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ABSTRACT

As mechanical systems rely more on closed-loop control, the sensors which supply
feedback information are essential. Additionally, in systems where sensor function
is critical, sensor redundancy is important to retain functionality if one or more
sensors fail. Redundancy can be achieved through multiple high-fidelity sensors which
measure the same type of information, such as gyroscopes or accelerometers. However,
multiple high-fidelity sensors can increase cost significantly. This thesis explores the
potential to replace or augment the functionality of angular position sensors using
strain measurements. Strain gauges are already used in system health monitoring
systems. By utilizing these already implemented sensors to measure angular position,
we can remove the additional cost of redundant angular position sensors. However,
for complex systems, the mapping between strain and angular position is unclear. By
incorporating reduced order, physics-based models into machine learning techniques,
we can efficiently transform high-order strain data into angular position.

To demonstrate the potential of using alternative sensing methods, we developed
a reduced order model of a parametrically excited flexible pendulum. Inspiration for
this simplified system comes from insect halteres, which are small sensory organs
evolved from insect hind wings which provide rapid information about body rotation.
The parametrically excited flexible pendulum allows a single axis of rotation and
single direction of flexibility to be paired, and their relationship studied. By varying
parameters within the model such as pendulum length and modulus as well as
parametric excitation amplitude and frequency, the Gaussian process regression
learning can be optimized to reduce training time and increase untrained prediction
accuracy. Inputs of strain and parametric excitation position along with their
respective first and second derivatives are then analyzed to determine which inputs
are interrelated and therefore un-necessary, thus reducing the input required. This
provides the essential first steps towards using machine learning to implement multiple
sensor, deformation based, multi axial angular position sensing in complex systems.
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INTRODUCTION

Mechanical systems are far less simple than in years past, from rocket ships

to unmanned aerial vehicles to manufacturing processes, control of these systems is

essential. These systems rely more and more on closed-loop control which in turn

requires sensors to provide necessary feedback data [2]. These sensors vary greatly,

however for mechanical systems requiring remote positional feedback information,

accelerometers have become invaluable to these systems. While accelerometers are

convenient when either translational or rotational acceleration data is required, these

accelerometers come with a cost. For low cost systems accurate accelerometers can

contribute significantly to the total cost of the system and for systems like micro air

vehicles they contribute a significant portion of the weight [3]. In some critical systems

this cost is exacerbated by the need for redundancy. An alternative to redundant

sensors is to use sensors which may already be in place or are cheaper to implement

within the system. Potential systems where these sensors may already be in place is

in systems where real time structural health monitoring is used. In systems with real

time structural health monitoring strain gauges distributed throughout the system

give information about the deformation and loading of the system, which can be used

to determine the physical condition of the system [4]. By examining the potential use

of this strain information as a alternative sensing method for angular position, it may

be possible to augment or replace information from accelerometers. In the case of

redundant accelerometers, angular position prediction could replace accelerometers,

reducing the total cost of the system due to the lower relative cost of strain gauges.

The ability to encode angular position information from strain data is examined in
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this thesis.

Background

The inspiration for this method of determining angular position, like many

things, is bio-inspired. As nature has had billions of years to test new methods

of doing things, often, solutions to complex problems humans face have already been

found in nature. Nature in fact has found many methods of measuring angular

position. Humans, utilize three different physical inputs while maintaining balance

[5]. While some of these method have been explored the inspiration for this research

project comes from insects, which are much simpler organisms.

Insect flight utilizes methods of generating lift that are much different than

methods used by birds and other larger flyers. Birds and other larger flyers are capable

of taking advantage of stable aerodynamics, this allows them to be more efficient in

their flight by using methods such as gliding. The downside to birds and larger fliers

being able to use these steady aerodynamic principles is that it requires the motion of

the flyer to be in a forward direction, which makes it impossible to hover. Insects are

unable to take advantage of these steady aerodynamic principles due to their small

size. Insects must take advantage of unsteady aerodynamic principles using methods

such as the clap and fling method or the delayed stall and wing rotation method [6].

However, these unstable flight mechanisms do have desirable features. Insects using

unsteady aerodynamic principles are able to hover and move in any direction making

them much more maneuverable. This, included with the fact that insects are usually

light and small, makes them ideal to be studied to help develop a lift production

mechanism for micro air vehicles [7].

Flapping Wing Micro Air Vehicles (FWMAV) are micro air vehicles which mimic

the flapping motion which insects use as a lift production mechanism. They are
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defined as being smaller than 15cm in any dimension. Their mechanism of lift

production must use a flapping motion rather than a rotational method of generating

lift which a helicopter uses. Because of the unsteady aerodynamic principles which

they use to generate lift FWMAVs are inherently unstable and need to be controlled

using angular position information. A potential method for determining angular

position of a FWMAV is to mimic the insect ocelli. The insect ocelli is similar to

eyes however it functions at a much lower fidelity. The ocelli is studied as insects

such as honeybees are capable of stabilized flight while having only a a single set of

wings. It is believed that honeybees use ocelli to determine the level of the horizon

and use this information as a guide for stabilizing flight. This method of FWMAV

stabilization has been studied by Fuller et al. [8]. In this study an array of photo

diodes are placed on the top of a FWMAV and using a light along with light intensity

data from the photo diodes the angle of the FWMAV can be determined and used

for control. Another important topic discussed in this study is the necessity that

traditional gyroscopes are removed from FWMAV due to their relatively large weight

and power consumption along with lack of signal fidelity due to the flapping wings.

Another bio-inspired method of angular position sensing used by insects are halteres.

Halteres are a sensory organ found on insects of the order Diptera. Diptera are

insects such as flies which use a single pair of wings for thrust production in flight.

However their second set of wings still exist but have a much different function. They

have evolved to have a long thin profile with a club shape on the end of them with

mechanoreceptors at the base as seen in Figure 1.1. This has allowed them to become

sensory organs similar to gyroscopes [1]. These halteres flap at the same frequency

at which the wings of the fly flap, however they are antiphase to the motion of the

wing [9]. It was first noticed by Derham in 1714 that the halteres were essential to

flight in flies. However he believed that the halteres acted as balancers, similar to the
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Figure 1.1: Haltere as shown on Diptera Calliphora, a. shows the haltere location on
the insect as well as scale, b. shows the general shape of a haltere. [1]

pole a tightrope walker uses to remain balanced [10]. It is no longer believed that

the halteres act as balancers, it is believed that halteres are able to determine rapid

body rotations due to Coriolis effects as well as inertial forces. This allows insects

to quickly correct their flight when disturbed [11]. It has also been shown that the

information from the halteres affect the muscles which stabilize the head of the insect

allowing them to keep vision steady during rapid disturbances [12]. It has been shown

through experimentation that for diptera these halteres are essential for flight. By

removing the halteres surgically and then suspending the insect in the air using string

it was shown that the insects were incapable of stabilization after the halteres had

been removed [13].

Halteres have been studied for application in FWMAV. Halteres are examined

as a stabilization method due to their low weight and their utilization of the already
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present flapping motion these vehicles use for propulsion. Several attempts have

been made for developing a bio-mimetic gyroscope based on the haltere [14, 15, 16].

However, the focus of this thesis is not creating a gyroscope based on the haltere or

other potential method of determining angular position for immediate use on a micro

mechanical flying insect. The goal is to use strain gauges as a possible bio-mimetic

parallel to the mechanoreceptors at the base of the haltere to determine angular

position. To use this strain data it must first be mapped from strain to angular

position. However, for a complex three dimensional object this mapping can be

difficult to determine analytically. One potential solution to this is machine learning.

Machine learning lends itself particularly well to complex pattern recognition with

many inputs [17]. However to begin to train these models significantly more simple

systems must be studied to determine best practices and evaluate feasibility.

In this thesis a reduced order model of a single rotational degree of freedom

system is developed. This reduced order model is then studied in depth. By

evaluating the accuracy of prediction, efficient methods of training are determined.

Optimal training data was determined by evaluating possible system responses and

determining which system responses produce highly versatile models. By performing

system parameter sweeps an ideal training setup was found in a manner which is

efficient both for simulation and real world experiments. From this ideal training

setup un-necessary inputs were determined and removed from the training data sets.

Further reduction of inputs was examined along with methods of improving prediction

by applying filters. These simulation based experiments will allow a simple transition

to physical experiment. By developing methods of predicting angular position in a

single degree of freedom system using deformation based information, these methods

can be expanded upon for use in systems with multiple degrees of freedom using

multiple deformation based measurements.
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Systems with structural health monitoring may be some of the first systems

in which multi sensor, deformation based, angular position sensing is implemented.

This is because systems with structural health monitoring systems already contain

the necessary strain sensors to supply the deformation data. These systems also may

provide an initial testing method which does not require the development of a physical

system as well as the data already having been collected. An example where structural

health monitoring is common is in aircraft. Aircraft are subjected to high design

loads due to necessity of weight reduction. This increases flight efficiency but causes

deformation to be higher as overall stiffness is reduced. Because of this it is important

to be able to monitor the structural health of the aircraft to make sure catastrophic

failure does not occur. One of the main advantages of integrated structural health

monitoring is that it provides real time monitoring of the stresses in critical aircraft

components to help determine when service is necessary. This allows for reduction

in cost as most aircraft maintenance is based solely on predefined service intervals

or determined to be necessary during routine inspections [18]. While conventional

methods of evaluating structural health such as ultrasonic detection remain common,

strain gauge structural health monitoring is becoming more prevalent [19]. By using

this structural health monitoring method which has been shown to be feasible in

complex systems, preliminary evaluation of multi sensor, deformation based, angular

position sensing can be completed while reducing both time and money necessary for

developing and implementing a system on which to collect data and test. But first a

method of using this data must be determined.

For many controls based problems the dynamics on which the system relies

depend on reduced order models. Many of these reduced order models neglect to take

into account forces which are small and have little impact on the system dynamics or

are nonlinear and hard to account for. Even if equations are developed, solutions to
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these equations are incredibly difficult to find, especially in multiple degree of freedom

systems [20]. However for systems where high accuracy is necessary or for high speed

optimization, accounting for these small effects and non-linearities is imperative.

One method of doing this is by training a machine learning model using inverse

dynamics. A prominent example of this is in robotic arm manipulation. Rather

than determining torques required to move a robotic arm in the desired way using

traditional control methods. Using machine learning methods, a function relating

angular position, velocity and acceleration of individual joints is mapped to the

torques required to make these motions happen [21]. By using the machine learning

algorithm, predictions can be made in situations of which the machine learning

model has no prior knowledge of. This makes the system much more versatile [22].

Another interesting case of using machine learning methods to learn system dynamics

is with the use of Pneumatic Artificial Muscles (PAMs). PAMs, unlike traditional

motors which are used to control robotic arms, are highly nonlinear throughout their

travel. For single degree of freedom systems this can be difficult to control using

analytical methods. However for multiple degree of freedom systems using PAMs,

it is extremely difficult to model system response using analytical methods. This

difficulty is exacerbated by the fact that PAMs like biological muscles are only capable

of puling so two must be combined and act in conjunction with each other, but in

opposite direction, to get bi-directional motion. Machine learning methods have been

shown to be effective at learning the inverse dynamics of PAM systems and capable of

using these learned inverse dynamics to control 4 muscle, 2 degree of freedom systems

[23]. Using machine learning methods for inverse dynamics can be a very valuable

tool for systems with non-linearities as well as when potential outputs are unknown.

This makes it particularly valuable as a tool set for multi-sensor, deformation based,

angular position sensing.
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Objectives

This work aims to show not that multiple sensor, deformation based, multi-

axial angular position sensing is possible, but rather to develop methods which are

applicable to a single degree of freedom system. By developing these methods for a

single degree of freedom system this will show that strain gauges can be used to encode

angular position information. Examination of training signal types is performed to

inform future studies of how machine learning models can best be trained when the

signal type they are trying to predict is unknown. Analysis of inputs and how to

determine whether they are truly needed or can be directly correlated to another input

can help guide future sensor placement when there are multiple deformations which

can occur. And by examining filtering of predicted results, methods of improving

predictions further are developed. To reiterate, the purpose of this work is not simply

to find a method of determining angular position of a flexible pendulum but rather

to act as a guide for future development of multi-sensor, deformation based, angular

position sensing.



9

MODELING OF A PARAMETRIC FLEXIBLE PENDULUM

In this section, first the rigid parametrically excited pendulum will be studied.

This is useful as it allows us to study the bulk dynamics of the flexible pendulum

while the equation remains relatively simple. Next the equations describing a flexible

pendulum will be derived. These reduced order equations will be the basis of the

thesis and used throughout. Finally, for a specific case, an approximate analytical

solution for the flexible parametrically excited pendulum is found using a uniform

expansion perturbation method.

Rigid Parametrically Excited Pendulum

The most useful simplification of the parametrically excited flexible pendulum

is the parametrically rigid excited pendulum. The bulk dynamics of the two are

very similar which makes studying the parametrically excited pendulum valuable.

However, first an appropriate method of deriving these equations must be examined.

Lagrange Energy Method

To derive the differential equations used to describe the flexible parametrically

exited pendulum as well as simplifications of the flexible parametrically excited

pendulum there were two methods of derivation that were considered. The first

was the traditional Newtonian dynamics. Using Newtonian dynamics typically

involves breaking systems of forces and reactions into separate coordinates and solving

individually. In the case of the flexible parametrically excited pendulum there are

three coordinate systems moving with respect to each other [24]. First there is

the global coordinate system. In the global coordinate system the entire system

is moving. This movement is a function of the parametric base excitation in the êY
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direction. Second is the motion of the pendulum about the base in the θ direction

as the pendulum rotates. This coordinate system is defined as if the base about

which the pendulum rotates is not moving. The third coordinate system is the

local coordinate system of the pendulum. Within this local coordinate system the

deflection of the pendulum is defined. This coordinate system is defined as if the

pendulum is not experiencing the base excitation or the rotation of the pendulum

about the base. Because of the complex interplay between these different coordinate

systems, it becomes very complicated very quickly to distill all of this information

into a single coordinate system. Another challenge of Newtonian mechanics is dealing

with constraining forces. When using Lagrangian dynamics these forces do not come

in to play because they do not do any work. For this reason,as well as the lack of

needing a consistent coordinate system , Lagrangian dynamics becomes very useful.

Lagrangian dynamics, unlike Newtonian dynamics is not as dependent on using

one base coordinate system. Lagrangian dynamics uses the kinetic and potential

energy of a system. The Lagrangian, L is equal to, T − V , where T , is the kinetic

energy and V , is the potential energy. Partial derivatives of the Lagrangian are taken

with respect to the generalized coordinate system (Gcs) which is desired, as seen

in Eq. (2.1). In the case of the flexible parametrically excited pendulum the total

kinetic energy is composed of the kinetic energy of continuous mass distributed along

the length of the pendulum. The velocity of this mass depends on the motion of the

base excitation, the rotation of the pendulum about the base and the deflection of

the pendulum from the unstressed position. The potential energy is composed of the

gravitational potential energy of this continuous mass from a fixed reference position

as well as the strain energy due to the deflection of the pendulum. In the case of

the flexible parametrically excited pendulum the generalized coordinate systems are

θ and qk, a term which will be introduced later on that helps represent the deflection
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êx

y(t)

~R

θ

g

Figure 2.1: Diagram of rigid parametrically excited pendulum

of the flexible pendulum as a single value.

d

dt

(
∂L

∂Ġcs

)
− ∂L

∂Gcs

= 0 (2.1)

Lagrangian dynamics are much simpler to use in the case of the flexible

parametrically excited pendulum. For this reason Lagrangian dynamics are used

to derive the governing equations of motion for all systems in this thesis.

Modeling of a Rigid Pendulum

The first step in deriving the differential equations that describe the motion of

a rigid parametrically excited pendulum is to state the assumptions which are made.

The first assumption is that the rod connecting the pivot of the pendulum to the

mass of the pendulum as well as the pivot, have no mass. The second assumption
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that needs to be made is that the motion of the base is defined and that the driving

force is significantly strong that the motion of the base exactly follows the defined

motion.

From Fig. 2.1, y(t) is the motion of the pivot in the vertical direction referenced

to a fixed location. ~R is the location of the mass at the end of the pendulum referenced

to the same fixed location. θ is the angle referenced from the negative ~eY direction. L

is the length of the pendulum. Using Lagrangian dynamics to derive the differential

equations describing the motion means the kinetic energy and potential energy of

the system must be found. The kinetic energy Eq. (2.2), is due only to the velocity

of the mass at the end of the pendulum. The potential energy Eq. (2.3), is only

due to the height of the mass above a fixed point. The results from evaluating the

Lagrangian can be found in Eq. (2.4). The details of calculating T and V are similar

to the method used in Appendix A, however in the case of the rigid pendulum they

are much simpler so they are omitted here.

T =
m

2

(
ẏ2 + 2θ̇Lẏ sin(θ) + θ̇2L2

)
(2.2)

V = mg[y(t) − L cos(θ)] (2.3)

L = T − V =
m

2

(
ẏ2 + 2θ̇Lẏ sin(θ) + θ̇2L2

)
−mg[y(t) − L cos(θ)] (2.4)

By evaluating Eq. (2.4) in Eq. (2.1) with theta as the generalized coordinate

system the equation of motion for a vertically excited rigid pendulum, Eq. (2.5), can

be found. A similar result with some substitutions can be found in Bartucelli et al.
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[25].

d

dt

(
∂L

∂θ̇

)
− ∂L

∂θ
= θ̈ + (ÿ + g)

sin(θ)

L
= 0 (2.5)

Stability Criterion of the Rigid Parametrically Excited Pendulum

The stability of the parametrically excited pendulum is an important focus.

By parametrically exciting the pendulum in a range which will not cause instability

it will be much easier to control the pendulum in a desired position. Because the

bulk dynamics of the parametrically excited rigid pendulum and the parametrically

excited flexible pendulum are so similar, the parametrically excited pendulum can

be used as a simple but accurate approximation for the much more detailed motion

of the parametrically excited flexible pendulum. One way to determine whether a

combination of pendulum physical characteristics and forcing characteristics is stable

or unstable would be to test all possible combinations for a very long amount of time.

However this is not very practical from a computing standpoint. Fortunately there

is another way. As shown by Rand [26], the equation of motion for a parametrically

excited pendulum Eq. (2.5) is very similar to the well studied Mathieu equation

(2.6). By assuming parametric excitation defined by Eq. (2.7), evaluating the second

derivative, and substituting into Eq. (2.5), Eq. (2.8) is found. Unfortunately this

is not an exact match to Eq. (2.6). In order to get Eq. (2.8) into a form that is

compatible with Eq. (2.6), it must be linearized about the downward position θ = 0,

because this is the only naturally stable position. The component of Eq. (2.8) which

must be linearized is sin(θ). Following the linearization method used by Nise in [27]

which uses a Taylor series expansion Eq. (2.9) is found. However there is still one

issue when comparing Eqns. (2.6,2.9). The last step in making them similar is to
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non-dimensionalize Eq. (2.9).

d2x

dt2
+ (δ + ε cos(t))x = 0 (2.6)

y = Ay cos(ωyt) (2.7)

θ̈ +

(
g

L
−
Ayω

2
y

L
cos(ωyt)

)
sin(θ) = 0 (2.8)

θ̈ +

(
g

L
−
Ayω

2
y

L
cos(ωyt)

)
θ = 0 (2.9)

This is done by introducing the variable τ where τ is described by Eqns. (2.10,2.11).

Non-dimensionalizing with respect to τ yields Eq. (2.12). By diving by ω2
y and

recognizing that g
L

= ω2
n for a pendulum the non-dimensionalized equation becomes

Eq. (2.13).

τ = ωyt (2.10)

dτ

dt
= ωy (2.11)

d2θ

dτ 2
ω2
y +

(
g

L
−
Ayω

2
y

L
cos τ

)
θ = 0 (2.12)

θ̈ +

(
ω2
n

ω2
y

− Ay
L

cos τ

)
θ = 0 (2.13)

Eq. (2.13) now matches Eq. (2.6) with δ = ω2
n

ω2
y

and ε = −Ay

L
. Now that

the equation describing the motion of a parametrically excited pendulum has been
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modified to match the Mathieu equation and has non dimensionalized terms which

describe the physical parameters of the system as well as the base excitation, Eq.

(2.13) can be solved to determine trends of stability and instability. To do this

Floquet theory is used. Using Floquet theory to evaluate the stability of the Mathieu

equation is a well studied topic. The method used by Chicone [28] is closely followed.

Using this method the stability of the Mathieu Equation can be evaluated. For a

range of δ and ε values a plot showing regions of stability and instability can be

seen in Fig. 2.2 otherwise known as an Ince-Strutt Chart. White regions represent

regions of stability, black regions represent regions of instability A similar result found

by Butikov [29], confirms the accuracy of the stability regions. This result is for a

system with no damping. For a system with damping the Ince-Strutt chart would look

similar however the unstable regions would would not contact the δ-axis increasing

the area of the region of stability.

While the Ince-Strutt chart created for the rigid pendulum will not be the same

as the flexible pendulum because of the similar dynamics between the rigid and flexible

pendulum it can help guide decisions for the forcing of the flexible pendulum. One

decision that it guides is the forcing amplitude of the perturbation. As seen in Fig.

2.2, regions of stability are more likely to occur in regions where ε is low. This means

the system is likely to be stable when the excitation amplitude is small relative to

the length of the pendulum. Another observation which can be made is that if a

specific ε value is required, a region of stability can be found by either increasing or

decreasing δ until a region of stability is found. Now that the dynamics of the rigid

parametrically excited pendulum have been well studied, we include flexibility.
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Figure 2.2: Stability of parametrically excited pendulum. White regions are stable,
black regions are unstable.
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Flexible Parametrically Excited Pendulum

The inspiration for his flexible parametrically excited pendulum model comes

from the insect haltere. There is one important difference to note between this model

and the haltere. An insect haltere experiences a angular base excitation and this

model uses a vertically exited base. This difference is due to a translational base

excitation being simpler to produce in the lab than a rotational excitation at the

necessary amplitude to simulate the range of motion of the haltere. To derive the

equation of motion for a flexible parametrically excited pendulum, a process similar to

the derivation of a rigid parametrically excited pendulum is used. Again Lagrangian

dynamics are utilized for the derivation however the flexibility of the pendulum must

be accounted for. To do this the method of assumed modes is utilized to represent

the deflection of the pendulum as a single number rather than a function, or tracking

individual points along the pendulum. This section contains a simplified version of

the derivation, for the full derivation see Appendix A.

Modeling of a Flexible Pendulum

Figure 2.3 has been created as a visual reference for the flexible pendulum

derivation. From Figure 2.3, the perturbation is occurring in the ~eY direction of the

global coordinate system. The θ motion of the flexible pendulum is occurring about

the moving pivot point of the pendulum. The flex in the pendulum is occurring in

the êx direction of the local coordinate system.

To derive the differential equation using Lagrangian dynamics the kinetic energy

T and the potential energy V must be found. From there the Lagrangian, L = T −V ,
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eY

eX

r

êy

êx

y(t)

~R

θ

w(r, t)

Figure 2.3: Flexible Parametrically Excited Pendulum

is found and then evaluated in Eq. 2.14.

d

dt

(
∂L

∂Ġcs

)
− ∂L

∂Gcs

= 0 (2.14)

The first step in finding the kinetic energy, T , is determining ~R which represents

the position of all points along the pendulum from a fixed reference point. The

simplified expression for ~R is written in terms of the local coordinate system and can

be seen in Eq. (2.15).

~R = [w(r, t) − y(t) sin(θ)]êx + [r − y(t) cos(θ)]êy (2.15)

Next Ṙ must be evaluated. The result can be seen in Eq. (2.16). Ṙ is the

velocity of the flexible pendulum at any given point along the pendulum for a general



19

perturbation y(t).

Ṙ = θ̇êz × ~R +
∂ ~R

∂t
= [ẇ(r, t) − ẏ sin(θ) − θ̇r]êx + [θ̇w(r, t) − ẏ(t) cos(θ)]êy (2.16)

Once Ṙ has been found the kinetic energy can be found as well, but before this

the method of assumed modes must be used to represent w(r, t).

An important part of developing the reduced order model for the flexible

parametrically excited pendulum is the implementation of the method of assumed

modes. The method of assumed modes allows the deflection of the flexible pendulum

to be represented as a single scalar value rather than representing it as a function, or

tracking the motion of individual points along the pendulum. This greatly simplifies

the derivation, as well as the use of the equation later on. The method of assumed

modes is a common method used for the vibration of continuous systems. This

method is demonstrated by Rao [30] and Meirovitch [31], the substitution equation

used in the method of assumed modes can be seen in Eq. (2.17). w(r, t) represents

the displacement along a length as a function of position and time. φk(r) is a series

of trial functions which match the boundary conditions of the system which w(r, t)

is representing and are orthonormal. qk(t) is a non-dimensional scalar term that

varies as a function of time and acts as a weighting function for the deflection,

meaning the higher the number the greater the deflection. While trial functions

can be determined by looking at all possible equations which match the boundary

conditions, trial functions can also be determined using finite element analysis as

is done in this thesis. The trial functions are the mode shapes found using modal

analysis. By forcing the system at a frequency at or near the natural frequency that

corresponds to a particular mode shape that mode shape can be assumed to be the
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only mode shape present. Doing this allows the summation to be dropped and allows

a single mode shape to represent the deformation.

w(r, t) =
n∑
k=1

φk(r)qk(t) (2.17)

For this substitution to be valid,
∫
m
φkφrdr = δkr. This relation is required to

scale φk, the trial mode shape, so that it is orthonormal. Once this substitution has

been made the kinetic energy can be evaluated using Eq. (2.18) and simplifies to Eq.

(2.19).

T =
1

2

∫
m

Ṙ · Ṙ dm (2.18)

T =
1

2
θ̇2
mL2

3
+

1

2
mẏ2 +

1

2
q̇2k + θ̇ẏ sin(θ)

∫
rdm− ẏ sin(θ)

∑
q̇k

∫
φkdm

− θ̇
∑

q̇k

∫
φkrdm+

1

2
θ̇2
∑

q2k − θ̇ẏ cos(θ)
∑

qk

∫
φkdm (2.19)

Now that the kinetic energy term has been solved for, the potential energy

term, V , can be solved for. The potential energy term will be comprised of two

types of potential energy. The first will be due to gravity and the second will be the

potential energy stored in the pendulum due to its flexibility. The potential energy

due to gravity is found by simplifying the continuous mass of the pendulum and

representing it as a lumped mass at the center of mass of the pendulum. This step

treats the pendulum as a rigid pendulum for simplicity. The equation for potential

energy due to gravity can be seen in Eq. (2.20). For the potential energy due to

the flex in the pendulum, the integral over the volume of the strain energy is used.

This keeps the solution more general and allows the potential energy due to flexibility
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to be written in a convenient way. A similar method is used by Meirovitch [31], to

express potential energy for a vibrating continuous system. The flexible portion of

the potential energy can be seen in Eq. (2.21)

V1 = mg[y(t) − L

2
cos(θ)] (2.20)

V2 = U =

∫
V

S(w,w)dV =
1

2

∑
ω2
kq

2
k (2.21)

Now that the potential energy has been solved for there are two options for

the generalized coordinate system which will be used. The first possibility for the

generalized coordinate system is θ. This will give a differential equation that describes

θ. The second possibility for the generalized coordinate system is qk. This will give a

differential equation that describes qk. The first generalized coordinate system that

will be solved for is θ. To do this Eq. (2.22) is evaluated. The final step is to drop

the summation terms in front of the qk terms. This summation is left over from the

assumed modes method which assumes there is a summation of all the mode shapes.

It will be assumed that only the first mode shape will be present. This assumption

is made as we will be parametrically exciting the pendulum near the first harmonic

frequency. This yields Eq. (2.23).

d

dt

(
∂T

∂θ̇

)
− ∂T

∂θ
+
∂V

∂θ
= 0 (2.22)

θ̈[
mL2

3
+ q2k] + 2θ̇qkq̇k − q̈k

∫
φkr dm+

ÿ[sin(θ)

∫
r dm− cos(θ)qk

∫
φk dm] +

mgL

2
sin(θ) = 0 (2.23)
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Another simplification can be made by assuming that qk is small. Doing this

allows higher order qk terms to drop out of the equation, simplifying it further. This

means that terms with q2k and qkq̇k drop out of the equation. This leaves Eq. (2.24).

θ̈
mL2

3
− q̈k

∫
φkr dm+ ÿ[sin(θ)

∫
r dm−cos(θ)qk

∫
φk dm]+

mgL

2
sin(θ) = 0 (2.24)

Once the differential equation describing θ has been found the same process is

repeated with qk as the generalized coordinate system and Eq. (2.25) is evaluated.

As before with θ the summation in front of the qk terms are dropped. The result of

this evaluation can be seen in Eq. (2.26).

d

dt

(
∂T

∂q̇k

)
− ∂T

∂qk
+
∂V

∂qk
= 0 (2.25)

q̈k + qk[ω
2
k − θ̇2] = θ̈

∫
φkr dm+ ÿ sin(θ)

∫
φk dm (2.26)

From examining Eqns. (2.24,2.26) it is seen that Eq. (2.26) is much simpler. In

fact Eq. (2.24) is very difficult to solve due to the nonlinear sin(θ) and cos(θ) terms.

For this reason Eq. (2.26) will be focused on with the goal of finding θ as a function

of qk using Eq. (2.26).

Approximate Analytical Solutions of the Flexible Pendulum

Uniform expansion perturbation methods are methods of solving differential

equations that are not solvable directly by approximating them as a summation of

solvable differential equations. Starting with the simplified solution which has the

greatest effect on the total solution and gradually reducing in effect on the overall

solution [32]. This is done by finding a controllable parameter ε where 0 < ε < 1.
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Simplified solutions are found by grouping terms of ε and solving starting from ε0

to εn. Higher order ε solutions may have lower order ε solutions included in them

which is why they are solved for first. Once lower order ε terms are known they

can be assumed to be forcing terms when solving for higher order ε solutions. A

similar method is used by Ramakrishnan in [33]. For a complete solution derivation

see Appendix B.

Recall the differential equation which describes qk, Eq. (2.27). A uniform

expansion perturbation method will be used to approximately solve for qk. First

however Eq. (2.27) must be non-dimensionalized.

q̈k + qk(ω
2
k − θ̇2) = θ̈

∫
φkr dm+ ÿ sin θ

∫
φk dm (2.27)

Starting with a prescribed θ Eq. (2.28) and y, Eq. (2.29) are chosen to be

sinusoidal for simplicity. Their respective first and second derivatives are found and

substituted into Eq. (2.27) which once evaluated becomes Eq. (2.30).

θ = Aθ sin(ωθ) (2.28)

y = Ay sin(ωyt) (2.29)

q̈k + qk(ω
2
k − A2

θω
2
θ cos(ωθt)

2) = −Aθω2
θ sin(ωθt)

∫
φkr dm+

− Ayω
2
y sin(ωyt) sin(Aθ sin (ωθt))

∫
φk dm (2.30)

The next step is to nondimensionalize Eq. (2.30) by introducing the relationship
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in Eq. (2.31)

τ = ωyt (2.31)

After nondimensionalizing Eq. (2.30) and re-arranging as well as introducing

new variables which have substitutions seen in Eq. (2.32,2.33) the nondimensionalized

equation can be seen in Eq. (2.34). For this solution method to be valid Eq. (2.32)

must satisfy the relationship 0 < ε < 1. This is a simple relationship to satisfy, it

means that ωθ < ωy, which are both controllable parameters.

ε =
ωθ
ωy

(2.32)

φ =
ωk
ωy

(2.33)

q̈k + qk(φ
2 − A2

θε
2 cos(ετ)2) = −Aθε2 sin(ετ)

∫
φkr dm

− Ay sin(τ) sin(Aθ sin(ετ))

∫
φk dm (2.34)

The next step is to make the substitution which states that qk is the summation

of many smaller solutions Eqns. (2.35,2.36). These values are then substituted into

Eq. (2.34). Terms are then grouped be their order of ε as seen in Eqns. (2.37-2.41).

qk = [qk0 + εqk1 + ε2qk2 + ...+ εnqkn] (2.35)

q̈k = [q̈k0 + εq̈k1 + ε2q̈k2 + ...+ εnq̈kn] (2.36)
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ε0 :q̈k0 + qk0φ
2 = − Ay sin(τ) sin(Aθ sin(ετ))

∫
φk dm (2.37)

ε1 :εq̈k1 + εqk1φ
2 =0 (2.38)

ε2 :ε2q̈k2 + ε2qk2φ
2 = − Aθε

2 sin(ετ)

∫
φkr dm+ qk0(ε

2A2
θ cos(ετ)2) (2.39)

ε3 :ε3q̈k3 + ε3qk3φ
2 =ε3qk1A

2
θ cos(ετ)2 (2.40)

εn :εnq̈kn + εnqknφ
2 =εnqk(n−2)A

2
θ cos(ετ)2 (2.41)

After the ε terms are found and grouped by order, the ε terms reduce on both

sides of each equation. Using the method of undetermined coefficients the particular

solution for qkn can be found. The homogeneous solution is omitted because there is no

damping that occurs in the differential equation. Without damping this homogeneous

portion will have an effect on the steady state solution, and it is the steady state

response which is of interest. In the numerical method which this analytical solution

will be compared to a small amount of damping will be added to cause the response

due to initial conditions to damp away. Another important thing to note is, starting

with ε2, previously solved for qkn terms begin to appear as forcing terms. This causes

the solutions to get more and more complicated. This is why it is important to

truncate after a certain number of ε terms. In this derivation everything is truncated

after ε3 meaning that qk4 to qkn = 0. The result of solving for qk0 through qk3 can be

seen in Eqns. (2.42-2.45)
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qk0 = −
∫
φk dmAy

∞∑
m=0

J2m+1(Aθ)[
cos(((2m+ 1)ε− 1)τ)

φ2 − ((2m+ 1)ε− 1)2
+

− cos(((2m+ 1)ε+ 1)τ)

φ2 − ((2m+ 1)ε+ 1)2
] (2.42)

qk1 = 0; (2.43)

qk2 = −
∫
φk dm

AyA
2
θ

4

∞∑
m=0

J2m+1(Aθ)

φ2 − ((2m+ 1)ε− 1)2
[
2 cos(((2m+ 1)ε− 1)τ)

φ2 − ((2m+ 1)ε− 1)2
+

cos(((2m+ 1 − 2)ε− 1)τ)

φ2 − ((2m− 2 + 1)ε− 1)2
+

cos(((2m+ 1 + 2)ε− 1)τ)

φ2 − ((2m+ 2 + 1)ε− 1)2
]+

−
∫
φk dm

AyA
2
θ

4

∞∑
m=0

J2m+1(Aθ)

φ2 − ((2m+ 1)ε+ 1)2
[
2 cos(((2m+ 1)ε+ 1)τ)

φ2 − ((2m+ 1)ε+ 1)2
+

cos(((2m+ 1 − 2)ε+ 1)τ)

φ2 − ((2m− 2 + 1)ε+ 1)2
+

cos(((2m+ 1 + 2)ε+ 1)τ)

φ2 − ((2m+ 2 + 1)ε+ 1)2
]+

−
∫
φkr dm

Aθ
φ2 − ε2

sin(ετ)

(2.44)

qk3 = 0; (2.45)

By combining these terms and simplifying the approximate total solution for qk

can be seen in Eq. (2.46).

qk = qk0 + ε2qk2 (2.46)
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Uniform Expansion Perturbation Method Comparison to Numerical Solution

Now that an analytical solution has been found for specific prescribed θ

and y forcing functions, Eqns. (2.28,2.29), the solutions using uniform expansion

perturbation methods and numerical methods must be compared this will validate

the numerical solution so that it can be used for other prescribed θ and y forcing

functions which may be more useful.

To begin comparing the analytical and numerical solutions values must be

defined for the y direction forcing function, the prescribed theta motion and the

physical properties of the flexible pendulum Eqns (2.47,2.48,2.51-2.53). The values

are not given in the non-dimensionalized form so they must be converted to the

non-dimensionalized form as seen in Eqns. (2.49,2.50).
∫
φkr dm and

∫
φk dm are

properties of the pendulum determine from physical pendulum properties and ωk is

the first natural frequency of the pendulum. The forcing frequency ωy = 100Hz was

chosen to be near the resonant frequency of the flexible pendulum. This is done in

order to increase the magnitude of qk as exciting near the vibrational natural frequency

causes the amplitude of the deflection of the beam to be higher. The prescribed theta

forcing frequency ωθ = 10Hz was chosen because this gives a value ε = .1. This causes

the higher order ε terms to reduce in value quickly and have less of an effect on the

final solution making the analytic solution more accurate due to the truncated terms

having less of an effect.
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y(t) =.1 sin(100 ∗ 2 ∗ πt) (2.47)

θ(t) =
π

6
sin(10 ∗ 2 ∗ πt) (2.48)

y(τ) =.1 sin(τ) (2.49)

θ(τ) =
π

6
sin(ετ) (2.50)

∫
φkr dm = −1.3094 (2.51)∫
φk dm = −1.8028 (2.52)

ωk = 111.57 ∗ 2 ∗ π (2.53)

A slight modification to the non-dimensionalized differential equation Eq. (2.34)

must be made to use for the numerical as seen in Eq. (2.54). This change is made

to artificially introduce a small amount of damping into the equation. This damping

reduces the homogeneous portion of the solution that occurs due to initial conditions.

This is necessary because the analytical solution only contains the particular solution

which is a result of only the forcing terms in the differential equations. By selecting

a small enough ζ value over time the homogeneous part of the numerical solution

will be damped away while leaving the solution that results due to the forcing terms

relatively unaffected.

q̈k + 2ζφq̇k + qk(φ
2 − A2

θε
2 cos(ετ)2) = −Aθε2 sin(ετ)

∫
φkr dm

− Ay sin(τ) sin(Aθ sin(ετ))

∫
φk dm (2.54)
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Figure 2.4: Comparison between analytical solution using perturbation method and
numerical solution using ODE45 solving for qk with ζ = .005

By evluating Eq. (2.34) and solving Eq. (2.54) using the numerical solver ODE45 the

results can be seen in Fig. 2.4. From examining both the response and the frequency

analysis it can be seen that the response after τ = 600 is nearly Identical. There

are slight differences which can be attributed to both the truncation of the solution

in the analytical method as well as the addition of a damping term in the numerical

term.

Differences in the frequency analysis can also be attributed to the initial

conditions which are present in the numerical solution as seen in Fig. 2.5. While

the analytical solution is at steady state from the start the numerical solution takes

time to reach steady state as the homogeneous portion of the solution is damped

out. An important comparison is also made as ζ is allowed to vary. It becomes clear

that the value of ζ plays a critical role. As ζ is increased the steady state solution is

reached very quickly. However as seen in Fig. 2.6f, once ζ is increased the steady state

numerical solution differs greatly from the analytical solution. Using this information
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ζ was reduced until the steady state solution was similar while keeping the time to

reach steady state low and a final value of ζ = .005 was accepted.

Another important comparison between the analytical and numerical solution

method is to determine at what value of ε the difference between the numerical

and analytic solution becomes significant due to the truncation of terms. This

occurs due to the initial assumption that ε is small with values between 0 and 1.

Comparison between different ε values can be seen in Fig. 2.7. The solutions remain

similar through ε = .5 but once ε reaches a value of 0.9 the solutions begin to differ

significantly. This means that the analytical solution is valid for a wide range of ε

values, at least from ε = 0.1 to ε = 0.5. Higher values of ε may be possible, however

the solution may not be as accurate.

From this comparison of the analytical solution for a flexible parametrically

excited pendulum to the numerical solution, due to the similarity of the results it can

be assumed that the numerical method is accurate. The numerical solution method

can now be applied to more complex scenarios for which the analytical solution may

be much more complex or perhaps non-existent. This comparison between analytical

and numerical methods greatly improves the validity of using the numerical solution

method to examine other situations.
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Figure 2.6: Comparison of analytical solution and numeric solution for varying ζ
values with ε = 0.1
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Figure 2.7: Comparison of analytical solution and numeric solution for varying ε
values with ζ = 0.005
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MACHINE LEARNING METHODS

To achieve the goal of determining angular position of a parametrically excited

flexible pendulum, machine learning methods are used for their ability to deal well

with uncertainty and their ability to scale easily to multidimensional systems. In

chapter 2, differential equations were derived to describe the equations of motion for

both θ, the angular position of the flexible pendulum Eq. (2.24), and qk, the scalar

value representing the deflection of the pendulum Eq. (2.26). Unfortunately Eq.

(2.24) is very complex and difficult to solve for θ directly as a function of qk. However

Eq. (2.26) is solvable and gives qk as a function of θ. The goal of using machine

learning methods is to use Eq. (2.26) to numerically solve for qk using known θ values

to create a training and a testing data set. Then with both θ and qk known, the model

is trained with θ as an output, and qk as well as information about the perturbation

of the base, y, as inputs. Once the machine learning model has been trained the with

θ as the output, The inverse dynamics of the system will be known. The testing data

set would then be evaluated by inputting information about qk and the y perturbation

into the trained machine learning model. The resulting θ is then compared to the

actual θ value to evaluate the effectiveness of the machine learning method. By using

this method of training on the first data set and evaluating on a second data set, it

can be determined if using machine learning is an effective method for determining

the angular position using information from qk which represents the deformation of

the flexible pendulum. The assumption that qk is equivalent to strain is made. This

is because both are scalar values representing the deflection of the pendulum. While

qk does not equal the strain exactly it is a very good representation of strain for this

reduced order model. The first step is to determine what type of machine learning

method to use.
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The two largest categories of machine learning are supervised learning and

unsupervised learning. In supervised learning the machine learning process is given

the correct output as well as the inputs that lead to that output [34]. Unsupervised

learning is when the machine learning program is input large amounts of data and

it is the job of the machine learning algorithm to recognize patterns and categorize

data [35]. For the methods in this thesis the time series information will be known

and therefore unsupervised learning methods will not be used. The two main

types of supervised learning are classification learning and regression learning. For

classification learning the inputs and outputs are often discrete values for which there

may be a limited number of possible output results. For example in a study by Weng

et al. [36], a machine learning algorithm with inputs of gender, age, smoking, etc. is

used to quickly make an assessment of whether the patient is at risk of cardiovascular

disease. The machine learning method in this study is supervised due to the fact that

the outcome was known along with the inputs. It is classification learning because of

the discrete inputs and outputs. The second type of supervised learning is regression

learning. Regression learning is the method which will be used extensively in this

thesis due to it’s compatibility with continuous variables.

Regression Learning

Regression learning is similar to classification learning in the respect that it is

a supervised method. However contrary to classification learning which requires the

use of discrete data points, regression learning is best used for continuous variables.

This means that multiple inputs with equal spacing can be used with an output with

the same spacing. The regression learning algorithm will then find a function that

relates these inputs to the output which is then usable for a continuous set of inputs.

There are multiple types of regression learning algorithms and fortunately a MATLAB



36

application is available for regression learning. This MATLAB application allows

machine learning methods to be utilized without the need for complete understanding

of the complex behind the scenes mathematics which make the learning possible. To

evaluate the possibility of using the different categories of regression learning models,

prior usage of these models was researched. A study by Nguyen-Tuong and Peters

[37] was found. This study maps displacements in robotic arms to torque inputs using

various regression learning methods, and then uses the machine learning algorithm

to control the robotic arm rather than traditional control methods. By doing this

non linear effects which are not accounted for in traditional control methods can be

accounted for increasing the accuracy of the control. From this study the two most

effective methods in terms of tracking error are Gaussian Process Regression (GPR)

and support vector machine (SVM) with GPR having sightly lower tracking error. As

GPR has been a proven method for both predicting reactions for dynamic systems

as well as control of these dynamic systems with lower error than support vector

machine, GPR is used exclusively in this thesis.

Training Methods

The machine learning algorithm will take in any data and create a model which

can make predictions, the question now is what is the best way to train the model as

well as what is the most efficient way to train the model. It is important to optimize

training time, number of inputs required and accuracy of the model. The training

time is an important factor. When training just one final model a long training time

is acceptable. However, in the initial training stages when parameter sweeps are

being run, an efficient amount of training must occur because long training times

add up quickly. Optimizing the number of inputs is also important. For a physical

system these inputs must be measured. While using all possible measurable inputs
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may yield the most accurate results it may not be efficient to set up measurement

systems for a large number of inputs. Some inputs may even have little or no affect,

or may be linearly related to another input so there is no point in measuring that

input. By experimenting with the simulation, these input parameters which have

little to no effect can be left out of a physical experiment saving time and money.

Accuracy of the model is also an important aspect. By changing user controlled

parameters the accuracy of the machine learning predictions may either increase or

decrease. By evaluating how user controlled parameters affect the accuracy, the

physical system can be designed to have the best possible results in an experimental

setup. By studying how variations in training inputs affects the machine learning

model a physical experiment can be given the best possible chance of success.

While the training input data is being varied it is important to keep the training

method as consistent as possible. A basic process is followed throughout all training

sessions. The first step is developing a known data set. This is done by using Eq.

(3.1) which was developed earlier on for qk, the scalar value which represents the

deflection of the beam.

q̈k + qk[ω
2
k − θ̇2] = θ̈

∫
φkrdm+ ÿ sin(θ)

∫
φkdm (3.1)

Eq. (3.1) is solved with a prescribed perturbation y(t) and a prescribed θ(t)

displacement. This creates a data set where both θ(t) and qk(t) are known. This

is the training data set. This process is repeated for a second time with a different

prescribed θ(t) but the same prescribed y(t). This will be the testing data set. The

GPR model will be trained using the training data set. The GPR model will then

be evaluated using the testing data set which may contain information it has never

seen before. By comparing the actual θ(t) values with the predicted θ(t) values for
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the testing data set it is possible to evaluate how well the model works to predict

unknown θ(t) values.

Validation Methods

Validation methods are important to reduce the chance of over fitting the data

as well as determining how well the trained model works. In the MATLAB regression

learning application there are two validation methods available, the first is cross

validation. Cross validation is done by partitioning a training data set into n parts.

The model is then trained on n− 1 of the partitions. The remaining partition is then

used to predict output values, because the output values for this partition are known

the predicted values can be compared to actual values using statistical methods,

specifically root mean squared error. The machine learning process is then repeated

until each partition has been used to predict values and compared to the actual values.

The resulting evaluation for the accuracy of each individual partition is then averaged

to create a measure of prediction accuracy for the entire data set. This method is

recommended for small data sets due to the fact that for each partition the data-set

must be trained and for large data-sets this can increase training time significantly

[38]. The second type of validation available in MATLAB is holdout validation.

Holdout validation partitions a specified percentage of the data and trains the model

using the remaining data. The trained model is then used to predict results for the

withheld data and compared to the actual results using statistical methods. The

model is then trained using the entire data set. This method is recommended for

large data-sets. Holdout validation is the method used primarily in this thesis due to

the large size of the data-sets and the long training time required for GPR. In all of

the training that occurs 25 percent of the data will be withheld for validation.
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Determining Effective Setup Parameters for Regression Learning

Now that the basic process for regression learning has been defined the best

method of training using regression learning must be determined. To do this there

were a few parameters that were explored which were found to have an effect on

the effectiveness of regression learning training. First, it was found that initial

conditions had an impact on the effectiveness in training for specific cases. Second, the

prescribed θ(t) was varied to account for the fact that in the end θ is an unknown.

Third, the number of observations used during training was studied to determine

the optimal training data set length in terms of minimizing time to train and

maximizing effectiveness of training. By determining the optimal setup parameters

system parameters can then be varied.

Necessity of Truncation of Initial Conditions

Through preliminary trials using regression learning it was discovered that the

initial conditions had an effect on the effectiveness of the machine learning. The

system that was used in this simulation was a simple mass, spring, damper system

with a prescribed sinusoidal force acting on the system. The regression learning

algorithm was first trained with data containing reactions due to initial conditions

which had not yet been damped out. To evaluate the effectiveness of this the trained

algorithm was tested on the exact same information that had been used to train it.

Because it was using the same data for testing as had been used for training the

prediction should have been very close however as seen in Figure 3.1a, the prediction

is inaccurate. The portion after the effect of the initial conditions have been damped

out is more important in terms of where the predictions are accurate. As can be

seen in Figures 3.1b,c as more of the effects of the initial conditions are truncated
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during training the more accurate the predictions become. Because of this it will be

important to remove the first bit of the training data due to the effect that the initial

conditions have on the prediction accuracy. This case shows that first 50 percent of

the data has been removed from training to reduce the effect of the initial conditions.

However for most evaluations, effects of initial conditions will be damped out in a

much higher portion of the data meaning a much lower percent of data will need to

be removed, while in longer data sets the effect of initial conditions in the training

data set may not have as much of an impact. It will still be beneficial to remove

the portions affected by the initial conditions in the training data set for all future

training. However there is the possibility that this will have a slight effect on the

possibility of predicting the transient solution. By finding a training function that is

very versatile the prediction of the transient solution will remain possible.



41

(a) No truncation of initial conditions (b) Truncating first 30 percent

(c) Truncating first 50 percent

Figure 3.1: Effect of truncating initial data to remove effects of initial conditions from
training data
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Prescribed Theta Input Signal Type

This method of using machine learning to predict θ using strain data, qk, requires

solving the equation describing qk with a prescribed theta. Because the final θ that will

be predicted is unknown, the machine learning algorithm needs to be trained in a way

that will allow it to predict many possible signal types. To start, some signal types

can be eliminated. Signals with unbounded end conditions can be removed. This

is because the end goal is to control the flexible pendulum in the upright position,

meaning the values for theta will lie within an upper and a lower boundary. This

removes many function types such as polynomial functions and exponential functions.

Second functions with discontinuities must be removed because the flexible pendulum

cannot physically move from one position to the next in no time. The signal types

which will be evaluated are sinusoidal, Chirp, and White Noise functions. In this

experiment qk, q̇k, q̈k, y(t), ẏ(t), ÿ(t) will be used as training inputs and θ(t) will be

used as the training output. Values for qk, q̇k, q̈k will be calculated numerically. While

values of y(t), ẏ(t), ÿ(t) will be calculated analytical. The parametric excitation Eq.

(3.2) will be kept consistent for all signal training types giving a parametric excitation

frequency of 100Hz. Along with a consistent parametric excitation the number of

observations used will be kept consistent at 10,000 observations. While these are

kept consistent within this study they may not be optimal. They are examined in

their own studies later however these values seemed to be a good starting point to

begin looking at different scenarios.

y = .01 sin(100 ∗ 2 ∗ πt) (3.2)

Evaluation of Sinusoidal Prescribed Theta The first signal type for a prescribed

θ(t) that will be examined is a sinusoidal function. The sinusoidal function is very
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common in vibration systems so it is a good starting point. Initially Eq. (3.3) was

used to solve numerically for qk, and then was used as the training output. During

the training the RMSE error from the validation step was 1.5709e− 6. This is a very

low RMSE which may indicate over training has occurred. Figure 3.2 shows what the

regression learning app outputs. This is a magnified portion of the training data. The

blue points represent observations which were used for training and the yellow dots

are values predicted, which are used for the holdout validation. The predicted values

follow the curve of the training data set very closely. However this is not a good

demonstration of the models effectiveness for signal types it has never seen before.

θ(t) =
π

6
sin(10 ∗ 2 ∗ πt) (3.3)

The trained model was then used to predict for a system with a different

prescribed θ(t) with a frequency of 5Hz, Eq. (3.4).

θ(t) =
π

6
sin(5 ∗ 2 ∗ πt) (3.4)

The results from this can be seen in Figure 3.3a, from the figure the prediction is

close but still not very accurate. To further test this additional prescribed θ(t) were

tested with varying frequencies. It is determined by examination of Figure 3.3(a-d),

that as the prescribed θ frequency that is being predicted gets further away from

the prescribed θ frequency that was used for training the less accurate the prediction

becomes. By examining Figure 3.3(c,e,f) it can also be seen that even if the training

and testing θ(t) frequency is kept the same, changing the amplitude of θ(t) to be

predicted results in a very poor prediction by the model. This is confirmed by the

RMSE which can be seen in Table 3.1 The RMSE is higher for systems with greater

differences in prescribed θ frequencies as well as differences in training vs testing
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Figure 3.2: Example of output from MATLAB Regression Learning Application. Blue
dots indicate training data, yellow dots indicate validation points from data withheld
from training.
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amplitude. Sinusoidal prescribed θ(t) functions become less valid the further the

prescribed θ(t) frequency is from the prescribed θ(t) frequency used for training.

Also, difference in training amplitude and testing amplitude has a large effect on

accuracy of model prediction. Due to this inability to make predictions for other

functions within the sinusoidal function family it can be assumed that it will work

poorly for other function types as well. We have shown for training the regression

learning algorithm using a sinusoidal function for the prescribed θ(t) is not a very

good choice. It has limited applicability when it comes to predicting θ(t) values which

are not similar in both amplitude and frequency to the function used for training.
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Figure 3.3: Comparison of accuracy of predicting θ(t) when θ(t) = π
6

sin(10 ∗ 2πt) is
used as the prescribed θ(t) for training
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Function to be Predicted Amplitude (rad) Frequency (Hz) RMSE

θ(t) = π
6

sin(5 ∗ 2πt) π
6

5 .18151

θ(t) = π
6

sin(6 ∗ 2πt) π
6

6 .15993

θ(t) = π
6

sin(7 ∗ 2πt) π
6

7 .13193

θ(t) = π
6

sin(8 ∗ 2πt) π
6

8 .09636

θ(t) = π
6

sin(9 ∗ 2πt) π
6

9 .05240

θ(t) = π
6

sin(11 ∗ 2πt) π
6

11 .05862

θ(t) = π
6

sin(12 ∗ 2πt) π
6

12 .11743

θ(t) = π
6

sin(13 ∗ 2πt) π
6

13 .17272

θ(t) = π
6

sin(14 ∗ 2πt) π
6

14 .21862

θ(t) = π
6

sin(15 ∗ 2πt) π
6

15 .25392

θ(t) = π
24

sin(10 ∗ 2πt) π
24

10 .01902

θ(t) = π
12

sin(10 ∗ 2πt) π
12

10 .03132

θ(t) = π
2

sin(10 ∗ 2πt) π
8

10 .02932

θ(t) = π
4

sin(10 ∗ 2πt) π
4

10 .19293

θ(t) = π
3

sin(10 ∗ 2πt) π
3

10 .41881

Table 3.1: RMSE for predicted θ(t) responses using θ(t) = π
6

sin(10 ∗ 2πt) as the
training function
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Evaluation of Chirp Function as a Prescribed Theta The next signal type which

will be examined is the chirp. The chirp is an oscillating signal for which the frequency

changes with time. This change is often linear but can follow other forms as well. For

this study linear chirp functions will be used. A chirp function has one main advantage

over a sinusoidal function in terms of training a machine learning algorithm. Because

the chirp function is swept from a low frequency to a high frequency it contains

every frequency in between the high and low frequency. The main issue with using

a sinusoidal function as the training function was only a single frequency could be

represented. By using the chirp function to train the machine learning algorithm the

predictions it makes could be more accurate for a wider range of functions. To start

with a chirp function must be generated, however if the chirp function is generated

only once the beginning and ending frequencies may not be useful. To prevent this a

bi-directional chirp will be used for training. This will also allow the machine learning

algorithm to experience what occurs when going from low to high frequency as well as

from high to low frequency. While the chirp function is fundamentally different from

the sinusoidal function there are a few things that can be kept similar. The amplitude

of the chirp function can be kept the same as the sinusoidal function. Another aspect

of the chirp function which can be based on the evaluation of the sinusoidal function

is the frequency range. In the sinusoidal evaluation the effectiveness of the trained

sinusoidal function was evaluated on different functions ranging in frequency from

5Hz to 15Hz. For the chirp function, by having the low frequency equal 5Hz and the

high frequency equal 15Hz, a more accurate prediction at any frequency in between

should be able to be made. To maintain similarity to the sinusoidal training function

the amplitude of the bi-directional chirp function will be π
6
. Using the generated

bi-directional chirp function the solution for qk was numerically calculated. This data

was then used to train a regression learning model using GPR. The result of this
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training can be seen in Figure 3.4.
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Figure 3.4: Trained GPR using a chirp function from 5Hz to 15Hz to 5Hz with
training points in blue and validation points in yellow and a RMSE of .07823.

Figure 3.4 shows how well the GPR was able to fit to a chirp function from

5Hz to 15Hz and then back down to 5Hz. The regression works well at the lower

frequencies at the beginning and end and less well at the higher frequencies in the

middle. The RMSE of this regression learning model using a holdout validation of

25 percent is .07823. While the RMSE error for the training input is much higher

for a chirp function than the sinusoidal input function it is important to evaluate

the accuracy of the trained model on other inputs. The first type of inputs which

the trained model will be evaluated on are sinusoidal inputs. This will give a direct
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comparison to the model previously trained with a sinusoidal input. The results of

the evaluation on sinusoidal inputs can be seen in Figure 3.5.

As seen in Figure 3.5(a-d), the predicted values are much better for sinusoidal

inputs with varying frequencies. However, similar to the sinusoidal training function,

varying amplitude, causes the predicted values to become less accurate, Figure

3.5(c,e,f). A better comparison can be seen in Figure 3.6. In this a direct comparison

between the RMSE for the sinusoidal training function and the bi-directional chirp

training function can be seen. While the regression learning trained using a sinusoidal

function may have a lower RMSE when the frequency is near the training frequency,

the regression learning algorithm trained using a chirp function has a lower RMSE

over a larger range of frequencies.

The next step is to show that the regression learning algorithm trained using the

chirp function is accurate at predicting results from other chirp functions. To do this

chirp functions over different frequency ranges within the training frequency range

were tested both increading and decreasing in frequency. As can be seen in Table

3.2, the RMSE error was fairly consistent for chirp functions with various frequency

ranges with both increasing and decreasing frequency with slightly higher RMSE for

those with higher frequency ranges. Table 3.2 also shows how as the amplitude of the

testing function varies from the training amplitude the RMSE increases significantly.

This shows that while the bi-directional chirp function works well for signals with

varying frequency it still does poorly when estimating the response from signals with

different amplitudes. Adding more variation in frequency for the training data is a

step in the right direction. The next training signal will have variation in both the

frequency and the amplitude.
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Figure 3.5: Comparison of accuracy of predicting θ(t) when a chirp function from
5Hz to 15Hz to 5Hz is used as the prescribed θ(t) for training
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Starting Frequency Ending Frequency Amplitude (rad) RMSE

9 11 π
6

.04996

8 12 π
6

.05085

7 13 π
6

.05514

6 14 π
6

.06466

5 15 π
6

.07722

11 9 π
6

.05153

12 8 π
6

.05382

13 7 π
6

.05935

14 6 π
6

.06824

15 5 π
6

.08069

9 11 π
24

.09779

9 11 π
12

.13160

9 11 π
8

.10030

9 11 π
4

.51106

9 11 π
3

1.1641

Table 3.2: RMSE for predicted θ(t) responses using bi-directional chirp function with
a low frequency of 5Hz and a high frequency of 15Hz as the training function
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Evaluation of White Noise as a Prescribed Theta While the sinusoidal training

signal worked very will for a specific function and the bi-directional chirp added

versatility in the frequency range of the function it can predict. The next training

signal adds variability in the amplitude of the function to address the issue of poor

versatility when the testing amplitude is different than the training amplitude. White

noise is tested as a training input, specifically filtered white noise is used as a training

input. This white noise is not used to simulate noise from a sensor, but rather a signal

type that has a varying amplitude and frequency. The filtering of the white noise is

a low-pass filter from 0Hz to 15Hz. This filtering range was chosen to be a similar

range as the training signal in the chirp function and the testing signal in both the

chirp and sinusoidal testing signals and allows comparison between all three of the

training signals. The amplitude of the white noise was adjusted to have maximum

amplitudes of π
6

to maintain similarity to the previous training functions. The trained

model can be seen in Figure 3.7. The RMSE of the trained model using 25 percent

holdout validation is .098297.

Now that the regression learning model has been trained it is time to evaluate

the accuracy of the predictions for various other types of functions. The first type

which was evaluated was sinusoidal functions. As before sinusoidal functions varying

in frequency from 5Hz to 15Hz are evaluated with an amplitude of π
6
, the results can

be seen in Figure 3.8.

In Figure 3.8(a-d) it can be seen that the RMSE error for the filtered white noise

is higher for the constant amplitude sinusoidal forcing functions than the previously

trained models using the sinusoidal training function and the bi-directional chirp

function, however it performs much better than the previous two models when the

amplitude is varied. A direct comparison between models can be seen in Figure 3.9.

Figure 3.9a shows that the chirp function is still much better for predicting
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Figure 3.7: Trained GPR using white noise filtered from 0Hz to 15Hz with a maximum
amplitude of π

6
and a RMSE of .098297

variation in frequency than the white noise function. However Figure 3.9b shows that

the chirp function performs very poorly when the amplitude changes compared to the

white noise function. This is for a simple sinusoidal function the same procedure can

be applied to various chirp functions to help determine which is better at predicting

between the chirp trained function and the filtered white noise trained function. The

results from this can be seen in Table 3.3.

By comparing values on Table 3.3, the chirp function trained model is not

significantly better than the white noise trained model at predicting the response

of a chirp function. However, for input chirp functions with amplitudes different than
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the training amplitude the white noise trained model is better at amplitudes lower

than the training amplitude and significantly better when the amplitude is greater

than the training amplitude. From this comparison it is clear that the model trained

using filtered white noise is the most versatile model for predicting. While it may

not be the best in every situation it is the most applicable to a variety of different

inputs. To confirm the applicability of the white noise trained model, it must be

able to predict other filtered white noise inputs. To do this more white noise data

sets were created with varying maximum amplitude to evaluate how well the trained

model works. The results from this can be seen in Figure 3.10.

From Figure 3.10 it can be seen that a model trained with white noise is very

effective when predicting white noise even if the amplitude varies from the training

amplitude. Due to this ability to make predictions when there is varying amplitude

and frequency, white noise has been shown to be the most versatile training signal

function type. In further variations in the training method, filtered white noise will

be used when determining the best way to train the machine learning model for

predicting an unknown θ response. From here the number of observations used while

training will be examined to determine the most efficient number of observations to

use in terms of training time and accuracy of predictions.
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(a) Prediction of θ(t) = π
6 sin(5 ∗ 2πt)
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(b) Prediction of θ(t) = π
6 sin(9 ∗ 2πt)
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(c) Prediction of θ(t) = π
6 sin(11 ∗ 2πt)
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(d) Prediction of θ(t) = π
6 sin(15 ∗ 2πt)
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(e) Prediction of θ(t) = π
12 sin(10 ∗ 2πt)
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Figure 3.8: Comparison of accuracy of predicting θ(t) when white noise filtered from
0Hz to 15Hz is used as the prescribed θ(t) for training
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Start Freq. End Freq. Amplitude (rad) RMSE Chirp RMSE White Noise

9 11 π
6

.04996 .08904

8 12 π
6

.05085 .09553

7 13 π
6

.05514 .10562

6 14 π
6

.06466 .11817

5 15 π
6

.07722 .13187

11 9 π
6

.05153 .09018

12 8 π
6

.05382 .09749

13 7 π
6

.05935 .10809

14 6 π
6

.06824 .12058

15 5 π
6

.08069 .13436

9 11 π
24

.09779 .02761

9 11 π
12

.13160 .04718

9 11 π
8

.10030 .07612

9 11 π
4

.51106 .15970

9 11 π
3

1.1641 .33050

Table 3.3: RMSE for predicted θ(t) responses for chirp functions using bi-directional
chirp function with a low frequency of 5Hz and a high frequency of 15Hz as the
training function as well as white noise filtered from 0Hz to 15Hz as the training
function
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Figure 3.10: Accuracy of predicting θ(t) for when white noise filtered from 0Hz to
15Hz is used as the prescribed θ(t) for training
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Effect of Number of Observations

It has been shown that the quality of the data that is input into a machine

learning algorithm has an effect on the ability of a machine learning algorithm to

make accurate predictions [39]. It has also been shown that the size of the dataset

has a significant impact on the accuracy of prediction [40]. The quality of the dataset

used in this thesis is dependent on the accuracy of the numerical method used when

solving. There is not much that can be done to improve the quality of the dataset.

The size of the dataset can be increased by increasing the length of the simulation.

However using more data during training increases the amount of time required for

the model to train. For the final model a long training time is acceptable due to

the increase in accuracy. But, for performing parameter sweeps to see how they

have an effect on the accuracy of predictions long training times increase total time

significantly. A proper balance must be found between accuracy of prediction and

training time to perform efficient parameter sweeps. To do this, datasets of different

lengths were evaluated with respect to how long they took to train and how accurate

they were in prediction. The datasets are white noise with a low pass filter from 0Hz

to 15Hz and an amplitude of π
6
. They will be evaluated by seeing how accurate they

are at predicting a dataset containing similar filtered white noise containing 10000

data points. All trained models were evaluated on the same dataset for consistency.

The length of the data set was increased until the time to train became longer than 10

minutes or the RMSE during both the training and the testing reaches an asymptote

where adding more data points no longer increases prediction accuracy.

Figure 3.11 shows that the RMSE does not vary other than for the lowest number

of points during testing. The low RMSE during training for a low number of points

may be attributed low complexity of the training data. There is no evidence that the

larger the number of points the more accurate the prediction in this case. With further
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testing it may be able to be shown that more data points produces better results but

that is not the focus of this thesis. The focus of this study was to determine if there is

a more efficient way of training in preparation for a study of parameter sweeps. The

main discovery of this study can be seen in Figure 3.12. Figure 3.12, shows that there

is not a very large time investment for training until the number of points exceeds

ten thousand points. The reason for this is unclear, it may be due to computational

limits of the system used for training, however this is not the focus of the thesis.

The guidelines which can be established as a result of this study is to not exceed ten

thousand points of training data. Because there is little extra time required to train

with respect to total time required to set up the regression learning application and

saving the models to use for evaluation. For the remainder of the regression learning

training ten thousand data points will be used for training regression learning models.

By finding optimal training conditions not related to system parameters, training

when adjusting system parameters is more effective and better initial results can be

found.
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Studies Varying System Parameters

Now that optimal training conditions not related to system parameters have

been found it is time to begin varying system parameters to see how training and

prediction effectiveness changes with system parameters. There are two ways to do

this. The first is to adjust the physical parameters of the pendulum. By changing

the stiffness of the pendulum by varying the material or the cross sectional area, or

changing the length of the pendulum, parameters such as the natural frequency of

the pendulum can be adjusted. However this method is inefficient because it requires

models to be made and solutions to be found using finite element analysis for the mode

shapes. The second method involves adjusting parameters for the perturbation of the

base in the y direction. By varying the perturbation amplitude and perturbation

frequency and then comparing the result in relation to physical pendulum properties,

relationships can be found much more quickly than varying the physical parameters

of the pendulum and keeping the perturbation the same.

Varying Perturbation Amplitude

The first variation which will be examined is the perturbation amplitude and the

effect that is has on the prediction accuracy. To do this datasets were created with the

same θ(t) data. The data used for the prescribed θ(t) was white noise filtered from

0Hz to 15Hz with a maximum amplitude of π
6
. The sinusoidal perturbation amplitude

was varied while keeping the perturbation frequency constant at 100Hz. The results

of this can be seen in Figure 3.13 and in Table 3.4. As can be seen in Figure 3.13,

by increasing the perturbation amplitude the RMSE can be reduced. However there

is a limit that increasing amplitude will reduce RMSE. It is also worth noting that

as determined in the rigid pendulum stability analysis, the larger the amplitude the
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Figure 3.13: Varying sinusoidal perturbation amplitude while keeping frequency
constant at 100Hz

higher the chance of a naturally unstable system. In a physical experiment however

there is a limit on the amplitude which can be reduced. For a physical experiment

the maximum amplitude which can be produced will give the lowest RMSE. To make

this comparison more applicable to a physical experiment an amplitude of .20m will

not be used. The amplitude used in the remainder of this thesis is .01m. Now

that a perturbation amplitude has been determined the variation of the perturbation

frequency will be examined.
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Perturbation Amplitude (m) White Noise RMSE

10Hz Low Pass Filter

White Noise RMSE

15Hz Low Pass Filter

.001 .019281 .053491

.005 .020055 .051207

.010 .017558 .044173

.020 .014879 .035822

.050 .011449 .027968

.100 .011860 .024654

.150 .011098 .024162

.200 .011503 .025031

Table 3.4: RMSE for varying perturbation amplitude keeping frequency constant at
100Hz

Varying Perturbation Frequency

The second variation which will be studied is the perturbation frequency and the

effect which it has on the prediction accuracy. To do this datasets were created with

the same θ(t) data. The data used for the prescribed θ(t) was white noise filtered

from 0Hz to 15Hz with a maximum amplitude of π
6
. The sinusoidal perturbation

frequency was varied while keeping the perturbation amplitude constant at .01m. The

results of this can be seen in Figure 3.14 and in Table 3.5. It is worth noting that

for 15Hz filtered white noise at 105Hz perturbation frequency and for 10Hz filtered

white noise at 70Hz perturbation frequency the first attempt at training failed for

an unknown reason. A new dataset was generated with the same properties and the

training process repeated. From the Figure 3.14, it can be seen that the ideal range

for perturbation frequency using RMSE alone is not near the natural frequency of the

pendulum. It is actually spaced away from the natural frequency either higher or lower

with a slightly better result occurring higher than the natural frequency. However
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Figure 3.14: Varying sinusoidal perturbation frequency while keeping amplitude
constant at .01m

there may be an issue with having the perturbation frequency further away from

the natural frequency. By examining Figure 3.15, it can be seen that as the forcing

frequency is further from the natural frequency the response amplitude is lower. In

a system with noise the noise may obscure the response if the amplitude of the

noise is high enough. In a real world experiment this may be an issue however in this

theoretical experiment noise is not an issue. After a frequency of approximately 145Hz

there is no significant reduction in RMSE. Past this point for a physical experiment

it would become harder for the shaker to increase the frequency for minimal gain.

For this reason the perturbation frequency used is 145Hz as it has a low RMSE and

will be more applicable to comparison to a real world experiment.
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Perturbation Frequency White Noise RMSE

10Hz Low Pass Filter

White Noise RMSE

15Hz Low Pass Filter

60 .004016 .024305

65 .002781 .015797

70 .002004 .009807

75 .001493 .006739

80 .001101 .005177

85 .001069 .006369

90 .001936 .016505

95 .007185 .045583

100 .018655 .058817

105 .026485 .064141

110 .025582 .054626

115 .028929 .068674

120 .021173 .059889

125 .011877 .045595

130 .003301 .027968

135 .000916 .007266

140 .000668 .002684

145 .000606 .001738

150 .000889 .001529

155 .000855 .001550

160 .000834 .001681

165 .000959 .001712

170 .000884 .001668

175 .000861 .001718

Table 3.5: RMSE for varying perturbation frequency while keeping amplitude
constant at .01m



71

Prediction Using Ideal Perturbation Function

Now that the ideal perturbation function has been determined it is time to

determine how well it works for predicting responses for prescribed θ(t). To do this

it will be evaluated for sinusoidal, chirp, and filtered white noise. For this evaluation

the model will be trained using a prescribed θ(t) of white noise filtered from 0Hz

to 15Hz with a maximum amplitude of π
6
. The perturbation sinusoidal function will

have an amplitude of .01m and a frequency of 145Hz. The trained model can be seen

in Figure 3.16. The predicted points match almost identically the training data and

the RMSE is very low at .001872.

0 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

Record number

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

0.5

R
e
s
p
o
n
s
e
 (

th
e
ta

)

Predictions: model 1.3 (Matern 5/2 GPR)

True

Predicted

(a) Ideal trained model

6000 6200 6400 6600 6800 7000 7200 7400 7600 7800 8000

Record number

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

0.5

R
e
s
p
o
n
s
e
 (

th
e
ta

)

Predictions: model 1.3 (Matern 5/2 GPR)

True

Predicted

(b) Close up of ideal trained model

Figure 3.16: Model trained using the ideal training dataset for prescribed θ(t) and
perturbation function RMSE=.001872

For comparison, sinusoidal prescribed θ(t) testing functions that were used for

model evaluation previously are used for this comparison to show how much the

trained model has improved at predicting θ(t). Results comparing the original white

noise trained model with the ideal trained model can be seen in Figures 3.17 and

3.18. The ideal model predicts the outputs with much lower RMSE than the original

model trained with filtered white noise. The next evaluation that is made is for chirp
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functions.

Table 3.6, shows the RMSE for both the original white noise trained model and

the ideal white noise trained model. As can be seen in the table the ideal model is

significantly better at making predictions in terms of RMSE.

Start Freq. End Freq. Amplitude Ideal White Noise

RMSE

Original White Noise

RMSE

9 11 π
6

.30255 .08904

8 12 π
6

.03197 .09553

7 13 π
6

.03146 .10562

6 14 π
6

.03063 .11817

5 15 π
6

.03025 .13187

11 9 π
6

.03467 .09018

12 8 π
6

.03546 .09749

13 7 π
6

.03623 .10809

14 6 π
6

.03735 .12058

15 5 π
6

.03864 .13436

9 11 π
24

.00698 .02761

9 11 π
12

.01417 .04718

9 11 π
8

.02161 .07612

9 11 π
4

.09915 .15970

9 11 π
3

.21692 .33050

Table 3.6: RMSE for predicted θ(t) responses for chirp functions

The final step in evaluating the ideally trained model is to determine how well it

predicts white noise filtered from 0Hz to 15Hz. The result of this can be seen in Figure

3.19. The white noise trained model is capable of making highly accurate predictions

of white noise. However, at amplitudes higher than the amplitude used during training

the prediction begins to lose accuracy. A closer view of one of the predicted models
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can be seen in Figure 3.20. This truly shows how well the predicted values are lining

up with the actual values. The predicted θ and actual θ are indistinguishable because

they are so close.

By evaluating the ideal trained model and comparing to previously trained

models it has been shown that the ideal model performs significantly better in all

possible testing scenarios. Now that the ideal training method has been found the

inputs must be optimized to remove ones that do not contribute highly to the accuracy

of the prediction.
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(a) Original prediction
θ(t) = π

6 sin(5 ∗ 2πt)
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(b) Ideal prediction
θ(t) = π

6 sin(5 ∗ 2πt)
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(c) Original prediction
θ(t) = π

6 sin(15 ∗ 2πt)
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(d) Ideal prediction
θ(t) = π
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Figure 3.17: Comparison of accuracy of predicting θ(t) with original white noise
training data filtered from 0Hz to 15Hz (a,c,e) and ideal white noise training data
filtered from 0Hz to 15Hz (b,d,f)
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Figure 3.19: Prediction of θ(t) using the ideal model trained with white noise filtered
from 0Hz to 15Hz
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Reduction of Required Inputs

In regression learning multiple inputs are used for training however some of

these inputs may be redundant or in fact have no impact on the prediction in

any way [41],[42]. These inputs must be removed to prevent them from affecting

prediction accuracy. For a physical system each one must either be measured or

computed and adds complexity to the system. For example in this problem the

perturbation motion in the y direction may require 3 different sensors in order to get

useful information due to noise. For qk, there is no sensor which directly measures

the first or second derivative of strain, which is represented by qk, so it must be

computed. The less total inputs needed the more simple a physical experiment may

be. To determine which inputs have the greatest impact on prediction accuracy there

are two methods. The first is a method involving removing inputs one at a time and

seeing which one has the least impact on the RMSE of the prediction. This method is

simple and easy to understand. The second method is principle component analysis.

This method allows the important inputs to be determined however the results are

more complex and is a less heuristic method. Both methods will be examined in this

thesis.

Manual Removal of Variables

Starting with all variables as inputs one input is removed. The model is then

trained using only 5 inputs instead of 6 inputs this is repeated until the model has

been trained leaving out each variable once. RMSE is then calculated using a holdout

validation of 25 percent as well as evaluation on a testing data set. The variable which

when removed has the least impact on RMSE is permanently left out. The process

is then repeated using only 4 training variables until the model is no longer able



79

to accurately predict values for an unknown dataset. The same data is used for

every training session. For this manual reduction of variables the ideal setup will be

used which is a sinusoidal perturbation with an amplitude of .01m and a frequency

of 145Hz. Due to the sinusoidal perturbation the second derivative, ÿ is a scalar

multiple of y. In the case that either one of these may be removed y will be removed

due to ÿ being easier to measure with an accelerometer. Similarly if the change in

RMSE is similar for ẏ and ÿ, ẏ will be removed. The prescribed θ(t) used for training

is white noise filtered from 0Hz to 15Hz and a maximum amplitude of π
6
. For qk

the method of measurement is a strain gauge. Because there is no device which

directly measures either the first or second derivative of strain it must be calculated

numerically, this introduces more noise to the system. If the RMSE is affected equally

by the removal of qk and subsequent derivatives the higher order derivative will be

removed first. It is worth mentioning that while using the ideal training setup for

removing unneeded inputs there is one potential downside. The ideal training input

was developed using all 6 inputs. This means the ideal training input is designed

for 6 inputs. It is assumed that the best training input is the best possible training

input even if the number of variables is reduced, this may not be the case. For a

more accurate method of reducing the number of inputs the same process of varying

the perturbation frequency and amplitude for each combination of inputs. However

this is not feasible due to the amount of time required to do so. The results from

the manual removal of variables can be seen in Table 3.7. From Table 3.7 the first

input which is removed is y. This is makes sense as it is just a linear multiple of

ÿ due to the sinusoidal perturbation. The second variable which is removed is qk,

this is unfortunate in terms of a physical experiment because qk is the only directly

measurable quantity, the rest are simply numerical derivatives. The third input which

is removed is ẏ. The fourth input which is removed is q̇k. This leaves only q̈k and ÿ.
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While this has the lowest RMSE it is far from the ideal prediction. The best option

for each number of inputs can be seen in Figure 3.21(a-d). There are two other

combinations of inputs which are worth noting. The first is qk, q̇k, q̈k, ÿ. This input

shows a better real world input than the best two inputs. This is because derivatives

of qk are numerically found so the data would exist already so it might as well be used

to predict as inputs. The result from this can be seen in Figure 3.21e. The second

is using qk and ÿ. This case represents the easiest real world measurement setup. It

requires only two inputs both of which are easily measurable. The result from this

can be seen in Figure 3.21f. From Figure 3.21, it can be seen that the quality of the

prediction decreases as the number of inputs used for prediction goes below 4 inputs.

There is a method of improving the RMSE which is discussed later.

By manually removing input variables redundant and unnecessary variables can

be removed. However, manual removal of variables can be a lengthy process especially

if many variables are used as inputs. Fortunately principle component analysis exists.
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qk q̇k q̈k y ẏ ÿ RMSE Training RMSE Testing

X X X X X X .001721 .001772

X X X X X .001694 .001752

X X X X X .034620 .039612

X X X X X .001735 .001741

X X X X X .018850 .016198

X X X X X .054045 .050304

X X X X X .009807 .007437

X X X X .042468 .044401

X X X X .037662 .039869

X X X X .018539 .016194

X X X X .053311 .052066

X X X X .009618 .007453

X X X .062825 .048333

X X X .053872 .044976

X X X .075918 .062968

X X X .063598 .054989

X X .159170 .153690

X X .148410 .137338

X X .069549 .061577

X X .091267 .080567

Table 3.7: RMSE for predicted θ(t) responses white noise filtered from 0Hz to 15Hz
with varying inputs X indicating an input was used
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Figure 3.21: Prediction of θ(t) using the ideal model trained with white noise filtered
from 0Hz to 15Hz
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Principle Component Analysis

Principle component analysis is another method of determining how inputs have

an effect on the training of the machine learning model. Principle component analysis

is a method of transforming a series of related variables into a new series of variables

which are unrelated. The principle components are created in a way in which the

first few principle components contain the majority of the information. This allows

the number of inputs to be reduced [43]. These principle components do not directly

represent the variables so after the principle component analysis has been completed

the information about the individual variables must be obtained [44]. Fortunately

when using the MATLAB regression learner application one of the selectable options is

to run a principle component analysis during training. For this step training will occur

with the ideal training information where the perturbation is a sinusoidal function

with amplitude of .01m and a frequency of 145Hz. The prescribed θ(t) is white noise

filtered from 0Hz to 15Hz and a maximum amplitude of π
6
. During training the

method of keeping principle components was by number. This allowed the maximum

number of principle components to be kept. The maximum which can be kept is the

same as the number of possible inputs. As seen in Table 3.8 the six variables used as

inputs can be reduced to 2 uncorrelated variables because the explained variance is so

low in the remaining 4. The next step is to determine how much each of the six input

variables effects the principle components. This is done by looking at the coefficients

from the principle component analysis for the first two principle components. A good

representation of this can be seen in Figure 3.22. The vector for each input variable

represents how much they impact the principle components. The two largest vectors

represent q̈k and ÿ. These are the same two inputs which were found to have the

highest impact during the manual reduction of inputs. The vectors in the middle

representing the 4 remaining inputs are small because they are correlated to either
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q̈k or ÿ. From this figure it is determined that ÿ has the greatest effect on prediction

because it has the greatest impact on principle component 1. It is also determined

that q̈k has the second greatest effect on prediction because it has the greatest impact

on principle component 2.

Principle Component Explained Variance

1 65.1837%

2 34.8161%

3 7.8540E-5%

4 4.3313E-5%

5 7.3889E-12%

6 4.8075E-42%

Table 3.8: Explained variance per component from principle component analysis

Although manual methods can be used to determine which inputs are necessary

and which ones are redundant, using principle component analysis is a much more

efficient method.
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Filtering Predicted θ(t) to Reduce Noise

Now that the ideal models have been trained and the inputs have been reduced

it is important to see if there is any way to further improved the predictions. As seen

in Figure 3.21(a,b) if enough inputs are known the actual solution can be predicted

very accurately. However as seen in Figure 3.21(c-f) when the number of available

inputs has been reduced some noise is introduced into the prediction. By filtering

this prediction the RMSE can be reduced and the accuracy of the prediction can be

improved. Filtering will be applied to models using qk, q̇k, q̈k, ÿ as inputs first and

qk, ÿ as inputs second.

The first step in this process is to determine at what frequencies must be filtered.

It can be seen from Figure 3.21 that the “fuzziness” around the prediction occurs at

a higher frequency than the actual signal frequency. The frequency response of the

predicted θ can be seen in Figure 3.23. While the expected frequency in the range of

0Hz to 15Hz has a very high response there are additional peaks at higher frequency

ranges. By designing a low pass filter the additional frequencies can be removed. The

result of this filtering can be seen in Figure 3.24. For the predicted θ with low pass

filters implemented there is a large phase shift causing an increase in RMSE. This is

to be expected when a low pass filter is being implemented [45]. By increasing the

cutoff frequency the phase delay can be reduced and the accuracy of the prediction

can be improved. By filtering the predicted values with a lowpass filter at 250Hz the

RMSE was reduced from .039776 to .031236.

By repeating the process for a model trained with only two variables qk and ÿ

a more accurate predictions can be made. By examining Figure 3.25 the locations

where frequencies higher than what are expected can be found for applying lowpass

filters. The result of the application of these filters can be seen in Figure 3.26. The
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application of the filters may not make the prediction exact it can improve the RMSE

slightly.

By first finding the ideal setup for training machine learning models, ideal

prescribed θ(t) functions could be determined and evaluated quickly. It was found

that the ideal prescribed θ(t) training signal was white noise that was filtered. This

training signal allowed accurate predictions of functions with both frequency and

amplitude variations from the training signal. Once a training function capable of

predicting variation in frequency and amplitude was found parameter sweeps of the

perturbation could be performed to find ideal conditions for training the model. Once

the ideal conditions for training the model had been found reduction of input variables

was necessary. It was found that two input variables can be removed and have little

effect on prediction accuracy. By using filtering it is possible to remove more than 2

variables and still get meaningful predictions. Using regression learning has proven

to be a successful technique for predicting θ(t) response from strain and perturbation

information
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(d) Lowpass filter at 250Hz applied
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Figure 3.24: Comparison of filtered θ(t) prediction and unfiltered θ(t) prediction using
low pass filter at various frequencies when qk, q̇k, q̈k and ÿ are used as inputs
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Figure 3.26: Comparison of filtered θ prediction and unfiltered θ prediction using low
pass filter at various frequencies when qk and ÿ are used as input variables
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CONCLUSION

Through this research I have shown that the first step towards implementing

multiple sensor, deformation based multi-axial angular position sensing in complex

systems is possible. I have shown that deformation based information along with

base excitation information can be used to predict angular position information in

a single axis. By developing a reduced order model to represent a parametrically

excited flexible pendulum, numerical solutions can be used to create data sets used

for training machine learning models which can determine the inverse dynamics of the

system. What has been learned in these simulations can be used in future physical

experiments to help guide experiment setup and increase the efficiency of the physical

experiment. This will lead to quicker and more effective development of deformation

based, multi-axial, angular position sensing modalities which can be used to either

augment or replace high fidelity angular position sensors

By first developing a reduced order model for a parametrically excited flexible

pendulum an analytical solution method was found for simple sinusoidal prescribed

θ(t). This analytical solution method allowed the numerical methods used to solve

the reduced order model to be confirmed. Numerical methods were used to create

data sets for more complex prescribed θ(t) for which analytical solutions do not exist.

Potential prescribed θ(t) function types, sinusoidal, bi-directional chirp, and filtered

white noise, were examined based on their possibility of being actual θ(t) responses

for a parametrically excited flexible pendulum. By determining which prescribed θ(t)

had the highest prediction versatility when used as training data in a GPR learning

model, filtered white noise produced the best results. Once filtered white noise had

been determined to be the most versatile the perturbation signal was examined to see

how perturbation frequency and amplitude used during model training affected the
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accuracy of the model prediction. By finding the ideal perturbation function the best

possible case scenario for prediction had been found. After the best case scenario had

been found the number of inputs were examined to determine if any of the inputs

were correlated and if so which ones could be removed because they had little to no

effect on prediction accuracy. It was found that prediction accuracy differed very little

between using 4 inputs and 6 inputs. However when less inputs were used prediction

accuracy decreased. Although prediction accuracy decreased as the number of inputs

decreased it was possible to further increase accuracy by applying a lowpass filter to

the predicted θ(t) in certain cases. By finding the optimal conditions for training the

GPR, it is possible to make accurate real time predictions of angular position.

While this research has been shown to be capable of predicting angular position

using strain data as well as base excitation data there are some limitations. The

first limitation is this method assumes only a single mode. While this mode may

have the largest contribution to the deformation, in a physical experiment the higher

order modes still have a contribution to the total deformation. However using GPR

is a common method of accounting for nonlinear effects on a system which are not

accounted for in the physics based model. This is a common method used in robotics

when determining inverse dynamics [23, 46, 47] therefore the assumption of a single

mode translates well to a physical experiment where multiple modes are present

because the GPR is capable of adjusting for the effect of these higher frequency

modes. The second limitation comes from the assumption that the ideal training

scenario when all 6 possible inputs are used is the same as for when the number of

inputs is reduced. This may reduce the accuracy of the prediction for reduced input

models. The third limitation comes from the assumed form of θ. The ability of the

model to predict θ has been evaluated for 3 types of functions sinusoidal, chirp, and

filtered white noise function. If the actual θ response cannot be represented by one
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of these function types the training method used in this thesis may not be effective.

While this research has been a good first step towards deformation based, multi-

axial, angular position sensing, there is still much research to be done. Future research

must include testing with a physical system. By testing with a physical system it will

allow confirmation of the reduced order model as well as demonstrate the ability of

the machine learning methods to handle sensor noise. Another area of research which

will be valuable is determination of best training methods for each input combination.

While the assumption, what works best when using all available inputs will work well

for different combinations of these 6 inputs, is a good starting point there may be ideal

system setups for each combination of inputs. By continuing to study the reduced

order model based simulations experiments with physical systems can be optimized

more quickly and efficiently. Another important path to further this research is to try

and mimic the insect haltere. The insect haltere is capable of determining angular

rotation in three dimensions. Once a physical experiment has been developed to

confirm the results for this simplified single degree of freedom system, to truly mimic

the haltere, measurement in three dimensions must be shown possible. This can

potentially be accomplished simply by adding more strain gauges to the artificial

haltere. These strain gauges would measure deflection perpendicular to the first plane

of deflection as well as the torsion which the pendulum is experiencing [48]. This

system would require a much more complicated system producing angular rotation

in three dimensions to create training data.

This research demonstrates the first steps required for multiple sensor, deforma-

tion based, multi-axial angular position sensing in complex systems. It demonstrates

that the best method of training for an unknown system response is to use a filtered

white noise signal to allow the highest variability in prediction while remaining highly

accurate. By demonstrating that perturbation parameters can be adjusted to find
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the ideal training scenario, adjustments of physical system parameters such as length

and stiffness can be avoided. By developing the methods used in this research with

simulations it will allow future physical experiments to be performed with a much

greater efficiency and help guide development of future deformation based, multi-

axial, angular position sensors.
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FLEXIBLE PENDULUM DERIVATION OF DIFFERENTIAL EQUATIONS OF

MOTION
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Figure A.1: Flexible parametrically excited pendulum

This appendix contains the in depth derivation of the differential equations that
describe the motion of a flexible vertically oscillating pendulum. The first step in
deriving the equation of motion is to state the assumptions that will be made before
creating a figure representing the system. The first assumption is that the beam
will be flexible in only one direction. The second assumption is that the base of the
beam will be vertically oscillating with a prescribed motion that is not subject to any
external forces. One thing to note is that while there will be rotation at the base
of the beam it will still be a fixed support. In Fig. A.1, r is the position along the
beam, w(r, t) is the displacement of the beam at any point along the beam at any

time, y(t) is the position of the base which the beam rotates about at any time. ~R is
a function that gives the position of any point along the flexible rod as a function of
position along the length of the rod and time.

The method used to derive the equation of motion for the flexible pendulum is
the Euler Lagrange energy method. In this method the kinetic and potential energy
of a system are used to derive the equations of motion. The equation used for the
derivation can be seen in Eq. (A.1). In this derivation method T is the kinetic energy,
V is the potential energy and Gcs is the generalized coordinate system. This process
will be evaluated with θ as the generalized coordinate system and with qk as the
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generalized coordinate system

d

dt

(
∂T

∂Ġcs

)
− ∂T

∂Gcs

+
∂V

∂Gcs

= 0 (A.1)

To start R must be found. From Fig.(A.1) it is found that R is equivalent to
Eq.(A.2). By plugging in known values and converting coordinates systems to work
solely in local coordinates it can be shown that R is equivalent to Eq. (A.5)

~R = y(t)êY + rêy + w(r, t)êx (A.2)

~eY = − sin θêx − cos θêy (A.3)

~R = −y(t) sin(θ)êx − y(t) cos(θ)êy + rêy + w(r, t)êx (A.4)

= [w(r, t) − y(t) sin(θ)]êx + [r − y(t) cos(θ)]êy (A.5)

The first step in finding T ,the kinetic energy of the system, is to find the velocity of
all of the points along the flexible rod. To do this Ṙ must be found. This is done
using Eq.(A.6,A.7)

Ṙ = Ω × ~R +
∂ ~R

∂t
(A.6)

Ω = θ̇êz (A.7)

By performing the cross products and simplifying the results, Ṙ can be found. The
result can be seen in Eq.(A.11) The resulting equation makes sense because it gives
a velocity component in the X direction and the Y direction.

Ṙ = θ̇êz × [w(r, t) − y(t) sin(θ)]êx + θ̇êz × [r − y(t) cos(θ)]êy +
∂ ~R

∂t
(A.8)

= θ̇[w(r, t) − y(t) sin(θ)]êy − θ̇[r − y(t) cos(θ)]êx

+ [ẇ(r, t) − ẏ(t) sin(θ) − y(t)θ̇ cos(θ)]êx

+ [y(t)θ̇ sin(θ) − ẏ(t) cos(θ)]êy (A.9)

Ṙ = [ẇ(r, t) − ẏ(t) sin(θ) − θ̇y(t) cos(θ) − θ̇r + y(t) cos(θ)θ̇]êx

+ [θ̇y(t) sin(θ) + θ̇w(r, t) − ẏ(t) cos(θ) − y(t) sin(θ)θ̇]êy (A.10)
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Ṙ = [ẇ(r, t) − ẏ(t) sin(θ) − θ̇r]êx + [θ̇w(r, t) − ẏ(t) cos(θ)]êy (A.11)

The next step in finding T is to evaluate Ṙ · Ṙ.

Ṙ · Ṙ = (ẇ(r, t) − ẏ sin(θ) − θ̇r)2 + (θ̇w(r, t) − ẏ cos(θ))2 (A.12)

From Eq. (A.12) onward w(r, t) will referred to simply as w and ẇ(r, t) will be referred
to as ẇ. To simplify visualization Eq. (A.12) is broken up into Eqns. (A.13,A.14) and
simplified before being recombined and simplified into Eq. (A.15). Equation (A.15)
is then broken up into smaller more manageable pieces in Eqns. (A.16-A.23)

(ẇ(r, t)−ẏ sin(θ)−θ̇r)2 = ẏ2 sin2(θ)−2ẇẏ sin(θ)+2θ̇rẏ sin θ+ẇ2−2θ̇ẇr+θ̇2r2 (A.13)

(θ̇w(r, t) − ẏ cos(θ))2 = ẏ2 cos2 θ − 2θ̇wẏ cos(θ) + θ̇2w2 (A.14)

Ṙ · Ṙ = ẏ2−2ẇẏ sin(θ)+2θ̇rẏ sin(θ)+ ẇ2−2θ̇ẇr+ θ̇2r2−2θ̇wẏ cos(θ)+ θ̇2w2 (A.15)

(Ṙ · Ṙ)1 =r2θ̇2 (A.16)

(Ṙ · Ṙ)2 =ẏ2 (A.17)

(Ṙ · Ṙ)3 =ẇ2 (A.18)

(Ṙ · Ṙ)4 =2rθ̇ẏ sin(θ) (A.19)

(Ṙ · Ṙ)5 = − 2ẇẏ sin(θ) (A.20)

(Ṙ · Ṙ)6 = − 2θ̇ẇr (A.21)

(Ṙ · Ṙ)7 =θ̇2w2 (A.22)

(Ṙ · Ṙ)8 = − 2θ̇wẏ cos(θ) (A.23)

Another important step to this derivation is to change w(r, t), the deflection of the
beam as a function of position on the beam, r, and time, t, to a simpler form. This
method is known as the assumed mode method. The process is similar to a method
used by Meirovitch, [31], however in this derivation the flexible pendulum will be
translating and rotating as well as deflecting. The simpler form will assume that the
deflection of the beam at any given time can be represented by the sum of the mode
shapes of the beam deflection weighted by respective scalar values. Knowing that the
first mode will be excited by the lowest frequency and have the highest amplitude,
as long as the parametric excitation frequency is near the first harmonic frequency
the first mode should be excited at a much higher amplitude than the higher order
mode shapes. This allows the first mode shape to be assumed as the only mode
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shape and allows the deflection of the beam to be represented by one scalar value.
This makes representing the deflection in the differential equation much simpler. The
mathematical representation of this simplification is done by letting w =

∑
φkqk

where
∫
m
φkφr dr = δkr. There will be common substitutions that are made in in

order to simplify Eqns. (A.26,A.28,A.32). The first of these common substitutions is
Eq. (A.24). it simply changes the variable of integration from m to r. The second
of these common substitutions is Eq. (A.25). This substitution comes from the
simplification

∫
m
φkφr dr = δkr where k = r therefore δkr = 1.

dm =
m

L
dr (A.24)

∫
m

φ2
k dm =1 (A.25)

T1 =
1

2

∫
m

(Ṙ · Ṙ)1 dm

=
1

2

∫
m

r2θ̇2 dm

=
1

2
θ̇2
∫ L

0

m

L
r2 dr

=
1

2
θ̇
mL2

3

T1 =
1

2
θ̇2Izz (A.26)

T2 =
1

2

∫
m

(Ṙ · Ṙ)2 dm

=
1

2

∫
ẏ2 dm

=
1

2
ẏ2
∫

dm

T2 =
1

2
mẏ2 (A.27)
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T3 =
1

2

∫
m

(Ṙ · Ṙ)3 dm

=
1

2

∫
ẇ2 dm

=
1

2

∑
q̇2k

∫
φ2
k dm

T3 =
1

2
q̇2k (A.28)

T4 =
1

2

∫
m

(Ṙ · Ṙ)4 dm

=
1

2

∫
2rθ̇ẏ sin(θ) dm

T4 =θ̇ẏ sin(θ)

∫
r dm (A.29)

T5 =
1

2

∫
m

(Ṙ · Ṙ)5 dm

=
1

2

∫
−2ẇẏ sin(θ) dm

T5 = − ẏ sin(θ)
∑

q̇k

∫
φk dm (A.30)

T6 =
1

2

∫
m

(Ṙ · Ṙ)6 dm

=
1

2

∫
−2θ̇ẇr dm

T6 = − θ̇
∑

q̇k

∫
φkr dm (A.31)

T7 =
1

2

∫
m

(Ṙ · Ṙ)7 dm

=
1

2

∫
θ̇2w2 dm

=
1

2
θ̇2
∑

q2k

∫
φ2
k dm

T7 =
1

2
θ̇2
∑

q2k (A.32)
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T8 =
1

2

∫
m

(Ṙ · Ṙ)8 dm

=
1

2

∫
−2θ̇wẏ cos(θ) dm

T8 = − θ̇ẏ cos(θ)
∑

qk

∫
φk dm (A.33)

The next step is to find the potential energy term V . Using Fig. A.1 it can
be shown that the first part of the potential energy is Eq. (A.34). This potential
energy term includes the potential energy in terms of gravitational potential energy.
There is also a flexural potential energy term this term is found by integrating the
strain energy of the pendulum over the volume Eq. (A.35). Using this form for the
flexural potential energy is not helpful. It leaves the equation in a much to general
form that must be solved whenever a new beam with different physical parameters
are used In cases where the physical properties of the beam are complicated, varying
cross section, varying stiffness, it can become difficult or even impossible to solve
analytically. It can be shown that the flexural potential energy can be written in a
different form using qk, Eq. (A.36). Again, a similar derivation is used in Meirovitch,
[31] with the main difference in this case being that the flexible rod is translating and
the final equation is normalized with respect to the mass. In this form the natural
frequency, ωk, can be solved for numerically using a finite element analysis program.
Writing the flexural potential energy in this form makes equation for potential energy
much more general and simpler to implement.

V1 = mg[y(t) − L

2
cos(θ)] (A.34)

V2 = U =

∫
V

S(w,w) dV (A.35)∫
V

S(w,w) dV =
1

2

∑
ω2
kq

2
k (A.36)

V = mg[y(t) − L

2
cos(θ)] +

1

2

∑
ω2
kq

2
k (A.37)

Now that kinetic energy, T , and the potential energy, V , have been solved for
Eq. (A.1) can be evaluated in terms of θ and qk as general coordinate systems.

Theta as a Generalized Coordinate

To begin, Equation (A.38) will be evaluated. The first part will be d
dt

(
∂T
∂θ̇

)
.

d

dt

(
∂T

∂θ̇

)
− ∂T

∂θ
+
∂V

∂θ
= 0 (A.38)
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d

dt

(
∂T1

∂θ̇

)
=

d

dt

(
∂

∂θ̇

(
1

2
θ̇2
mL2

3

))
=

d

dt

(
θ̇
mL2

3

)
d

dt

(
∂T1

∂θ̇

)
=
mL2

3
θ̇ (A.39)

d

dt

(
∂T2

∂θ̇

)
=

d

dt

(
∂

∂θ̇

(
1

2
mẏ2

))
d

dt

(
∂T2

∂θ̇

)
=0 (A.40)

d

dt

(
∂T3

∂θ̇

)
=

d

dt

(
∂

∂θ̇

(
1

2

∑
q̇2k

))
d

dt

(
∂T3

∂θ̇

)
=0 (A.41)

d

dt

(
∂T4

∂θ̇

)
=

d

dt

(
∂

∂θ̇

(
θ̇ẏ sin(θ)

∫
r dm

))
=

d

dt

(
ẏ sin(θ)

∫
r dm

)
d

dt

(
∂T4

∂θ̇

)
=[ÿ sin(θ) + ẏθ̇ cos(θ)]

∫
r dm (A.42)

d

dt

(
∂T5

∂θ̇

)
=

d

dt

(
∂

∂θ̇

(
ẏ sin(θ)

∑
q̇k

∫
m

φk dm

))
=

d

dt
(0)

d

dt

(
∂T5

∂θ̇

)
=0 (A.43)
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d

dt

(
∂T6

∂θ̇

)
=

d

dt

(
∂

∂θ̇

(
−θ̇
∑

q̇k

∫
φkr dm

))
=

d

dt

(
−
∑

q̇k

∫
φkr dm

)
d

dt

(
∂T6

∂θ̇

)
= −

∑
q̈k

∫
φkr dm (A.44)

d

dt

(
∂T7

∂θ̇

)
=

d

dt

(
∂

∂θ̇

(
1

2
θ̇2
∑

q2k

))
=

d

dt

(
θ̇
∑

q2k

)
d

dt

(
∂T7

∂θ̇

)
=θ̈
∑

q2k + 2θ̇
∑

qkq̇k (A.45)

d

dt

(
∂T8

∂θ̇

)
=

d

dt

(
∂

∂θ̇

(
−θ̇ẏ cos(θ)

∑
qk

∫
φk dm

))
=

d

dt

(
−ẏ cos(θ)

∑
qk

∫
φk dm

)
d

dt

(
∂T8

∂θ̇

)
=[−ÿ cos(θ)

∑
qk + ẏθ̇sin(θ)

∑
qk − ẏ cos(θ)

∑
q̇k]

∫
φk dm (A.46)

The second part of Eq. (A.38) that will be solved for is ∂T
∂θ

.

∂T1
∂θ

=
∂

∂θ

(
1

2
θ̇2
mL2

3

)
∂T1
∂θ

=0 (A.47)

∂T2
∂θ

=
∂

∂θ

(
1

2
mẏ2

)
∂T2
∂θ

=0 (A.48)
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∂T3
∂θ

=
∂

∂θ

(
1

2

∑
q̇2k

)
∂T3
∂θ

=0 (A.49)

∂T4
∂θ

=
∂

∂θ

(
θ̇ẏ sin(θ)

∫
r dm

)
∂T4
∂θ

=θ̇ẏ cos(θ)

∫
r dm (A.50)

∂T5
∂θ

=
∂

∂θ

(
−ẏ sin(θ)

∑
q̇k

∫
m

φk dm

)
∂T5
∂θ

= − ẏ cos(θ)
∑

q̇k

∫
m

φk dm (A.51)

∂T6
∂θ

=
∂

∂θ

(
−θ̇
∑

q̇k

∫
φkr dm

)
∂T6
∂θ

=0 (A.52)

∂T7
∂θ

=
∂

∂θ

(
1

2
θ̇2
∑

q2k

)
∂T7
∂θ

=0 (A.53)

∂T8
∂θ

=
∂

∂θ

(
−θ̇ẏ sin(θ)

∑
qk

∫
φk dm

)
∂T8
∂θ

=θ̇ẏ sin(θ)
∑

qk

∫
φk dm (A.54)

The third part of Eq. (A.38) that will be solved for is ∂V
∂θ

.
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∂V

∂θ
=
∂

∂θ

(
mg[y(t) − L

2
cos(θ)] +

1

2

∑
ω2
kq

2
k

)
∂V

∂θ
=mg

L

2
sin(θ) (A.55)

The final step in solving for the differential equation that describes the equation
of motion of a flexible parametrically oscillating pendulum with respect to θ as a
general coordinate system is to evaluate Eq. (A.56) and simplify. The result simplifies
to Eq. (A.57)

8∑
i=1

d

dt

(
∂Ti

∂θ̇

)
−

8∑
i=1

∂Ti
∂θ

+
∂V

∂θ
= 0 (A.56)

θ̈[
mL2

3
+
∑

q2k] + 2θ̇
∑

qkq̇k − q̈k

∫
φkr dm+

ÿ[sin(θ)

∫
r dm− cos(θ)

∑
qk

∫
φk dm] +

mgL

2
sin(θ) = 0 (A.57)

qk as a Generalized Coordinate

The entire processing is repeated over again with qk as the generalized coordinate
system. Starting from Eqns. (A.26-A.33,A.37) now differentiating with respect to qk
as seen in Eq. (A.58).

d

dt

(
∂T

∂q̇k

)
− ∂T

∂qk
+
∂V

∂qk
= 0 (A.58)

As before from of Eq. (A.58). The first step will be solving for d
dt

(
∂T
∂θ̇

)
for the

reduced 8 parts of T , T1 − T8.

d

dt

(
∂T1
∂q̇k

)
= 0 (A.59)

d

dt

(
∂T2
∂q̇k

)
= 0 (A.60)

d

dt

(
∂T3
∂q̇k

)
=
∑

q̈k (A.61)

d

dt

(
∂T4
∂q̇k

)
= 0 (A.62)
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d

dt

(
∂T5
∂q̇k

)
= [−ÿ sin(θ) − ẏθ̇ cos(θ)]

∫
m

φk dm (A.63)

d

dt

(
∂T6
∂q̇k

)
= −θ̈

∫
φkr dm (A.64)

d

dt

(
∂T7
∂q̇k

)
= 0 (A.65)

d

dt

(
∂T8
∂q̇k

)
= 0 (A.66)

The second part of Eq. (A.58) that will be solved for is ∂T
∂qk

.

∂T1
∂qk

= 0 (A.67)

∂T2
∂qk

= 0 (A.68)

∂T3
∂qk

= 0 (A.69)

∂T4
∂qk

= 0 (A.70)

∂T5
∂qk

= 0 (A.71)

∂T6
∂qk

= 0 (A.72)

∂T7
∂qk

= θ̇2
∑

qk (A.73)

∂T8
∂qk

= −θ̇ẏ cos(θ)

∫
φk dm (A.74)

The third part of Eq. (A.58) that will be solved for is ∂V
∂qk

.

∂V

∂qk
=

∂

∂qk

(
mg[y(t) − r

2
cos(θ)] +

1

2

∑
ω2
kq

2
k

)
∂V

∂qk
=
∑

ω2
kqk (A.75)
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The final step in solving for the differential equation that describes the equation
of motion of a flexible parametrically oscillating pendulum with respect to qk is to
evaluate Eq. (A.76) and simplify. The result simplifies to Eq. (A.77)

8∑
i=1

d

dt

(
∂Ti
∂q̇k

)
−

8∑
i=1

∂Ti
∂qk

+
∂V

∂qk
= 0 (A.76)

∑
q̈k + qk[ω

2
k − θ̇2] = θ̈

∫
φkr dm+ ÿ sin(θ)

∫
φk dm (A.77)

There is one more simplification which can be made in both Eqns. (A.57,A.77).
The first mode will be assumed to be the only mode that is excited in the solution.
This is controlled by having the parametric excitation frequency near the first
harmonic frequency. The result of this simplification is the removal of the summation
and can be seen in Eqns. (A.78,A.79)

θ̈[
mL2

3
+ q2k] + 2θ̇qkq̇k − q̈k

∫
φkr dm+

ÿ[sin(θ)

∫
r dm− cos(θ)qk

∫
φk dm] +

mgL

2
sin(θ) = 0 (A.78)

q̈k + qk[ω
2
k − θ̇2] = θ̈

∫
φkr dm+ ÿ sin(θ)

∫
φk dm (A.79)
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APPENDIX B

UNIFORM EXPANSION PERTURBATION METHOD ANALYTICAL

SOLUTION
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Starting with the derived differential equation for qk, Eq. (B.1), the perturbation
method will be used to solve for the analytical solution.

q̈k + qk(ω
2
k − θ̇2) = θ̈

∫
φkr dm+ ÿ sin θ

∫
φk dm (B.1)

In this general equation values are substituted in for θ and y. This is because
for this analytical solution θ and y are prescribed values with a sinusoidal form as
shown in Eqns. (B.2-B.7).

θ = Aθ sin (ωθt) (B.2)

θ̇ = Aθωθ cos(ωθt) (B.3)

θ̈ = −Aθω2
θ sin(ωθt) (B.4)

y = Ay sin (ωyt) (B.5)

ẏ = Ayωy cos (ωyt) (B.6)

ÿ = −Ayω2
y sin (ωyt) (B.7)

Substituting Eqns. (B.2,B.3,B.4,B.7) into Eq. (B.1) the resulting Eq. (B.8) is found.

q̈k + qk(ω
2
k − A2

θω
2
θ cos(ωθt)

2) = −Aθω2
θ sin(ωθt)

∫
φkr dm+

− Ayω
2
y sin(ωyt) sin(Aθ sin (ωθt))

∫
φk dm (B.8)

The next step is to non-dimensionalize the equation by introducing a variable τ . τ is
related by the following Eqns. (B.9-B.12).

τ =ωyt (B.9)

dτ

dt
=ωy (B.10)

t =
τ

ωy
(B.11)

dt

dτ
=

1

ωy
(B.12)

By breaking up Eq. (B.8) into smaller parts Eqns. (B.13-B.16) and non-
dimensionalizing and then recombining into Eq. (B.17) it is much easier to see how
non-dimensionalizing changes the equation.
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q̈k = q̈k(
dτ

dt
)2 = q̈kω

2
y (B.13)

qk(ω
2
k − A2

θω
2
θ cos(ωθt)

2) = qk(ω
2
k − A2

θω
2
θ cos

(
ωθ
ωy
τ

)2

) (B.14)

−Aθω2
θ sin(ωθt)

∫
φkr dm = −Aθω2

θ sin

(
ωθ
ωy
τ

)∫
φkr dm (B.15)

− Ayω
2
y sin(ωyt) sin(Aθ sin (ωθt))

∫
φk dm =

− Ayω
2
y sin(τ) sin

(
Aθsin(

ωθ
ωy
τ)

)∫
φk dm (B.16)

q̈kω
2
y + qk(ω

2
k − A2

θω
2
θ cos

(
ωθ
ωy
τ

)2

) = −Aθω2
θ sin

(
ωθ
ωy
τ

)∫
φkr dm+

− Ayω
2
y sin(τ) sin

(
Aθsin(

ωθ
ωy
τ)

)∫
φk dm (B.17)

By dividing both sides of the Eq. (B.17) by ω2
y it can be simplified into Eq.

(B.18).

q̈k + qk(
ω2
k

ω2
y

− A2
θω

2
θ

ω2
y

cos

(
ωθ
ωy
τ

)2

) = −
∫
φkr dmAθ

ω2
θ

ω2
y

sin

(
ωθ
ωy
τ

)
−
∫
φk dmAy sin(τ) sin

(
Aθ sin

(
ωθ
ωy
τ

))
(B.18)

For the perturbation method to work there must be a factor of ε which is greater
than zero and less than one. In this case it is determined that ωθ is much less than
ωy. This is because both ωθ and ωy are terms that are user controllable. This in turn
limits the range of values the solution is valid for but allows an analytical solution
for an interesting range of solutions. Using this relationship ε can be defined in Eq.
(B.19). Another substitution is made by defining Eq. (B.20) to reduce the complexity
of a constant term. By substituting Eqns. (B.19,B.20) into Eq. (B.18) the simplified
form Eq. (B.21) is found.
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ε =
ωθ
ωy

(B.19)

φ =
ωk
ωy

(B.20)

q̈k + qk(φ
2 − A2

θε
2 cos(ετ)2) = −Aθε2 sin(ετ)

∫
φkr dm

− Ay sin(τ) sin(Aθsin(ετ))

∫
φk dm (B.21)

The next step is to assume the solution form of qk. The Solution form can be found
in Eq. (B.22) and its subsequent second derivative can be found in Eq. (B.23). These
solutions forms are valid for use with the perturbation method only if 0 < ε < 1.

qk = [qk0 + εqk1 + ε2qk2 + ...+ εnqkn] (B.22)

q̈k = [q̈k0 + εq̈k1 + ε2q̈k2 + ...+ εnq̈kn] (B.23)

The next step in solving for the analytical solution is to substitute the assumed
solution forms of qk Eqs. (B.22,B.23) into the non-dimensionalized differential
equation Eq. (B.21). This gives Eq. (B.24)

[q̈k0 + εq̈k1 + ε2q̈k2 + ...+ εnq̈kn]+

[qk0 + εqk1 + ε2qk2 + ...+ εnqkn](φ2 − A2
θε

2 cos(ετ)2) =

− Aθε
2 sin(ετ)

∫
φkr dm− Ay sin(τ) sin(Aθsin(ετ))

∫
φk dm (B.24)

The next step is to take Eq. (B.24) and break it into groups based on the power
of epsilon in the coefficient. Start by solving for qk0 because the only unknown in Eq.
(B.25) is qk0. Once qk0 is known substitute into other differential equations where it
is an unknown to reduce the number of unknowns in the differential equation to 1.
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ε0 :q̈k0 + qk0φ
2 = − Ay sin(τ) sin(Aθ sin(ετ))

∫
φk dm (B.25)

ε1 :εq̈k1 + εqk1φ
2 =0 (B.26)

ε2 :ε2q̈k2 + ε2qk2φ
2 = − Aθε

2 sin(ετ)

∫
φkr dm+ qk0(ε

2A2
θ cos(ετ)2) (B.27)

ε3 :ε3q̈k3 + ε3qk3φ
2 =ε3qk1A

2
θ cos(ετ)2 (B.28)

εn :εnq̈kn + εnqknφ
2 =εnqk(n−2)A

2
θ cos(ετ)2 (B.29)

In this problem the interesting portion of the solution occurs in the particular
solution. This is because the homogeneous part of the solution will be damped out
leaving only the particular solution. This solution shows only the particular solution
method however with zero initial conditions it can be shown that the homogeneous
solutions is zero for all qkn. Starting with Eq. (B.25) qk0 will be solved for but first it
must be expanded to simplify the forcing function to a summation of sin and cosine
functions. This is done using Eq. (B.30) to get to Eq. (B.31) and Eq. (B.32) to get
Eq. (B.33).

sin(x sin(θ)) = 2
∞∑
m=0

J2m+1(x) sin((2m+ 1)θ) (B.30)

−
∫
φk dmAy sin(τ) sin(Aθsin(ετ)) =

−
∫
φk dmAy2

∞∑
m=0

J2m+1(Aθ) sin((2m+ 1)ετ) sin(τ) (B.31)

sin(α) sin(β) =
cos(α− β) − cos(α + β)

2
(B.32)

−
∫
φk dmAy sin(τ) sin(Aθ sin(ετ)) =

−
∫
φk dmAy

∞∑
m=0

J2m+1(Aθ)[cos(((2m+ 1)ε− 1)τ)+

− cos(((2m+ 1)ε+ 1)τ)] (B.33)

After substituting Eq.(B.33) back in to Eq. (B.25) yielding Eq. (B.34) qk0 can
be solved for. This is done by breaking the forcing function up into parts and solving
individually and then re-evaluating as a summation after the pattern for the solution
has been found. The final solution for qk0 can be found in Eq. (B.35).
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q̈k0 + qk0φ
2 = −

∫
φk dmAy

∞∑
m=0

J2m+1(Aθ)[cos(((2m+ 1)ε− 1)τ)+

− cos(((2m+ 1)ε+ 1)τ)] (B.34)

qk0 = −
∫
φk dmAy

∞∑
m=0

J2m+1(Aθ)[
cos(((2m+ 1)ε− 1)τ)

φ2 − ((2m+ 1)ε− 1)2
+

− cos(((2m+ 1)ε+ 1)τ)

φ2 − ((2m+ 1)ε+ 1)2
] (B.35)

The next step is to solve for qk1. By examination of Eq. (B.26) it can be seen
that there is no forcing term meaning the particular solution is zero. By examining
Eq. (B.29) it can bee seen that for all odd values of n qkn will be equal to zero. The
next step in this analytical solution is to solve for qk2. This is done by substituting Eq.
(B.35) into Eq. (B.27) and dividing by ε2. The Simplified form of this substitution
can be found in Eq. (B.36). As was done for the forcing function of Eq. (B.25)
trigonometric identities are used to simplify the forcing function into individual
sin and cosine functions. The trigonometric identities used can be found in Eqns.
(B.37,B.38). The simplified equation after the trigonometric identities have been
applied can be found in Eq. (B.39)

q̈k2 + qk2φ
2 = −

∫
φkr dmAθ sin(ετ)+

−
∫
φk dmAy

∞∑
m=0

J2m+1(Aθ)[
cos(((2m+ 1)ε− 1)τ)

φ2 − ((2m+ 1)ε− 1)2
+

− cos(((2m+ 1)ε+ 1)τ)

φ2 − ((2m+ 1)ε+ 1)2
](A2

θ cos(ετ)2) (B.36)

cos(x)2 =
1

2
[1 + cos(2x)] (B.37)

cos(α) cos(β) =
1

2
[cos(α− β) + cos(α + β)] (B.38)
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q̈k2 + qk2φ
2 = −

∫
φkr dmAθ sin(ετ)+

−
∫
φk dm

AyA
2
θ

4

∞∑
m=0

J2m+1(Aθ)

φ2 − ((2m+ 1)ε− 1)2
[2 cos(((2m+ 1)ε− 1)τ)+

+ cos(((2m+ 1)ε− 1 − 2ε)τ) + cos(((2m+ 1)ε− 1 + 2ε)τ)]+

−
∫
φk dm

AyA
2
θ

4

∞∑
m=0

J2m+1(Aθ)

φ2 − ((2m+ 1)ε+ 1)2
[2 cos(((2m+ 1)ε+ 1)τ)+

+ cos(((2m+ 1)ε+ 1 − 2ε)τ) + cos(((2m+ 1)ε+ 1 + 2ε)τ)] (B.39)

By applying the same method used to solve for qk0, qk2 can be solved for, however,
the solution for qk2 is much more complex than qk0. The solution for qk2 can be found
in Eq. (B.40).

qk2 = −
∫
φk dm

AyA
2
θ

4

∞∑
m=0

J2m+1(Aθ)

φ2 − ((2m+ 1)ε− 1)2
[
2 cos(((2m+ 1)ε− 1)τ)

φ2 − ((2m+ 1)ε− 1)2
+

cos(((2m+ 1 − 2)ε− 1)τ)

φ2 − ((2m− 2 + 1)ε− 1)2
+

cos(((2m+ 1 + 2)ε− 1)τ)

φ2 − ((2m+ 2 + 1)ε− 1)2
]+

−
∫
φk dm

AyA
2
θ

4

∞∑
m=0

J2m+1(Aθ)

φ2 − ((2m+ 1)ε+ 1)2
[
2 cos(((2m+ 1)ε+ 1)τ)

φ2 − ((2m+ 1)ε+ 1)2
+

cos(((2m+ 1 − 2)ε+ 1)τ)

φ2 − ((2m− 2 + 1)ε+ 1)2
+

cos(((2m+ 1 + 2)ε+ 1)τ)

φ2 − ((2m+ 2 + 1)ε+ 1)2
]+

−
∫
φkr dm

Aθ
φ2 − ε2

sin(ετ)

(B.40)

After solving for qk2 the solution is truncated because qk3 is zero and beyond
that the solution is multiplied by ε4 which is very small. The values for qk0 and qk2 are
substituted into the assumed solution form and evaluated. The truncated solution is
given in Eq. (B.41).

qk = qk0 + ε2qk2 (B.41)
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