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ABSTRACT

Detailed observations of phenomena involving compact objects will provide us
with a new avenue to test general relativity in the strong field regime. So as to not
bias our analysis of these new experiments, we require knowledge of the spacetimes
around these objects both within and beyond general relativity. Here I will describe
work that applies two specific methods to solve the modified Einstein’s equations that
describe the exotic spacetimes beyond general relativity for neutron stars and black
holes. The first method is a fourth-order Runge-Kutta-Fehlberg ordinary differential
equation numerical integrator method. The second method is a relaxed Newton-
Raphson method applied to a system of nonlinear partial differential equations.
Using these methods, we solve for the spacetimes of slowly rotating neutron stars in
massive bigravity and rotating black holes in scalar Gauss-Bonnet gravity in a theory
independent methodology. We validate our numerical methods by applying them to
compact objects in general relativity and using them to recover known perturbative
solutions. We can then compare the fully nonlinear solutions to these perturbative
solutions and comment on their differences. We then use these numerical solutions
to calculate the physical observables of these systems and finally construct analytic
fitted models that can be used in rapid computation methods that future experiments
may use to constrain the free parameters in these theories.
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INTRODUCTION

Motivation

Einstein’s theory of relativity has been one of the most important breakthroughs

of understanding the natural world in the modern age. It has changed our

understanding of the fundamental nature of absolute space and time and forced us

to reasses our epistemological knowledge of geometry [49], namely how we treat the

theoretical concepts of geometry with the physical world around us.

Einstein’s theory provides a beautiful reinterpretation of motion in the presence

of a gravitating body via a force into motion through a curved spacetime and has

thus far passed all tests in the weak-field regime [75, 97]. Unfortunately, even given

the stellar success of Einstein’s theory of general relativity, there are still many

pressing questions that remain unanswered. The late time accelerated expansion of

the universe [32] and the failed attempts at quantization [28] has turned our attention

to modifying general relativity.

Unsurprisingly, modifying general relativity typically increases the complexity

of the field equations to such a degree that calculation of physically observable

predictions becomes incredibly difficult. Furthermore, the wide range of the tunable

coupling parameters of these theories can sometimes mask nonlinear effects when

making simplifying assumptions to aid in our calculations such as making weak-

coupling approximations. Thus, the need arises to develop a theory independent

method to calculate physically observable predictions in these modified gravity

theories.

The two attempts to modify general relativity that are relevant to this
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dissertation are massive bigravity and scalar Gauss-Bonnet gravity. Massive bigravity

is a generalization of massive gravity where the graviton is endowed with a mass. This

is done by introducing a second fixed auxiliary metric that interacts with our physical

metric. By giving this auxiliary metric dynamics, the additional degree of freedom

produces a second graviton and has been aptly named massive bigravity. The second

attempt relevant to this thesis is by treating heterotic string theory [50] as an effective

field theory [28]. This treatment results in a theory of gravity coupled via a massless

scalar field (the dilaton) to the gravitational sector with the Gauss-Bonnet invariant

and is commonly referred to as scalar Gauss-Bonnet gravity.

Neutron Stars in Massive Bigravity

Binary systems of pulsars provide a useful laboratory to test general relativity.

The long term observations of radio pulses from these systems encode information

about the post-Keplerian parameters that characterize the general relativistic grav-

itational effects on the binary such as the advance of the periastron and the rate of

change of the orbital period [89]. By constructing a timing model, it is possible to

extract these parameters and relate them to the individual masses of the pulsars [79].

If we then measure at least two of these parameters, we can estimate these masses

very precisely; for example, the primary pulsar PSR J0737-3039A has an estimated

mass of (1.337 ± 0.0037)M� [65]. Furthermore, future observations of binary pulsar

systems may allow for a measurement of the moment of inertia of the primary pulsar

to 10% [62]. In a modified gravity theory, these post-Keplerian parameters are also

dependent on the coupling constants of the theory, so a measurement of more than two

post-Keplerian parameters can be used to place constraints on these parameters [37].

It is also possible to infer the radius of neutron stars from measurements of

quiescent low mass X-ray binaries [51]. Measurements of the X-ray spectra of these
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systems in combination with the post-Keplerian parameters of the binary can provide

an estimate of the neutron star radius which combined with the mass can place

constraints on allowed equations of state in the mass-radius relations. Additionally,

the recent measurement of the mass and radius of PSR J0030+0451 [70] can provide

an alternative method to place these constraints.

Our goal in this work is to take the first step towards the extension of these

analyses to massive bigravity by numerically integrating slowly rotating neutron

star solutions and producing mass-radius and moment of inertia-mass relations using

realistic neutron star equations of state. These results, when combined with a future

analysis of the post-Keplerian parameters in massive bigravity could be used to

place constraints on the graviton mass and the relative strength of the gravitational

constants.

To produce slowly rotating neutron star solutions in massive bigravity, we use a

perturbative expansion in slow rotation. To simplify the field equations, we assume

the neutron star is isolated and can be modeled as a perfect fluid with a barotropic

equation of state obtained numerically from nuclear physics calculations. We have

chosen to focus only on equations of state that allow for neutron stars with a maximum

mass above the observed PSR J1614-2230 limit of 2.01M� [11] 1 in GR.

Furthermore, we require both the physical and auxiliary metric to be stationary,

axisymmetric, and asymptotically flat and assume that the product of the angular

velocity and the radius of the neutron star is much smaller than unity. This

assumption allows us to expand the modified Tolman-Oppenheimer-Volkoff (TOV)

equations of stellar structure about small rotation and the linearized equations become

separable. This process gives us two sets of ordinary differential equations, one set

to zeroth-order in rotation which models the star in spherical symmetry, and one set

1This limit has since been improved to 1.91M� [13] with followup observations.
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to first-order in rotation. To solve these equations, we use an adaptive Runge-Kutta-

Fehlberg method [47] to fourth order with a fifth order error estimator.

Before numerical integration, we need to determine our boundary conditions

through an asymptotic analysis of the field equations at the stellar core and at spatial

infinity. By matching order-by-order, we find power series solutions in these two

regions where we must specify one free parameter, the central density of the star,

which effectively determines the final mass of the star. During this matching, we

obtain four additional parameters, two at the core and two at infinity that must be

“shot for” by requiring continuity and differentiability of the solution on the stellar

surface. The shooting method is as follows:

1. Choose a central density for the neutron star ρ0.

2. Choose a set of values for the shooting parameters at the core which specifies

the initial conditions for numerical integration.

3. Integrate outwards using the Runge-Kutta-Fehlberg method from the core until

the pressure of the star becomes sufficiently small that we can define the surface

of the star and set the pressure to zero.

4. Choose a set of shooting parameters at infinity to specify the initial conditions

for numerical integration.

5. Integrate inwards from infinity until we reach the surface of the star determined

from Step 3. Check if the solution is sufficiently continuous and differentiable on

the surface. If it is not, we estimate new values for the four shooting parameters

using a 4-dimensional Newton-Raphson method and repeat Steps 2-5.
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6. Once the solution is sufficiently continuous and differentiable on the stellar

surface, we repeat the process from Step 1 upon choosing a different central

density.

This gives us a range of spherically symmetric neutron stars with a given equation

of state. We then use these solutions to numerically integrate the first-order field

equations in an identical manner where our free parameter is now the angular velocity

of the star which is assumed to be uniform and we have only 1 shooting parameter

that is determined using the same method.

From these solutions, we calculate physical observables like the mass and

angular momentum of each star. These are the properties that would be extracted

from an analysis of post-Keplerian parameters of binary pulsar systems in massive

bigravity. We then create mass-radius and moment of inertia-mass relations for

different coupling strengths and different equations of state and also find that the

modifications to the mass-radius relation are highly degenerate with the neutron star

equation of state though we find evidence that these degeneracies may be resolved by

constructing approximate universal relations in massive bigravity which would require

an extended calculation to second order in rotation [100, 101, 102].

In summary, we find numerical solutions to neutron stars in spherical symmetry

and to first order in slow rotation in massive bigravity. These are obtained through

a perturbative expansion in rotation assuming the product of the angular velocity

and the radius are much smaller than unity to separate the differential equations.

We then analyze the field equations near the core of the star and at spatial infinity

to determine initial conditions for numerical integration using an adaptive Runge-

Kutta-Fehlberg method and a 4-dimensional shooting method to fix the remaining

parameters. We then construct mass-radius and moment of inertia-mass relations for

various realistic equations of state and coupling parameters. These solutions lay the
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foundation for further experiments to constrain the coupling parameters in massive

bigravity.

Black holes in scalar Gauss-Bonnet: Spherical Symmetry

Recently, the Event Horizon Telescope released the first horizon scale pictures

of the supermassive black hole at the center of the M87 galaxy that presents a new

laboratory to test the strong field regime of general relativity. Specifically, the image

taken depends on the location of unstable photon orbits called the photon sphere or

light ring around the black hole. In a modified gravity theory, the location of the

light ring will shift depending on the coupling constant. Unfortunately, recent work

has shown that future measurements of the black hole shadow are unlikely be able

to test quadratic gravity theories [16]. Fortunately, the metric of a black hole in

modified gravity can also be used to calculate other astrophysical observables, such

as electromagnetic emission of accretion disks around black holes [8], or quasinormal

modes of black hole mergers [25].

The goal of the second half of my work is to develop a computational infras-

tructure to find black hole solutions in an arbitrary modified theory of gravity and

to produce analytic fitting functions that allow realistic data analysis investigations

with Bayesian methods using the solutions. The algorithm presented in this section

applies to spherically symmetric scenarios while we extend it to axial symmetry in

the next section.

The typical approach to solving a set of ordinary differential equations is to

use a Runge-Kutta-Fehlberg method as described in the previous section where one

typically begins at some known initial condition and integrates along one dimension,

one discrete step at a time until one covers the whole domain. In contrast, a typical

procedure to solve a set of nonlinear, coupled, partial differential equations is to apply
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a finite difference method which instead discretizes the entire domain simultaneously

to approximate the differential operators at each grid point and reduce the system of

differential equations on the entire domain as a single linear system of equations that

can be solved algebraically. The main difference in the approach of these methods

is that the Runge-Kutta-Fehlberg method acts one step at a time, usually requiring

a set of initial conditions that specify the function and its derivatives at an initial

point while the finite difference method acts within the entire domain and uses a root

finding algorithm to relax to the solution with given boundary conditions. In the

above section, we used a Runge-Kutta-Fehlberg method to “shoot” for the numerical

solution of a neutron star between the stellar core and spatial infinity. In this section

we use a finite difference method to iteratively solve for the general solution of a black

hole with minimal assumptions on a particular modified theory of gravity.

The basic problem we wish to solve are the modified field equations for the

exterior region of a stationary black hole in axial symmetry. To do this, we will

formulaically discretize each differential operator of the nonlinear elliptic partial

differential equations using a Newton interpolation polynomial on the entire exterior

region of the black hole. This discretization introduces a residual and a finite

difference error that must be minimized and controlled respectively. To minimize

the residual, we use a relaxed Newton-Raphson method to iteratively converge on

the desired solution to a specified error tolerance. The Newton-Raphson method will

require the calculation of the Jacobian of our discretized system of equations which

is done analytically using symbolic manipulation software and then exported into

numerically evaluable expressions in the C programming language. We furthermore

control the discretization errors using a similar minimization procedure by allowing

for an adaptive mesh refinement in our domain.

Our computational infrastructure is general enough that we need only specify
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that an event horizon exists and that our spacetime is asympotically flat. To validate

and develop this infrastructure we apply it first to static black holes in scalar Gauss-

Bonnet gravity in spherical symmetry. We explored the comparison between the

two commonly used coupling functions between the massless dilaton and the Gauss-

Bonnet invariant: a linear coupling referred here as linear scalar Gauss-Bonnet (linear

sGB) and an exponential coupling referred here as Einstein-dilaton-Gauss-Bonnet

(EdGB) gravity. We then compare these solutions to known perturbative analytic

solutions found using the weak-coupling approximations.

Using the solutions, we then calculate various physical properties of these

spacetimes. We calculate the ADM mass and scalar charge of the black holes as

well as the location of the innermost stable circular orbit and the light ring. We find

that the linear sGB solutions agree very well with the weak-coupling perturbative

solutions as expected and that there are large deviations when compared to the EdGB

solutions.

We then use these solutions to develop analytic fitting functions constructed

through polynomials of the compactified coordinate inspired by the analytic pertur-

bative solution. We verify that the analytic fitting functions reproduce the computed

physical observables up to the numerical error.

In summary, we lay the foundations for a computational infrastructure to

solve for static, spherically symmetric spacetimes in an arbitrary modified theory

of gravity using a relaxed Newton-Raphson finite difference discretization method.

Through analytic treatment of the discretized differential equations, we can use this

infrastructure to study solutions to a very wide class of modified theories of gravity.

Here we focus on black holes in scalar Gauss-Bonnet gravity and we find and compare

solutions using various perturbative expansions of the modified Lagrangian. From

these solutions we generate analytical fitting functions and use both to calculate and
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compare the physical observables of these spacetimes.

Black holes in scalar Gauss-Bonnet: Axial Symmetry

Perturbed black hole spacetimes are intrinsically dissipative due to the emission

of gravitational waves. The excited quasinormal modes (QNMs) carry important

information about the structure of the black holes as their decay is independent of

the source of the perturbation and can be useful laboratories to test general relativity.

By solving the equations governing linearized perturbations around the black hole

spacetime, one can calculate the expected QNM spectra. In GR, work has been done

in spherical symmetry [76] and in the rotating case [91] to obtain the set of differential

equations that describe the black hole QNMs but there are no closed form analytic

solutions [61]. Recently there has been an effort to extend this analysis to QNMS in

modified gravity in spherical symmetry [31, 67] and in axial symmetry [105].

Our goal is to extend the previous numerical infrastructure to rotating black

hole solutions in axial symmetry in an effort to provide numerical and analytic fitted

models to use as backgrounds to calculate the QNM spectrum of black holes in these

modified theories.

The extension of our numerical infrastructure is relatively straightforward. We

must now discretize our grid in two dimensions using the same Newton interpolation

formula. Importantly, the additional dimension introduces a second discretization

error that must be controlled in an identical manner to the error along the original

dimension. Mixed partial derivatives are treated by defining a new auxiliary variable

that is substituted into each mixed derivative operator and define an additional field

equation whose residual is simultaneously minimized with the rest of the differential

system. The resulting system of linear equations after discretization is minimized

with the same relaxed Newton-Raphson method. We validate this infrastructure by
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recovering the Kerr metric in GR as well as numerically solving rotating black holes

in the weak-coupling limit without a small rotation approximation. We then compare

these solutions to the full nonlinear solutions.

From the numerical solutions, we ccalculate physical observables such as the

ADM mass and angular momentum of the black holes for different dimensionless spins

and coupling. We find that scalar charge for increasing coupling values is suppressed

for larger spins which matches a qualitative effect observed in analytic perturbative

solutions in small coupling and rotation. We also again find very good agreement

between the perturbative and linear sGB solutions while there are large deviations in

the EdGB solutions. We then use these solutions to produce analytic fitting functions

and again verify that their calculated physical observables match those from the exact

numerical solution.

In summary, we extend our previous numerical infrastructure to find rotating

black holes in an arbitrary modified theory of gravity and validated them in GR

and rotating, weak-coupling perturbative solutions. We then compared the nonlinear

solutions and their calculated physical observables and produced analytical fitted

models from the numerical solutions.

Summary

The first aspect of my thesis work uses a finite difference method to solve for

slowly rotating neutron stars in massive bigravity by numerically integrating the

modified equations of stellar structure in spherical symmetry and to first order in

slow rotation. This can help us place constraints on the coupling parameters of the

theory with future analysis of the post-Keplerian parameters of binary pulsar systems.

The second aspect of my thesis work develops a numerical infrastructure to

solve stationary, axially symmetric black hole spacetimes in an arbitrary modified
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theory of gravity. We have done this using a finite difference method to discretize

the modified field equations and a relaxed Newton-Raphson method to minimize the

resulting residual and converge to the desired solution. We then calculate physical

observables from the numerical solutions and produce analytic fitted models that can

be used in future studies to calculate the quasinormal ringdown modes of perturbed

black holes in these spacetimes.

The outline of this thesis is as follows: Chapter 2 detail my work in the finite

difference method solution to slowly rotating neutron stars in massive bigravity.

Chapter 3 describes the foundations of the computational infrastructure to find black

hole solutions in an arbitrary modified theory of gravity and applies them to static,

spherically symmetric black holes in scalar Gauss-Bonnet gravity. Chapter 4 extends

the previous work to stationary black holes in axial symmetry. Lastly, in Chapter 5,

I conclude the thesis by discussing the overall impact of my work and end with future

directions that can be taken.
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Abstract

We study slowly-rotating neutron stars in ghost-free massive bigravity. This

theory modifies General Relativity by introducing a second, auxiliary but dynamical

tensor field that couples to matter through the physical metric tensor through non-

linear interactions. We expand the field equations to linear order in slow rotation

and numerically construct solutions in the interior and exterior of the star with a set

of realistic equations of state. We calculate the physical mass function with respect

to observer radius and find that, unlike in General Relativity, this function does not

remain constant outside the star; rather, it asymptotes to a constant a distance away

from the surface, whose magnitude is controlled by the ratio of gravitational constants.

The Vainshtein-like radius at which the physical and auxiliary mass functions

asymptote to a constant is controlled by the graviton mass scaling parameter, and

outside this radius, bigravity modifications are suppressed. We also calculate the

frame-dragging metric function and find that bigravity modifications are typically

small in the entire range of coupling parameters explored. We finally calculate both

the mass-radius and the moment of inertia-mass relations for a wide range of coupling

parameters and find that both the graviton mass scaling parameter and the ratio of the

gravitational constants introduce large modifications to both. These results could be

used to place future constraints on bigravity with electromagnetic and gravitational-

wave observations of isolated and binary neutron stars.

Introduction

In recent years, the exploration of the accelerated expansion of the universe has

led to a renewed interest in modified gravity theories with a massive graviton. It

was previously thought that any theory with a massive graviton would introduce an
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unphysical ghost-like scalar propagating mode, until it was shown in 2009 [41, 43]

that the ghost mode could be removed with a properly generalized action. In the

resulting theory (dRGT or massive gravity), a second metric, taken to be flat and

non-dynamical, was introduced in order to generate the non-trivial higher order terms

in the action that were required to remove the ghost mode. In 2011, it was shown [56]

that the dRGT theory could be generalized by removing the requirement that the

auxiliary metric be non-dynamical. The resulting theory, aptly named massive

bigravity or bimetric gravity [82], is one in which there are two metrics, a physical

one that couples to matter and an auxiliary but dynamical one that couples directly

to the metric.

Most of the work thus far has been focused on cosmology in massive gravity

and massive bigravity. Shortly after this renewed interest it was found [36] that

there are no spatially flat or closed Friedman-Lemâıtre-Robertson-Walker (FLRW)

solutions in massive gravity due to a modified Hamiltonian constraint. Although there

are cosmological solutions that can explain the present and past observations of the

evolution of the universe, many of these solutions suffer from a fine-tuning problem,

and many of these exact solutions have been found to be unstable. There have been

multiple avenues to address these issues, one of which was to add additional degrees of

freedom to the theory by allowing the auxiliary metric in massive gravity to become

dynamical, which promoted the initial interest in bimetric gravity. Adding dynamics

to the auxiliary metric places it on equal footing with the primary metric and the

gravitational force in each metric is mediated by its own graviton, one being massless

and one being massive. It was subsequently shown that massive bigravity does admit

spatially open, closed, and flat cosmological solutions [94], although cosmology in this

theory is still very much an ongoing area of research.

The existence and stability of black holes in massive bigravity is also an active
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(a) Mass-radius relation (b) Moment of inertia-mass relation

Figure 2.1: The mass-radius relation (left) and the moment of inertia-mass relation
(right) using three realistic equations of state with varying m and all other coupling
parameters fixed. The mass of the star M is obtained from the mass function
of the physical metric evaluated at the stellar surface defined by radius R. The
dimensionless moment of inertia is defined via Ī = I/M3, where I ≡ | ~J |/Ω, with ~J
the spin angular momentum and Ω the angular frequency of rotation. The shaded
regions represent variability of the relations with the coupling parameter m from
m ∈ [0, 3.0× 10−7cm−1], while keeping all others fixed to c3 = 0.48, c4 = 1.71, and
η = π/4, with the solid black lines representing the GR limit, and the different
colors representing different equations of state. Observe that the relations smoothly
approach the GR relation in the m → 0 limit. Observe also that as the mass of the
star increases, the GR modification in the moment of inertia decreases, because the
interior matter content of the star increasingly dominates the interaction with the
auxiliary metric.
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area of research. The first spherically-symmetric, vacuum solutions in ghost-free

massive bigravity emerged in 2011 [34] and 2012 [95]. These solutions were organized

into two classes: bidiagonal (both metrics are diagonal) and non-bidiagonal (the

physical metric is diagonal while the auxiliary one is not) [34]. For the bidiagonal

class, perturbative solutions around a Minkowski background were found in [95], as

well as full non-linear solutions in [26] shortly after. The simplest case of bidiagonal

vacuum solutions where both metrics are Schwarzschild-like is linearly unstable [17].

For the non-bidiagonal class, solutions have been found analytically [34] and they have

been shown to be stable [19]. The first study of axially-symmetric vacuum solutions

showed the existence of rotating black holes [18] and asymptotically de-Sitter rotating

black holes [14]. The simplest case of the former, where both metrics are Kerr-like,

is linearly unstable [27].

The first treatment of non-rotating, spherically symmetric stars in massive

bigravity was completed assuming a uniform density distribution in 2012 [95] and

2015 [46]. These solutions successfully showed how the Vainshtein mechanism acts to

recover GR [95], which was then used to place constraints on the ratio of gravitational

constants and the Compton wavelength of the graviton [46]. Shortly after, non-

rotating, spherically symmetric stars with matter satisfying a polytropic equation of

state were found [12], and were organized into two main classes characterized by the

choice of coupling constants. The first class does not allow for regular neutron star

solutions above a certain maximum mass, which is much smaller than that in GR.

Given that more massive neutron stars have already been observed [11, 64], this class

of solutions is observationally ruled out. The second class successfully recovers GR

through the Vainshtein mechanism in a range of coupling parameters, thus avoiding

this observational constraint. In this paper, we extend these analyses in two main

ways: (i) we consider “realistic” nuclear equations of state, and (ii) we extend the
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analysis to slowly-rotating neutron stars.

We begin with the Hassan-Rosen action in massive bigravity [56], which depends

on two metrics: a “physical” g-metric that couples directly to the matter sector and

an auxiliary, dynamical f-metric that couples directly only to the g-metric. The

gravitational action is then simply two copies of the Einstein-Hilbert action (one

for each metric), plus a set of metric interaction terms that couple the two metrics

together. The couplings between metrics and between the g-metric and matter is

controlled by various coupling parameters, of which only m, c3, c4, and η will be

relevant here. The parameter η characterizes the relative strength of the gravitational

constants (G and G), which multiply the Einstein-Hilbert terms, and it is bounded by

η ∈ [0, π
2
]. The parameter m quantifies the overall strength of all metric interaction

terms in the action, and it is closely related to the mass of the graviton in the theory.

The parameters c3 and c4 quantify the relative strength of the high-order interaction

terms in the action, and are scaled to be of order unity. Section 2 provides a more

detailed summary of the theory.

We here study slowly-rotating neutron stars in isolation, and thus, we can

simplify the field equations significantly. First, we require the physical and auxiliary

metrics to be both stationary and axisymmetric with asymptotically flat boundary

conditions at spatial infinity. Second, we model the matter stress-energy tensor as a

perfect fluid with a barotropic equation of state, obtained numerically from nuclear

physics calculations; in particular, we consider the Akmal-Pandharipande-Ravenhall

(APR) [9], Lattimer-Swesty (LS220) [63], and Shen et al. [85] equations of state.

Third, we solve the field equations in an expansion about small rotation, assuming

that the product of the angular velocity and the radius of the star is much smaller than

unity. Finally, we simplify the field equations using a tetrad basis decomposition [95]

that allows us to obtain modified Tolman-Oppenheimer-Volkoff (TOV) equations at
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zeroth-order in rotation, and a set of field equations at first-order in rotation.

The numerical evolution of these equations requires that we choose boundary

conditions carefully. We carry out a local analysis of the field equations at the stellar

core and at spatial infinity, which allows us to find power-series solutions in these two

regimes. We then use these power-series expressions as boundary conditions for the

numerical evolution of the field equations order by order in a slow-rotation expansion.

We use a shooting method to match all metric functions and their first derivatives

at the surface of the star, defined as the radius where the pressure vanishes, thus

ensuring continuity and differentiability at the surface.

(a) Mass-radius relation (b) Moment of inertia-mass relation

Figure 2.2: Mass-radius (left) and moment of inertia-mass (right) relations for the
APR equation of state for a set of fixed m and varying η ∈ (0, π/2). The lower bound
on each region corresponds to the GR limit with η = π/2, while the upper bound
corresponds to the η = 0 case and it is determined by the value of m. Observe that
the fixed value of m controls the maximum range of variability of these relations.

From the zeroth-order modified TOV equations, we numerically generate

spherically-symmetric stellar solutions with which we can calculate observables, such

as the mass-radius relations shown in the left panel of Fig. 2.1. As expected, the

modified mass-radius relation in bigravity is highly degenerate with the equation of
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state, and it has a smooth transition to GR in both the m → 0 and η → π/2

limit. From the first-order field equations, we numerically generate the linear-in-spin

corrections to the metric with which we can calculate other observables, such as the

moment-of-inertia-mass curve shown in the right panel of Fig. 2.1. As expected, the

modified moment of inertia also has a smooth limit to GR, but in this case notice that

as the moment of inertia increases, all curves tend to the GR limit. This is because as

the central density increases, the mass increases and the matter interactions dominate

over interactions between the auxiliary and physical metrics.

The relations discussed above do not display a very interesting result in massive

bigravity for neutron stars: the physical mass function outside the star does not

remain constant as expected in GR, but rather it decreases due to interactions with

the auxiliary metric (a type of Vainshtein screening). Inside the star, the physical

mass mg increases much more rapidly than the auxiliary mass mf due to the explicit

matter coupling to the physical metric. Outside the star, although the energy-density

vanishes, the interaction between the physical and the auxiliary metrics causes the

physical mass to decrease and asymptote to a constant that depends on the coupling

parameter η. When η = π/4, both gravitational constants have equal strength and

the asymptotic physical mass is exactly half of the Arnowit-Deser-Misner (ADM)

mass in GR. As η → π/2, the asymptotic physical mass becomes constant in the

exterior spacetime, while as η → 0, the asymptotic physical mass decreases until the

neutron star mass is entirely screened by the auxiliary metric.

This behavior of the physical mass with η means there are now two distinct

limits to GR in this theory, when m → 0 with η fixed and when η → π/2 with m

fixed, as shown in Fig. 2.2. The left panel of this figure presents the mass-radius

relation, while the right panel shows the moment of inertia-mass relation, for a single

equation of state but varying both m and η. In the η → 0 case, the neutron star
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mass is entirely screened by the auxiliary metric, and as m increases, the η → 0 curve

deviates more and more from GR. On the other hand, even for large values of m,

when η ∼ π/2, one still recovers GR.

We also explored the effects of the two remaining coupling parameters, c3 and c4

on the moment of inertia and the metric profiles inside and outside the star. We find

that the moment of inertia is not substantially affected by these parameters within

the range of values we considered, which are restricted by analytical considerations

of scattering amplitudes in massive gravity [33]. Unlike m and η, the primary effect

of both c3 and c4 appears to be to broaden the I-M curve at each m and η value. As

the mass scaling parameter m increases, this broadening effect also increases. The

weaker influence of c3 and c4 is due to the manner in which these parameters appear

in the action. Since they couple to the third and fourth order terms of the action

respectively, their effect is inherently subdominant to the leading, second-order term

scaled by m and η, unless all interaction terms are non-linearly relevant. The coupling

parameters c3 and c4 also seem to significantly affect the auxiliary radial coordinate,

U , and the auxiliary ftt metric element profiles inside the star; the effect outside the

star almost entirely vanishes, since there the auxiliary metric interactions dominate.

This supports the conclusion that (c3, c4) have a mild effect on the moment of inertia,

because the region where they have the largest effect is the region where they are

subdominant to matter interactions.

The remainder of this paper presents the details of the calculations and results

presented above and it is organized as follows. In Sec. 2, we outline the basics of

massive bigravity and introduce the notation we use throughout the paper. In Sec. 2,

we present the metric ansatz and the stress-energy tensor we employ, as well as the

method to determine the interaction tensor in order to derive the modified TOV

equations in massive bigravity. In Sec. 2, we outline the asymptotic expansions used
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to obtain the boundary conditions for the numerical integrations, and describe the

numerical algorithm we used to solve the modified field equations at both zeroth-

order and first-order in spin. In Sec. 2, we describe why the results obtained

here are important and how one could use them to compare against observations

of isolated and double binary pulsar systems. Throughout this paper, we will use

the following conventions: Greek letters denote spacetime indices; capitalized Latin

letters denote tetrad indices; both metrics have the spacetime signature (−,+,+,+);

unless otherwise stated, geometric units where G = c = 1.

Massive Bigravity

The ghost-free action of massive bigravity given by Hassan and Rosen [57] in

natural units (c = ~ = 1) is

S = M2
g

∫
R
√−g d4x+M2

f

∫
R
√
−f d4x

+ 2m2M2
eff

∫
Lint

√−g d4x+ Smat[gµν ], (2.1)

where R and R are the Ricci scalars associated with the physical metric gµν and the

auxiliary metric fµν respectively, with reduced Planck masses M2
g = (8πG)−1 and

M2
f = (8πG)−1, and gravitational couplings G and G. All matter degrees of freedom

are encoded in Smat, which couples directly only to the physical metric.

The physical and auxiliary metrics communicate with each other through the

interaction term Lint, which can be written as

Lint =
4∑

n=0

βnen(γ), (2.2)

where βn are dimensionless coupling parameters and en(γ) are the elementary
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symmetric polynomials of the trace of the so-called “square-root matrix,” defined

by

γµαγ
α
ν = gµαfαν . (2.3)

The coupling strength of the interaction term is controlled by the product of an

”effective” Planck mass

M2
eff =

(
1

M2
g

+
1

M2
f

)−1

. (2.4)

and a continuous scaling parameter m that is related (but not equal) to the mass of

the graviton. The latter could be absorbed into the βn parameters, but we will not

do so here so that the βn parameters are of order unity1.

Without any loss of generality, the interaction term can be rewritten as

Lint =
4∑

n=0

cnen(K), (2.5)

where Kµ
ν = δµν − γµν . This form of the interaction term allows us to easily enforce

asymptotic flatness by requiring c0 = c1 = 0, and to reduce the theory to that of Pauli

and Fierz [73] in the linearized limit of a massive spin 2 field by requiring c2 = 1. The

mapping from the remaining cn to βn is then

βn = (−1)n+1

[
1

2
(3− n) (4− n)− (4− n) c3 − c4

]
. (2.6)

1If one wished to consider a βn that is larger than order unity, then one could simply increase
the scaling parameter m.
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With this at hand, the interaction term becomes simply

Lint =
1

2

(
Kµ

µ

)2 − 1

2
Kν

µK
µ
ν

+
c3

3!
εµνρσε

αβγσKµ
αK

ν
βK

ρ
γ

+
c4

4!
εµνρσε

αβγδKµ
αK

ν
βK

ρ
γK

σ
δ , (2.7)

where εαβγδ is the Levi-Civita tensor.

One can now obtain the field equations by varying the action with respect to both

metrics. Doing so directly, however, is somewhat cumbersome due to the dependence

of the interaction term on the square-root metric. Following [95], one can instead

introduce two tetrad fields, eµA and ωBν , defined via

gµν = ηABeµAe
ν
B and fµν = ηABω

A
µω

B
ν . (2.8)

By imposing the symmetry condition

eµAωBµ = eµBωAµ, (2.9)

the square-root matrix can then be rewritten as

γµν = eµAω
A
ν . (2.10)

With this at hand, one can then vary the action with respect to these tetrad fields to

obtain the field equations

Gµ
ν = 8πT µν +m2 cos2 η V µ

ν , (2.11)

Gµν = m2 sin2 η Vµν . (2.12)
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where we have introduced the new coupling constant η ∈ [0, π
2
] via [95]

tan2 η =
G
G
. (2.13)

The auxiliary reduced Planck mass is then simply M2
f = M2

g cot2 η, while the reduced

effective Planck mass is M2
eff = M2

g cos2 η. The Einstein tensors Gµ
ν and Gµν are

those associated with the physical and auxiliary metrics respectively, while T µν is the

matter stress-energy tensor, which again couples only to the physical metric. The

interaction tensors, V µ
ν and Vµν , are defined by

V µ
ν = τµν − δµνLint, (2.14)

Vµν = −
√−g√−f τ

µ
ν , (2.15)

with

τµν = −3 γµν + γµµγ
ν
ν − γµαγαν

− c3

2
ενρλσε

αβδσγµαK
ρ
βK

λ
δ

− c4

6
ενρλσε

αβχδγµαK
ρ
βK

λ
χK

σ
δ . (2.16)

The effective mass of the graviton µ is determined from a linear analysis of the

field equations about flat spacetime [40]

µ = m

[
(1 + cot2 η ξ2

c )
1/2

Γ
1/2
c

cot η ξc

]
, (2.17)

where Γc ≡ β1ξc + 4β2ξ
2
c + 6β3ξ

3
c and ξc is the critical value of the ratio of the

cosmological scale factor associated with the auxiliary metric to that associated with

the physical metric when the cosmological matter energy density asymptotes to zero.
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One can show that ξc is a solution to the polynomial equation [40]

0 =
β1

cot2 η ξc
+

(
6β2

cot2 η
− β0

)
+

(
18β3

cot2 η
− 3β1

)
ξc

+

(
24β4

cot2 η
− 6β2

)
ξ2
c − 6β3ξ

3
c ,

(2.18)

Thus, the effective graviton mass is a function of all 4 coupling parameters. We see

that η does not completely control the mass of the graviton, but rather this is really

determined by all coupling parameters, and in particular the scaling mass m.

The field equations also lead to certain conservation relations. Taking the g- and

f-metric covariant divergences of Eqs. (2.11) and (2.12), we find

8π (g)∇νT µν = −m2 cos2 η (g)∇νV µ
ν , (2.19)

(f)∇νVµν = 0 , (2.20)

where the Bianchi identities require that (g)∇νGµ
ν = 0 = (f)∇νGµν . The diffeomor-

phism invariance of the action, however, guarantees that the matter stress-energy

tensor is independently conserved [94]

(g)∇νT µν = 0 , (2.21)

which then implies that

(g)∇νV µ
ν = 0 . (2.22)
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Slowly-rotating Neutron stars in Massive Bigravity within the Hartle-Thorne

Approximation

In this section, we first introduce our choice of metric ansatzes, following the

Hartle and Thorne approximation [54, 55], and then we describe our choice of stress-

energy tensors to model neutron stars. We conclude this section with a derivation of

the field equations in a slow-rotation expansion and a recasting of them into a form

amenable to numerical integration.

Metric Tensors for Slowly-Rotating Spacetimes

Following the approach of Hartle and Thorne [54, 55], we begin with the following

metric ansatzes

ds2
g = −e2νdt2 + e2λdr2 + r2

[
dθ2 + sin2 θ (dφ− ωdt)2] , (2.23)

ds2
f = −e2αdt2 + e2βdr2 + U2

[
dθ2 + sin2 θ (dφ− wdt)2] , (2.24)

where each metric function ν, λ, α, β, U , ω, and w are functions of r and θ only.

The above metric ansatzes are the result of an expansion in slow rotation to second

order of the most general, stationary and axisymmetric metric. We make here a

symmetric choice of ansatzes: we choose the same functional form for the g- and

the f-metrics. This is a choice because, although the g-metric must take the form

above when imposing stationarity and axisymmetry, the f-metric could in principle

take a different form. We will see below that this symmetric choice is sufficient to

find consistent solutions.2

2Relaxing this assumption for vacuum solutions where the physical metric ansatz is diagonal
while the auxiliary metric is not can produce vacuum solutions that are Schwarzschild-(anti) de
Sitter [95]. Thus there may also exist solutions of this type for neutron stars but they will not be
considered here.
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Neutron Star Stress-Energy Tensor

We model the matter field as a perfect fluid that is uniformly rotating with

angular velocity Ω. The matter stress-energy tensor for such a fluid is

T (m)µ
ν = (p+ ρ)uµuν + p gµν , (2.25)

with density ρ, pressure p and four-velocity

uµ =
[
ut, 0, 0,Ωut

]
. (2.26)

The component ut is obtained from the normalization condition uµuµ = −1,

ut =
1

eν
+

1

2

r2 sin2 θ

e3ν

(
ω2 − 2ωΩ + Ω2

)
+O

(
Ω4
)
. (2.27)

Ignoring terms of O (Ω2), the stress-energy tensor in matrix form is then

T (m)µ
ν =




−ρ 0 0 r2 sin2 θ
e2ν

(Ω− ω) (p+ ρ)

0 p 0 0

0 0 p 0

−Ω (p+ ρ) 0 0 p



. (2.28)

In order to close our system of equations we require a relationship between the

pressure and the density. We here only consider barotropic equations of state, namely

p = p(ρ), that are obtained numerically by solving certain systems of equations

in nuclear physics. In particular, we focus on the Akmal-Pandharipande-Ravenhall

(APR) [9], Lattimer-Swesty (LS220) [63], and Shen et al. [85] equations of state.

APR uses a variational chain summation method combined with a leading-order
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relativistic correction and three-nucleon interactions. LS220 uses a compressible

liquid-drop model for nuclei and includes multiple additional nuclear interactions.

Shen is constructed from relativistic mean field theory over a wide range of baryon

mass densities, temperatures, and proton fractions. These equations of state allow

for neutron stars with masses above the PSR J1614-2230 limit (above 2.01M� [11])

in GR.3

Interaction Tensor

Before we can find the modified field equations, we must first evaluate the

interaction tensors, which in turn require the calculation of the square-root matrix.

Let us then begin with the latter, using Eq. (2.3) and an axisymmetric choice for the

tetrad fields eµA and ωAµ :

eµt = [M, 0, 0, K] ,

eµr = [0, B, 0, 0] ,

eµθ = [0, 0, C, 0] ,

eµφ = [X, 0, 0, Y ] ,

ωtµ = [m, 0, 0, k] ,

ωrµ = [0, b, 0, 0] ,

ωθµ = [0, 0, c, 0] ,

ωφµ = [x, 0, 0, y] .

(2.29)

3We will assume this value as our constraint for a maximum mass in massive bigravity.
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where (M,K,B,C,X, Y,m, k, b, c, x, y) are arbitrary functions of (r, θ). Using

Eqs. (2.8) and (2.10), we then find

gµν =




−M2 + Y 2 0 0 −M K +X Y

0 B2 0 0

0 0 C2 0

−M K +X Y 0 0 −K2 +X2



, (2.30)

fµν =




−m2 + y2 0 0 −mk + x y

0 b2 0 0

0 0 c2 0

−mk + x y 0 0 −k2 + x2



, (2.31)

γµν =




Mm+ Y y 0 0 Mk + Y x

0 Bb 0 0

0 0 Cc 0

Km+Xy 0 0 Kk +Xx



. (2.32)

Comparing the above metric tensors to the metric ansatzes in Eqs. (2.23) and (2.24),

and comparing the square-root matrix above to that obtained from Eq. (2.3)

computed with the metric ansatzes of Eqs. (2.23) and (2.24), the only solution that

is spherically symmetric in the non-rotating limit [95] is

M = e−ν ,

X = (r sin θ)−1 ,

m = a,

x = U sin θ,

K = ω e−ν ,

Y = 0,

k = 0,

y = −wU sin θ.

(2.33)
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With this solution, we can use the tetrad symmetry condition in Eq. (2.9) to show

that ω = w, i.e. frame dragging is identical in both spacetimes. With the basis

solution found above, the square-root matrix is

γµν =




eα−ν 0 0 0

0 eβ−λ 0 0

0 0 U/r 0

ω (eα−ν − U/r) 0 0 U/r



. (2.34)

With the square-root matrix in hand, we can now calculate the full interaction

tensors, V µ
ν and Vµν , from Eqs. (2.14) and (2.15):

V t
t = κ1

eβ

eλ
+ κ2,

V r
r = κ1

eα

eν
+ κ2,

V θ
θ = V φ

φ = −e
α

eν

(
κ3
eβ

eλ
+ κ4

)
− κ4

eβ

eλ
+ κ5,

V φ
t = ω

(
U

r
− eα

eν

)(
κ3
eβ

eλ
+ κ4

)
,

V tt = κ6
eλ

eβ
+ κ7,

Vrr = κ6
eν

eα
+ κ7,

Vθθ = Vφφ = −e
ν

eα

(
κ8
eλ

eβ
+ κ9

)
− κ9

eλ

eβ
+ κ10,

Vφt = ω

(
eν

eα
− r

U

)(
κ8
eλ

eβ
+ κ9

)
,

(2.35)
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where

κ1 = 3− 3c3 − c4 + (4c3 + 2c4 − 2)
U

r
− (c3 + c4)

U2

r2
,

κ2 = −6 + 4c3 + c4 − (6c3 + 2c4 − 6)
U

r
+ (2c3 + c4 − 1)

U2

r2
,

κ3 = 1− 2c3 − c4 + (c3 + c4)
U

r
,

κ4 = −3 + 3c3 + c4 − (2c3 + c4 − 1)
U

r
,

κ5 = −6 + 4c3 + c4 − (3c3 + c4 − 3)
U

r
,

κ6 = −c3 − c4 + (4c3 + 2c4 − 2)
r

U
− (3c3 + c4 − 3)

r2

U2
,

κ7 = c4 − (2c3 + 2c4)
r

U
+ (2c3 + c4 − 1)

r2

U2
,

κ8 = 1− 2c3 − c4 + (3c3 + c4 − 3)
r

U
,

κ9 = c3 + c4 − (2c3 + c4 − 1)
r

U
,

κ10 = c4 − (c3 + c4)
r

U
.

(2.36)

Modified Field Equations

Combining the above results we can write the equations of stellar structure for

a neutron star in massive bigravity. The approach is similar to that in GR, so let

us begin by deriving the field equations to zeroth-order in slow-rotation. Making the

familiar GR substitution

e2λ =

(
1− 2mg

r

)−1

, (2.37)

where mg is a new function of r only, the (t, t) and (r, r) component of the g-metric

field equations become

dmg

dr
= 4πr2ρ− 1

2
m2 cos2 η r2V t

t , (2.38)

dν

dr
=

4πr3p+mg

r (r − 2mg)
+

1

2

m2 cos2 η r2V r
r

r − 2mg

. (2.39)



33

Notice that as m→ 0 or η → π/2, mg(r) becomes the GR total enclosed mass of the

neutron star inside radius r.

We can express the f-metric equations in a similar manner. Using the

substitution

e2β = U ′
2

(
1− 2mf

U

)−1

, (2.40)

where mf is a new function of r only and U ′ = dU/dr, the (t, t) and (r, r) components

of the f-metric field equations become

dmf

dr
= −1

2
m2 sin2 η U2 U ′ V tt , (2.41)

dα

dr
= U ′

[
mf

U (U − 2mf )
+

1

2

m2 sin2 ηU2Vrr
U − 2mf

]
. (2.42)

We have so far obtained four equations for the four metric function unknowns

(ν,mg, α,mf ), but we still need equations for (p, ρ, U). The equation of state

provides a relation between p and ρ. Conservation of the matter stress-energy tensor,

Eq. (2.21), leads to the equation

dp

dr
= − (p+ ρ)

dν

dr
. (2.43)

Conservation of the V µ
ν tensor, Eq. (2.22), leads to the equation

κ1
eα

eν
dα

dr
=

2

r

(
κ3
eα

eν
+ κ4

)
U ′+

[
κ1
dν

dr
− 2

r

(
κ3
eα

eν
+ κ4

)]√
U (r − 2mg)

r (U − 2mf )
U ′ , (2.44)

which then closes our system of ordinary differential equations at zeroth-order in spin.

Let us now consider the modified field equations to first-order in slow-rotation.

To this order, ω is the only free metric function, and thus, we only need a single

differential equation. Investigating the (t, φ) component of the g-metric field equation,
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we find

∂2ω

∂r2
+

4

r

[
1− πr3 (p+ ρ)

r − 2mg

− m2 cos2 η r3

8 (r − 2mg)

(
V r
r − V t

t

)] ∂ω
∂r

+
16πr (p+ ρ)

r − 2mg

(Ω− ω) +
1

r (r − 2mg)

(
∂2ω

∂θ2
+ 3

cos θ

sin θ

∂ω

∂r

)

+
1

2

m4 cos4 η r4V r
r (V t

t − V r
r )

(r − 2mg)
2 ω −m2 cos2 η

×
[
r (V r

r − V t
t )

(r − 2mg)
2

(
4πr3p+mg

)
+

r2

r − 2mg

dV r
r

dr
+

2r

r − 2mg

(
V r
r + V φ

φ

)]
ω = 0.

(2.45)

Following [54], we use a vector spherical harmonic decomposition

ω(r, θ) =
∞∑

l=1

ωl(r)

(
− 1

sin θ

dPl(cos θ)

dθ

)
, (2.46)

where Pl(cos θ) are Legendre polynomials, to decouple this equation. The polar term

becomes

∂2ω

∂θ2
+ 3

cos θ

sin θ

∂ω

∂θ
= − (l + 2) (l − 1)ω. (2.47)

By imposing regularity at the neutron star core and asymptotic flatness, all ωl must

vanish except for the l = 1 term, as expected. Equation (2.45) then becomes

∂2ω

∂r2
+

4

r

[
1− πr3 (p+ ρ)

r − 2mg

− m2 cos2 η r3

8 (r − 2mg)

(
V r
r − V t

t

)] ∂ω
∂r

(2.48)

+
16πr (p+ ρ)

r − 2mg

(Ω− ω) +
1

2

m4 cos2 η r4V r
r (V t

t − V r
r )

(r − 2mg)
2 ω −m2 cos2 η

×
[
r (V r

r − V t
t )

(r − 2mg)
2

(
4πr3p+mg

)
+

r2

r − 2mg

dV r
r

dr
+

2r

r − 2mg

(
V r
r + V φ

φ

)]
ω = 0.

(2.49)
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Recasting of Modified Field Equations

The equations of stellar structure presented thus far are not ideal for numerical

integration in their present form. We here follow the approach of [95] to recast the

differential equations into a simpler form. First, we substitute Eq. (2.42) into (2.44),

causing each U ′ to cancel exactly from the latter. We then use Eq. (2.39) to solve for

the quantity e(α−ν) in the resulting expression. The right-hand side of this expression

is lengthy and will be denoted as the function F that depends on the metric functions

mg, mf , r, and U and the coupling parameters m, c3, c4, and η:

eα

eν
= F [r,mg,mf , U,m, c3, c4, η] (2.50)

This expression allows us to simplify our differential system because α and ν only

appear in this particular combination. Thus, we insert Eq. (2.50) into Eq. (2.39)

and (2.42), to eliminate ν and α from our differential system.

To further simplify the equations, we insert Eqs. (2.37) and (2.40) into the V t
t

term of Eq. (2.38) (and similarly in the V tt term of Eq. (2.41)). This separates the

equations into two terms: one that is proportional to U ′ and one that is independent

of U ′. Each of these terms are lengthy and will be denoted as separate functions

Fk = Fk [r,mg,mf , U,m, c3, c4, η] with k ∈ (1, 6); such that our simplified differential

system is

dmg

dr
= F1

dU

dr
+ F2 (2.51)

dmf

dr
= F3

dU

dr
+ F4 (2.52)

dν

dr
= F5 (2.53)

dα

dr
= F6

dU

dr
. (2.54)
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A few of the Fk functions are given explicitly in Appendix A to show an example of

their structure.

To close the system, we now need an equation for the evolution of U . Taking a

total derivative of both sides of Eq. (2.50) and substituting Eqs. (2.51) — (2.54), one

can solve for dU/dr to find

dU

dr
=

∂F
∂r

+ ∂F
∂mg

F2 + ∂F
∂mf

F4 + F F5

F F6 − ∂F
∂U
− ∂F

∂mg
F1 − ∂F

∂mf
F3

, (2.55)

provided the denominator does not vanish. The numerical problem then reduces to

simultaneously solving Eqs. (2.51), (2.52), and (2.55). Once this is done, one can

insert (mg,mf , U) in the right-hand sides of Eqs. (2.53) and (2.54) to solve for (α, ν).

Alternatively, once we have solved for α (or ν), we can use Eq. (2.50) to find ν (or

α).

Numerical Construction of Neutron Stars in Massive Bigravity

In this section, we describe how to numerically evolve the differential system

obtained in the previous section, beginning with the system at zeroth-order in rotation

and continuing with the first-order in rotation system. In general, we will use a

shooting method to solve the equations:

(i) choose boundary conditions at a small radius (close enough to the neutron star

core) and at a very large radius (close enough to spatial infinity),

(ii) numerically integrate from the small radius out to the surface and from the

large radius in to the surface,

(iii) check whether the solutions are continuous and differentiable at the surface,

and
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(iv) if they are, declare this our solution; if they are not, choose different boundary

conditions and repeat.

This shooting method then requires that we specify boundary conditions both at the

core and at a large radius, which we do through a local analysis about r = 0 and

r =∞, as we will describe below. The key point of this method is that the boundary

conditions will depend on integration constants that must be iterated over (or “shot

for”) to ensure continuity and differentiability.

Zeroth-Order in Rotation

Local analysis at r = 0 and r =∞ At r = 0, we Taylor expand mg, mf , ν, α,

p, ρ, and U , insert the Taylor expansions into the differential system of the previous
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section, and equate coefficients of equal power in r to find

Ur→0 = ur +O(r3),

mgr→0 =
4

3
πr3ρ0 +

1

3
m2 cos2 η r3 (u− 1)

×
[
(c3 + c4)u2 −

(
5

2
c3 + c4 +

3

2

)
u+ 4c3 +

1

2
c4 + 3

]
+O(r4),

mfr→0 = −1

6
m2 sin2 η r3 (u− 1)

[
−c4u

2 + (3c3 + 2c4)u− 3c3 − c4 + 3
]

+O(r4),

νr→0 = ν0 +
1

2
r2

(
4πp0 +

4

3
πρ0

)
+

1

2
m2 cos2 η r2

{
− 1

6
(c3 + c4)u3

− 1

2
(3c3 + c4 − 3)u+

1

3
(4c3 + c4 − 6) +

+

[
1

2
(c3 + c4)u2 − (2c3 + c4 − 1)u+

1

2
(3c3 + c4 − 3)

]
eα0

eν0

}
+O(r3),

αr→0 = α0 +
1

4u
m2 sin2 η r2

{
4

3
c4u

3 − 3 (c3 + c4)u2 + 2 (2c3 + c4 − 1)u− c3 −
1

3
c4+

+ 1 + u
[
− (c3 + c4)u2 + (4c3 + 2c3 − 2)u− 3c3 − c4 + 3

] eν0

eα0

}
+O(r3),

ρr→0 = ρ0 +O(r2),

pr→0 = p0 +O(r2).

(2.56)

The quantity ρ0 is the central density, i.e. the density at the neutron star core, and

it is a free parameter that effectively determines the mass of the star. Given ρ0,

the quantity p0 is obtained from the equation of state, p0 = p[ρ0]. The quantities

u and ν0 are constants that must be shot for in order to guarantee continuity and

differentiability of the solutions at the stellar surface. Given all of this, the quantity

α0 is obtained from Eq. (2.50).

At r = ∞, we take a slightly different approach. If we insisted on a regular

Taylor expansion of the metric functions, we would find that this ansatz does not

satisfy the field equations. Instead, the field equations require a series expansion
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with a non-trivial controlling factor. This can be proved by parameterizing the local

behavior of the metric functions via

Ur→∞ = r + δ U∞,

mgr→∞ = δ mg∞ ,

mfr→∞ = δ mf∞ ,

νr→∞ = δ ν∞,

αr→∞ = δ α∞,

(2.57)

which ensures asymptotic flatness, where U∞, mg∞ , mf∞ , ν∞, and α∞ are functions

of r and δ � 1. Plugging the above into the field equations and keeping only terms

of O(δ) gives

d

dr
U∞ =

mg∞ −mf∞

r
+ 2

mg −mf

m2r3
,

d

dr
mg∞ = m2 cos2 η r U∞ + cos2 η

mg∞ −mf∞

r
,

d

dr
mf∞ = −m2 sin2 η r U∞ − sin2 η

mg∞ −mf∞

r
,

d

dr
ν∞ =

mg∞

r2
+ cos2 η

mg∞ −mf∞

r2
,

d

dr
α∞ =

2mf∞ −mg∞

r2
+ cos2 η

mg∞ −mf∞

r2
.

(2.58)

Solving this system of equations gives the asymptotic behavior,

Ur→∞ = r +
m2r2 +mr + 1

m2r2
Be−mr,

mgr→∞ = A sin2 η −B cos2 η (mr + 1) e−mr,

mfr→∞ = A sin2 η +B sin2 η (mr + 1) e−mr,

νr→∞ = −A sin2 η

r
+

2B cos2 η

r
e−mr,

αr→∞ = −A sin2 η

r
− 2B sin2 η

r
e−mr,

(2.59)
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where A and B are constants that are to be shot for by requiring continuity and

differentiability of the solution at the stellar surface.

Numerical Solutions Combining the above results, we can then solve for non-

rotating neutron star solutions. The procedure is as follows. First, we specify a

central density and choose an initial guess of the 4 matching parameters (u, ν0, A,B).

Second, using the boundary conditions at the neutron star core, we integrate outwards

until the pressure vanishes, which denotes the surface of the star. Third, using the

boundary conditions at infinity, we integrate inwards until the neutron star surface

is reached. All integrations are carried out with an adaptive Runge-Kutta-Fehlberg

algorithm with an error tolerance of 10−4. Finally, we compare the metric functions at

the surface to determine whether the solutions are continuous and differentiable also

to a tolerance of 10−4. If they are not, we use a four-dimensional Newton-Raphson

method to estimate a new guess for the 4 matching parameters, until the solutions

are continuous and differentiable at the surface to the tolerance required.

The double-shooting, numerical procedure used here is different from that used

in GR. The exterior solution to the Einstein equations is known analytically, so in

GR it is sufficient to integrate from the stellar core to the surface, and then match

this numerical solution and its first derivative to the analytical exterior solution. In

massive bigravity, however, the exterior solution is not known analytically. Therefore,

it is standard to shoot from “both ends” when carrying out the numerical integration

of the field equations [53], which is typically referred to as “shooting to a fitting

point” [74].

When solving for non-rotating neutron stars numerically, we must choose the

region in coupling parameter space (m, η, c3, c4) that we wish to explore. We here

choose the range of η to be its entire domain (0, π/2) and the range of (c3, c4) to be
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approximately that used in [33], which was obtained from analytic considerations of

scattering amplitudes in massive gravity. This choice is made so as to get a clear sense

of the effect of bigravity modifications to GR, but clearly some range in (m, η, c3, c4) is

already disallowed by observations [42]. Solar System observations of the precession

of Mercury place the bound µ < 10−23eV [96], while constraints on the dispersion

relation of the gravitational wave signal GW150914 place the bound µ < 10−22eV [7].

Since µ is related to (m, η, c3, c4) via Eq. (2.17), values of η close to π/2 are not yet

ruled out.

We should note, however, that we were unable to numerically produce stars in

this entire (c3, c4) subregion. In fact, we were only able to find solutions in the shaded

region shown in Fig. 2.3. This region grows in size slightly for larger values of m. The

most common cause of numerical issues is the denominator of Eq. (2.55) becoming

very small at a rate faster than the numerator. Whether this is due to a numerical

limitation of our methods or whether it points to a deeper theoretical issue in massive

bigravity is currently unclear and requires further study.

We present the non-rotating solutions for various couplings in Figs. 2.4 and 2.5.

All five metric profiles mg, mf , U , ν, and α are shown as functions of radius for

different coupling parameters (m, η, c3, c4). The top left panel of Fig. 2.4 shows

both the physical and the auxiliary mass functions versus radius. Observe that

both increase monotonically from the core to the surface, with mg increasing much

more rapidly than mf due to its direct matter coupling. Outside the star, the

density term in Eq. (2.38) vanishes and the physical (auxiliary) mass monotonically

decreases (increases) until it reaches its asymptotic value mg = A sin2 η, determined

by Eq. (2.59). Thus, the observable mass sufficiently far away from the star is

determined by the matching parameter A, and the ratio of gravitational couplings

tan2 η = G/G. The parameter η controls this asymptotic value, while the primary
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Figure 2.3: Numerical region of the expolored (c3, c4) space. The figure is bounded
by an estimate of the constrained region determined in [33]. The shaded region shows
the subregion in which we were able to numerically produce neutron stars solutions
using the APR equation of state, with ρ0 = 7.9× 1014g/cm3, m = 1.0× 10−7cm−1,
and η = π/4.

effect of m is to determine how far from the surface both mass functions become

effectively identical, i.e. it controls the Vainshtein radius. Both c3 and c4 appear to

broaden each profile rather than influence the asymptotic observable.

This panel also shows some interesting limiting behavior of the mass functions

as one varies the coupling parameters. As η → π/2, the g-metric in Eq. (2.11)

decouples from the auxiliary metric and one recovers the Einstein field equation in GR.

Therefore, in this limit, mg approaches the ADM mass at spatial infinity, A = MADM.

Moreover, in this limit the auxiliary gravitational constant G → ∞ and the auxiliary

Planck mass M2
f → 0, recovering GR with an arbitrary decoupled auxiliary metric.

On the other hand, in the limit as η → 0, the auxiliary gravitational constant G → 0

and the Plank mass M2
f → ∞. In this limit, the auxiliary metric becomes flat from

Eq. (2.12) and one recovers dRGT massive gravity. We have indeed been able to

replicate the results of [95], where these general metric properties were first presented
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(a) Mass profiles (b) Auxiliary radial coordinate U

Figure 2.4: Numerical solutions at zeroth-order in rotation as a function of radius
for different choices of coupling parameters using the APR equation of state. In
each subfigure, the parameter denoted in the caption is varied while all remaining
parameters are set to a fixed value (c3 = 0.48, c4 = 1.71, η = π/4, m =
3.0× 10−7cm−1, ρ0 = 7.9× 1014g/cm3 where applicable). In the top two subfigures,
we vary m and η for fixed (c3, c4) through different color lines, while in the bottom
subfigure we vary c3 and c4 for fixed (m, η) through red or blue shaded regions. Left:
Primary, mg, and auxiliary, mf , metric mass functions versus r. Outside the star, the
primary metric decouples from matter and the mass decreases to some asymptotic
value unlike in GR. The parameter η has the largest effect on this asymptotic value,
while m only alters the distance away from the stellar surface where both masses
become equal, in accordance to the Vainshtein radius. Both c3 and c4 only broaden
each mass profile curve, and so, they have the smallest effect on the asymptotic
mass and radius observables. Right: The auxiliary radial coordinate, U , versus r.
Although the variation of α with c3 and c4 inside the star is large, this variation
quickly approaches its asymptotic value at the surface of the star. Thus, the effect
of α is subdominant to matter interactions in the region where it is present and it
disappears in the region outside the star where the bimetric interactions dominate.
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(a) Primary metric function ν (b) Auxiliary metric function α

Figure 2.5: Numerical solutions at zeroth-order in rotation as a function of radius
for different choices of coupling parameters using the APR equation of state. In
each subfigure, the parameter denoted in the caption is varied while all remaining
parameters are set to a fixed value (c3 = 0.48, c4 = 1.71, η = π/4, m =
3.0× 10−7cm−1, ρ0 = 7.9× 1014g/cm3 where applicable). In the top two subfigures,
we vary m and η for fixed (c3, c4) through different color lines, while in the bottom
subfigure we vary c3 and c4 for fixed (m, η) through red or blue shaded regions. Left:
The primary (t − t) metric function, ν, versus r. In contrast to the mg and mf

metric functions, the deviation of ν from GR only appears small because of the 1/r
suppression of ν and α in Eq. (2.37). Right: The auxiliary (t − t) metric function,
α, versus r. Although the variation of α with c3 and c4 inside the star is large, this
variation quickly approaches its asymptotic value at the surface of the star. Thus, the
effect of α is subdominant to matter interactions in the region where it is present and
it disappears in the region outside the star where the bimetric interactions dominate.
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for c3 = 0 = c4.

The top right panel of Fig. 2.4 shows the auxiliary radial function, U , normalized

to the primary radial function, r, as a function of radius. In this case, η has a very

small effect, while c3 and c4 have a very large impact inside the star. The parameter m

has a noticeable influence both inside and outside the star. Since the interactions with

the auxiliary metric dominate outside the star where matter vanishes, the parameter

m dominates the behavior of U outside the star.

The bottom left panel of Fig. 2.4 shows the (t − t) component function of the

primary metric, ν, as a function of radius. The bigravity modifications to ν are much

less pronounced than the modifications to the mass mg. This is because the definition

of mg in Eq. (2.37) introduces a 1/r suppression in the metric function itself (λ in

this case). Were we to compare the original (r− r) metric function λ (instead of mg)

to the (t− t) component ν, the modification would be similarly less pronounced.

The bottom right panel of Fig. 2.4 shows the auxiliary (t−t) component function,

α, as a function of radius. In this case, c3 and c4 have a dramatic effect inside the star

but this is almost entirely eliminated beyond the surface. This magnified effect inside

the star is also evidenced by the sharp jump to its asymptotic value at the surface,

shown in the top two portions of this panel. Once the stellar surface is reached,

α immediately reaches its expected asymptotic value of 0. This is peculiar because

outside the star, absent of any dominant matter effects, the evolution of the system

is driven by the interactions with the auxiliary metric. If α does not vary outside the

star, then it cannot strongly influence these interactions.

First-Order in Rotation

Local Analysis at r = 0 and r =∞ The numerical approach at first-order in

spin is identical to that used at zeroth-order. The metric function we solve for is the
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first-order frame-dragging function ω. After a Taylor expansion of Eq. (2.48) about

r = 0 and equating coefficients in powers of r, the behavior of ω at the core of the

star is identical to that in GR,

ωr→0 = ω0 −
8π

5
r2 (ρ0 + p0) (Ω− ω0) +O(r3). (2.60)

Just like ρ0 determines the mass of the star, the constant Ω determines how fast the

star is rotating and must be specified before integration. The constant ω0 must be

shot for by requiring the solution to be continuous and differentiable at the stellar

surface.

At r = ∞ we again cannot choose a simple Taylor expansion. Instead, let us

propose a solution of the form

ωr→∞ = ωGR + δ ω∞, (2.61)

where again δ � 1. The resulting equation to O(δ0) is the same as in GR

d2ωGR

dr2
+

4

r

dωGR

dr
= 0, (2.62)

whose solution is

ωGR = Ω− 2J

r3
, (2.63)

after choosing a proper integration constant and enforcing asymptotic flatness, where

J is the spin angular momentum of the rotating star; this must also be shot for by

requiring the solution to be continuous and differentiable at the stellar surface. The
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equation at O(δ) is

d2ω∞
dr2

+
4

r

dω∞
dr

+
JB cos2 η

emr

(
m2

r4
− 14m

r5
− 14

r6

)
. (2.64)

Solving the above equation gives

ω∞ = −JB cos2 η
m4

4
Ei(mr) +

JB cos2 η

emr

(
m3

4r
− m2

4r2
+

m

2r3
− 7

2r4

)
, (2.65)

where Ei(mr) is the exponential integral function. After expanding the exponential

integral function about r =∞ and combining the result with Eq. (2.63), the behavior

of ω as r →∞ is

ωr→∞ = Ω− 2J

r3
− JB cos2 η

emr

[
2

r4
+

6

mr5
+O

(
1

r6

)]
. (2.66)

Numerical Solution We can now use these boundary conditions on ω to obtain

slowly rotating neutron star solutions. The procedure is identical to that in the non-

rotating case. We make an initial guess for ω0 and J and integrate from the core

and from spatial infinity to the surface of the star. Then, we use a two-dimensional

Newton-Raphson method to estimate a new guess for ω0 and J until we find a solution

that is continuous and differentiable at the surface to the same tolerance as in the

zeroth-order in rotation case. An example is presented in Fig. 2.6 where we show the

first-order frame dragging function ω and its derivative. As before, we independently

varym, η, and c3 and c4 but we find no noticeable trends from each of these parameters

effects.

Once the rotating star is constructed, the moment of inertia can be obtained

from the definition,

I ≡ J

Ω
. (2.67)
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(a) Primary metric function ω (b) Derivative of ω

Figure 2.6: The first-order in rotation functions for both metrics, ωR (left) and
dω/drR2 (right), versus radius. The format of this figure is identical to that of
Fig. 2.4. All four parameters seem to have a minimal effect on the first-order metric
functions, unlike in the zeroth-order in rotation case. Observe that since ω = w from
the symmetry condition in Eq. (2.9) this is the first-order solution for both metrics.

Figure 2.7: Moment of inertia-mass relation with the APR equation of state for
various c3 and c4. Each shaded region represent families of curves for a fixed value of
m and η = π/4. Although the broadening introduced by these couplings scales with
m, they remain sub-dominant to variation in η.
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For convenience, we also define the dimensionless moment of inertia Ī ≡ I/M3, where

M is the mass function of the g-metric evaluated at the stellar surface. Figure 2.7

shows this dimensionless moment of inertia as a function of mass with the APR

equation of state for various (c3, c4) and m values. Observe that the dimensionless

moment of inertia is mostly controlled by m, with (c3, c4) introducing a broadening

in the curve; the larger m, the larger the broadening effect. With these solutions, we

can generate mass-radius and moment-of-inertia-mass relations which are presented

and discussed in Section 4.

Conclusions and Future Directions

We have constructed slowly-rotating neutron stars in massive bigravity with

various realistic equations of state and a range of coupling parameters. From these

solutions, we have explored the mass-radius and the moment-of-inertia-mass relations

in some detail. We have found that the bigravity coupling parameters m and η

have the strongest impact on these relations, with significant deviations from GR

arising when m > 10−7cm−1 and η < π/2. The results obtained here can thus serve

as the foundations for an experimental study of bigravity in light of binary pulsar

observations and low-mass X-ray binary observations.

The fitting of a timing model to the observation of a sequence of radio pulses

from binary pulsars allows one to extract a measure of certain post-Keplerian

parameters [79], like the rate of change of the orbital period and the Shapiro time

delay parameter. These measurements can then be combined to infer the masses of the

binary stars up to a given observational error. For example, for PSR J0737-3039A, fits

to the timing model suggest that the primary pulsar PSR J0737-3039A has a mass of

(1.337±0.0037)M� [65]. In a modified gravity theory, the post-Keplerian parameters

are not only a function of the masses of the binary components, but also of other
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parameters in the theory. Thus, the measurement of more than two post-Keplerian

parameters yields a test of GR [37].

In bigravity, we have seen that the mass of an individual star is not constant

outside its radius. Rather, the mass function rises inside the star up to the stellar

radius and then it decays in the exterior spacetime until it approaches a certain

asymptotic value. This then means that the gravitational field of a neutron star in

its exterior is not simply given by the typical GR parameterization with a constant

mass. A proper analysis of binary pulsar data to place constraints on bigravity would

then require that (i) one calculate numerically the dependence of the post-Keplerian

parameters on the bigravity coupling constants, and then that (ii) one find the set of

bigravity parameters and binary masses that are allowed given the measurements of

the post-Keplerian parameters from the timing model.

Measurements of quiescent low mass X-ray binaries can also allow one to infer

the radius of neutron stars [51]. The pure hydrogen environment of the neutron

star surface producing thermal emission can be modeled which, when combined with

an inferred mass from the evolution of the post-Keplerian binary parameters, can

be used to infer the radius of the neutron star. Such a measurement can eliminate

degeneracies introduced by our ignorance of the equation of state of supranuclear

matter in mass-radius relations. In bigravity, the decay of the mass function outside

the star will introduce a coupling dependence on the thermal emission models when

carrying out the fits to the data.

An extended and precise observation of relativistic binary pulsars may also allow

the extraction of the moment of inertia of the stars. This comes about because the

timing model is sensitive to the orbital motion of the stars, and the latter depends on

the spin angular momentum of the binary components due to spin-orbit precession.

Future observations of PSR J0737-3039 may allow for a measurement of the moment
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of inertia of the primary pulsar to 10% [62]. If such a future measurement is possible,

then one could draw an error ellipse in the moment of inertia-mass plane. In GR, this

error ellipse will provide a measure of the equation of state of the neutron star. In

bigravity, the error ellipse will place a combined constraint on the equation of state

and the coupling parameters of the modified theory.

In addition to the extensions and applications discussed above, another possibil-

ity is to consider whether combined gravitational wave and binary pulsar observations

can allow for stronger constraints on bigravity. This could be achieved by using the

approximately universal relations between the moment of inertia of neutron stars and

their Love number found recently in GR [100, 101, 102]. Such tests of bigravity would

require the construction of such universal relations in this modified theory, which in

turn would require the calculation of neutron stars to second-order in a slow-rotation

expansion.

A different avenue to explore is to consider the stability of the stellar solutions

found here. This would require the study of perturbations of the numerical solution,

which in turn would require the linearization of the modified field equations about

these numerical background and an eigenmode analysis for the frequencies of the

perturbations. Such an analysis is interesting because of the possibility of super-

radiant instabilities in rotating solutions. Indeed, modified theories of gravity with

massive fields tend to introduce a potential barrier to perturbations, which then

source a super-radiant instability that destroys what at first appears as stationary

axisymmetric solutions. If this is the case for massive bigravity for all values of the

coupling parameters, then serious doubt would be cast on the theoretical viability of

the theory.
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Abstract

Detailed observations of phenomena involving black holes, be it via gravitational

waves or more traditional electromagnetic means, can probe the strong field regime

of the gravitational interaction. The prediction of features in such observations

requires detailed knowledge of the black hole spacetime, both within and outside of

General Relativity. We present here a new numerical code that can be used to obtain

stationary solutions that describe black hole spacetimes in a wide class of modified

theories of gravity. The code makes use of a relaxed Newton-Raphson method to solve

the discretized field equations with a Newton’s polynomial finite difference scheme.

We test and validate this code by considering static and spherically symmetric black

holes both in General Relativity, as well as in scalar-Gauss-Bonnet gravity with

a linear (linear scalar-Gauss-Bonnet) and an exponential (Einstein-dilaton-Gauss-

Bonnet) coupling. As a by-product of the latter, we find that analytic solutions

obtained in the small coupling approximation are in excellent agreement with our fully

non-linear solutions when using a linear coupling. As expected, differences arise when

using an exponential coupling. We then use these numerical solutions to construct

a fitted analytical model, which we then use to calculate physical observables such

as the innermost stable circular orbit and photon sphere and compare them to the

numerical results. This code lays the foundation for more detailed calculations of

black hole observables that can be compared with data in the future.

Introduction

The recent discovery of gravitational waves [1, 2, 3, 4, 5, 6] has inaugurated a

new era of multi-messenger astrophysics that opens up an entirely new avenue to test

Einstein’s theory of General Relativity (GR) in the extreme gravity regime [103]. GR
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is thus far in excellent agreement with experiments and observations. However, this

statement does rely on the assumption that dark matter or dark energy do not signal

a deviation from GR. Moreover, GR has so far resisted quantisation attempts. These

considerations have provided motivation for exploring modified theories of gravity.

Unsurprisingly, modified theories typically increase the complexity of the field

equations to such a degree that the calculation of observable predictions becomes

incredibly difficult and sometimes even seemingly impossible if working analytically.

Historically, experimental tests that probe the weak-field regime prompted the

calculation of solutions and observables through perturbation theory [97], and more

recently, this has been further justified through effective field theory arguments [28,

29, 35]. A by-product of assuming that GR modifications are small relative to GR

predictions is that analytical calculations become tractable again. But once one

begins to probe the extreme gravity regime, perturbative techniques need not be

well-justified, as they typically eliminate strong-field instabilities that could have

observational consequences. The typical example of this is spontaneous scalarization,

a process through which large modifications to GR arise in a class of scalar-tensor

theories when considering non-linear solutions for neutron stars above a certain

compactness [39, 81] or black holes within a certain mass range [45, 86].

The need for more precise solutions and observable predictions without the use of

perturbation theory then becomes clear, and we here take steps in this direction. We

present a numerical infrastructure to produce exact solutions that describe stationary

black holes in a wide class of modified theories of gravity. This paper focuses on

describing the numerical setup and applying it in the simplest case of spherically

symmetric solutions that can act as a benchmark. By “exact” we mean solutions

obtained numerically and without the use of perturbative techniques, including small

coupling expansions. The code is computationally efficient, converging to an answer
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of prescribed accuracy within only a few iterations, and thus allowing for calculations

in laptop-class computers. We validate this infrastructure against known analytic

solutions in General Relativity, as well as in a specific member of the class of modified

theories to which this infrastructure is applicable.
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Figure 3.1: Relative fractional correction to the ADM mass (left) and the
dimensionless scalar monopole charge as a function of the dimensionless sGB coupling
parameter ᾱ. The solid red and blue lines correspond to our numerical solutions using
an exponential coupling (EdGB) and a linear coupling (linear sGB) respectively, while
the black dashed line corresponds to the analytical perturbative solution. Observe
that the perturbative approximation agrees very well with both solutions for small ᾱ,
and in fact, it agrees well with the numerical linear sGB solution for all ᾱ explored.
However, the perturbative approximation differs from the numerical EdGB solution
for ᾱ & 10−3, showing the breakage of the small-coupling approximation.

The basic problem our numerical infrastructure solves is that of finding the

solution to an elliptic system of nonlinear and coupled differential equations. The

typical approach to solve this problem numerically is to discretize the differential

equations through a finite difference scheme. This leads to a residual error on the

solution of the system of equations that one wishes to minimize. Our algorithm

employs a Newton polynomial method to discretize the equations, which appropriately
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allows for an easier analytical evaluation of the Jacobian of the system. By minimizing

the residual, we can then iteratively converge to the true solution using a root-

finding algorithm, such as the Newton-Raphson method. Our code uses an additional

relaxation factor to improve convergence, as well as compactified coordinates to

properly set boundary conditions, and adaptive mesh refinement near the boundaries.

With all of this machinery, our code typically converges to the user prescribed

tolerance in 1–3 iterations.

After constructing this numerical infrastructure, we implement it in a few

different scenarios. We begin by validating the algorithm through a simple toy

problem whose analytic solution is known, and then through the calculation of the

Schwarzschild solution in GR. Since in both cases an analytic solution is known, we

can easily compare it to our numerical solutions point-wise in the entire domain. We

find that our code converges to the correct (analytically known) solution in one and

three iterations respectively to within the tolerance we specified.

With the validation complete, we then construct stationary and spherically sym-

metric black hole solutions in scalar-Gauss-Bonnet (sGB) gravity, a well motivated

modified theory that is a member of the quadratic gravity class [20, 24, 103]. Ours is

of course not the first study of compact objects in sGB gravity. Mathematically, the

theory evades the no-hair theorems of GR, allowing black holes to have non-trivial

scalar hair [30, 58, 68, 87, 88, 104], while preventing neutron stars from having a

monopole scalar charge [99], thus making it extremely difficult to place constraints

with binary pulsar observations.

Compact objects in scalar-Gauss-Bonnet gravity are typically studied under two

forms of the action which depend on the coupling function between the massless scalar

field and the Gauss-Bonnet invariant. When the scalar field is coupled through an

exponential to the Gauss-Bonnet invariant this is commonly referred to as Einstein-
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dilaton-Gauss-Bonnet (EdGB) gravity. In the regime where the scalar field is small,

one can approximate the exponential as a linear coupling to the Gauss-Bonnet

invariant which is commonly referred to as the linear scalar-Gauss-Bonnet gravity.

This is the terminology that will be used throughout this paper namely: ‘linear sGB’

to refer to the linear coupling function and ‘EdGB’ to refer to the exponential coupling

function.

Stationary black holes have been found in linear sGB analytically using the

small coupling limit approximation, both in spherical symmetry [87, 88, 104] and in

axisymmetry using a slow-rotation approximation [15, 30, 66, 69, 72]. Reference [88]

also studied numerical non-perturbative spherically symmetric black holes in linear

sGB. In EdGB, numerical solutions are known in spherical symmetry [10, 52, 58,

71, 92] and in axisymmetry [60], but typically these numerical solutions are obtained

from a proprietary code that has not been tested for black hole problems of this kind.

It is also worth mentioning that, dynamical evolution of black holes and binaries in

sGB gravity has also received attention recently [22, 23, 78, 98].

Our numerical infrastructure is general enough to allow the tackling of any

coupling function between the massless dilaton and the Gauss-Bonnet term in the

action, and we here explore both the linear sGB and EdGB coupling functions. In

the linear case, we find that the exact numerical solution agrees spectacularly well

with the perturbative analytic solution that assumes weak-coupling, while differences

arise in the exponential coupling case for large enough coupling. An example of this

is shown in Fig. 3.1, where we present the relative fractional correction to the ADM

mass (left) and the scalar monopole charge (right) as a function of the dimensionless

sGB coupling parameter ᾱ = α/r2
H. Although the differences between the EdGB

and linear sGB solutions appears large for large ᾱ, the deviation is actually only

appreciable near the horizon, as we will show later.
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With these exact numerical solutions at hand, we construct analytical fitted

models to allow for the rapid computation of physical observables, such as the location

of the innermost stable circular orbit (ISCO) and the light ring. The fitting coefficients

are available online though we provide a few examples in Appendix C. Figure 3.2

shows the fractional change in the location of the ISCO (left) and the light ring

(right). We again find comparatively very good agreement between the analytic

perturbative result and the exact numerical result of linear sGB for all ᾱs considered,

and some disagreement with the exact numerical result of EdGB for large ᾱ. Observe

also that the observables computed with the exact numerical solution agree extremely

well with those computed with our analytical fitted models.
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Figure 3.2: Relative fractional correction to the location of the innermost stable
circular orbit (left) and the light ring (right). The red and blue lines correspond
to these observables computed for EdGB or linear sGB respectively. The solid lines
correspond to the observables computed with our exact numerical solution, the dashed
lines use our analytical fitted model, and the black dotted lines use the analytical
perturbative solution to linear order in the coupling.

Our paper differs from previous work in that its goal is not to study a particular

theory of gravity, but rather to develop a computational infrastructure that is (i)
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free and open to the public, (ii) computationally accurate and efficient, (iii) taylor-

made for finding black hole solutions in modified theories of gravity with vector

or scalar non-minimal couplings, and (iv) able to provide enough accurate data to

compute analytical fitted models. The algorithm presented here applies to spherically

symmetric scenarios, but extensions to axisymmetry are straightforward and under

way. The algorithm developed here can thus be used to calculate certain astrophysical

observables, such as electromagnetic emission of accretion disks around black holes [8],

shadows of black holes [16], or quasinormal modes of black hole mergers [25] on the

fly and with high precision, allowing for realistic data analysis investigations with

Bayesian methods.

The remainder of this paper is organized as follows. Section 4 briefly outlines

the numerical algorithm. Section 4 validates the algorithm through a simple toy

problem and a Schwarzschild black hole. Section 4 applies the algorithm to sGB

gravity and derives the results described above. Section 4 constructs a fitted analytical

model from the numerical solutions and compares physical observables determined by

the numerical solutions and the fits. Finally, Section 4 summarizes our results and

points to future directions. For the remainder of this paper we use the following

conventions: Greek letters denote spacetime indices; the metric has the spacetime

signature (−,+,+,+); we use geometric units where G = 1 = c.

Numerical Methods

Our numerical infrastructure extends the method presented in [83] to build a

partial differential equation solver that finds exact black hole solutions in an arbitrary

modified theory of gravity. A brief overview is described here with a more in-depth

application to a general system of equations in Appendix B. The algorithm is split into

three main parts: the relaxed Newton-Raphson method, the discretization method,
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and the discretization error estimation.

The Newton-Raphson method is a root-finding algorithm that iteratively solves

for the approximate zeros of a single-valued real function by calculating the x-intercept

of the tangent line at points sufficiently close to the roots. It can be easily generalized

to multiple dimensions as shown in App. B which outlines the application to a

general function in the continuum limit. The discretization method employs a Newton

interpolation polynomial (See App. B) to provide a continuous local representation of

a discrete function which is utilized to discretize the partial differential equations on

a finite grid. The discretization naturally introduces errors which are estimated by

exploiting the difference between higher order Newton polynomials shown in App. B.

These discretization errors must then be controlled by ensuring the correction on

the solution due to these errors are below a specified tolerance detailed in App. B.

With the errors under control, we carry out the Newton-Raphson iterations with a

relaxation factor until we have sufficiently converged to the desired solution. In the

next section, we will validate this numerical infrastructure with a simple ordinary

differential equations and then the Schwarzschild solution in GR.

Validation

In this section we describe the steps we have taken to validate our algorithm.

We first consider a simple ordinary differential equation. This toy problem is a useful

example to demonstrate the structure of the Jacobian and to describe the detailed

steps involved in applying the Newton-Raphson method. We then move on to GR

and consider static, spherically symmetric vacuum solutions to the Einstein equations.

This demonstrates how the algorithm handles nonlinear coupled ordinary differential

equations that represent black holes with coordinate singularities at the location of

the horizon.
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Toy Problem

Consider a simple second order ordinary differential equation in the operator

notation of Eq. (B.1)

Du∗ =

[
d2

dx2
+ 2

d

dx
+ 1

]
u∗ = 0. (3.1)

The general solution to this differential equation can be found analytically to be

u∗(x) = c1e
−x + c2xe

−x. (3.2)

If we choose the boundary conditions, u∗(0) = 1 and u∗(1) = 0, the solution becomes

u∗(x) = e−x − xe−x. (3.3)

Let us now apply our computational infrastructure to this simple problem. The

system is a single ordinary differential equation (M=1) that we wish to solve on a

uniform discretized grid of N = 101 points. Let us choose the following initial guess

for our generic vector u:

u(0)(x) = 1− x, (3.4)

where the superscript (0) stands for the iteration number, i.e. the initial guess is the

n = 0 iteration. The residual vector b on the right-hand side of Eq.(B.2) can be

analytically evaluated to

b(0) = Du(0) = −1− x, (3.5)

which clearly does not vanish anywhere in the x domain, i.e. in x ∈ [0, 1].

Since the residual does not vanish, we must correct the initial guess by some

amount ∆u in the next (first) iteration. In order to find this correction, however, we
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must first find a discrete representation of u(x) in terms of a Newton polynomial on a

uniform grid at points {xi} with i ∈ [0, 100]. For this toy problem, we pick a Newton

polynomial of order r = 2, and use a centralized stencil sj = (I, I + 1, I − 1), where

I is the counter of the element xI that is closest to the value of x. With this at hand,

Eq. (B.20) yields

ud(x) = us0ws0,s0Ps0(x) +
1∑

k=0

uskwsk,s1Ps1(x) +
2∑

k=0

uskwsk,s2Ps2(x). (3.6)

The basis Psj(x) is defined in Eq. (B.22), and since the order of the polynomial here

is r = 2, the only basis that contribute are

Ps0 = 1 , Ps1 = (x− xs0) ,

Ps2 = (x− xs0) (x− xs1) . (3.7)

The coefficients usi = u(n)(xsi), while the weighting factors that contribute at this

polynomial order are

ws0,s0 = 1 ,

ws0,s1 = (xs0 − xs1)−1 ,

ws1,s1 = (xs1 − xs0)−1 ,

ws0,s2 = [(xs0 − xs1) (xs0 − xs2)]−1 ,

ws1,s2 = [(xs1 − xs0) (xs1 − xs2)]−1 ,

ws2,s2 = [(xs2 − xs0) (xs2 − xs1)]−1 . (3.8)

Putting all of this together, we then have the discrete representation of u(x) shown

below in Eq. (3.10).
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The Newton polynomial representation of order r = 2 is the second-order,

discrete Taylor expansion of the function about the point x = xI . In practice, the only

values that x can take are in the set {xi}. Since this is a closed-form representation

of the u as a function of x, we can evaluate the function and all derivatives at a point

xi straightforwardly

ud(xi) = u(n)(xI),

∂xud(xi) =
u(n)(xI+1)− u(n)(xI−1)

2∆x
,

∂xxud(xi) =
u(n)(xI+1)− 2u(n)(xI) + u(n)(xI−1)

∆x2
,

(3.9)

where ∆x = xI+1 − xI = xI − xI−1, as must be the case since Eq. (3.10) is a discrete

Taylor expansion.

ud(x) = u(n)(xI) +

[
u(n)(xI)

xI − xI+1

+
u(n)(xI+1)

xI+1 − xI

]
(x− xI)

+

[
u(n)(xI)

(xI − xI+1) (xI − xI−1)
+

u(n)(xI+1)

(xI+1 − xI) (xI+1 − xI−1)
+

u(n)(xI−1)

(xI−1 − xI) (xI−1 − xI+1)

]

× (x− xI) (x− xI+1) . (3.10)

With this representation, we can now evaluate the discretized residual bd, which

is simply given by

bd(xi) = Dud(xi) . (3.11)

Using the above expressions for the analytic derivatives of the discretized function u,
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we then have that for the discretized residual at iteration n

b
(n)
d (xi) =

u(n)(xI+1)− 2u(n)(xI) + u(n)(xI−1)

∆x2
+ 2

u(n)(xI+1)− u(n)(xI−1)

2∆x
+ u(n)(xI),

(3.12)

and at the boundaries

b
(n)
d (x0) = u(n)(x0)− 1,

b
(n)
d (x100) = u(n)(x100)− 0.

(3.13)

With the discretized residual, we can now evaluate the Jacobian. From

Eq. (B.43), we have that

Ji,j =
∂b

(n)
d (xi)

∂u(n)(xj)
(3.14)

in our toy problem, whose only non-vanishing components are

J0,0 = 1,

JI,I−1 =
1

∆x2
− 1

∆x
,

JI,I = − 2

∆x2
+ 1,

JI,I+1 =
1

∆x2
+

1

∆x
,

J100,100 = 1,

(3.15)

which is a tridiagonal matrix. Given this, the discretization error calculated from

Eq. (B.37) is

De(xi) = 2

(
u(n)(xI+1)− u(n)(xI−1)

6∆x
− u(n)(xI+2)− u(n)(xI−2)

12∆x

)

− u(n)(xI)

2∆x2
+
u(n)(xI+1) + u(n)(xI−1)

3∆x2
− u(n)(xI+2) + u(n)(xI−2)

12∆x2
,

(3.16)

with a slightly modified formula near the boundary.
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With all of these quantities calculated, we now apply the Newton-Raphson

method to invert Eq. (B.43). Let us then return to vector notation and re-introduce

b
(n)
d,i := b

(n)
d (xi) , ∆u

(n)
d,i := ∆u

(n)
d (xi) , (3.17)

such that Eq. (B.43) becomes

J
(n)
i,j ∆u

(n)
d,i = −b(n)

d,i . (3.18)

The inversion of this equation then yields the correction to our nth solution, namely

u
(n+1)
d,i = u

(n)
d,i + ∆u

(n)
d,i . Applying this algorithm, we find that our computational

infrastructure converges to the tolerance required in a single iteration. In fact,

after a single iteration, ‖bd,i‖ ≈ O (10−12) even after only requiring the tolerance of

Eq. (B.49). Although the algorithm efficiently minimizes the residual of the system,

the residual does not directly correlate with the error between the numerical solution

and the exact solution. This is due to the additional errors that are introduced during

the discretization procedure described in Sec. B. Therefore, the “true” error between

the numerical solution and the exact solution is determined by a combination of the

discretized residual and the discretization error.

In this toy problem, although the residual was minimized to O(10−12), the

relative discretization error is still O(10−5) from Eq. (B.41), so the “true” error after

1 iteration is still limited to O(10−5) (see the bottom left panel of Fig. 3.3). This

implies that even though the residual converges far below our desired tolerance, the

“true” error is only just below the desired tolerance because the “true” error is also

indirectly influenced by the discretization error. The solution, error, and the residual

are shown in Fig. 3.3.
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Figure 3.3: Numerical solution to the toy problem (top left), true error between
numerical and exact solution (bottom left), and residual (right). The red line, blue
line, and black dashed line is the initial guess, the numerical solution after 1 iteration,
and the exact solution respectively. Observe how the residual drops to 10−12 after
the first iteration, even though the required tolerance was set to only 10−5. Observe
also the discrepancy between the true error and the residual after 1 iteration.

Schwarzschild Black Hole

In the previous section we solved a simple ordinary differential equation using

the method described in Sec. 4. We would now like to apply it to solving the elliptic

differential equations that arise from the vacuum Einstein equations in spherical

symmetry and stationarity. The solution is the well-known Schwarzschild metric

to which we can compare our numerical results. We therefore use this example as a

benchmark of the performance of our algorithm.

The Einstein-Hilbert action in General Relativity in a vacuum is given by

S =
1

16π

∫
d4x
√−g R, (3.19)

where R is the Ricci scalar and g is the determinant of the metric gµν . Varying the
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action with respect to the metric gives the vacuum Einstein field equations

Gµν = 0 , (3.20)

where Gµν is the Einstein tensor.

Let us now consider a spherically symmetric and stationary metric ansatz in

isotropic coordinates

ds2 = −f(ρ) dt2 +m(ρ)
[
dρ2 + ρ2dΩ2

]
, (3.21)

where ρ is the isotropic radial coordinate, which is related to the Schwarzschild radial

coordinate by

r = ρ[1 + rH/(4ρ)]2 , (3.22)

where rH = 2M0 is the horizon radius in Schwarzschild coordinates and M0 is the

mass.

With this ansatz, the coupled system of (M = 2 in our computational

infrastructure notation) differential equations that we wish to solve can be found

from the (t, t) and (ρ, ρ) components of the Einstein tensor. These components are

Gtt = −f m
′′

m2
+

3f (m′)2

4m3
− 2f m′

ρm2
, (3.23)

Gρρ =
(m′)2

4m2
+
m′f ′

2fm
+

m′

ρm
+

f ′

ρ f
, (3.24)

with primes standing for radial derivatives.

The Schwarzschild solution to these equations in these coordinates is

fGR =

(
1− rH

4ρ

1 + rH
4ρ

)2

, mGR =

(
1 +

rH

4ρ

)4

. (3.25)
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The event horizon in isotropic coordinates is located at ρ = ρH = rH/4, as found from

the condition gtt|ρ=ρH
= fGR|ρ=ρH

= 0.

The boundary conditions at the event horizon and at spatial infinity are

determined by regularity and smoothness. At the event horizon we must have

fGR|ρ=ρH
= 0, mGR|ρ=ρH

= 16, (3.26)

which follows from evaluation of the analytic solution at ρ = ρH. At spatial infinity,

asymptotic flatness requires that

fGR|ρ→∞ = 1, mGR|ρ→∞ = 1. (3.27)

Our computational infrastructure allows us to not only find the numerical

solution to Eq. (4.12), but also to find some observable global quantities that

characterize the black hole spacetime. Asymptotically near spatial infinity, the leading

order terms of the fields decay as

fGR = 1− 2M

ρ
+O

(
1

ρ2

)
,

mGR = 1 +
2M

ρ
+O

(
1

ρ2

)
,

(3.28)

where M is the Arnowit-Deser-Misner (ADM) mass. Therefore, the ADM mass can be

found from the coefficient of the 1/ρ expansion of the numerical solution near spatial

infinity. Because of the high Newton polynomial order we use, we can interpolate our

numerical solutions very close to spatial infinity to a high degree of accuracy, which

allows us to extract the ADM mass from our numerical solutions easily.

The extraction of the ADM mass and the imposition of boundary conditions

becomes more precise through the use of a compactified coordinate. We therefore
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introduce the coordinate x, defined by

x =
1− rH/4ρ

1 + rH/4ρ
, (3.29)

and perform a coordinate transformation prior to solving our differential system. This

changes our domain of integration from ρ ∈ [rH/4,∞) to the finite domain x ∈ [0, 1].

In these compactified isotropic coordinates, the Schwarzschild solution has the form

fGR = x2, mGR =
16

(1 + x)4 . (3.30)

With the differential system in compactified coordinates, we then solve the

problem numerically as specified in Sec. 4. We begin by replacing each function and

differential operator with a discretized Newton polynomial representation of order

r = 12 on a grid of N = 101 points. We then initialize the numerical solver with

a initial guess that is a small perturbation away from the Schwarzschild metric and

that vanishes at the boundaries1

u
(0)
0 = fGR [1 + δ x (1− x)] ,

u
(0)
1 = mGR [1 + δ x (1− x)] ,

(3.31)

where δ = 0.1. One can adjust δ to improve or worsen the initial guess, which in

turn affects the number of iterations required to converge to a solution within the

tolerance required.

Applying this algorithm, we find that our computational infrastructure converges

to the desired tolerance in 3 iterations. The number of iterations is related to the

initial guess, which in this case is controlled by the value of δ. In the limit as δ → 0

1For this toy problem, we know the exact analytic solution a priori, so we could initialize our
solver with it. Doing so, however, would prevent us from validating our computational infrastructure.
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the initial guess becomes the exact solution, and the initial residual decreases below

tolerance to within numerical precision.

Unlike in the toy problem from the previous section, the “true” error between

the numerical solution and the exact solution is now of comparable order to the

residual O(10−12). This is due to the closed polynomial form of the Schwarzschild

solution in compactified isotropic coordinates, which are very well approximated

by our Newton polynomial. The comparison between the toy problem and the

Schwarzschild application suggests that in problems where we do not have the exact

solution to compute the “true” error we cannot use the residual as a direct measure of

the error. In other words, even if we have a minimized residual far below the desired

tolerance, the solution must be assumed to only be accurate to the desired tolerance.

The numerical solution and residuals are shown in Fig. 3.4.
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Figure 3.4: Numerical solution (top left), error between the numerical solution and
the exact solution (bottom left), and residual (right) per iteration for the vacuum
Einstein equations in spherical symmetry. The solid and dashed lines indicate the
gtt and gρρ component of the metric respectively. Different colors indicate iteration
number. Observe that the numerical solution converges to the Schwarzschild metric
within three iterations and that the residual does closely mirror the error in this
example.
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Spherically Symmetric Black Holes in Scalar-Gauss-Bonnet Gravity

In this section we solve the modified Einstein field equations in sGB gravity

with both a linear coupling and an exponential coupling function, assuming a vacuum

spacetime that is also spherical symmetric and stationary.

Action and Field equations

The action in scalar-Gauss-Bonnet gravity in a vacuum is given by

S =
1

16π

∫
d4x
√−g

[
R− β∇µψ∇µψ + 2αF (ψ)G

]
, (3.32)

where R is the Ricci scalar and g is the determinant of the metric gµν . The real

dimensionless scalar field ψ is coupled through a coupling constant α which has

dimensions of length squared and a function of the scalar field F (ψ) to the Gauss-

Bonnet invariant G

G = R2 − 4RµνRµν +RµνρσRµνρσ. (3.33)

We keep the coupling constant β around in this section, but in all computation we

set β = 1, as it can be eliminated through a redefinition of the scalar field ψ and the

coupling constant α. Note this form of the action differs from that introduced in [103]

by a factor of κ = (16π)−1 such that β̃ = 2κβ and α̃ = 2κα.

By varying the action with respect to the metric and the scalar field we obtain

two field equations. Variation with respect to the metric field yields

Gµν − β Tµν + αKµν = 0, (3.34)
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where the scalar field stress-energy tensor is

Tµν = ∇µψ∇νψ −
1

2
gµν∇γψ∇γψ, (3.35)

and

Kµν =
(
gρµgδν + gρνgδµ

)
∇σ

[
εγδαβερσληRληαβ∇γF (ψ)

]
. (3.36)

Variation with respect to the scalar field yields

β2ψ + α
∂F

∂ψ
G = 0. (3.37)

The scalar field is subject to the following boundary conditions: it must be

asymptotically flat, and its first derivative must vanish on the horizon in isotropic

coordinates,2 namely

∂ψ

∂ρ
|ρ→ρH

= 0, ψ|ρ→∞ = 0. (3.38)

Utilizing the spherically symmetric metric ansatz in isotropic coordinates from

before, the Einstein tensor is still given by Eqs. (3.23) and (3.24), and the two new

sets of terms in the field equations are:

Ttt =
f

2m
(ψ′)

2
, Tρρ =

1

2
(ψ′)

2
,

Tθθ = −ρ
2

2
(ψ′)

2
, Tφφ = sin2 θ Tθθ ,

(3.39)

where the primes denote derivatives with respect to the ρ coordinate, e.g. f ′ = df
dρ

and Kµν is given below in Eq. (3.41).

Let us end this subsection with a discussion of the coupling function F (ψ). In

full EdGB gravity, the coupling function is F (ψ) = exp(ψ), but in the regime where ψ

2This follows from the regularity condition on the horizon [58, 87, 88].
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is small, we can Taylor expand the coupling function as F (ψ) = 1+ψ+O(ψ2). The ψ-

independent term in this expansion is irrelevant as it leads to a theory that is identical

to GR due to the Gauss-Bonnet invariant being a topological invariant. In this paper,

we focus on numerical calculations for sGB gravity with both an exponential coupling

and a linear coupling, namely for theories defined by

F (ψ) = ψ ↔ linear sGB ,

F (ψ) = eψ ↔ EdGB .

(3.40)

We consider each of these cases separately in the next subsections.

Ktt = F ′′
[

2f

m4
(m′)

2
+

8f

m3ρ
(m′)

]

+ F ′
[

4f

m4
(m′′) (m′)− 5f

m5
(m′)

3
+

8f

m3ρ
(m′′)− 8f

m4ρ
(m′)

2
+

8f

m3ρ2
(m′)

]
,

Kφφ = sin2 θ Kθθ ,

Kρρ = F ′
[
− 3

f m3
(f ′) (m′)

2 − 12

f m2ρ
(f ′) (m′)− 8

f mρ2
(f ′)

]
,

Kθθ = F ′′
[
− 2ρ2

f m2
(f ′) (m′)− 4ρ

f m
(f ′)

]

+ F ′
[
− 2ρ2

f m2
(m′′) +

4ρ2

f m3
(f ′) (m′)

2 − 2ρ2

f m2
(f ′′) (m′) +

ρ2

f 2m2
(f ′)

2
(m′)

+
2ρ

f m2
(f ′) (m′)− 4ρ

f m
(f ′′) +

2ρ

f 2m
(f ′)

2

]
.

(3.41)

Linear Scalar-Gauss-Bonnet Gravity

In the linear coupling theory, we can find an analytical perturbative solution to

the field equations assuming the small-coupling limit, i.e. ᾱ := α/r2
H � 1 because

rH is of the order of the curvature length of the system under consideration and

we introduce the dimensionless coupling constant ᾱ. Let us then use a deformed-
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Schwarzschild ansatz for the metric tensor

ds2 = −
(
f0 + εf1 + ε2f2

)
dt2 +

(
m0 + εm1 + ε2m2

) [
dρ2 + ρ2dΩ2

]
, (3.42)

where ε� 1 is a book-keeping parameter and ᾱ is O(ε), and the following ansatz for

the scalar field

ψ = ψ0 + εψ1 + ε2ψ2. (3.43)

Both of these ansatz are assumed valid up to O(ε3).

Inserting the ansatz in the field equations, we can analytically solve for the

metric and the scalar field order by order in ε, imposing regularity on the horizon

and asymptotic flatness at spatial infinity to fix any integration constants. At O(ε0),

f0 and m0 are just the Schwarzschild metric in isotropic coordinates of Eq. (3.25),

while the scalar field vanishes ψ0 = 0 due to asymptotic flatness. At O(ε), we find

the metric perturbations vanish, while the scalar field perturbation is

f1 = 0, m1 = 0,

ψ1 =
4ᾱ

βρ r2
H

(
1 + 3rH

2ρ
+

23r2
H

24ρ2 +
3r3

H

32ρ3 +
r4
H

256ρ4

)

(1 + rH/4ρ)6 .

(3.44)

At O(ε2), we find the first nontrivial correction to the metric tensor and we

find that the scalar field perturbation at this order vanishes. Both are given below

in isotropic coordinates in Eq. (3.45). We can then further express these analytic

solutions in compactified coordinates for later use which are shown in Eq. (3.46).

These results agree exactly with those found in [104] and [88] after performing the

coordinate transformation from Schwarzschild to isotropic and compactified isotropic
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coordinates.

f2(ρ) =
ᾱ2

β (1 + rH/4ρ)14

[
− 49rH

5ρ
− 49r2

H

2ρ2
− 1637r3

H

60ρ3
− 929r4

H

96ρ4
+

16753r5
H

3840ρ5
+

18893r6
H

3840ρ6

− 5573r7
H

1920ρ7
+

146549r8
H

430080ρ8
+

188761r9
H

6881280ρ9
− 579r10

H

917504ρ10
− 2231r11

H

9175040ρ11

− 6553r12
H

48442112ρ12
− 6553r13

H

19377684480ρ13

]
,

m2(ρ) =
ᾱ2

β (1 + rH/4ρ)8

[
49rH

5ρ
+

499r2
H

20ρ2
+

1345r3
H

48ρ3
+

889r4
H

64ρ4
− 11r5

H

640ρ5
− 28787r6

H

7680ρ6

+
4689r7

H

71680ρ7
+

4303r8
H

57344ρ8
+

4727r9
H

458752ρ9
+

20011r10
H

27525120ρ10
+

35149r11
H

1211105280ρ11

+
2383r12

H

484421120ρ12

]
,

ψ2(ρ) = 0,

(3.45)

f2(x) =
ᾱ2

β

2x (−1 + x2)

1155
(2383 + 154x+ 55594x3 − 102410x5 + 83094x7

− 32956x9 + 5460x11),

m2(x) =
ᾱ2

β

64x (1− x)

1155 (1 + x)4 (−2383 + 25337x+ 25337x2 − 37033x3 − 37033x4+,

+ 27031x5 + 27031x6 − 10094x7 − 10094x8 + 1610x9 + 1610x10),

ψ1(x) =
ᾱ

β

2 (1− x2)

3

(
11− 7x2 + 2x4

)
.

(3.46)

From these solutions we can obtain the ADM mass and scalar charge from an
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expansion as ρ→∞, namely

M =
rH

2

(
1 +

49

5

ᾱ2

β

)
+O(α3),

D =
4ᾱ

β
+O(α3),

(3.47)

where rH = 2M0 and M0 is the bare mass of the black hole that appears in the

background (Schwarzschild) metric. Just as the ADM mass M is related to the

coefficient of the 1/ρ term in an expansion of the metric about spatial infinity, the

charge D is related to the same coefficient but in the expansion of the scalar field

about spatial infinity.

With this analysis in hand, let us now focus on numerically solving the field

equations, Eqs. (4.35) and (4.38), simultaneously for both metric functions gtt and

gρρ and the scalar field ψ without any approximations. In order to do so, we employ

the computational infrastructure described in detail in Sec. 4. In particular, we

choose an initial grid of N = 101 points and a Newton polynomial order r = 12.

For the actual computation, we set rH = 1 which sets the bare mass of the black

hole to M0 = 1/2. Different black hole masses can be obtained by scaling the radial

coordinate appropriately. Note this renders our equations dimensionless and the

correct units can be restored through a similar rescaling. The desired tolerance of

the solution is tol = 10−5 which is both placed on the residual and on the relative

tolerance of the discretization correction in Eq. (B.41). The tolerance in the iterative

linear solvers described in Sec. B is LStol = 10−12 and places a lower bound on our

numerical accuracy. We will also employ the compactified coordinate system defined

in Eq. (3.29) to change our domain of integration to the finite domain x ∈ [0, 1].

In these compactified isotropic coordinates, the perturbative corrections of Eq.(3.45)

are shown below in Eq. (3.46). These corrections are used as our initial guess and
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Figure 3.5: Linear scalar-Gauss-Bonnet correction to gtt (top) and gρρ (middle), and
difference (bottom) between the numerical and the analytic perturbative solutions as
a function of the compactified coordinate x and for different ᾱ indicated by color.
In the top two panels, the solid lines indicate the gtt or gρρ component numerical
solution and the dashed lines indicate the analytic perturbative solution. Conversely,
in the bottom panel, the solid lines indicate the gtt and dashed lines indicate the
gρρ component difference with the same color scheme in the top two panels. The
analytic perturbative solution agrees very well with the full numerical solution, with
differences that grow only to O(10−5).
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convergence typically occurs within 1 to 3 iterations. Note that for ᾱ < 5 × 10−4,

we find that the perturbative initial guess itself satisfies the field equations to below

our specified tolerance. This suggests that below this minimum coupling value, our

numerical solution is indistinguishable from the perturbative solution.

We can now compare the analytic perturbative solutions to the full non-linear

solutions. The top and middle panels of Fig. 3.5 show the sGB corrections to

the metric components as a function of the compactified coordinate for different

choices of the coupling constant ᾱ. Observe that the numerical solution is almost

indistinguishable from the analytic perturbative solution everywhere in the domain.

The agreement is so remarkable that it is worthwhile exploring the difference between

the analytic and the numerical solution, which we do in the bottom panel of Fig. 3.5.

Observe that the difference is indeed very small, ranging from O(10−10) to almost

O(10−4) depending on the metric component one studies, and it increases as the

coupling strength is increased as expected. We have verified that the residual is

always orders of magnitude smaller than this difference in our numerical solutions.

We observe similar behavior in the scalar field. The top panel of Fig. 3.6 shows

the scalar field solved numerically and the analytic perturbative solution both as a

function of the compactified x coordinate. Observe again that the curves are right

on top of each other. The difference between these curves is shown in the bottom

panel of this figure, where we see clearly that the difference ranges from O(10−10)

to O(10−4) for the largest couplings we considered. As before, we have verified that

the residual of the scalar field equation of motion is smaller than this difference for

all cases considered. Observe, however, that this time the difference between the

numerical solution and the analytic perturbative solution is much larger than it was

for either metric component. This makes sense because the modified field equations

depend on the scalar field through its stress-energy tensor, which is quadratic in the
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scalar field. Thus, we expect a difference of O(10−a) for some a ∈ R>0 to contribute

a difference of O(10−2a) to the metric components.
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Figure 3.6: Scalar field ψ (top) and difference between the numerical and the analytic
perturbative solution (bottom) as a function of the compactified coordinate x in linear
sGB. Solid lines indicate the numerical solution with linear coupling and dashed lines
indicate the analytic perturbative solution, color coded for different coupling strengths
ᾱ.

From these comparisons we can extract a few useful conclusions. Perhaps most

importantly, we see that the non-linear corrections to the solution are truly small

everywhere in the domain. This is sensible because the scalar field itself is small and

the values of ᾱ that we explore are small, so the corrections to GR can be treated

perturbatively. Another interesting observation is that the largest deviations from

GR manifest somewhere in the middle of the domain. This is in part due to the

boundary conditions: at spatial infinity the metric must be asymptotically flat so
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the GR deformation must vanish at a suitable fall-off rate; near the horizon, the GR

deformation must be regular, but due to its asymptotic form near the horizon, it must

also vanish there. Our choice of quantities to compare also plays an important role.

Note that we compare metric coefficients at different physical locations, as x = 0 at

the horizon by definition and the horizon can be at a different location in the two

metrics we are comparing. It is also worth pointing out that observables may depend

on derivatives of the metric or even integrals of combinations of metric functions in

the spatial domain and, hence, agreement between metric coefficients in part of the

domain does not necessarily imply that observables in linear sGB will be close to

those in GR. We have seen this already in Fig. 3.1, and will return to this point in

Sec. 4.

Einstein-dilaton-Gauss-Bonnet Gravity

Let us now consider the case of an exponential coupling function. The resulting

field equations are Eqs. (4.35) and (4.38) with F (ψ) = eψ. In this case, a perturbative

solution in small coupling ᾱ does not exist, but we can still compare any numerical

solutions to the small coupling approximation for the linear theory of the previous

subsection. We find a numerical solution using the computational infrastructure of

Sec. 4, with the same choices for the grid spacing, Newton polynomial order, etc

as in the previous subsection. Note that we also use the perturbative initial guess

from the previous subsection and we find that the minimum coupling for numerical

distinguishability is ᾱ < 8×10−5. This suggests that for problems in modified gravity

where we do not have analytic solutions, there should be a regime in parameter space

where deviations away from GR (or in this case a closely related theory) are small

enough that the GR solution itself can act as a sufficient initial guess for convergence.

If this is the case, then we can use these small coupling solutions as initial guesses for
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higher coupling solutions and successively build solutions in this manner.
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Figure 3.7: Same as Fig. 3.5 but for Einstein-dilaton-Gauss-Bonnet. In contrast to
the differences between the linear and perturbative solution in Fig. 3.5, the differences
between the numerical solution in the exponential coupling case and perturbative
analytic solution in the linear coupling case are much more prominent, growing to
O(10−5) for the highest couplings explored.

The top and middle panels of Fig. 3.7 show the EdGB corrections to the metric

components as a function of the compactified coordinate x for different choices of the

coupling constant ᾱ. In contrast to the linear sGB results of Fig. 3.5, in EdGB the

corrections to the metric are immediately noticeable. When comparing the difference

between the analytic and numerical solutions in the bottom panel of Fig. 3.5, we see
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they range from 10−5 to 10−3, whereas the difference in the linear coupling case ranged

from 10−10 to 10−4. The results of this comparison are not very surprising because

the analytic perturbative solution was found exclusively in the linear coupling case.
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Figure 3.8: Same as Fig. 3.6 but for EdGB. Observe that this time the numerical
solution of the exponential coupling theory differs significantly from the analytic
perturbative solution of the linear coupling theory.

These same features can also be seen in the scalar field solution, as shown on the

left panel of Fig. 3.8. The differences, shown on the right panel of this figure, range

from O(10−5) to O(10−2), while for comparison the differences in the linear coupling

case ranged from 10−10 to 10−4.

From these comparisons we can also extract a few useful conclusions. Unlike in

the linear sGB case, we see here that the analytic perturbative solution found in that

case does not agree with the fully nonlinear solution. This is expected. Perturbing in

the coupling constant and perturbing in the scalar will formally yield the same field
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equations. This can be understood by the fact that one can always absorb the coupling

constant in a scalar field redefinition. The range of validity of the two expansions,

and hence their physical interpretation, can be different. Nonetheless, this argument

clearly implies that the perturbative solution will provide a better approximation to

the linear coupling than the exponential one. Finally, as in the linear sGB case, we

find that the metric corrections vanish near the horizon and compactified infinity, and

both deviations asymptote to each other near infinity, but derivatives of the metric

potentials can be large.

Properties of Solution

In this section we explore the physical properties of the numerical solutions found

in the previous section. We begin by finding analytical models that we fit to the data

to provide accurate, closed-form expressions that allow for the rapid computation of

physical observables. We then use these fitted models and the numerical results to

calculate the location of the innermost stable circular orbit and the light ring, and

compare them with each other and with the analytical perturbative solutions.

Fitting Function

In the compactified coordinate system introduced in Eq. (3.29), the full nonlinear

solutions can be expressed as

f(x) = fGR + f2(x) + fnonlin(x),

m(x) = mGR +m2(x) +mnonlin(x),

ψ(x) = ψ1(x) + ψnonlin(x),

(3.48)

where f2(x), m2(x), and ψ1(x) are the analytical perturbed solutions of Eqs. (3.46)

in the compactified coordinates and fnonlin(x), mnonlin(x), ψnonlin(x) are nonlinear
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corrections that we wish to find.

Using the analytical perturbed solutions as an ansatz, we propose best fit models

for the non-linear corrections of the form

fnonlin(x) = x
(
−1 + x2

)
(∑

i

∑

j

ai,jᾱ
ixj

)
,

mnonlin(x) =
x (1− x)

(1 + x)4

(∑

i

∑

j

bi,jᾱ
ixj

)
,

ψnonlin(x) =
(
1− x2

)
(∑

i

∑

j

ci,jᾱ
ixj

)
,

(3.49)

where we have set β = 1. We then fit these models to our numerical solutions

to determine the constants (ai,j, bi,j, ci,j) on the grid domain x ∈ [0, 1] and ᾱ ∈ [1 ×

10−4, 0.013]. For ᾱ < 1×10−4 the analytical perturbative solution is indistinguishable

from the full nonlinear solution to our specified tolerance. For ᾱ > 0.013 we find

pathologies in the numerical solution that we will describe in Sec. 3. The fitting

order of our models is determined by systematically increasing the polynomial order

of each function until the residual between the numerical solution and the model

saturates. Some of the best-fit coefficients (ai,j, bk,l, cm,n) are included in Appendix C

Table D.1, C.2, and C.3 respectively, but they are available in a Mathematica file

upon request.

A comparison between the numerical data and the analytical fitted models is

presented in Fig. 3.9. Here we plot the field components (properly rescaled to fit all

in the same figure) in each top plot and their corresponding residuals as a function of

the compactified coordinate x in each bottom plot for both the linear sGB and EdGB

solutions and for two coupling values of ᾱ. We find that the residual between the

numerical data and the analytical fitted model is always below our desired tolerance

on the numerical solution of O(10−5). With this caveat, the fitted models can be
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treated as “exact” for practical applications (up to the accuracy mentioned above).

ISCO

The inner edge of accretion disks around black holes are typically characterized

by the innermost stable circular orbit (ISCO) of massive test-particles [8]. For our

spherically symmetric ansatz, the marginal stable circular orbits are determined by

solving for circular timelike geodesics for massive test-particles [21, 77] orbiting the

black hole. This is equivalent to requiring conditions on the effective potential, ṙ2 =

Veff, where this potential is given by

Veff =
1

m(ρ)

(
−1− L2

m(ρ)ρ2
+

E2

f(ρ)

)
, (3.50)

where E and L are the energy and angular momentum per unit mass (for massive

particles) respectively, defined from the conserved quantities corresponding to the

temporal and azimuthal Killing vectors in a stationary and spherically symmetric

spacetime.

As in Newtonian gravity, a stable or an unstable circular orbit occurs at local

minima or maxima of the effective potential, such that ṙ = Veff = 0 and V ′eff = 0.

In the Schwarzschild metric, there is both an unstable and a stable circular orbit,

such that the unstable orbit is closer to the horizon, and the distance between these

orbits is determined by the angular momentum L. The innermost stable circular

orbit is equivalent to finding the value of the angular momentum where these stable

and unstable orbits coincide (because the unstable orbit will always be closer to the

horizon than the stable orbit). By analogy, requiring these orbits coincide is equivalent

to finding the saddle points of the effective potential, which are located at V ′′eff = 0.
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Figure 3.9: Comparison of the fitted models to the linear coupling solution (top)
and the exponential coupling solutions (bottom) for α = 0.005 (left) and α = 0.010
(right). Included are the rescaled numerical solution and fits (top) and the resulting
fit residual (bottom). Color indicates the field component and the solid line indicates
the analytical fitted model, whereas dots indicate numerical data points. The field
components have been properly rescaled, as indicated in the legend. Note that
for both coupling strengths the model fit residual is below our desired tolerance
throughout the entire x domain.
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By combining these three conditions, we find the generalized equation

(
1

f(ρ)

)′(
1

ρ2m(ρ)

)′′
−
(

1

ρ2m(ρ)

)′(
1

f(ρ)

)′′
= 0, (3.51)

the solutions (there may be multiple) of which give the locations of the marginal

stable circular orbits of the spacetime. The smallest of these solutions is identified as

the ISCO.

In our compactified isotropic coordinates, the location of the ISCO in GR is

xGR
ISCO =

√
6/3 which corresponds to the familiar rGR

ISCO = 3 rH = 6M0 when transformed

to Schwarzschild coordinates. In sGB gravity, the ISCO location is shifted from this

Schwarzschild value. We can find the ISCO shift using the perturbative solution of

Eq. (3.46) to find

xISCO = xGR

ISCO

[
1 +

ᾱ2

β

(
427634

841995
+

2383

13860

√
6

)]
, (3.52)

which is identical to that of [104] when converted to Schwarzschild coordinates. We

can also find the ISCO shift for the numerical metric solving Eq. (3.51) with a Newton-

Raphson algorithm. By taking the location of the ISCO in GR as our initial guess,

we ensure that the converged root is the desired root, as we expect deviations to be

comparably small.

We presented these results already on the left panel of Fig. 3.2 in Sec. 4, where

we saw that the ISCO shift is typically smaller than 10−4. We also saw there that

the shift computed with the analytic perturbative solution in the linear sGB case

[Eq. (3.52)] agrees well the shift computed with the numerical solution in linear sGB

but disagrees in EdGB. Interestingly, the shift computed with the fitted models agree

extremely well with the numerical solution in both cases.
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Light Ring

The light ring or photon sphere is the surface generated by all unstable circular

null geodesics of photons. The location of the light ring around black holes is

important for observations with the Event Horizon Telescope [44], which is imaging

the black hole shadow of Sagittarius A*, i.e. the electromagnetically dark region

caused by photons that cross the light ring and fall into the event horizon. Future

observations of black hole shadows may be able to place constraints on the location

of the light ring in other quadratic gravity theories [16].

Similar to the ISCO calculation, the light ring can be found by requiring certain

conditions on the effective potential. For massless particles, there is only a single

unstable circular orbit and there are no stable circular orbits. Thus to find the

unstable circular orbit, we need only require Veff = 0 and V ′eff = 0, which leads to the

equation

f(ρ)

(
1

f(ρ)

)′
− ρ2m(ρ)

(
1

ρ2m(ρ)

)′
= 0. (3.53)

As before, the smallest solution to this equation returns the location of the light ring

around the black hole.

The location of the light ring in GR is simply xGR
LR =

√
3/3, which reduces to

rLR = 1.5 rH = 3M0 in Schwarzschild coordinates. As in the ISCO case, the location

of the light ring is shifted in sGB gravity. We can calculate this shift with the

perturbative analytic solution to find

xLR = xGR

LR

[
1 +

ᾱ2

β

(
−189328

841995
+

2383

3465

√
3

)]
, (3.54)

a result that to the best of our knowledge had not appeared in the literature

previously. In the full non-linear case, we must solve Eq. (3.53) numerically using

a Newton-Raphson method with the GR shift as our initial guess.
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The light-ring shift was already presented on the right panel of Fig. 3.2. The

shift is comparable to the shift of the ISCO, typically smaller than 10−4. Interestingly,

we do find a noticeable disagreement between the analytic perturbative solution and

the linear coupling case for higher values of ᾱ, which was not present in the other

calculated observables. The comparison between these two solutions in Fig. 3.5 shows

that the largest differences between them occur closer to the horizon. Therefore this

difference is larger in the region around the location of the light ring (xGR
LR ≈ 0.57) than

in both the region around the location of the ISCO (xGR
ISCO ≈ 0.82) and asymptotically

far away (x ≈ 1). Thus it is expected that an observable calculated in this region

should have a comparatively magnified discrepancy between the analytic perturbative

solution and the numerical linear sGB solution. We also find that the fitted models

agree extremely well with the numerical solutions for both coupling cases.

Naked Singularity
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Figure 3.10: Logarithm of normalized difference between the Gauss-Bonnet curvature
invariant computed with the analytical perturbative (superscript “P”) solution and
the numerical solution in the linear coupling theory (left panel) and the exponential
coupling theory (right panel).



92

Spherically symmetric black holes in sGB gravity have been shown to possess a

minimum size for a given ᾱ in both EdGB [58] and linear sGB [88]. This results from

a consistency condition on the field equations, obtained by requiring the scalar field

to be regular on the horizon. Physically, as one increases the coupling strength ᾱ,

the location of the curvature singularity inside the horizon grows while the location

of the event horizon shrinks, until at some critical value of ᾱ the two coincide. For

values of ᾱ larger than this critical value, the curvature singularity is outside the

event horizon, leading to a naked singularity. Requiring that the latter do not exist

yields a maximum value of the coupling strength (and a minimum size of the event

horizon) for which sGB black hole solutions can exist.

Our numerical solutions confirm these results. In our numerical calculations,

we impose boundary conditions on the horizon using compactified coordinates at

x = 0. The transformation from Schwarzschild to compactified coordinates absorbs

the horizon shift, so that physically the horizon is always located at x = 0 in our

numerical grid. This then implies that there is a maximum value of ᾱ above which

black hole solutions should not exist in our numerical code. Indeed, we find that

for values of ᾱ larger than roughly ᾱ ? ≈ 0.0131 on our grid of N = 101 points,

our code ceases to converge to the required tolerance. This is because a curvature

singularity sufficiently near (or inside) the computational domain induces large errors

in the Newton polynomial representation of the solution near the horizon boundary,

which then propagates through the entire domain in each iteration, preventing the

algorithm from converging.

This is indeed what we see in our numerical calculations as we increase ᾱ: the

estimated discretization error on the horizon (x = 0) begins to grow as the location

of the curvature singularity approaches the event horizon boundary. Eventually, the

curvature singularity is close enough to the horizon radius that the discretization
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error near the horizon becomes too large for the specified tolerance. In order to

ensure that these results are not a numerical artifact, we implemented adaptive step

size refinement on the computational grid that is triggered if the discretization error

becomes too large. Even with this adaptive measure in place, the discretization

error still grows near the horizon for sufficiently large ᾱ, preventing the code from

converging.

In order to further support these conclusions, we have computed the Gauss-

Bonnet curvature invariant for different values of ᾱ in both the linear sGB and EdGB

theories. Figure 3.10 shows this invariant as a function of the compactified coordinate

x. Observe that as x → 0 (near the horizon) the curvature invariant begins to grow

to ever larger values as ᾱ is increased. Observe that as ᾱ increases, the correction

to G at orders larger than O(α2) begin to quickly approach the correction at O(α2)

where this effect is not present.

Conclusions

We have here developed a new numerical framework to solve for stationary and

spherically-symmetric spacetimes that represent black holes in a wide class of modified

theories of gravity. This framework uses a Newton polynomial representation for

the discretized functions, it then recasts the differential system as a linear algebra

problem, and then solves the latter through a relaxed Newton-Raphson iterative

method. Through the successive minimization of the residual, our framework is

capable of controlling the maximum error in the final numerical solution. We have

validated this framework through a toy problem consisting of a simple differential

equation, through the Schwarzschild metric and by investigating black holes in sGB

gravity.

With the sGB solutions at hand, we then investigated a series of physical
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properties of these spacetimes. First, we verified that the differences between exact

numerical solutions and analytic perturbative solutions are very small when the

coupling is linear. We then also verified that the exact numerical solutions in linear

sGB differ quite significantly from those in EdGB. These similarities and differences

manifest themselves not only through the metric tensor, but also through physical

observables like the ADM mass, the scalar charge, the location of the ISCO, and

that of the light-ring. We finally verified that sGB black holes do not exist beyond a

critical value of the sGB coupling, as beyond this value a naked curvature singularity

arises.

We then concluded our analysis by developing analytic fitting functions for the

numerical solutions. These fitting functions are constructed through a combination of

controlling factors (inspired by the analytic perturbative solution) and polynomials

in the compactified coordinate. We verified that the fitting functions agree with

the numerical solutions up to the numerical error in the latter. We then computed

physical observables, like the ADM mass, the location of the ISCO and that of the

light ring with the fitting functions and found excellent agreement between these

results and those obtained from the exact numerical solutions.

The work we did here now opens the door to several further studies. The fitting

functions described above, for example, could be used as the analytical background

on which to study polar and axial perturbations. Such perturbations would then

reveal the quasi-normal mode spectrum of sGB black holes for arbitrary values of

the coupling. The quasi-normal mode frequencies could then be used to carry out

spectroscopic tests of GR with gravitational wave observations of merging black holes

(provided the merger remnant has very small final spin).

Another interesting direction for future research is the extension of the methods

developed here to axisymmetric black holes. The computational infrastructure we
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presented here is easily extendable to this case. The system of equations of course

becomes more complicated not only because new metric functions must be solved for,

but also because these functions will depend on both radius and polar angle. We have

already extended the work presented in this paper to a two-dimensional grid that is

capable of solving for the Kerr metric in GR, and thus, we expect that extensions to

modified gravity at this point should be straightforward.

Once such solutions are found, the fitting methodology developed here could be

implemented in the axisymmetric case to find fully analytic approximations for all

components of the metric tensor. Such a solution could then be used once more as

a background on which to study the evolution of perturbations. The quasi-normal

spectrum of these perturbations could then be used to place constraints on a variety

of modified gravity theories through the future observations of gravitational wave

ringdown modes with advanced detectors.
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Abstract

We extend recently developed numerical code to obtain stationary, axisymmetric

solutions that describe rotating black hole spacetimes in a wide class of modified

theories of gravity. The code utilizes a relaxed Newton-Raphson method to solve the

full nonlinear modified Einstein’s Equations on a two-dimensional grid with a Newton

polynomial finite difference scheme. We validate this code by considering static

and axisymmetric black holes in General Relativity. We obtain rotating black hole

solutions in scalar-Gauss-Bonnet gravity with a linear (linear scalar-Gauss-Bonnet)

and an exponential (Einstein-dilaton-Gauss-Bonnet) coupling and compare them to

analytical and numerical perturbative solutions. From these numerical solutions, we

construct a fitted analytical model and study observable properties calculated from

this model and the numerical results.

Introduction

As we enter a new era of multi-messenger astrophsics, many new experiments

will allow us to test Einstein’s theory of general relativity (GR) in the strong

field regime [38, 48, 75, 97, 103]. As we begin to probe this regime, previously

used perturbative techniques may eliminate strong field instabilities that may have

observable consequences, such as spontaneous scalarization of black holes that arise in

a class of scalar-tensor theories within a certain mass range [45, 86]. We here extend

previous steps taken towards producing theory agnostic predictions of black holes in

modified theories of gravity without the use of perturbation theory.

We recently developed a numerical infrastructure to solve the modified Einstein

equations for static and spherically symmetric black hole spacetimes [90]. The in-

frastructure used symbolic manipulation software to calculate the modified Einstein’s
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equations and export them into an executable C programming function. This was

then discretized using a finite element method by replacing each differential operator

at each grid point with a Newton interpolation polynomial and calculating the

residual of the field equations. By minimizing this residual using a relaxed Newton-

Raphson method, we can iteratively converge to the desired solution by calculating the

linearized correction to our functions by solving a linear system of equations evaluated

from the Jacobian matrix of our discretized differential equations. To validate this

code, we applied this infrastructure to static and spherically symmetric black hole

spacetimes in GR and scalar Gauss-Bonnet gravity with a linear (linear sGB) and

exponential (Einstein-dilaton-Gauss-Bonnet, EdGB) coupling function. We now wish

to extend this analysis to rotating black hole spacetimes using the same numerical

infrastructure.

In this paper, we wish to describe the numerical setup to solve black holes

in axially symmetric spacetimes. The extension is relatively straightforward where

we instead discretize our partial differential equations on a two dimensional grid

and simply replace each differential operator in the new dimension with the same

Newton interpolation polynomial method as in the one dimensional case. To discretize

any mixed partial derivatives, we follow the approach of [83] and introduce an

auxiliary variable with a corresponding differential equation whose residual must

simultaneously be minimized with the remaining system of differential equations.

Although the methodology of adding a second dimension is straightforward,

unfortunately the computational complexity increases considerably. Take for example

that our discretized linear system of equations in spherical symmetry had n grid

points and M = 3 fields (two metric fields and the scalar field) to solve for. This led

to a square Jacobian matrix of (M × n)2 = 9n2 elements. We now must discretize

our grid into a total of n ×m grid points with four metric fields in axial symmetry
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and the scalar field for a total of five fields to solve for. Furthermore, each mixed

partial derivative of the fields require an additional differential equation so our total

number of fields to minimize is doubled to M = 10 and our square Jacobian matrix

grows to (M × n×m)2 elements. As a result it is no longer feasible to evaluate

our numerical infrastructure on laptop class computers and we must turn to high

performance computing clusters but fortunately there is a wealth of publicly available

resources on the subject matter.

We begin by validating our infrastructure by studying rotating black holes in GR

and we directly compare the numerical result to the known Kerr solution. We find

that our code converges to the correct solution within three iterations with our chosen

initial guess. After validation in GR, we construct stationary, axially symmetric black

holes in scalar Gauss-Bonnet (sGB) gravity, a well motivated modified theory that is

a member of the quadratic gravity class [20, 24, 103].

When studying black holes in scalar Gauss-Bonnet gravity, we will again consider

the two typical forms of the coupling function between the massless scalar field and

the Gauss-Bonnet invariant. When the scalar field is coupled through an exponential

to the Gauss-Bonnet invariant this is commonly referred to as Einstein-dilaton-Gauss-

Bonnet (EdGB) gravity. In the regime where the scalar field is small, one can

approximate the exponential as a linear coupling to the Gauss-Bonnet invariant which

is commonly referred to as the linear scalar-Gauss-Bonnet gravity. We will again

adopt this terminology throughout this paper namely: ‘linear sGB’ will refer to the

use of a linear coupling function and ‘EdGB’ will refer to the exponential coupling

function.

Stationary black holes have been found in linear sGB in axisymmetry using a

slow-rotation approximation [15, 30, 66, 69, 72]. Conversely axisymmetric black holes

in EdGB have only been obtained numerically [60]. There has also been recent work
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on the dynamical evolution of black holes and binaries in sGB gravity [22, 23, 78, 98].

Unfortunately, the analytic solutions in slow rotation were derived in different

coordinate systems which makes a direct comparison of our solutions impossible

without resolving the perturbed system of equations order by order in compactified

isotropic coordinates. To resolve this, we instead numerically solve the equations

using a weak-coupling expansion where α � 1 using our numerical infrastructure

and verify that the solution in the spherically symmetric limit is equal to the known

spherically symmetric analytic perturbed solution. We can then compare the fully

nonlinear solutions in linear sGB and EdGB to this axially symmetric perturbative

solution.

In the linear case, not including rotation, we recover the previous observation

that the perturbative solution that assumes weak-coupling agrees exceptionally well

with the exact linear solution while there are still large differences in the exponential

coupling solution. If we include rotation, we find that the magnitude of these

differences in the exponential coupling solution is suppressed as we increase the

rotation of the black hole. In Fig. 4.1 we present the relative fractional correction

in the ADM mass (left) and the scalar monopole charge (right) as a function of

the dimensionless sGB coupling parameter ᾱ = α/r2
H. Here we compare the weak-

coupling perturbative solution, the linear sGB solution, and the EdGB solution for

3 different dimensionless spins that correspond to the black hole angular velocity on

the horizon for the corresponding dimensionless spin value in GR. From these we can

see that for the same coupling constant α, by increasing the spin of the black hole,

we decrease its scalar charge and suppress the deviation in the mass from its GR

value. Conversely, angular momentum increases for larger spin as expected, shown in

Fig. 4.2 where we present the fractional change in the ADM angular momentum of the

black hole for each solution for the same three dimensionless spin values. Note that
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the dimensionless spins that we report here are not equivalent to the true spins of each

black hole. As we shall see, our input parameter for the spin is the angular velocity of

the black hole on the horizon ΩH which are set by the corresponding angular velocity

of a Kerr black hole with the reported spin.
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Figure 4.1: Fractional change in mass (left) and the dimensionless scalar charge
(right) vs dimensionless coupling ᾱ for three dimensionless GR spin values, χ = 0, 0.3,
and 0.6 denoted by the black, red, and blue colors respectively. The perturbative
solution is denoted by the solid line, the sGB solution by the dashed line, and
the EdGB solution denoted by the dotted line. We have also included the analytic
perturbative solution in spherical symmetry as the dashed cyan colored line. Here we
recover the agreement between the perturbative solution and the linear sGB solution
in the nonrotating limit and the discrepancy of the EdGB solution. As we increase
the spin of the black hole, we find a decrease in the scalar charge and a corresponding
suppression of the fractional change in the mass from GR.

With these exact solutions in hand, we can calculate the location of the innermost

stable circular orbit (ISCO) and the light ring. Figure 4.3 shows the fractional change

in the location of the ISCO (left) and the light ring (right). We again find good

agreement with the numerical perturbative solution and the linear sGB solution. For

larger values of ᾱ, we find a large disagreement for the EdGB solutions. Finally,

using the solutions, we can construct analytically fitted models for selected coupling
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Figure 4.2: Fractional change in angular momentum vs dimensionless coupling ᾱ for
three dimensionless GR spin values, χ = 0, 0.3, and 0.6 denoted by the black, red, and
blue colors respectively. The perturbative solution is denoted by the solid line, the
sGB solution by the dashed line, and the EdGB solution denoted by the dotted line.
Here we find an increase in the angular momentum from GR both with increasing
coupling and spin.

and spin values to allow for the rapid computation of these physical observables. We

have verified that the observables from the models agree with the numerical solutions

to within the prescribed error tolerance of the solutions. The fitting coefficients are

available online though we provide a few examples in Appendix D.

The importance of the infrastructure presented here is that we are allowed

to make minimal assumptions about the specific modified theory of gravity we are

considering due to the symbolic nature in which we can calculate and export the field

equations. The boundary conditions on the horizon and infinity only require that

an event horizon exist and that the spacetime is asymptotically flat. Any additional

fields only need additional boundary conditions specified that are incorporated into

the infrastructure automatically, in the case of scalar Gauss-Bonnet, for the scalar

field, we require that it be regular on the horizon and that it asymptotically vanish.

For other additional vector or tensor fields, additional boundary conditions can be
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Figure 4.3: Fractional change in location of innermost stable circular orbit (left)
and light ring (right) vs dimensionless coupling ᾱ for three dimensionless GR spin
values, χ = 0, 0.3, and 0.6 denoted by the black, red, and blue colors respectively.
The perturbative solution is denoted by the solid line, the sGB solution by the dashed
line, and the EdGB solution denoted by the dotted line. We have also included the
analytic perturbative solution in spherical symmetry as the dashed cyan colored line.
Here again we recover the very good agreement between the perturbative solution and
the linear sGB solution in the nonrotating limit and the discrepancy of the EdGB
solution. We again find that the deviation away from GR is suppressed for increased
values of the spin.

incorporated automatically in the same manner.

Furthermore, our infrastructure is free and open to the public so that the

scientific community can utilize it as a tool to explore exotic black hole spacetimes.

The analytical fitted models constructed from the solutions can be used to calculate

astrophysical observables such as accretion disks around black holes [8], shadows of

black holes [16], or quasinormal modes of black hole mergers [25], allowing for realistic

data analysis investigations with Bayesian methods.

The remainder of this paper is organized as follows. Section 4 outlines

adjustments that are required to extend the numerical algorithm to partial differential

equations in axial symmetry. Section 4 validates the algorithm using a rotating Kerr
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black hole. Section 4 applies the algorithm to sGB gravity and derives the results

described above. Section 4 constructs a fitted analytical model from the numerical

solutions and compares physical observables determined by the numerical solutions

and the fits. Finally, Section 4 summarizes our results and points to future directions.

For the remainder of this paper we use the following conventions: Greek letters

denote spacetime indices; the metric has the spacetime signature (−,+,+,+); we

use geometric units where G = 1 = c.

Numerical Methods

The numerical infrastructure extends recent work from [90] to axial symmetry,

following the approach in [60, 83], to build a partial differential equation solver

for rotating black hole solutions in an arbitrary modified theory of gravity. The

infrastructure uses a relaxed Newton-Raphson method to solve the discretized partial

differential equations in two dimensions. The field equations are discretized using

a Newton interpolation polynomial which naturally introduces discretization errors

that must be controlled. As most of the foundations of this infrastructure is detailed

in [90], we will focus on the extensions to axisymmetry in this section.

In axisymmetry, the Newton interpolation polynomial and the discretization

error remains identical to the spherical symmetry case but with an additional

dimension. Specifically, we replace each ∂u
∂x

and ∂u
∂y

operator with their discretized

equivalents which introduces their respective discretization errors

∂x~e(x,d) = ∂x~u
(r+2)
d − ∂x~u(r)

d ,

∂xx~e(x,d) = ∂xx~u
(r+2)
d − ∂xx~u(r)

d ,

(4.1)
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∂y~e(y,d) = ∂y~u
(r+2)
d − ∂y~u(r)

d ,

∂yy~e(y,d) = ∂yy~u
(r+2)
d − ∂yy~u(r)

d .

(4.2)

where ~e(x,d) and ~e(y,d) are the discretized error vectors1 at each grid point in the x

and y dimension respectively. ~u
(r)
d is the discretized solution vector ~u that we wish to

minimize to the Newton polynomial order r. With now two discretization errors, we

obtain an additional discretization error correction equation that must be minimized

J∆~uy,e = − ~Dy,e, (4.3)

where J is the Jacobian matrix, ∆~uy,e is the correction on the solution vector ~u due

to the discretization error vector ~Dy,e in the y-dimension. This additional equation

must be minimized along with our two previous equations

J∆~ud = −~bd, (4.4)

J∆~ux,e = − ~Dx,e. (4.5)

To control the discretization error, we require that the relative correction due to

both the x and y-dimension (~ux,e and ~uy,e) discretization error is below a specified

tolerance,

‖∆~ux,e‖
‖~ud‖

≤ tol, (4.6)

‖∆~uy,e‖
‖~ud‖

≤ tol. (4.7)

The main addition from spherical to axisymmetry is the treatment of mixed

1In this paper, the word vector stands for a standard Euclidean vector in flat space.
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derivatives. We utilize the method in [83] and treat each mixed derivative as a

separate field equation. Namely by defining a new auxiliary variable

∂u0

∂y
= u1, (4.8)

and substituting it into each mixed derivative operator,

∂2u0

∂x∂y
=
∂u1

∂x
. (4.9)

We then treat the auxiliary variable definition of Eq. (4.8) as a separate field equation

whose residual we simultaneously must minimize

∂u0

∂y
− u1 = b1, (4.10)

which will double the amount of differential equations we must solve. If the problem

of interest does not contain any relevant mixed derivatives (which is the case for our

chosen ansatz in GR) this step may be skipped. Unfortunately, in general this is not

the case.

The resulting system of linear of equations as a result of the relaxed Newton-

Raphson method changed the linear system solver method. In the spherically sym-

metric case, iterative solver methods were comparable but had faster convergence over

direct methods. In the axisymmetric case, the field equations become less diagonally

dominant and iterative methods fail to successfully accelerate the computation time.

Due to this, we find that direct methods once again become the faster method because

the size of our linear system is not large enough (on the order of millions of elements)

for the iterative methods to accelerate convergence.
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Validation

We will now apply our numerical infrastructure using the method described in

the previous section to a stationary rotating black hole in general relativity described

by the Kerr metric. Although the solution is known analytically, we can use it to

benchmark our numerical infrastructure.

The familiar Einstein-Hilbert action in General Relativity in a vacuum is given

by

S =
1

16π

∫
d4x
√−g R , (4.11)

where R is the Ricci scalar and g is the determinant of the metric gµν . Varying the

action with respect to the metric gives the vacuum Einstein field equations

Gµν = 0 , (4.12)

where Gµν is the Einstein tensor.

We begin with an axisymmetric and stationary metric ansatz in isotropic

coordinates,2

ds2 = −f(ρ, θ)dt2 +
m(ρ, θ)

f(ρ, θ)

(
dρ2 + ρ2dθ2

)
+
l(ρ, θ)

f(ρ, θ)
ρ2 sin2 θ

(
dφ− ω(ρ, θ)

ρ
dt

)2

,

(4.13)

where ρ is the isotropic radial coordinate, which is related to the Boyer-Lindquist

2Note that this is a slightly modified ansatz from [90]. This ansatz produces field equations that
are easier to diagonalize as we will see later.
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radial coordinate by

r = ρ

(
1 +

M0 + a0

2ρ

)(
1 +

M0 − a0

2ρ

)
,

= ρ+M0 +
M2

0 − a2
0

4ρ
.

(4.14)

Here M0 is the bare mass and a0 is the spin of the black hole. As with the Kerr

metric in Boyer-Lindquist coordinates, the Kerr metric in isotropic coordinates has

two parameters, the bare mass and the spin. As we shall see below, it is convenient

to replace the spin parameter a0 with the event horizon radius ρH. We define the spin

as

a0 ≡
√
M2

0 − 4ρ2
H, (4.15)

and replace it in the above coordinate transformation,

r = ρ+M0 +
ρ2

H

ρ
. (4.16)

The Kerr metric in isotropic coordinates is

fGR =

(
1− ρ2

H

ρ2

)2
F1

F2

,

mGR =

(
1− ρ2

H

ρ2

)2
F 2

1

F2

,

lGR =

(
1− ρ2

H

ρ2

)2

,

ωGR =
F3

F2

,

(4.17)
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where

F1 =
2M2

0

ρ2
+

(
1− ρ2

H

ρ2

)2

+
2M0

ρ

(
1 +

ρ2
H

ρ2

)
− M2

0 − 4ρ2
H

ρ2
sin2 θ,

F2 =

[
2M2

0

ρ2
+

(
1− ρ2

H

ρ2

)2

+
2M0

ρ

(
1 +

ρ2
H

ρ2

)]2

−
(

1− ρ2
H

ρ2

)2
M2

0 − 4ρ2
H

ρ2
sin2 θ,

F3 =
2M0

√
M2

0 − 4ρ2
H

(
1 + M0

ρ
+

ρ2
H

ρ2

)

ρ2
.

(4.18)

We can notice a few things about the Kerr metric in these coordinates. First, on the

event horizon, fGR|ρ=ρH
= mGR|ρ=ρH

= lGR|ρ=ρH
= 0. Second, on the event horizon,

the frame dragging term ω is a constant

ω|ρ=ρH
= ωH =

ρH

√
M2

0 − 4ρ2
H

2M0 (M0 + 2ρH)
, (4.19)

and is proportional to the angular velocity of the black hole ΩH,

ΩH =
ωH

ρH

=

√
M2

0 − 4ρ2
H

2M0 (M0 + 2ρH)
. (4.20)

Third, the non-rotating Schwarzschild limit is equivalent to M0 = 2ρH and in this

limit,

f SCHW

GR =

(
1− ρH

ρ

)2

(
1 + ρH

ρ

)2 ,

mSCHW

GR =

(
1− ρH

ρ

)2(
1 +

ρH

ρ

)2

,

lSCHW

GR = mSCHW

GR ,

ωSCHW

GR = 0.

(4.21)
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Fourth, along the symmetry axis θ = 0 and θ = π, by requiring our solutions to

be regular along this axis we expect our metric functions to satisfy the boundary

conditions

∂f

∂θ
|θ=0,π = 0,

∂m

∂θ
|θ=0,π = 0,

∂l

∂θ
|θ=0,π = 0,

∂ω

∂θ
|θ=0,π = 0,

(4.22)

which our solution does satisfy. Lastly, as expected, the metric is asymptotically flat,

fGR|ρ→∞ = mGR|ρ→∞ = lGR|ρ→∞ = 1 and ωGR|ρ→∞ = 0. Asymptotically far away,

the observable mass and angular momentum can be extracted from the decay of the

metric components

gtt = −f +
l

f
ω2 sin2 θ = −1 +

2M

ρ
+O

(
1

ρ2

)
,

gtφ = − l
f
ωρ sin2 θ = −2J

ρ
sin2 θ +O

(
1

ρ2

)
,

(4.23)

where M and J are the Arnowit-Deser-Misner (ADM) mass and angular momentum

respectively. For the Kerr solution, we find MGR = M0 and JGR = M0

√
M2

0 − 4ρ2
H.

With this ansatz, we can compute the components of the Einstein tensor Gµν . To

simplify the partial differential equations, following [60], we use linear combinations

of the Einstein tensor to diagonalize the equations with respect to the operator Ô =
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∂2

∂ρ2 + 1
ρ2

∂2

∂θ2 ,

m

f

(
Gµ

µ − 2Gt
t −

2ω

ρ
Gt

φ

)
=

1

f
Ôf + . . . ,

2
m

f

(
Gφ

φ −
ω

ρ
Gt

φ

)
=

1

m
Ôm+ . . . ,

2
m

f

(
Gρ

ρ +Gθ
θ

)
=

1

l
Ôl + . . . ,

2
f m

l sin2 θ

(
−1

ρ
Gt

φ

)
= Ôω + . . . .

(4.24)

As in the spherical symmetry case, we again use a compactified coordinate

defined by

x = 1− ρH

ρ
. (4.25)

This changes our domain of integration from ρ ∈ [ρH,∞) to the finite domain x ∈

[0, 1]. In these compactified isotropic coordinates, the Kerr metric has the form

fGR = x2 (x− 2)2 F
x
1

F x
2

,

mGR = x2 (x− 2)2 (F x
1 )2

F x
2

,

lGR = x2 (x− 2)2 ,

ωGR =
F x

3

F x
2

,

(4.26)

where F x
1 , F

x
2 , and F x

3 are the functions from Eq. (4.18) in compactified coordinates.

As before, we have similar boundary conditions, fGR|x=0 = mGR|x=0 = lGR|x=0 = 0 and

ωGR|x=0 = ωH. At infinity we have fGR|x=1 = mGR|x=1 = lGR|x=1 = 1 and ωGR|x=1 = 0.

To prepare our field equations for numerical integration, we make an additional

substitution following [59]. We find that this substitution is necessary to eliminate a

numerical divergence on the event horizon in the scalar Gauss-Bonnet case that will
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be considered in Sec. 4. We replace the metric functions

f = x2f̄ ,

m = x2m̄,

l = x2l̄,

(4.27)

which removes this numerical divergence. This substitution keeps the boundary

conditions as x→ 1 unchanged. At the horizon, the boundary conditions are obtained

from examining an expansion of the metric functions around x = 0 and become

(
f̄ − ∂f̄

∂x

)
|x=0 = 0,

(
m̄+

∂m̄

∂x

)
|x=0 = 0,

(
l̄ +

∂l̄

∂x

)
|x=0 = 0.

(4.28)

Similar to the spherically symmetric case, the Newton-Raphson method requires

an initial guess for the numerical system. We shall again, choose an initial guess that

is a small perturbation away from the Kerr metric and that satisfies the boundary

conditions

u
(0)
0 = fGR [1 + δ∆x∆y] ,

u
(0)
1 = mGR [1 + δ∆x∆y] ,

u
(0)
2 = lGR [1 + δ∆x∆y] ,

u
(0)
3 = ωGR [1 + δ∆x∆y] ,

(4.29)

where δ = 0.1 and can be adjusted to improve or worsen the initial guess.3 The

3We find that the convergence in GR is largely independent of the value of δ. Even initial guess
values as large as δ = 1 converge to the desired solution in less than 10 iterations.



114

normalized functions ∆x and ∆θ are given by

∆x =
256

27
x3 (1− x) ,

∆y =
512

π3

(
θ

π/2

)3(
1− θ

π/2

)3

.

(4.30)

To solve our problem numerically, we begin by replacing the metric functions of

our ansatz with their barred definitions of Eq. (4.27). We then define the auxiliary

mixed derivative functions

∂f̄

∂θ
≡ u4,

∂m̄

∂θ
≡ u5,

∂l̄

∂θ
≡ u6,

∂ω

∂θ
≡ u7,

(4.31)

and replace each mixed derivative operator given by4

∂2f̄

∂x∂θ
=
∂u4

∂x
,

∂2m̄

∂x∂θ
=
∂u5

∂x
,

∂2l̄

∂x∂θ
=
∂u6

∂x
,

∂2ω

∂x∂θ
=
∂u7

∂x
,

(4.32)

in the diagonalized Einstein equations of Eq. (4.24) in compactified isotropic

coordinates. From Eq. (4.10), the mixed derivative definitions above add 4 additional

field equations we must solve simultaneously with the Einstein equations and we

4We find that it is unnecessary to make the second order replacement ∂2f̄
∂θ2 = ∂u4

∂θ as the second

derivative ∂2f̄
∂θ2 terms can be evaluated very accurately with our Newton polynomial representation.

We find that this substitution only slows down convergence.
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obtain a nonlinear system of 8 partial differential equations for our 8 functions to

solve: f̄ , m̄, l̄, ω, u4, u5, u6, u7.

We then discretize our differential operators using their Newton polynomial

representation of order r = 16 on a 2-dimensional grid of 61× 31 points and initialize

our solver with the initial guess of Eq. (4.29). The two input parameters that we must

specify is the horizon radius where we choose ρH and the angular velocity on the event

horizon ΩH. For all computations in this paper, we set ρH = 1, which for a nonrotating

black hole in GR corresponds to a black hole mass of M0 = 1/2. The horizon angular

velocity is chosen to coincide with a Kerr black hole of dimensionless spin χGR = 0.6

which from Eq. (4.20), ΩH = 0.0666. We find that our numerical infrastructure

converges to the desired solution below our specified tolerance of tol = 10−5 in 4

iterations. The absolute error between the metric functions and the Kerr solution for

each iteration is shown in Fig. 4.4.

Axially Symmetric Black Holes in Scalar-Gauss-Bonnet Gravity

In this section we solve the modified Einstein field equations in sGB gravity

with both a linear coupling and an exponential coupling function, assuming a vacuum

spacetime that is stationary and axially symmetric.

Action and Field equations

The action in scalar-Gauss-Bonnet gravity in a vacuum is given by

S =
1

16π

∫
d4x
√−g

[
R− β∇µψ∇µψ + 2αF (ψ)G

]
, (4.33)
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Figure 4.4: Absolute error during each iteration (colored) for each metric element
to the Kerr solution for three selected angles. Here we show the metric components
f (top left), m (top right), l (bottom left) and ω (bottom right) for each iteration
denoted by color and for three angles θ = 0, π/4, π/2 denoted by the dotted, dashed,
and solid lines respectively. We find that with our chosen initial guess, our numerical
infrastructure converges to the Kerr solution to a maximum absolute error of O(10−6)
and a minimum error of O(10−10) in 4 iterations.
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where R is the Ricci scalar and g is the determinant of the metric gµν . The real

dimensionless scalar field ψ is coupled to the Gauss-Bonnet invariant G where

G = R2 − 4RµνRµν +RµνρσRµνρσ, (4.34)

through a function of the scalar field F (ψ) with a coupling constant α which has

dimensions length squared. We will keep the coupling constant β explicit in this

section, but in all computation we set β = 1, as it can be eliminated through a

redefinition of the scalar field ψ and the coupling constant α.

By varying the action with respect to the metric and the scalar field we obtain

two field equations. Variation with respect to the metric field yields

Gµν − β Tµν + αKµν = 0, (4.35)

where the scalar field stress-energy tensor is

Tµν = ∇µψ∇νψ −
1

2
gµν∇γψ∇γψ, (4.36)

and

Kµν =
(
gρµgδν + gρνgδµ

)
∇σ

[
εγδαβερσληRληαβ∇γF (ψ)

]
. (4.37)

Variation with respect to the scalar field yields

β2ψ + α
∂F

∂ψ
G = 0. (4.38)

The scalar field is subject to the following boundary conditions: it must be

asymptotically flat, and its first derivative must vanish on the horizon in isotropic
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coordinates, namely

∂ψ

∂ρ
|ρ→ρH

= 0, ψ|ρ→∞ = 0. (4.39)

In this paper we will consider two coupling functions typically explored in sGB

gravity,

F (ψ) = ψ ↔ linear sGB ,

F (ψ) = eψ ↔ EdGB .

(4.40)

Linear Scalar-Gauss-Bonnet Gravity

In the linear coupling theory F (ψ) = ψ, we numerically solve the field equations

for an axially symmetric black hole perturbatively in the coupling α. If we assume

the dimensionless coupling ᾱ2 � 1 where rH sets the order of the curvature length of

the system, we can perturbatively expand our metric as

gµν = g(0)
µν + εg(1)

µν + ε2g(2)
µν , (4.41)

where ε is a bookkeeping parameter, ε� 1, and α = O(ε). This expansion with our

metric ansatz is,

f = f0 + εf1 + ε2f2,

m = m0 + εm1 + ε2m2,

l = l0 + εl1 + ε2l2,

ω = ω0 + εω1 + ε2ω2,

ψ = ψ0 + εψ1 + ε2ψ2,

(4.42)
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We can then substitute this ansatz into our field equations and expand order by order

in ε.

To O(ε0), we find

G(0)
µν − βT (0)

µν = 0,

2(0)ψ(0) = 0,

(4.43)

where G
(0)
µν , T

(0)
µν , and 2(0) are the Einstein tensor, scalar field stress-energy tensor,

and the d’Alambertian evaluated from the background metric g
(0)
µν respectively. By

imposing asymptotic flatness and regularity on the horizon of the scalar field, we

find ψ(0) = 0 which implies that T
(0)
µν = 0. As expected we then see that g

(0)
µν is the

solution to G
(0)
µν = 0 which is the Kerr metric and each f0,m0, l0, ω0 correspond to

their respective Kerr values from Eq. (4.26).

At O(ε), we find

G(1)
µν − βT (1)

µν + αK(0)
µν = 0,

β
(
2(1)ψ(0) + 2(0)ψ(1)

)
+ αG(0) = 0.

(4.44)

Since ψ(0) = 0 from before, we know K
(0)
µν = 0. Additionally, T

(1)
µν = 0 because the

stress-energy tensor is O(ψ2). Thus the metric perturbation at O(ε) vanishes, g
(1)
µν = 0

and f1 = m1 = l1 = ω1 = 0. The scalar field equation then simplifies to

β2(0)ψ(1) + αG(0) = 0. (4.45)

In spherical symmetry, the scalar field correction at this order can be calculated

analytically [87, 88, 104].
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At O(ε2), the modified field equations are

G(2)
µν − βT (2)

µν + αK(1)
µν = 0, (4.46)

β
(
2(2)ψ(0) + 2(1)ψ(1) + 2(0)ψ(2)

)
+ αG(1) = 0. (4.47)

Because g
(1)
µν = 0, we know that 2(1) = G(1) = 0 which simplifies the scalar field

equation to

2(0)ψ(2) = 0, (4.48)

which implies that ψ(2) = 0 by imposing asymptotic flatness and regularity on the

horizon. Thus the nontrivial modified field equations of interest are Eqs. (4.45)

and (4.46). In spherical symmetry [87, 88, 104] and in the slow rotation limit [15, 30,

66, 69, 72], these equations can be analytically solved order by order because the scalar

field equation is sourced by the Gauss-Bonnet invariant evaluated on the unperturbed

background. In spherical symmetry, in our compactified coordinate system (4.25) the

perturbed solution to second order is,

f SPH

2 =
α2x2 (x− 1)

4620βρ4
H (x− 2)14

[
1117x10 − 24574x9 + 246510x8 − 1415920x7 + 4941728x6

− 10150448x5 + 11892496x4 − 7411712x3 + 2000768x2 − 98560x+ 19712

]
,

mSPH

2 = − 8α2x2 (x− 1)2

1155βρ4
H (x− 2)10

[
71x8 − 1420x7 + 11554x6 − 49788x5 + 118374x4

− 167280x3 + 147600x2 − 78720x+ 19680

]
,

lSPH

2 = mSPH

2 ,

ωSPH

2 = 0,

ψSPH

1 =
α (1− x)

3βρ2
H (x− 2)6

[
3x4 − 30x3 + 118x2 − 176x+ 88

]
.

(4.49)
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In axial symmetry, using a slow rotation expansion around the dimensionless

spin χ = a
M
� 1, solutions have been found to O(α2, χ2) [15] and O(α14, χ5) [66]. We

cannot directly compare these solutions in the slow rotation limit to the solutions in

this work because they are calculated in different coordinate systems and a proper

comparison would require calculating the solution to the same order in isotropic

coordinates. Instead we solve will these equations directly without perturbatively

expanding in rotation.

To solve Eqs. (4.45) and (4.46) we apply our numerical infrastructure to the

partially decoupled nonlinear partial differential equations using the method described

in Sec. 4. We could solve for the scalar field first using Eq. (4.45) and then use the

result to solve Eq. (4.46) as is done analytically but we find no noticeable difference

on the converged solution compared to solving both simultaneously which our code

can already handle. This is possible because the scalar field equation is partially

decoupled to the metric perturbation equations, namely the scalar field equation only

depends on the known GR background to zeroth order and it converges very rapidly.

Each successive iteration then only needs to minimize the metric perturbations. We

choose an initial grid of 61 × 31 points and a Newton polynomial order r = 16. For

the actual computation, we set ρH = 1 which sets the bare mass of the black hole to

M0 = 2. We set the desired tolerance of the solution to tol = 10−5 which is both

placed on the residual and on the relative tolerance of the discretization correction.

We use the spherically symmetric perturbed corrections of Eq. (4.49) as our initial

guess and convergence typically occurs within 1 to 3 iterations. Figure 4.5 compares

the numerical perturbed rotating solution to the analytically known spherically

symmetric solution. From these plots, we can verify that the perturbative solution

in the spherically symmetric limit (χGR = 0) exactly recovers the analytic spherically

symmetric solution.
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Figure 4.5: Difference between metric elements for axisymmetric small coupling
expansion and the analytic perturbative spherically symmetric solution for three
selcted angles. Here we show the metric components f (top left), m (top right), l
(bottom left) and ω (bottom right) for three dimensionless spin values χ = 0, 0.3, 0.6
denoted by the black, blue, and red colors respectively and for three angles θ =
0, π/4, π/2 denoted by the dotted, dashed, and solid lines respectively.
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Figure 4.6: Difference between the axisymmetric small coupling expansion and the
analytic perturbative spherically symmetric solution for scalar field for three selcted
angles. The three dimensionless spin values χ = 0, 0.3, 0.6 are denoted by the black,
blue, and red colors respectively and the three angles θ = 0, π/4, π/2 are denoted by
the dotted, dashed, and solid lines respectively.

With this perturbed solution at hand, we can calculate the full nonlinear

modified field equations in scalar Gauss-Bonnet gravity. The modified field equations

are Eqs. (4.35) and (4.38) with F (ψ) = ψ. In Fig. 4.7 and 4.8 we show the difference

between the full linear sGB solution and the Kerr solution for each metric element

and the scalar field respectively for three different angles and three dimensionless spin

values. It is important to note that the physical dimensionless spin parameter of the

black hole is not given by χGR as it will depend on α. We instead use the χGR value to

calculate the angular velocity of the event horizon from Eq. (4.20) which is the input

parameter to our numerical infrastructure and will be identical for each solution of a

given χGR. From a comparison of the sGB solution to Kerr for these dimensionless

spin values, we again notice that the deviation is suppressed as the spin increases.
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Figure 4.7: Difference between metric elements for linear coupling function and the
Kerr metric for three selcted angles. Here we show the metric components f (top
left), m (top right), l (bottom left) and ω (bottom right) for three dimensionless
spin values χ = 0, 0.3, 0.6 denoted by the black, blue, and red colors respectively
and for three angles θ = 0, π/4, π/2 denoted by the dotted, dashed, and solid lines
respectively. We also show the analytic perturbative spherically symmetric solutions
in cyan. Notice how the nonrotating linear sGB solution has a larger deviation than
the analytic perturbative spherically symmetric solution as expected but that this
deviation is then suppressed for larger spin values.
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Figure 4.8: The scalar field using the linear coupling function for three selcted angles.
The three dimensionless spin values χ = 0, 0.3, 0.6 are denoted by the black, blue,
and red colors respectively and the three angles θ = 0, π/4, π/2 are denoted by the
dotted, dashed, and solid lines respectively. The analytic perturbative spherically
symmetric solution is in cyan. Like for the deviations of the metric functions, we find
very good agreement between the nonrotating linear sGB scalar field and the analytic
spherically symmetric perturbation but the scalar charge is suppressed for larger spin
values.
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Einstein-dilaton-Gauss-Bonnet Gravity

Let us now consider the case of an exponential coupling function. The resulting

field equations are Eqs. (4.35) and (4.38) with F (ψ) = eψ. We find a numerical

solution using the computational infrastructure of Sec. 4, with the same choices for

the grid spacing, Newton polynomial order, etc as in the previous subsection. We show

the results in Figs. 4.9 and 4.10. This time we find a much larger deviation from GR

in the EdGB solutions than with the linear sGB coupling. We also find a much larger

range of differences for the m metric function than for the f, l, and ω components.

This is particularly interesting because this is coincidentally the metric function that

has a negligible impact on the physical observables we have calculated. For example,

as we will see in the next section, geodesics in an axially symmetric spacetime are

completely independent of the grr component of the metric. This is not entirely true

for an isotropic metric because ρ2 sin2 θgφφ = gρρ but these results suggest that even

in isotropic coordinates, the dependence on the gρρ metric function is minimal. With

our nonlinear numerical solutions at hand, we now use these solutions to construct

analytical fitted models and we compare physical observables like the location of the

innermost-stable-circular orbit and the light ring.

Properties of Solution

In this section we explore the physical properties of the numerical solutions found

in the previous sections. We begin by finding analytical models that we fit to the data

to provide accurate, closed-form expressions that allow for the rapid computation of

physical observables. We then use the numerical results to calculate the location of

the innermost stable circular orbit (ISCO) and the light ring (LR) by analyzing the

motion of null and timelike geodesics. We will derive a modified theory of gravity
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Figure 4.9: Difference between metric elements for exponential coupling function
and the Kerr metric for three selcted angles. Here we show the metric components f
(top left), m (top right), l (bottom left) and ω (bottom right) for three dimensionless
spin values χ = 0, 0.3, 0.6 denoted by the black, blue, and red colors respectively
and for three angles θ = 0, π/4, π/2 denoted by the dotted, dashed, and solid lines
respectively. We also show the analytic perturbative spherically symmetric solutions
in cyan. We find a much larger deviation from GR than with the linear sGB coupling,
as expected.
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Figure 4.10: The scalar field using the exponential coupling function for three selcted
angles. The three dimensionless spin values χ = 0, 0.3, 0.6 are denoted by the black,
blue, and red colors respectively and the three angles θ = 0, π/4, π/2 are denoted by
the dotted, dashed, and solid lines respectively. The analytic perturbative spherically
symmetric solution is in cyan.

independent method to numerically calculate the location of the ISCO and the LR

from only the symmetries of our spacetime.

Fitting Function

In the compactified coordinate system introduced in Eq. (4.25), the full nonlinear

solutions for a given coupling α can be expressed as

f(x, θ) = fGR + fnonlin(x, θ),

m(x, θ) = mGR +mnonlin(x, θ),

l(x, θ) = lGR + lnonlin(x, θ),

ω(x, θ) = ωGR + ωnonlin(x, θ),

ψ(x, θ) = ψnonlin(x, θ),

(4.50)
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where they are treated as corrections to the Kerr solution. We propose best fit models

for the non-linear corrections of the form

fnonlin(x, θ) = x2 (x− 1)

(∑

i

∑

j

ai,jx
iθj

)
,

mnonlin(x, θ) = x2 (x− 1)2

(∑

i

∑

j

bi,jx
iθj

)
,

lnonlin(x, θ) = x2 (x− 1)2

(∑

i

∑

j

ci,jx
iθj

)
,

ωnonlin(x, θ) = (x− 1)2

(∑

i

∑

j

di,jx
iθj

)
,

ψnonlin(x, θ) = (x− 1)

(∑

i

∑

j

ei,jx
iθj

)
,

(4.51)

and then fit these models to our numerical solutions to determine the constants

(ai,j, bi,j, ci,j, di,j, ei,j) on the grid domain x ∈ [0, 1] and θ ∈ [0, π/2]. The fitting

order of our models is determined by systematically increasing the polynomial order

of each function until the residual between the numerical solution and the model

saturates. An example of some of the best-fit coefficients (ai,j, bk,l, cm,n, dp,q, er,s)

are included in Appendix D, and they are available in a Mathematica file at

https://github.com/sullivanandrew/XPDES. We plot the difference between both

the numerical solutions and the fitted models for a coupling of α = 0.5 and a spin

χGR = 0.6 to the Kerr solution as well as the residuals between the models and the

numerical data for the metric components and the scalar field for the linear sGB and

EdGB solutions in Fig. 4.11, 4.12, 4.14, and 4.13. We find that the residual between

the models and the numerical data is always below the specified tolerance on the

numerical solution of O(10−5). Thus the fitted models can be treated as “exact” for

practical applications to the specified tolerance.

https://github.com/sullivanandrew/XPDES
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Figure 4.11: Difference between metric elements using the linear coupling function
and the analytical fit and the Kerr metric for three selected angles for a solution of
ᾱ = 0.5 and χ = 0.6 (top) and the absolute residual between the analytical fit and the
numerical data (bottom). Here we show the metric components f (top left), m (top
right), l (bottom left) and ω (bottom right) for three angles θ = 0, π/4, π/2 denoted
by the red, blue, and green colors respectively. The analytic fit is denoted by the
solid line, while the dots are the numerical solution.
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Figure 4.12: The scalar field using the linear coupling function and its analytical
fit for ᾱ = 0.5 and χ = 0.6 and the absolute residual between the analytical fit and
the numerical data (bottom). The analytic fit for three angles θ = 0, π/4, π/2 are
denoted by the red, blue, and green solid lines respectively while the dots denote the
numerical solution.
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Figure 4.13: The scalar field using the exponential coupling function and its analytical
fit for ᾱ = 0.5 and χ = 0.6 and the absolute residual between the analytical fit and
the numerical data (bottom). The analytic fit for three angles θ = 0, π/4, π/2 are
denoted by the red, blue, and green solid lines respectively while the dots denote the
numerical solution.
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Figure 4.14: Difference between metric elements using the exponential coupling
function and the analytical fit and the Kerr metric for three selected angles for a
solution of ᾱ = 0.5 and χ = 0.6 and the absolute residual between the analytical fit
and the numerical data (bottom). Here we show the metric components f (top left),
m (top right), l (bottom left) and ω (bottom right) for three angles θ = 0, π/4, π/2
denoted by the red, blue, and green colors respectively. The analytic fit is denoted
by the solid line, while the dots are the numerical solution.
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Marginal Stable Circular Orbits

To numerically calculate the location of the marginal stable circular orbits

(MSCO) around a stationary, axially symmetric black hole we begin with a generic

metric ansatz of the form

ds2 = gttdt
2 + grrdr

2 + gθθdθ
2 + gφφdφ

2 + 2gtφdtdφ. (4.52)

The two killing vectors of our spacetime tµ and φµ correspond to the reduced energy

E and angular momentum L of the particle,

E = −tµ
dxµ

dλ
= −gtt ṫ− gtφφ̇,

L = φµ
dxµ

dλ
= gtφ ṫ+ gφφφ̇,

(4.53)

which can be combined to obtain expressions for ṫ and φ̇,

ṫ =
Egtt + Lgtφ
gtφ

2 − gttgφφ
,

φ̇ = −
Egtφ + Lgtt
gtφ

2 − gttgφφ
.

(4.54)

If we consider orbits constrained to the equatorial plane θ = π/2, the four-velocity

normalization condition becomes

−ε = gtt ṫ
2 + grr ṙ

2 + gφφφ̇
2 + 2gtφ ṫφ̇, (4.55)

where ε = 0 for photon and ε = 1 for massive particles. Inserting ṫ and φ̇, we can

solve for ṙ2 and define an effective potential Ueff given by

ṙ2 =
1

grr

(
−ε+

E2gφφ + 2ELgtφ + L2gtt
gtφ

2 − gttgφφ

)
≡ Ueff. (4.56)
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The condition for a circular orbit is ṙ = r̈ = 0 by differentiating

d

dλ
ṙ2 = 2ṙr̈ =

dUeff

dr
ṙ → r̈ =

dUeff

dr
= 0, (4.57)

we find that these two conditions imply that the effective potential and its derivative

must vanish. These two conditions can be rearranged to two differential equations

that must be simultaneously satisfied:

E2gφφ + 2ELgtφ + L2gtt − ε
(
gtφ

2 − gttgφφ
)

= 0, (4.58)

E2gφφ
′ + 2ELgtφ

′ + L2gtt
′ − ε

(
gtφ

2 − gttgφφ
)′

= 0, (4.59)

where the primes denote radial derivatives e.g. gtt
′ =

dgtt
dr

. We now turn to specific

cases of these marginal stable circular orbits: the light ring, and the innermost stable

circular orbit.

Light Ring

For a photon, ε = 0 and Eq. (4.58) can be solved quadratically for E or L

L = E



gtφ ±

√
gtφ

2 − gttgφφ
gtt


 , (4.60)

and this result can be inserted into Eq. (4.59) to obtain a first order differential

equation given by

gφφ
′ + 2gtφ

′



gtφ ±

√
gtφ

2 − gttgφφ
gtt




+ gtt
′



gtφ ±

√
gtφ

2 − gttgφφ
gtt




2

= 0,

(4.61)
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whose smallest root is the location of the light ring. Once we insert the metric

functions known analytically or numerically, we only need to determine the root of

the above equation to find the location of the light ring. The novelty of this approach is

that we have not specified a modified theory of gravity and have derived this equation

simply from the symmetries of our spacetime. With our nonlinear numerical solutions,

we can approximate the derivatives using our Newton interpolation polynomial and

use a Newton-Raphson algorithm to find the root. The results were presented in

Fig. 4.3.

Innermost Stable Circular Orbit

For a massive particle, ε = 1 and the innermost stable circular orbit is located

at the saddle point of the effective potential, specifically when U ′′eff = 0. This adds

another condition that must be satisfied and another differential equation analogous

to Eq. (4.59) given by

E2gφφ
′′ + 2ELgtφ

′′ + L2gtt
′′ − ε

(
gtφ

2 − gttgφφ
)′′

= 0. (4.62)

To find the ISCO, we begin by solving Eq. (4.58) quadratically for L similar to the

approach taken for the light ring

L =
Egtφ ±

√
(E2 + εgtt)

(
gtφ

2 − gttgφφ
)

gtt
. (4.63)

We insert this expression into Eq. (4.59) and solve for E as a function of only the

metric and its first derivatives

E = E
[
gµν , gµν

′] , (4.64)
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which can also be substituted back into Eq. (4.63) to obtain L also as a function of

only the metric and its first derivatives

L = L
[
gµν , gµν

′] . (4.65)

These expressions are calculated in the symbolic manipulation software Maple 2018

available at https://github.com/sullivanandrew/XPDES and will not be presented

here. Finally, we can substitute both of these into Eq. (4.62) to obtain a second order

differential equation, the smallest root of which is the ISCO. As in the case with the

light ring, this is done numerically with a Newton-Raphson algorithm and the result

is shown on the left plot of Fig. 4.3.

Conclusions

We have presented here a numerical infrastructure to calculate the exterior

spacetimes of rotating black holes in a wide class of modified theories of gravity. We

have validated this infrastructure in GR and by direct comparison with a rotating,

weak-coupling perturbative numerical solution. We then compared the full nonlinear

solutions to rotating black holes to find the deviations from GR in the metric functions

and the physical observables such as the mass and angular momentum. We then used

the numerical solutions to construct analytical fitted models that reproduce the data

to within the accuracy of the solutions and calculated other physical observables

like location of the the ISCO and light ring. We find that the solutions in linear

sGB are very closely approximated by the perturbative weak-coupling expansion and

that these solutions differ quite drastically from the EdGB solutions found using an

exponential coupling. We also find that the deviations of rotating black holes from GR

become increasingly suppressed for black hole larger spins as the deviations sourced

https://github.com/sullivanandrew/XPDES
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by the scalar charge begin to become dominated by the gravitational effects of the

angular momentum.

The analytical fitted models constructed from these solutions can be used to

calculate other astrophysical observables such as accretion disks around black holes [8]

or black hole shadows [16]. These solutions can also be used as a background to

study polar and axial perturbations to predict the quasinormal mode spectrum of

scalar Gauss-Bonnet black holes [25, 31, 67, 105]. These can then be compared to

gravitational wave ringdown observations of merging black holes of future detectors

to place constraints on a variety of modified gravity theories.
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CONCLUSION

In summary, we have used two different numerical approaches to solve for

rotating compact objects in two modified theories of gravity. First we used a fourth-

order Runge-Kutta-Fehlberg method to numerically integrate the modified equations

of stellar structure for neutron stars in massive bigravity with realistic equations

of state to first order in slow rotation. This required a multi-dimensional shooting

method to determine integration constants at the stellar core and spatial infinity.

We then calculated physical observables from the solutions such as the mass, radius,

and moment of inertia. We found that the mass of the star is not constant outside

the stellar surface in this theory and that the modifications in the mass-radius and

moment of inertia-mass relations are degenerate with the equation of state. These

results could be used to place constraints on the coupling parameters of the theory

with a future analysis of the post-Keplerian parameters of binary pulsar systems.

The second numerical approach applied a finite difference method to a discretized

grid for stationary spherically symmetric and axially symmetric black hole spaces

times in scalar Gauss-Bonnet gravity. The method uses a minimal amount of

assumptions of the modified theory of gravity to produce a theory independent

numerical infrastructure to calculate physical observables of rotating black holes

in a wide class of modified theories of gravity. We discretized the modified field

equations on a 2-dimensional grid and used a relaxed Newton-Raphson method to

minimize the residual of the solution. We utilized an adaptive mesh refinement to

control the discretization errors throughout this process. From the solutions, we

were able to calculate physical observables in various formulations of this theory that

make various approximations and tested how accurate each approximation compares.

From the numerical solutions, we constructed a fitted analytical model, accurate to
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the numerical tolerance of each solution, that we then used to rapidly calculate the

same physical observables we obtained from the full numerical solution. These fitted

analytical models can be used in future studies as backgrounds to study black hole

perturbations and calculate the quasinormal ringdown modes of binary black hole

mergers in these theories.
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Sylvain Chaty, Aurora Clerici, Andrew Coates, Marta Colleoni, Lucas G
Collodel, Geoffrey Compère, William Cook, Isabel Cordero-Carrión, Miguel
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pulsar tests of strong-field gravity. Phys. Rev. D, 58:042001, Jul 1998.

[40] Antonio De Felice, Takashi Nakamura, and Takahiro Tanaka. Possible
existence of viable models of bi-gravity with detectable graviton oscillations
by gravitational wave detectors. PTEP, 2014:043E01, 2014.

[41] Claudia de Rham. Massive Gravity. Living Rev. Rel., 17:7, 2014.

[42] Claudia de Rham, J. Tate Deskins, Andrew J. Tolley, and Shuang-Yong Zhou.
Graviton Mass Bounds. Rev. Mod. Phys., 89(2):025004, 2017.

[43] Claudia de Rham, Gregory Gabadadze, and Andrew J. Tolley. Resummation
of Massive Gravity. Phys. Rev. Lett., 106:231101, 2011.

[44] Sheperd Doeleman, Eric Agol, Don Backer, Fred Baganoff, Geoffrey C. Bower,
Avery Broderick, Andrew Fabian, Vincent Fish, Charles Gammie, Paul Ho,
Mareki Honman, Thomas Krichbaum, Avi Loeb, Dan Marrone, Mark Reid,
Alan Rogers, Irwin Shapiro, Peter Strittmatter, Remo Tilanus, Jonathan
Weintroub, Alan Whitney, Melvyn Wright, and Lucy Ziurys. Imaging an Event
Horizon: submm-VLBI of a Super Massive Black Hole. In astro2010: The



147

Astronomy and Astrophysics Decadal Survey, volume 2010, page 68, January
2009.

[45] Daniela D. Doneva and Stoytcho S. Yazadjiev. New gauss-bonnet black holes
with curvature-induced scalarization in extended scalar-tensor theories. Phys.
Rev. Lett., 120:131103, Mar 2018.
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The remaining F5, F6, and F are available upon request.
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We begin by outlining the Newton-Raphson method in the continuum limit in
Sec. B. The discretization method takes our generic system of nonlinear differential
equations and recasts them for evaluation on a discrete domain through a Newton
polynomial scheme outlined in Sec. B. This method naturally introduces discretization
errors that must be estimated which is outlined in Sec. B. Then these discretization
errors must be controlled in a method outlined in Sec. B. Combining these results, we
describe the application of the discrete Newton-Raphson method with a relaxation
factor in Sec. B, which reduces the computational problem to solving a system of
coupled linear equations through two iterative Krylov subspace methods, detailed in
Sec. B.

Iterative Relaxation Method in the Continuum Limit
We start with a system of M , second-order, nonlinear elliptic partial differential

equations. In the simplest 1-D (spherically symmetric and stationary) case, these
equations are ordinary differential equations of some independent variable x, such
that in operator form

D ~u ∗ = 0 , (B.1)

where D is an M×M matrix of nonlinear differential operators and ~u ∗ is the solution
vector 1 with M elements. The elements of ~u are the fields in the problem, which we
will sometimes denote with capital latin indices ~u = (u0, u1, . . . , uA, . . . , uM−1). We
see then that the special solution vector ~u ∗ is annihilated by the differential operator
D.

In general, however, one does not know the solution to the differential system,
so a generic vector ~U will not be annihilated by D. Rather, for a generic vector ~U
that is not a solution to the differential system one has

D ~U = ~b(~U), (B.2)

where the residual vector ~b has M elements and is a function of ~U . The generic vector
~U is a functional that spans the vector function space that contains the solution vector
~u ∗ and any other vector that does not satisfy the differential system ~u2. Clearly then,
once one finds the correct vector ~U , namely ~U = ~u ∗, then ~b(~u ∗) = 0.

The vector ~U is also subject to boundary conditions. We can express these in
the form

B ~U |∂V = ~B, (B.3)

where B is anotherM×M matrix typically composed of a combination of real numbers
and first-order differential operators, while ∂V is the boundary of the spatial domain.

1In this paper, the word vector stands for a standard Euclidean vector in flat space.
2In particle physics, the set of functions that satisfy a differential system of equations is sometimes

referred to as “on shell,” while those that do not are referred to as “off shell.” Thus ~U spans the
space that contains both on and off shell functions.
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The boundary vector ~B also has M elements and is a set of constants defined on the
boundary ∂V . Defining the boundary conditions in this way allows the imposition
of Neumann boundary conditions for a subset of the components of ~U and Dirichlet
boundary conditions for other components.

Let us assume that we have a vector ~u that we know is close the the actual
solution vector ~u ∗. If so, the difference between it and the actual solution is some
other small vector ∆~u. Let us refer to the latter as the correction vector, which is
mathematically defined via

∆~u := ~u ∗ − ~u. (B.4)

We begin by linearizing ~b(~U) around ~U = ~u through a first-order Taylor expansion,
analogous to the familiar Taylor expansion of f(x) about x = a. Doing so, we find

~b(~U) ≈ ~b(~u) +
∂~b

∂~U

∣∣∣∣∣
~u

(
~U − ~u

)
. (B.5)

We then evaluate this expression at the solution vector ~U = ~u ∗ and obtain

~b(~u ∗) ≈ ~b(~u) +
∂~b

∂~U

∣∣∣∣∣
~u

(~u ∗ − ~u) . (B.6)

Using that ~b(~u ∗) = 0 and substituting the correction vector defined in Eq. (B.4), this
can be simplified to

J∆~u ≈ −~b(~u), (B.7)

where we have defined the M ×M Jacobian matrix

J :=
∂~b

∂~U

∣∣∣∣∣
~u

. (B.8)

We now wish to solve for the correction vector ∆~u, which implies we must
either invert the Jacobian or solve the linear system in Eq. (B.7). In practice, matrix
inversion is typically more computationally expensive than linear system solving, so
the latter is the method we use here, which we will explain in more detail in Sec. B.
If one knew the correction vector ∆~u exactly, one could then find the solution vector
from Eq. (B.4). But in reality the linearizaton in Eq. (B.5) implies the correction
vector we find by solving Eq. (B.7) is only an approximation to the true correction
vector. This implies that to find the true correction vector we must apply this
procedure iteratively.

Let us then describe the first couple of iterations of this procedure. We start with
an initial guess ~u(0) that we know is close to the true solution, where the superscript
in parenthesis is the iteration number. In this paper, the initial guess can be chosen
to be either the GR solution, or an approximate solution for all fields in the modified
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theory. With this initial guess, we then find the initial residual vector

~b(0) = D~u(0). (B.9)

Since the initial guess is not a solution to the differential system, the residual vector
does not vanish, and we must thus correct the initial guess to find the first-iterated
solution

~u(1) = ~u(0) + ∆~u(0) . (B.10)

This requires the calculation of the zeroth-iterated correction vector ∆~u(0), which we
find by solving the linear system

J (0)∆~u(0) = −~b(~u(0)) , (B.11)

where the Jacobian is evaluated on the initial guess ~u(0). This procedure then
yields ~u(1), and now it can be repeated until the nth-iteration to the solution ~u(n) is
sufficiently close to ~u ∗, i.e. until the residual vector is below some specified tolerance,
~b(~u(n)) < tol.

Discrete Representation through Newton’s Polynomials
In order to numerically solve the differential system described above, one first

needs to discretize it on a finite numerical grid. We here use Newton’s (centrally
divided difference) interpolation polynomial method, which we describe next.

Newton’s interpolation polynomial provides a continuous local representation of
a discrete function given by a set of data points. This procedure is a discrete analog
of using a Taylor series to represent an approximation to a continuous function f(x)
as a local polynomial about some point x = a, namely

f(x) =
∞∑

n=0

f (n)(a)

n!
(x− a)n ,

= f(a) + f ′(a) (x− a) +
1

2
f ′′(a) (x− a)2 + . . . ,

(B.12)

where the primes denote derivatives with respect to the independent variable x.
Now imagine that instead of a continuous function f(x), we have a discrete func-

tion ud(x) known only on a discrete collection ofN data points [(x0, u0), (x1, u1), . . . , (xi, ui), . . . , (xN−1, uN−1)].
Notice that the lower-case Latin subscript here does not denote the components of
the ~u of the previous subsection, but rather the element xi at which we evaluate
the discrete function ud. For notational convenience, we identify ui with the discrete
function ud(x) evaluated at each point xi, namely

ui = ud(xi). (B.13)

How do we now approximate the discrete function ud in a neighborhood of some
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point in the spatial domain? We are tempted to use a Taylor expansion again, but
because our function is discrete, we cannot take analytical derivatives as we did
before, and instead we must use a finite difference approximation. Let us then define
a neighborhood around some point xI as the region in the discrete spatial domain
around which we wish to approximate our function. Clearly then, the value of the
function at the point xI is simply uI = ud(xI). Let us further temporarily assume
that the data points are equidistant, such that ∆x = xI+1 − xI .

We are now almost ready to define our finite difference approximation, but
first we must choose which discrete points in the neighborhood of xI we will use to
approximate the function. For example, if we choose to use the points (xI , xI+1, xI+2),
then the Newton interpolation polynomial of our discrete function is

ud(x) = uI +
uI+1 − uI

∆x
(x− xI)

+
uI+2 − 2uI+1 + uI

2∆x2
(x− xI) (x− xI+1) .

(B.14)

The coefficients of the second and third terms in Eq. (B.14) are simply the first- and
second-order forward finite difference approximation to the first and second derivative
of the function in the ∆x→ 0 limit, namely

u′d(xI) ≡ lim
∆x→0

ud(xI + ∆x)− ud(xI)
∆x

,

=
ud(xI + ∆x)− ud(xI)

∆x
+O(∆x).

(B.15)

and

u′′d(xI) ≡

lim
∆x→0

ud(xI + 2∆x)− 2ud(xI + ∆x) + ud(xI)

∆x2
,

=
ud(xI + 2∆x)− 2ud(xI + ∆x) + ud(xI)

∆x2

+O(∆x),

(B.16)

respectively. Moreover, using that

(x− xI)(x− xI+1) = (x− xI)2 −∆x (x− xI) , (B.17)

we notice that the (x− xI)2 term is the same polynomial that appears in the Taylor
expansion, and that the additional ∆x term cancels with one of the ∆x2 in the
denominator of Eq. (B.14). We can then combine this with the first-order term to
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obtain

u′d(xI) =

−ud(xI + 2∆x) + 2ud(xI + ∆x)− 3ud(xI)

2∆x
+O(∆x2).

(B.18)

Let us now compare the above result to the first-order finite difference derivative
in Eq. (B.15). First, the derivative now includes three points instead of two.
Second, the accuracy has been increased to O(∆x2). This suggests that as we
add increasingly higher-order polynomials to our discrete representation, they will
automatically include corrections to each of the previous lower-order polynomials.
Thus, the Newton interpolation polynomial is simply a discrete analog to the Taylor
series, and they are formally equivalent in the continuous limit.

The full construction of the Newton interpolation polynomial requires certain
Newton basis polynomials and certain divided differences coefficients, which are a
generalization of the finite difference coefficients of the above simple example. The
choice of points to include leads to the distinction between a forward and a backward
divided difference, and this influences the directional finite difference that reduces to
the Taylor derivative in the continuum limit. As a simple example, consider again the
approximation of a discrete function ud in a neighbourhood around a point xI but this
time using the points immediately surrounding xI : (xI , xI+1, xI−1). Equation (B.14)
then becomes

ud(x) = uI +
uI+1 − uI

∆x
(x− xI)

+
uI+1 − 2uI + uI−1

2∆x2
(x− xI) (x− xI+1) ,

(B.19)

which results in the first and second-order central finite difference equations in the
continuum limit. Similarly if we use the points before xI only, namely (xI , xI−1, xI−2),
we then obtain the backwards finite difference equations in the continuum limit. The
accuracy of the central finite difference equations is improved by a factor of O(∆x)
over the forward or backwards finite differences.

Let us generalize the systematic application of these choices through the
introduction of a stencil, namely a Euclidean vector sj whose elements are the labels
of the points included in the evaluation of our Newton polynomial. For example, for
a forward, central, and backwards Newton polynomial representation of a discrete
function about a point xI , the stencil sj = (I, I + 1, I + 2), (I, I + 1, I − 1), and
(I, I − 1, I − 2) respectively.

With this at hand we can write the general Newton interpolation polynomial of
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a discrete function ud about any point x in the spatial domain as

ud(x) =
r∑

j=0

j∑

i=0

usi wsi,sj Psj(x), (B.20)

where recall that usi is given by Eq. (B.13) using stencil notation, and where

wsi,sj =
1

j∏
p=0
p6=i

(
xsi − xsp

) , (B.21)

and Psj(x) are the Newton basis polynomials, defined by

Psj(x) =

j−1∏

q=0

(
x− xsq

)
. (B.22)

If the grid is uniform and ∆x = xI+1 − xI , one can check that this equation reduces
to Eqs. (B.14) or (B.19) with the respective stencil.

The index r in Eq. (B.20) is the order of the Newton polynomial and it indicates
how many grid points are used and the maximum finite difference derivative order.
In practice, as the order r increases, we successively add points to either side of
xI to keep the coefficients as central as possible, so our stencil has the form sj =
(I, I + 1, I − 1, I + 2, I − 2, . . .) and sj will have r+1 elements. For even r the stencil
will be purely central, whereas for odd r the stencil will be slightly forward. On the
boundary of our domain, we must add points in a one-sided manner (either forward
or backwards), and we must add an extra point beyond the number of points we keep
away from the boundaries, to keep the accuracy of the represetation comparable to
the central differences. Note that the specific sequence of the elements of sj does not
change the resulting polynomial.

As an example of an application of this, let us calculate and compare the Newton
interpolation polynomial representation and the comparable Taylor series expansion
of a toy function

u(x) = 1/x, (B.23)

on a uniform discretized grid where ∆x = 0.1 around the point xI = 2. With a
maximum order r = 4, the centralized stencil is sj = (I, I + 1, I − 1, I + 2, I −
2). Figure B.1 shows the Taylor series expansion and the Newton polynomial
representation of our toy function order by order. The first three terms are shown in
Eqs. (B.12) and (B.19), from which we see the r = 0 order approximation in both
cases is simply a constant ud(2) = 1/2. The r = 1 order is a line whose slope is
calculated by either the derivative of the function evaluated at xI = 2, or the first-
order finite difference evaluated at xI = 2. Observe that the agreement between



162

the Newton interpolation polynomial representation of the discrete function and the
Taylor series expansion of the continuous function is very close but the agreement is
better for even-orders of r than for odd-orders. This is a result of the even-orders of r
being purely central for example for r = 2, sj = (I, I + 1, I − 1) while the odd-orders
are slightly forward for example r = 3, sj = (I, I + 1, I − 1, I + 2) which diminishes
the accuracy. It is for this reason that we will restrict our choice in r to be even.

0.0
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1.0

1.5

2.0

0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

u
(x
)

x

u(x)

ud(xi)

r = 0

r = 1

r = 2

r = 3

r = 4

Figure B.1: (Color Online) Taylor series and Newton interpolation polynomial
representation of the toy function u(x) = 1/x around the point xI = 2 on a uniform
discretized grid order by order. The black solid line is the analytical function and
the black dots are the discretized data points with ∆x = 0.1. Solid lines indicate the
Taylor series and dashed lines indicate the Newton polynomial, while the different
colors indicate the polynomial order r. Observe the improved approximation for the
even r orders compared to the odd-orders due to the slightly one-sided nature of the
stencil for odd-orders.

Derivatives of Newton Polynomials and Discretization Error
One of the main advantages of using a Newton interpolation polynomial

representation of a discrete function is that with it one can take analytic derivatives
of the discrete function. For example, the derivatives ∂xud := dud/dx can obtained by
taking analytic derivatives of the basis functions Pj, which are the only x dependent
terms in Eq. (B.20). The two relevant derivatives for second order equations are

∂xPj(x) =

j−1∑

k=0

j−1∏

i=0
i 6=k

(x− xi) , (B.24)
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and

∂xxPj(x) =

j−1∑

l=0

j−1∑

k=0
k 6=l

j−1∏

i=0
i 6=k
i 6=l

(x− xi) , (B.25)

as one can verify by direct differentiation.
This property of Newton interpolation polynomial representations allows us to

replace the action of any differential operator on our fields at any grid point with a
finite difference coefficient coupled to the r neighboring grid points, but this introduces
some error. To quantify this error, let us introduce boldface vector notation to
denote a discretized vector, i.e. the collection of data points of the Newton polynomial
representation of a field evaluated on every point of the discretized grid. For example,
for a given field ud = [ud(x0), ud(x1), . . . , ud(xN)]. By construction, of course, the
discretized field itself has no discretization error on any point of the discretized
domain, but this is not the case for derivatives of the field. Let us then introduce the
discretization error vector ed and the discretization operator →, such that

u→ ud,

∂xu→ ∂xud + ∂xed,

∂xxu→ ∂xxud + ∂xxed,

(B.26)

because by construction ed(xi) = 0. These discretized errors will be incorporated into
the Newton’s method of Sec. B to maintain numerical accuracy.

Before moving on to the next subsection, let us here address some potential
confusion due to the different choices of notation for a vector that we have employed.
The boldface vector notation of the previous paragraph denotes a discretized vector, so
its components are the values of the Newton polynomial representation of a function
on each grid point of our spatial domain. The arrow vector notation of the previous
section denotes a generic field vector, so its components are the different fields in the
differential system. When we return to our general system of M differential equations,
we must generate a Newton polynomial for each component of ~u, and then, we must
discretize each of these representations on N grid points. The quantity ~ud then
becomes a 2-D matrix (see Eq. (B.27) below) with each element denoted as uA,i.

As we will see later, we will have to fold every discretized vector in our system
of equations so that we can take proper element by element partial derivatives. To
do this, we introduce a new index k = iN + A and fold the ~ud matrix into a single
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vector where k ∈ [0, (M − 1)(N − 1)], namely

~u =




u0
...
uA
...

uM−1



→ ~ud =




u0
...
uA
...

uM−1




=




u0,0 . . . u0,i . . . u0,N−1
...

uA,0 . . . uA,i . . . uA,N−1
...

uM−1,0 . . . uM−1,i . . . uM−1,N−1



,

= [u0,0, . . . , uA,0, . . . , uM−1,0, . . . , u0,i, . . . , uA,i, . . . , uM−1,i, . . . , u0,N−1, . . .] ,

= {uk} , k ∈ [0, (N − 1)(M − 1)].

(B.27)

This folding replaces our system of M continuous differential equations with a linear
system of M ×N equations.

Minimization of the Discretization Error
Let us consider how the discretization error in the derivatives of the Newton

polynomial representation of our discrete fields propagates into our system of M
differential equations. For a generic vector ~U , our discretized differential system
becomes

D~U = ~b(~U)→ D
(
~Ud + ~ed

)
= ~bd( ~Ud) + D̃~ed, (B.28)

where D̃ is the linearized differential operator resulting from the expansion of D. As
before, let us choose our vector ~u to be close to the solution vector ~u ∗ up to a small
correction vector ∆~u. Discretizing these relations we then have that

~u = ~u ∗ −∆~u→ ~ud = ~u ∗d −∆~ud −∆~ue, (B.29)

where we have included a new correction vector to attempt to also minimize the
discretization error. As in Sec. B, we then Taylor expand Eq. (B.28) to find

J (∆~ud + ∆~ue) = −
(
~bd + ~De

)
, (B.30)

where the discretized Jacobian is J = ∂~bd/∂~ud evaluated at ~ud, and we have defined

the discretization error vector ~De ≡ D̃~ed. The above equation can be satisfied by
separately and simultaneously requiring that

J∆~ud = −~bd, (B.31)

for the discretized correction vector ∆~ud and

J∆~ue = − ~De, (B.32)
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We recognize Eq. (B.31) as the discretized version of Eq. (B.7). By balancing both
of these equations we can monitor the numerical accuracy of our discretization error.

The equation for the discretization error vector, Eq. (B.32), describes the change

to our solution due to the discretized error vector ~De. To control the discretized error,
we wish to require that the relative correction is below a specified tolerance. To solve
Eq. (B.32), we first must calculate ~De which was defined as the discretized differential
operator acting on ~ed:

~De ≡ D̃~ed. (B.33)

In practice, we will generally not have our system of nonlinear equations in operator
form. For example, when calculating the Einstein field equations we will have the
set of equations in the form of the residual vector ~b(~u) as a functional of the fields
themselves. If we wish to extract the linearized differential operator of Eq. (B.33) we
must calculate it from the residual vector.

As a simple example, consider the following single continuous nonlinear differ-
ential equation in operator notation:

Du =
[
∂xxu+ (∂xu)2] . (B.34)

If we wish to calculate u→ ~ud + ~ed we obtain,

D (~ud + ~ed) = ∂xx~ud + ∂xx~ed + (∂x~ud)
2

+2∂x~ud∂x~ed + (∂x~ed)
2 .

(B.35)

From this, we identify the linearized operator as

D̃~ed = ∂xx~ed + 2∂x~ud∂x~ed, (B.36)

and the general discretization error vector as

~De =
∂~bd

∂ (∂x~ud)
∂x~ed +

∂~bd
∂ (∂xx~ud)

∂xx~ed, (B.37)

where as before ~ed = 0 due to the Newton polynomial construction.
The derivative error can then be computed from Eq. (B.26), namely via

∂x~ed = ∂x~u− ∂x~ud,
∂xx~ed = ∂xx~u− ∂xx~ud,

(B.38)

but in general we do not know the analytical derivatives of any of the fields u.
Following [83], we estimate the discrete derivative error from the difference between
the discretized derivative at order r and that at order r + 2. This is valid as long as
the error decreases for increasing order, and if so, it provides a reasonable estimate
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as demonstrated in [84]. With this approximation, our discretized derivative error is

∂x~ed = ∂x~u
(r+2)
d − ∂x~u(r)

d ,

∂xx~ed = ∂xx~u
(r+2)
d − ∂xx~u(r)

d .
(B.39)

Let us then describe the procedure we will follow to solve Eq. (B.30). First,
before finding the field correction to the zeroth-iteration, we ensure the discretization
error is under a specified tolerance by using Eq. (B.32) to determine the discretized
grid size. This is achieved through a separate Newton-Raphson subroutine that we
describe below. Once this is achieved, we then solve Eq. (B.31) to find the zeroth-
iteration correction vector, which allows us to update the solution. This full procedure
is then iterated, at each step ensuring that the discretization error is under control,
until the residual in Eq. (B.31) is below a prescribed tolerance. We will detail this
process in Sec. B.

Let us now describe the Newton-Raphson subroutine that we use to minimize
the discretization error. First, we calculate ~De from Eq. (B.37) using Eq. (B.39) for
the discretization derivative error. We then find the correction to the solution ∆~ue
by solving

J∆~ue = − ~De, (B.40)

using one of the iterative methods in Sec. B. We stop the subroutine when the
following condition is satisfied

‖∆~ue‖
‖~ud‖

≤ tol, (B.41)

where ‖·‖ is the maximum norm (also called infinity norm or supremum norm) among
all fields and grid points. This condition forces the relative correction to the solution
from the discretization error to be below some specified tolerance tol. In turn, this
ensures that our final solution is within the discretized error tolerance.

If the above condition is not met for the chosen grid discretization, we adaptively
adjust the grid step size until the relative discretization error correction is below the
specified tolerance. To adjust the step size at each grid point i defined as ∆xold

i , we
rescale the latter by the ratio of Eq. (B.41) with an additional “safety” factor of 1/3,
and relax the ratio by the Newton polynomial order r, such that

∆xnew

i =

( 1
3
‖~ud‖ tol

|∆~ud|i

) 1
r

∆xold

i , (B.42)

where |·|i is the maximum norm among all fields evaluated at grid index i.
Once the new step sizes are calculated, the entire grid must be adjusted and

the condition in Eq. (B.41) must be rechecked. In the grid adjustment, we must
ensure that the location of a new grid point remains within half an old step size of
the old grid point. Then, each function is interpolated using the Newton polynomial
representation calculated from the old grid point locations. From the new interpolated
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solution, ~De and ∆~ue are recalculated and the condition of Eq. (B.41) is rechecked.
If the condition is not satisfied, the process using Eq. (B.42) is repeated until the
step sizes on the grid become sufficiently small that the condition is satisfied. Once
the discretization error is sufficiently under control we are ready to finally apply the
Newton-Raphson iterations to the solution vector.

Minimization of the Residual Vector
As long as we can ensure our discretization error is under control, we can safely

ignore their contributions to Eq. (B.30) and we are left with the equation

J∆~ud = −~bd , (B.43)

which we can now solve following the same steps outlined in Sec. B.
The full algorithm is then as follows. Using the system at iteration n, ~u

(n)
d , we

first find the discretized residual vector

~b
(n)
d = D~u

(n)
d , (B.44)

and calculate the discretization error ~D
(n)
d . We then check Eq. (B.41) to determine

if we need to adjust the step size according to Eq. (B.42). Once the step size is

sufficient, we solve Eq. (B.43) for the correction vector ∆~u
(n)
d and the generic vector

is updated with a relaxation factor ω (initially ω = 1) added

~u
(n+1)
d = ~u

(n)
d + ω∆~u

(n)
d . (B.45)

Before the new solution is accepted, the residual of the system is re-calculated to
ensure convergence, i.e. that the new residual is smaller than the old residual:

∥∥∥~b(n+1)
d

∥∥∥ <
∥∥∥~b(n)

d

∥∥∥ . (B.46)

If the convergence condition of Eq. (B.46) does not hold then the relaxation factor is
reduced by half,

ωnew =
1

2
ωold, (B.47)

and the new solution ~u
(n+1)
d and residual ~b

(n+1)
d is recalculated until Eq. (B.46) holds

or until ω < 0.001 at which point the algorithm terminates. If the convergence
condition does hold then ~u

(n+1)
d is accepted and the relaxation factor grows by,

ωnew =
3

2
ωold. (B.48)

Iterations are stopped when the maximum norm of the residual satisfies the condition,

‖bd‖ < tol = 10−5. (B.49)
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We analytically compute both the residual and the Jacobian from our set of
field equations in the symbolic manipulation software Maple 2018, which are then
automatically exported into the C programming language for evaluation by our
algorithm. These are then used by an iterative linear solver described in the next
section.

Linear System Solvers
The solution of linear systems of the form Ax = b such as Eq. (B.43) is typically

done by either direct or iterative methods. Direct methods find the solution through
a finite number of steps. For example, LU decomposition uses gaussian elimination
to decompose the matrix A into a product of lower and upper triangular matrices
which simplifies the computation of the solution. Iterative methods, on the other
hand, gradually approach the solution by recursively minimizing the estimated error
between the current solution and the exact solution. For very large matrices, direct
methods become unwieldy and can become computationally cumbersome so we use
two iterative methods here.

The most common type of iterative method used today are Krylov subspace
methods. These methods generate a sequence of approximate solutions from the
Krylov subspace of A and the residual of the linear system defined as r = b−Ax such
that the corresponding residuals converge to the zero vector. The two popular forms of
this type of methods used here are the generalized minimal residual (GMRES) [80] and
the biconjugate gradient stabilized (BiCGSTAB) [93] methods. The error tolerance
of both iterative methods was chosen as LStol = 10−12 which effectively places a lower
bound on our numerical accuracy.

The GMRES method uses the Arnoldi method to create a Krylov subspace from
the Gram-Schmidt process. The method then computes the upper triangular matrix
representation of A in the Krylov basis. The solution is obtained from minimizing
the norm of the residual of the system in this basis. BiCGSTAB is a modified variant
of the conjugate gradient method which uses a method of gradient descent to find the
minimum of the system of linear equations. BiCGSTAB is the generalized version of
this method that applies to non-self-adjoint matrices and uses subroutine applications
of GMRES to stabilize the conjugate gradient method.
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APPENDIX C

SAMPLE FITTING COEFFICIENTS FOR SPHERICALLY SYMMETRIC

SOLUTIONS
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Here are a few fitting coefficients of Eq. (3.49). The full tables are available in
Mathematica1.

Table C.1: Fitting Coefficients for ai,j

i j sGB EdGB

0 2 0.0 −4.082 03× 10−4

1 2 0.0 5.978 31× 10−3

3 2 0.0 −2.843 05× 10−2

...
...

...
...

0 3 0.0 9.2781× 101

...
...

...
...

0 4 −2.9618× 101 −7.973 13× 104

1 4 6.006 22× 102 6.276 46× 105

3 4 6.345 09× 103 −1.473 52× 106

...
...

...
...

0 6 1.621 76× 106 2.266 74× 1010

...
...

...
...

13 12 3.701 17× 1017 8.550 71× 1021

1Source code and fitting coefficient Mathematica notebook are available at https://github.

com/sullivanandrew/XODES.git

https://github.com/sullivanandrew/XODES.git
https://github.com/sullivanandrew/XODES.git
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Table C.2: Fitting Coefficients for bi,j

i j sGB EdGB

0 2 0.0 −3.258 25× 10−1

1 2 0.0 −2.534 88× 101

...
...

...
...

0 3 0.0 −8.776 88× 102

...
...

...
...

0 4 −3.963 46× 108 −4.454 46× 105

1 4 2.469 21× 104 −3.759 43× 107

...
...

...
...

0 6 1.447 75× 109 1.020 22× 1010

...
...

...
...

11 10 2.165 53× 1019 −1.237 41× 1021

...
...

...
...

11 12 −1.980 32× 1023 0.0

Table C.3: Fitting Coefficients for ci,j

i j sGB EdGB

0 1 0.0 −3.198 73× 10−4

1 1 0.0 6.333 99× 10−3

...
...

...
...

0 2 0.0 4.317 69× 101

...
...

...
...

0 3 1.209 72× 102 −3.063 23× 101

1 3 2.929 29× 101 1.020 85× 104

...
...

...
...

0 5 6.399 37× 105 −3.763 57× 107

...
...

...
...

12 8 0.0 3.029 82× 1017

...
...

...
...

7 11 −5.000 65× 1018 0.0
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APPENDIX D

SAMPLE FITTING COEFFICIENTS FOR AXIALLY SYMMETRIC SOLUTIONS
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Here are a few fitting coefficients of Eq. (4.51). The full tables are available in
Mathematica1.

Table D.1: Fitting Coefficients for ai,j

i j sGB EdGB

0 0 2.132 61× 10−3 1.625 56× 10−3

...
...

...
...

12 0 5.179 226× 101 4.936 694× 101

...
...

...
...

0 6 5.260 29× 10−3 1.623 36× 10−3

0 7 7.140 71× 10−4 0.0
...

...
...

...
12 6 2.459 461 3× 102 9.471 161× 101

12 7 5.367 143× 101 0.0

1Source code and fitting coefficient Mathematica notebook are available at https://github.

com/sullivanandrew/XPDES.git

https://github.com/sullivanandrew/XPDES.git
https://github.com/sullivanandrew/XPDES.git
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