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ABSTRACT
Three prototype electro-optic Pockels cell voltage sensors were fabricated,
each using a different electro-optic crystal. These sensors were to be used in an
electron particle accelerator with a pulse length outside of the working range of
operation for current electrical B-dot probes. The three crystals of interest were
bismuth germanium oxide (BGO), bismuth silicon oxide (BSO) and zinc selenide
(ZnSe). Each crystal was bench tested at two different wavelengths to determine
sensitivity. BSO was shown to be the most sensitive to voltage, followed by ZnSe.
BGO was shown to be the least sensitive to voltage but its other characteristics made
it a better choice for voltage sensor use in the accelerator environment.
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CHAPTER 1
INTRODUCTION
The propagation of optical radiation through certain materials while in the
presence of an electric field demonstrates an interesting phenomenon known as the
electro-optic effect. The effect is defined as a deformation of the refractive indices of
a material due to an applied electric field. This deformation gives rise to a change in
the way polarized light behaves while propagating through the material.
The relationship between the electric field and the change in refractive index
primarily takes two forms, the linear and quadratic. In the linear case the change in
the refractive index is proportional to the strength of the electric field, whereas the
change in the index of refraction is proportional to the square of the field strength in
the quadratic case. The quadratic electro-optic effect was first discovered in 1875 by
John Kerr and is commonly known as the Kerr effect. The linear electro-optic effect,
which was first observed by Röntgen in 1883, is known as the Pockels effect after
Fredrich Pockels who developed the theory of the linear electro-optic effect in 1893.
When the linear electro-optic effect is present in a solid it usually dominates
the quadratic effect which is typically neglected.(1) Such materials are called Pockels
mediums or Pockels cells. When the linear effect is absent and the Kerr effect
dominates, the material is known as a Kerr medium or Kerr cell. Higher order effects
can be present but are usually ignored because they tend to be very small.(2)
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Practical applications of Pockels cells primarily include electro-optic
modulators and electro-optic sensors. Both implementations require the incorporation
of additional optics and are designed to impress information onto the optical beam
propagating through the cell. When used as a modulator, information is applied to the
Pockels cell in the form of a known electric field and is encoded into the
characteristics of the light passing through the cell. The light is then transmitted to a
receiver where the information is decoded.

When used as a sensor, specific

characteristics of the transmitted light are measured to determine the unknown
electric field applied to the Pockels cell. Once the electric field is known, other
quantities such as voltage and current can be readily determined.
Electro-optic modulators are used in a wide variety of applications in the
telecommunications industry.(3)

Companies like JDS Uniphase and Nortel make

electro-optic intensity modulators to transmit information across fiber optic networks.
Electro-optic modulators are also used to control or scramble the state of polarization
of light for information encryption and polarization loss measurements. New and
unique applications for electro-optic modulators are continually being developed for
the telecommunication industry.(4)
Electro-optic sensors are also being used in a wide variety of industries. Test
and measurement companies like ANDO are developing them for high-impedance
electrical probes where it is difficult to obtain measurements using standard electronic
methods.(5) Companies like Westinghouse Electric Corp.(6), ABB Power T&D(7,8) and
NxtPhase Corp.(9) have been developing and deploying electro-optic voltage sensors
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for high voltage line monitoring applications in the power utility industry. Another
new area where electro-optic sensor use is being implemented is in the diagnostic
systems of particle accelerators.(10,11)

Scientists and engineers at Los Alamos

National Laboratory in Los Alamos, New Mexico are investigating their performance
in pulsed power and electron particle accelerator monitoring applications.(12,13,14,15) It
is this area of use which we shall primarily discuss in this paper.
The dual-axis radiographic hydrodynamic test (DARHT) facility currently
under construction at Los Alamos National Laboratory in Los Alamos, New Mexico
is a dual-axis electron particle accelerator used to generate very intense x-rays for
hydrodynamic radiography.(16)

This facility utilizes two separate linear electron

particle accelerators oriented at 90° to each other. Figure (1-1) shows an aerial view
of the DARHT facility.

Figure (1-1) – DARHT facility in Los Alamos, New Mexico
This configuration enables scientists to perform three-dimensional radiographic
imaging and analysis. The first axis of DARHT nominally generates a 20 MeV, 2 kA
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burst of electrons 60 nanoseconds long. When the second axis is completed, it will
generate a 20 MeV, 2 kA pulse approximately 30 times longer on the order of 2
microseconds. The beam energy of the first axis is about 2.4 kJ and due to the longer
time scale, the second axis will have a beam energy of approximately 80 kJ. Beam
monitoring diagnostics are essential to the successful and safe operation of each
accelerator.
The first axis of DARHT uses conventional non-invasive diagnostic probes
called B-dots to accurately monitor the current and position of the electron beam
within the accelerator. Four B-dot probes are mounted 90° apart on a ring section of
the accelerator. If a perfectly uniform beam of electrons travel through the exact
center of the accelerator, the signals from each calibrated probe will be the same.
Differences in these signals are used to determine the position of the beam in that
section of the accelerator while the magnitude of the signal can be used to determine
the beam current. B-dots use a wire loop mounted near the accelerator wall to
measure the change in the magnetic field inside the accelerator caused by the passing
electrons.

According to Faraday’s law, a current will flow around a closed

conducting loop that is proportional to the change in the magnetic field intersected by
the loop. The induced loop current in the B-dot flows across a resistor causing a
voltage drop that can be easily and accurately measured. The measured voltage in the
B-dot is proportional to the time derivative of the beam current and must therefore be
time integrated. Typically this is done using analog hardware integrators with the
proper time constant.

5
The longer time scale of the second axis of DARHT poses significant
measurement challenges and has prompted the development of new sensors. The Bdots used in the first axis are not well suited for the second axis because the longer
integration time and reduced rates of change in the magnetic field cause excessive
drooping and signal attenuation.(14) Therefore a sensor capable of making a directly
proportional measurement of the beam current, instead of the time derivative, is
desired. Other challenges that conventional diagnostics face are time isolation and
ground loops. Aside from creating electron pulses, particle accelerators generate
enormous amounts of electrical noise. A signal acquired by local acquisition systems
without proper isolation will be excessively noisy and susceptible to feedback. To
solve these problems, suitable yet practical lengths of cable called delay lines are used
to delay the signals produced by the B-dots before they are acquired by the data
acquisition system.
dissipate.

This allows time for the accelerator noise and ringing to

Time isolation for the first axis is achieved using delay cables

approximately 200 meters long.

The second axis would require delay lines of

approximately five kilometers, which is impractical. These problems have prompted
engineers to develop electro-optic sensors for the second axis of DARHT.
Electro-optic sensors are ideally suited for noninvasive electron beam
diagnostic applications because they do not suffer from many of the problems of
conventional diagnostics. Electro-optic sensors utilize electrically insulating fiber
optic cables to transmit the sensor signals to the acquisition system. By galvanically
isolating the sensor from the data acquisition system, the time isolation and ground
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loop problems associated with the longer time scale are solved. Electro-optic sensors
also have an intrinsic advantage over conventional electronic sensors on a longer time
scale. Traditional B-dots produce a signal proportional to the time derivative of the
beam current, thus requiring the signal to be integrated before being acquired.(15) The
signals from an electro-optic probe do not require time integration because there
exists a linear relationship between the field created by the beam and the measured
optical signal. This advantage is the primary reason that electro-optic sensors are
being investigated for accelerator applications.
The Pockels material used in electro-optic voltage sensors is key in
developing a functional and accurate electro-optic sensor. Bulk electro-optic crystals
work well and are easily incorporated as Pockels cells if the appropriate crystal is
selected. Materials such as KH2PO4 (KDP) and LiNbO3 are very common choices
due to the large Pockels effect they demonstrate.(1) However, the harsh particle
accelerator environment offers substantial challenges in selecting appropriate electrooptic crystals that yield the required accuracy, durability, dynamic range and
performance.
Electron particle accelerators produce extremely high-energy electron beams,
resulting in very strong electric fields.(16) If the crystal is too sensitive the induced
electric field could saturate the sensor. If the crystal is not sensitive enough, dynamic
range is forfeited. The wavelength of operation can also affect the performance of the
sensor system as the electro-optic coefficient of the crystal depends upon wavelength.
This will become apparent in the next chapter. The crystal must also be able to
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withstand the high vacuum, intense radiation and free electron, ion and photon
impacts which are typically found in accelerator environments.
This thesis investigates the performance of three crystal candidates for electrooptic voltage sensors used in accelerator diagnostic applications. The three crystals
chosen were bismuth germanium oxide (Bi4Ge3O12), zinc selenide (ZnSe) and
bismuth silicon oxide (Bi12SiO20). Bismuth germanium oxide (BGO) was selected as
our initial crystal candidate because it has been extensively used and tested in harsh
environments similar to those found in accelerators.

Its good performance and

durability in those harsh environments have been reported in the literature.(17,18,19)
Zinc selenide and bismuth silicon oxide (BSO) have not been as widely used or tested
in harsh environments but were chosen because they exhibit physical and optical
characteristics similar to BGO.(1,20,21) The following chapter will explain more of the
differences and similarities between the three crystals.
The theory of how an electro-optic Pockels cell voltage sensor works is
presented in the following chapters. It has been separated into two sections where the
electro-optic theory itself is first investigated and then the theory of operation of the
voltage sensor is given. Experiments have been conducted to test the performance of
each crystal candidate in the laboratory and prototype voltage sensors have been
fabricated using each crystal type. The results of the crystal experiments have been
analyzed and are presented. Finally a conclusion and recommendations for future
work is given in the final chapter. Included in the Appendix is a Jones calculus
analysis of the experiments, sensors and BSO crystal experiment.
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CHAPTER 2
THEORY
Electro-Optic Crystals
Before we can understand how an electro-optic sensor works, we must
investigate the mechanism behind the sensor, namely the electro-optic effect. The
key component of any electro-optic sensor is the electro-optic crystal.

Its

characteristics ultimately determine the overall sensor performance. Electro-optic
crystals are simply crystals that exhibit electro-optic properties, and a crystal is any
solid whose atoms are arranged in an orderly and repetitive way.(30) Every crystal in
fact exhibits some type of electro-optic property(30), but it is the Pockels effect that we
are interested in.
The three crystals researched are cubic crystals, meaning they all have a cubic
atomic structure. This atomic structure provides us a convenient way to describe
direction within the crystal by applying a rectangular coordinate system to the crystal
axes. Using this coordinate system, we may mathematically define the direction of
propagation and polarization of the light within the crystal. We are also able to use
this coordinate system as a way of orienting additional optical components.
Figure (2-1) shows the orientation of the coordinate system to a unit cell that defines
the cubic structure of the crystal. It should be pointed out that the location of the
origin is irrelevant and only the coordinate directions are important.
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Figure (2-1) – Unit cell coordinate system
BGO, ZnSe and BSO are cubic crystals with BGO and ZnSe belonging to
symmetry group 4 3 m (Td) and BSO belonging to group 23 (T). BGO and ZnSe are
functionally identical, however BSO has an intrinsic property called optical activity.
Optical activity in a crystal causes the direction of incident polarization to be rotated
as it travels through the crystal.

We shall discuss this property further in the

following chapters.
We investigate the Pockels effect as it specifically pertains to the crystals we
have chosen to research.

We use the work of Yariv(1,4,23) as a guide for the

derivations of the linear electro-optic effect throughout this chapter. For a more
complete and general description of the electro-optic effect please consult the
individual references listed in the bibliography at the end of this thesis.
Linear Electro-Optic Effect
If the crystal we are interested in is optically transparent at the wavelength of
interest, then the primary optical property we are concerned with is the index of
refraction. In its simplest description, the Pockels effect deals with a change in the
refractive index of the crystal when an electric field is applied to it. The optical
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properties of an electro-optic crystal can be described by what is known as the index
ellipsoid. The equation is given by

 1

 n2
 x

 2  1  2  1  2
y + 
x + 
z = 1
 n2 
 n2 

 z 

 y 

(2-1)

where x, y and z are the principal or crystallographic axes of the crystal and nx, ny and
nz are the principal indices of refraction in the x, y and z directions respectively. This
equation holds for zero applied electric field.
The equation for the index ellipsoid of a crystal in an arbitrary external
electric field E(Ex, Ey, Ez) is
 1  2  1  2  1  2
 2 x + 2  y + 2  z
 n 1
 n 2
 n 3
(2-2)

 1 
 1 
 1 
+ 2 2  yz + 2 2  xz + 2 2  xy = 1
 n 4
 n 5
 n 6

and if x, y and z are aligned with the principal axes of the crystal and E = 0, then
Equation (2-2) must reduce to Equation (2-1) and
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The change in the coefficients of the left sides of the above equations is given
by

 1 
 1   1 
∆ 2  =  2  −  2 
 n i  n i  n i

i = 1,2, K 6

(2-4)

E =0

and is defined by
 1 
∆ 2  =
 n i

3

∑r E
j =1

ij

j

(2-5)

where the values j = 1,2,3 represent x, y and z, respectively. This definition allows us
to express Equation (2-5) in matrix form as
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where the 6 x 3 matrix of rij is called the electro-optic tensor matrix of the crystal.
Substituting Equations (2-3) and (2-6) into Equation (2-4) gives
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1
 2  = r11 E x + r12 E y + r13 E z + 2
nx
 n 1
 1 
1
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ny
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(2-7)

which can be substituted into Equation (2-2) for the expanded index ellipsoid
equation of
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)

+ 2 r51 E x + r52 E y + r53 E z xz + 2 r61 E x + r62 E y + r63 E z xy = 1

To simplify this equation we reduce the electro-optic tensor matrix based on the
symmetry of the crystal chosen. BGO, ZnSe and BSO all have the same electro-optic
tensor matrix of
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which leads to
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and if we choose x, y and z to be parallel to the crystallographic axes of the crystal,
Equation (2-8) reduces to
 1

 n2
 o

 2  1  2  1  2
x + 
y + 
 z + 2r E yz + 2r E xz + 2r E xy = 1
41 x
41 y
41 z

 n2 
 n2 

 o 
 o 

(2-11)

We can further simplify Equation (2-11) by defining the orientation of the applied
electric field to be parallel to the z direction ( E x = E y = 0 , E z = E ).
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 1
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 2  1  2  1  2
 z + 2r E xy = 1
y + 
x + 
41 z
 n2 

 n2 
 o 

 o 

(2-12)

It can easily be seen that with no applied field, Equation (2-12) equals the undistorted
index ellipsoid of Equation (2-1). We notice that Equation (2-12) has an additional
mixed term, which means that the major dielectric axes of the ellipsoid (x’, y’ and z’)
are no longer parallel to the crystallographic axes of the crystal (x, y and z). We must
choose a new coordinate system so that Equation (2-12) transforms into the form

 1

 n2
 x′

 2  1  2  1  2
 y′ + 
x′ + 
z′ = 1
 n2 
 n2 

 z′ 

 y′ 

(2-13)

By inspection, we can see that our new coordinate system must have z’ parallel to z
and also that x’ and y’ are related to x and y by a rotation of θ about z. Figure (2-2)
shows this new coordinate system.

Figure (2-2) – Coordinate rotation
The new coordinates are related by
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x = x ′ cos θ − y ′ sin θ
y = x ′ sin θ + y ′ cos θ

(2-14)

z = z′
If we substitute Equation (2-14) into Equation (2-12) it becomes
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2

2

2

2

The symmetry of the crystal group leads us to choose θ = 45° which nicely reduces
Equation (2-17) to
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by removing the cross terms containing x ′y ′ . Equation (2-18) is now in the form of
Equation (2-13), which means that
1
n
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If we assume the differential change in the refractive index of the crystal to be
small when an electric field is present,

r41 E z <<

1
no2

(2-20)

we can rewrite Equation (2-19) as
1
n
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2
y′

1
n z2′

≈
≈

=

1
no2
1
no2
1
no2

(2-21)
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which also leads us to
n x′ ≈ n o
n y ′ ≈ no

(2-22)

n z ′ = no

The assumption of a small differential change in the refractive index also allows us to
rewrite Equations (2-21) and (2-22) as

1
n x2′
1
n y2′
1
n

2
z′

=

=

=

1
no2
1
no2

+

d  1 
dn  no2 

−

d  1 
dn  no2 

(2-23)

1
no2

and

n x′ = n o +
n y′ = no +

d
dn
d
dn

(n )
o

(n )
o

n z ′ = no

In order to solve for nx’ and ny’ we make use of the following differential identity

(2-24)
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d
dn

(n ) = − 1 n
o

2

d  1 
2
dn  no 

3
o

(2-25)

and substitute Equations (2-25) and (2-23) into Equation (2-24) to get

n x′ − no = −

n y′ − no = −

 1
1 
3
no  2 − 2 
no 
2  n x′

1

 1
1 
3
no  2 − 2 
no 
2  n y′

1

(2-26)

n z′ = no
and when we use Equation (2-19), we can write

n x′ = n o −
n y′ = no +

1
2
1
2

no3 r41 E z
3

no r41 E z

(2-27)

n z ′ = no

Equation (2-27) gives the new indices of refraction along the major dielectric
axes of the crystal with an electric field, Ez applied longitudinally. The difference in
the index of refraction between x’ and y’ is the induced birefringence caused by the
electric field.

(n

y′

)

3

− n x′ = no r41 E z

(2-28)
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This change in the index of refraction leads to a phase difference in the light traveling
through the crystal.
Consider a beam of light that is linearly polarized along the crystallographic xaxis, traveling in the z direction.

ε x = Ae

i (ωt − k x z )

(2-29)

That beam can be resolved into two components polarized along the major dielectric
x’ and y’ axes

ε x′ = Ae
ε y′ = Ae

i (ωt − k x ′ z )

(

i ωt − k y ′ z

(2-30)

)

where k x ′ = (2π λo )n x ′ and k y ′ = (2π λo )n y ′ . We then use Equation (2-27) to rewrite

Equation (2-30) as

ε x′ = Ae
ε y′ = Ae

[

(

)]

[ (

)(n +1 2n r

i ωt − (2π λo ) no −1 2 no3 r41 E z z

i ωt − 2π λ

o

3
o 41 E z

)z ]

= Ae

iφ x ′

= Ae

iφ y ′

(2-31)

The phase difference between the components is called the retardance and is defined
by
Γ = φ x′ − φ y ′

which expands to

(2-32)
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2πno z πno3 r41 E z z  
2πno z πno3 r41 E z z 

Γ = ωt −
+
− ωt −
−

 

λ
λo
λ
λ
o
o
o

 


(2-33)

and then reduces to

Γ =

2πno3 r41V

λo

(2-34)

where V = E z z for a given length.
This phase difference is essentially the phase delay between orthogonal
polarizations and is commonly termed birefringence. In electro-optic crystals, this
birefringence is caused by an applied electric field. There are materials, however,
that inherently exhibit this type of phase delay. Calcite, quartz and mica are common
materials that demonstrate natural birefringence. Another term commonly used in
place of birefringence is double refraction, and materials that exhibit this are called
doubly refracting crystals.
The above theory shows what the electro-optic effect is and what happens to
electro-optic crystals when in the presence of an electric field. The following section
deals with the use of the electro-optic effect in electro-optic sensors.
Pockels Cells
The term Pockels cell, as mentioned in the introduction, describes a material
that exhibits the linear electro-optic effect. While that description is accurate, there is
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more to it. Technically a Pockels cell is made up of the electro-optic crystal and two
electrodes. These two electrodes provide a means of applying an electric field across
the crystal. The placement of the electrodes of a Pockels cell may be one of two
configurations, either transverse or longitudinal. They are named as such to describe
the orientation the electric field has to the optical beam passing through the crystal.
The transverse orientation requires the electrodes to be on the sides of the crystal with
the beam passing through the ends of the crystal.

Figure (2-3) shows this

configuration.

Figure (2-3) – Transverse Pockels cell
The longitudinal configuration requires the electrodes to be on the ends of the
crystal with the beam also passing through the ends of the crystal. This orientation
causes a throughput problem that is remedied by one of the following options shown
in Figure (2-4).
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Figure (2-4) – Longitudinal Pockels cells
Figure (2-4 (a)) shows the electrodes mounted to the ends of the crystal but
they have a hole large enough for the optical beam to pass through. A hole of small
enough size will not significantly affect the electric field distribution within the
crystal. Figure (2-4 (b)) show another option of mounting the electrodes on the sides
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near the ends of the crystal. This allows the beam full access to the ends of the
crystal and does not limit the field of view of the Pockels cell as in the first option.
This configuration would typically be used when the size of the crystal is close to the
size of the beam, leaving little room for electrodes on the ends of the crystal. The
electric field distribution will be essentially uniform along the crystal with a small
enough crystal cross section. The final option, shown in Figure (2-4 (c)), utilizes an
optically transparent conductor to coat the ends of the crystal thereby providing
transparent electrodes. This configuration would yield a wide field of view and a
uniform longitudinal electric field distribution, but could raise insertion loss issues
due to the transparent coating.
The performance of the transverse Pockels cell is different from that of the
longitudinal cell. According to electro-optic theory, the birefringence created by a
longitudinal Pockels cell is dependent only upon the electric field applied to the
crystal. In the transverse configuration, the amount of birefringence created depends
upon the applied field strength and the length of the Pockels cell. This may or may
not be helpful, depending upon your application. To achieve a desired amount of
birefringence in the longitudinal case, you simply vary the strength of the applied
electric field.

However, if the electric field needed to achieve the required

birefringence is too great, an electrical breakdown condition may occur. In the case
of the transverse cell, you can vary the field strength and the length of the Pockels
cell to achieve your desired birefringence. This helps avoid the potential problems of
electrical breakdown but can give rise to an additional problem. As the length of the
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crystal increases, the field of view decreases. If field of view is not an issue, then
transverse Pockels cells work well. For this project we have chosen the longitudinal
configuration because we require a larger field of view.

The geometry of the

longitudinal Pockels cell also lends itself well to the physical constraints of the sensor
design, which is detailed in the next chapter.
Electro-Optic Sensors
We have already seen in the math that linearly polarized light must enter the
crystal along a specific axis in order for the electro-optic effect to add a phase
retardance to the polarized light. With a correctly oriented polarizer and Pockels cell,
we can construct a phase modulator. Phase is difficult to actively measure, so we add
a second polarizer to the system oriented 90° to the first. This second polarizer acts
as an analyzer, thus converting the phase modulation into an amplitude modulation.
Figure (2-5) shows this configuration.

Figure (2-5) – Amplitude modulator
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The transmission through this system is represented by
Γ
T = sin 2  
2

(2-35)

where Γ is the phase delay caused by the Pockels cell. Equation (2-35) can be
expanded by substituting for Γ using Equation (2-34).
 πn 3 r V
T = sin  o 41
 λ
o

2






(2-36)

As the applied voltage (V) varies, the transmission through the system (T)
changes. The normalized intensity through such a system is shown in Figure (2-6).
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Figure (2-6) – Amplitude modulator transmission curve
The voltage applied to the crystal that leads to a phase retardance of π (180°)
is called the half-wave voltage, Vπ. When this voltage is applied to the Pockels cell,
the linear vertical polarization that enters the Pockels cell is converted into linear
horizontal polarization. This then allows for 100% of the light to pass through the
horizontal analyzer. If more voltage is applied, the phase delay is increased until the
polarization of the light becomes linear vertical again and the intensity of the
transmitted light decreases back to zero.

This squared sine equation continues

indefinitely.
Three factors contribute to the sensitivity of an electro-optic crystal. The freespace wavelength of operation (λo), the ordinary index of refraction of the crystal (no)
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and, most importantly, the electro-optic coefficient (rij). These factors determine the
value of Vπ by the following

Vπ =

λo
2no3 rij

(2-37)

A crystal with a smaller Vπ value will require less voltage to achieve a π phase delay,
thereby making the crystal more sensitive than one with a larger value of Vπ. Now
that we have defined the half-wave voltage, we can rewrite the transmission equation
for an amplitude modulator as


2 π V 
T = sin 
2 V 
π 


(2-38)

We can add a fixed amount of natural phase retardance to the light in the
voltage sensor by including a waveplate, which would be the same as applying a DC
bias voltage to the Pockels cell. This is done to add extra birefringence, thus biasing
the sensor output at the quadrature point of the curve in Figure (2-6). The quadrature
point of the transmission curve is the region that gives the most linear intensity
response to applied voltage, thus improving accuracy and sensitivity. The amount of
phase retardance needed to reach this bias point is one quarter wave, or π/2. To
accomplish this, a zero order quarter wave retarder is placed in between the two linear
polarizers. Its extraordinary and ordinary (fast and slow) axes are aligned to the x’
and y’ axes of the crystal. Figure (2-7) shows the addition of the waveplate.
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Figure (2-7) – Biased amplitude modulator
This changes Equation (2-35) to
Γ+Φ
T = sin 2 

 2 

(2-39)

where Φ is the fixed π/2 phase shift introduced by the quarter waveplate. We are now
able to mathematically describe a biased amplitude modulator as

π
2 π V
T = sin 
+ 
2 V
4 
π


(2-40)

This additional phase component shifts the curve in Figure (2-6) to the left as seen in
Figure (2-8).
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Figure (2-8) – Biased amplitude modulator transmission curve
When there is no applied voltage, the vertical linear polarization is converted
into right-hand circular polarization. When V = 0, half of the light makes it through
the biased amplitude modulator, as shown in Figure (2-8). We can now see that a
small applied voltage will cause the greatest amount of intensity change in this linear
region provided
V << Vπ

(2-41)

Figure (2-9) shows graphically how variations in the applied voltage will cause a
linearly related intensity modulation in the output of the system.
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Figure (2-9) – Intensity modulation due to electric field variation
With the proper optical delivery and collection system, a functional voltage sensor
can be fabricated from a biased amplitude modulator.
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CHAPTER 3
SENSOR DESIGN
Sensor Requirements
There are many different ways to configure a voltage sensor using a biased
amplitude modulator.

Several different factors will ultimately determine the

configuration used. Regardless of which is chosen, the electro-optic Pockels cell
voltage sensor must have five major components in order to function properly. The
first obvious part of the voltage sensor is the Pockels cell itself with two functional
electrodes. Second, additional polarization optics are needed to convert the phase
changes from the Pockels cell into amplitude changes. This may or may not require a
biasing waveplate, depending on your needs. The third part of the voltage sensor is
the light delivery and collection system. For the sensor to work properly, collimated
light must be sent through the sensor and collected after it has been modulated. The
fourth and fifth parts of the voltage sensor deal with the light itself. A suitable light
source and detector are required in order to make a functional sensor. An ideal light
source for most electro-optic voltage sensors would be a stable single frequency laser
with the appropriate wavelength and power. The ideal detector would be a shot noise
limited receiver capable of measuring the modulated light with the appropriate speed
and sensitivity. As long as these five major components are present, an electro-optic
voltage sensor can be realized.
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Fiber Optic Collimator
A light delivery and collection system utilizing fiber optics is in many cases
very useful. It safely transmits the laser light to and from the sensor; however, in
order to properly modulate the light traveling through the voltage sensor, it must be
collimated, and the light from the end of a bare fiber is not.
Many different techniques exist for collimating light from a fiber optic cable.
The technique we used is shown in Figure (3-1) and consists of 100/140 µm multimode optical fiber, a fiber optic ferrule, a support collar and a gradient index (GRIN)
lens. A GRIN lens is a rod of material in which the index of refraction changes
radially from the center of the lens outward. This continuum of index changes results
in a gradual “bending” of a light beam entering one end of the lens.(28) The total
amount of “bending” is a function of the size of the lens itself and the radial variation
of the refractive index. The index of refraction of a GRIN lens as a function of radial
distance is given by
A 2

n(r ) = no 1 −
r 
2 


(3-1)

where no is the refractive index of the lens directly in the center, r is the radius of the
lens and A is a positive constant relating to the rate of change of the refractive index.
A ray of light that enters the GRIN lens travels inside the lens upon a sinusoidal path
that has a period P given by
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P =

2π
A

(3-2)

In order for the light to be collimated, the lens must be of a certain length such
that the light travels along ¼ of its sinusoidal path. A GRIN lens with this length is
called a quarter pitch or quarter period lens. This quarter pitch GRIN lens will act as
a collimator if spatially diverging light, such as that from the end of a fiber, is placed
at one end. The reciprocal is also true: if a collimated beam of light returns through
the GRIN lens collimator, it will be focused into the fiber at the other end.
A simple single element glass lens refracts light based upon the lens’ shape
and index of refraction. A GRIN lens refracts light by a gradual change in the
refractive index of the lens. Because of this refractive index gradient, the wavelength
of the light passing through the GRIN lens has a significant impact on the
performance of the lens as a collimator. A quarter pitch GRIN lens at one wavelength
will not be a quarter pitch GRIN lens at a different wavelength and instead of
collimating the light, the lens will either diverge or focus the light as it exits the lens.

Figure (3-1) – GRIN lens fiber optic collimator
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Sensor Configurations
Figure (2-7) implies the light traveling through the biased amplitude
modulator travels in only one direction. This does not have to be the case. A bidirectional sensor can be built if a mirror is placed at the far end of the biased
amplitude modulator so that the light is reflected back through the Pockels cell and
polarization optics.

With this double-pass sensor, the polarization state of the light

within the Pockels cell is different from the single-pass sensor.
For a single-pass sensor the light is polarized by the first linear polarizer and
is converted into circular polarization by the quarter waveplate. The Pockels cell then
adds or subtracts phase from the circularly polarized light to form some amount of
elliptical polarization. This polarization is analyzed by a second linear polarizer and
the phase information is converted into amplitude information.
For the double-pass configuration, the second linear polarizer is replaced by a
mirror. The initial linear polarizer in the sensor now also acts as the analyzer for the
system.

Reflection off of the mirror changes the handedness of the elliptical

polarization and the second pass through the Pockels cell adds to this ellipticity. This
is a nice benefit because it doubles sensor sensitivity. Unfortunately when the doubly
elliptical light passes through the quarter waveplate again, the quadrature biasing of
the transmission curve is lost. When the light arrives at the linear polarization
analyzer we have twice the biasing we would like, which washes out much of the
modulated phase acquired in the Pockels cell. To correct this, we must replace the
quarter waveplate with an eighth waveplate.

This ensures we remain at the
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quadrature point of operation by giving us a round trip total birefringence equal to the
quarter waveplate. The double-pass biased amplitude modulator configuration is
shown in Figure (3-2).

Figure (3-2) – Double-pass biased amplitude modulator #1
This sensor configuration slightly modifies the transmission equation and
curve of the modulator. Instead of a squared sine curve we now have a squared
cosine curve given by

 2Γ + 2Φ 
T = cos 2 

2



(3-3)

where Γ is still the phase delay caused by the Pockels cell and Φ is the fixed phase
shift from the waveplate. However, because of the two passes through the Pockels
cell and waveplate there is now twice the phase delay for each component. Equation
(3-3) can be expanded by substituting for the Pockels cell and waveplate phases.
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π
2 πV
+ 
T = cos 
V
4 
 π

(3-4)

Figure (3-3) shows this new transmission equation graphically.

Figure (3-3) – Double-pass cosine transmission curve
As you can see from the above graph, we are still biased at the quadrature point but
there is a sign change and the sensitivity of the double-pass biased amplitude
modulator has changed.

Figure (3-4) illustrates how the sensitivity of this

configuration is higher than the configuration shown in Figure (2-7).
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Figure (3-4) – Double-pass cosine intensity modulation
This configuration brings us back to the point made earlier about the fiber
collimator having the ability to work in reverse. If we couple the light from a laser
into the fiber collimator and pass the collimated light through the double-pass biased
amplitude modulator shown in Figure (3-2) the still collimated but now modulated
light will couple back through the collimator and travel back toward the laser source.
This presents a challenge when trying to send the modulated light to a receiver. To
solve this we can use a fiber optic coupler. A block diagram of this configuration is
shown in Figure (3-5). The sensor design of the single collimator double-pass voltage
sensor is presented in Figure (3-6).
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Figure (3-5) – Double-pass light delivery and collection system

Figure (3-6) – Double-pass single collimator voltage sensor
Although this design worked, it had some problems. If we look at the amount
of light lost in the system, or insertion loss, we can see that we are somewhat ‘light
starved’. The coupler used for this sensor system was a 100/140 µm multi-mode
50:50 fiber optic coupler, meaning that half of the light entering one leg would be
split equally between the two output legs. This also means that any light returning
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through the output legs of the coupler would be split between the two input fibers.
Note the diagram of the bi-directional coupler in Figure (3-5).
We can add up the throughput losses throughout the system to evaluate this
design. Losses in the system can mostly be attributed to splitting loss, absorption loss
and index mismatch or Fresnel loss. To simplify the calculations we assume there are
negligible coupling losses in the system. The numerical aperture of the 100/140 µm
multi-mode optical fiber used in the collimator is approximately 0.29. The numerical
aperture of the GRIN lens is approximately 0.46 for a 3 mm diameter GRIN lens.
Since the numerical aperture of the GRIN lens is larger than the NA of the fiber, we
assume perfect coupling can be achieved.

The GRIN lens is also capable of

maintaining nearly perfect collimation for a minimum of 25 mm. The optical path
length of the sensor is on that order, therefore light returning to the GRIN lens is
assumed to be collimated. We have summarized the losses in sensor design #1 in
Table (3-1) and make the statement that the sensor loss is separate from the system
loss. The system loss would include coupling efficiency from the laser source to the
fiber optic coupler and from the fiber optic coupler to the photo receiver.
The major sources of loss in design #1 come from the fiber optic coupler and
the polarizer. On each pass through the fiber optic coupler we split our light intensity
in half. We loose another 50% from the first pass through the linear polarizer if we
assume the light entering the sensor is unpolarized. The two passes through the
waveplate transform the linearly polarized light into circular polarization and when it
passes through the linear polarizer again we loose another 50% of our light intensity.
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Loss Mechanism *
50:50 Coupler
50:50 Coupler
1 Meter of Optical Fiber
Optical Fiber – GRIN Lens
GRIN Lens
GRIN Lens – Polarizer
Polarizer
Polarizer
Polarizer – Waveplate
Waveplate – Glass Window
Glass Window – ITO Coating
ITO Coating
ITO Coating – BGO Crystal
Aluminum Mirror
BGO Crystal – ITO Coating
ITO Coating
ITO Coating – Glass Window
Glass Window – Waveplate
Waveplate – Polarizer
Polarizer
Polarizer
Polarizer – GRIN Lens
GRIN Lens
GRIN Lens – Optical Fiber
1 Meter of Optical Fiber
50:50 Coupler
50:50 Coupler

Loss Type
Splitting
Absorption
Absorption
Fresnel
Absorption
Fresnel
Splitting
Absorption
Fresnel
Fresnel
Fresnel
Absorption
Fresnel
Absorption
Fresnel
Absorption
Fresnel
Fresnel
Fresnel
Splitting
Absorption
Fresnel
Absorption
Fresnel
Absorption
Splitting
Absorption

* Index and loss data from datasheets

n1
1.4860
1.6165
1.6500
1.5309
1.5030
1.9500
2.0500
1.9500
1.5030
1.5309
1.6500
1.6165
-

n2
1.6165
1.6500
1.5309
1.5030
1.9500
2.0500
1.9500
1.5030
1.5309
1.6500
1.6165
1.4860
-

% Loss
50.00%
10.00%
0.05%
0.18%
11.00%
0.01%
50.00%
2.00%
0.14%
0.01%
1.68%
17.00%
0.06%
11.00%
0.06%
17.00%
1.68%
0.01%
0.14%
50.00%
2.00%
0.01%
11.00%
0.18%
0.05%
50.00%
10.00%
Total

dB Loss
-3.01
-0.46
0.00
-0.01
-0.51
0.00
-3.01
-0.09
-0.01
0.00
-0.07
-0.81
0.00
-0.51
0.00
-0.81
-0.07
0.00
-0.01
-3.01
-0.09
0.00
-0.51
-0.01
0.00
-3.01
-0.46
-16.45

Table (3-1) – Sensor design #1 approximate losses at 1319 nm
If we add up all of the estimated losses of the double-pass single collimator
voltage sensor, we find that the insertion loss is approximately 16.45 db. This means
that if 100 mW of optical power were sent into the fiber optic coupler, we would only
receive about 2.3 mW. This high amount of loss prompted a redesign of the doublepass single collimator voltage sensor.
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The redesign prompted the replacement the single fiber optic collimator with
two collimators. This required additional optics but allowed the lossy fiber coupler to
be removed from the system. The major changes to the optics in the sensor came
about by replacing the linear polarizer. Instead of the sheet polarizer used in the first
design, a polarizing beamsplitter cube was implemented. This concept is presented
below in Figure (3-7).

Figure (3-7) – Double-pass biased amplitude modulator #2
The replacement of the linear polarizer with the beamsplitting polarizer causes
the polarization state of the light within the sensor to behave in a manner similar to
the biased amplitude modulator in Figure (2-8) but with twice the Pockels cell phase.
The incoming light from the source collimator is linearly polarized by the beam
splitting cube. The light is then converted to elliptical polarization by the waveplate
and then to circular polarization after traveling through the Pockels cell and
waveplate again. The beamsplitting cube again linearly polarizes the light and sends
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it 90° to the side. Half of the light does travel back into the input collimator, but we
are more interested in collecting the light that is reflected by the cube. A 90° prism,
attached to the beam splitting cube, re-directs the light parallel to the input beam,
where a second collimator collects the light and sends it to the receiver. Because the
polarization analyzer is oriented 90° to the initial polarizer, the transmission curve is
180° out of phase from that of Figure (3-3). The equation that describes the behavior
of the voltage sensor configuration shown in Figure (3-7) is given as

π
2 πV
T = sin 
+ 
V
4 
 π

(3-5)

and is shown graphically below by Figures (3-8) and (3-9). A block diagram of a
double-pass dual collimator voltage sensor is presented in Figure (3-10).
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Figure (3-8) – Double-pass sine transmission curve
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Figure (3-9) – Double-pass sine intensity modulation
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Figure (3-10) – Double-pass dual collimator voltage sensor

The above configuration works well in that there is now at least 6 db less of
intrinsic loss in the system, attributed to the removal of the 50:50 fiber optic coupler.
Table (3-2) summarizes the losses of sensor design #2 with the same assumptions
given above for the losses in sensor design #1.
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Loss Mechanism *
1 Meter of Optical Fiber
Optical Fiber – GRIN Lens
GRIN Lens
GRIN Lens – Polarizer
Polarizer
Polarizer
Polarizer – Waveplate
Waveplate – Glass Window
Glass Window – ITO Coating
ITO Coating
ITO Coating – BGO Crystal
Aluminum Mirror
BGO Crystal – ITO Coating
ITO Coating
ITO Coating – Glass Window
Glass Window – Waveplate
Waveplate – Polarizer
Polarizer
Polarizer
Polarizer – Prism
Prism – GRIN Lens
GRIN Lens
GRIN Lens – Optical Fiber
1 Meter of Optical Fiber

Loss Type
Absorption
Fresnel
Absorption
Fresnel
Splitting
Absorption
Fresnel
Fresnel
Fresnel
Absorption
Fresnel
Absorption
Fresnel
Absorption
Fresnel
Fresnel
Fresnel
Splitting
Absorption
Fresnel
Fresnel
Absorption
Fresnel
Absorption

n1
1.4860
1.6165
1.6500
1.5309
1.5030
1.9500
2.0500
1.9500
1.5030
1.5309
1.6500
1.5200
1.6165
-

* Index of refraction and absorption loss data obtained from datasheets

n2
1.6165
1.6500
1.5309
1.5030
1.9500
2.0500
1.9500
1.5030
1.5309
1.6500
1.5200
1.6165
1.4860
-

% Loss
0.05%
0.18%
11.00%
0.01%
50.00%
2.00%
0.14%
0.01%
1.68%
17.00%
0.06%
11.00%
0.06%
17.00%
1.68%
0.01%
0.14%
50.00%
2.00%
0.17%
0.09%
11.00%
0.18%
0.05%
Total

dB Loss
0.00
-0.01
-0.51
0.00
-3.01
-0.09
-0.01
0.00
-0.07
-0.81
0.00
-0.51
0.00
-0.81
-0.07
0.00
-0.01
-3.01
-0.09
-0.01
0.00
-0.51
-0.01
0.00
-9.53

Table (3-2) - Sensor design #2 approximate losses at 1319 nm
If we add up all of the estimated losses of the double-pass dual collimator
voltage sensor, we find that the insertion loss is approximately 9.53 db. This means
that if 100 mW of optical power were sent into the sensor, we would receive about
11 mW. This is an improvement in the insertion loss of the sensor of about five times
when compared to the first sensor design
The polarization state of the light passing through each of these sensor
configurations can be mathematically described using Jones calculus. This work is
given in the Appendix at the end of this thesis.
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Working prototype BGO and ZnSe voltage sensors were fabricated using the
technique described in the first part of this chapter, specifically the configuration
shown in Figure (3-6). A photo of a BGO prototype voltage sensor is presented
below in Figure (3-11).

Figure (3-11) – Prototype BGO voltage sensor (design #1)
Working prototype BGO and BSO voltage sensors utilizing the second technique, as
shown in Figure (3-10), were also fabricated. A photo of a BGO prototype voltage
sensor using the second design is presented in Figure (3-12).
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Figure (3-12) – Prototype BGO voltage sensor (design #2)
Sensor Implementation
The primary use of these electro-optic voltage sensors is to determine the
position of the electron beam in relation to the center of the beam pipe. This is
accomplished by mounting four sensors around the perimeter of the beam pipe in the
same configuration described for the B-dot beam position monitor in the introduction.
Figure (3-13) shows the configuration for four electro-optic sensors working as a
beam position monitor (BPM).
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Figure (3-13) – Electro-optic beam position monitor
As the electron beam passes through the center of the BPM it will induce the
exact same signal on each calibrated voltage sensor. If the beam is not directly in the
center of the BPM, the electron beam to sensor electrode capacitance will not be the
same for each sensor and as such they will measure different beam voltages. This
leads to a difference in calibrated sensor output and can be converted into a position
reading of the beam location within the accelerator pipe.

Electro-optic voltage

sensors, utilizing sensor design #2 and operating at 1319 nm, have been adopted by
Los Alamos National Labs and work is ongoing to incorporate these sensors as beam
position monitors for the second axis of DARHT. Prototype sensor results and beam
position monitor work has been reported in the literature.(12,13,14,15)
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Sensor Voltage
Now that we have looked at how voltage sensors are used on an electron
particle accelerator, we can look at how they really work. Figure (3-14) shows the
location of a voltage sensor to the electron beam of an accelerator. A special housing
is used to physically support, maintain vacuum, and align and protect the voltage
sensor as it interfaces with the accelerator wall, commonly referred to as the beam
pipe. Numerous housing designs have been reported in the literature.(12,13,14,15)

Figure (3-14) – Electro-optic voltage sensor mounted on accelerator
To describe how the sensor actually ‘senses’ the electrons as they pass
beneath the electrode of the Pockels cell, we start by making a few assumptions. We
shall approach this problem electro-statically and shall think of the electrons as frozen
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in time. Each electron has an individual charge, q, associated with it and we can
relate this charge to the electric field created by the particle using Coulomb’s law.

E =

q
4πεr

2

(3-6)

where ε is the permittivity of the medium surrounding this charge and E is the
strength of the electric field created by q at a distance r.
Equation (3-6) holds for the case of a single electron. In an accelerator there
is a long stream of many electrons. We shall assume that to the sensor, this long
stream can be considered to be infinitely long. If we do this, we can use Gauss’ law
for an infinitely long line of charge to determine the strength of the electric field
created at a Gaussian cylinder of radius r.

E =

ql
2πε o r

(3-7)

where ql is the charge density of the beam, assumed to be uniform and constant, and

εο is the permittivity of free space. We note that for the geometry assumed, the
electric field strength is inversely proportionate to distance. The direction of the
electric field is graphically shown in Figure (3-13). Equation (3-7) gives the electric
field strength at the wall of the beam pipe due to the electron beam. We are able to
determine the electric potential at the wall of the beam pipe if we integrate the electric
field from the edge of the electron beam to the pipe wall.
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b

V = − ∫ E ⋅ dr

(3-8)

a

and upon substitution

b

ql

a

2πε o r

V = −∫

⋅ dr

(3-9)

We are able to move part of the expression outside of the integral to get

V =−

ql
2πε o

∫

b

a

1
⋅ dr
r

(3-10)

which evaluates to

V =−

ql
2πε o

ln (r ) a
b

(3-11)

and becomes

V =

ql
2πε o

[ln(b ) − ln(a )]

(3-12)

We are finally left with the expression for the electric potential between the beam
pipe and the electron beam.

V =

ql

b
ln 
2πε o  a 

(3-13)
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where a and b are the radius of the electron beam and beam pipe respectively. The
wall of the beam pipe is typically grounded, thus Equation (3-13) is an expression for
the electric potential, or voltage, of the electron beam.
As the electrons travel down the accelerator pipe and pass under the electrode
of the sensor, their charge is capacitivly coupled to the sensor electrode.

The

geometry of the system shown in Figure (3-14) determines the beam to electrode
capacitance, C1 and the electrode to ground capacitance, C2. They form a capacitive
divider circuit from the electron beam to ground through the sensor electrode. We are
able to determine the induced voltage on the sensor electrode by the following
equation.(13)
C

Velectrode =  1 Vbeam
C
2 


(3-14)

where Equation (3-13) gives the electron beam voltage.
We are able to relate the electron beam voltage to the beam current by
defining the charge density as

ql =

I beam

βc

(3-15)

where Ibeam is the beam current, c is the speed of light and β is the relativistic speed
factor of the electron beam. Substitution of this equation into Equation (3-13) yields
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Vbeam =

I beam

b
ln 
2πε o βc  a 

(3-16)

By substituting Equation (3-16) into Equation (3-14), we are now able to give
the relationship between the induced sensor electrode voltage and the current of the
electron beam.
b
 I
C
Velectrode =  1  beam ln 
 C 2  2πε o β c  a 

(3-17)

The geometry of the sensor and its housing was designed such that
approximately 2 kA of beam current would induce between 500 V and 2 kV on the
electrode of the sensor, given a particular accelerator configuration.(14) Finite element
modeling of the system capacitances for the second axis of DARHT was performed
by M. Brubaker of LANL and yielded an expected sensor electrode voltage of 1.5 kV
for a beam current of 2 kA.(15) This induced voltage is within the nominal design
range of the sensor.
We shall now use a simplified second approach to determine a first
approximation of the induced voltage on the sensor electrode. We begin by using
Equations (3-7) & (3-15) to give an expression of the electric field strength at the wall
of the accelerator beam pipe for a given beam current.

E =

I beam
2πε o rβc

(3-18)
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We remember that the electric flux density, D, is related to the electric field strength
by
D = εE

where ε = ε o for the vacuum of the accelerator.

(3-19)

This relationship allows us to

determine the electric flux density at the wall of the accelerator pipe.

D pipe =

I beam
2πrβc

(3-20)

If we make the assumption that the D-field is continuous from the inside of
the accelerator pipe through the electro-optic crystal of the sensor, we can write the
following.
Dcrystal = D pipe

(3-21)

which leads to

Dcrystal =

I beam

2πrβ c

(3-22)

We can now use the relationship given in Equation (3-19) to write the expression for
the electric field strength across the electro-optic crystal of the sensor.

E crystal =

I beam
2πrε crystal β c

(3-23)
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where ε crystal = ε r ε o . If we integrate the electric field from one end of the crystal to
the other, we can find the voltage potential across the crystal. This integration simply
yields
V crystal = E crystal L

(3-24)

where L is the length of the electro-optic crystal. The voltage across the electro-optic
crystal is equal to the induced voltage on the electrode of the sensor, thus

Velectrode =

I beam L
2πrε crystal βc

(3-25)

This expression does not take into account the finite dimensions of the actual
sensor, save the length of the crystal. It gives the voltage on the electrode of a tube of
sensor material around the outside of the beam pipe due to the assumptions used for
the Gaussian expression of the electric field in Equation (3-7).

Finite element

modeling can be used to factor in the boundary conditions of a finite sensor and
obtain a more accurate value of the induced electrode voltage.
We can use Equation (3-25) to calculate a rough first approximation of the
expected voltage induced on the electrode of the sensor. The second axis of DARHT
has a relativistic beam of electrons traveling down a 10” beam pipe with a current of
2 kA. The electro-optic crystal of the sensor has a length of 1 cm and a relative
permittivity of 16.

This configuration yields an induced electrode voltage of

approximately 590 V. This value still falls within the design criteria for the sensor
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and one would expect this value to increase when the geometry of a finite sensor is
taken into consideration.
Minimum Detectable Voltage
In order for the performance of the electro-optic sensor system to be
comparable to current diagnostics for the second axis of DARHT, we have a signal to
noise ratio (SNR) requirement of 100:1.(15) It will be shown in Chapter 5 that the
optical transmission through an ideal double-pass voltage sensor of design #2 can be
approximated at voltages much smaller than the half-wave voltage by the following
equation.

T ≈

1 
V 
1 + 2π
2 
Vπ 

(3-26)

where V is the applied electrode voltage and T is the optical power out of the sensor
divided by the optical power launched into the sensor. We shall replace the ideal loss
of the sensor with the actual loss of the sensor to provide more realistic results. The
ideal loss of one half is replaced by an expression relating to the dB loss of the sensor.
We are now able to re-write Equation (3-26) to give an expression that allows us to
calculate how much optical power will be sent to a receiver given an applied
electrode voltage.

Pout ≈ Pin 10

− dBloss
10



1 + 2π V 

Vπ 


(3-27)
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where dBloss is the sensor loss in decibels.
For the following example we are interested in a double-pass sensor of
design #2, and according to the data reported in Table (3-2) the sensor is likely to
have a loss of 9.53 dB. If we assume a 1319 nm source is used with an optical power
of 1 mW, we should expect to receive 111.4 µW of power when zero volts are
applied to a BGO sensor with a half-wave voltage of 75 kV. If the peak beam
induced voltage of 1.5 kV is applied to the electrode, we expect an optical power of
125.4 µW at the receiver. The difference between these two values is 14 µW and is
the signal of interest. This signal must be 100 times larger than the noise equivalent
optical power in the system if we are to maintain a SNR of 100:1.
To find the noise of the system, we start by using the expression for the
photocurrent generated by a given optical signal of power, P.

iλ =

ηPeλ
hc

(3-28)

where η is the quantum efficiency of the detector, e is the charge of an electron, λ is
the wavelength of incident light, h is Planck’s constant, and c is the speed of light.
The shot noise photocurrent of the optical signal, which is the random variation of the
arrival time of the photons of an optical signal with average power, P, is given by

∆i λshot =

where B is the bandwidth of the receiver.

2i λ eB

(3-29)
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The optical receiver used on the second axis of DARHT to measure the return
signal from the sensor is a shot noise limited receiver with a bandwidth of 100 MHz.
This means that the largest source of noise in the system is due to shot noise and we
can ignore all other sources of noise. We shall assume the photo-diode in the receiver
has a quantum efficiency of 75%.
To continue with our example, we are looking to find the noise in the system
due to a given optical signal. The maximum light we expect to receive at the photodetector is 125.4 µW, which gives a signal current of 998.8 µA and a shot noise
photocurrent of 56.53 nA. We would like to express this noise current as a function
of optical input power. This expression is called the noise equivalent power (NEP)
and is defined as the amount of optical power that would generate a photocurrent
equal to the noise photocurrent of the system. We use Equation (3-28) and find that
the NEP of our system is 71 nW at peak beam current.
We are now able to find the signal to noise ratio of our system.

The

expression for SNR is given as

SNR =

∆I max
NEP

(3-30)

In order for our system to maintain a signal to noise ratio of 100:1, we need the NEP
of our system to be less than or equal to 140 nW. We have just shown that our actual
NEP is 71 nW and have attained a SNR of 197:1, thus meeting our 100:1
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requirement. Other noise sources will ultimately affect the SNR of the system, but
for the purposes of this example, shot noise was assumed to be the limiting factor.
Now that we know what the NEP of our system is, we can calculate what
induced electrode voltage will give an output signal that is equal to our NEP. This
induced electrode voltage is the minimum detectable voltage of the sensor. We are
able to rewrite Equation (3-27) in order to calculate the minimum detectable sensor
voltage.

Pout − zero + NEP ≈ Pin 10

− dBloss
10


V
1 + 2π min

Vπ







(3-31)

where
Pout − min = Pout − zero + NEP

(3-32)

We are able to rewrite Equation (3-31) to obtain a complete expression of the
minimum detectable sensor voltage in terms of the NEP, Vπ , sensor insertion loss and
source output power.

Vmin


 NEP

− dBloss

P 10 10
=  in
2π



Vπ



(3-33)

Upon substituting the known values, we find that for an NEP of 71 nW the
minimum detectable sensor electrode voltage is 7.6 volts. If 1.5 kV is the maximum
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voltage on the electrode, we are able to detect changes in the electrode voltage on the
order of 0.5%. The relationship between the induced electrode voltage and the
electron beam current is proportional, meaning that a 0.5% change in beam current
will induce a 0.5% change in the electrode voltage.

Thus, the sensor system

described in the above example is capable of detecting 0.5% changes in the electron
beam current. The requirement on beam current detection for the second axis of
DARHT is 2%.(15)
We are able to generate graphs of minimum detectable electrode voltage
versus the half-wave voltage of a crystal using Equation (3-33). Using the examples
above, we have plotted the lines that correspond to an NEP of 71 nW and 140 nW.
These lines both refer to a BGO crystal system with a half-wave voltage of 75 kV. In
order to meet the design criteria, a sensor system utilizing any electro-optic crystal
must operate below the grey dashed line in Figure (3-15). This line refers to our
requirement of 100:1 SNR or 15 volts measured with 1.5 kV applied to the sensor.
We can see from Figure (3-15) that the relationship between Vmin and Vπ is a
linear one, whose slope depends upon the input optical power, sensor insertion loss
and the noise equivalent power of the photo receiver. The minimum detectable
induced electrode voltage is directly proportional to the noise equivalent power, thus
the smaller the NEP the more sensitive the system. It is also evident that smaller
values of Vπ will also lead to a more sensitive system.
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Figure (3-15) – Vπ dependence of minimum detectable voltage
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CHAPTER 4
EXPERIMENT
Experimental Setup
To test the sensitivity of each crystal candidate, we indirectly measured the Vπ
values of the crystals.

Since we were primarily interested in each crystal’s

performance when used in an electro-optic Pockels cell voltage sensor, we did not
measure the Pockels coefficients or the indexes of refraction of the crystal, just the
half-wave voltage of each crystal. This was accomplished by setting up a larger scale
laboratory version of a voltage sensor where the alignment of each piece was
accurately controlled.
The Vπ measurement experiments were performed at two different
wavelengths using an 850 nm vertical cavity surface emitting laser (VCSEL) diode
and a 1319 nm edge emitting light emitting diode (E-LED).

Since these two

wavelengths are common telecommunication wavelengths, the polarization optics
needed to conduct this experiment were readily available. The experiments were
performed at these two wavelengths to determine the operating wavelength that
yielded the best performance.
All elements of an actual voltage sensor are present within the experimental
bench top setups used to measure Vπ . However, we needed to be able to change the
orientation of each optical element with respect to every other piece. This was
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accomplished by using free space optics, multi-axis optical mounts and an optical
breadboard. We mounted the polarizers and waveplate on rotation stages that gave us
the ability to orient each component to the precise axes of alignment. We also needed
to be able to rotate the crystal under test about its optical axis to achieve proper
alignment to the waveplate and polarizers. This presented a challenge as the optical
path through the crystal needed to be free from obstruction, centered along the optical
axis of the system, and still provide the ability to create an electric field along the
length of the crystal.
The configuration of the bench top measurement setup is very similar to the
actual sensor configurations discussed in the previous chapter, with only a few
exceptions. The experiments used to measure Vπ utilized a single-pass and doublepass configuration and are shown in Figure (4-1) and (4-2).
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Figure (4-1) – Single-pass bench top experimental configuration
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Figure (4-2) – Double-pass bench top experimental configuration
In order to test each crystal we applied a voltage to the Pockels cell and
measured the optical output. The voltage source used was a Bertan 205A-01R High
Voltage Power Supply that had a variable output from 0 to 1000 volts. The source
was only capable of supplying 30 mA of current but the high voltage still raised a few
electrical safety concerns. To mitigate any electrical danger, the entire bench top
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sensor experiment was constructed on a 12” x 12” optical breadboard and placed into
a grounded protective enclosure. The enclosure also provided a means of minimizing
stray light during the experiment.
A Pockels cell holder that could accommodate the various sample sizes,
maintain a centered optical axis and be rotated about that axis, had to be
implemented. A versatile crystal holder and special electrodes were designed and
fabricated. The Pockels cell holder was machined out of a durable black plastic
called Delrin, a material that provided electrical insulation for the electrodes but did
not interfere with the electric field across the crystal under test. Figure (4-3) shows a
side view of this holder.

Figure (4-3) – Bench top Pockels cell holder
The Pockels cell holder has three main parts that secure the electro-optic
crystal in place during the experiment. The main housing resembles a hollow tube
mounted to a flat round base. This piece provides a clear optical path directly through
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the center of the housing while supporting and centering the entire Pockels cell along
the optical axis of the experiment. A second hollow Delrin tube is also used as part of
the Pockels cell holder. This one holds the electro-optic crystal itself and centers the
crystal’s length to the optical axis of the setup. The dimensions of each crystal holder
are unique to every crystal sample it supports, with exception to the outside diameter.
Each crystal holder is machined to fit inside of the Pockels cell holder. The crystal
holder is then placed into the Pockels cell holder between two electrodes that create
the electric field. The final piece of the Pockels cell holder is the end cap that secures
everything inside of the holder. The end cap is also made from Delrin and is bolted to
the sides of the support tube of the holder. It also has a hollow center to allow a clear
optical path and has setscrews to hold the Pockels cell in place. Once assembled, the
holder is mounted to a rotation stage to provide a means of rotating the crystal about
the optical axis.
The two electrodes shown in Figure (4-3) are glass windows with one side
coated by a thin layer of conductive transparent material called indium tin oxide
(ITO). These windows are the same windows used in the actual sensors described in
the previous chapter. Their function is to set up an electric field across the sample
crystal while at the same time, providing an uninhibited optical path through the
crystal. In order to create an electric field across the crystal, electrical leads were
attached to the ITO coating using conductive epoxy.

These leads were then

connected to the high-voltage power supply by a BNC bulkhead connector mounted
on the side of the enclosure.
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Aspheric lenses, capable of providing good collimation at both test
wavelengths, were used instead of the fiber optic GRIN lens collimators described in
the previous chapter. The aspheric collimating lenses were connectorized to provide
exact alignment between the end of the fiber optic cable and the lens. By utilizing
these collimating lenses instead of GRIN lenses we were able to reduce setup time
between experiments.
Polarizing beamsplitter cubes were used as the linear polarizers needed for the
single-pass experiments and were also used to split the polarization when acting as
the analyzer for the double-pass experiments. This is illustrated in Figures (4-1) and
(4-2).

The polarizing beamsplitter cubes were broadband coated, but not broad

enough to allow the same beam splitter cube to be used at both test wavelengths.
When the experiment was performed at a different wavelength, the appropriate
beamsplitters were used.
Two different waveplates were used for biasing the amplitude modulator.
When the experiment was set up in the single-pass configuration, a quarter waveplate
was used to achieve the desired biasing. For the double-pass configuration, an eighth
waveplate was used. The waveplates were very narrow band, meaning they provided
their specified retardance only over a small band of wavelengths. Therefore, each
time the wavelength changed in the experiment, the waveplates had to be replaced
with the appropriate ones.
Alignment was critical with this test as we were trying to determine not only
the correct value of Vπ but also the correct orientation of the crystallographic axes of
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each crystal sample.

Several alignment steps were required and the alignment

process for the single-pass setup was different from the double-pass setup. We shall
describe the single-pass alignment first.
To begin with, the two collimators were aligned to each other so that a
maximum amount of light was collected by the second collimator. Care was also
taken to ensure the beam path was as horizontal to the optical breadboard as possible.
Second, the polarizing beamsplitter cubes were installed and aligned 90° to each
other. When the two cubes were perfectly aligned, a minimum was detected at the
receiver.

Next, the quarter waveplate was installed between the two polarizers,

leaving enough room for the Pockels cell holder.
The quarter waveplate was mounted on a rotation stage that allowed it to be
rotated about the optical axis of the system. In order to provide one quarter wave of
phase retardance to the incoming light, the input polarization must be aligned 45° to
the ordinary and extraordinary axes. Once mounted in the beam path, the waveplate
was rotated so that a minimum was detected at the receiver. This orientation did not
alter the polarization of the light and coincided with the ordinary or extraordinary axis
of the waveplate. The waveplate was then rotated 45°, creating circular polarization.
Finally the Pockels cell was added to the bench top sensor. The cell was
placed between the waveplate and the second polarizer. With no electric field across
the crystal sample, the polarization state of the incoming light should remain
unchanged. Once a field is placed across the crystal, it becomes birefringent and
modifies the polarization state of the light. The crystal essentially behaves like a
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variable waveplate, and like a waveplate, we must locate the ordinary and
extraordinary axes in order to properly align it.
Finding these axes of the crystal was a tedious job. A voltage was applied to
the Pockels cell and the sensor output was recorded. The Pockels cell was then
rotated a few degrees from where it was previously and the sensor output was again
noted. Each crystal has four poles, two positive and two negative corresponding to
45° between the birefringent axes of the crystal. When aligned to the positive poles,
the optical output from the sensor would increase as the voltage was increased. When
aligned to the negative poles, the output would decrease. In a cubic crystal, these
poles should be 90° apart from each other, alternating positive and negative. Once
one of these poles was identified, the transmission through the system was optimized
by reducing refraction loss and the experiments were performed. Figure (4-4) shows
the poles of a cross section of crystal in relation to the birefringent axes of the crystal.
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Figure (4-4) – Cubic crystal orientations of interest
Aligning the double-pass setup was a little more complicated. The throughput
of the two collimators could not be optimized individually because they were placed
at right angles to each other. To optimize the throughput of the system, the goldsurfaced mirror and polarizing beamsplitter cube was installed into the beam path.
Because the polarization state of the linearly polarized light traveling back through
the beamsplitter cube was in the same state as when it left the cube, no light was
transmitted out of the other side of the cube to the second collimator. Before trying to
optimize the location of the second collimator, the beam traveling through the cube,
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off the mirror and back through the cube, was aligned so that the returning light was
re-coupled back into the first collimator. The second input leg of a fiber optic coupler
was used to monitor and maximize the return through the input collimator. This
process ensured that the optics were correctly aligned prior to inserting the waveplate
and Pockels cell.
To align the second collimator to the beam path, and eighth waveplate was
added into the beam path to modify the polarization state of the light and allow some
of the light to be passed to the second collimator by the beamsplitting cube. The
process of aligning the waveplate used for this setup was essentially the same as that
used for the single-pass setup. The ordinary or extraordinary axis of the waveplate
was found by maximizing the light returning through the input collimator. It was
then rotated 45°, creating elliptically polarized light on its first pass and circularly
polarized light on its second pass. The polarizing beamsplitter halved the light,
sending 50% of it to the second collimator. The position of the second collimator was
optimized to receive as much light as possible. Once all of the optics had been
aligned, the Pockels cell was inserted between the mirror and waveplate.

The

refraction losses were minimized, and voltage was applied to the crystal to determine
its poles. Once they were discovered, the experiment was performed.
A greater emphasis was placed on finding the Vπ value of BGO than on BSO
or ZnSe, primarily because BGO had already been reported to perform well in harsh
environments.

Therefore two different samples of BGO crystal were tested to

determine a more accurate value of its Vπ.. Only one sample each of ZnSe and BSO
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was tested, mainly due to availability. A photo of these crystal samples is shown
below in Figure (4-5).

Figure (4-5) – Electro-optic crystal samples
The BGO and ZnSe samples were tested using the single-pass method while
the BSO sample was tested using the double-pass method. This was done primarily
because BSO has an intrinsic optical property called optical activity, which causes the
polarization state of the light to rotate as it passes through the crystal. A second pass
back through the crystal removes this rotation and allows us to keep the same
orientation for the optics of the double-pass system.
Jones calculus has been used to mathematically analyze the polarization state
of the light passing through both bench top experiments, with specific attention being
given to the BSO double-pass experiment. These mathematical descriptions are
presented in the Appendix at the end of this thesis.
The crystal samples were tested at 1319 nm then at 850 nm. Instead of
switching back and forth from 1319 nm to 850 nm for each sample, all of the samples
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were tested at one wavelength first.

Switching the crystal samples between

experiments took less time and was prone to fewer alignment errors than swapping
the laser source, receiver and all of the wavelength-sensitive optics.
Measuring Vπ
Once the poles of the crystal sample were mapped out, extensive testing began
at each pole. A block diagram of each test setup is shown in Figures (4-1) and
(4-2). From these figures you can see that there is a 90:10 fiber-optic coupler on the
input side of the test setup. This coupler served two purposes: it allowed a return
measurement while setting up the double-pass test configuration, and it provided a
means of monitoring the source power.
For every data point recorded for the Vπ measurements, a corresponding
reference source value was recorded to correct any irregularities in the data due to
source variation and drift. This is very helpful in correcting the data because the
output of the voltage sensor is intensity modulated and if the source power fluctuates,
that error directly affects the output value measured.
In order to determine the value of Vπ for a crystal sample, we recorded many
data points while changing the voltage applied to the crystal. The electrodes of the
Pockels cell and a digital voltmeter were connected to the high-voltage power supply.
The applied voltage was stepped up from zero volts up to one thousand volts and
back to zero at an interval of 100 volts. This process was repeated fifteen times for
each of the four poles of the crystal.
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Once the crystal sample had been measured, it was replaced with the next
sample. Once all of the crystal samples had been studied, the wavelength of the light
source and all of the polarization optics were changed and set up for the next series of
tests. The poles of each crystal had to be again found and tested. As you might
imagine, the process of taking such a large amount of raw data was very time
consuming. The author recommends automating this process if it is ever repeated.
The Vπ measurement process contained many sources of error. Measurement
uncertainty and variations in applied voltage affect the measurement process but are
assumed to be small sources of error. Optical misalignment and thermal instability
were likely the most dominant sources of error in the Vπ experiments.
The light sources used for the bench-top test sensor were very susceptible to
power fluctuations caused by direct and ambient temperature variations. To counter
this, a large thermal mass was attached to the laser diode housing. This greatly
reduced the higher frequency thermal fluctuations of the source but did not eliminate
them completely. According to the data, the average error in Vπ attributed to thermal
fluctuations was approximately 1.13%.
Likely the largest source of error in the experiments was misalignment of the
optical components, specifically the misalignment of the EO crystal to the proper
direction of polarization. The process by which we determine the half-wave voltage
depends wholly upon the change in sensor output given an applied voltage. If the
polarization optics are not perfectly aligned, we will measure a smaller change in
sensor output and will calculate a larger half-wave voltage. From experimental trials
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in BGO, we saw that if the electro-optic crystal pole was misaligned from the correct
polarization axis by 1° the average error in the measured value of Vπ was 0.83%.
Thermal instability caused uncertainty in the measured sensor output, thus
leading to an uncertainty in calculated half-wave voltage. Optical misalignment
caused inaccuracy in the measurement of sensor response leading to an inaccurate
calculation of the half-wave voltage. Both of these errors are additive and it is easy to
see that attaining proper optical alignment and thermal stability are critical in
determining an accurate half-wave voltage.
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CHAPTER 5
DATA AND RESULTS
Data Processing
In finding the value of Vπ for each crystal, hundreds of data points were
recorded in an effort to determine Vπ as accurately as possible. As mentioned in the
previous chapter, each crystal has four poles at which data is recorded. For a cubic
crystal, each pole should be 45° between the ordinary and extraordinary axes of the
birefringent crystal. Figure (4-4) shows how the poles of a cubic electro-optic crystal
are oriented to the ordinary and extraordinary axes of a cylindrical crystal sample.
Once the location of a pole was identified, the voltage applied to the Pockels
cell was stepped up and then down fifteen times. From each data set, we were able to
determine Vπ at that pole location by using the slope of the intensity vs voltage curve
traced out by the data. Once all four poles had been measured and all 60 data points
were calculated, and average Vπ value for the crystal was determined.
The single-pass method for approximating Vπ will be presented first, followed
by the double-pass Vπ approximation method. Recall the biased amplitude modulator
transmission equation from Chapter 2 as

π
2 π V
+ 
T = sin 
2 V
4 
π


(5-1)
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We can rewrite this equation to


 π V
1 
π  


T =
1 − cos 2
+
 2 V
2 
4  
π
 



(5-2)

by the power relation

sin 2 θ =

1
2

(1 − cos θ )

(5-3)

We are now able to express Equation (5-2) as

T =



 V 
1 
 cos π  + sin  π V  sin  π
1 − cos π
 V  2
 V 
2 
2
π 
π 







(5-4)

by the angle-sum relation
cos(θ + β ) = cos θ cos β − sin θ sin β

(5-5)

and can simplify this to

T =

 V 
1 

1 + sin  π



2
 Vπ  

(5-6)

If we also recall our applied voltage limitation of
V << Vπ

(5-7)
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we can approximate Equation (5-6) to be

T ≈

1 
V 
1+π
2 
Vπ 

(5-8)

sin θ ≈ θ

(5-9)

θ << 2π

(5-10)

by the small angle approximation

provided

Equations (5-2), (5-6) and (5-8) are shown graphically below in Figure (5-1).

82

Figure (5-1) – Single-pass transmission curves and approximation
It can be seen that by following the guidelines of Equation (5-7) we can closely
approximate the actual transmission curve of the single-pass biased amplitude
modulator.
In order to solve for Vπ we can expand Equation (5-8) by substituting for V
and T.

T1 =

I1
Ii

≈

V 
1 
1+π 1 
Vπ 
2 
(5-11)

T2 =

I2
Ii

V 
1
≈ 1 + π 2 
Vπ 
2 

83
If we solve one of the above equations for Ii we can substitute it into the other
equation and obtain an expression for Vπ.

Ii ≈

I1
1 
V 
1+π
2 
Vπ 

(5-12)

Equation (5-12) is substituted into the second half of Equation (5-11) to get
I 2 1 
V  1
V 
1 + π 1  ≈ 1 + π 2 
I 1 2 
Vπ  2 
Vπ 

(5-13)

and by multiplying through by Vπ and reordering and simplifying the terms we get an
equation that approximates Vπ.
Vπ ≈

π (V2 I 1 − V1 I 2 )
I 2 − I1

(5-14)

This equation holds for estimating Vπ over two data points. In order to more closely
approximate Vπ we would like to incorporate the slope,

m=

I 2 − I1
V2 − V1

(5-15)

of a set of data points. We can do this by dividing the top and bottom parts of
Equation (5-14) by V2 - V1.
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π

V2 I 1 − V1 I 2

Vπ ≈

V2 − V1
m

(5-16)

This equation greatly simplifies if we start our slope data at V1 = 0.

Vπ ≈

πI 1
m

(5-17)

This is the equation used to approximate Vπ for the single-pass measurements using
the slope and initial intensity measurement from each data set.
In order to find the equation that approximates Vπ for the double-pass
measurements we recall Equation (3-4) as

π
2 πV
T = sin 
+ 
V
4 
 π

(5-18)

and by the power relationship of Equation (5-3) and angle sum relationship of
Equation (5-5) we can rewrite Equation (5-18) to

T =


V  
1 
1 + sin  2π

2 
Vπ  


(5-19)

We can approximate this equation by the small angle approximation of Equation (5-9)
to
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T ≈

1 
V 
1 + 2π
2 
Vπ 

(5-20)

Figure (5-2) graphically shows Equations (5-18) and (5-19) and how Equation (5-20)
approximates them.

Figure (5-2) – Double-pass transmission curves and approximation
We are now able to derive an approximation for Vπ for the double-pass experiment by
the same techniques used for Equations (5-8) through (5-17).

Vπ ≈

2πI 1
m

(5-21)
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Data Correction
Now that we have simple equations that can approximate Vπ based on the
sensor output at V = 0, we must determine the slope of the output vs. voltage curve
for each data set. Before Vπ can be calculated however, the individual data points
need to be corrected for source drift to ensure an accurate calculation of the slope.
The 90:10 fiber-optic coupler shown in Figure (4-1) and Figure (4-2) was used
to monitor a portion of the laser source power for intensity fluctuations. As the
applied voltage was increased and data points were taken for sensor output, a
measurement of the source stability was taken and used to correct for any source drift
at that data point. Table (5-1) shows a sample data set with source drift correction.
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Applied
Voltage
(V)
0
100
200
300
400
500
600
700
800
900
1000
900
800
700
600
500
400
300
200
100
0

Measured Output
(µW)

Measured Drift
(µW)

Drift Correction
Factor

Drift Output
(µW)

12.57
12.62
12.67
12.72
12.77
12.82
12.87
12.92
12.96
13.02
13.06
13.01
12.95
12.90
12.84
12.79
12.73
12.68
12.63
12.57
12.50

10.95
10.95
10.94
10.94
10.94
10.94
10.94
10.93
10.93
10.93
10.93
10.93
10.92
10.92
10.91
10.91
10.91
10.91
10.91
10.90
10.89

1.0000
1.0000
1.0009
1.0009
1.0009
1.0009
1.0009
1.0018
1.0018
1.0018
1.0018
1.0018
1.0027
1.0027
1.0037
1.0037
1.0037
1.0037
1.0037
1.0046
1.0055

12.5700
12.6200
12.6816
12.7316
12.7817
12.8317
12.8818
12.9436
12.9837
13.0438
13.0839
13.0338
12.9856
12.9354
12.8871
12.8369
12.7767
12.7265
12.6763
12.6277
12.5689

Table (5-1) – Sample data set corrected using source drift data

Since we are operating along the linear portion of the sensor transmission
curve, we should expect to see the measured data form a straight line from 0 to 1000
volts and then trace itself back down to 0 volts. The uncorrected data in the above
data set does not do this, but when we correct for source drift we achieve this goal.
Figure (5-3) shows the uncorrected and corrected sensor output vs. applied voltage
curves of the sample data in Table (5-1).
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Figure (5-3) – Sample data set with drift correction
Using the corrected data, we can calculate a slope value and determine Vπ
using either Equation (5-17) or (5-22), depending on the experimental setup. We do
this for each of the fifteen data sets and average them to determine the half-wave
voltage of the crystal at that pole. Once we have processed all four poles, we can
look at the distribution of half-wave voltages to determine if the measurements were
taken at the correct pole locations. Ideally, each data set from all four poles should
yield the same half-wave voltage. To determine the final half-wave voltage for the
crystal, all 60 calculated values of Vπ are averaged.
In order to better visually interpret the data for each crystal we can normalize
each data set to the same scale as the transmission curves shown in Figure (5-1) and
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Figure (5-2) and plot the ideal system response with the actual data set. To do this,
we make the assumption that at zero applied volts, we are receiving half of the light
that was sent into the sensor. We then divide each corrected sensor output data point
by twice the value of the initial sensor output and are left with a normalized
transmission value through the system.

Figure (5-4) shows the normalized

uncorrected and corrected transmission curves of the data set in Table (5-1) with the
measured transmission curve for that pole, calculated using the average half-wave
voltage determined for that particular pole of the crystal.

Figure (5-4) – Normalized raw vs. corrected data curves
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BGO Results
Now that we have shown how the half-wave voltage of a crystal is determined
we can use these methods to find values for each of our crystal samples. We are able
to use data previously reported in the literature to predict the values of Vπ we are
likely to obtain for BGO. Table (5-2) lists values of Vπ for BGO that have either been
directly stated or have been calculated using Equation (2-37) and the data reported in
the literature.
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Source

Wavelength (nm)

Index of
Refraction

Pockels Coefficient
(pm/V)

Vπ (V)

Bortfeld(53)
Bortfeld(53)
Bortfeld(53)
Bortfeld(53)
Bortfeld(53)
Kamada(21)
Kamada(21)
Montemezzani(34)
Montemezzani(34)
Montemezzani(34)
Montemezzani(34)
Montemezzani(34)
Montemezzani(34)
Montemezzani(34)
Montemezzani(34)
Nitsche(35)
Nitsche(35)
Nitsche(35)
Santos(31)
Williams(20)
Williams(20)
Williams(20)
Williams(20)
Williams(20)
Williams(20)
Williams(20)
Williams(20)
Williams(20)
Yakymyshyn(8)

405
440
495
542
631
855
633
632.8
514.5
488.9
457.9
363.9
351.1
334.5
305.4
450
535
620
632.8
1000
950
900
850
800
750
633
600
550
850

2.218*
2.181*
2.142*
2.122*
2.098*
2.065
2.098
2.097
2.135
2.148
2.167
2.268
2.291
2.326
2.41
2.07
2.07
2.07
2.0578
2.0601
2.0635
2.0678
2.0723
2.0786
2.0972
2.1058
2.1204
2.07

0.82
0.85
0.89
0.92
0.95
1.09
1.01
0.96
0.89
0.86
0.83
0.62
0.57
0.49
0.33
1.03
1.03
1.03
1.03
1.11
1.11
1.11
1.11
1.1
1.08
1.07
1.06
1.05
1.03

22632
24948
28296
30828
35963
44540
33934
35741
29701
28681
27107
25155
25612
27123
33058
24628
29280
33932
34200
51694
48945
46140
43305
40861
38663
32068
30308
27472
46520

* Estimated based on reported values(53)

Table (5-2) – Reported values of Vπ for BGO
If we assume there is a linear relationship between Vπ and wavelengths longer
than about 400 nm, and the change in the Pockels coefficient and index of refraction
are minimal, we are able to predict values of Vπ for BGO at 850 nm and 1319 nm.
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Figure (5-5) shows a plot of the Vπ values from Table (5-2) with a linear fit to the data
reported by Williams(20). We can use the equation of this trendline to extrapolate a
predicted value of Vπ and should expect it to be approximately 43,592 volts at 850 nm
and 68,581 volts at 1319 nm.

Figure (5-5) – BGO Vπ literature data
Two different BGO crystals were tested using the single-pass bench top
experiment at 1319 nm. The first BGO sample was a 3.5 mm x 3.5 mm x 10 mm
rectangular piece cut from a large-diameter crystal rod that originally came from a
crystal company in China. This crystal rod had been previously divided into smaller
pieces to make early prototype BGO sensors. The second BGO sample was an
18 mm diameter 12 mm long crystal rod that came from a commercial crystal
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company in Germany. They were both tested at 1319 nm to obtain a comparison
between the first crystal, which had already been tested for performance, and the
second.
Before the crystals could be tested, their ordinary and extraordinary indexes of
refraction were determined by locating the orientations that yielded zero change in
sensor output for an applied voltage of 1000 volts. The locations of the poles of each
crystal were found by finding the orientations that yielded maximum change in sensor
output for an applied voltage of 1000 volts. Using the Jones calculus model of the
single-pass experiment presented in the Appendix, we are able to plot the absolute
value of the change in sensor output to an applied voltage of 1000 volts as a function
of EO crystal rotation. We shall refer to this plot as the calculated response lobes of
the crystal. The location of the axes and poles for both BGO samples were as
expected of a cubic crystal and Figure (5-6) shows the location of all orientations of
interest for the sample crystals.
The first BGO crystal sample was tested at 1319 nm and 60 data sets were
obtained. These data sets were used to calculate an average half-wave voltage and a
standard deviation for the crystal. The measurement error was found by dividing the
standard deviation by the average half-wave voltage.
information for BGO #1 at 1319 nm.

Table (5-3) lists this
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Figure (5-6) – BGO orientations of interested
BGO #1 – 1319 nm
Raw Measured
Drift Corrected*
75681
Median Vπ (V)
Standard Deviation (V)
2350
Error (%)
3.1%
* reference coupler unavailable; drift corrected values not calculated

Table (5-3) – BGO sample #1 Vπ results at 1319 nm
We are now able to generate transmission curves based on the measured and
predicted half-wave voltages of the crystal using Equation (2-40) to better compare
the two values. We are also able to normalize the average data curves at each pole
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location and plot them on the same graph with the measured and predicted
transmission curves to better observe the over-all measurement deviation. Figure
(5-7) shows the measured and predicted transmission curves of BGO #1 at 1319 nm
and Figure (5-8) shows them with the normalized pole data curves.

Figure (5-7) – Transmission curves for BGO #1 at 1319 nm
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Figure (5-8) – Pole data and transmission curves for BGO #1 at 1319 nm
The first BGO sample was tested at 1319 nm and had an uncorrected halfwave voltage of 75,681 volts with a 3.1% measurement uncertainty. A reference
coupler was not available during the testing of this sample, thus drift correction was
not possible. When compared to the predicted value obtained using the data by
Williams(20), we see that our half-wave voltage value is approximately 10.4% larger
than predicted.
BGO sample #2 was also tested at 1319 nm. For this crystal, source drift
correction was used to more accurately determine half-wave voltage. Sixty data sets
were taken in this single-pass bench-top experiment and the processed results are
given in Table (5-4).
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BGO #2 – 1319 nm
Median Vπ (V)
Standard Deviation (V)
Error (%)

Raw Measured
75596
1333
1.8%

Drift Corrected
75544
1961
2.6%

Table (5-4) – BGO sample #2 Vπ results at 1319 nm
We again are able to use Equation (2-40) to generate transmission curves for
this crystal sample based upon the measured and predicted half-wave voltages. These
curves are shown in Figure (5-9).

The fifteen data curves for each pole were

normalized and averaged and are presented in Figure (5-10) with the transmission
curves of Figure (5-9).

Figure (5-9) – Transmission curves for BGO #2 at 1319 nm
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Figure (5-10) – Pole data and transmission curves for BGO #2 at 1319 nm
This BGO sample at 1319 nm had a raw half-wave voltage of 75,596 volts
measured with a 1.8% uncertainty and a drift-corrected half-wave voltage of 75,544
volts with a measurement uncertainty of 2.6%. The difference between our measured
half-wave voltage and the predicted value of 68,581 volts is 10.2%. The results of the
second BGO crystal compare almost exactly with that of the first. For this reason, the
first BGO crystal was not tested further.
The second BGO crystal was also tested using the single-pass bench top setup
at 850 nm. The orientations of interest were again located and coincided with those
found from the 1319 nm experiments. Thus Figure (5-6) is accurate for BGO at both
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1319 nm and 850 nm. The same Vπ experiments were performed as for the 1319 nm
test and the results obtained are given in Table (5-5).
BGO #2 – 850 nm
Median Vπ (V)
Standard Deviation (V)
Error (%)

Raw Measured
46852
3482
7.4%

Drift Corrected
46837
3437
7.3%

Table (5-5) – BGO sample #2 Vπ results at 850 nm
Using the measured and predicted values of the half-wave voltage, we
generated transmission curves for BGO at 850 nm. We also normalized, averaged
and plotted the pole data curves with the measured and predicted transmission curves.
These graphs are shown in Figure (5-11) and Figure (5-12) respectively.

Figure (5-11) – Transmission curves for BGO #2 at 850 nm
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Figure (5-12) – Pole data and transmission curves for BGO #2 at 850 nm
The second BGO sample was tested at 850 nm and was found to have a driftcorrected Vπ value of 46,837 volts with an uncertainty of 7.3%. If we compare the
average half-wave voltage measured for BGO at 850 nm with the predicted value of
43,592 volts, we see that our measured half-wave voltage is 7.4% higher than we had
predicted.
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ZnSe Results
We are able to use data previously reported in the literature to try to estimate
the values of Vπ we are likely to obtain for ZnSe. Table (5-6) lists values of Vπ for
ZnSe that have either been directly stated or calculated using reported data.

Source

Wavelength (nm)

Index of
Refraction

Pockels Coefficient
(pm/V)

Vπ (V)

Babucke(36,37)
Baillou(39)
Haase(38)
Milek(32)
Yakymyshyn(8)
Yakymyshyn(13)
Yariv(1)
Yariv(1)
Yariv(1)

514.5
546.5
633
546
633
850
548
633
10600

2.83
2.66
2.5688
2.66
2.6
2.66
2.6
2.39

1.20
1.96
2.00
2.00
2.00
2.00
2.00
2.20

9458
7407
9336
7253
9004
12000
7279
9004
176465

Table (5-6) – Reported values of Vπ for ZnSe
We are able to roughly extrapolate for values of Vπ for ZnSe at 850 nm and
1319 nm utilizing a trendline fitted to the data reported in Table (5-6). We again
make the assumption of a linear relationship between the half-wave voltage and
wavelengths longer than about 400 nm. Figure (5-11) shows a plot of the Vπ values
from Table (5-6) with a linear trendline fit to the data. Using the equation of this
linear trendline, we should expect to see a value of Vπ for ZnSe at 850 nm of
approximately 12,824 volts and 20,693 volts at 1319 nm.
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Figure (5-13) – ZnSe Vπ literature data
The ZnSe sample was a rectangular cut piece measuring 3.5 mm x 3.5 mm x
10 mm and came from a commercial crystal company in the United States. It was
tested using the single-pass method at both 1319 nm and 850 nm. The orientations of
interest were located prior to the experiments and ideally they should coincide with
those shown in Figure (4-4). The deviation observed here is only slight, on the order
of a few degrees. Since the locations shown in Figure (5-12) are where the greatest
response was measured, the sensor response data was taken there.
presents the measurement results obtained for ZnSe at 1319 nm.

Table (5-7)
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Figure (5-14) – ZnSe orientations of interest

ZnSe – 1319 nm
Median Vπ (V)
Standard Deviation (V)
Error (%)

Raw Measured
43572
5135
11.8%

Drift Corrected
43469
5105
11.7%

Table (5-7) – ZnSe Vπ results at 1319 nm
As we did in the BGO analysis, we are able to generate and plot the
transmission curves utilizing the measured and predicted Vπ values as well as show
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the normalized pole data with these transmission curves. These graphs are shown in
Figure (5-15) and Figure (5-16) respectively.

Figure (5-15) – Transmission curves for ZnSe at 1319 nm
As you can see from the above figure, our measured transmission curve is
quite different from that which was predicted.
measurement or setup error.

This is attributed to an gross
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Figure (5-16) – Pole data and transmission curves for ZnSe at 1319 nm
The distribution seen between pole data curves is very pronounced in the data
shown in Figure (5-16). This distribution is also noticed in the overall standard
deviation reported in Table (5-7). The end result is a high uncertainty error in the
measured half-wave voltage of ZnSe. Although the locations of maximum response
within the crystal were carefully determined, the data collected at those locations does
not yield plausible results.
The most striking feature of Figure (5-16) is the fact that the data curves don’t
appear to become linear in response until the applied voltage reaches approximately
300 volts. Due to the DC measurement process, it is suspected that the build-up of
space charge within the ZnSe crystal is likely to blame for this nonlinearity. Space
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charge build-up will effectively reduce the strength of the electric field within the
crystal, leading to lower sensor response and a larger half-wave voltage
measurement.(45)
Using all of the data recorded for the ZnSe sample at 1319 nm, we find that
our sample had a drift-corrected Vπ of 43,469 volts with an uncertainty of 11.7%.
When compared to what was extrapolated we see that we are about 110% larger than
predicted. If we use only the data taken from 300 to 1000 volts at the location of
greatest response we can make the argument that we measured a half-wave voltage of
34,055 volts and are only 65% larger than predicted.
This ZnSe crystal sample was also tested at 850 nm. The results of this
experiment are presented in Table (5-8). The transmission curves generated by using
the measured and predicted half-wave voltage for ZnSe at 850 nm are shown in
Figure (5-17). The locations of greatest response were found to be identical to those
shown in Figure (5-14) and the data taken at these poles were normalized and
averaged and are plotted with the measured and predicted transmission curves in
Figure (5-18).
ZnSe – 850 nm
Median Vπ (V)
Standard Deviation (V)
Error (%)

Raw Measured
33108
2350
7.1%

Table (5-8) – ZnSe Vπ results at 850 nm

Drift Corrected
33028
2624
8.0%
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Figure (5-17) – Transmission curves for ZnSe at 850 nm
We again see a striking difference between the measured transmission curve
and the predicted curve.

In seeing the same large error in both the 1319 nm

experiment and in the 850 nm experiment, we are more inclined to believe that our
measurement process was in error.
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Figure 5-18 – Pole data and transmission curves for ZnSe at 850 nm
We notice that the data curves in Figure (5-18) are still not fully linear at
voltages less than 300 volts. This leads us to again believe that the build-up of space
charge is the likely explanation.(45)
When we use all of the data for the ZnSe sample at 850 nm we find it to have
a drift-corrected Vπ of 33,028 volts with a measurement uncertainty of 8.0%. If we
compare this with the value predicted we are close to 158% larger than expected, but
if we use only the data from 300 volts and up, we calculate a half-wave voltage of
28,797 volts that is 125% larger than the predicted value.
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BSO Results
Table (5-9) lists values of Vπ for BSO that have either been directly reported
or have been calculated using Equation (2-37) and the data reported in the literature.
We are able to roughly extrapolate the half-wave voltage of BSO at 850 nm and
1319 nm utilizing a trendline fitted to the data reported in Table (5-9). We again
make the same assumption of a linear relationship between the half-wave voltage and
wavelengths longer than about 400 nm. Figure (5-19) shows a plot of the Vπ values
from Table (5-9) with a linear trendline fit to the data. Using the equation of this
linear trendline, we should expect to measure a half-wave voltage for BSO at 850 nm
of approximately 6,211 volts and 10,019 volts at 1319 nm. However, it should be
noted that due to the large scatter observed in the reported half-wave voltages, we are
only able to linearly fit the data with an accuracy of about 40%. This leads to only a
40% confidence level in our predictions.

Source

Wavelength (nm)

Index of
Refraction

Pockels Coefficient
(pm/V)

Vπ (V)

Aldrich(44)
Edvold(33)
Grunnet-Jepsen(45)
Grunnet-Jepsen(45)
Grunnet-Jepsen(45)
Henry(46)
Mallick(41)
Murillo(42)
Shepelevich(43)
Yariv(1)

632.9
514.5
632.8
514.5
632.8
650
578
532
632.8
633

2.532
2.615
2.53
2.62
2.53
2.532
2.56
2.53
2.54
2.54

5
4.52
3.7
4.3
4.35
4.1
3.5
4.41
5
5

3900
3183
5280
3326
4491
4883
4922
3725
3862
3863

Table (5-9) – Reported values of Vπ for BSO
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Figure (5-19) – BSO Vπ literature data
The BSO sample was obtained from the same commercial crystal company
that supplied the second BGO crystal sample. It measured 3.5 mm in diameter, was
10 mm long and was tested using the double-pass method at 1319 nm and 850 nm.
The optical activity of this crystal has caused the locations of the orientations
of interest to move from where they would be expected for a non-optically active
crystal. We were able to generate calculated response lobes using the Jones calculus
analysis of a double-pass sensor system in the Appendix. Figure (5-20) shows these
response lobes and the relative locations of the orientations of interest for the BSO
crystal at 1319 nm.
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Figure (5-20) – BSO orientations of interest at 1319 nm
Once the poles of the crystal were determined, sensor response data was taken
at each location. Not surprisingly, the Vπ data exhibited some amount of scatter. The
data taken at one positive pole matches well with the other positive pole, as do the
negative poles. However, the values measured at the positive poles do not match up
very well with those of the negative poles. This can been seen in Figure (5-22),
which shows the pole data curves along with the transmission curves generated using
the measured and predicted half-wave voltages presented in Figure (5-21). The
overall standard deviation was not outrageous however, which led to a reasonable

112
measurement uncertainty error. This can be seen in Table (5-10) along with the
measured half-wave voltage of BSO at 1319 nm.

Figure (5-21) – Transmission curves for BSO at 1319 nm

BSO – 1319 nm
Median Vπ (V)
Standard Deviation (V)
Error (%)

Raw Measured
15030
786
5.2%

Table (5-10) – BSO Vπ results at 1319 nm

Drift Correction
15013
794
5.3%
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Figure (5-22) – Pole data and transmission curves for BSO at 1319 nm
The BSO sample at 1319 nm yielded a drift-corrected Vπ of 15,013 volts with
a measurement uncertainty of 5.3%.

When compared to the predicted value of

10,019 volts at 1319 nm, we have an error of about 50%. This error is attributed to
the low confidence level of our prediction and to the intrinsic optical activity of BSO.
The effects of optical activity on a double-pass bench-top experiment have
been investigated in the Appendix at the end of this thesis. We have successfully
used this analysis to show the effects of optical activity upon the 850 nm BSO
experiment and to correct for these effects. An analysis of the 1319 nm experiment
was not performed however, as the optical activity of BSO at 1319 nm was not found
in the literature.
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The values of Vπ obtained for BSO at 850 nm are very uncertain. The
locations of the poles and axes of the crystal were different at 850 nm than the ones
found at 1319 nm. Figure (5-23) shows the locations of interested for BSO at 850 nm
along with calculated response lobes for a double-pass sensor system.

Figure (5-23) – BSO orientations of interest at 850 nm
When we examine the transmission curves generated using the measured and
predicted half-wave voltages, we see a large amount of deviation. Figure (5-24)
shows these curves and Table (5-11) presents the half-wave voltage found for BSO at
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850 nm. The large standard deviation and uncertainty error are easy to see in the pole
data curves shown in Figure (5-25).

Figure (5-24) – Transmission curves for BSO at 850 nm

BSO – 850 nm
Median Vπ (V)
Standard Deviation (V)
Error (%)

Raw Measured
17456
4128
23.7%

Table (5-11) – BSO Results at 850 nm

Drift Correction
17434
4097
23.5%
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Figure (5-25) – Pole data and transmission curves for BSO at 850 nm
At 850 nm, the BSO sample was found to have a drift-corrected half-wave
voltage of 17,434 volts with a measurement uncertainty of 23.5%. These values are
about 180% larger than predicted.
The large error seen in the 850 nm BSO experiment is almost wholly
attributed to the optical activity of BSO. A Jones calculus analysis of the optical
activity of BSO at 850 nm has been performed in the Appendix to quantify the errors
seen in this experiment. The end results of this analysis will now be presented and
the reader is referred to the Appendix for a thorough description of the method used.
Using the Jones model for the optical activity of BSO at 850 nm, we were able
to generate a sensor transmission curve that more closely follows the data we
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measured. Figure (5-26) shows the measured, predicted and calculated transmission
curves for the 850 nm BSO experiment. Figure (5-27) shows how well the calculated
transmission aligns to the data curves measured for BSO.

Figure (5-26) – Transmission curves for optically active BSO at 850 nm
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Figure (5-27) – Data curves for optically active BSO at 850 nm
We have used the Jones model for the BSO system to determine a corrected
half-wave voltage of 7,025 volts for BSO at 850 nm. This value takes into account
the effects of optical activity observed in this experiment. When compared to the
originally predicted half-wave voltage for BSO at 850 nm, we find that our corrected
value is only 13.1% off.
Sources of Error
While examining the data presented above, several sources of error were
determined. The BGO crystal exhibits the least amount of total error. What little
error BGO did demonstrate is likely the result of optical misalignment. Another
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likely source of error is thermal drift. We have already seen that the laser source
drifts with temperature, however the receiver, waveplates and the Pockels cell itself
are all thermally sensitive. Even though steps were taken to measure and correct for
the source drift, the corrected data shows little improvement over the raw data. This
could be due to random changes in the laser output polarization giving rise to false
coupler readings at the reference detector, as the coupler is polarization sensitive.
The thermal dependence of the receiver, waveplates and the Pockels cell were not
investigated, however the reader is referred to the literature for the thermal
dependence of electro-optic crystals.(20)
The large source of error witnessed in the ZnSe experiments is most likely
attributed to an unknown gross measurement error.

This experiment yielded

consistently inaccurate results and it is recommended that the experiment be more
carefully and thoroughly performed in the future.
The optical activity of BSO has been shown to be the primary culprit in the
erroneous results obtained for the BSO crystal. BSO is reported to have an intrinsic
optical rotatory power of approximately 12° per mm at 850 nm.(61) For our 10 mm
crystal sample, this means the polarization angle was rotated by about 120°. The
double-pass experiment corrected for this over-all rotation by passing the rotated light
back through the crystal.

However, the angle of the elliptically polarized light

becomes increasingly misaligned to the maximum modulation orientation as it travels
through the Pockels cell. This misalignment inside the crystal causes the phase added
by the Pockels cell to diminish, which leads to false transmission readings for the
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sensor and in turn inaccurate calculations of the half-wave voltage.

Further

explanation of the errors associated with the BSO experiments and a mathematical
analysis of the optical activity of BSO is given in the Appendix.
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CHAPTER 6
CONCLUSIONS
Electro-optic crystals that exhibit the Pockels effect have been tested for
performance and integrated into electro-optic voltage sensors used for noninvasive
electron particle accelerator diagnostics. These sensors have been fielded on the
second accelerator axis at DARHT and electro-optic sensor work is ongoing at Los
Alamos National Laboratory in Los Alamos, New Mexico. New sensor designs and
performance data for these sensors are available in the literature.(12,13,14,15)
Of the crystal samples tested for this research, BGO yielded the most
promising results even though it was the least sensitive crystal. It demonstrated an
average corrected half-wave voltage of 75,531 volts at 1319 nm and 46,832 volts at
850 nm. The results at 850 nm strongly compare to those obtained from the literature
and the results at 1319 nm were measured to be within 10% of the value extrapolated
using data from the literature. The BGO results measured in this research are added
to those in Table (5-2) and are shown below in Figure (6-1). The results from this
thesis and those reported of BGO’s resilience in harsh environments(17,18,19) make it
the best candidate for electro-optic voltage sensors for accelerator diagnostics.
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Figure (6-1) – BGO Vπ data
Zinc selenide demonstrated an average corrected half-wave voltage of 43,513
volts at 1319 nm and 33,078 volts at 850 nm. The results obtained for ZnSe were
found to be very different from what was expected based upon extrapolated values.
Measurement errors are suspected to be the cause of this deviation. Regardless, ZnSe
is proved to be a sensitive crystal when used for measuring voltages on the order of a
few kilovolts. It is likely not a good candidate for electro-optic voltage sensors in
accelerator diagnostics due to its low voltage nonlinearity.

Further testing is

warranted to determine the cause of the errors seen in this experiment. Figure (6-2)
presents the ZnSe data from this research along with other half-wave voltages
reported in the literature.
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Figure (6-2) – ZnSe Vπ data
Bismuth silicon oxide demonstrated a corrected half-wave voltage of
15,020 volts at 1319 nm and 7,025 volts at 850 nm. The half-wave voltage of BSO at
1319 nm was found to be 50% off of what was predicted. Upon careful analysis of
the 850 nm experiment, the prediction deviation was reduced from 180% to about
13% when optical activity was taken into account. Although it was shown that the
optical activity of BSO can be mathematically corrected for, this intrinsic optical
property makes BSO a bad choice for electro-optic sensors. Figure (6-3) shows the
results obtained for the BSO experiments along with the reported half-wave voltages
given in the literature.
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Figure (6-3) – BSO Vπ data
An ancillary goal of this research was to compare the sensitivity of the three
crystals to each other. Table (6-1) and Figure (6-4) presents the Vπ values for the
three crystals tested.

λ = 1319 nm
Half-wave Voltage (V)
λ = 850 nm
Half-wave Voltage (V)

BGO

ZnSe

BSO

75531

43513

15020

46832

33078

7025

Table (6-1) – Thesis research results summary
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Figure (6-4) – Thesis research results summary
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APPENDIX A
JONES CALCULUS
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Bench Top Experiment Analysis
We are able to use a method called Jones calculus to describe the state of
polarization of the single-pass and double-pass bench top experiments. We shall
forgo most of the basics of Jones calculus and assume the reader has a base
knowledge of this technique.
Figure (A-1) presents an equivalent optical configuration of the single-pass
bench top experiment, where θ = 45°. We shall describe mathematically, using Jones
calculus, the state of polarization of the light as it passes through each optical element
of this system.

Figure (A-1) – Optical equivalent of the single-pass bench top experiment
Since a Jones vector that describes unpolarized light does not exist, we shall
assume we have linearly polarized light, oriented to the x axis of the system,
emerging from our fiber optic cable and traveling in the positive z direction. This is
described by the normalized Jones vector
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1 
J1 =  
0 

(A-1)

This light passes through a linear polarizer oriented to the x axis. This linear polarizer
is described by the Jones matrix
1 0 
TLP1 = 

0 0 

(A-2)

The Jones vector that describes the polarization state of the light after passing through
this polarizer is given by
J 2 = TLP1 J 1

(A-3)

1 
J2 =  
0

(A-4)

which, upon substitution, becomes

The light remains linearly polarized along the x direction. It now passes through a
quarter waveplate, or quarter-wave retarder, with its extraordinary axis of refraction
aligned with the x′ axis. This is described by the Jones matrix
cos(θ )2 + sin (θ )2 e − iφ
TWR (θ , φ ) = 

− iφ
 cos(θ ) sin (θ ) 1 − e

(

)

(

)

cos(θ ) sin (θ ) 1 − e − iφ 

2
2 − iφ 
sin (θ ) + cos(θ ) e 

(A-5)
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where φ is the amount of retardation and θ is the orientation of the extraordinary axis
of refraction to the x axis. For this waveplate, φ = π 2 and θ = 45°. Transmission
through this element is described by the Jones vector

J 3 = TWR (θ , φ )J 2

(A-6)

1 1 
 2 − 2 i

J3 = 
1 1 
 2 + 2 i



(A-7)

which leads to

After passing through the quarter waveplate, the linearly polarized light is
now right hand circularly polarized. The next element in the single-pass bench top
experiment is the Pockels cell. We shall assume that the ITO coated windows do not
change the polarization of the light. The Pockels cell, however, acts as a variable
waveplate with the amount of retardation, Γ, primarily determined by the voltage
applied to the crystal. This retardation is given in Equation (2-31) in the second
chapter, but we shall rewrite it as

Γ=

πV
Vπ

(A-8)

to include the half-wave voltage of the crystal. The crystallographic axes of the
Pockels cell are oriented to the x and y axes shown in Figure (A-1). When an electric
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field is applied to the crystal, the crystal becomes birefringent and develops ordinary
and extraordinary axes of refraction. The extraordinary axis of refraction is aligned to
the x′ axis shown in Figure (A-1). The Jones matrix that describes a Pockels crystal
with this orientation is given as
cos(θ )2 + sin (θ )2 e − iΓ
TPC (θ , Γ ) = 

− iΓ
 cos(θ ) sin (θ ) 1 − e

(

)

(

)

cos(θ ) sin (θ ) 1 − e − iΓ 

2
2 − iΓ 
sin (θ ) + cos(θ ) e 

(A-9)

The light exiting the Pockels cell is now right elliptically polarized with the amount
of ellipticity determined by the voltage applied to the crystal. The Jones vector that
describes this polarization is given as
J 4 = TPC (θ , Γ )J 3

(A-10)

 πV 


 −i
 1 − 1 ie  Vπ  


J4 =  2 2
 πV  
 1 1  −i Vπ  
 + ie

2 2


(A-11)

which is

This partially elliptical light passes through another linear polarizer, this one
oriented to the y axis. Its Jones matrix is given by
0 0 
TLP 2 = 

0 1 

(A-12)
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The Jones vector that describes the light after it passes through this linear polarizer is
J 5 = TLP 2 J 4

(A-13)

0




 πV  
J5 = 
 −i

 1 + 1 ie  Vπ  
 2 2


(A-14)

or

after substitution. This Jones vector describes the polarization state of the light after
it has passed through the single-pass bench top experiment.

The second linear

polarizer has converted the elliptical voltage dependant polarization into linearly
polarized light along the y direction where the intensity of the light is now dependant
upon the voltage applied to the crystal.
Figure (A-2) shows a configuration that is optically equivalent to the doublepass bench top experiment. For this analysis we shall consider the polarizing
beamsplitting cube as a linear polarizer to reduce the complexity of the Jones
analysis.
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Figure (A-2) - Optical equivalent of the double-pass bench top experiment
The Jones calculus for the double-pass bench top experiment is only slightly
different from that of the single-pass configuration. We shall again start with linearly
polarized light aligned to the x axis, which is given by Equation (A-1). This light
passes through a linear polarizer oriented to the x axis, given by Equation (A-2). The
Jones vector describing the light after passing through the polarizer is shown in
Equations (A-3) and (A-4). Instead of passing through a quarter waveplate, the light
now passes through an eighth waveplate with its extraordinary axis of refraction
oriented to the x′ axis shown in Figure (A-2). This waveplate is described by the
same Jones matrix given in Equation (A-5), only now φ = π 4 . The Jones vector for
the light after passing through the wave retarder is the same as Equation (A-6), but
after substitution becomes
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1 1
2 + 4
J3 = 
1 1
 −
2 4

1

i 2
4


1
2 + i 2
4

2 −

(A-15)

The light then passes through the electro-optic crystal described by the Jones matrix
in Equation (A-9). This leads to the same expression given by Equation (A-10) but
yields

1 + 1

J4 =  2 4
1 1
 −
2 4


(1 − i) )
2e


 πV 
 −i

 V 

π

(1 − i) )
2e

 πV
 −i
 V
π







(A-16)

after substitution.
Next, we must investigate the effects of a mirror to the state of polarization of
the light. Upon a normal incidence reflection from a mirror, both orthogonal electric
field vectors of the polarized light switch sign. However, we must now be aware that
the Jones vector on the return path through the polarization optics is described by a
left handed system, where we have been working in a right handed coordinate system.
To correct for this, we write the Jones matrix for a reflector as
1 0 
R=

0 − 1

(A-17)
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so that the right handed coordinate system is maintained on the return path through
the system.

We must now take care in describing the orientation of the wave

retarders, as we have undergone a 180° phase shift of the x axis, x = -x. To account
for this phase shift, we set θ = -45° when describing the orientation of the Pockels cell
and eighth waveplate to the x axis on the second pass through each component.
The Jones vector of the light after reflecting off of the mirror is given by
J 5 = RJ 4

(A-18)

 πV 


 −i

 V 
1
1
π 


(1 − i) ) 
+
2e
 2 4

J5 = 

 πV 
 −i

 V 
 1 1

2 e  π  (1 − i ) )
− +
 2 4


(A-19)

and expands to

We now pass through the Pockels crystal for the second time. The Jones vector for
this is given by
J 6 = TPC (− θ , Γ )J 5
which expands to

(A-20)

135
 2πV 


 −i


1
1
Vπ 


(1 − i) ) 
+
2e
 2 4

J6 = 

 2πV 
 −i


 1 1

Vπ 

(1 − i) )
2e
− +
 2 4


(A-21)

This light now passes back through the eight waveplate, denoted by
J 7 = TWR (− θ , φ )J 6

(A-22)

 2πV 

 −i
 

1
1
V 

− ie  π  


J7 =  2 2
 2πV  
 1 1  −i Vπ  
− − ie

 2 2


(A-23)

which becomes

The second pass through the linear polarizer given by the Jones matrix in Equation
(A-12) is expressed by the Jones vector
J 8 = TLP 2 J 7

(A-24)

0




 2πV  
J8 = 
 −i

− 1 − 1 ie  Vπ  
 2 2


(A-25)

and becomes
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which is the polarization state of the light exiting the double-pass bench top
experiment.

This light is linearly polarized along the y axis with its intensity

dependant upon the voltage applied to the electro-optic crystal.
Sensor Design Analysis
The first voltage sensor design can be analyzed using Jones calculus in a
manner almost identical to the double-pass bench top experiment. The polarization
analyzer in this sensor is the same x-axis oriented linear polarizer used to initially
polarize the light entering the sensor. If we swap the Jones matrix for the linear
polarizer given in Equation (A-24) with the Jones matrix of Equation (A-2) we shall
have aligned polarizers. This will result in a Jones vector for the first sensor design
of the following.
 2πV 


 −i
1
1
 − ie  Vπ  

J8 =  2 2




0



(A-26)

The analysis of the double-pass bench top experiment happens to be identical
to the analysis of the second voltage sensor design.

We shall therefore forgo

repeating this work and simply state that the Jones vector for the second sensor design
is given as Equation (A-25).
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BSO Analysis
We are also able to use Jones calculus to analyze the errors seen for BSO at
850 nm in the double-pass bench top experiment intended to measure Vπ for the
crystal.

We are able to show how the optical activity of BSO affected the

experimental measurements and use the Jones calculus model to correct for the errors
due to optical activity and report a newly corrected half-wave voltage for BSO at
850 nm.
The optical activity in BSO causes the polarization angle of the light passing
through it to rotate. This property is commonly called circular birefringence and is a
naturally occurring phenomenon in BSO. Because the principal axes of polarization
are rotated as they travel through the BSO, they become misaligned to the orientation
within the electro-optic crystal that yields the largest linear birefringence. Because of
this, attempts to measure the linear birefringence become exceedingly complicated.
In fact, for crystals with optical activity the notion of half-wave voltage is
inappropriate and only mathematically attained through the use of Equation (2-37),
the Pockels coefficient and index of refraction.(40,51) Optical activity also makes the
measurement of the Pockels coefficient challenging, evidenced by Figure (A-3),
nevertheless techniques have been reported in the literature.(40,45,46,47,48,49,51)
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Figure (A-3) – Reported Pockels coefficients for BSO
We are able to describe the behavior of optical activity as a polarization
rotation given by the Jones matrix
 cos(ρ ) − sin (ρ )

TPR (ρ ) = 

(
)
(
)
sin
ρ
cos
ρ



(A-27)

where ρ is the amount of rotation of the principal axes of polarization. We are able
to recycle most of the double-pass bench top experiment work above for an analysis
of the BSO Vπ measurement. The optical configuration of this analysis is identical to
what is shown in Figure (A-2). The only difference is the Jones description of the
Pockels cell. We shall begin our analysis with Equation (A-15), which describes the
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polarization state of the light after passing through the eighth waveplate. From this
point, the light enters the BSO crystal, however, because the crystal is optically active
we must insert Equation (A-27) into the Jones calculus.
In order to accurately describe the state of polarization of the light as it passes
through the crystal, we cannot simply state
J 4 = TPC (θ , Γ )TPR (ρ )J 3

(A-28)

as this describes a rotation of polarization before passing through the Pockels cell.
Instead, we shall incrementally break down the amount of rotation due to optical
activity and account for the amount of linear birefringence given by the Pockels cell
at each increment. As we make the increment smaller and smaller, we converge to an
accurate description of the polarization state of the light exiting the BSO crystal. It
was found mathematically that choosing an increment of 1/1000 provided a
convergent Jones vector. The BSO crystal that was tested measured 10 mm in length,
yielding an incremental slice of 10 µm. For each 10 µm slice, the circular and linear
birefringence are calculated and a Jones vector summation is determined for one pass
through the entire optically active crystal. This summation is given by

 
Γ   ρ 
J 4 = TPC θ ,

TPR 
  1000   1000 

1000

J3

(A-29)
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which represents the polarization state of the light just before the reflector. The Jones
matrix for the state of polarization after the reflector is the same as that given by
Equation (A-18). The second trip through the Pockels cell yields a Jones vector of

 
Γ   ρ 
J 6 = TPC  − θ ,

T 
1000  PR  1000 
 

1000

J5

(A-30)

The light then again passes through the eighth waveplate, denoted by the Jones vector
in Equation (A-22). The state of polarization of the light exiting the linear polarizer is
described by Equation (A-24). A symbolic representation of this Jones vector, like
the one in Equation (A-25) is not feasible, given the number of matrices in this
vector, however, we are able to describe the entire system by a Jones vector
containing the Jones matrices for each optical element. This vector is given by

 
Γ   ρ 
J 8 = TLP 2 TWR (− θ , φ )TPC  − θ ,

T 
1000  PR  1000 
 

1000

R
(A-31)

 
Γ   ρ 
TPC θ , 1000 TPR  1000 
 

 

1000

TWR (θ , φ )TLP1 J 1

Using the above equation, we are able to numerically analyze the effects of
optical activity on an electro-optic Vπ measurement. We shall evaluate the BSO
experiment at 850 nm where its optical activity has been reported as ρo = 12°/mm.(61)
This yields a total rotation of ρ = 120° for a 10 mm long crystal. For the value of the
half-wave voltage used in numerically analyzing the BSO experiment, we shall use
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the predicted value of 6,211 volts. Our choice in using this half-wave voltage for the
numerical analysis is geared toward determining sensor response when optical
activity is taken into account. If done correctly, we would hope to use the predicted
half-wave voltage to generate a transmission curve that better approximates the data
curves measured in the BSO experiment at 850 nm.
The output of the Jones vector in Equation (A-31) is a two element complex
matrix representing the amplitude and phase of the light. In order to find the intensity
of the light we must apply the following formula.
2

IT

1
 0
= J ⋅  + J ⋅ 
1
 0

2

(A-32)

where IT is the optical transmission through the sensor system and J is the Jones
vector describing the system. We can substitute Equation (A-31) into the above
equation and plot the sensor transmission as a function of applied Pockels voltage
given θ, φ, Γ and ρ. When ρ = 0, we will generate a transmission curve identical to
the one shown in Figure (3-8) for the transmission through a double-pass sensor
configuration with crossed polarizers. If we account for ρ, we can visually determine
the effects of optical activity by comparing the transmission curve through an
optically active sensor system to the transmission curve of a non-optically active
system. To do this, we can add the calculated optically active transmission curve to
the measured and predicted transmission curves of BSO at 850 nm given in
Figure (5-24). This new comparative plot is shown in Figure (A-4) where the black
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dotted curve and solid black curve represents the predicted and measured
transmission curves respectively through the system with optical activity ignored.
The grey dashed-line curve represents the transmission through the same system but
with optical activity taken into account.

Figure (A-4) – Transmission curves of optically active BSO at 850 nm
We can add our newly calculated transmission curve to Figure (5-25), the plot
showing the actual data curves at 850 nm, to see if our calculations are correct. As
we can see from this figure, our calculations do not seem to align well with the
measured data curves.
optically active system.

This leads us to further investigate the behavior of this
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Figure (A-5) – Data curves of optically active BSO at 850 nm
The analysis above makes the assumption that the optical axes of the BSO
crystal are aligned to the other optical components of the system as one would align a
normal cubic crystal. As we are beginning to see, BSO is not a normal cubic crystal.
In light of this, we have plotted the optically active sensor response as a function of
rotational alignment of the crystal. A normal double-pass cubic crystal system should
produce response lobes like those in Figure (5-23). However, when optical activity is
taken into account, we find that the response lobes change shape and orientation. Our
half-wave voltage measurements were made at the locations of greatest response and
were thus arbitrarily aligned to the other optical components of the bench-top
experiment.

If we use the new orientation of greatest response taken from the
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calculated response lobes of Figure (A-6), we can generate new transmission curves
that should better simulate our actual measurement configuration.

Figure (A-6) – Optically active BSO orientations of interest at 850 nm
Instead of aligning the BSO crystal to θ = 45° to the x axis of the system, we
find that the BSO sensor will have the greatest response when θ = 105.5°. Using this
optimized alignment, we can generate transmission curves to see if our new
calculations better approximate that which was measured. Figure (A-7) shows the
newly calculated transmission curve with the measured and predicted transmission
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curves of BSO at 850 nm. It is easy to see that we have calculated a transmission
curve that closely approximates the measured transmission curve measured in the
BSO experiment at 850 nm. It is even more evident in Figure (A-8), which shows our
optimized calculation of the transmission through optically active BSO with the
measured data curves.

Figure (A-7) – Transmission of optimized optically active BSO at 850 nm
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Figure (A-8) – Data curves of optimized optically active BSO at 850 nm
As you can see from the analysis above, optical activity not only affects the
sensitivity of the system but also affects its linearity. The circular birefringence
caused by the optical activity washes out the induced linear birefringence, leading to
false measurements of the half-wave voltage for BSO.
We are able to use this Jones model of the optically active BSO system to
estimate a corrected half-wave voltage for BSO at 850 nm. We find that our model
converges upon the measured transmission curve when the half-wave voltage is
approximately 7,025 volts. This means that in the absence of optical activity, we
would have measured a half-wave voltage of 7,025 volts for BSO at 850 nm. This
value would have been 13.1% larger than the predicted half-wave voltage of
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6,211 volts. To further illustrate, we have plotted the reported values with our newly
corrected half-wave voltage for BSO at 850 nm in Figure (A-9).

Figure (A-9) – Updated BSO Vπ data
As far as the author knows, the optical activity of BSO has not been reported
at 1319 nm. We recommend further study of BSO at longer wavelengths if the reader
is interested. For the purposes of this thesis, in which we investigated the linear
electro-optic effect as it applies to voltage sensors, BSO is not a good choice due to
its intrinsic optical activity.
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