Figure 37. Abaqus C3D8 brick element 

Cohesive Element 
 

The debond behavior of the patch can be modeled using a variety of fracture 

mechanics tools such as VCCT and cohesive modeling and the latter is used in this work. 

Cohesive modeling is predicated on the traction separation law and these requires a 

special form of mesh elements called cohesive elements to model the debond behavior. 

An illustration of these is shown in Fig. 38.  

 
Figure 38. Three dimensional cohesive element 

 

The constitutive behavior of cohesive elements can basically be divided into two stages. 

The first is the pre-damage stage where there is a linear relationship between traction and 
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separation up to the point of damage initiation. Beyond this stress level, damage begins to 

evolve with a gradual degradation of the strength property as the element nodes separate 

further. The integration of the traction separation relationship gives the energy release 

rate which has been pre-determined experimentally. The parameters needed to be defined 

are the maximum traction, energy release rate and the initial stiffness. Parametric studies 

were done to determine which values for traction and initial stiffness best fits the finite 

element model in this study. Since the models used in this research are three dimensional, 

it therefore implies that three modes for the traction separation relationship must be 

defined wherein a mode mix relationship characterizes the damage initiation and 

evolution for the three modes. For damage initiation, quadratic stress criterion is used in 

this study for all finite element models and this is expressed in Eq. 1 below 

       �〈𝜎𝜎𝑛𝑛〉
𝜎𝜎𝑛𝑛𝑜𝑜
�
2

+  �𝜎𝜎𝑠𝑠
𝜎𝜎𝑠𝑠𝑜𝑜
�
2

+ �𝜎𝜎𝑡𝑡
𝜎𝜎𝑡𝑡
𝑜𝑜�
2

= 1          (1) 

where 𝜎𝜎𝑛𝑛𝑜𝑜 is maximum traction in normal direction, 𝜎𝜎𝑠𝑠𝑜𝑜and 𝜎𝜎𝑡𝑡𝑜𝑜are maximum traction in 

shear direction 1 and shear direction 2 respectively.  

For the damage evolution behavior, two relationships were considered for the 

models, the first being the Benzeggagh Kenane law (2) and the other being the power law 

(5). Parametric studies were run to determine which of these laws were more suitable for 

which model. 

𝐺𝐺𝑐𝑐 = 𝐺𝐺𝐼𝐼𝐼𝐼 + (𝐺𝐺𝐼𝐼𝐼𝐼𝐼𝐼 − 𝐺𝐺𝐼𝐼𝐼𝐼) �𝐺𝐺𝑆𝑆
𝐺𝐺𝑇𝑇
�
𝜂𝜂
          (2)  

𝐺𝐺𝑆𝑆  =  𝐺𝐺𝐼𝐼𝐼𝐼  +  𝐺𝐺𝐼𝐼𝐼𝐼𝐼𝐼             (3) 

𝐺𝐺𝑇𝑇 =  𝐺𝐺𝐼𝐼 +  𝐺𝐺𝐼𝐼𝐼𝐼  +  𝐺𝐺𝐼𝐼𝐼𝐼𝐼𝐼                (4) 

𝜂𝜂 is the B-K exponent 



49 
 
GIC, GIIC and GIIIC were calculated from experimental tests done in Ch. 4 where GIIIC was 

assumed to be equal to GIIC. Subsequently, data reduction was done on the mixed mode 

fracture toughness values using MATLAB to determine the B-K exponent. It was settled 

that 1.75 would be appropriate for the B-K exponent.  

 The power law damage evolution relation is stated below. 𝛼𝛼 is power law 

exponent. 

� 𝐺𝐺𝐼𝐼
𝐺𝐺𝐼𝐼𝐼𝐼
�
𝛼𝛼

+  � 𝐺𝐺𝐼𝐼𝐼𝐼
𝐺𝐺𝐼𝐼𝐼𝐼𝐼𝐼

�
𝛼𝛼

+  � 𝐺𝐺𝐼𝐼𝐼𝐼𝐼𝐼
𝐺𝐺𝐼𝐼𝐼𝐼𝐼𝐼𝐼𝐼

�
𝛼𝛼

= 1          (5) 

 
Mesh Size Determination 

 
 

In determining an appropriate mesh element size for the models, it was necessary 

to assess the length of the cohesive process zone as that gives an educated guess of what 

element size is adequate. The cohesive process zone is the region ahead of a crack tip that 

could potentially experience some measure of energy release. Turon [51], proposed that 

the cohesive zone length is given by: 

𝑙𝑙𝑝𝑝𝑝𝑝 = 𝑀𝑀𝐸𝐸 𝐺𝐺𝐼𝐼
(𝜎𝜎�𝑜𝑜)2

  ,           (6)  

where M is a parameter that ranges from 0.21 to 1.0 (taken as 1.0 for this study), E is the 

transverse modulus of elasticity of the bond material and 𝐺𝐺𝐼𝐼 is interface fracture 

toughness. Since interface strength is not known exactly, a conservative value of 30 MPa 

was assumed as a starting value. 

𝑙𝑙𝑝𝑝𝑝𝑝 = 1 ∗ 11700 ∗
0.3185

900
= 4.1054 𝑚𝑚𝑚𝑚 . 
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Once the process zone length had been determined, one can easily determine the mesh 

element size (7) by deciding how many elements should span the process zone length. 

Turon recommends using a minimum of 3-5 elements.  

 𝑙𝑙𝑒𝑒 = 𝑙𝑙𝑝𝑝𝑝𝑝
𝑁𝑁

           (7)  

𝑁𝑁 is set as 8 in this work which gives an element size (𝑙𝑙𝑒𝑒) of approx. 0.5 mm. This value 

was used to set the size of both the cohesive element and the continuum brick element.  

 
FEA Commercial Tool 

 
 

ABAQUS Standard was used as the FEA tool in this work because it has an 

extensive library of brick, cohesive and shell elements. Nevertheless, a limitation was 

detected in its material models for progressive damage analysis as its applicability is not 

extended towards brick elements. Continuum shell elements could have been used but 

they have the limitation of assumed negligible transverse shear. From a modeling point of 

view continuum shell elements look like three-dimensional continuum solids, but their 

kinematic and constitutive behavior is similar to conventional shell elements [52].   

These limitations with the in-built models in Abaqus prompted the need to write a 

user material subroutine (UMAT) that would capture the progressive damage effects 

(out-of-plane included) experienced in a three-dimensional model. The UMAT was 

coded using the Hashin failure criterion as the damage initiation determinant and a 

damage mechanics evolution relationship to control damage propagation. The C3D8 

element was preferred over the C3D8R to avoid concerns about hourglassing, which 

meant its 8 integration points were taken into account in the UMAT code. The three-
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dimensional strain form of the Hashin criterion [53] is used, as its equations account for 

fiber tension, fiber compression, matrix tension and compression and delamination. 

Delamination is controlled by mainly out-of-plane forces. The equations are repeated 

below: 

 
Damage Initiation (UMAT Hashin Criterion) [53, 54] 

 
 

Fiber Tension 

If (𝜀𝜀11 > 0)        →                 𝐻𝐻𝑓𝑓 = � 𝜀𝜀11
𝜖𝜖11
𝑡𝑡,𝑚𝑚𝑚𝑚𝑚𝑚�

2
+  � 𝜀𝜀12

𝜖𝜖12
𝑚𝑚𝑚𝑚𝑚𝑚�

2
+  � 𝜀𝜀13

𝜖𝜖13
𝑚𝑚𝑚𝑚𝑚𝑚�

2
≥ 1        (8) 

Fiber Compression 

If (𝜀𝜀11 < 0)        →                 𝐻𝐻𝑓𝑓 = � 𝜀𝜀11
𝜖𝜖11
𝑐𝑐,𝑚𝑚𝑚𝑚𝑚𝑚�

2
≥ 1           (9) 

Matrix Tension 

If (𝜀𝜀22 + 𝜀𝜀33 > 0)        →       𝐻𝐻𝑚𝑚 = �𝜀𝜀22+𝜀𝜀33
𝜖𝜖22
𝑐𝑐  𝜖𝜖33

𝑐𝑐 �
2
− 𝜀𝜀22𝜀𝜀33
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𝑚𝑚𝑚𝑚𝑚𝑚�

2
+

                                                                � 𝜀𝜀13
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𝑚𝑚𝑚𝑚𝑚𝑚�

2
+ � 𝜀𝜀23

𝜖𝜖23
𝑚𝑚𝑚𝑚𝑚𝑚�

2
≥ 1         (10)  

Matrix Compression 

If (𝜀𝜀22 + 𝜀𝜀33 < 0)        →      𝐻𝐻𝑚𝑚 = � 𝜀𝜀22+𝜀𝜀33
𝜖𝜖22
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                                                     𝜀𝜀22𝜀𝜀33
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 + � 𝜀𝜀12
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𝑚𝑚𝑚𝑚𝑚𝑚�

2
+  � 𝜀𝜀13
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𝑚𝑚𝑚𝑚𝑚𝑚�

2
+  � 𝜀𝜀23

𝜖𝜖23
𝑚𝑚𝑚𝑚𝑚𝑚�
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≥ 1      (11) 

Delamination (Out-of-plane) 

If (𝜀𝜀33 > 0)        →          𝐻𝐻𝑝𝑝 = � 𝜀𝜀33
𝜖𝜖33
𝑡𝑡,𝑚𝑚𝑚𝑚𝑚𝑚�

2
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≥ 1  

If (𝜀𝜀33 < 0)        →          𝐻𝐻𝑝𝑝 = � 𝜀𝜀33
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This is the strain form of the 3D Hashin criterion and it is derived from the stress form of 

the same criterion using the following set of stress-strain pairs. 

𝜀𝜀𝑖𝑖𝑖𝑖
𝑡𝑡,𝑚𝑚𝑎𝑎𝑥𝑥 = 𝜎𝜎𝑖𝑖𝑖𝑖

𝑡𝑡,𝑚𝑚𝑎𝑎𝑥𝑥

𝐼𝐼𝑖𝑖𝑖𝑖
�    𝜀𝜀𝑖𝑖𝑖𝑖

𝑐𝑐,𝑚𝑚𝑎𝑎𝑥𝑥 = 𝜎𝜎𝑖𝑖𝑖𝑖
𝑐𝑐,𝑚𝑚𝑎𝑎𝑥𝑥

𝐼𝐼𝑖𝑖𝑖𝑖
�   𝜀𝜀12𝑚𝑚𝑎𝑎𝑥𝑥 = 𝜎𝜎12𝑚𝑚𝑎𝑎𝑥𝑥

𝐼𝐼44�  

𝜀𝜀13𝑚𝑚𝑎𝑎𝑥𝑥 = 𝜎𝜎13𝑚𝑚𝑎𝑎𝑥𝑥
𝐼𝐼55�   𝜀𝜀23𝑚𝑚𝑎𝑎𝑥𝑥 = 𝜎𝜎23𝑚𝑚𝑎𝑎𝑥𝑥

𝐼𝐼66�   where i =1,2,3 (13) 

 
When writing user material subroutines, it is compulsory to be familiar with the right 

sequence in which the FEA software lists components of the stress and strain vectors. In 

Abaqus, which is the FEA tool used in this work, the stress and strain vectors are 

arranged in this form. 

𝜀𝜀 =  [𝜀𝜀11 𝜀𝜀22 𝜀𝜀33 𝜀𝜀12 𝜀𝜀13 𝜀𝜀23] 𝜎𝜎 =  [𝜎𝜎11 𝜎𝜎22 𝜎𝜎33 𝜎𝜎12 𝜎𝜎13 𝜎𝜎23] 

From various literature sources, the 3D orthotropic stiffness matrix is: 

𝐼𝐼 =  

⎣
⎢
⎢
⎢
⎢
⎢
⎢
⎡
1−𝑣𝑣23𝑣𝑣32
𝐸𝐸2𝐸𝐸3∆

𝑣𝑣21+𝑣𝑣31𝑣𝑣23
𝐸𝐸2𝐸𝐸3∆

𝑣𝑣31+𝑣𝑣21𝑣𝑣32
𝐸𝐸2𝐸𝐸3∆

0 0 0
𝑣𝑣12+𝑣𝑣13𝑣𝑣32

𝐸𝐸3𝐸𝐸1∆
1−𝑣𝑣31𝑣𝑣13
𝐸𝐸3𝐸𝐸1∆

𝑣𝑣32+𝑣𝑣31𝑣𝑣12
𝐸𝐸3𝐸𝐸1∆

0 0 0
𝑣𝑣13+𝑣𝑣12𝑣𝑣23

𝐸𝐸1𝐸𝐸2∆
𝑣𝑣23+𝑣𝑣13𝑣𝑣21

𝐸𝐸1𝐸𝐸2∆
1−𝑣𝑣12𝑣𝑣21
𝐸𝐸1𝐸𝐸2∆

0 0 0
0 0 0 2𝐺𝐺12 0 0
0 0 0 0 2𝐺𝐺13 0
0 0 0 0 0 2𝐺𝐺23⎦

⎥
⎥
⎥
⎥
⎥
⎥
⎤

     (14) 

 

∆ =  
1 − 𝑣𝑣12𝑣𝑣21 − 𝑣𝑣23𝑣𝑣32 − 𝑣𝑣31𝑣𝑣13 − 2𝑣𝑣12𝑣𝑣23𝑣𝑣31

𝐸𝐸1𝐸𝐸2𝐸𝐸3
 

This stiffness matrix is for undamaged stiffness before the onset of any damage. The 

undamaged stress is calculated from the relationship. 

𝜎𝜎 = 𝐼𝐼 ∗ 𝜀𝜀 
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Damage Evolution (UMAT) 
 
 

Once damage sets in (determined by the Hashin criterion), propagation has to be 

controlled by a damage evolution model. This work instituted the use of a non-linear 

damage propagation model to account for non-linear behavior of damage. Degradation 

state variables were applied in the UMAT subroutine to report the level of damage 

progression at any particular instant during an analysis. The degradation state variables 

work in this fashion: Before damage initiation, the degradation state variables are all 

effectively zero; Once damage starts, they steadily or exponentially increase (depending 

on the evolution law that best captures the real-life case scenario) until they get to 1, after 

which the element is deleted. Degradation state variables depend on the fracture energy 

(fiber or matrix), characteristic element length, ultimate strain limit, value of the Hashin 

failure initiation expression, and ultimate strengths of the materials. 

 
Fiber Tension 

𝐼𝐼𝐼𝐼 (𝐻𝐻𝑓𝑓 > 0)                    𝑑𝑑1 = 1 −  𝑒𝑒
�𝜎𝜎11
𝑡𝑡,𝑚𝑚𝑚𝑚𝑚𝑚  𝜀𝜀11

𝑡𝑡,𝑚𝑚𝑚𝑚𝑚𝑚 𝐿𝐿𝑐𝑐 (𝐻𝐻𝑓𝑓−1)/𝐺𝐺𝑓𝑓�

𝐻𝐻𝑓𝑓
           (15) 

Fiber Compression 

          𝐼𝐼𝐼𝐼 (𝐻𝐻𝑓𝑓 > 0)                      𝑑𝑑1 = 1 −  𝑒𝑒
�𝜎𝜎11
𝑐𝑐,𝑚𝑚𝑚𝑚𝑚𝑚 𝜀𝜀11

𝑐𝑐,𝑚𝑚𝑚𝑚𝑚𝑚 𝐿𝐿𝑐𝑐 (𝐻𝐻𝑚𝑚−1)/𝐺𝐺𝑓𝑓�

𝐻𝐻𝑚𝑚
          (16)  

Matrix Tension 

 𝐼𝐼𝐼𝐼 (𝐻𝐻𝑚𝑚 > 0)               𝑑𝑑2 = 1 −  𝑒𝑒
�𝜎𝜎22
𝑡𝑡,𝑚𝑚𝑚𝑚𝑚𝑚  𝜀𝜀22

𝑡𝑡,𝑚𝑚𝑚𝑚𝑚𝑚 𝐿𝐿𝑐𝑐 (𝐻𝐻𝑚𝑚−1)/𝐺𝐺𝑚𝑚�

𝐻𝐻𝑚𝑚
       (17) 

Matrix Compression 

𝐼𝐼𝐼𝐼 (𝐻𝐻𝑚𝑚 > 0)              𝑑𝑑2 = 1 −  𝑒𝑒
�𝜎𝜎22
𝑐𝑐,𝑚𝑚𝑚𝑚𝑚𝑚 𝜀𝜀22

𝑐𝑐,𝑚𝑚𝑚𝑚𝑚𝑚 𝐿𝐿𝑐𝑐 (𝐻𝐻𝑚𝑚−1)/𝐺𝐺𝑚𝑚�

𝐻𝐻𝑚𝑚
       (18) 
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Out-of-plane (Tension) 

 𝐼𝐼𝐼𝐼 (𝐻𝐻𝑝𝑝 > 0)                     𝑑𝑑3 = 1 −  𝑒𝑒
�𝜎𝜎33
𝑡𝑡,𝑚𝑚𝑚𝑚𝑚𝑚 𝜀𝜀33

𝑡𝑡,𝑚𝑚𝑚𝑚𝑚𝑚  𝐿𝐿𝑐𝑐 (𝐻𝐻𝑝𝑝−1)/𝐺𝐺𝑝𝑝�

𝐻𝐻𝑝𝑝
        (19) 

Out-of-plane (Compression) 

𝐼𝐼𝐼𝐼 (𝐻𝐻𝑝𝑝 > 0)                       𝑑𝑑3 = 1 −  𝑒𝑒
�𝜎𝜎33
𝑐𝑐,𝑚𝑚𝑚𝑚𝑚𝑚 𝜀𝜀33

𝑐𝑐,𝑚𝑚𝑚𝑚𝑚𝑚 𝐿𝐿𝑐𝑐 (𝐻𝐻𝑝𝑝−1)/𝐺𝐺𝑝𝑝�

𝐻𝐻𝑝𝑝
        (20) 

where H signifies Hashin failure with subscripts f, m, z signifying failure mode. LC is 

characteristic element length, G is fracture energy 

Damage has a softening effect on the material elastic moduli and Poisson’s ratio. 

Generally, the load carrying capability is controlled by the C11 term which represents the 

stiffness in the fiber direction. Fiber failure effectively spells the end of part, but matrix 

cracking and delamination reduces the load carrying capability gradually by steadily 

increasing the d2 and d3 terms. The damaged stiffness of a part can be calculated from the 

relations below where the tilde sign represents the damaged stiffness values. The non-

zero components of the damaged stiffness are: 

�̃�𝐼11 = 𝐼𝐼11 (1 − 𝑑𝑑1)(1− 𝑑𝑑1)   �̃�𝐼12 = 𝐼𝐼12 (1 − 𝑑𝑑1)(1− 𝑑𝑑2) 

�̃�𝐼13 = 𝐼𝐼13 (1 − 𝑑𝑑1)(1− 𝑑𝑑3)   �̃�𝐼22 = 𝐼𝐼22 (1 − 𝑑𝑑2)(1 − 𝑑𝑑2) 

�̃�𝐼23 = 𝐼𝐼23 (1 − 𝑑𝑑2)(1 − 𝑑𝑑3)    �̃�𝐼33 = 𝐼𝐼33 (1 − 𝑑𝑑3)(1 − 𝑑𝑑3) 

�̃�𝐼44 = 𝐼𝐼44 (1 − 𝑑𝑑1)(1 − 𝑑𝑑2)   �̃�𝐼55 = 𝐼𝐼55 (1 − 𝑑𝑑1)(1 − 𝑑𝑑3) 

�̃�𝐼66 = 𝐼𝐼66 (1 − 𝑑𝑑2)(1 − 𝑑𝑑3)            (21) 

These set of equations are used to define the constitutive relations of the stress –strain 

expression following damage initiation. Following damage initiation, the analysis 

becomes non-linear and could have an issue with numerical convergence. The very 
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nature of a progressive failure analysis implies a nonlinear solution is required [55] and 

the non-linear computation is based on an incremental-iterative formulation where each 

increment in displacement generates an increment of strain during a Newton-Raphson 

iteration procedure [55].  

{𝜀𝜀}𝑘𝑘+1,𝑖𝑖 = {𝜀𝜀}𝑘𝑘,∞ + {∆𝜀𝜀}𝑘𝑘+1,𝑖𝑖         (22)  

Eq. 22 states that the strain for the current converged increment (k+1) and at iteration (i) 

is the sum of the previous converged strain (k) and strain increment (k+1) at iteration (i). 

To facilitate numerical convergence, the tangent stiffness matrix is introduced. The 

tangent stiffness matrix is expressed as the derivative of stress increment with respect to 

strain increment and it is used in an implicit analysis as a first guess to improve 

convergence. 

{𝜎𝜎}𝑘𝑘+1,𝑖𝑖 = {𝜎𝜎}𝑘𝑘,∞ + {∆𝜎𝜎}𝑘𝑘+1,𝑖𝑖 = {𝜎𝜎}𝑘𝑘,∞ + �
𝜕𝜕∆𝜎𝜎
𝜕𝜕∆𝜀𝜀�

𝑘𝑘+1.𝑖𝑖
{∆𝜀𝜀}𝑘𝑘+1,𝑖𝑖      = 

{𝜎𝜎}𝑘𝑘,∞ + [𝐽𝐽]𝑘𝑘+1,𝑖𝑖 {∆𝜀𝜀}𝑘𝑘+1,𝑖𝑖          (23) 

The derivative of the incremental stress and strain relation is the undamaged stiffness 

matrix if damage has not initiated and the damaged stiffness matrix if damage has 

initiated. 

∆𝜎𝜎 = 𝐼𝐼𝐷𝐷∆𝜀𝜀          (24) 

The trial tangent stiffness matrix also known as the material Jacobian has to be 

formulated into the UMAT for the subroutine to work and work well. This requires the 

computation of the derivative of the damaged stiffness matrix with respect to the strain 

components [56] . 

    𝜕𝜕�̃�𝐼
𝜕𝜕𝜀𝜀�

=  ∑
 

��𝜕𝜕�̃�𝐼
𝜕𝜕𝑑𝑑𝑖𝑖
� �𝜕𝜕𝑑𝑑𝑖𝑖

𝜕𝜕𝜀𝜀�
��3

𝑖𝑖=1              (25) 
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    𝜕𝜕�̃�𝐼
𝜕𝜕𝜀𝜀�

= ∑ ∑ � 𝜕𝜕�̃�𝐼
𝜕𝜕𝑑𝑑𝑖𝑖
� �𝜕𝜕𝑑𝑑𝑖𝑖

𝜕𝜕𝐻𝐻𝑗𝑗
� �𝜕𝜕𝐻𝐻𝑗𝑗

𝜕𝜕𝜀𝜀�
�3

1
3
1         (26)  

The material Jacobian is expressed numerically in the UMAT as 

[𝐽𝐽] = 𝐼𝐼𝐷𝐷 + (𝜕𝜕�̃�𝐼
𝜕𝜕𝜀𝜀�𝑗𝑗

∗ ∆𝜀𝜀𝑗𝑗)      where j=1,2,3,4,5,6        (27)  

 
UMAT Flowchart 

 

 

Figure 39. Flowchart for three-dimensional user material subroutine (UMAT) 
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Figure 40. Parent laminate mesh (Quarter) 

 

 

 
Figure 41. Patch mesh (Quarter) 

 

 

Figure 42. Bond surface mesh elements (Quarter) 
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CHAPTER SIX 
 
 

FEA MODEL SETUP AND RESULTS 
 
 

Specimen Cases 
 
 

Two layups ([0]2 and [45/-45/0/-45/45]) were investigated in this research work 

along with their repair configurations. From these layups, nine different configurations 

were setup and they are listed below. 3 - 5 specimens were tested for each layup. 

 
Table 8. Specimen test cases 

 Lay-Up Case 

1 

[0]2 

Undamaged (Baseline) 

2 Damaged and Unrepaired 

3 Infusion Repaired 

4 Adhesive Repaired 

5 Infusion Repaired with Overply 

6 

[45/-45/0/-45/45] 

Undamaged (Baseline) 

7 Damaged and Unrepaired 

8 Infusion Repaired 

9 Infusion Repaired with Overply 
 
 
Boundary Conditions 
 

Quarter symmetry boundary conditions were applied as depicted in Fig. 43 in the 

longitudinal and transverse direction while a prescribed displacement was applied at one 

end of the model. All specimens that were experimented on were tested in tension and are 

modeled in Abaqus as shown in Fig. 43 below.  
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Figure 43. Tensile test configuration 

 

For the unidirectional laminates [0]2, the PPG 1200-G50 UD fabric was used, 

while for the triaxial laminates [45/-45/0/-45/45], the Vectorply E-LT-3800 fabric was 

used. These two fabrics both have a woven texture and are closely similar to one another 

in weave, dimensions and properties. Furthermore, stiffness and strength properties 

testing had already been done on both fabrics by Samborsky [57] and Nelson [58] and 

those properties were used in this work.  

 
Table 9. Laminate stiffness properties using PPG 1200-G50 UD fabric 

E11 
(MPa) 

E22 
(MPa) 

E33 
(MPa) 

v12 v13 v23 G12 
(MPa) 

G13 
(MPa) 

G23 
(MPa) 

40600 13500 11700 0.28 0.28 0.35 3710 3710 5000 
 
 

Table 10. Laminate stiffness properties using Vectorply E-LT-3800 fabric 
E11 

(MPa) 
E22 

(MPa) 
E33 

(MPa) 
v12 v13 v23 G12 

(MPa) 
G13 

(MPa) 
G23 

(MPa) 
44600 17000 16700 0.262 0.264 0.35 3490 3770 3460 

 
 

Table 11. Laminate strength properties using PPG 1200-G50 UD fabric 

 [a]Test Data for S13 and S23 are not available and are therefore assumed to be equal to S12 
 
 

XT 
(MPa) 

XC 
(MPa) 

YT 
(MPa) 

YC 
(MPa) 

S12 
(MPa) 

S13 
(MPa) 

S23 
(MPa) 

1030 -621 68 -171 53.1 53.1a 53.1a 
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Table 12. Laminate strength properties using Vectorply E-LT-3800 fabric 
XT 

(MPa) 
XC 

(MPa) 
YT 

(MPa) 
YC 

(MPa) 
S12 

(MPa) 
S13 

(MPa) 
S23 

(MPa) 
1240 -774 43.9 -179 55.8 54.4 45.6 

 
 

Undamaged and Unrepaired (Baseline [0]2) 
 
 

This test case serves as the control specimen for the unidirectional laminates. A 

digital image correlation software (ARAMIS) was used to track strain on the surface of 

the specimen. Fig. 44 shows a snapshot of the longitudinal strain plot for this test case. 

 

Figure 44. Longitudinal strain plot (Undamaged) 
 
 
Table 13 shows the statistical distribution for the tested undamaged specimens. The 

tensile strength was derived from the tensile stress strain curve using the 0.2% offset 

approach.  
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Table 13. Stress and strain values of undamaged test case (Experimental) 
 Tensile Strength 

(MPa) [a] 
Ultimate Strain  

(%) [b] 
Mean 796 2.44 

Standard Deviation 46 0.34 
                    [a] Tensile strength taken at 0.2% offset, [b] Maximum strain at failure 

 
 

 

Figure 45. Stress strain curve undamaged case 
 
 
Fig. 45 compares the stress strain curve from the finite element simulation against that 

drawn from the experimental tests. Stress was calculated by dividing load data output by 

the cross sectional area of the specimen which is the engineering stress. The strength of 

the undamaged case for the FEA simulation showed a yield strength of 896 MPa and a 

corresponding strain at yield of 2.4% which was quite close to experimental results as 

shown in Table 13. 
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Damaged and Unrepaired [0]2 
 
 

After scarfing was done, the scarfed region was speckle patterned and then a 

tensile test was done on an Instron measuring equipment with the aid of a digital image 

correlation device to track strain fields. 

 
Figure 46. Damaged unrepaired mesh 

 

In composites analysis, it is crucial to take into account the stress concentration factor 

(SCF) of flawed regions to prevent unconservative designs and in-turn premature failure. 

The presence of flaws in a laminate reduces its ultimate strength as the stress around a 

flaw is scaled up by a factor of the value of the SCF. The finite element method was used 

to estimate the SCF for this part. SCF at the edge of the scarfed hole is found to be 5.62 

using the expression
𝜎𝜎11(𝑓𝑓𝑎𝑎𝑓𝑓𝑓𝑓𝑖𝑖𝑒𝑒𝑙𝑙𝑑𝑑)

𝜎𝜎11(ℎ𝑜𝑜𝑙𝑙𝑒𝑒)� . This value was taken a few millimeters 

inward from the tip of the scarfed hole to eliminate the effects of possible singularity at 

the direct edge. 
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Figure 47. Values of stress concentration factor from edge hole 
 

 
Figure 48. Comparison of Strain plot between DIC and FEA 

(a) DIC (b) FEA 
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The FEA plot in Fig. 48 replicates the strain gradient around the scarfed hole from the 

DIC plot, with the lateral direction from the scarfed hole showing increased strain effects. 

This is owing to the reduced thickness within the scarf. The snapshot images were taken 

at similar load levels with the DIC image taken at 15.7 kN tensile load and the FEA 

image taken at the increment step for the 15.6 kN load.  

Also, all tensile strain values were exported from the elements and a frequency 

plot was fitted across the data to check if the strain distribution from the FEA plot 

matched that from the DIC. Fig. 49 shows that most element strain was concentrated 

between 0 and 1% with an average of 0.5% - 0.6% being the most observed field strain 

levels. This matches with the frequency plot captured from the DIC. 

 
 

   

Figure 49. Frequency plot comparing strain level concentrations between DIC and FEA 
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Damaged Infusion Repaired [0]2 
 

This test case used the infusion bonded repair technique (which was expounded 

on in Ch. 3) to repair the damaged specimens. After the curing process, the specimens 

were speckle patterned and then tension tested on an Instron machine. Finite element 

analysis was subsequently done to study the effect of the repair. A mixed mode damage 

model with cohesive interface elements was implemented to simulate the scarf repair 

done by the infusion process. A 2D schematic of this is shown in Fig. 50 below. The 

shaded region highlights where cohesive elements were applied. All other regions (parent 

and patch) were modeled using bulk hexagonal elements with elastic orthotropic material 

behavior. The cohesive elements were assigned properties from fracture toughness testing 

done for this research which was elaborated on in Ch. 4. 

 
Figure 50. Schematic for unidirectional repaired 

 

Besides fracture toughness values, cohesive strength is also another property that 

is needed in defining the triangular traction-separation law. Diehl [59] proposed a relation 

in making a first guess for the traction interface strength using the values for fracture 

toughness and separation at failure (𝛿𝛿𝑓𝑓). This expression is repeated below: 

      𝜎𝜎0 = 2𝐺𝐺𝑐𝑐
𝑃𝑃𝑓𝑓

            (1)  

where σ is cohesive strength, GC is fracture energy and δf is separation.  
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Researchers such as Moura [49] have in recent times postulated the use of the J-

Integral approach in approximating cohesive strength where the cohesive parameters can 

be found more accurately by using the following relations. 

𝐽𝐽𝐼𝐼 = � 𝜎𝜎(𝑤𝑤)𝑑𝑑𝑤𝑤
𝑤𝑤

0
 

    𝜎𝜎(𝑤𝑤) = 𝑑𝑑𝐽𝐽𝐼𝐼
𝑑𝑑𝑤𝑤

           (2)  

where J is the energy release rate and w is the crack extension which has to be monitored 

with an optical device. This approach would require more testing and was avoided in this 

study in favor of the approach by Diehl which is quite established as it permits flexibility 

by being able to empirically vary the separation parameter (𝛿𝛿𝑓𝑓). 

The nature of the geometry of the scarf means this is a mixed mode situation. The 

cohesive laws for the interface layer in pure modes I and II have been determined 

experimentally using the double cantilever beam test and the end notch flexure test 

respectively. Following parametric studies on Abaqus, the values of 20 MPa, 23 MPa, 

and 23 MPa were found to best fit the maximum tractions needed in modes I, II and III 

respectively to define the quadratic stress criterion.  

Another parametric value that needs to be determined is the interfacial stiffness. 

This is quite important as underestimating it might lead to the model being too compliant 

as a result of the insertion of the cohesive elements. Turon et.al [51] suggested estimating 

this penalty value by using the elastic modulus and the thickness of the sub-laminate with 

the expression below. 

𝐾𝐾𝐼𝐼 = 𝛼𝛼 𝐸𝐸𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚𝑚𝑚𝑖𝑖𝑛𝑛𝑚𝑚𝑡𝑡𝑠𝑠
ℎ𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑚𝑚𝑚𝑚𝑖𝑖𝑛𝑛𝑚𝑚𝑡𝑡𝑠𝑠

           (3)  
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where 𝛼𝛼 is a coefficient factor that can be as high as 50 as recommended by Turon [51] 

for Mode I fracture. For this specimen case, penalty stiffness is set as 1.0E6 for all three 

modes. 

Table 14. Cohesive law parameters (Infusion repaired) 
 Traction  

(MPa) 
Energy Release Rate 

(J/m2) 
Interfacial stiffness 

(N/mm2) 
I 20 318.5 1.0E6 
II 23 2094 1.0E6 
III 23 2094 1.0E6 

 
 

Damage evolution was defined using the Benzeggagh-Kenane (B-K) mixed mode 

criterion. After data reduction of the results of the mixed mode fracture tests, it was 

concluded that an exponent factor of 1.75 would suffice for the B-K criterion. From the 

parametric studies that were done for this specimen case, it was discovered that the model 

is more Mode II dependent as an increase in traction values in Mode II suggested a 

stronger bond relative to a corresponding increase in Mode I traction. 

It was also necessary to create a stress strain plot as a comparison tool between 

the experiments and the finite element models. Table 15 shows the statistical distribution 

for the experimental results for this test case.  

 
Table 15. Stress and strain values - Infusion repaired (Experimental) 

 Repair Strength  
(MPa) [a] 

Strain at Yield  
(%) [b] 

Mean 222 0.81 
Standard Deviation 13 0.15 

[a] Taken at point of first damage on load displacement plot   
[b] Equivalent strain value for stress at point of first damage 

 

For sake of clarity, point of first damage is illustrated in Fig. 51 below.  
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Figure 51. Illustration of first damage 
 
 
Engineering strain was calculated from the FEA model by selecting two 

appropriate nodes across the diameter of the patch equidistant as the virtual extensometer 

used in the DIC and then tracking them. The stress strain plot is shown in Fig. 52 and it 

can be seen that the damage initiation in the infusion repaired test case is observed at 

around 0.7%. 

 

Figure 52. Stress-strain plot for infusion repaired case 
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The tick marks labeled a, b, c, d in Fig. 52, signify the stages in the damage progression 

at which the finite element deformation plots in Fig. 53 were taken.  

 
Figure 53. Patch debond progression for infusion repaired case 

 

From the parametric studies that were run beforehand, it was realized that the 

model is more sensitive to Mode II which is the shearing mode. Fig. 54 shows the 

shearing stresses in the cohesive layer between the patch and the parent laminate as strain 

levels in the repaired composite increases.  

 
     Stress (S13 component)     Strain level for bulk elements 

 

0.18 % 

X 

Figure 54. Shear stress plots of bond between patch and laminate 
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Figure 54. Shear stress plots of bond between patch and laminate (continued) 
 
 
The shear stress plots above show the progressive degradation of the cohesive layer with 

the elements collinear with the line of action of applied load (X-axis) experiencing failure 

first. Degradation of the cohesive layer then progresses radially inward as the bond 

failure advances. Fig. 55 shows a plot of the shear and peel stresses of the elements that 

0.36 % 

0.53 % 

0.66 % 

X 
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are parallel to the line of load action. The peak stresses were taken at the frame just prior 

to the point of first damage on the load displacement plot. The magnitude of the shear 

stresses are higher than that of the peel stresses (by as much as a factor of 10) meaning 

that for this damage and repair setup, the strength of the bond is more dependent on the 

bond shear strength of the resin/adhesive than the tensile bond strength.  

 

 

Figure 55. Peak shear stresses of elements collinear with applied load  
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Damaged Adhesive Repaired [0]2 
 
 

This specimen case was similar to damaged and infusion repaired case except that 

paste adhesive (Araldite 2015) was the bonding mechanism used here. Fracture toughness 

values for the adhesive were reused from prior work done by previous researchers [47-

49] who had used the same adhesive and had done extensive fracture toughness testing on 

it. Those properties were transferred here. For the finite element model, the Abaqus input 

file remained largely unchanged, except for the cohesive properties that define the bond. 

Also, the power law mixed mode evolution relationship was used with the exponent set 

as 1. The damage evolution relationship is then written as: 

 
�𝐺𝐺𝐼𝐼
𝐺𝐺𝐼𝐼
𝐼𝐼� + �𝐺𝐺𝐼𝐼𝐼𝐼

𝐺𝐺𝐼𝐼𝐼𝐼
𝐼𝐼� + �𝐺𝐺𝐼𝐼𝐼𝐼𝐼𝐼

𝐺𝐺𝐼𝐼𝐼𝐼𝐼𝐼
𝐼𝐼 � = 1            (4) 

 
Table 16. Cohesive law parameters (Adhesive repaired) 

Mode Traction 
(MPa) 

Energy Release Rate 
(J/m2) 

Interfacial stiffness 
(N/mm2) 

I 25 430 1.0E6 
II 23 4360 1.0E6 
III 23 4360 1.0E6 
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Figure 56. Stress strain plot (Adhesive repaired) 
 
 
The stress strain plot for the adhesive repaired case is shown in Fig. 56 and the FEA 

image series showing damage progression is shown in Fig. 57. The progression looks 

similar to that of infusion repaired. For the adhesive repaired case, the fracture toughness 

in Mode II is stronger than that of the infusion repaired which means the bond degrades 

over a longer extension.  

 

Figure 57. Patch debond progression for adhesive repaired 
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Fig. 58 shows the shearing stresses in the bond interface between the parent laminate and 

the patch as damage progresses. 

 
                   Stress (S13 component)    Strain level for bulk elements 
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0.38 % 

0.52 % 
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 Figure 58. Shear stress (S13) - Adhesive repaired 
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Figure 58. Shear stress (S13) - Adhesive repaired (continued) 
 
 
As can be observed from the shear stresses in bond layer, strain levels of approx. 0.7% 

sees the degradation of the bond. The statistical distribution for the experimental results 

of the adhesive repaired test case are shown in Table 17.  

 
Table 17. Stress and strain values adhesive repaired (Experimental) 

 Repair Strength  
(MPa) [a] 

Strain at Yield  
(%) [b] 

Mean 237 0.74 
Standard Deviation 7 0.01 

[a] Taken at 0.1% offset [b] Equivalent strain value for stress at 0.1% offset 

 
 

Damaged, Infusion Repaired with Overply [0]2 
 
 

The use of an overply (doubler) as a composite repair technique showed a 

significant increase in the repair strength for this test case. The overply was oriented in 

the axial direction [0˚] collinear with load application. This approach showed an 

approximate 30% increase in strength over the infusion repaired with no overply. Fig. 59 

shows the element mesh that was used for this specimen case. The length of the overply 

was an inch (25.4 mm) beyond the tip of the scarf on opposite ends.   

0.68 % 

X 
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Figure 59. Element Mesh Overply Infusion [0]2 
 
 

The presence of the axial overply on the parent laminate creates asymmetry in the 

overall laminate layup which causes bending in addition to extension when the specimen 

is stressed. Because of this effect, nonlinear geometry was activated within the FEA 

solver.  The cohesive properties used for the bond interface were similar to those used in 

the infusion repaired case without overply. The bond interface for the overply model is 

shown in the schematic in Fig. 60. 

 

 
Figure 60. Bond interface (Repaired with axial overply) 

  

 Fig. 61 shows the stress strain plot for this repair technique. Stress used here is 

engineering stress derived by dividing load output data by cross-sectional area in the 

overply region. 
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Figure 61. Stress-strain plot (Repaired with axial overply [0]2) 
 

The image series in Fig.62 shows the debond progression of the overply until complete 

delamination. Also, the strain levels here compared well with that of the infusion repaired 

and adhesive repaired case.   

 

 
Figure 62. Patch debond progression (Overply) 

 
 
The shearing stresses in the cohesive layer are shown in Fig. 63. 
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Stress (S13 component)     Strain level for bulk elements 

 

 

 

 

Figure 63. Shear stress plot bond layer (Overply)  
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Examining the contour plots from the FEA, at 0.2% strain (taken at the surface of the 

overply), high shear stresses are observed at the lip of the overply and also at the scarfed 

region. Debonding started at this region and progressed slowly inward from the lip of the 

overply and radially outward from the stress concentrated hole region. The SDEG (Scalar 

stiffness degradation) field variable in Abaqus is plotted for the cohesive region of the 

model and is displayed in Fig. 64a. 

 

   

Figure 64 (a). Scalar stiffness degradation, (b) Experimental debond of overply 
 
 

Table 18. Stress strain values for overply repair (Experimental) 
 Repair Strength  

(MPa) [a] 
Strain at Yield  

(%) [b] 
Mean 226 0.53 

Standard Deviation 13 0.07 
[a] Taken at 0.1% offset [b] Equivalent strain value for stress at 0.1% offset 

 
 

Undamaged and Unrepaired-Baseline [45/-45/0/-45/45] 
 
 

Specimens made for this test case were manufactured and left intact with no 

damage or scarfing introduced. This was done to serve as a control reference for damaged 
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and repaired specimens. The finite element analysis of this model involved only the use 

of the continuum damage evolution material model in the UMAT to model progressive 

bulk damage. No fracture mechanics failure path was associated with this model. 

 

 

Figure 65. Triaxial control specimens after concluison of tensile test 
  

Fig. 65 shows the triaxial control specimens at the end of the test. Since the 

specimens were loaded in tension, damage was observed in the +/-45º plies first before 

the 0º ply, owing to the fact that they are less stiff in the axial direction.  
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Figure 66. Strain plots for control specimens (DIC) 

 
 

Damaged and Unrepaired [45/-45/0/-45/45] 
 
 

For this test case, scarfing at a slope of 6º was done on the triaxial laminates using 

the sanding tool that was designed and introduced in Ch. 3. Scarfing was only two plies 

deep (+/- 45º). These were tested in tension like all previous samples. Since the 

specimens for this test case were loaded in tension, damage was observed in the + −⁄  45º 

plies first, owing to the fact that they are less stiff in the axial direction. As expected, high 

strains were observed around the scarfed regions. It is expedient in structural analysis, to 

determine strain or stress concentration factors around flaws and holes in a material to 

avoid unconservative designs. In this study, strain concentration factor was calculated 

from the DIC strain plot and compared to the FEA model as a sort of check to ascertain 

how much the FEA model actually captures the physical experiments. 
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𝐾𝐾𝜖𝜖 = 𝜖𝜖𝑓𝑓𝑚𝑚𝑓𝑓−𝑓𝑓𝑖𝑖𝑠𝑠𝑠𝑠𝑓𝑓
𝜖𝜖𝑠𝑠𝑐𝑐𝑚𝑚𝑓𝑓𝑓𝑓−𝑡𝑡𝑖𝑖𝑝𝑝

            (5)  

where K represents the strain concentration factor and ε represents strain.  

 

 

Figure 67. Comapre contour plots unrepaired case 
 

The average of strain values at several elements around the scarf tip was taken to give a 

representative strain value at the scarf tip. Similarly this was also done to get a 

representative value of strain far-field from the scarf tip.  Using Eqn. 5: 

𝐾𝐾𝜖𝜖𝐷𝐷𝐼𝐼𝐼𝐼 = 1.47  and  𝐾𝐾𝜖𝜖𝐹𝐹𝐸𝐸𝐹𝐹 = 1.70 
 
 

Damaged and Infusion Repaired [45/-45/0/-45/45] 
 
 

The layup of the plies here is different to the unidirectionals but the repair 

procedure remained unchanged. The scarf was only two plies deep and the schematic of 

the model is shown in Fig. 68 below. This model made use of two different damage 

relationships: one was the continuum damage model to account for the properties 
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degradation of the laminae and the other was cohesive contact surface traction separation 

law to define cohesion between the repair patch and the parent laminate. Cohesive 

surface contact definition was preferred in this modeling case instead of cohesive 

elements because of convergence issues with Abaqus. The cohesive properties used were 

the same as listed in Table 14.  

 
Figure 68. Schematic for triaxial layup 

 
 

 

Figure 69. Patch bottom surface (CSDMG plot) 
 
 

As is represented in Fig. 69, the bond surface shows little damage after analysis 

had been completed. The legend in Fig. 69 shows a scale of how much delamination 

failure has occurred with 0 meaning no delamination has been initiated, and 1 meaning 

delamination is complete. This relatively intact bond surface can be explained by the fact 

that since the tensile load was applied in the axial direction, most of the load bearing was 

X 
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done by the 0º ply. The 45º plies failed early on in the simulation and did not continue to 

support load, which left the load bearing to the 0º ply which failed much later in the 

simulation. This behavior was reflected in the experimental tests as shown in Fig. 70 

where debonding was not experienced between the patch and the parent laminate.  

 

 

Figure 70. Triaxial laminate post test 
 

 

Figure 71. Stress strain plot triaxial laminate (Infusion repaired) 
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The engineering stress used in the plot above was calculated from the expression, 

𝐹𝐹𝑜𝑜𝑓𝑓𝑐𝑐𝑒𝑒
𝐼𝐼𝑓𝑓𝑜𝑜𝑠𝑠𝑠𝑠−𝑠𝑠𝑒𝑒𝑐𝑐𝑡𝑡𝑖𝑖𝑜𝑜𝑛𝑛𝑎𝑎𝑙𝑙 𝐹𝐹𝑓𝑓𝑒𝑒𝑎𝑎

  which does not accurately tell the stress levels in a triaxial laminate. 

In actuality, stress varies through plies of different orientations, but strain remains 

relatively the same. The figures below show the stress plots for various plies in the 

laminate. Fig. 72a. and Fig. 72b which represents the shear stress plots were taken at the 

simulation stage where the 45º plies failed while Fig. 72c show the axial stress contours 

for the 0º ply at the point where they fail.  

 

Figure 72. (a) +45º ply (b) -45º ply (c) 0º ply 
 

S12 (MPa) S12 (MPa) S11 (MPa) 
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Damaged, Repaired with Overply [45/-45/0/-45/45] 
 

Specimens in this test case were repaired similar to the damaged and repaired 

triaxial laminates in the previous test case, the only difference being that an extra ply was 

laid on top to act as further reinforcement. The overply was oriented in the axial direction 

[0˚] collinear with load application. Schematic for this is represented below in Fig. 73.  

 

 

Figure 73. Triaxial overply 
 
 
Cohesive surface contact definition was applied between the overply and parent part as 

shown in Fig. 73 while the bulk elements defining the laminae were assigned the material 

model defined in the UMAT subroutine describing continuum damage. On conclusion of 

testing, examination of the test specimens showed that the overply did not improve the 

overall effectiveness of the repair but rather affected it negatively. This was because 

debonding occurred between the overply and the parent part at a strain level of approx. 

0.6% which is similar to the maximum strain levels observed in the unidirectional repair 

cases. A 22% reduction in maximum load was also recorded between this two test cases 

(the repaired with overply having the lesser). In simpler terms, the addition of the overply 

had a detrimental effect instead of a beneficial one. This result definitely suggests that the 

addition of an overply depending on the laminate orientation of the overply and parent 

part might not necessarily improve the repair of a damaged composite. Fig. 74 shows the 

strain plots for the overply from the DIC software and FEA model at maximum load. It 
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can be observed that debond was already being experienced at the lip of the overply 

(depicted by the blue gradient). 

 
Figure 74. Tensile Strain (Ԑ11) for 0˚ overply (DIC and FEA) 

 
 

 

Figure 75. Load strain plot for repaired with overply (Triaxial) 
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Progressive delamination of the overply is shown in the image series in Fig. 76. 

Debonding is seen to commence at the lip of the overply.  

 

 

Figure 76. Patch debond for triaxial overply 
 

Analysis of the FEA model showed that addition of the overply caused bending behavior 

as the laminate was stressed. This was most likely as a result of different strain levels 

occurring between the 0˚ overply and the other plies. The uneven strain led to shearing 

effect between the overply and the adjoining +45˚ ply. 

 
Contact Shear (S13) MPa             Strain level for bulk elements (Overply) 

 

 

0.2 %  

X 

Figure 77. Contact shear stresses S13 



89 
 

 

 

Figure 77. Contact shear stresses S13 (continued) 
 

 

Figure 78. CSDMG FEA plot overply (Left) 
Debond in triaxial overply (Right)  
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CHAPTER SEVEN 
 
 

COMPARATIVE STUDIES 
 
 

Unidirectional Laminates [02] 
 
 

Fig. 79 below shows the test loads of the four case specimens for the 

unidirectional composites [0]2 taken at the point of first damage on the load-displacement 

plot. At first glance, it suggests that the adhesive repaired and infusion repaired technique 

did not improve the repair load of the damaged composites which is true, but still does 

not paint a whole picture of the mechanics of the repair. 

 

 

Figure 79. Tensile loads from experiments 
 
 
The stress strain plot for the repair cases is plotted against the baseline case in Fig. 80 to 

show a sense of scale. It can be observed that the repair cases do not restore the strength 

of the composite back to its original unhindered state. This posits that in situations where 

the integrity of the main load bearing plies are seriously compromised by a large flaw in a 
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crucial area of a composite structure where tensile stresses are experienced, replacement 

might be the preferred long time solution.  

 

 

Figure 80. Comparisons of stress strain plots for all repaired case (Unidirectionals) 
 

Strain Energy Density 
 
A good parameter that could be used to assess the state of the specimens is strain 

energy per unit volume which can be calculated by integrating stress over strain. From 

the contour plots in Fig. 81, it can be seen that there is uneven strain distribution all over 

the surface of the specimens. This means energy is stored in differing amounts all over 

the specimen. It was decided to study how much energy would be stored at a specific 

region across all unidirectional test cases to see if the damaged, repaired and control 

cases showed similar or different energy levels. The virtual extensometer tool in the DIC 

software application (ARAMIS) was used to collect strain data at the region denoted by 

the double-sided arrow in Fig. 81. The reasons for choosing this region was because it is 
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a good distance away from the edges (diminish edge effects) and also because it is not 

situated along the axis of the hole.  

 

Figure 81.  DIC strain contour plot showing where strain data was taken 
(a) Unrepaired  (b)  Infusion repaired  (c).Adhesive repaired 

 

Stress was calculated by dividing load output data by the cross-sectional area of the 

specimen. A uniform load threshold of 18 kN was selected as the level for comparisons 

among the unidirectional test cases. This load level was chosen because damage had not 

yet set in across all test cases at this stage. The strain energy density for all unidirectional 

test cases is plotted in Fig. 82. It can be seen that the unrepaired cases had the highest 

levels of strain energy density, but this was lesser in the infusion and adhesive repaired 

test cases. This means that there was some more equalized distribution of energy within 

the specimen in the repaired cases up until the strain level (approx. 0.7%) where the 

strength of the resin or adhesive fails in the interface between patch and parent laminate.  
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Figure 82. Strain energy density comparison [0]2 
 

Another benefit offered by the repaired case was the reduction of stress concentration in 

the scarfed hole region which has the potential to serve as a crack initiator. Also, it was 

noted that higher strains were present in the unrepaired case as opposed to the infusion 

and adhesive repaired cases for comparative stress levels. This is seen in Fig. 82 where 

the stress strain relationship up to a load level of 18 kN is curve fitted linearly and plotted 

for repaired and unrepaired test cases. 18 kN was chosen as a threshold value because it 

was a level at which elastic behavior was still observed on the force extension plot on all 

test specimens. 

A simple recap for the unidirectional test cases is that for the repaired specimens, 

strength is determined by the bond cohesion of the patch with the parent laminate. 
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Figure 83. Stress strain plot up to 18 kN 
 

 
Triaxial Laminates [45/-45/0/-45/45] 

 
 

Fig. 84 shows the maximum experimental test loads for the triaxial laminates. 

Damage done to the triaxial laminates did not seem to have such a deleterious effect 

compared to the unidirectionals. This was owing to the fact that the major load carrying 

fiber [0º] was left intact in the triaxial case. Scarfing was only done on the top two plies 

which have an orientation of +/- 45º. Nevertheless, it was still necessary to perform 

repairs as this reduces stress concentration factor around damage regions which could 

easily have led to crack initiation. 
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Figure 84. Maximum tensile loads (Taken at point of first damage) 
 

In multiaxial laminates, the stress varies between plies. In the case of the triaxial 

laminates which were studied in this case, the off axis plies failed first while the 0º ply 

failed last. Fig. 85 shows the S11 stress component for the outermost ply (+45º) plotted 

against tensile strain both drawn from the finite element results. Tensile strain can be 

assumed to be uniform through the laminate thickness.  

 

 

Figure 85. Stress (S11) strain plot for +45º ply. 
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Figure 86. Stress (S11) strain plot for 0º ply 
 

As can be observed in Fig. 86, the strength in the unrepaired case is slightly less than that 

of the repaired case, but is by no means significant. This further buttresses the 

concurrence that damage to the top two off-axis plies bore no serious detrimental effect 

on the resilience of the laminate since the 0º ply was left intact.  

In the repaired with axial overply test case, the overply debonded from the parent 

laminate at a strain level of approx. 0.6% which was similar to maximum strain levels 

observed in the repair cases for the unidirectional laminates. This was some way off the 

approximately 2.5% strain recorded in the repaired without overply triaxial test case. This 

propounds the idea that depending on the layup of the damaged composite, repairing with 

the use of an overply is not always beneficial. Using the scarf infusion method without 

overply might just suffice. This deduction though needs to be tested further by using a 

longer overply or orienting the overply off-axis. 

Table 19 shows a summary of all repair test cases with the average strain 

observed in the experiments alongside strain from the finite element analysis. 
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Table 19. Summary of repairs done 
 Debonding 

Observed? 
Average Strain- 

Experimental (%) 
Strain-FEA 

(%) 
Infusion Repaired [0]2 Yes 0.81 0.70 
Adhesive Repaired [0]2 Yes 0.74 0.73 
Infusion with Overply [0]2 Yes 0.53 0.65 
Infusion Repaired [45/-45/0/-45/45] No   
Infusion with Overply [45/-45/0/-45/45] Yes 0.66 0.60 

 

Further Numerical Simulations 
 
 
 Since the finite element simulations that were performed in Ch. 6 seemed to 

match well with experimental results, it was decided to use the same model to test for 

other possible different scenarios. For the repaired with overply for the unidirectional test 

case, it was decided to orient the axial overply by an angle of 45º to allow for a softer 

patch. 

  
Repaired with Off-Axis Overply [02] 
 

In this numerical simulation case, the overply was oriented at an angle of 45˚ 

from the longitudinal axis of the parent laminate. All other properties remained similar 

with the repaired with unidirectional test case that was expounded upon in Ch. 6 
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Figure 87. Load strain plot for simulation showing projected behavior between axial 
and off-axis overplies  

 
This repair case with the off-axis overply withstood more strain compared to the case 

with the axial overply. The maximum strain levels attained in this simulation case was 

about 1.5% which was larger than the strain levels observed in the axial overply repair 

case by a factor of 2.5.  This indicates that when repairing a composite with an overply, it 

is probably better to orient the overply at an off-axis to allow for a patch with reduced 

stiffness. This reduces stress levels in the patch and prolongs its resilience.  

 
Repaired with Off-Axis Overply [45/-45/0/-45/45] 
 

In this simulation case, the overply was oriented at an angle of 45˚ to match that 

of the adjacent parent laminate. All other properties remained similar with the repaired 

with triaxial test case that was expounded upon in Ch. 6. 
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Figure 88. Load strain plot for simulation showing projected behavior between axial 
and off-axis overplies (Triaxial) 

 
 
Similar observations were noticed here with the off-axis enduring longer relative to the 

axial overply. This further reinforces the postulation that for a loading scenario where a 

composite is subjected to purely tensile forces, if repairs are to be made using the overply 

technique, it is more appropriate to orient the overply off-axis. This though needs to be 

verified experimentally but that is recommended future work. 
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CHAPTER EIGHT 
 
 

SANDWICH BEAM 
 
 

Overview 
 
 

The effect of repair on already damaged beams was also investigated in this work. 

This was prompted by the nuances in properties often identified in similar engineering 

materials on differing orders of scale. A beam structure is generally larger than a 

laminated composite, and as a rule of thumb in design the larger the structure the greater 

possibility of a flaw being the starting point for material failure. When a beam is 

subjected to flexure like the case of a cantilever beam, the region above the neutral axis is 

subjected to tensile stresses with the maximum stress experienced at the outermost part. 

Alternatively, the region below the neutral axis is subjected to compression with the 

maximum compression experienced at the bottommost part. 

 
Beam Fabrication 

 
 

The facesheet layup used here is the same as that used in Ch. 3, the unidirectional 

[0]2. The fiber glass brand used here is the Vectorply E-LT-3800 and the resin 

composition is made up of 135 RIMR and 1366 RIMH. The core is made of balsa wood 

which is favorable in sandwich beam design because of its lightweight. The Montana 

State University Composites Group (MSUCG) have in previous works tested different 

beam layups to find out what configuration would delay balsa core shear failure, being 

that the desired form of failure is the facesheet failure. Lerman [60] in his work settled 
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after several test iterations, for one unidirectional ply on one side of the balsa and two 

unidirectional plies on the opposite side of the core. Balsa core thickness was 1 inch (25.4 

mm). 

 
Figure 89. Cross-section of sandwich beam 

 
 
Peel plies and flow media were laid on opposite sides of the layup configuration, vacuum 

bag laid on top, vacuum pulled and resin infused. It was left to room cure for 24 hours 

and after which an heating setup consisting of a thermocouple and an insulator were used 

to postcure for another 12 hours. After postcuring, damage was introduced at the middle 

location and center-point of the top two plies. Scarfing was done using the same means as 

described in Ch. 3. After scarfing was done, repair fabric was laid up in the hole along 

with other required paraphernalia needed for vacuum infusion. Repair setup is shown in 

Fig. 90. Three beams were manufactured for testing using this setup. 

 
Table 20. Beam test matrix 

Sandwich Beam Layup Testing Procedure Quantity 

[0/0/Balsa Core/0] Four Point Bending 3 
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Figure 90. Beam with scarfed hole (top), Repair setup (bottom) 
 
 

Bending Theory 
 
 

To test the efficacy of a repair, it was determined to subject the beam to four point 

bending. The four point bend is preferred because of its advantage of subjecting a 

specific sub-length of the beam to constant moment. From mechanics of beam analysis, 

stress is related directly to bending moment using the following expression 

𝑆𝑆 =   𝑀𝑀𝑀𝑀/𝐼𝐼            (1)  
where S is the bending stress, M is the bending moment, y is the vertical distance from 

the neutral line, and I is the area moment of inertia. Sandwich structures have different 

moduli in the facesheet and in the core and this has to be taken into account when 

designing. 
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The specific beam geometry used here was of an asymmetric nature with two plies on 

one side and a single ply on the other side of the balsa core. This implies that the centroid 

of the beam will lie not at the dimensional center of the beam cross-section. Once this 

parameter had been calculated, next was to apply the parallel axis theorem to estimate the 

area moment of inertia of the facesheets about the centroid. 

𝐴𝐴2𝑝𝑝 = 𝑏𝑏𝑏𝑏2𝑝𝑝 
𝐴𝐴1𝑝𝑝 = 𝑏𝑏𝑏𝑏1𝑝𝑝 

𝐴𝐴𝑐𝑐𝑜𝑜𝑓𝑓𝑒𝑒 = 𝑏𝑏𝑏𝑏𝑐𝑐𝑜𝑜𝑓𝑓𝑒𝑒           (2) 
A is area, b is the width of the beam, t is thickness. The subscript 1𝑝𝑝 means one ply, and 

2𝑝𝑝 means two plies. Next is to determine the centroid of each facesheet and core. 

ℎ�2𝑝𝑝 = 𝑏𝑏2𝑝𝑝
2�  ,  

ℎ�1𝑝𝑝 = 𝑏𝑏2𝑝𝑝 + 𝑏𝑏𝑐𝑐𝑜𝑜𝑓𝑓𝑒𝑒 + 𝑏𝑏1𝑝𝑝
2�    

       ℎ�𝑐𝑐𝑜𝑜𝑓𝑓𝑒𝑒 = 𝑏𝑏2𝑝𝑝 + 𝑏𝑏𝑐𝑐𝑜𝑜𝑓𝑓𝑒𝑒
2�            (3)  

The outer surface of the thicker laminate (2 plies) serves as the reference point and h is 

the distance from the point of reference to the centroid of the beam component.  

To determine, the equivalent centroid for the sandwich beam, there was need to weight 

the centroid of each component by its stiffness using the following expression. 

                𝑀𝑀𝑎𝑎 = (ℎ�2𝑝𝑝𝐸𝐸2𝑝𝑝𝐴𝐴2𝑝𝑝 +  ℎ�1𝑝𝑝𝐸𝐸1𝑝𝑝𝐴𝐴1𝑝𝑝)
(𝐸𝐸2𝑝𝑝𝐴𝐴2𝑝𝑝 + 𝐸𝐸1𝑝𝑝𝐴𝐴1𝑝𝑝)�        (4) 

In determining the area moment of inertia, the parallel axis theorem was used to calculate 

its value about the composite centroid. 

𝐼𝐼2𝑝𝑝 =
𝑏𝑏𝑏𝑏2𝑝𝑝3

12
+ 𝐴𝐴2𝑝𝑝(𝑀𝑀𝑎𝑎 − ℎ�2𝑝𝑝)2 

𝐼𝐼1𝑝𝑝 =
𝑏𝑏𝑡𝑡1𝑝𝑝3

12
+ 𝐴𝐴1𝑝𝑝(𝑀𝑀𝑎𝑎 − ℎ�1𝑝𝑝)2           (5) 

To calculate bending rigidity, multiply the area moment of inertia by the elastic modulus. 
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𝐸𝐸𝐼𝐼𝑒𝑒𝑒𝑒 =  𝐼𝐼2𝑝𝑝𝐸𝐸2𝑝𝑝 +  𝐼𝐼1𝑝𝑝𝐸𝐸1𝑝𝑝           (6)  

The values of the parameters of the beam are listed below: 
 

𝑏𝑏2𝑝𝑝 = 1.75𝑚𝑚𝑚𝑚   
𝑏𝑏1𝑝𝑝 = 0.875𝑚𝑚𝑚𝑚  
𝑏𝑏𝑐𝑐𝑜𝑜𝑓𝑓𝑒𝑒 = 25.4𝑚𝑚𝑚𝑚  
𝑏𝑏 = 133𝑚𝑚𝑚𝑚  
𝐸𝐸2𝑝𝑝 = 44600𝑀𝑀𝑃𝑃𝑎𝑎  
𝐸𝐸1𝑝𝑝 = 44600𝑀𝑀𝑃𝑃𝑎𝑎  

  
Plugging this values into Eqs. (1-6), derived a value of 2.3631 ∗ 109𝑁𝑁𝑚𝑚𝑚𝑚2 for bending 

rigidity (EI). 

 
Measuring Strain Experimentally 
 

It was initially desired to use the DIC (ARAMIS) to measure the full strain field 

in the repair area under bending, but because of the space constraints around the four 

point bend test frame, this was not possible. The other option was to resort to the use of 

strain gauges.  

Nevertheless, it was decided to first run a cantilever test with the aid of the DIC 

(no space constraints in this test case) to view strain fields. The beam was clamped at one 

edge with the patch being 5 inches from the clamped edge while load was gradually 

applied to the free end. The DIC measuring system was setup looking at the beam patch 

top down. Fig. 91 shows the cantilever test setup. The span of the cantilever in the figure 

below is 103 cm. 
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Figure 91. Cantilever beam test 
 
 
Fig. 92 shows the strain plot from the DIC measuring system  
 
 

 

Figure 92. Strain plot cantilever test 
 
 
As can be seen, with a load application of about 700 N, high strains relative to the rest of 

the strain field can be observed around the patch lip. This is reflective of what was 

observed in the laminated specimens that were tested in static tension which experienced 
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high strains at the patch lip before debonding. A schematic showing the placement 

locations of the strain gauges on the tension side of the beam is shown in Fig. 93. 

 

 
Figure 93. Map showing strain gauge location on tension side of beam. 

 
 

Four-Point Bend Test 
 
 

For the four-point bend test, three strain gauges were placed on the tension side, 

while one was placed on the compression side. The support span (S) for the beam was 

158 cm while the load span (L) was 51 cm. According to the ASTM D7249 standard of 

facing properties of sandwich constructions [61], the configuration used in this test is 

classified as non-standard, which is still perfectly acceptable as the goal is to test the limit 

strain for the repair patch on the facesheet. 

 
Figure 94. Schematic of four-point bend test 
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 The loading span (L) was about one third the span of the support span (S) which was 

approximate to the recommended third-span 4-point loading configuration in the ASTM 

D7249 standard. To minimize the effect of indentation failure at the point of load 

application, load pads were placed at the load and support regions to spread the load out 

evenly. Three beams were tested for this test case. Three strain gauges were placed on the 

tension side of the sandwich beam while one was placed on the compression beam.  

The four-point bend testing frame is used for this experiment is shown in Fig. 95.  

 

 

Figure 95. Four-point bend test frame 
 

Close observation of the beam on completion of testing, showed that the beam 

experienced core shear failure which gave rise to buckling in the compression facesheet. 

This is shown in Fig. 96 below. 
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Figure 96. Buckling in compression facesheet 
 

Load and strain output test data for one of the beams tested is shown in Fig. 97 below. 

 

 

Figure 97. Load strain test data sandwich beam 
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Maximum strain recorded on the tension side was about 0.51%. From the load 

output data recorded from the four-point bend test, it was necessary to determine the 

stress level in the facing sheet in tension. The moment in the span between the load 

rollers can be easily determined by simple analysis. 

 
Figure 98. Section- Solving for moment and reaction forces 

 
 
Summing moment about the about support A 

𝑀𝑀 =  
𝐹𝐹
2
∗ 21 ∗ 25.4 

 

(a) Beam 1 

 

(b) Beam 2  
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(c) Beam 3 

Figure 99. Stress-Strain plot. (a) Beam 1 (b) Beam 2 (c) Beam 3 
 
 

 

Figure 100. Onset of debonding in sandwich beam repair 
 

Fig. 100 shows the patch region on the tension facesheet in the early stages of debonding. 

If comparisons are made between the patch debond in the beams and in the tension tested 

laminated unidirectional specimens in Ch. 6, it is observed that the failure of the patch 

occurs at similar strain levels.  
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Finite Element Analysis of the Beam Repair 
 
 

Fig. 101 shows the schematic for the FEA model for the four point bend setup. 

Quarter symmetry boundary condition was applied to reduce simulation time. The thick 

line in Fig. 101 depicts the bond surface which was modeled with cohesive elements in 

the finite element model. The core and facesheet were modeled using 3D bulk elements. 

 
Figure 101. Schematic showing FEA symmetry 

 

Based on the nature of the model (varying densities of core and facesheet), a dynamic 

implicit model was deemed appropriate for analysis type. Facesheet property values used 

in the finite element model were the same as stated in Table 10, while those used in the 

core are listed in Table 21. A value of 1.9 g/cm3 was used as density for the facesheet 

(retrieved from literature). For the core properties, reference was made to the balsa 

technical datasheet from Gurit [62] and work done by Newaz et al. [63] which lists 

average property values for balsa wood. Failure criteria were not set for the core or 

facesheet, since damage in these two components was not the object of the finite element 

analysis.  

Table 21. Balsa Core Properties [61, 62] 
Density 

 (ton/mm3) 
E11 

(MPa) 
E22 

(MPa) 
E33 

(MPa) 
v12 v13 v23 G12 

(MPa) 
G13 

(MPa) 
G23 

(MPa) 
1.3e-10 2000 30.7 30.7 0.15 0.15 0.38 146 146 146 
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The load and support rollers were modeled with discrete rigid shell elements since 

the assumption was that they do not deform and are not the object of interest of the 

simulation. The deformed plot at the conclusion of the simulation is shown in Fig. 102. 

 
Figure 102. Deformed plot for 4 point bend test 

 

The strain (𝜖𝜖11) contour plot is shown below for the repair region. The plot was taken at 

4400N load. 

 
Figure 103. Strain (𝜀𝜀11) plot tension facesheet 
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From Fig. 103, it is observed that at high strain concentrations are already present at the 

patch lip.  

 

Figure 104. Deformation plot showing delamination 
 
 
           Stress (S13 component) (MPa)              Strain level for bulk elements 
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X 

Figure 105. Shear stress (S13) bond surface 
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Figure 105. Shear stress (S13) bond surface (continued) 
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Figure 105. Shear stress (S13) bond surface (continued) 
 

Comparisons Between Failure in Unidirectional Laminates and Sandwich Beam 
 
 

Similar decohesion failure was experienced between the patch and the parent 

laminate in both sandwich beams and uniaxial laminates. This decohesion occurred at 

approximately similar strain levels between sandwich beams and uniaxial laminates and 

it showed the consistency of the behavior of the bond interface across both. The stresses 

in the 0˚ plies of the parent laminate had to be transferred through the resin/adhesive, 

thereby creating high stress levels in the interface. Similar observations were obtained in 

work done by Ridha [64] where highest stress concentrations were experienced in an 

interface where at least one of the adjacent plies was oriented in the 0˚ direction. 

The effect of the damage was more keenly felt in the unidirectional laminates as 

opposed to the sandwich beams. This was because the cross-sectional area of the 

unidirectional laminates was much smaller to that of the sandwich beam. Cross-sectional 

area of the unidirectional laminates is about 95 mm2 while that of the sandwich beam is 

about 245 mm2. Since the scarfed area was the same in both structures (53 mm2), this 

0.58% 

X 
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implied that there was a smaller unflawed region in the unidirectional laminates that 

could allow for load distribution.  
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CONCLUSION AND RECOMMENDED FUTURE WORK 
 
 

This work has done an investigative analysis on the characteristics of bond 

behavior in repaired composites of varied layup (unidirectionals and triaxials), different 

repair methods (infusion bonded, adhesive bonded and infusion with overply) and 

different scales of composite architecture (laminates and sandwich beams). Nine different 

laminate specimen cases were experimented upon to test the durability and mechanics of 

the repairs made. Static tensile testing was the preferred test approach used across all 

specimen cases. For the sandwich beam structure, the four-point bend test setup was used 

to test the behavior of repairs with the repairs made on the tension side of the beam. The 

reason for testing sandwich beams was to get representative test data for scaled up 

composite structures. Digital image correlation was the process through which strain data 

was monitored and collected for the composite laminates while strain gauges were used 

on the sandwich beams to track strain progression. 

Finite element analysis was the tool used in aiding to understand the behavior of 

repaired composites. Debond behavior was analyzed using cohesive zone modeling with 

fracture toughness properties (energy release rate) needing to be experimentally 

determined with tests such as the double cantilever beam test, the end notch flexure test 

and the mixed mode bending test. Notable deductions were obtained from analyzing the 

effects of repairs done. Also, similarities were observed in the behavior of bond 

interfaces for both composite laminates and sandwich beams. A summary of the 

conclusions that were assembled are:  
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1. The residual load carrying capacity of a damaged composite has to do with 

whether the main load bearing plies are intact or defective. This behavior was 

observed in differences between the repair strength of the uniaxial and the triaxial 

laminates. Damage to the 0˚ plies in the uniaxial laminates precariously affected 

its residual strength but this was not the case in the triaxial laminates where only 

the off-axis plies were damaged. 

2. The area circling between the patch and the parent laminate is resin rich and of 

low modulus therefore cracking (debonding) of a repaired laminate is expected to 

initiate around that region. 

3. From parametric studies done on the finite element model, it was observed that 

the repair strength of a laminate is dependent on the bond strength of the resin or 

adhesive interface layer. Increasing the cohesive strength of the bond showed a 

higher strain to failure and vice-versa. 

4. For repaired laminates subjected to tensile stresses where the parent laminate and 

the patch are oriented in the same direction, the bond layer experiences higher 

shear stresses relative to peel stresses (in this work by as much as a factor of 10).  

5. The high shear stress to peel stress ratio posits that stronger bonds can be 

developed if the resin/adhesive bonding mechanism has a stronger shear strength 

to peel strength ratio. Good shear strength property should be an important factor 

in choice of bonding mechanism. 

6. In both the repaired unidirectional composites and the repaired sandwich beam 

facesheets, similar bulk strain levels were experienced in the laminates before 
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failure of the bond surface (0.5% - 0.8%). This suggests a consistency in the 

behavior of the resin bond interface across different scales of composite 

architecture. 

7. With the aid of the digital image correlation software, it was observed that in the 

unidirectional laminates, higher strain levels were observed in the damaged and 

unrepaired test case compared with the damaged and repaired test case. 

8. For the triaxial laminates, the repaired with overply showed poorer repair 

resilience compared to the repaired without overply. This was most likely as a 

result of different strain levels in the 0˚ aligned overply and the adjoining +45˚ 

ply. Strain levels at which debond occurred (~ 0.6%) were similar to that 

observed in the unidirectional repaired test cases. This posits that if damage to a 

composite does not affect the main load bearing plies, a simple scarf repair 

without overply would suffice. 

9. Further numerical simulations were carried out in the overply repair cases to 

simulate their supposed behavior if the overplies were oriented off-axis. Finite 

element results showed that the repairs done with off-axis overplies endured for 

much longer. This was as a result of a less stiff patch which in turn reduced the 

stresses across the bond interface. These results though need to be experimentally 

verified.  

10. The tensile stresses experienced in the unidirectional laminated specimens and the 

bottom side of the sandwich beam provided a basis for comparison between the 

two.  
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Table 22. Comparison of stress in laminate specimen and sandwich beam 
 Average Tensile Stress 

(MPa) 
Unidirectional [0]2 222 

Sandwich beam 261 
 

A slightly higher tensile stress is calculated in the sandwich beam relative to the 

unidirectional laminated specimen. This could likely be as a result of the added 

flexural stiffness of the core. Even though the cross-sectional area of the facesheet 

in the sandwich beam is larger than the unidirectional specimen, an approximately 

similar patch debond failure pattern is observed in both. This suggests consistent 

repair failure across composites of different sizes. 

 
Recommended Future Work 

 
 

1. Experimental tensile tests have been done to determine the behavior of the 

repaired laminates and sandwich beams under static loading. Further testing can 

be done to investigate the behavior of the repairs under fatigue loading. This is 

necessary because not all composites part in service are subjected to constant 

static loading, some are subjected to a load-unload cycle. This behavior can be 

tested under fatigue testing. For how many load cycles does the repair hold up? Is 

there any noticeable delamination, cracking in the bond layer after certain amount 

of load cycles? 

2. For sandwich beam repair test cases, repairs can be extended to the case of a 

damaged core and facesheet. How do the repairs hold up if a section of the core is 

damaged and replaced? Repairing the core can be attempted also through the 
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process of vacuum infusion. Engineering intuition suggests that if the damaged 

and repaired core is situated between the two load rollers of the four point bend 

setup (a region of assumed zero shear stress), then the repaired core might outlast 

the repair done on the tensile facesheet, but this presupposition would need to be 

experimentally tested first. 

3. Further testing of the repair with overply method can be seen as worthwhile future 

work. In the triaxial laminates repaired case, using an overply didn’t seem to have 

a beneficial effect. The efficacy of this method can be tested further by using a 

longer overply or orienting the overply to match the orientation of the adjoining 

ply. 

4. High temperature testing can also be carried out to determine the behavior of the 

repair bonds (resin/adhesive) in higher than room temperature environment. 

5. Experimental testing can be extended to repairs done with off-axis overplies to 

proof check the finite element results obtained which showed that orienting the 

overplies off-axis allows the repair to endure longer under higher strains.  

6. Recent research by other authors [65] shows that the damage initiation traction 

parameters used in the cohesive zone modeling could be more precisely 

determined experimentally by using a combination of displacement data retrieved 

with the aid of the DIC system and the J-Integral method. This negates having to 

do parametric studies to determine best fit values.  

7. In the experimental tests for the sandwich beam, the core experienced failure at 

about 0.6% strain. Since literature resources state approximately this value for a 
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typical balsa core shear failure, it might be best to experiment with a different 

core material which has a better shear failure strain. This is primarily because the 

core is not the chief focus of interest but the repair bond on the tensile facesheet. 

Therefore, the longer it can be subjected to tensile stresses before the core fails, 

the more information can be gleaned out from the experiments.  
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C------------------------------------------------------------------ 
C PROPS(1)  --- E11                                               ! 
C PROPS(2)  --- E22                                               ! 
C PROPS(3)  --- E33                                               ! 
C PROPS(4)  --- v12                                               ! 
C PROPS(5)  --- v13                                               ! 
C PROPS(6)  --- v23                                               ! 
C PROPS(7)  --- G12                                               ! 
C PROPS(8)  --- G13                                               ! 
C PROPS(9)  --- G23                                               ! 
C PROPS(10)  --- XT (Fiber Tensile Strength)                      ! 
C PROPS(11)  --- XC (Fiber Compressive Strength)                  ! 
C PROPS(12)  --- YT (Matrix Tensile Strength)                     ! 
C PROPS(13) --- YC (Matrix Compressive Strength)                  ! 
C PROPS(14)  --- ZT (Delamination Tensile Strength)               ! 
C PROPS(15) --- ZC (Delamination Compressive Strength)            ! 
C PROPS(16) --- SSL  (Longitudinal Shear Strength,S12)            ! 
C PROPS(17) --- SSLZ  (Longitudinal Shear Strength,S13)           ! 
C PROPS(18) --- STt  (Transverse Shear Strength)                  ! 
C PROPS(19) --- GF (Fiber Fracture Energy)                        ! 
C PROPS(20) --- GM   (Matrix Fracture Energy)                     ! 
C PROPS(21) --- GZ   (Delam Fracture Energy)                      ! 
C PROPS(22) --- Maximum Fiber Degradation(0<D1MAX<1)              ! 
C PROPS(23) --- Maximum matrix degradation (0<D2MAX<1)            ! 
C                                                                 ! 
C CUD --- Undegraded Stiffness Matrix                             !                 
C CD --- Degraded Stiffness Matrix                                ! 
C                                                                 !       
C -----Number of state variables defined: 12                      ! 
C STATE(1-6)--- strain state at current increment                 ! 
C STATE(7) ---  fiber tension initiation -  F1                    ! 
C STATE(8) ---  matrix tension initiation -F2                     ! 
C STATE(9) ---  matrix tension initiation -F3                     ! 
C STATE(10) --- degradation value-DMG1                            ! 
C STATE(11) --- degradation value-DMG2                            ! 
C STATE(12) --- degradation value-DMG3                            ! 
C------------------------------------------------------- 
      SUBROUTINE UMAT(STRESS,STATEV,DDSDDE,SSE,SPD,SCD,RPL,DDSDDT, 
     1 DRPLDE,DRPLDT,STRAN,DSTRAN,TIME,DTIME,TEMP,DTEMP,PREDEF,DPRED, 
     2 CMNAME,NDI,NSHR,NTENS,NSTATV,PROPS,NPROPS,COORDS,DROT,PNEWDT, 
     3 CELENT,DFGRD0,DFGRD1,NOEL,NPT,LAYER,KSPT,KSTEP,KINC) 
C 
      INCLUDE 'ABA_PARAM.INC' 
C 
      CHARACTER*80 CMNAME 
      DIMENSION STRESS(NTENS),STATEV(NSTATV), 
     1 DDSDDE(NTENS,NTENS),DDSDDT(NTENS),DRPLDE(NTENS), 
     2 STRAN(NTENS),DSTRAN(NTENS),TIME(2),PREDEF(1),DPRED(1), 
     3 PROPS(NPROPS),COORDS(3),DROT(3,3),DFGRD0(3,3),DFGRD1(3,3) 
C 
      DOUBLE PRECISION:: XT,XC,YT,YC,SSL,SST,ULTSTR,CUD,F1,F2,F3,DMG, 
     1 CD,HINIT,STRUSE,GF,GM,LC,D2MAX,DCDEDF1,DCDEDF2,DCDEDF3, 
     2 E1,E2,E3,v12,v13,v23,v21,v31,v32,G12,G13,G23,DEL,D1MAX, 
     3 DCDDMG1,DCDDMG2,DCDDMG3,DDG1DE,DDG2DE,DDG3DE,DMG1,DMG2,DMG3, 
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     4 DF1DE,DF2DE,DF3DE,DELDEG,DELDEGD1,DMG1DF,DMG2DF,DMG3DF, 
     5 DELDEGD2,DELDEGD3,ZERO,OLDDMG,ADDDSD 
      INTEGER I,J,TRIG,ONE,FOUR,TEN,NINE,SIX,TWO,THREE,ZERO_INT 
      PARAMETER (ONE=1,FOUR=4,TEN=10,NINE=9,SIX=6,ZERO_INT=0, 
     1 TWO=2,THREE=3,ZERO=0D0) 
      DIMENSION ULTSTR(NINE),CUD(NTENS,NTENS),CD(NTENS,NTENS), 
     1 HINIT(3),STRUSE(NTENS),DMG(THREE),OLDDMG(THREE), 
     2 DCDDMG1(NTENS,NTENS),DCDDMG2(NTENS,NTENS), 
     3 DCDDMG3(NTENS,NTENS),DF1DE(NTENS),DF2DE(NTENS),DF3DE(NTENS), 
     4 DDG1DE(NTENS),DDG2DE(NTENS),DDG3DE(NTENS),DCDEDF1(NTENS), 
     5 DCDEDF2(NTENS),DCDEDF3(NTENS),ADDDSD(NTENS,NTENS) 
C 
C 
      E1=PROPS(1) 
      E2=PROPS(2) 
      E3=PROPS(3) 
      v12=PROPS(4) 
      v13=PROPS(5) 
      v23=PROPS(6) 
      v21=(E2*v12)/E1 
      v31=(E3*v13)/E1 
      v32=(E3*v23)/E2 
      G12=PROPS(7) 
      G13=PROPS(8) 
      G23=PROPS(9) 
C 
      XT=PROPS(10) 
      XC=PROPS(11) 
      YT=PROPS(12) 
      YC=PROPS(13) 
      ZT=PROPS(14) 
      ZC=PROPS(15) 
      SSL=PROPS(16) 
      SSLZ=PROPS(17) 
      SST=PROPS(18) 
      GF=PROPS(19) 
      GM=PROPS(20) 
      GZ=PROPS(21) 
      D1MAX=PROPS(22) 
      D2MAX=PROPS(23) 
      LC=CELENT 
C 
C STIFFNESS MATRIX 
C 
      DEL=(1-(v12*v21)-(v23*v32)-(v31*v13)-(2*v12*v23*v31))/(E1*E2*E3) 
      CUD(1,1)=(1-v23*v32)/(E2*E3*DEL) 
      CUD(1,2)=(v21+v31*v23)/(E2*E3*DEL) 
      CUD(1,3)=(v31+v21*v32)/(E2*E3*DEL) 
      CUD(2,2)=(1-v31*v13)/(E3*E1*DEL) 
      CUD(2,3)=(v32+v31*v12)/(E3*E1*DEL) 
      CUD(3,3)=(1-v12*v21)/(E1*E2*DEL) 
      CUD(2,1)=CUD(1,2) 
      CUD(3,1)=CUD(1,3) 
      CUD(3,2)=CUD(2,3) 
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      CUD(4,4)=G12 
      CUD(5,5)=G13 
      CUD(6,6)=G23 
C 
! Strain limits for Hashin form 
C 
      ULTSTR(1)=XT/CUD(1,1) 
      ULTSTR(2)=XC/CUD(1,1)   ! Longitudinal Compressive 
      ULTSTR(3)=YT/CUD(2,2) 
      ULTSTR(4)=YC/CUD(2,2)   ! Transverse Compressive 
      ULTSTR(5)=YT/CUD(3,3) 
      ULTSTR(6)=YC/CUD(3,3) 
      ULTSTR(7)=SSL/CUD(4,4) 
      ULTSTR(8)=SSLZ/CUD(5,5) 
      ULTSTR(9)=SST/CUD(6,6) 
C 
C 
      DO I=1,NTENS 
         STATEV(I)=STATEV(I)+DSTRAN(I) 
         STRUSE(I)=STATEV(I) 
      END DO 
      DO I=1,THREE 
         OLDDMG(I)=STATEV(NTENS+NDI+I) 
      END DO 
C 
      DMG1=ZERO 
      DMG2=ZERO 
      DMG3=ZERO 
      DMG1DF=ZERO   ! Differentiate degradation value w.r.t failure 
initiation  
      DMG2DF=ZERO 
      DMG3DF=ZERO 
      DO I=1,NTENS 
         DCDEDF1(I)=ZERO     
         DCDEDF2(I)=ZERO 
         DCDEDF3(I)=ZERO 
      END DO 
C 
!     Hashin Criterion 
      CALL HASHIN(ULTSTR,NINE,STRUSE,NTENS,HINIT) 
C 
      DO I=1,3 
         STATEV(NTENS+I)=HINIT(I) 
      END DO 
C 
      F1=HINIT(1) 
      F2=HINIT(2) 
      F3=HINIT(3) 
C 
      IF (F1.GE.1) THEN 
         TRIG=ONE 
      ELSE IF (F2.GE.1) THEN 
         TRIG=ONE 
      ELSE IF (F3.GE.1) THEN 
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         TRIG=ONE 
      ELSE 
         TRIG=ZERO_INT 
      END IF 
C 
      IF (TRIG.EQ.ONE) THEN 
         CALL EVOLVED(HINIT,ULTSTR,XT,YT,XC,YC,LC,GF,GM,GZ,DMG1DF, 
     1 DMG2DF,DMG3DF,DF1DE,DF2DE,DF3DE,DDG1DE,DDG2DE,DDG3DE,STRUSE,DMG, 
     2 D1MAX,D2MAX,NTENS,OLDDMG) 
C 
         DO I=1,3 
           STATEV(NTENS+NDI+I)=DMG(I) 
         END DO 
C 
         CALL STIFFNESS(CD,CUD,DMG,NTENS) 
         DDSDDE=CD 
C 
         CALL DERIVE(NTENS,DCDDMG1,DCDDMG2,DCDDMG3,E1,E2,E3,G12,G13, 
     1   G23,v12,v21,v13,v31,v23,v32,DMG,CD) 
C 
C====================================== 
         IF (F1.NE.ZERO) THEN 
            DO I=1,NTENS 
               DO J=1,NTENS 
          DCDEDF1(I)=DCDEDF1(I)+((DMG1DF*DCDDMG1(I,J))*DF1DE(J)) 
               END DO 
            END DO 
            DO I=1,NTENS 
               DO J=1,NTENS 
                  ADDDSD(I,J)=DCDEDF1(I)*DSTRAN(J) 
               END DO 
            END DO 
            DDSDDE=ADDDSD+DDSDDE 
         END IF 
C 
         IF (F2.NE.ZERO) THEN 
            DO I=1,NTENS 
               DO J=1,NTENS 
               DCDEDF2(I)=DCDEDF2(I)+((DMG2DF*DCDDMG2(I,J))*DF2DE(J)) 
               END DO 
            END DO 
            DO I=1,NTENS 
               DO J=1,NTENS 
                  ADDDSD(I,J)=DCDEDF2(I)*DSTRAN(J) 
               END DO 
            END DO 
            DDSDDE=ADDDSD+DDSDDE 
         END IF 
C 
         IF (F3.NE.ZERO) THEN 
            DO I=1,NTENS 
               DO J=1,NTENS 
           DCDEDF3(I)=DCDEDF3(I)+((DMG3DF*DCDDMG3(I,J))*DF3DE(J)) 
               END DO 
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            END DO 
            DO I=1,NTENS 
               DO J=1,NTENS 
                  ADDDSD(I,J)=DCDEDF3(I)*DSTRAN(J) 
               END DO 
            END DO 
            DDSDDE=ADDDSD+DDSDDE 
         END IF 
      ELSE 
         DDSDDE=CUD 
         CD=CUD 
      END IF 
C 
      DO I=1,NTENS 
         DO J=1,NTENS 
            STRESS(I)=STRESS(I)+CD(I,J)*DSTRAN(J) 
         END DO 
      END DO 
      RETURN 
      END 
C----------------------------------------------------------------- 
C-----------------SUBROUTINES------------------------------------- 
      SUBROUTINE HASHIN(ULTSTR,NINE,STRUSE,NTENS,HINIT) 
      DOUBLE PRECISION::ULTSTR,STRUSE,HINIT,ZERO 
      PARAMETER (ZERO=0D0) 
      INTEGER NINE,I,NTENS 
      DIMENSION ULTSTR(NINE),STRUSE(NTENS),HINIT(3) 
C 
      DO I=1,3 
         HINIT(I)=ZERO 
      END DO 
C 
C--Fiber Failure 
C 
      IF (STRUSE(1).GE.0) THEN 
         HINIT(1)=((STRUSE(1)/ULTSTR(1))**2) + 
     1   (((STRUSE(4)/ULTSTR(7))**2)+((STRUSE(5)/ULTSTR(8))**2)) 
      ELSE 
         HINIT(1)=((STRUSE(1)/ULTSTR(2))**2) 
      END IF 
C 
C--Matrix Failure 
C 
      IF (STRUSE(2)+STRUSE(3).GE.0) THEN 
         HINIT(2)=(((STRUSE(2)+STRUSE(3))**2)/(ULTSTR(3)*ULTSTR(5))- 
     1 
((STRUSE(2)*STRUSE(3))/(ULTSTR(9)**2))+((STRUSE(4)/ULTSTR(7))**2) 
     2 + ((STRUSE(5)/ULTSTR(8))**2)+((STRUSE(6)/ULTSTR(9))**2)) 
      ELSE 
         HINIT(2)=(((STRUSE(2)+STRUSE(3))**2)/(ULTSTR(4)*ULTSTR(6))+ 
     1  (((STRUSE(2)+STRUSE(3))/ULTSTR(4))*(ULTSTR(4)/(2*ULTSTR(7))-
1))- 
     2 
((STRUSE(2)*STRUSE(3))/(ULTSTR(9)**2))+((STRUSE(4)/ULTSTR(7))**2) 
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     3  + ((STRUSE(5)/ULTSTR(8))**2)+((STRUSE(6)/ULTSTR(9))**2)) 
      END IF 
C 
C--Delamination Failure 
C 
      IF (STRUSE(3).GE.0) THEN 
         HINIT(3)=(((STRUSE(3)/ULTSTR(5))**2) + 
     1   ((STRUSE(5)/ULTSTR(8))**2) + ((STRUSE(6)/ULTSTR(9))**2)) 
      ELSE 
         HINIT(3)=(((STRUSE(3)/ULTSTR(6))**2) + 
     1   ((STRUSE(5)/ULTSTR(8))**2) + ((STRUSE(6)/ULTSTR(9))**2)) 
      END IF 
      RETURN 
      END 
C------------------------------------------------------------------ 
!     Damage evolution  
      SUBROUTINE EVOLVED(HINIT,ULTSTR,XT,YT,XC,YC,LC,GF,GM,GZ,DMG1DF, 
     1 DMG2DF,DMG3DF,DF1DE,DF2DE,DF3DE,DDG1DE,DDG2DE,DDG3DE,STRUSE,DMG, 
     2 D1MAX,D2MAX,NTENS,OLDDMG) 
      DOUBLE PRECISION:: DMG1,DMG2,DMG3,EXPONT,DMG1DF,DMG2DF,DMG3DF, 
     1 DF1DE,F1,F2,F3,DF2DE,DF3DE,DDG1DE,DDG2DE,DDG3DE,ULTSTR,STRUSE, 
     2 HINIT,XT,YT,XC,YC,D1MAX,D2MAX,GF,GM,GZ,DMG,LC,ZERO,ONE,OLDDMG 
      INTEGER NINE,I,NTENS,SIX,THREE 
      PARAMETER (ONE=1D0,SIX=6,THREE=3,NINE=9,ZERO=0D0) 
      DIMENSION DMG(THREE),DDG1DE(NTENS),DDG2DE(NTENS),DDG3DE(NTENS), 
     1 DF1DE(NTENS),DF2DE(NTENS),DF3DE(NTENS),HINIT(THREE), 
     2 STRUSE(NTENS),ULTSTR(NINE),OLDDMG(THREE) 
C 
      F1=HINIT(1) 
      F2=HINIT(2) 
      F3=HINIT(3) 
      DO I=1,NTENS 
         DF1DE(I)=ZERO 
         DF2DE(I)=ZERO 
         DF3DE(I)=ZERO 
         DDG1DE(I)=ZERO 
         DDG2DE(I)=ZERO 
         DDG3DE(I)=ZERO 
      END DO 
      DMG1=ZERO 
      DMG2=ZERO 
      DMG3=ZERO 
      DO I=1,3 
         DMG(I)=ZERO 
      END DO 
      DMG1DF=ZERO 
      DMG2DF=ZERO 
      DMG3DF=ZERO 
C 
      IF (F1.GE.ONE) THEN 
         IF (STRUSE(1).GE.0) THEN 
            DMG1=1-(1/F1)*(EXP(-XT*ULTSTR(1)*(F1-1)*LC/GF)) 
            DMG1DF=((1/F1**2)+((XT*ULTSTR(1)*LC)/(F1*GF)))* 
     1      (EXP(-XT*ULTSTR(1)*(F1-1)*LC/GF)) 
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            DF1DE(1)=2*(STRUSE(1)/(ULTSTR(1)**2)) 
            DF1DE(4)=2*(STRUSE(4)/(ULTSTR(7)**2)) 
            DF1DE(5)=2*(STRUSE(5)/(ULTSTR(8)**2)) 
         END IF 
         IF (STRUSE(1).LT.0) THEN 
            DMG1=1-(1/F1)*(EXP(-XC*ULTSTR(2)*(F1-1)*LC/GF)) 
            DMG1DF=((1/F1**2)+((XC*ULTSTR(2)*LC)/(F1*GF)))* 
     1      (EXP(-XC*ULTSTR(2)*(F1-1)*LC/GF))        
            DF1DE(1)=(2*STRUSE(1))/(ULTSTR(2)**2) 
         END IF 
         IF (DMG1.GT.D1MAX) THEN 
            DMG1=D1MAX 
         END IF 
C 
         DO I=1,SIX 
            DDG1DE(I)=DMG1DF*DF1DE(I) 
         END DO 
      END IF 
C 
      IF (F2.GE.ONE) THEN 
         IF (STRUSE(2).GE.0) THEN 
            DMG2=1-(1/F2)*(EXP(-YT*ULTSTR(3)*(F2-1)*LC/GM)) 
            DMG2DF=((1/F2**2)+((YT*ULTSTR(3)*LC)/(F2*GM)))* 
     1      (EXP(-YT*ULTSTR(3)*(F2-1)*LC/GM)) 
            DF2DE(2)=((2/(ULTSTR(3)*ULTSTR(5)))*(STRUSE(2)+STRUSE(3)))- 
     1      (1/(ULTSTR(9)**2))*(STRUSE(3)) 
            DF2DE(3)=((2/(ULTSTR(3)*ULTSTR(5)))*(STRUSE(2)+STRUSE(3)))- 
     1      (1/(ULTSTR(9)**2))*(STRUSE(2)) 
            DF2DE(4)=(2/(ULTSTR(7)**2))*STRUSE(4) 
            DF2DE(5)=(2/(ULTSTR(8)**2))*STRUSE(5) 
            DF2DE(6)=(2/(ULTSTR(9)**2))*STRUSE(6) 
         END IF 
         IF (STRUSE(2).LT.0) THEN 
            DMG2=1-(1/F2)*(EXP(-YC*ULTSTR(4)*(F2-1)*LC/GM)) 
            DMG2DF=((1/F2**2)+((YC*ULTSTR(4)*LC)/(F2*GM)))* 
     1       (EXP(-YC*ULTSTR(4)*(F2-1)*LC/GM)) 
            DF2DE(2)=(1/ULTSTR(4))*((ULTSTR(4)/(2*ULTSTR(7)))**2 - 1) + 
     1      ((2*STRUSE(2)+2*STRUSE(3))/(4*ULTSTR(9)**2)) - (STRUSE(3)/ 
     2      (ULTSTR(9)**2)) 
            DF2DE(3)=(1/ULTSTR(4))*((ULTSTR(4)/(2*ULTSTR(7)))**2 - 1) + 
     1      ((2*STRUSE(2)+2*STRUSE(3))/(4*ULTSTR(9)**2)) - (STRUSE(2)/ 
     2      (ULTSTR(9)**2)) 
            DF2DE(4)=2*(STRUSE(4)/(ULTSTR(7)**2)) 
            DF2DE(5)=2*(STRUSE(5)/(ULTSTR(8)**2)) 
            DF2DE(6)=2*(STRUSE(6)/(ULTSTR(9)**2)) 
         END IF 
         IF (DMG2.GT.D2MAX) THEN 
            DMG2=D2MAX 
         END IF 
C 
         DO I=1,SIX 
            DDG2DE(I)=DMG2DF*DF2DE(I) 
         END DO 
      END IF 



139 
 
C 
      IF (F3.GE.ONE) THEN 
         IF (STRUSE(3).GE.0) THEN 
            DMG3=1-(1/F3)*(EXP(-YT*ULTSTR(5)*(F3-1)*LC/GZ)) 
            DMG3DF=((1/F3**2)+((YT*ULTSTR(5)*LC)/(F3*GZ)))* 
     1       (EXP(-YT*ULTSTR(5)*(F3-1)*LC/GZ)) 
            DF3DE(3)=2*(STRUSE(3)/(ULTSTR(5)**2)) 
            DF3DE(5)=2*(STRUSE(5)/(ULTSTR(8)**2)) 
            DF3DE(6)=2*(STRUSE(6)/(ULTSTR(9)**2)) 
         END IF 
         IF (STRUSE(3).LT.0) THEN 
            DMG3=1-(1/F3)*(EXP(-YC*ULTSTR(6)*(F3-1)*LC/GZ)) 
            DMG3DF=((1/F3**2)+((YC*ULTSTR(6)*LC)/(F3*GZ)))* 
     1       (EXP(-YC*ULTSTR(6)*(F3-1)*LC/GZ)) 
            DF3DE(3)=2*(STRUSE(3)/(ULTSTR(6)**2)) 
            DF3DE(5)=2*(STRUSE(5)/(ULTSTR(8)**2)) 
            DF3DE(6)=2*(STRUSE(6)/(ULTSTR(9)**2)) 
         END IF 
         IF (DMG3.GT.D2MAX) THEN 
            DMG3=D2MAX 
         END IF 
C 
         DO I=1,SIX 
            DDG3DE(I)=DMG3DF*DF3DE(I) 
         END DO 
C 
      END IF 
C      DMG(1)=DMG1 
C      DMG(2)=DMG2 
C      DMG(3)=DMG3 
C 
      IF (DMG1.GE.OLDDMG(1)) THEN 
         DMG(1)=DMG1 
      ELSE 
         DMG(1)=OLDDMG(1) 
      END IF 
C 
      IF (DMG2.GE.OLDDMG(2)) THEN 
         DMG(2)=DMG2 
      ELSE 
         DMG(2)=OLDDMG(2) 
      END IF 
C 
      IF (DMG3.GE.OLDDMG(3)) THEN 
         DMG(3)=DMG3 
      ELSE 
         DMG(3)=OLDDMG(3) 
      END IF 
      RETURN 
      END 
C 
C 
      SUBROUTINE STIFFNESS(CD,CUD,DMG,NTENS) 
      INTEGER NTENS,I,J 
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      DOUBLE PRECISION:: CD,CUD,DMG1,DMG2,DMG3,DMG 
      DIMENSION CD(6,6),DMG(3),CUD(6,6) 
C 
      DMG1=DMG(1) 
      DMG2=DMG(2) 
      DMG3=DMG(3) 
C 
C Degrade the stiffness matrix  
C 
      CD(1,1)=CUD(1,1)*((1-DMG1)**2) 
      CD(1,2)=CUD(1,2)*(1-DMG1)*(1-DMG2) 
      CD(1,3)=CUD(1,3)*(1-DMG1)*(1-DMG3) 
      CD(2,2)=CUD(2,2)*((1-DMG2)**2) 
      CD(2,3)=CUD(2,3)*(1-DMG2)*(1-DMG3) 
      CD(3,3)=CUD(3,3)*((1-DMG3)**2) 
      CD(4,4)=CUD(4,4)*(1-DMG1)*(1-DMG2) 
      CD(5,5)=CUD(5,5)*(1-DMG1)*(1-DMG3) 
      CD(6,6)=CUD(6,6)*(1-DMG2)*(1-DMG3) 
C 
C Mirror across the diagonal of the matrix 
C 
      DO I=2,NTENS 
         DO J=1,I-1 
            CD(I,J)=CD(J,I) 
         END DO 
      END DO 
      RETURN 
      END 
C 
      SUBROUTINE DERIVE(NTENS,DCDDMG1,DCDDMG2,DCDDMG3,E1,E2,E3,G12,G13, 
     1 G23,v12,v21,v13,v31,v23,v32,DMG,CD) 
      DOUBLE PRECISION:: DMG1,DMG2,DMG3,DCDDMG1,DCDDMG2,DCDDMG3, 
     1 DELDEG,DELDEGD1,DELDEGD2,DELDEGD3,E1,E2,E3,G12,G13,G23,v12,v21, 
     2 v13,v31,v23,v32,DMG,ZERO,CD 
      PARAMETER (ZERO=0D0) 
      INTEGER I,J,NTENS 
      DIMENSION DCDDMG1(NTENS,NTENS),DCDDMG2(NTENS,NTENS),DMG(3), 
     1 DCDDMG3(NTENS,NTENS),CD(NTENS,NTENS) 
C 
C 
      DO I=1,NTENS 
         DO J=1,NTENS 
            DCDDMG1(I,J)=ZERO 
            DCDDMG2(I,J)=ZERO 
            DCDDMG3(I,J)=ZERO 
         END DO 
      END DO 
      DMG1=DMG(1) 
      DMG2=DMG(2) 
      DMG3=DMG(3) 
C 
      DELDEG=(1-(v12*v21*(1-DMG1)*(1-DMG2)) 
     1 -(v23*v32*(1-DMG2)*(1-DMG3))-(v31*v13*(1-DMG3)*(1-DMG1)) 
     2 -(2*v12*v23*v31*(1-DMG1)*(1-DMG2)*(1-DMG3))) 
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C 
      DELDEGD1=(v12*v21*(1-DMG2))+(v31*v13*(1-DMG3))+ 
     1 (2*v12*v23*v31*(1-DMG2)*(1-DMG3)) 
      DELDEGD2=(v12*v21*(1-DMG1))+(v23*v32*(1-DMG3))+ 
     1 (2*v12*v23*v31*(1-DMG1)*(1-DMG3)) 
      DELDEGD3=(v23*v32*(1-DMG2))+(v31*v13*(1-DMG1))+ 
     1 (2*v12*v23*v31*(1-DMG1)*(1-DMG2)) 
C 
      DCDDMG1(1,1)=((-E1*(1-v23*v32*(1-DMG2)*(1-DMG3)))- 
     1  (DELDEGD1*CD(1,1)))/DELDEG 
      DCDDMG1(1,2)=((-E1*((v21*(1-DMG2))+(v31*v23*(1-DMG3)*(1-DMG2))))- 
     1 (CD(1,2)*DELDEGD1))/DELDEG 
      DCDDMG1(1,3)=((-E1*((v31*(1-DMG3))+(v21*v32*(1-DMG2)*(1-DMG3))))- 
     1 (CD(1,3)*DELDEGD1))/DELDEG 
      DCDDMG1(2,2)=((E2*(1-DMG2)*v31*v13*(1-DMG3)) - 
(CD(2,2)*DELDEGD1)) 
     1 /DELDEG 
      DCDDMG1(3,3)=((E3*(1-DMG3)*v21*v12*(1-DMG2)) - 
(CD(3,3)*DELDEGD1)) 
     1 /DELDEG 
      DCDDMG1(2,3)=((-E2*(1-DMG2)*v31*v12*(1-DMG3))-
(CD(2,3)*DELDEGD1))/ 
     1 DELDEG 
      DCDDMG1(4,4)=-G12*(1-DMG2) 
      DCDDMG1(5,5)=-G13*(1-DMG3) 
C 
      DCDDMG2(1,1)=((E1*(1-DMG1)*v23*v32*(1-DMG3))-(CD(1,1)*DELDEGD2))/ 
     1 DELDEG 
      DCDDMG2(2,2)=(-E2*(1-v31*v13*(1-DMG3)*(1-DMG1))- 
     1 (CD(2,2)*DELDEGD2))/DELDEG 
      DCDDMG2(3,3)=((E3*(1-DMG3)*v21*v12*(1-DMG2)) - 
(CD(3,3)*DELDEGD2)) 
     1 /DELDEG 
      DCDDMG2(1,2)=((-E1*(1-DMG1))*(v21+v31*v23*(1-DMG3))- 
     1 (CD(1,2)*DELDEGD2))/DELDEG 
      DCDDMG2(1,3)=((-E1*(1-DMG1))*(v21*v32*(1-DMG3))- 
     1 (CD(1,3)*DELDEGD2))/DELDEG 
      DCDDMG2(2,3)=((-E2*(v32*(1-DMG3)+(v31*v12*(1-DMG3)*(1-DMG1))))- 
     1 (CD(2,3)*DELDEGD2))/DELDEG 
      DCDDMG2(4,4)=-G12*(1-DMG1) 
      DCDDMG2(6,6)=-G23*(1-DMG3) 
C 
      DCDDMG3(1,1)=((E1*(1-DMG1)*v23*v32*(1-DMG2))-(CD(1,1)*DELDEGD3))/ 
     1 DELDEG 
      DCDDMG3(2,2)=((E2*(1-DMG2)*v31*v13*(1-DMG1)) - 
(CD(2,2)*DELDEGD3)) 
     1 /DELDEG 
      DCDDMG3(3,3)=(-E3*(1-v21*v12*(1-DMG2)*(1-DMG1))- 
     1 (CD(3,3)*DELDEGD3))/DELDEG 
      DCDDMG3(1,2)=((-E1*(1-DMG1))*(v31*v23*(1-DMG2))- 
     1 (CD(1,2)*DELDEGD3))/DELDEG 
      DCDDMG3(1,3)=((-E1*(1-DMG1))*(v31+v21*v32*(1-DMG2))- 
     1 (CD(1,3)*DELDEGD3))/DELDEG 
      DCDDMG3(2,3)=((-E2*(1-DMG2))*(v32+v31*v12*(1-DMG1)) - 
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     1 (CD(2,3)*DELDEGD3))/DELDEG 
      DCDDMG3(5,5)=-G13*(1-DMG1) 
      DCDDMG3(6,6)=-G23*(1-DMG2) 
 
      DO I=2,NTENS 
         DO J=1,I-1 
            DCDDMG1(I,J)=DCDDMG1(J,I) 
            DCDDMG2(I,J)=DCDDMG2(J,I) 
            DCDDMG3(I,J)=DCDDMG3(J,I) 
         END DO 
      END DO 
C 
      RETURN 
      END 
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