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ABSTRACT 

 

Over many years, the combination of nuclear magnetic resonance (NMR) 

techniques with rheometry, referred to as Rheo-NMR has been used to study materials 

under shear noninvasively. Rheo-NMR methods can provide valuable information on the 

rheological responses of materials or their behavior by temporally and spatially resolved 

mapping of the flow field. In this thesis, 1D velocity profiles across the fluid gap of a 

Couette shear cell are recorded using Rheo-NMR velocimetry to investigate the wormlike 

micelles (WLMs) surfactant system under transient and steady state flow conditions. The 

WLM system was a solution of 6 wt. % cetylpyridinium chloride (CPCl) and sodium 

salicylate (NaSal) in 0.5 M NaCl brine which is well-known for its ability to exhibit a 

mechanical response during flow known as shear banding. The shear banding phenomena 

is simply defined as the splitting of the flow into two macroscopic layers, a high and low 

shear band bearing different viscosities and local shear rates. Elastic instabilities are well 

known to develop in the unstable high shear band and manifest as fluctuations in the 1D 

measurements.  

Recently, it has been suggested that 1D velocimetry alone cannot reveal 

information about those observed fluctuations in terms of a sequence of elastic 

instabilities and 2D or 3D measurements are required. In this thesis, new Rheo-NMR 

equipment and quantitative analysis are used to characterize those fluctuations and show 

that 1D velocity measurements still have the potential to provide valuable information 

about 3D flows. 

Transient and steady state shear banding was observed for a range of shear rates 

across the stress plateau and the impact of several flow protocols were studied. The 

evolution of the high, low, and true shear rates, as well as interface position with time 

after shear startup was used to evaluate changes in the kinetics of shear band formation as 

a function of applied shear rate and flow protocol.  

Ultimately, these results will help in understanding the correlation between the 

macroscopic flow field and the microscopic structure and dynamics of WLMs and can 

also be a way to gain information about the presence and the dynamic of secondary flow 

without the need of a 3D measurement. 
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CHAPTER ONE 

 

 

INTRODUCTION 

 

 

Understanding the rheological responses of soft matter materials under flow, such 

as, polymers, colloids, emulsions, and wormlike micelles, is important in scientific 

studies due to the widespread range of their engineering and industrial applications. 

Wormlike micelles (WLMs) represent a very active area of soft matter research and have 

a broad spectrum of applications in today’s life [1]. Wormlike micelles are very long and 

flexible cylindrical aggregates which can be formed by the self-assembling of surfactant 

molecules in aqueous media [2]. These wormlike micelle solutions under certain 

conditions exhibit a nonlinear response called shear banding. During the shear banding 

transition, the flow changes from a homogeneous to a non-homogeneous state, where the 

latter is characterized by a separation of the fluid into two macroscopic bands with 

different viscosities. Furthermore, the WLM system that undergoes shear banding is 

likely to manifest complex fluctuation dynamics, which can arise from the interplay 

between the microstructure and flow [3, 4]. 

 Several techniques have been used for the characterization of wormlike micelles 

and observing their intrinsic response. One effective technique is Rheo-NMR.  Rheo-

NMR can be used to obtain different rheological measurements and provide detailed 

information about motion (e.g. flow or diffusion), as well as NMR parameters like 

relaxation times which can provide information on local molecular microstructure. The 

Rheo-NMR technique combines rheology and nuclear magnetic resonance (NMR) 
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methods. The advantage of this technique is the ability to provide information on the 

microscopic structure and dynamics of the soft material under flow with spatial and 

temporal resolution non-invasively and in opaque systems [5].  

In this thesis the Rheo-NMR technique is used to obtain 1D velocity profiles 

across the fluid gap of a concentric cylinder shear cell as a function of time following 

shear startup at different applied shear rates within the stress plateau. WLM solutions are 

known to be viscoelastic and to exhibit memory. This memory depends on the shear 

history and can impact the transient mechanical response of the fluid. However, even 

though numerous studies using wormlike micelle systems are done under time dependent 

conditions, shear banding under time dependent flow protocols to control shear history is 

not well characterized. The work presented here quantifies the characteristic timescales of 

the evolution of shear banded flow from transient to steady state and the impact of flow 

protocols on the WLMs response following the shear startup. The shear banding 

characteristics, i.e. shear rates in the high and low shear band, the interface position and 

the apparent slip at the inner rotating wall, were calculated by linearly fitting the transient 

and steady state velocity profiles at different applied shear rates.  

In addition, purely elastic instabilities, which manifest as pairs of counter-rotating 

vortices in the high shear band, have been reported in the same system of WLMs that was 

used in this work, leading to significant fluctuations in the 1D velocity profile. To gain 

further information about the instabilities that give rise to 3D flow, Fourier 

transformation of the time and velocity autocorrelation functions were used to quantify 

the fluctuation frequencies. In general, the types of analysis in this thesis are potentially 
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effective in providing information to detect and quantify 3D flow from a 1D 

measurement. 

Outline 

In chapter 2, basic and advanced NMR theory will be introduced. The principles 

of producing and detecting the NMR signal, such as nuclear spin, precession, evaluation 

of magnetization and excitation, will be discussed. The concepts of spin relaxation, the 

magnetic field gradient, and magnetic resonance imaging will also be explored briefly 

and various simple NMR sequences will be reviewed. Finally, an introduction to NMR 

velocimetry will be covered at the end of this chapter.    

Chapter 3 will focus on the soft matter system of interest, which is shear banding 

wormlike micelle solutions (WLMs). In this chapter, the molecular structure, formation, 

phase transition, and kinetics of WLMs will be discussed in detail. Particular focus will 

be included to introduce the linear and non-linear viscoelastic rheology of wormlike 

micelles at steady state and under time dependent conditions. Additionally, the governing 

equations for the Rheo-NMR experimental geometry will be covered at the end of this 

chapter. 

The details of the experimental Rheo-NMR work and the resulting analysis to 

investigate the shear band formation and transition from transient to steady state in 

wormlike micelles will be given in chapter 4. The experimental results for a shear startup 

at an applied shear in the middle of the stress plateau and under the time dependent flow 

protocols, with and without pre-shear are presented in this chapter. The manuscript 

presenting this work was published in The Journal of Rheology [6]. 
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The second experimental chapter (chapter 5) includes a comprehensive study to 

demonstrate the dynamics of the shear-banding transition in the WLM solution at various 

applied shear rates within the stress plateau under time dependent flow protocols, with 

and without pre-shear. The manuscript presenting this work has been published in The 

Journal of Applied Rheology [7]  .  

Finally, Chapter 6 concludes and summarizes the work presented in this thesis, as 

well as provides a brief outlook on future Rheo-NMR work.  
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CHAPTER TWO 

 

 

NUCLEAR MAGNATIC RESONANCE THEORY 

 

 

Introduction 

 

 

Nuclear magnetic resonance (NMR) is a powerful technique that is based on the 

fact that atomic nuclei of certain systems can possess an intrinsic property, spin angular 

momentum or nuclear spin, which is associated with the magnetic dipole moment. In the 

presence of a magnetic field, nuclei will align themselves along the direction of the 

magnetic field, like a tiny bar magnet  and precess around the magnetic field [8].   

Since the nuclear magnetic resonance phenomenon was discovered in 1945 by 

Purcell, Torrey, and Pound [9], it has become an important experimental method for 

studying different areas of science, engineering, and medicine. Today many NMR 

techniques exist, including multidimensional NMR and MR imaging (MRI), that are 

capable of handling a large number of tasks on the molecular and atomic levels non-

invasively and with a high resolution and sensitivity. For instance, in addition to imaging 

the internal structures of materials, NMR techniques can be used to provide an 

information about transport phenomena, like velocity and diffusion. The aim of this 

chapter is to provide a brief summary to understand the fundamental concepts of NMR. 
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Basics of NMR 

 

 

According to the quantum mechanics perspective, nuclear magnetic resonance 

results from the intrinsic property of nucleus associated with the rotation around its axis 

called spin angular momentum I. This quantum number I depends on the atomic structure 

(number of protons and neutrons), taking a value of integer, half integer, or zero as shown 

in Table 2.1[10].  

 

Table 2.1. Predicting the nuclear spin (I). 

Number of 

protons 

Number of 

neutrons 

Spin angular 

momentum (I) 

Examples 

Even Even 0 12C, 4He 

Even/Odd Odd/Even 1/2, 3/2,… H, 17O 

Odd Odd 1, 2,… 2H, 14N 

 

 

In the presence of an external magnetic field, each atomic nuclei can possess 2I+1 

associated orientations or energy levels (m), as they are sometimes called. For example, 

14N nuclei have I = 1; therefore, their spins show three energy levels. In this work only 

protons (1H) are studied. 1H has a spin I = 1/2 and it can adopt either of two possible 

energy levels (1/2 or -1/2). The parallel or spin up state with m = 1/2↑ indicates a higher 

energy state, whereas, the state with m = −1/2↓ is known as anti-parallel or spin-down 

and represents the lower energy state.  

Think of a hydrogen nucleus as a charged particle, when it’s moved it will 

generate a magnetic field. The magnetic moment (magnetic dipole moment) μ is related 

to the angular momentum of the nucleus by  

  𝝁 =  𝛾ℏ𝐼 =  𝛾𝑱       (2.1)       
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where γ is the gyromagnetic ratio (a characteristic of a certain kind of nucleus, such as 

proton which has one of the highest values of γ, 2.675x 108 rad s-1
 T-1), ℏ is the Planck’s 

constant, and J is the angular momentum. 

When placing hydrogen nuclei in an external magnetic field, Bo, these dipole 

moments will interact with this field. This interaction causes a rotation, or a precession of 

the nuclear dipoles around the B0 axis at a constant frequency called the Larmor 

frequency (ω0) as shown in Figure 2.1a, where 

            𝜔0 =  𝛾𝐵0        (1.2)    

 

 

 

Figure 2.1. The physical basis of NMR. (a) Nuclei angular momentum and precession. 

(b) Spin state distribution.  

 

 

Taking the external magnetic Bo to be along the z-direction field, the interaction 

between μ and Bo is the Zeeman interaction, which can be described by a Hamiltonian 

energy H [11]. 

𝐻 =  −𝛾ℏ𝐵0𝐼𝑧      (2.3)       

(b) 

m = -1/2 

m = 1/2 

∆𝐸 

Energy 

µ 

B0 

ω0 

(a) 
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The eigenvalues of this Hamiltonian (energy levels) are simple, in the case of a 

proton with I going from –1/2 to 1/2, and can be written as 

            𝐸 =  ±
1

2
𝛾ℏ𝐵0        (1.4) 

    Where, the difference between the two energy levels is defined by ΔE = 𝜇B0 

= 𝛾ℏ𝐵0.  

  

 

Net Magnetization  

 

In the absence of an external magnetic field the magnetic dipole moments of the 

spins are randomly oriented;  However, in the presence of a magnetic field B0 all the 

spins as mentioned before will align either parallel or anti-parallel to B0 in the case of I = 

1/2 (e.g., proton). Imposing an electromagnetic radiation to the system will cause a 

transition between the energy levels and induce a resulting populations difference in spin.  

In the equilibrium state, a mathematical probability can describe the difference between 

the population of spins in the lower (N-) and higher (N+ ) energy levels, which is called the 

Boltzmann distribution [12], given by  

𝑁−
𝑁+

⁄ = exp (−
∆𝐸

𝑘𝑇
) = exp (−

𝛾ℏ𝐵0

𝑘𝑇
)   (2.5)       

where k and T are the Boltzmann constant (1.3805 x 10-23 J/K) and the absolute 

temperature in Kelvin (K), respectively. 

Due to the Boltzmann distribution there will be a slight excess of nuclei spins 

oriented with the magnetic field, i.e., in the lower energy state. The difference between 

the populations of spins will generate a net nuclear magnetic moment M (usually called 

the net magnetization) in the direction of B0, for example in z-direction, called Mz as 

shown in the Figure 2.2. The net magnetization M of the system can be represented by a 
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vector equal to the sum of the magnetic dipole moments of all nuclei present in the 

sample and its length is proportional to the difference between the two populations in 

parallel and anti-parallel states. The classical representation of NMR is only concerned 

with this vector which is a measurable value.  

 

                     
 

 Figure 2.2. Net magnetization M of spin 1/2 nuclei resulting from an applied external 

magnetic field B0.  

 

 

The vector M aligns in the direction of the strong field B0 and also precesses about 

the z-axis at the Larmor frequency (ω0). To study the procession of M around B0 and 

detect M, it’s very difficult to analyze the rotation of the spins from the laboratory frame 

where the B0 is applied.  

 

 

Excitation 

 

In order to measure the net magnetization M, it needs to move away from z-axis 

and tip into the transverse plane (xy-plane), away from the strong B0 field direction 

(equilibrium state). This can be achieved by taking an advantage of a well-known 

phenomenon called “resonance” and applying an oscillating radiofrequency (RF) field B1 

M B0 

z 

y 

x 
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(referred to as RF pulse) at a frequency that matches (0-is close to) the Larmor frequency 

(Figure 2.3).  

 

 
 

Figure 2.3. Excitation of M into the transverse plane. 

 

 

B1 can be defined as 

𝑩1 = 𝐵1 𝑐𝑜𝑠(𝜔0𝑡)𝒊 − 𝐵1 𝑠𝑖𝑛(𝜔0𝑡)𝒋       (2.6)       

where i and j are unit vectors along x and y axis, respectively. With the application of the 

B1 field, M will precess around B1 with a frequency ω1 = 𝛾𝐵1, tipping M into the 

transverse (xy) plane.  According to the classical perspective, a torque is generated (M x 

B) that results in a time rate of change of the angular momentum described as 

𝑑𝑴

𝑑𝑡
=  𝛾𝑴 × 𝐁      (2.7)      

where M = (Mxi, Myj, Mzk). As M is tipped into the transverse plane with B1 it 

simultaneously precesses around B0 at ω0 so the tipping into the transverse plane is a 

spiral as indicated in Figure 2.3. The tip angle α (in radians) is given by α = ω1 tp, where 

tp is the duration of the RF pulse. According to the tip angle and the axis on which it is 

applied, the RF pulse can be described, for example, the pulse is called 90𝑥
° , or (

𝜋

2
)x when 

B0 

M 

z 

y 

x 

M 

z 

y 

x B1 

M 

z 

y 

x B1 

90˚ 

Mxy 

z 

y 

x B1 

M 

ω0 t 

ω1 t 
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it results in 90˚ (
𝜋

2
 radians) tilting in M about the x-axis. If the duration of the RF pulse is 

doubled (2tp), M will go 180 onto the (-) z-axis, this pulse is called an inversion pulse or 

a 180𝑧
°  (𝜋 radians). With respect to B0 and B1 in the laboratory frame, the time evolution 

of the net magnetization vector (2.7) can be written as 

                                       
𝑑𝑀𝑥

𝑑𝑡
= 𝛾[𝑀𝑦𝐵0 + 𝑀𝑧𝐵1𝑠𝑖𝑛𝜔0𝑡] 

     
𝑑𝑀𝑦

𝑑𝑡
= 𝛾[𝑀𝑧𝐵1𝑐𝑜𝑠𝜔0𝑡 − 𝑀𝑥𝐵0]        (2.8)    

                                
𝑑𝑀𝑧

𝑑𝑡
= 𝛾[−𝑀𝑥𝐵1𝑠𝑖𝑛𝜔0𝑡 − 𝑀𝑦𝐵1𝑐𝑜𝑠𝜔0𝑡] 

The solution of eq. (2.8) under the starting condition M(t) = M0 k (k is the unit 

vector along z axis) is given by 

                                            𝑀𝑥 =  𝑀0𝑠𝑖𝑛(𝜔0𝑡)𝑠𝑖𝑛(𝜔1𝑡) 

                                           𝑀𝑦 =  𝑀0𝑐𝑜𝑠(𝜔0𝑡)𝑠𝑖𝑛(𝜔1𝑡)             (2.9) 

                                           𝑀𝑧 =  𝑀0𝑐𝑜𝑠(𝜔1𝑡) 

where 𝑀0 is the initial equilibrium magnetization aligned with z-axis, the magnitude of 

M. 

 

 

Relaxation 

 

After excitation and tipping M into the transvers xy-plane, the spin system is 

disturbed from its thermal equilibrium state and the two populations of spins in the high 

and low energy levels will be equal (the saturated state is reached). With time the 

transverse magnetization Mx,y shrinks as the spins return to their equilibrium state and the 

longitudinal magnetization Mz will be recovered. This process is known as “relaxation” 

and involves two mechanisms, T1 and T2 relaxation.  T1 relaxation, also called “spin-
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lattice” or “longitudinal” relaxation is the exchange of energy between the spin system 

and the surrounding thermal reservoir (or lattice) that causes the restoration of M along 

the longitudinal direction parallel to B0 reaching the equilibrium state again. A simple 

mathematical description of this process is  

𝑑𝑀𝑧

𝑑𝑡
 =  −

𝑀𝑧 − 𝑀0

𝑇1
          (2.10)  

where T1 is a time constant that describes the longitudinal relaxation time. The solution of 

this equation is given by 

𝑀𝑧(𝑡) = 𝑀𝑧(0) exp (−
𝑡

𝑇1
) + 𝑀0 [1 − exp (−

𝑡

𝑇1
)]         (2.11)    

Equation (2.11) indicates that the time taken by the magnetization to return to its 

thermal equilibrium value is exponential, as shown in Figure 2.4.         

                   

                                    
                                

Figure 2.4. The T1 relaxation time process. 

 

 

The second form of relaxation is T2 relaxation, also known as “spin-spin” or 

“transverse” relaxation. This process describes the lifetime of the transverse 

magnetization in the xy-plane and is governed by the characteristic time T2.  Transverse 

relaxation is the loss of phase coherence in the spin system due to inhomogeneity of the 
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magnetic field and molecular interactions, causing the transverse magnetization to decay 

with time. The transverse relaxation occurs only in the transverse plane and can be 

mathematically described as 

𝑑𝑀𝑥,𝑦

𝑑𝑡
=  −

𝑀𝑥,𝑦

𝑇2
        (2.12)  

where Mx,y = Mx + i My in the complex plane. The solution of this equation is 

𝑀𝑥,𝑦(𝑡) = 𝑀𝑥,𝑦(0) exp (−
𝑡

𝑇2
)       (2.13)    

This equation also indicates that the magnetization exponentially decays with time 

as shown in Figure 2.5. 

 

 
Figure 2.5. The T2 relaxation time process. 

 

 

T2 relaxation occurs at the same rate or slower than T1 relaxation. Since T2 

relaxation is influenced by molecular motion, it depends on temperature and/or viscosity. 

For liquids, slower movement of molecules will decrease T2, for instance at low 

temperature or high viscosity. On the contrary, at high temperature or low viscosity, T2 

increases and can become close to T1 depending on how fast the molecular motion is.  
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Going back to the change in M due to the excitation (eq. (2.8)), if we introduce a 

new observation system, called “the rotating frame” that rotates exactly at the same 

Larmor frequency ω0 and take into account the effect of relaxation in this frame, the 

result can be written as  

                                
𝑑𝑀𝑥

𝑑𝑡
= −

𝑀𝑥

𝑇2
 

                                
𝑑𝑀𝑦

𝑑𝑡
= 𝛾𝑀𝑧𝐵1 −

𝑀𝑦

𝑇2
        (2.14)   

                    
𝑑𝑀𝑧

𝑑𝑡
= −𝛾𝑀𝑦𝐵1 −

𝑀𝑧−𝑀0

𝑇1
 

This set of relationships known as the Bloch equations, are very useful to describe 

many important phenomena in NMR imaging [13]. 

 

Signal Detection 

 

 

In the thermal equilibrium state, the spin system will only possess longitudinal 

magnetization that is aligned along z-axis, in this state no signal can be acquired due to 

the dominance of the B0 field. By applying a (90°) pulse and tipping M into the transverse 

plane, the precession of the transverse magnetization with the Larmor frequency in the 

laboratory frame will, according to Faraday’s law, induce a current, that can be detected 

in the RF receiver coil. The same RF coil is often used to both excite the spins and detect 

the resulting signal.  There are different configurations of RF coils depending on the 

geometry of the magnet. In this work, the saddle (or birdcage) geometry is used. The 

birdcage coil works only for small scale samples and is the sample of interest to be 

inserted along the magnetic field (z-axis). In high field NMR, the signal typically has 
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frequencies that range from tens to hundreds of megahertz, so it is more convenient to 

shift the signal to lower frequencies and measure it as a difference frequency ∆𝜔, 

between the Larmor frequency 𝜔0 and the reference frequency 𝜔 [14]. The RF receiver 

mixes the signal with the output from a reference RF oscillator, a process called 

heterodyning which is inherently phase sensitive.  

In general, when 𝜔 ≠ 𝜔0, the signal will oscillate at the offset frequency ∆𝜔. 

While at 𝜔 = 𝜔0, the measured signal in the rotating frame will split into two 

components that are 90˚ out of phase with each other. In other words, by thinking about 

the projection of M onto the xy-plane, the output signal will have effectively two 

components, Mx and My. In the complex form, Mx and My represent the real and the 

imaginary parts of the signal, respectively. Over time, signal will eventually decay due to 

the loss of coherence among the precessing spins due to the action of the relaxation. 

Therefore it is often called the Free Induction Decay (FID). In order to generate a 

frequency spectrum, a mathematical process known as Fourier transformation (FT) is 

used to convert the time domain signal, or the FID, to the frequency domain. If the 

transverse magnetization starts out along the x-axis and precesses towards y-axis, the x 

and y components of it are  

𝑀𝑥 = 𝑀0cos ∆𝜔𝑡    ,    𝑀𝑦 = 𝑀0sin ∆𝜔𝑡         (2.15)   

Therefore, the x and y signals, Sx and Sy as function of time, can be represented 

respectively as 

𝑆𝑥(𝑡) = 𝑆0cos ∆𝜔𝑡    ,    𝑆𝑦(𝑡) = 𝑆0sin ∆𝜔𝑡      (2.16)   
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where S0 is the signal amplitude immediately following the pulse, which is proportional 

to the magnetization and therefore the number of spins. The heterodyne signal at 

offset ∆𝜔, in a complex form with the real and imaginary parts, Sx and Sy is, 

𝑆(𝑡) = 𝑆𝑥(𝑡) + 𝒊 𝑆𝑦(𝑡)   

                                                 = 𝑆0 exp(𝑖∆𝜔𝑡)      (2.17) 

Adding the relaxation effect, the signal then becomes 

𝑆(𝑡) = 𝑆0 exp(𝒊∆𝜔𝑡) exp(−𝑡/𝑇2)      (2.18) 

Using Fourier transformation, the exponentially decaying signal (FID) is 

converted into the frequency domain, giving a spectrum in which the real part has a 

Lorentzian shape, often called the absorption spectrum and the imaginary part gives a 

lineshape known as the dispersion spectrum, as shown in Figure 2.6.  

 

 
 

Figure 2.6. Illustration of the Free Induction Decay (FID) following a 90˚ pulse, showing 

the damped cosine real and sine imaginary parts of the signal in the time domain and the 

complex spectrum components, the real absorption and imaginary dispersion spectra after 

Fourier transformation, in the frequency domain at offset ∆𝜔 = 𝜔0 − 𝜔. 
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The real absorption spectrum has a full-width-half-maximum (FWHM) of 1/(𝜋𝑇2) 

Hz. Therefore, a faster decay of the FID gives a broader spectral line and lower peak 

height, as the area under the line will remain constant. The real absorption lineshape is 

the one that is normally displayed because it is complicated to deal with the dispersion 

mode. 

 

Phase Correction (cycling) 

 

Magnetic field inhomogeneities across the sample means not all spins will 

perfectly experience the RF pulse. For example, we have previously assumed that after a 

(
𝜋

2
)x pulse the net magnetization will tip exactly onto the x-axis, so the FID signal at time 

zero will start out along x-axis with a maximum Sx and zero Sy [15]. However, this is 

difficult in practice, because some spins will not experience the pulse and the signal will 

appear in a different position, i.e. have a phase shift. When there is a phase shift ∅, signal 

will start out at a finite value instead of zero and neither the real nor the imaginary part of 

the spectrum display the absorption and dispersion lineshape mentioned previously [16]. 

For example, when ∅ = 90˚, Sx and Sy take the form of damped sine and cosine wave, 

respectively, hence the absorption mode lineshape appears in the imaginary part of the 

spectrum. As a consequence of the phase shift, the appearance of the real part of 

spectrum that we are interested in is influenced by the initial position of the signal. By 

including the phase shift effect, the complex signal can be rewritten as 

𝑆(𝑡) = 𝑆0 exp(𝒊∅) exp(𝒊∆𝜔𝑡) exp(−𝑡/𝑇2)      (2.19) 

So far we have discussed a single RF pulse.  Often however a series of RF pulses 

is applied to extract more information about the system under study. Regardless of the 
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instruments ability to predict the axis along which the signal appears, each time a RF 

pulse is applied there is a possibility of some spins not experiencing the pulse perfectly. 

In this situation, the spin system branches into different pathways and the unknown phase 

shift will produce a confusing signal. To avoid this problem, there are different possible 

ways to isolate the desired pulse sequence pathway from the unwanted pathways. One of 

these methods is phase cycling. In this method the RF pulses and the receiver phases are 

systematically varied until a desired pathway is selected, that the signal from the desired 

pathway is summed, while all unwanted signals are canceled out. The pulse sequence 

must be repeated a number of times, something also often used to increase the signal to 

noise ratio as will be addressed next. To complete a phase cycle, phase cycling is carried 

out in the acquisition software and there are different phase cycling forms.  For example, 

a simple phase cycle is achieved by alternating both the transmitter and receiver phases 

by 180˚.  This is the simplest form of phase cycling can be written as (0˚, 0˚)-(180˚, 

180˚), where the transmitter and receiver phases are given in brackets for the first and 

second pass of the pulse sequence [13]. 

 

Signal Averaging 

 

NMR is not a sensitive technique due to the small difference between the two 

populations of spins in the high and low energy levels which is dependent on the 

Boltzmann constant. For example, for 1H and 500 MHz NMR spectrometer there is a 1 in 

105 population difference [10]. Also, during the acquiring of the NMR signal, noise will 

be acquired at the same time. Many different interaction components contribute to this 

noise, such as the noise that comes from the amplifiers, electrical noise coming from 
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different sources in the spectrometer, and thermal noise arising from the coil that is used 

to detect the NMR signal. It is possible to improve the signal to noise ratio, or SNR, by 

accumulating N successive scans. The successive addition adds coherently the N spectra 

on top of each other and because the noise is inherently random its average will approach 

zero. The SNR enhancement can be expressed as: 

𝑆𝑁𝑅 =
𝑁

𝑁1/2
= 𝑁1/2       (2.20) 

where N is the number of repeated scans (averages). As a result the actual increase in 

SNR is 𝑁1/2.  Adding more repetitions means increasing the total time of experiment 

which can be a time-consuming process.  Especially since we must wait the T1 relaxation 

time, in which the spin system must be allowed to recover the z-axis magnetization 

(longitudinal magnetization) between scans. Thus the number of repeated scans, or 

repetitions is limited by the waiting time in which the longitudinal magnetization 

recovers before repeating the scan, this time is called the repetition time TR. 

 

Pulse Sequence 

 

 

A pulse sequence is a set of multiple delays and RF pulses applied in order to 

extract specific information from a sample under consideration. Pulse sequences range 

from a simple single RF pulse experiment to highly complex experiments. The timing of 

pulses and delays is displayed in a pulse sequence diagram, or the “timing diagram” as it 

is often called. Basically, the timing diagram consists of rows with increasing time from 

left to right. The RF pulses and delays are illustrated on the first row which is usually 

marked as “rf”, whereas the applied magnetic field gradients (magnetic field and gradient 
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pulse will be added later) and their locations are displayed on the next rows. The acquired 

signal can be shown on its own line, marked as “acq”, or included on the other lines. The 

next sections will present some examples of standard NMR pulse sequences. 

 

Inversion Recovery 

 

The inversion recovery method is used to measure the longitudinal relaxation time, 

T1, by observing the restoration behavior of magnetization back to its thermal equilibrium 

state. This experiment is quite simple and consists of two applied RF pulses along the x-

axis, 180˚ and 90˚, separated by a certain delay τinv as depicted in Figure 2.7. The first 180𝑥
°  

pulse will invert the equilibrium magnetization M that aligned along z-axis into the –z-axis. 

Over a time τinv, the magnetization decays due to the relaxation effect and returns to its 

thermal equilibrium state along the z-axis. The decaying of the magnetization depends on 

the time between pulses τinv. For example, if τinv is very short M will not change, whereas 

as τinv gets longer, M shrinks along –z-axis and increases along z-axis. 

 

 
 

Figure 2.7. Inversion recovery pulse sequence with the graphical representation of the 

behavior of the magnetization vector. 
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By applying a subsequent 90𝑥
°  pulse, magnetization will flip into the xy-plane and 

starts precessing around the –x-axis with the Larmor frequency. During the precession of 

the magnetization in the transverse plane, the signal is acquired. The experiment is 

repeated with different values of the delay τinv in order to measure how long it takes to 

recover the longitudinal magnetization along the z-axis and calculate the T1 relaxation 

time. With the variable delay τinv, the magnetization goes from a maximum negative 

value (negative signal at t = 0) to a maximum positive value (positive signal at t →∞), 

crossing through zero, where the zero magnetization amplitude occurs at t = 0.6931𝑇1, as 

shown in Figure 2.8. 

 

                                                                    

 

Figure 2.8. The restoration of magnetization vector in inversion recovery. After the 

180𝑥
°  pulse, the longitudinal magnetization vector is flipped 180° and starts to recover 

from its maximum negative initial value. 
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Hahn Spin Echo 

 

The Hahn spin echo is a commonly used basis for many experiments and was 

proposed by Erwin Hahn in 1950 [17]. Figure 2.9 shows a schematic pulse sequence for 

the spin echo and the resulting magnetization trajectories. Initially, a 90𝑥
°  pulse is applied 

to excite the spins and produce the transverse magnetization. During the first time delay 

τ, magnetization starts dephasing due to the phase coherence loss caused by the 

inhomogeneity of B0 and the different chemical environments. By applying a second 

180𝑥
°  pulse, usually called a refocusing pulse, the magnetization vector flips is inverted in 

the transverse plane and the direction of precession is therefore reversed.  

 

 

Figure 2.9. Hahn spin echo pulse sequence with the graphical representation of the 

behavior of the magnetization vector. 

 

 

During the second delay τ, the signal is refocused. The acquired signal is called an 

echo which has an amplitude less than the initial amplitude due to the T2 relaxation 

effects. Varying the time delay τ between pulses will provide a measurement of T2. 
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CPMG Echo Train 

 

Shortly after Hahn’s discovery of the spin echo, Carr and Purcell in 1954 

suggested that successive series of 180˚ RF pulses can recover the phase coherence and 

refocus inhomogeneous broadening of spins [18]. Later in 1958, Meiboom and Gill 

modified the Carr and Purcell train by using quadrature 180𝑦
°  RF pulses to compensate 

for small-angle errors  by inverting the dephased spins and generating a series of echoes 

at times 2τ, 4τ, 6τ and until the echo dies away [19]. The echo intensity will therefore 

decay exponentially at a rate of 1/T2.  The resulting Carr-Purcell-Meiboom-Gill 

experiment, or CPMG sequence is shown in Figure 2.10 which can give a very good 

measurement of the T2 relaxation process. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2.10. The CPMG pulse sequence which is used to measure T2. It consists of a 90˚ 

RF pulse followed by a series of 180˚ pulses, where the echo amplitude decays 

exponentially at rate of 1/T2. 
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Stimulated Echo 

 

As was noted before, signal can be measured when the magnetization is in the 

transverse plane and the signal decays in the transverse plane within the T2 relaxation 

time. In many materials, the T2 relaxation time is considerably shorter than T1, such as in 

solids and polymers, which means that the signal decays fairly fast and there is not 

enough time to observe important transport or exchange process. However, it is still 

possible to observe these important processes in materials with short T2 relaxation time 

by storing the magnetization M along the longitudinal direction, where only T1 relaxation 

effects it, and bringing it back into the transverse plane for signal collection. This storage 

method is known as the stimulated echo experiment which consists of two 90𝑥
°  RF pulses 

following an initial excitation 90𝑥
°  RF pulse as shown in Figure 2.11.  

 

 
 

Figure 2.11. The stimulated echo pulse sequence uses three 90x° RF pulse to avoid T2 

relaxation time. 

 

 

After exciting M and tipping it into transverse xy-plane, the x and y-components 

of M will decay exponentially with T2 relaxation time, whereas the z-component will 

grow exponentially with the T1 relaxation time until the time τ. The second 90𝑥
°  pulse will 

put the y-component of M along the z-axis where only T1 relaxation will occur, while the 

x-component of M will continue to decay. Therefore, half of the transverse magnetization 

can be stored for a time τ' and only be exposed to slower T1 relaxation effects.  By 
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applying the third 90x° pulse at time τ + τ', the remaining magnetization is returned to the 

transverse plane, and allowed to refocus to form an echo at time 2τ + τ'. A homospoil 

gradient is applied between the second and third RF pulses in order to eliminate 

undesired signal from the x-component of M in the transverse plane. 

 

The Principles of Nuclear Magnetic Resonance Imaging 

 

 

Nuclear magnetic resonance (NMR) imaging is a powerful non-invasive 

technique that can potentially provide one or multiple dimensional images with high 

quality and produce detailed information by spatially encoding the emitted signal. This 

method works by utilizing the relationship between the Larmor precession frequency and 

the location of the spins in the presence of the variable magnetic field. This section 

summarizes the fundamentals of NMR imaging. 

 

Magnetic Field Gradient and k-Space 

 

In the presence of the homogenous magnetic field B0, the ensemble of spins 

across the sample will experience the same magnetic field and therefore precess at the 

same Larmor frequency (𝜔0 =  𝛾𝐵0). Hence, if there is any inhomogeneity in the 

strength of the B0 field, the ensemble will experience different spatially variable Larmor 

frequencies. This phenomenon makes NMR imaging possible when a linearly variable 

magnetic field with respect to position, often known as a “gradient”, is applied. With the 

application of a gradient, the magnetic field that spins experience will be varying linearly 

(see Figure 2.12) as a function of spatial position r as  

𝐵(𝐫) = 𝐵0 + 𝑮(𝐫) ∙ 𝐫  … (2.21) 
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Figure 2.12. The effect of the linear magnetic field gradient (G) on the strength of the 

magnetic field (B(r)). 

 

 

where G is the strength of the magnetic field gradient expressed in a vector form as 

(
𝜕𝐵𝑥

𝜕𝑥
𝒊 +

𝜕𝐵𝑦

𝜕𝑦
𝒋 +

𝜕𝐵𝑧

𝜕𝑧
𝒌), and measured in tesla per meter (T m-1) or gauss per centimeter 

(G cm-1).  At any particular position in the sample, Larmor frequency is clearly defined in 

this case as  

𝜔(𝐫) = 𝛾(𝐵0 + 𝑮 ∙ 𝐫)  … (2.22) 

Recalling that the NMR signal is normally heterodyned with the reference 

frequency, 𝜔0, therefore, the offset frequency can be written as 

∆𝜔 = 𝜔(𝐫) − 𝜔0 = 𝛾𝑮 ∙ 𝐫  … (2.23) 

The application of the magnetic field gradient causes a spread in precession 

frequency of spins, leading to an accumulated phase shift ∅(𝐫) = 𝛾𝑮 ∙ 𝐫𝑡 after a time t. 

The total NMR signal arising from all spins across the sample can be obtained by 

integrating the phase factors (exp[i∅(𝐫)]) over the entire sample volume,  which can be 

written in a complex notation as                                                                                                                                                                                                                                                                                                                                                                                                                                                  

𝑆(𝑡) = ∭ 𝜌(𝐫) exp[𝑖𝛾𝑮 ∙ 𝐫𝑡] 𝑑𝐫     (2.24) 

B0 G(r) B(r) 

r r r 
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where 𝜌(𝐫) is the local spin density function and the symbol dr is used to represent 

volume integration.  

A new variable called the reciprocal space vector, k, is defined as  

𝐤 =
𝛾𝑡𝑮

2𝜋
     (2.25) 

The k-vector has a magnitude equal to the area under the gradient pulse that is 

expressed in units of reciprocal meter (m-1). With the new vector k, equation (2.24) can 

be rewritten as  

𝑆(𝐤) = ∭ 𝜌(𝐫) exp[𝑖2𝜋𝐤 ∙ 𝐫] 𝑑𝐫     (2.26) 

By using the concept of the Fourier transform, the spin density 𝜌(𝐫) is given by 

𝜌(𝐫) = ∭ 𝑆(𝐤) exp[−𝑖2𝜋𝐤 ∙ 𝐫] 𝑑𝐤     (2.27) 

Eqs. (2.26) and (2.27) clearly indicate that 𝑆(𝐤) and 𝜌(𝐫) are a Fourier transform 

conjugate, described in the k-space and spatial domain respectively. These relationships 

are significant in NMR imaging, where the image of the spin density can be directly 

produced by Fourier transforming the complex experimental signal if it is acquired 

appropriately. k-space can be experimentally sampled by manipulating the combination 

of gradients and their shape and timing. According to equation (2.25), the sampling of k-

space can take place by changing either the gradient magnitude or duration, however, the 

direction of this sampled is determined by the gradient direction. Because of that, there 

are two different techniques to move through k-space and acquire a simple 1D image. 

The first approach is called frequency encoding, as shown in Figure 2.13a. In frequency 

encoding, k-space is sampling in one dimension over a time t during application of a 
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constant gradient strength called the read gradient Gread and the direction of the applied 

gradient in space is then referred to as the read direction. The time t is split into n points 

at regular spaced intervals Δt, usually called the dwell time τd, and the signal will sample 

n times following a gradient of time duration 𝛿 and maximum amplitude Gmax. Therefore, 

the entire line of k-space is sampled during one signal acquisition, allowing for rapid data 

collection.   

 

                       
 

Figure 2.13. Comparison of frequency encoding and phase encoding methods. (a) The 

frequency encoding method, where NMR signal is acquired n times (here n = 8) in time 

steps of duration iτd, where i is varied from 1 to n. (b) The phase encoding method, where 

the maximum amplitude of applied gradient is stepped in n steps (here n = 4) and NMR 

signal is collected n times following each applied gradient of strength (iΔG), where i is 

varied from 1 to n. 

 

 

Figure 2.13b shows a schematic representative of the second method called phase 

encoding, where the amplitude of the applied gradient G, called the phase gradient, Gphase, 

is applied over a constant duration 𝛿, and is incremented in n equal steps. By applying a 
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phase gradient, only one data point in k-space is sampled for each gradient application. 

Therefore, phase encoding is a time consuming method due to the relaxation required, 

magnetization should have a full T1 recovery time to relax back to its thermal equilibrium 

state between each successive scan.  In general, the concept of 1D imaging can be 

extended into multi dimensions, yielding the 2D and 3D images, where both frequency 

encoding and phase encoding can be used. If a 2D image is desired, k-space is often 

sampled horizontally along a linear grid using read gradients and vertically using phase 

gradients with the stepping intervals, ∆𝑘𝑟𝑒𝑎𝑑 = −𝛾𝐺𝑟𝑒𝑎𝑑∆𝑡 and ∆𝑘𝑝ℎ𝑎𝑠𝑒 = −𝛾∆𝐺𝑝ℎ𝑎𝑠𝑒𝑡 

respectively ranging from –kmax to kmax, where 𝑘𝑚𝑎𝑥 =
𝛾𝛿𝑮𝒎𝒂𝒙

2𝜋
. Typically the image 

contrast is defined by the center region of k-space, while the outer regions of k-space 

provides the finer details such as edges of the image. For example, if the read and phase 

gradients are applied in x and y direction, respectively, the k-space will be sampled in the 

two dimensions as shown in Figure 2.14.  
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Figure 2.14. (a) Pulse sequence for sampling of 2D k-space using frequency and phase 

encoding. (b) The corresponding k-space trajectory, where the red arrow indicates how 

the position of sampling is placed in the right-upper corner of the grid (1) using the first 

read and phase gradient. The green arrow shows how the 180𝑦
°  inverts the spin phases 

(2). While the blue arrow represents the read gradient how it moves horizontally in kx-

direction to collect data.  

 

 

The positive phase gradient is applied to move the starting point of data 

acquisition up in k-space, in the ky-direction, while the positive read gradient is applied to 

start collecting data horizontally in the positive kx-direction. The signal in this case is: 

𝑆(𝑘𝑥 , 𝑘𝑦) = ∬ 𝜌(𝑥, 𝑦) exp[𝑖2𝜋(𝑘𝑥𝑥 + 𝑘𝑦𝑦)] 𝑑𝑥𝑑𝑦     (2.28) 
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The application of a phase gradient in the third direction results in a 3D image and 

the sampling of k-space will take place in three dimensions kx, ky, and kz to get a 3D 

matrix of data points. The spatial resolution of a NMR image in the real space is 

determined by the increment traversed in k-space (∆𝑘 = ∆𝑘𝑟𝑒𝑎𝑑 or ∆𝑘𝑝ℎ𝑎𝑠𝑒) between 

data point sampling of each corresponding component, kx, ky, and kz.  Thus the field of 

view (FOV) of each component in real space is 

𝐹𝑂𝑉 =
1

∆𝑘
=

𝑛

2𝑘𝑚𝑎𝑥
   (2.29) 

In practice, the Fast Fourier Transform (FFT) is used to Fourier transform the 

signal, so sampling of k-space at discrete equidistance steps n = 2i (e.g. 16, 32, 64, 128), 

where i = 1, 2, etc, is required.  

 

Selective Excitation 

In order to be able to collect information from a certain section of interest in the 

sample, selective excitation, or slice selection, is often used rather than phase encoding. 

This reduces experiment time.  Instead of exciting all the spins across the sample, only 

those spins within some selective region, referred to as slice, are excited during the RF 

excitation so a 2D image over the slice is produced. This is done by applying an RF pulse 

with the specified duration and shape under the influence of a linearly varying magnetic 

field gradient to excite only a range of desired frequencies, related to a position in a 

sample. Because of the inverse proportionality between the time duration for applying the 

RF pulse and the bandwidth that will be excited, there are two types of pulses known as 

“hard” and “soft” pulses. A hard pulse is a non-selective and strong RF pulse, which is 
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applied for a short duration on the order of tens of microseconds [20] to affect all the 

spins and excite a broad bandwidth or all possible Larmor frequencies in a sample. 

Whereas, the soft RF pulse is selective and a weaker pulse. It is imposed for a longer time 

duration to select a sufficiently narrow bandwidth of frequencies and specially shaped to 

tailor its excitation profile, therefore it is used for slice selection.  

 

 
   

Figure 2.15. Fourier transformation of a hat function (a) and sinc function (b), to show 

the different range of frequencies excited by a hard or a soft pulse.  

 

 

In order to select a rectangular slice it is important to understand the effect of the 

RF pulse shape on the excitation, or in another words, the Fourier relationship between 

the functions in the time and frequency domain. For instant, the Fourier transform of a 

rectangular shaped or hat function in the time domain is a sinc shaped function [sin(x)/x] 

in the frequency domain and vice versa, as shown in Figure 2.15. Moreover, the short 

duration of the RF pulse in the time domain results in a large bandwidth, while the long 

duration RF pulse will excite a narrow range of frequencies.  The soft RF pulse is usually 

chosen to be a sinc function with a small strength and longtime duration in the order of 

milliseconds to produce the desired rectangular bandwidth in the frequency domain and 

leave the remaining spins unaffected.  

hard 

soft 

ω 

FT 

t 
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FT 

t 
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Figure 2.16. Basic 3D imaging sequence using spin echo with frequency encoding, phase 

encoding and slice selection in three orthogonal directions, x, y, and z. 

 

 

In practice, to acquire a cross-sectional 2D image of the sample, the soft 90˚ or 

180˚ RF pulse with a sinc function shape is simultaneously applied with a slice gradient 

Gslice. Figure 2.16 shows a typical 3D NMR imaging sequence using a spin echo that is 

consist of a frequency encoding gradient in “read” or x-direction, phase encoding 

gradient in the “phase” or y-direction and the slice selection gradient in the third 

direction, “slice” or z-direction.  By applying slice gradient with the strength Gslice in the 

z-direction whilst a soft 180˚ RF pulse is applied, a desired slice with a finite width Δz is 

selected to excite Δfs bandwidth of frequencies, where  

∆𝑧 =
2𝜋∆𝑓𝑠

𝛾𝐺𝑠𝑙𝑖𝑐𝑒
   (2.30) 

Experimentally, Δfs is held constant and the slice width Δz is varied by adjusting 

Gslice, where a stronger gradient produces thinner slice and vice versa. Finally, the read 

gradient is preceded by a lobe with half of negative area of the read gradient (see Figure 

2.16) in order to go the way back to the maximum negative k value. Then the positive 

read gradient allows to sample all the way from –kmax to kmax. 

G
x, read

 

G
z, slice

 

G
y, phase

 

rf t 

180˚ 90˚ Echo 



35 

 

Translational Motion Encoding 

 

 

During or between the excitation and refocusing pulses in a spin or stimulated 

echo, spins may move and the phase of the spins will not be exactly restored to their 

original state, resulting in a residual phase shift which is detectable in the signal output.  

This phase shift is directly proportional to the distance that the spin has moved. Such 

translational movement may have occurred coherently or incoherently, for example, as 

flow or diffusion. NMR allows for quantification of diffusive and convective motion not 

only to collect information about the intrinsic properties of the species but also to 

understand the many underlying complex transport phenomena that can occur. 

Simplified, the motion can be encoded by measuring the difference between the initial 

and final positions of spin, or the dynamic displacement R.  To demonstrate how this 

works, it is advantageous to look at the magnetization vectors of spins under the 

influence of a magnetic field gradient. So, suppose that the two magnetic field gradients 

of identical magnitude 𝒈 and duration δ are applied with a simple spin echo as shown in 

Figure 2.17. Note, the motion encoding gradient is expressed as 𝒈 to be distinguished 

from the position encoding gradients G. Immediately after the 90˚ RF pulse, all spins flip 

into the transverse plane along y- axis at t = 0 and all will have the same phase angle. By 

applying the first magnetic field gradient in z-direction, the phase angle of the spins will 

spread out depending on their position. 

 



36 

 

 
 

Figure 2.17. Magnetization helices. (a) Spin echo with magnetic gradient pulses of 

magnitude 𝒈. (b) Evaluation of phase angle of spins, where the magnetization vectors of 

spins are represented by black arrows. After the 90˚ RF pulse, all spins will have the 

same phase angle. The first magnetic field gradient in z-direction winds up a helix of 

phase as shown in red curve in the above phase helix evolution, figure b. The 180˚ RF 

pulse reverses the spin precession direction and the second gradient will unwind the 

phase helix, so the spins if they haven’t moved will refocus to their original phase states.  

If a spin has moved, there will be a residual phase shift. 

 

                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                            

Because of the proportionality between the accumulated phase and the 

displacement of spins along z, the phase evolution pattern takes the form of a helix as 

shown with the red curve in Figure 2.17b [21]. The 180˚ RF pulse will reverse the spin 

precession and then the second gradient will unwind the phase helix and refocus the spin 

phases back to their initial phases which is only possible if spins remain fixed in their 

position. Any translational motion during or between the gradient pulses however will 

produce a net phase shift, ∅, as shown with red spin in Figure 2.17b. The net phase shift 

90
x
° 
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180
y
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depends on the space-dependent Larmor frequency 𝝎, so for nuclear spin j at time t 

following the path 𝐫𝑗(𝑡′) in gradient 𝒈(𝑡′) can be expressed as   

∅𝑗(𝑡) = ∫ 𝝎(𝑡′) ∙ 𝐫𝑗(𝑡′)𝑑𝑡′
𝑡

0

=  𝛾 ∫ 𝒈(𝑡′) ∙ 𝐫𝑗(𝑡′)𝑑𝑡′
𝑡

0

 (2.31) 

 

 

Effective Gradients and Moments 

 

Equation (2.31) shown above is a simple relationship that does not take into 

account the effect of sign reversal of prior gradients by the application of the 180˚ RF 

pulse in Figure 2.17a. In pulse sequences with many RF pulses, it is helpful to introduce 

an effective gradient, 𝒈∗(𝑡′), which is the true or laboratory gradient, that takes into 

account the inverted sign due to each application of a 180˚ pulse [22]. Now, equation 

(2.31) can be rewritten as:  

∅𝑗(𝑡) =  𝛾 ∫ 𝒈∗(𝑡′) ∙ 𝐫𝑗(𝑡′)𝑑𝑡′
𝑡

0

 (2.32) 

If the Taylor series is used to approximately expand the spin path, then  

𝐫(𝑡′) =  𝐫0  +  
𝑑 𝐫(𝑡′)

𝑑𝑡′
|

𝑡=0

𝑡′ +  
1

2!
 
𝑑2𝐫(𝑡′)

𝑑𝑡′2
|

𝑡=0

𝑡′2 +  .  .  .  
1

𝑛!
 
𝑑𝑛𝐫(𝑡′)

𝑑𝑡′𝑛
|

𝑡=0

𝑡′𝑛    (2.33) 

Equation (2.33) can be restated as   

𝐫(𝑡′) = 𝐫0  +  𝒗0𝑡′ +  
1

2
 𝒂0𝑡′2 + ⋯  (2.34)     

where the higher order n terms are usually not considered in NMR 

experiments, 𝐫0 refers to the initial position of a spin,  𝒗0 is the velocity that equals to the 

first derivative of position with respect to time, and 𝒂0 is the acceleration or the second 

derivative of position. 
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By combining eqs. (2.32) and (2.34), the net phase shift is given by 

∅𝑗(𝑡) =  𝛾 ∫ 𝒈∗(𝑡′) ∙ [𝐫0  + 𝒗0𝑡′ +  
1

2
 𝒂0𝑡′2 + ⋯  ] 𝑑𝑡′ 

𝑡

0

  

          =  𝛾 [𝐫0 ∫ 𝒈∗(𝑡′)𝑑𝑡′𝑡

0
 +  𝒗0 ∫ 𝑡′𝒈∗(𝑡′)𝑑𝑡′𝑡

0
+  

1

2
 𝒂0 ∫ 𝑡′2𝒈∗(𝑡′)𝑑𝑡′𝑡

0
+ ⋯ ]   (2.35)     

           =  𝛾 [𝐫0 𝒎0 +  𝒗0𝒎1 +  
1

2
 𝒂0𝒎2 + ⋯ ] 

 where  𝒎0 = ∫ 𝒈∗(𝑡′)𝑑𝑡′𝑡

0
 is the zeroth moment that equals to the total area of the 

gradient,  𝒎1 = ∫ 𝑡′𝒈∗(𝑡′)𝑑𝑡′𝑡

0
 is the first moment that encodes velocity, and  𝒎2 =

∫ 𝑡′2𝒈∗(𝑡′)𝑑𝑡′𝑡

0
 is the second moment that encodes acceleration.  

The zeroth moment 𝒎0 is required to be zero so that the final phase shift will 

depend only on motion and not on the starting position of the spins. Typically,  𝒎0 =

∫ 𝒈∗(𝑡′)𝑑𝑡′𝑡

0
 is the condition for a spin echo to be formed. Thus, it is clear from equation 

(2.35) that the echo can be sensitive to either velocity, acceleration, or even the next 

higher time derivatives according to the design of the effective gradient sequence. 

 

Molecular Self-Diffusion and Propagators in the Presence of Field Gradients 

 

Translational motion is inevitable even in the absence of bulk flow because of 

self-diffusion, molecular random motion associated with thermal energy. The process of 

self-diffusion enables the neighbor molecules to move from one place to another where 

they experience different magnetic field strengths and hence different Larmor 

frequencies. The random fluctuations in Larmor frequency that arise because of 

molecular self-diffusion will result in an echo attenuation. This random translational 

motion is known as Brownian motion and it was first described by Albert Einstein. For a 
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spherical particle of radius R in a medium of viscosity η, Einstein obtained an important 

tool for characterizing Brownian motion, called the self-diffusion coefficient, D, which 

has the form 

𝐷 =
𝑘𝐵𝑇

6𝜋𝜂𝑅
      (2.36) 

where 𝑘𝐵 is the Boltzmann constant and T is the temperature. Based on Einstein’s idea, 

William Sutherland derived the same diffusion relationship in 1904 and for that reason 

equation (2.36) is known as the Sutherland-Einstein relation. The self-diffusion 

phenomenon occurs even in the absence of a macroscopic concentration gradient.  

However, the diffusion coefficient can be used with Fick’s first law to explain the net 

flux of molecules J using the self-diffusion coefficient under a uniform concentration 

gradient.  

𝑱 = −𝐷 ∇𝑛(𝐫, 𝑡)     (2.37) 

where 𝑛(𝐫, 𝑡) is the local concentration of particles. In one dimension, a flux of particles 

along the x-axis can be written as  𝑱𝑥 = −𝐷 
𝜕𝑛

𝜕𝑥
. In order to make this description possible 

for the self-diffusion process, the probability density 𝑝(𝑥, 𝑡) of a molecule that has 

travelled a certain displacement, x(t), over a given amount of time t will be introduced. 

The difference now is that Fick’s law can be expressed using the local probability density 

𝑝(𝑥, 𝑡) instead of the local concentration of particles 𝑛(𝑥, 𝑡). If the probability density is 

considered in 3D as 𝑝(𝐫, 𝑡), then 

𝑝(𝐫′, 𝑡) = ∫ 𝑝(𝐫, 0) 𝑃(𝐫|𝐫′, 𝑡) 𝑑𝐫     (2.38) 
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where 𝑃(𝐫|𝐫′, 𝑡) is the conditional probability density of finding a Brownian particle that 

traveled from any starting position 𝐫 to any final position 𝒓′ over a time t and 𝑝(𝐫, 0) is 

the initial probability density. It is clear that  𝑃(𝐫|𝐫′, 𝑡) obeys Fick’s first law as long 

as 𝑝(𝐫′, 𝑡) obeys it too. Similarly, 𝑃(𝐫|𝐫′, 𝑡) will obey Fick’s second law  

𝜕

𝜕𝑡
𝑃(𝐫|𝐫′, 𝑡) = 𝐷∇𝐫′

2 𝑃(𝐫|𝐫′, 𝑡)     (2.39) 

The solution of Equation (2.39) for initial condition 𝑃(𝐫|𝐫′, 0) = 𝛿(𝐫′ − 𝐫), 

where 𝛿 is the Dirac delta function, and a boundary condition for unrestricted self-

diffusion 𝑃(𝐫|𝐫′, t) → 0 as 𝐫′ → ∞ is 

𝑃𝐷(𝐫|𝐫′, 𝑡) = (4𝜋𝐷𝑡)−
3
2 𝑒𝑥𝑝 (−

(𝐫′ − 𝐫)2

4𝐷𝑡
)     (2.40) 

Note that the subscript D is used to denote this as the conditional probability, 

allowing for diffusion. At this point it is helpful to introduce the dynamic 

displacement, 𝐑 = (𝐫′ − 𝐫), which is the net displacement of a particle over a time 

interval t. Using this concept, the average displacement probability distribution, or the 

average propagator as it is sometimes called, for an ensemble of particles that have 

moved a distance R over time t, is given as 

�̅�(𝐑, 𝑡) = ∫ 𝜌(𝐫)𝑃𝐷(𝐫|𝐫 + 𝐑, 𝑡) 𝑑𝐫     (2.41) 

Thus, for unrestricted self-diffusion, the average propagator takes the form of a 

normalized Gaussian distribution of displacements  

�̅�(𝐑, 𝑡) = (4𝜋𝐷𝑡)−
3
2 𝑒𝑥𝑝 (−

𝐑2

4𝐷𝑡
)     (2.42) 

which is dependent on time as schematically shown in Figure 2.18.  
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Equation (2.42) represents a normal distribution which indicates that the 

Brownian particle is equally likely to move to the left as it is to move to the right, 

resulting in a zero first moment of displacement, or mean. 

 

                                
 

Figure 2.18. The propagator �̅�(𝐑, 𝑡) for unrestricted self-diffusion. The propagator 

becomes broader with increasing time indicating that the probability of finding a particle 

at the initial position is decreased. Simultaneously, the intensity of the propagator at zero 

displacement is reduced due to the requirement that the area remains constant.  

 

 

However, the second moment, or the mean square displacement in one dimension 

is given by 

〈(𝑥′ − 𝑥)2〉 = ∫(𝑥′ − 𝑥)2 𝑃(𝑥|𝑥′, 𝑡) 𝑑𝑥 = 2𝐷𝑡  (2.43) 

Equation (2.43) is known as the Einstein equation. In the presence of flow, the stochastic 

molecular motion will be superposed on the flow. For example, in the steady-state 

laminar flow with constant velocity, V, the conditional probability for coherent flow 

alone is represented by the delta function as  

𝑃𝑓𝑙𝑜𝑤(𝐫|𝐫′, 𝑡) = 𝛿(𝐫′ − (𝐫 + 𝐕𝑡))   (2.44) 

R 

increasing time 

P(R, t) 
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The conditional probability in the case of advection will result from the 

convolution of the conditional probabilities for pure self-diffusion (𝑃𝑓𝑙𝑜𝑤 from equation 

(2.40)) and for the flow (𝑃𝐷 from equation (2.44)), where 

𝑃(𝐫|𝐫′, 𝑡) =  𝑃𝐷(𝐫|𝐫′, 𝑡) ⊗ 𝑃𝑓𝑙𝑜𝑤(𝐫|𝐫′, 𝑡)  (2.45) 

then, 

𝑃(𝐫|𝐫′, 𝑡) = (4𝜋𝐷𝑡)−
3
2 𝑒𝑥𝑝 (−

(𝐫′ − (𝐫 + 𝐕𝑡))2

4𝐷𝑡
)    (2.46) 

Note that this conditional probability depends only on the dynamic displacement R and is 

independent of the initial position r. 

By averaging over all the starting positions, the average propagator is  

�̅�(𝐑, 𝑡) = (4𝜋𝐷𝑡)−
3
2 𝑒𝑥𝑝 (−

(𝐑 − 𝐕𝑡)2

4𝐷𝑡
)    (2.47) 

 

Figure 2.19 shows the convolution of propagators for diffusion (Brownian 

motion) and the coherent flow to obtain average propagator for the combination of 

diffusion with flow [23]. It is very helpful to rewrite �̅�(𝐑, 𝑡) in Cartesian component 

form as 

�̅�(𝐑, 𝑡) = (4𝜋𝐷𝑡)−
3
2 𝑒𝑥𝑝 {−

(𝑋 − 𝑣𝑋𝑡)2

4𝐷𝑡
}  𝑒𝑥𝑝 {−

(𝑌 − 𝑣𝑌𝑡)2

4𝐷𝑡
} 

×  𝑒𝑥𝑝 {−
(𝑍 − 𝑣𝑍𝑡)2

4𝐷𝑡
}   (2.48) 

where X, Y, and Z are the components of displacement R along x, y, and z-axes 

respectively. 



43 

 

                  

 

Figure 2.19. The average propagator �̅�(𝐑, 𝑡) for diffusion and flow (bottom), resulting 

from the convolution of propagators for diffusion (top) and flow (middle).  

 

 

The average propagator �̅�(𝐑, 𝑡) represented by equation (2.47) or (2.48) is a 

normalized Gaussian function of dynamic displacement R with width (√4𝐷𝑡 ) increasing 

as time proceeds as shown in Figure 2.20 in one dimension (x-direction) [23].  
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Figure 2.20. The behavior of the average propagator �̅�(𝑋, 𝑡) in the case of finite 

velocity 𝑣𝑋, with increasing time from left to right.  

 

 

The Block-Torrey Equation for Diffusion and Flow 

 

In 1956, Torrey modified the basic Bloch equations (equation (2.14)) by adding 

additional terms to incorporate the effect of molecular self-diffusion and velocity 

advection on the magnetization M [24]. The self-diffusion and flow is expressed as a 

‘transport of magnetization’, M(r, t), which is treated as a fluid in Eulerian space. The 

Bloch equations after adding the new terms are known as the Bloch-Torrey equations and 

the x-component is given by 

𝐷𝑀𝑥

𝐷𝑡
= 𝛾𝑀𝑦(𝐵0 − 𝜔

𝛾⁄ ) −
𝑀𝑥

𝑇2
+ ∇ ∙ 𝐷 ∙ ∇𝑀𝑥   (2.49)   

or 

𝜕𝑀𝑥

𝜕𝑡
= 𝛾𝑀𝑦(𝐵0 − 𝜔

𝛾⁄ ) −
𝑀𝑥

𝑇2
+ ∇ ∙ 𝑫 ∙ ∇𝑀𝑥 − (𝐯 ∙ ∇)𝑀𝑥   (2.50) 

where 𝐷 is the diffusion tensor. For simplicity, the self-diffusion scalar coefficient, D, is 

used. By neglecting the effects of the static magnetic field, B0, equation (2.50) in the 

rotating frame will become 

X 

𝑣𝑋𝑡 

(4𝐷𝑡)1/2 
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𝜕𝑀+

𝜕𝑡
= −𝑖𝛾𝐫 ∙ 𝐠∗(𝑡)𝑀+ −

𝑀+

𝑇2
+ 𝐷∇2𝑀+ − (𝐯 ∙ ∇)𝑀+  (2.51) 

where M+ = Mx + iMy, is the complex transverse magnetization that is a function of both r 

and t. The solution of equation (2.51) that satisfies the condition for a gradient 

echo ∫ 𝐠∗(𝑡′)𝑑𝑡′ = 0
𝑡

0
 [23], is 

𝑀+(𝐫, 𝑡) = 𝐴(𝑡) exp (−𝑖𝛾𝐫 ∙ ∫ 𝐠∗(𝑡′)𝑑𝑡′ 
𝑡

0

) exp (−𝑡
𝑇2

⁄ )  (2.52) 

 where A(t) is a function of t only and known as a complex modulation factor with a 

modulus less than unity, the first exponential term is the phase factor that becomes unity 

at the echo center, and the second exponential term represents the spin-spin relaxation. 

The substitution of equation (2.52) into equation (2.51) leads to 

𝜕𝐴(𝑡)

𝜕𝑡
= − [𝐷𝛾2 (∫ 𝐠∗(𝑡′)𝑑𝑡′ 

𝑡

0

)

2

− 𝑖𝛾𝐯 ∙ ∫ 𝐠∗(𝑡′)𝑑𝑡′ 
𝑡

0

] 𝐴(𝑡)  (2.53) 

Solving for A(t) [24, 25]  

𝐴(𝑡) = exp [−𝐷𝛾2 ∫ (∫ 𝐠∗(𝑡′′)𝑑𝑡′′ 𝑡′

0
)

2

𝑑𝑡′𝑡

0
] exp [𝑖𝛾𝐯 ∙ ∫ ∫ 𝐠∗(𝑡′′)𝑑𝑡′′𝑑𝑡′𝑡′

0

𝑡

0
]   (2.54)    

Under the echo condition, A(t) is equal to the normalized echo attenuation E(t). 

While at any other time, the complex magnetization in equation (2.52) is then not only 

dependent on A(t), but also on an additional time-dependent term which is the phase 

factor that arises from spin dephasing under the effect of the magnetic field gradient. 

Therefore, the Bloch-Torrey equation is usually used to evaluate the NMR signal only at 

the echo center. 
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Pulse Gradient Spin-Echo NMR for Motion Encoding  

 

A noninvasive technique to measure molecular translational motion, whether the 

motion is due to molecular self-diffusion, coherent velocity, or dispersion, is the pulse 

gradient spin-echo (PGSE) [26]. The basic sequence of the PGSE experiment was first 

demonstrated by Stejskal and Tanner in 1965, as depicted in Figure 2.21. The first RF 

pulse (90𝑥
° ) excites the spins from their equilibrium state and tips them into the transverse 

plane.  

 

 
 

Figure 2.21. Schematic of the pulse gradient spin-echo (PGSE) sequence. 𝑔, δ, 𝑔∗, and Δ 

are the gradient amplitude, gradient pulse duration, the effective gradients, and the time 

between gradient pulses (observation time), respectively. The spin-echo forms at time 2τ.   

 

 

The application of the first gradient pulse with amplitude 𝑔 and duration δ, 

effectively dephases the spins in the transverse plane and causes a phase shift of 𝛾𝛿𝑔 ∙ 𝐫. 

During this time the initial position, r, is encoded. Note that δ is chosen to be short 

enough, typically from 100 µs to 5 ms, so the spin translational motion during the 
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application of the gradient can be neglected. Thereafter, a 180𝑦
°  RF pulse is applied to 

reverse the direction of the spin precession. Then, a second magnetic field gradient pulse 

with the same amplitude 𝑔 and duration δ as the first but with an effectively opposite 

direction due to the effect of the 180𝑦
°  refocusing RF pulse, is imposed to rephase the 

spins. If the spins have not moved (e.g. no flow) and the effect of diffusion is ignored 

during the observation time Δ (about 1 ms to 1 s), the second gradient pulse will cancel 

out the effect of first gradient pulse, yielding zero net phase shift. However, if spins have 

migrated during the time Δ to position 𝐫′, there will be a net phase shift of 𝛾𝛿𝑔 ∙ (𝐫′ − 𝐫). 

In this case, velocity can be determined as this displacement divided by the observation 

time.  

Now, the spin echo amplitude at its center at gradient 𝑔, 𝑆(𝑔), divided by that at 

zero gradient, 𝑆(0), is defined as the normalized echo signal E(𝑔) and is equal to 

𝐸(𝑔, ∆) =  
𝑆(𝑔)

𝑆(0)
= ∫ 𝜌(𝐫) ∫ 𝑃(𝐫|𝐫′, ∆) exp[𝑖𝛾𝛿𝑔 ∙ (𝐫 − 𝐫′)]𝑑𝐫′𝑑𝐫  (2.55)   

Equation (2.55) has a very similar form to equation (2.24) that is used to define 

the signal in k-space MR imaging. Therefore, it is convenient to define a reciprocal space 

vector, q, that is used to describe the MR motion encoding, where [27] 

𝐪 =  
𝛾𝛿𝑔

2𝜋
   (2.56)   

in units of cyclic spatial frequency, m-1. In practice, q-space is analogous to k-space, but 

this space is conjugate to the dynamic displacement R = (𝐫 − 𝐫′), whereas k-space is 

conjugate to the spin position r.   

Now equation (2.55) can be rewritten as 
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𝐸(𝐪, ∆) =  ∫ 𝜌(𝐫) ∫ 𝑃(𝐫|𝐫′, ∆) exp[𝑖2𝜋𝐪 ∙ (𝐫 − 𝐫′)] 𝑑𝐫′𝑑𝐫  (2.57)   

Obviously, the phase shifts of equation (2.57) depend only on the dynamic 

displacement R, thus by using the average propagator definition given in equation (2.41), 

then  

�̅�(𝐑, ∆) = ∫ 𝜌(𝐫) 𝑃(𝐫|𝐫 + 𝐑, ∆) 𝑑𝐫  (2.58)     

 It is easy to see that the normalized signal given in equation (2.57) can be 

expressed as a function of q as    

𝐸(𝐪, ∆) =  ∫ �̅�(𝐑, ∆) exp[𝑖2𝜋𝐪 ∙ 𝐑] 𝑑𝐑  (2.59)   

Equation (2.59) represents a Fourier transform relationship between 𝐸(𝐪, ∆) 

and �̅�(𝐑, ∆). This means, whereas the Fourier transformation of the NMR signal acquired 

in k-space produces an image of the spin density, 𝜌(𝐫), Fourier transformation of the 

signal acquired in q-space gives �̅�(𝐑, ∆).  

Now, turning our attention to the phase shift accumulated as given by equation 

(2.35), it is clear that for the PGSE sequence displayed in Figure 2.21 the zeroth 

moment  𝒎0 = ∫ 𝒈∗(𝑡′)𝑑𝑡′ = 0
𝑡

0
 and the net accumulated phase shift, ∅(𝑡) is 

independent of starting spin position. Whereas, for a uniform flow with a constant 

velocity 𝒗 and without acceleration, the first moment  𝒎1 = ∫ 𝑡′𝒈∗(𝑡′)𝑑𝑡′𝑡

0
= 𝒈𝛿∆, and 

the net accumulated phase shift is then [28] 

 ∅(𝑡) = 𝛾𝒗 ∫ 𝑡′𝒈∗(𝑡′)𝑑𝑡′ = 𝛾𝒗𝒈𝛿∆
𝑡

0

   (2.60) 
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Clearly the velocity can be calculated by computing the phase shift and because 

the NMR signal is complex, the net phase shift is given by  

∅ = 𝑡𝑎𝑛−1 (
𝐼𝑚[𝑆(𝑡)]

𝑅𝑒[𝑆(𝑡)]
)   (2.61) 

where Im and Re represent the imaginary and the real part of signal (see equation (2.19)), 

respectively.  

Of course, any inhomogeneities in the static magnetic field B0 can add an extra 

contribution to the phase shift that cannot easily be separated. The solution is to perform 

the PGSE experiment at multiple strengths of the gradient g and the velocity can be 

calculated from the relative phase shift between successive measurements.   

 

The Stejskal-Tanner Relation 

 

The PGSE method is also a valuable tool to measure the self-diffusion coefficient, 

D. By applying the magnetic field gradient pair along the z-axis direction, the average 

displacement propagator for self-diffusion, given by equation (2.42), becomes 

�̅�(𝑍, ∆) = (4𝜋𝐷∆)−
3
2 𝑒𝑥𝑝 (−

𝑍2

4𝐷∆
)     (2.62) 

while equation (2.59) may be rewritten as 

𝐸(𝐪, ∆) =  ∫ �̅�(𝑍, ∆) exp[𝑖2𝜋𝐪 ∙ 𝑍] 𝑑𝑍
∞

−∞

  (2.63)   

Combining equation (2.62) and (2.63) yields   

𝐸(𝐪, ∆) =  ∫ (4𝜋𝐷∆)−
1
2 𝑒𝑥𝑝 (−

𝑍2

4𝐷∆
) exp[𝑖2𝜋𝐪 ∙ 𝑍] 𝑑𝑍

∞

−∞

  (2.64)  

By solving this integral, the normalized echo signal for diffusion will be 
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𝐸(𝐪, ∆) =  exp(−4𝜋2𝐪𝟐𝐷∆)  (2.65) 

In 1965, Stejskal and Tanner [29] further developed the PGSE technique for 

measuring the self-diffusion coefficient by accounting for the effect of varying the 

magnetic field gradient, 𝑔. They calculated a correction for the diffusion time of –δ/3, so 

the well-known Stejskal-Tanner for the attenuation of the echo amplitude is now 

𝐸(𝐪, ∆) =  exp [−4𝜋2𝐪𝟐𝐷 (∆ −
𝛿

3
)]  (2.66) 

In the case of the narrow gradient pulse approximation, δ is assumed small 

enough compared with Δ (
𝛿

3
≪ ∆), therefore the correction term for the diffusion time 

(δ/3) in equation (2.66) can be neglected. The attenuation of the echo arises because of 

the incoherent nature of the phase shift due to the self-diffusion [23]. The self-diffusion 

coefficient can be extracted from the slope due to the linear relationship that results when 

the natural log of the normalized echo attenuation is plotted as a function of squared 

gradient amplitude [30]. Figure 2.22 shows an example of a Stejskal-Tanner plot. 

 

                                                      
 

Figure 2.22. The Stejskal-Tanner plot. The self-diffusion coefficient, D is the slope of the 

blue line. 

 

 𝑙𝑛|𝐸(𝐪, ∆)| 

−4𝜋2𝐪𝟐(∆ − 𝛿
3⁄ ) 

𝐷 
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Suppose that there is an additional coherent motion due to flow with a uniform 

velocity v. Now the signal attenuation is a combination of the phase shift effect due to 

bulk flow and the attenuation which arises from random diffusion, which is given by 

𝐸(𝐪, ∆) =  exp [𝑖2𝜋𝐪 ∙ 𝒗∆ − 4𝜋2𝐪𝟐𝐷 (∆ −
𝛿

3
)]  (2.67) 

 

 

Pulse Gradient Stimulated Echo (PGStE) 

 

The NMR pulse field gradient stimulated echo (PGStE) is a useful technique to 

measure the translational diffusion coefficient, D, in systems where the longitudinal 

relaxation time T1 exceeds spin-spin relaxation time T2 [31]. In fact the T1 relaxation time 

does not affect the NMR signal, whereas, T2 relaxation occurs in the transverse plane and 

causes the loss of the spins phase coherence that can affect the observation of the echo 

due. The diffusion measurements can therefore be limited by T2 especially when T1≫T2. 

In order to lessen the influence of T2 relaxation on the NMR signal, the magnetization 

can be stored on the z-axis, far away from the effect of T2 process or the inhomogeneity 

of the B1 field [22]. Thus, the information of the spin phases can be stored some time 

interval along the longitudinal direction, where only T1 process occurs by applying three 

90˚ pulses as shown in Figure 2.23. The PGStE is similar to PGSE, involving a pair of 

field gradient pulses, of the duration δ and amplitude 𝑔 but rather than the single 

refocusing 180˚ pulse, the PGStE uses two 90˚ pulses. After exciting spins by the first 90𝑥
°   

RF pulse, the transverse magnetization is stored by rotating it on the negative z-axis using 

an additional 90𝑥
°  pulse. The magnetization that is stored on the negative z-axis will not 
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decay by T2 process or by the effect of an inhomogeneous field. The third 90𝑥
°  pulse 

returns the longitudinal magnetization again in the transverse plane and an echo is 

formed. 

 

 
 

 

Figure 2.23. Schematic diagram for the pulse gradient stimulated echo (PGStE) 

sequence.  
 

 

Velocimetry 

 

 

In the previous section, the principle concept of NMR measurement of 

translational motion was introduced. Here the capability of NMR to measure spatially 

resolved displacement is demonstrated. NMR “velocimetry” is a combination of the 

NMR PGSE technique and imaging methods that can be used for encoding spins with 

respect to position and displacement, obtaining a velocity map. This technique has been 

addressed in detail by Callaghan [13]. Velocimetry has the ability to study and provide a 

variety of information on steady and transient flow, including local phenomenon such as 

shear banding [32]). In addition, this technique can be used to give insight into the 
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molecular orientation and organization of the fluid-structure [33]. Therefore, velocimetry 

has seen wide engineering and medical applications as a technique for mapping of the 

local velocity field in homogenous and heterogeneous systems. For instance, this method 

has been used to study a Newtonian fluid undergoing laminar flow inside a cylindrical 

capillary [27], and a non-Newtonian fluid in a porous media [34].  

 A standard pulse sequence for encoding velocity image is shown in Figure 2.22. 

It is the NMR PGSE in the narrow-pulse approximation combined with a 2D imaging 

sequence using read and phase encoding and slice selection. After the 90˚ RF pulse, all 

spins will be excited and started in phase. As in Figure 2.24 the first field gradient of the 

pair for velocity encoding (q-space acquisition) with amplitude 𝑔 and duration δ is then 

applied. The narrow gradient pulses of PGSE is drawn on a separate line, while in reality 

it will be applied along any of the three directions (read, phase, or slice).  

 



54 

 

 
 

Figure 2.24. Schematic of the typical pulse sequence for mapping velocity profile, see 

also [23].  

 

 

Note that if Δ is long it is appropriate to use a stimulated-echo version instead of 

spin echo. It is clear that the normalized signal in this case is modulated in both k- and q-

space, where 

𝑆(𝐤, 𝐪) =  ∫ 𝜌(𝐫) (∫ �̅�(𝐑, ∆) exp[𝑖2𝜋𝐪 ∙ 𝐑] 𝑑𝐑) × 𝑒𝑥𝑝(𝑖2𝜋𝐤 ∙ 𝐫) 𝑑𝐫  (2.68)   

where �̅�(𝐑, ∆) is the average propagator of each pixel in the image. In addition to 

velocity imaging, this method will provide information about the stochastic motion due to 

self-diffusion. By using multiple encoding steps in q-space (or in short, q-steps), the 

complete propagator at each pixel in the image can be measured. This approach provides 

detailed information, but at the same time is time-consuming. Therefore to acquire a fast 
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velocity image, it is usually convenient to trade away some of this detail by acquiring 

only two images using two different q-steps ( 𝑔1 and 𝑔2). In this case, the velocity, v, in 

each pixel is measured by determining the residual phase shifts  

at each pixel in the image associated with each of these two different velocity encoding 

gradient values [35] , as 

𝒗 =  
∅1 − ∅2

𝛾(𝑔2 − 𝑔1)𝛿∆
  (2.69) 

where ∅1 and ∅2 are the phase shift at the first and the second velocity encoding 

gradients, 𝑔1, and  𝑔2, respectively. Usually, the two images are acquired, one without 

velocity encoding gradient (q = 0, or 𝑔1 = 𝑔𝑚𝑎𝑥) and one with finite value (q = 1, or 𝑔2 =

 ±
1

2
𝑔𝑚𝑎𝑥). Thus, the denominator of equation (2.69) often has one gradient value. At this 

point, it is important to note that the direction of the velocity measured is dependent on 

the direction of the gradient. In analogy to position encoding, the displacement encoding 

(velocity resolution) also depends on the field of flow (FOF) [20], which is given by 

𝐹𝑂𝐹 =  
𝑛 − 1

2

2𝜋

𝛾𝑔𝑚𝑎𝑥𝛿∆
  (2.70) 

where n is the number of q-steps. Which means that if velocities exist outside the FOF, 

velocity image artifacts arise.  

 

Fluctuations and the Velocity Autocorrelation Function (VACF) 

 

NMR imaging techniques are well established for probing fluids within different 

media and can be used to characterize the flow patterns and study the influence on the 

microstructure and the properties of the fluid [36].  As an example, NMR is capable of 
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quantifying the statistical fluctuations in turbulent flow and is able to produce spatial 

maps of complex flow phenomenon and properties [37]. The turbulent fluctuations in 

velocity is an important problem in fluid mechanics which has been studied by numerous 

techniques ( for example, see Cowan [38]). Undergoing turbulent flow, velocity 

fluctuations result in an additional phase variance. In order to model the turbulent 

fluctuations of velocity, kinetic theory and the Brownian motion concept are used [39]. If 

the velocity of a particle is recorded at point r, v(t), as shown in Figure 2.25, the random 

fluctuation velocity, v'(t) is then 

𝒗′(𝑡) =  𝒗(t) − < 𝒗 >   (2.71) 

 

                 
 

Figure 2.25. The time-dependent velocity at point r. 

 

 

where ˂ v ˃ is the temporal mean velocity, that is given by 

< 𝒗 > = lim
𝑇→∞

(
1

𝑇
∫ 𝒗(𝑡)

𝑇

0

𝑑𝑡) (2.72) 

Equation (2.71) is commonly called a Reynolds’ decomposition. The simplest 

time-correlation function to describe the dynamical correlation between the velocity at 
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time t = 0, and the velocity at all later times, t, is the velocity autocorrelation function 

(VACF), 〈𝒗(𝑡) ∙ 𝒗(0)〉 [40]. As time increases, the velocity autocorrelation function 

decays and many approximations have been made to describe the time decay of VACF 

[41-43].  One simple model assumes that the VACF exponentially decays with a single 

relaxation time [44], as  

〈𝒗(𝑡) ∙ 𝒗(0)〉 = 〈𝒗2〉 𝑒𝑥𝑝(−𝑡/𝜏𝑐) (2.73) 

where 𝜏𝑐 is the correlation time, that is defined [23] as 

𝜏𝑐 = ∫ (
〈𝒗(𝑡) ∙ 𝒗(0)〉 − 〈𝒗〉2

〈𝒗2〉 − 〈𝒗〉2
)

∞

0

𝑑𝑡  (2.74) 

 

       
 

Figure 2.26. The autocorrelation function obtained from the ensemble average of 𝑣(𝑡) ∙
𝑣(0). 

 

 

Equation (2.73) shows that the VACF at t = 0 is simply equal to the mean squared 

velocity, 〈𝒗2〉, as indicted in Figure 2.26. 
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CHAPTER THREE 

 

 

WORMLIKE MICELLES 

 

 

Introduction 

 

 

Soft matter is a subfield of condensed matter physics that covers a wide range of 

systems, including surfactant assemblies, liquid crystals, colloids, emulsion, gels, foams, 

and suspensions. Such soft matter systems often display combined rheological properties 

of solids and liquids [45].  Complex fluids are a subgroup of soft matter and refers to 

systems that have complex material responses to deformation, making their flow behavior 

difficult to model. Many of these complex fluids are viscoelastic, in which they behave as 

solid at a short time scale and as a liquid at a long time under deformation. Wormlike 

micelles (WLMs), formed by self-assembly of surfactant molecules in aqueous solutions 

in the appropriate conditions, are the type of viscoelastic complex fluid studied in this 

thesis[46]. In this chapter, the molecular structure, the formation, and the linear and 

nonlinear rheology of these micelles are reviewed. Additionally, the conservation 

equations that govern the behavior of the WLMs under Couette flow are introduced at the 

end of this chapter. 

 

The Molecular Structure and Formation of WLMs 

 

Micelles are self-assembled aggregates of surfactant molecules in solution. 

Surfactants are amphiphilic molecules (or amphiphiles) composed of a short and bulk 

hydrophilic (water-loving) group, called the “head group” and a long hydrophobic 
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hydrocarbon (water-hating) chain, typically 8-18 carbon atoms long, called the “tail” 

[47].  When the solution has water, the amphiphilic molecules tend to form self-

assembled aggregates to minimize the contact of their hydrophobic tails with water [48]. 

Surfactants (monomers) are commonly classified based on the charge of their polar head 

groups, which can be anionic, cationic, nonionic, and zwitterionic (or amphoteric). The 

anionic surfactant’s head group carries a negative charge. This kind of surfactant is 

widely used as an active ingredient in many detergents. Whereas, cationic surfactants 

have positively charged head groups, and even though they are less common, they are 

extremely useful for some specific uses (e.g., they are often used in the preparation of 

WLMs). With nonionic surfactants, the head group carries no charge, while the head 

group of a zwitterionic surfactant carries both negative and positive charge. Nonionic and 

zwitterionic surfactants are usually used in pharmaceuticals and cosmetics [49].  

Table 3.1 shows an example for each surfactant class. Micellization or micelle 

formation depends on different factors, the most important of which are concentration 

and temperature. 

 

Table 3.1. Surfactants classes with common examples. 

Kind of 

surfactant 

Example 

Common 

name 

Structure 

Anionic  Sodium stearate Soap 

 

O 

O- 

C 
Na+ 
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The concentration where spherical micelles start to form in aqueous solvents is 

called the critical micelle concentration (CMC) and the value depends on the type of 

surfactant monomers. For example, the CMC for CPCl in aqueous NaCl is 0.12 mM [50]. 

The lowest temperature at which micellization occurs is called the “Krafft temperature”. 

This temperature can be constant or can vary considerably with concentration.  For 

example, cetyltrimethylammonium bromide (CTAB) in water varies from 20˚C [51, 52] 

to 25˚C [53, 54].  The “Krafft point” is the region around the Krafft temperature and 

slightly above the CMC where micelles start to form. At the Krafft point or Krafft 

temperature, the solubility of the ionic surfactants in solution starts increasing strongly. 

 

Cationic 

Cetylpyridiniu

m chloride 

 

CPCl 

 

Nonionic 

Glycerol 

monolaurate 

 Monolaurin  

Zwitterionic Amine oxide N-oxide  

O- 

N+ 

Cl- 

N+ 

O 

O O

O
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Figure 3.1. The temperature and concentration dependency of surfactant phase transition 

(adopted from [55, 56]). 

 

 

Thus, the Krafft point represents a triple point of the phase transition of 

surfactant, the solubility curve, and the CMC curve [55], as shown in Figure 3.1. As the 

surfactant concentration increases above the CMC, surfactants can build up various 

shapes of structures. For instance, spherical micelles change to rod-shaped micelles (or 

WLMs) at a surfactant concentration sometimes known as the CMC II. Unlike the CMC 

that is almost independent of temperature, the CMC II increases with the increasing of 

temperature, see Figure 3.1[56].  

Typically, the shape of the surfactant aggregates depends on a dimensionless 

molecular parameter which is defined as the critical packing (or shape) parameter (p 

=Ɐ/ℓa), where Ɐ is the volume occupied by the surfactant tail, ℓ is the maximum effective 

length of tail, and a is the effective cross-sectional area of the head group. Figure 3.2 
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provides a schematic illustration of the variables which define the critical packing 

parameter of surfactant molecules. 

 
 

Figure 3.2. Schematic of a surfactant molecule, defining the critical packing parameter 

(adopted from [57]). 

 

 

When p ≤ 1/3, only spherical micelles exist. If 1/3 ≤ p ≤ 1/2, cylindrical (WLMs) 

aggregations are expected. For the packing parameter value, 1/2 ≤ p ≤ 1, planar 

aggregates (vesicles) are most likely, whereas, bilayer aggregates form at p ˃ 1 [58]. 

 

Phase Transition of WLMs 

 

Depending upon the surfactant concentration, Csurf, the wormlike micelles exist in 

different regimes: dilute, semidilute, concentrated, nematic, and hexagonal, as shown in 

Figure 3.3. In the dilute regime, close to the CMC, micelles are very short. Their lengths 

are much smaller than their mean distance of separation and an individual micelle cannot 

feel the influence of surrounding micelles. Therefore a dilute solution has a viscosity 

close to that of the solvent and behaves usually as a Newtonian fluid which is shear rate-

independent [59, 60].   

As the surfactant concentration increases, micelles grow to be long and semi-

flexible or flexible (depending on the system) wormlike micelles with constant cross-

sectional area (typical radii are ~ 20-25 ˚A) [61, 62]. 
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Figure 3.3. Schematic shows the phase transition of the different concentration regimes 

encountered in WLMs solutions with increasing surfactant concentration (adopted from 

[63]). 

 

 

At a high enough surfactant concentration, called the overlap concentration, C*, 

the solution is in the semi-dilute regime and the wormlike micelles start to overlap and 

entangle with one another [64]. As the concentration increases above C*, they become 

more elongated and entangled, resulting in pronounced viscoelastic networks. In this 

case, the flexible WLMs act like entangled polymers but with an additional ability to 

break and reform, which will be discussed in the following section. Typically, the 

average length of wormlike micelles in aqueous solutions can approach several microns 

and therefore they are known as “giant micelles”, and sometimes as “living polymers” 

[65].  

The transition from flexible into stiff WLM structures is characterized by a 

critical dimension called “persistence length”. The persistence length, ℓp, is the maximum 

length the WLM can reach before becoming rigid, which is equal to (𝓌/𝑘𝐵𝑇), where 𝓌 
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is the bending modulus for these 1D aggregates [62]. If the ℓp is much smaller than the 

average length of the WLMs chain (the contour length), �̅�, the WLMs aggregate is still 

flexible. Whereas, if ℓp > �̅�, a rigid rod is obtained. The typical ℓp values for flexible 

aggregates are usually of the order of 10 - 100 nm [66]. In the concentrated regime, 

wormlike micelles form tight entanglements that are initially in an isotropic phase 

without long-range orientational order. As concentration keeps increasing, ordered phases 

can arise such as nematic, hexagonal, and cubic, which show very high viscous resistance 

due to the stiffness of the structures.  

It is also important to know that salt concentration, Csalt, plays a significant role in 

the WLMs phase transitions. In 1951 Debye and Anacker discovered that the addition of 

an inorganic salt, potassium bromide, to n-hexadecyltrimethylammonium bromide in 

aqueous solution caused micelles to increase in size [67].  At a later time, Gravsholt 

reported that some additives, such as salicylate and chlorobenzoate counterions, can 

efficiently promote uniaxial micelle growth [68]. Since then, extensive investigations 

have shown that organic or inorganic salts like sodium chloride (NaCl) and sodium 

salicylate (NaSal) provide constant electrostatic screening for the ionic surfactants system 

and thereby accelerate the micelles reformation processes, form extremely long WLMs 

chains, and give rise to viscoelasticity [69-72]. One should keep in mind, although the 

addition of salt prompts aggregation, adding an excess amount of salt can induce 

crosslinking and affect the rheological behavior of the WLMs system [50, 73].  

The WLMs system in this thesis is made of cetylpyridinium chloride (CP+, Cl-) 

and sodium salicylate (Na+, Sal-) in 0.5 M NaCl brine at total surfactant concentration ϕ = 
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6% (in weight %, or wt. %) with molar ratio R = Csalt/Csurf = 0.5. This concentration lies 

in the semidilute concentration regime, between the overlap concentration (3 wt. %) and 

far from the isotropic to nematic transition that occurs at ϕ = 20 wt. % [74, 75]. 

 

Kinetics of WLMs 

 

Micelles are fragile and dynamic aggregations that are consistently formed and 

destroyed. Under ideal conditions, this dynamic situation can be described by two 

different relaxation processes: the exchange of monomers and the breaking and 

recombination of the micelles. The first mechanism is a simple diffusion process that is 

related to the association-dissociation exchange of monomeric surfactant molecules 

between micelles and surfactant in solution [66], as shown in Figure 3.4. This is a fast 

process compared to the second micellization-dissolution relaxation mechanism which 

gives the average lifetime of aggregates. 

 

 
 

Figure 3.4. (a) The exchange process of surfactant monomer between micelles and 

surfactant molecules in solution. (b) The breaking-recombination process of WLMs. 
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In the second relaxation mechanism, wormlike micelles generally break into two 

smaller micelles or, inversely they fuse and reconnect with a second micelle and form a 

single micelle. This complicated interaction process is characterized by the relaxation 

time constant called the “average lifetime” or “breaking time” [72]. The breaking time, 

𝜆𝑏𝑟𝑒𝑎𝑘, represents the time that the rod-shaped micelle is needed to break into two pieces 

and it dependents on different parameters, such as the number of WLMs in solution, ionic 

strength, and chain length [66]. 𝜆𝑏𝑟𝑒𝑎𝑘 can be computed from the inverse of the average 

contour length �̅�, as shown in the equation below [76, 77]. 

𝜆𝑏𝑟𝑒𝑎𝑘 =  
1

𝑘𝑏𝑟𝑒𝑎𝑘 �̅�
             (3.1) 

where 𝑘𝑏𝑟𝑒𝑎𝑘 is a constant. 

When a stress is imposed on their network, WLMs employ another relaxation 

mechanism. A class model from polymer theory that explains the stress relaxation and 

matches experimental observations is called the “reptation model” [66].  It is assumed 

that a flexible long polymer chain is constrained in a tube-like environment (defined by 

the neighboring chains) and cannot escape through the sides of it. To allow flow to occur, 

it slides along its own contour without interacting with other chains. This curvilinear 

diffusion (snake-like movement) of the whole aggregate through the network is known as 

“reptation”, see Figure 3.5. 
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Figure 3.5. The curvilinear diffusion (reptation) of the WLMs molecule in a given 

network (adopted from [66](. The network is defined by the other chains that standing 

perpendicular to the plan of diffusion. 

 

 

The time that the long chain is taken to curvilinear diffuse a distance equivalent to 

its own length through the entanglement tube is called the “reptation time”. The reptation 

time, 𝜆𝑟𝑒𝑝 depends on the volume concentration of the surfactants and the average 

contour length [78].  Empirically, the reptation time in wormlike micelle systems has 

been found to be much longer than the breaking time of the micelle. There are multiple 

breaking and recombining events within the time scale of observation so that there is no 

memory of the initial position and the length of chain in the tube [66].  

Therefore, under the fast-breaking conditions,  𝜆𝑏𝑟𝑒𝑎𝑘 ≪ 𝜆𝑟𝑒𝑝 , WLMs act like 

monodisperse polymers with a single relaxation time and can be characterized with a 

Maxwell model, as will be discussed in more detail in the next sections. 

 

Rheology of WLMs 

 

  

Rheology is defined as the study of deformation and flow behavior, which plays a 

significant role in understanding the material response in the real world. The basic 

experimental device to measure the rheological response is known as a “rheometer”. In 
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general, the rheometer can apply controlled stress (controlling torque) to a sample under 

investigation and measure deformation, or vice versa. Different kinds of rheometers are 

used to study extensional versus shear deformation.  

Extensional rheometers are used to measure material response to extensional 

deformation, common in industrial processes, and commonly look at high viscosity 

materials. Shear rheology can be subdivided into two categories, pressure-driven flow to 

control either the pressure or the flow rate and drag flow to shear materials between a 

moving and stationary boundary. The experimental work in this thesis focuses on 

rotational shear flow which is typically used to generate continuous shear utilizing 

symmetric geometries such as concentric cylinders (cylindrical Couette), cone and plate, 

and parallel disks. For instance, Figure 3.6 shows the cone and plate geometry used to get 

information about the rheological properties of a sample.  

 

                                
 

Figure 3.6. Schematic of a cone and plate shear geometry. 

 

 

The sample fills the gap between the cone and plate. The cone with radius R and 

angle β is moving, while the plate is stationary, and shear is produced from relative 

motion between them. In the case of a stress-controlled rheometer, the angle 

displacement Ω generated by a torque M can be measured. Whereas, in a strain-controlled 
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rheometer, one can measure the torque that is generated by Ω. For the small angle 

approximation (𝛽 <0.1), the deformation is uniform through the sample [79] and shear 

strain 𝛾 is  

𝛾 = Ω/𝛽           (3.5) 

The shear stress is also uniform and can be calculated from the measured torque 

(in spherical coordinates) using 

𝜎 = 𝑀/2𝜋𝑅3           (3.6) 

There are two types of shear rheology to study the behavior of viscoelastic 

materials, linear and nonlinear rheology, and these will be discussed in the next section. 

Nonlinear rheology measures the material response under steady shear.    

 

  Linear Viscoelastic Rheology of WLMs 

 

Linear rheology, or oscillatory rheology, is a standard experimental tool that can 

be used to measure the linear response of the material by applying a small deformation 

that varies sinusoidally with time. The viscoelastic fluid properties, the viscoelastic 

moduli, are measured with linear rheology. In a typical experiment, a small time 

dependent oscillatory strain (or stress) of form 𝛾(𝑡) = 𝛾0 sin(ωt) is imposed on the 

sample, where 𝛾0 and 𝜔 are the amplitude and the frequency of oscillation. 

Simultaneously, the resulting time dependent response of stress (or strain) is measured, 

which can reveal key differences between mechanical behavior of materials, as shown in 

Figure 3.7. 
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Figure 3.7. Schematic representation of a time dependent stress response to oscillatory 

strain deformation for (a) elastic Hookean solid, (b) viscous Newtonian liquid, and (c) 

viscoelastic material. Where δ is the phase angle. Adopted from [80]. 

 

 

For a purely elastic Hookean solid, the time dependent stress is proportional 

linearly to the strain, i.e.,  

𝜎(𝑡) = 𝐺 γ(𝑡) = 𝐺 𝛾0 sin(𝜔𝑡)      (3.7) 

where the proportionality constant 𝐺 called the shear modulus. As indicated by Figure 

3.7a, the stress is always in phase with the imposed strain (phase angle δ = 0). Whereas 

for a purely viscous Newtonian liquid the stress is out of phase with the deformation 

δ = 0 

strain 

stress 

δ = 
𝜋

2
 

(b) 

strain 

stress 

(a) 

0 < δ < 
𝜋

2
 

strain 

stress 

(c) 
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strain (δ = π/2), as shown in Figure 3.7b. In this case, stress is proportional to the strain 

rate (note that the strain rate is just the time derivative of strain) as   

𝜎(𝑡) = 𝜂𝛾 ̇ = 𝜂𝛾0𝜔 𝑐𝑜𝑠(𝜔𝑡)    (3.8) 

where 𝜂 is the liquid viscosity. The viscoelastic materials exhibit an intermediate 

response between that of solid and liquid, therefore, the total stress shows both in phase 

and out of phase responses with the applied strain deformation (see Figure 3.7c) [81]. In 

general, these responses can be represented in terms of the storage modulus, 𝐺′(ω), to 

characterize the solid-like contribution response, and the loss modulus, 𝐺′′(ω), which 

represents the liquid-like stress response contribution, hence [82] 

𝜎(𝑡) = 𝐺′(ω)𝛾0 sin(𝜔𝑡) + 𝐺′′(ω)𝛾0𝜔 𝑐𝑜𝑠(𝜔𝑡)    (3.9) 

Consider now the rheological behavior of viscoelastic WLMs system which can 

be described as mentioned previously by a simple Maxwell model under low frequency 

conditions. The Maxwell model assumes that a Hookean spring and Newtonian dashpot 

are placed in series. The elastic properties are given by a spring element and correspond 

to a plateau modulus 𝐺0. The viscous behavior is represented by a dashpot with a 

constant zero-shear viscosity 𝜂0 [66], as shown in Figure 3.8.  

 

                                                         
 

Figure 3.8. Mechanical representation of the Maxwell model of viscoelasticity. 

 

 

G0 η0 



75 

 

The stress transmitted through the two elements at a given strain is constant. If the 

individual strain rates or “shear rates” of the spring and dashpot are �̇�1 and �̇�2, 

respectively, then the total shear rate �̇� will be 

�̇� = �̇�1 +  �̇�2  =
𝑑𝛾1

𝑑𝑡
+

𝑑𝛾2

𝑑𝑡
   (3.10) 

By using the Hooke’s law of elasticity (𝜎 = 𝐺0 𝛾) and Newton’s law of viscosity 

(𝜎 = 𝜂0 �̇�) [83], one can easily obtain 

𝜎 + 𝜆𝑅 �̇� = 𝜂0 �̇�   (3.11) 

where, �̇� =
𝑑𝜎

𝑑𝑡
.  

For a simple experiment where a constant strain is applied, solving equation 

(3.11) gives a stress, 𝜎, that decays as a purely mono-exponential function with a single 

stress relaxation time, 𝜆𝑅, as [76]. 

𝜎(𝑡, 𝛾) = 𝜎(0, 𝛾) exp[−(𝑡/𝜆𝑅)]           (3.12) 

where the relaxation time constant 𝜆𝑅 for this model is obtained using the following 

equation. 

𝜆𝑅 = 𝜂0/𝐺0   (3.13) 

In the rapid breaking regime 𝜆𝑏𝑟𝑒𝑎𝑘 ≪ 𝜆𝑟𝑒𝑝 , the viscoelastic behavior of the 

WLMs network is characterized by a Maxwell model at low frequency, 𝜔𝜆𝑏𝑟𝑒𝑎𝑘
−1 ≪ 1 

with a stress relaxation time  

𝜆𝑅 = (𝜆𝑏𝑟𝑒𝑎𝑘𝜆𝑟𝑒𝑝)1/2           (3.14) 

The relaxation modulus that describes the decay of stress after the onset of shear 

strain G (𝑡, 𝛾) (note that initially only the spring will deform) is defined by [84] 
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𝐺(𝑡, 𝛾) = 𝜎(𝑡, 𝛾)/𝛾               (3.15) 

then 

𝐺(𝑡, 𝛾) =
𝜎(0, 𝛾)

𝛾
exp [− (

𝑡

𝜆𝑅
)] =  𝐺0  exp [− (

𝑡

𝜆𝑅
)]            (3.16) 

However, for small strain oscillatory simple shear with  an imposed strain of the 

form  

𝛾(𝑡) = 𝛾0 sin (ωt)  (3.18) 

and strain rate 

�̇�(𝑡) = 𝛾0ω cos(ωt)  (3.19) 

the stress response in equation 3.11 can be written as [85]  

𝜎 + 𝜆𝑅 �̇� = 𝜂0 𝛾0ω cos(ωt)   (3.20) 

This linear first-order equation has the solution 

𝜎(𝑡) =  
𝜂0𝜔𝛾0

1 + 𝜔2𝜆𝑅
2 [𝜔𝜆𝑅 sin(ωt) + cos(ωt)]   (3.21) 

Using equation (3.13) and rearranging equation (3.21) yields 

𝜎(𝑡) = 𝛾0[𝐺′(ω) sin(ωt) + G′′(ω) cos(ωt)]   (3.22) 

where 𝐺′(ω) is the elasticity or the storage modulus and 𝐺′′(ω) is the viscous or the loss 

modulus that are mentioned earlier in this section and are expressed as: 

𝐺′(ω) = 𝐺0

𝜔2𝜆𝑅
2

1 + 𝜔2𝜆𝑅
2    (3.23) 

𝐺′′(ω) = 𝐺0

𝜔𝜆𝑅

1 + 𝜔2𝜆𝑅
2    (3.24) 

 𝐺′(ω) approaches the plateau modulus, 𝐺0, at the high frequency range. If the loss 

modulus (𝐺′′(ω)) measured in a small amplitude oscillatory experiments, or “frequency 
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sweep experiment”, is plotted as a function of the storage modulus (𝐺′(ω)) in a so-called 

“Cole-Cole plot”, the plateau modulus 𝐺0 can be determined from a fit of the data at low 

frequency [72]. Deviation from Maxwellian behavior is seen at a high frequency. Figure 

3.9a is a simple schematic of the Cole-Cole plot. The semi-circular profile represents the 

pure Maxwell behavior and its diameter is a measure of 𝐺0.  

 

 
 

Figure 3.9. Schematic representation of the: (a) Cole-Cole plot or the loss modulus versus 

the storage modulus plot (blue symbols) with the fitting (black line). (b)  Storage 

modulus (blue symbols) and loss modulus (red symbols) as a function of frequency. The 

black solid and dash lines are obtained from Maxwell equations. 

 

 

If the experimental storage and loss moduli are plotted as a function of the angular 

frequency and the data fit with the Maxwell equations (equation 3.23 and 3.24), the 

relaxation time can be estimated from the crossover frequency ( 𝜆𝑅 = 𝜔−1), as shown in 

Figure 3.9b. 
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Non-Linear Viscoelastic Rheology of WLMs 

 

Depending on the applied shear rate, viscoelastic materials exhibit different 

nonlinear and time dependence rheological responses.  The steady state nonlinear 

rheological behavior is conventionally determined by measuring the relationship between 

shear stress and strain rate which is called the “flow curve”. When the material shows a 

linear stress response to the change in shear rate, it possesses a constant viscosity and is 

categorized as a “Newtonian fluid”, see the blue curve in Figure 3.10. The stress of a 

Newtonian fluid will increase with increasing the shear rate in accordance with Newton’s 

law of viscosity (see the previous section). 

 

                
 

Figure 3.10. Schematic representation the shear stress response as a function of shear rate 

for different kinds of fluids. 

 

However, materials that have a nonlinear flow curve, i. e. their apparent 

viscosities (shear stress divided by shear rate) do not remain constant and dependent on 

the flow conditions, such as flow geometry, are known as “non-Newtonian fluids” [83]. 

Newtonian 

Shear thickening 

Shear thinning 

Bingham plastic σ (Pa) 
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Such fluids are further subdivided into three types: shear thickening or dilatant, shear 

thinning or pseudoplastic, and viscoplastic. 

The shear thickening non-Newtonian fluid is characterized by an ability to 

rearrange its microstructure so that the resistance to flow (its apparent viscosity) increases 

with the increasing of the shear rate. For these shear thickening materials, the general 

shape of flow curve is represented by the green curve in Figure 3.10. Most of the 

common non-Newtonian fluids exhibit a shear thinning behavior, e. g., emulsions, 

polymers, and wormlike micelles, where the apparent viscosity decreases as more shear 

rate is imposed, see the red curve in Figure 3.10 [81]. Many mathematical models have 

been proposed in the literature to describe the behavior of non-Newtonian fluids [86]. 

One of most common models that is widely used to characterize fluids of these types is 

the Ostwald or power law, 

𝜎 = 𝑘�̇�𝑛      (3.25) 

𝜂 = 𝑘�̇�𝑛−1   (3.26) 

where k is a constant to measure the consistency of the fluid (the higher k  the fluid 

becomes more viscous) [87]. The constant n is used to measure the degree of non-

Newtonian behavior. Where, n = 1 is referred to the Newtonian behavior, n < 1 represents 

shear thinning, whereas n > 1 for shear thickening behavior.  

Viscoplastic or Bingham plastic materials, behave as solids and cannot be flowed 

only if the magnitude of the applied stress exceeds some critical value called the “yield 

stress”, σ0, however above this particular threshold they act as the viscous liquids. 

Typically, this kind of behavior is resulting from the sufficient rigidity of the fluid’s 
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microstructure that can resist any external stress less than σ0 [83]. The flow curve of these 

types of fluids will not pass through origin and be linear as indicated by the solid black 

line in Figure 3.10. A simple expression to describe this kind of behavior is the Bingham 

model [88] 

𝜂 = {
∞                     𝑓𝑜𝑟  𝜎 < 𝜎0

𝜂0 +
𝜎0

�̇�
          𝑓𝑜𝑟   𝜎 ≥ 𝜎0 

   (3.27) 

Equation (3.27) indicates that the Bingham fluid behaves as solid at stress lower 

than critical yield stress, therefore 𝜂 = ∞. While above σ0 and at very high shear rate 

(𝜂0�̇� ≫ 𝜎0), Bingham fluid becomes Newtonian with a viscosity 𝜂0.    

Similarly, when the imposed strain is high enough to disturb the equilibrium of 

WLM structures, WLM systems exhibit variety of nonlinear rheological features, such as 

shear-induced structure (SIS) [89-91], shear thinning [92, 93], shear thickening [59, 94, 

95], strain hardening [96, 97], and shear banding [98-100]. In this study, the shear 

banding behavior of WLMs during steady shear experiments is examined. 

 

Shear Banding of WLMs 

 

Shear banding is a phenomena where once a critical shear stress is reached, the 

flow becomes inhomogeneous, generally characterized by the material splitting into 

macroscopic bands of different viscosities, and as a result, bearing different shear rates. 

This nonlinear response is due to the coupling between the internal microstructure of the 

WLM systems and the flow. Figure 3.11 shows a schematic representation of shear 

banding behavior in a WLM system under Couette flow. Next to the moving wall, the 

micelles are oriented with respect to the flow direction and form a low viscosity high 
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shear band. This band fills a proportion α of the gap and supports a high shear rate �̇�ℎ. 

Whereas in the remaining part of the gap (1- α), the micelles remain more isotropic, 

resulting in a higher viscosity low shear band, with shear rate �̇�𝑙. 

                   

                                  
 

Figure 3.11. Schematic representation of the Couette flow and the shear banding scenario 

in WLM systems, which is predicted by Cates and coworkers  [101]. 

 

 

From the continuity of the velocity at the interface between the two bands, a 

simple lever rule can be used to describe the imposed shear rate �̇� as a function of the 

proportion α [102] 

�̇� = α �̇�ℎ + (1 − α) �̇�𝑙   (3.28) 

 Non-linear rheological measurements when shear banding occurs show a flow 

curve that exhibits a shear stress plateau σp between two critical shear rates, �̇�ℎ and �̇�𝑙.  

The shear stress plateau may have a true zero slope or an extremely small positive slope, 

as shown in  Figure 3.12 [103]. It is important to know that in some cases the stress 

plateau shows a significant slope due to the coupling of flow and fluctuations in 

concentration. In general, the increase in the slope can be described by a power 

Shear 



82 

 

low, 𝜎(�̇�) ~ �̇�𝛽, where β = 0.1 - 0.3 [3]. When the shear rate is lower than �̇�𝑙 or above �̇�ℎ, 

the system is stable with high viscosity exhibiting shear thinning behavior [104]. 

               

 
 

Figure 3.12. Schematic representation of the shear stress vs applied shear rate or the 

steady state flow curve. Stress exhibits the stress plateau σp that associates with shear 

banding and extends from �̇�𝑙 to �̇�ℎ. 

 

 

The existence of a shear stress plateau in the flow curve represents the rheological 

signature of the shear banding phenomenon. The first experimental observation of the 

stress plateau was reported by Rehage and Hoffman [66] on the CPCl/NaSal WLMs 

system. Shear banding is also widely observed in granular materials, biphasic systems, 

polymers, and liquid crystals [105-107]. Various experimental tools are combined with 

rheometry in order to study shear banding, for example, birefringence [74, 108], small 

angle neutron scattering (SANS) [109, 110], dynamic light scattering (DLS) [75], particle 

tracking velocimetry (PIV) [111], and nuclear magnetic resonance velocimetry or (Rheo-

NMR) [5, 112].  
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Figure 3.13. Illustration of the Rheo-NMR techniques, where the rheometer (the 

combination of the drive shaft and Couette shear cell) is inserted inside the NMR 

spectrometer.  

 

 

In this work we use the Rheo-NMR technique. Rheo-NMR is a powerful 

technique to monitor the behavior of WLMs subjected to shear. The term Rheo-NMR 

was introduced by Nakatani et al [113], which generally refers to combining the 

rheometer with the NMR spectrometer (for further information see chapter 2). The shear 

cell is used to deform WLMs sample inside the NMR system. This flow device is driven 

by a drive shaft which inserts in the bore of the magnet as illustrated in Figure 3.13. 

 

Time Dependent Rheology of WLMs 

 

To characterize the mechanisms of shear banding behavior of WLMs during the 

transition from transient flow to steady state, the shear stress response is recorded as a 

function of time using a startup experiment at different imposed shear rates. The shear 

rate is suddenly applied (at t = 0) to the WLMs sample at rest and the transient stress 

response is acquired. Below the critical shear rate �̇�𝑙, the stress grows monoexponentially 

Couette shear 

cell 

drive shaft 

magnet shell 
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until steady state is reached and then remains constant [66, 100]. When the imposed shear 

rate lies above  �̇�𝑙 and in the plateau region, the shear stress response exhibits an 

“overshoot” at a short time (on the 𝜆𝑅 time scale), followed by a slow relaxation towards 

a steady state value, usually over several minutes [74], as indicated by curve (a) in Figure 

3.14. The stress overshoot is typically due to the elastic response with wall slip and its 

amplitude increases significantly with increasing the applied shear rate [100, 114]. The 

slow relaxation process is a metastable state with a homogenous flow and with increasing 

shear rate it will have a sigmoidal shape and its characteristic time diminishes, see curve 

(b) in Figure 3.14. 

 

 
 

Figure 3.14. Schematic representation of the transient shear stress σ response after 

different step shear rates within the plateau region. (a) At the very beginning of the 

plateau. (b) Close to the middle of the plateau. (c) In the middle of the plateau and higher. 

Adopted from [74]. 
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At the higher imposed shear rate,  close to the end of the plateau, the shear stress 

will be dominated by damped oscillations, as shown by curve (c) in Figure 3.14 (for more 

information see [74]). 

 

Governing Equations for Rheo-NMR Experimental Geometry  

 

A cylindrical Couette shear cell or Taylor Couette (TC) geometry is used in the 

present work to create continuous Couette flow, where the WLM sample fills the annulus 

between two concentric cylinders (see Figure 3.15). The shear is applied by rotating the 

inner cylinder, called the “rotor”, with an angular velocity Ω𝑖, while the outer cylinder, 

the “stator”, is kept stationary.   

 

       
 

Figure 3.15. Simple schematic of cylindrical Couette cell geometry. 
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In general, the flowing WLMs system should obey both the conservation of mass 

and momentum, and in order to develop the governing equations that describe the flow of 

this system, some simplifying assumptions are used. First, it is assumed that the fluid is 

incompressible and so its density, ρ remains constant in time. Furthermore, the flow is 

steady, unidirectional or laminar (the case of simple shear) and isothermal. As a result, 

the equation of motion in the cylindrical coordinates (𝑟, 𝜃, 𝑧) can be written as 

𝑟-component: 

𝜌 (
𝜕𝑣𝑟

𝜕𝑡
+ 𝑣𝑟

𝜕𝑣𝑟

𝜕𝑟
+

𝑣𝜃

𝑟

𝜕𝑣𝑟

𝜕𝜃
−

𝑣𝜃
2

𝑟
+ 𝑣𝑧

𝜕𝑣𝑟

𝜕𝑧
)

=
1

𝑟

𝜕

𝜕𝑟
(𝑟𝜏𝑟𝑟) +

1

𝑟

𝜕𝜏𝜃𝑟

𝜕𝜃
+

𝜕𝜏𝑧𝑟

𝜕𝑧
−

𝜏𝜗𝜗

𝑟
−

𝜕𝑝

𝜕𝑟
+ 𝜌𝑔𝑟                        (3.29) 

𝜃-component: 

𝜌 (
𝜕𝑣𝜃

𝜕𝑡
+ 𝑣𝑟

𝜕𝑣𝜃

𝜕𝑟
+

𝑣𝜃

𝑟

𝜕𝑣𝜃

𝜕𝜃
+

𝑣𝑟𝑣𝜃

𝑟
+ 𝑣𝑧

𝜕𝑣𝜃

𝜕𝑧
)

=
1

𝑟2

𝜕

𝜕𝑟
(𝑟2𝜏𝑟𝜃) +

1

𝑟

𝜕𝜏𝜃𝜃

𝜕𝜃
+

𝜕𝜏𝑧𝜃

𝜕𝑧
+

𝜏𝜗𝑟 − 𝜏𝑟𝜗

𝑟
−

1

𝑟

𝜕𝑝

𝜕𝜃
+ 𝜌𝑔𝜃    (3.30) 

𝑧-component: 

𝜌 (
𝜕𝑣𝑧

𝜕𝑡
+ 𝑣𝑟

𝜕𝑣𝑧

𝜕𝑟
+

𝑣𝜃

𝑟

𝜕𝑣𝑧

𝜕𝜃
+ 𝑣𝑧

𝜕𝑣𝑧

𝜕𝑧
)

=
1

𝑟

𝜕

𝜕𝑟
(𝑟𝜏𝑟𝑧) +

1

𝑟

𝜕𝜏𝜃𝑧

𝜕𝜃
+

𝜕𝜏𝑧𝑧

𝜕𝑧
−

𝜕𝑝

𝜕𝑧
+ 𝜌𝑔𝑧                                    (3.31) 

where 𝑝 is the hydrostatic pressure and 𝜏 is the viscous stress tensor. Moreover, in the 

case of Newtonian fluid, steady laminar flow in the azimuthal direction, 
𝜕𝑣𝜃

𝜕𝑡
= 0, 

symmetric flow in 𝜃, 
𝜕

𝜕𝜃
= 0, and no secondary flow, 𝑣𝑟 = 𝑣𝑧 = 0, the equation of 

motion can be reduced to  
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𝑟-component: −𝜌
𝑣𝜃

2

𝑟
=

1

𝑟

𝜕

𝜕𝑟
(𝑟𝜏𝑟𝑟) −

𝜏𝜗𝜗

𝑟
       (3.32) 

𝜃-component: 0 =
𝜕

𝜕𝑟
(𝑟2𝜏𝑟𝜃)                           (3.33) 

𝑧-component: 0 =
1

𝑟

𝜕

𝜕𝑟
(𝑟𝜏𝑟𝑧) + 𝜌𝑔𝑧               (3.34) 

where 𝜏𝑟𝑟 and 𝜏𝜗𝜗 are known as the normal stresses that can be defined as 

𝜏𝑟𝑟 = 2𝜂 [
𝜕𝑣𝑟

𝜕𝑟
−

1

3
 (∇. 𝑣)]                    (3.35) 

𝜏𝜃𝜃 = 2𝜂 [
1

𝑟

𝜕𝑣𝜃

𝜕𝜃
+

𝑣𝑟

𝑟
−

1

3
 (𝛁 ∙ 𝐯)]      (3.36) 

where 𝛁 ∙ 𝐯 is the divergence of a velocity field, 𝑣(𝑡, 𝑟, 𝜃, 𝑧). Whereas, 𝜏𝑟𝜃 in equation 

(3.33) represents the shear stress (for a Newtonian fluid) which is defined as 

𝜏𝑟𝜃 = 𝜂 [𝑟
𝜕

𝜕𝑟
(

𝑣𝜃

𝑟
) +

1

𝑟

𝜕𝑣𝑟

𝜕𝜃
]                (3.37) 

Because we are not interested in the solution for normal stresses and the pressure, 

only equation 3.33 will be considered. By substituting equation 3.37 into equation 3.33, 

the 𝜃-component for axisymmetric flow becomes  

0 = 𝜂 [
𝜕

𝜕𝑟
(

1

𝑟

𝜕

𝜕𝑟
(𝑟𝑣𝜃))]       (3.38) 

Integrating twice equation 3.38 with respect to r yields 

𝑣𝜃(𝑟) = 𝑐1𝑟 +
𝑐2

𝑟
    (3.39) 

To evaluate the constants of integration 𝑐1 and 𝑐2, the no-slip at walls condition 

with additional boundary conditions at the two cylinders are used, that can be defined as  

𝑣𝜃(𝑟𝑖) = Ω𝑖𝑟𝑖    (3.40a) 

 𝑣𝜃(𝑟𝑜) = 0         (3.40b) 
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The azimuthal velocity, 𝑣𝜃(𝑟) is then 

𝑣𝜃(𝑟) =
Ω𝑖𝑟𝑖

2 𝑟

𝑟𝑜
2 − 𝑟𝑖

2   (
𝑟𝑜

2

𝑟2
− 1)      (3.41) 

Looking back at equation (3.37) it is can be rewritten in term of �̇�   

�̇� = |�̇�𝑟𝜃| = |
1

𝑟

𝜕𝑣𝑟

𝜕𝜃
−

𝑣𝜃

𝑟
+

𝜕𝑣𝜃

𝜕𝑟
 |     (3.42) 

For axisymmetric flow, the first term is zero (𝑣𝑟 = 0) and the shear rate can be 

described by [115] 

�̇� = |
𝜕𝑣𝜃

𝜕𝑟
−

𝑣𝜃

𝑟
| = |𝑟

𝜕

𝜕𝑟
(
𝑣𝜃

𝑟
)|    (3.43) 

By substituting equation 3.32 into equation 3.43, the shear rate becomes 

�̇� = |𝑟
𝜕

𝜕𝑟
[

Ω𝑖𝑟𝑖
2

𝑟𝑜
2 − 𝑟𝑖

2   (
𝑟𝑜

2

𝑟2
− 1)]|    (3.44) 

Taking the absolute value of derivative 

�̇� =
2Ω𝑖

𝑟2
  (

𝑟𝑖
2𝑟𝑜

2

𝑟𝑜
2 − 𝑟𝑖

2) =  
2Ω𝑖

𝑟2
  (

𝑟𝑖
2𝑟𝑜

2

(𝑟𝑜 + 𝑟𝑖)(𝑟𝑜 − 𝑟𝑖)
)   (3.45) 

For narrow gap (𝜅 = 𝑟𝑖/𝑟𝑜 ≥ 0.99), the curvature can be neglected and any 

position across the annulus could be represented by the mean radius  

�̅� =
𝑟𝑜 + 𝑟𝑖

2
    (3.46) 

Furthermore, by assuming  𝑟𝑜 ≈ 𝑟𝑖 ≈ �̅� [115], the shear rate could be simply given 

by 

�̇� =
Ω𝑖�̅�

𝑟𝑜 − 𝑟𝑖
    (3.47) 
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Equation 3.47 is determined based on the assumption of an incompressible fluid 

with Newtonian behavior and for more information about the shear rate of a generic fluid 

see [115], sec. 5.3.1. For simplicity, the applied shear rate in the experimental work of 

this thesis is defined as the simple form shown in equation 3.47 [116]. 

To evaluate the governing equation of the shear stress as a function of the 

measurable torque, return to equation 3.33.  By replacing the shear stress component 𝜏𝑟𝜃 

in equation 3.33 by an equivalent term of the total stress, 𝜎𝑟𝜃, and integrating both sides 

with respect to r, can get 

𝜎𝑟𝜃(𝑟) =
𝑐

𝑟2
        (3.48) 

where c is the constant of integration that can be calculated using the torque balance. For 

the case of rotating inner cylinder, the torque M will be measured at the inner wall that 

could be represented by 

𝑀(𝑟𝑖) = 𝑟𝑖 A𝑖  𝜎𝑟𝜃(𝑟𝑖)        (3.49) 

where A𝑖 = 2𝜋𝑟𝑖𝑙 is the inner surface area. The shear stress at 𝑟 = 𝑟𝑖 then [117], 

 𝜎𝑟𝜃(𝑟𝑖) =  
𝑀(𝑟𝑖)

2𝜋𝑟𝑖
2𝑙

       (3.50) 

To determine the torque value M that can be measured by the drive-shaft unit which 

is used in this work, consider the following equation  

𝑀 =  𝑀𝑚𝑎𝑥  (
𝑉𝑚𝑜𝑡𝑜𝑟

𝑉𝑚𝑎𝑥
)    (3.51) 

where 𝑀𝑚𝑎𝑥 represents the maximum torque that the motor of the drive-shaft unit 

capable to produce and it depends on the type of the motor. For example, in this work the  
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maximum torque is ≈ 35.3 x 10-3 N m. 𝑉𝑚𝑎𝑥 is the maximum output voltage of the 

interface card and in this work, 𝑉𝑚𝑎𝑥 is  ±10 V, i.e. the direction of the torque signal can 

be CW or CCW [117]. Finally, 𝑉𝑚𝑜𝑡𝑜𝑟 is the voltage reading comes from the motor.  
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CHAPTER FOUR 

 

 

RHEO-NMR OF TRANSENT AND STEADY STATE SHEAR BANDING 

 UNDER SHEAR STRATUP  

 

 

Abstract 

 

 

In this work shear band formation following shear startup as a function of flow 

protocol are investigated in the wormlike micelles (WLMs) system of 6 wt. % 

cetylpyridinium chloride (CPCl) and sodium salicylate (NaSal) in 0.5 M NaCl brine in a 

Couette Rheo-NMR shear cell. Many applications using WLM solutions occur under 

time dependent conditions, however, shear banding under time dependent flow protocols 

is not as well characterized. 1D velocity profiles across the 1 mm fluid gap are recorded 

every 1 s after shear startup using Rheo-NMR velocimetry and used to evaluate shear 

banding characteristics, including the shear rates in the low and high shear band, the 

interface position and the apparent wall slip as a function of time. The velocity, and 

therefore the shear banding characteristics, exhibit large temporal fluctuations following 

an abrupt start-up to 12 s-1. Data was decomposed into an average and fluctuation about 

the average in order to extract the characteristic time scales for the transition of the flow 

from transient to steady state. In addition, the Fourier transform of time autocorrelation 

functions was used to quantify the fluctuation frequencies themselves, which are related 

to apparent slip at the inner rotating wall and the presence of flow instabilities. This 

analysis has the potential to allow a 1D measurement to provide information about the 3D 

flow. Shear start-up experiments were also performed for flow protocols with and 
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without pre-shear. Pre-shear resulted in different magnitudes of the timescales and a shift 

in the frequencies of the fluctuation of all shear banding characteristics, emphasizing the 

importance of shear history on the flow behavior of these WLM solutions. 

 

Introduction 

 

 

In an aqueous solution and under certain conditions, surfactant molecules can 

self-assemble into the semiflexible, elongated, and rod-shaped aggregates called 

wormlike micelles (WLMs) [65, 66]. At high enough concentrations, they form a 

viscoelastic entangled network similar to polymers but with an ability to dissociate and 

recombine dynamically [77]. In 1991, Rehage and Hoffmann [66] pointed out that some 

of those systems obey a robust Maxwellian viscoelastic model; i.e., in contrast to polymer 

solutions that exhibit a wide range of relaxation times, they have a single relaxation time 

λR at small deformations [118]. This unique mechanical response time is predicted based 

on the reptation-reaction kinetics model in the fast-breaking regime, where the breaking 

and reformation events are faster than reptation [76]. Hence, the breakage and reptation 

relaxation mechanisms are characterized by the time scales of λbreak and λrep, respectively 

and the relaxation time is of the order √𝜆𝑏𝑟𝑒𝑎𝑘𝜆𝑟𝑒𝑝 [102]. Due to the simple viscoelastic 

behavior of WLM systems and the fact that they are relatively easy to prepare and not 

generally susceptible to aging or degradation [63], they have become of significant 

interest for wide studies using different experimental techniques [119-121].   

The nonlinear rheological behavior of WLMs is highly complex [63]. When 

subjected to shear stresses, semidilute and concentrated wormlike micelle solutions can 
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exhibit an unusual mechanical response where the flow organizes into two macroscopic 

bands with distinct viscosities and local shear rates along the velocity gradient direction 

[122, 123]. This nonlinear transition is called shear banding and associated with the 

existence of a stress plateau in the steady state flow curve that occurs between two 

critical shear rates [124, 125]. Below the first critical shear rate �̇�𝑙 and beyond the second 

critical shear rate �̇�ℎ the flow is homogeneous and the shear stress increases 

monotonically with the shear rate. Between the two critical shear rates, the flow becomes 

heterogeneous, forming shear bands, and stress stays nearly constant or varies slightly 

depending on the curvature of the flow geometry [103]. This plateau stress is independent 

of the flow history [126, 127]. When wall slip is negligible, the shear banded flow is 

usually assumed to follow a simple lever rule �̇�𝑎 = 𝛼�̇�ℎ + (1 − 𝛼)�̇�𝑙, where �̇�𝑎 is the 

applied shear rate, �̇�ℎ is the shear rate in the high shear band, �̇�𝑙 is the shear rate in the 

low shear band and 𝛼 is the proportion of the fluid gap occupied by the high shear rate, or 

the interface position. The high and low shear rates, �̇�ℎ and �̇�𝑙, correspond to the start and 

end of the stress plateau in the flow curve.  

This nonlinear transition is widely observed in different complex fluids where 

applied shear changes the internal molecular microstructure and induces shear banding 

[128-130], including polymer solutions [131, 132], foams [133, 134], emulsions [135],  

colloidal glasses [136, 137], as well as in granular materials [138, 139].  Shear banding is 

thought to occur mainly due to the coupling of the microstructure and the flow field [82]. 

There is a rich literature that focuses on the shear-banding flow of wormlike micelles and 

their dynamics are well documented [46, 140] with experimental techniques like nuclear 
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magnetic resonance NMR [141-143], particle image velocimetry PIV [50, 103], and 

ultrasonic velocimetry USV [144, 145]. Numerous early studies showed an interplay 

between wall slip and the shear banded flow in 1D velocity profiles [32, 75, 146]. Later 

experimental studies reported the existence of temporal fluctuations in the velocity [147-

150]. Most recently, 2D flow visualizations revealed that the shear banded flow is 

hydrodynamically unstable, resulting in development of secondary flows [151-153]. In 

the stress plateau, the instability manifests initially as vortices in the high shear band 

[154] that cause undulations in the interface position along the vorticial direction and at 

higher shear rates, the occurrence of turbulent bursts [155]. Periodic or chaotic 

fluctuations observed previously in the velocity with 1D measurements could be 

attributed to the 3D nature of the flow field. Shear banded flow therefore involves not 

only temporal dynamics, but also a spatial heterogeneity.  

As many of the applications using WLM solutions occur under time dependent 

conditions, such as startup or in complex geometries, work has been devoted to studying 

shear banding under time dependent flow protocols. For example, in shear startup is 

where an applied shear rate is imposed at a constant rate for all times t > 0 [156, 157], 

while in a strain ramp, the sample is sheared until a desired strain amplitude is reached 

[97, 158, 159]. A step stress protocol is performed by applying a constant stress for a 

certain amount of time [103, 114].  

In this work, we use Rheo-NMR to obtain 1D velocity profiles across the fluid 

gap of a concentric cylinder shear cell as a function of time following shear startup at an 

applied shear rate within the stress plateau. We analyze the evolution of the shear banded 
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flow from transient to steady state and the impact of pre-shear on the fluid response 

following the shear startup.   

 

Materials and Methods 

 

A. Sample Preparation 

 The wormlike micelle system investigated in this work is a 6 wt. % 

cetylpyridinium chloride (CPCl) and sodium salicylate (NaSal) solution with a molar 

ratio [NaSal]/[CPCl] = 0.5 in 0.5 M NaCl-brine. Furthermore, 0.2 % GdCl3 was added to 

reduce the 1H NMR relaxation time to facilitate faster acquisition of NMR velocity 

profiles. The rheological measurements show that the addition of 0.2 % GdCl3 had no 

noticeable influence on the mechanical behavior of the sample. All the materials were 

purchased from Sigma-Aldrich. The sample was prepared by mixing all components for 

120 min at a temperature of 45 ◦C. The samples were then stored at 30 ◦C in a container 

preventing ambient light exposure conditions for at least 1 month before the experiments. 

This system has been extensively studied and is well-known to form elongated wormlike 

micelles [126].  

 

 B. Rheometry 

 

The linear and nonlinear rheological measurements were performed using a TA 

instruments AR-G2 rheometer equipped with a steel cone-and-plate geometry with a 60 

mm diameter and a 2◦ angle. Experiments were run at 25◦C and under a controlled strain.  

The linear viscoelastic measurement is shown in Figure 4.1, exhibiting a single mode 
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Maxwellian behavior with characteristic relaxation time λR = 0.436 s and plateau modulus 

Go = 100 Pa.  

 

 
 

Figure 4.1. Storage and loss moduli as a function of frequency at a fixed 5% strain for 6 

wt. % CPCl/NaSal in 0.5 M NaCl-brine. The data measured at T=25 °C using a cone-

and-plate geometry. The solid lines are fits to the Maxwell model with λR = 0.436 s and 

Go = 100 Pa. 

 

 

This sample exhibits shear banding in the stress plateau region of the steady-state 

flow curve and a transient stress overshoot under shear startup within a few seconds [103, 

160]. Figure 4.2 (a) and (b) show the nonlinear rheology of 6% CPCl/NaSal under the 

steady state and transient conditions respectively. The steady flow curve (Figure 4.2a) 

exhibits a stress plateau that extends from �̇�𝑙 ≈ 2.6 s-1 to �̇�ℎ ≈ 24 s-1. The values of �̇�𝑙 and 

�̇�ℎ were found by the same means as in Salmon et al. [75] and are in good agreement 

with those reported in the literature [152]. Figure 4.2b depicts the transient shear stress 

response after shear startup to �̇� = 12 s-1. The shear stress exhibits a significant overshoot 

(culminates up to 90 Pa) within a time less than 2 s, followed by a decrease until the 

steady-state value is obtained. However, a slow increase in stress just prior to steady state 

is observed, see inset Figure 4.2b. This dynamic feature is known as a “stress 
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undershoot” and has been shown to appear in some cases after a critical shear rate [161].  

To the best of our knowledge, the small undershoot has only been highlighted by Berret 

et al. [126] on different CPCl/NaSal/brine samples and by Lerouge and coworkers[104] 

on the wormlike micelle solution formed by the surfactant cetyltrimethylammonium 

bromide (CTAB).  

 

 
 

Figure 4.2. Bulk rheometry for 6% CPCl/NaSal wormlike micelle solution.  (a)  Stress vs 

applied shear rate exhibiting the stress plateau characteristic of shear banding that extends 

from �̇�𝑙  ≈ 2.6 s-1 to �̇�ℎ ≈ 24 s-1 and (b) Stress as a function of time following shear 

startup to 12 s-1. A large initial stress overshoot occurs in the first two seconds following 

shear startup and a small stress undershoot is observed at later times, as shown in the 

insets.   

 

 

 C. Rheo-NMR 

 

Rheo-NMR experiments were performed in a Rheo-NMR Couette cell comprised 

of a glass stator and a polyether ether ketone (PEEK) rotor with a roughened cross 

hatched surface. The outer and inner radii of the shear cell were Ro = 9 and Ri = 8 mm, 

respectively, resulting in a fluid gap of 1 mm and a radius ratio (𝜅 = Ri / Ro) of 0.89. All 

Rheo-NMR measurements are carried out at T = 22˚C, above the Krafft temperature of 
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21.5˚C. A Thermo Electron Corporation (Merline M25) recirculating chiller was used to 

control the temperature and a thermocouple interred inside the NMR probe at the base of 

the resonator coil and bottom of the Rheo-NMR shear cell was used to measure the 

temperature by converting the sensor signal to a digital temperature reading. 

A Bruker AVANCE 300 spectrometer equipped with a Micro-2.5 gradient system 

(maximum Gradient: 1.5 T/m 60A) and a 25 mm birdcage resonator coil, along with 

Bruker Topspin software, was used to acquire all Rheo-NMR data. The data analysis was 

performed using Prospa (Magritek, Wellington NZ) software. Pulsed gradient spin echo 

(PGSE) motion encoding was employed [23] with double slice selection and 1D image 

acquisition as depicted in Figure 4.3 [162]. All experiments had rf pulse durations of 52 

µs for the 900 excitation pulse and 104 µs for the two 1800 refocusing pulses, echo time 

TE = 55 ms and repetition time TR = 217 ms. 1D velocity profiles were acquired across 

the fluid gap (velocity gradient direction; x-axis) with spatial resolution of 59 µm (FOV = 

30 mm and 512 points). The imaging region (Figure 4.3b) is a slab consisting of a 10 mm 

thick slice selected along the vorticity direction (z-axis) and a 1 mm thick slice along the 

velocity direction (y-axis). Velocity was measured in the direction of flow (y-axis) with 

displacement observation time Δ = 11 ms, magnetic field gradient pulse duration δ = 1 

ms and two flow encoding gradient steps.    
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Figure 4.3. (a) Timing diagram for collecting a 1D velocity image across the fluid gap of 

the Couette cell using PGSE motion encoding with double slice selection. A 10 mm thick 

slice was selected along the vorticity direction (z-axis) and a 1 mm thick slice along the 

velocity direction (y-axis) in order to acquire data from the imaging region shown in the 

shaded section of the Couette schematic (b). The 1D image was acquired across the fluid 

gap in the velocity gradient direction (x-axis) with spatial resolution of 59 µm/pixel. 

Velocity was measured in the direction of flow (y-axis) with displacement observation 

time Δ = 11 ms and δ = 1 ms. 

 

    

D. Experimental Protocols 

 

In this work, we compare results from two different experimental protocols:   

• Protocol 1 (no pre-shear): between each shear startup experiment, the 

sample was at rest for a wait time tw = 300 min, in order to allow the 

system to return to an isotropic equilibrium state. 

• Protocol 2 (with pre-shear): prior to each shear startup experiment, a pre-

shear of 10 s−1 was applied for 1 min, followed by 2 min of rest.  This 

protocol has been used previously in the literature in an attempt to ensure 

homogenization [114].  
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Results 

 

 

In order to correlate the bulk mechanical stress response with the shear banding 

flow behavior of 6% CPCl/NaSal 1D velocity profiles are acquired across the fluid gap of 

a Rheo-NMR concentric cylinder Couette geometry under shear startup conditions. 

Figure 4.4a shows a representative shear startup experiment where 1D velocity profiles 

were acquired with a time resolution of 1 s following shear startup at 12 s-1. There are 

fluctuations in the velocity with time due at least partially to apparent slip at the inner 

rotating wall and the presence of flow instabilities [152]. As this is a 1D measurement 

averaged over a 10 mm slice in the vorticial direction, the three dimensional flow due to 

axial velocity contributes to fluctuations in the measured velocity [152].  

In the initial few seconds, corresponding to the large stress overshoot in the bulk 

mechanical response (Figure 4.2b), the velocity profile is linear (Figure 4.4b). The shear 

bands then begin to form, with the high shear band growing and the interface between the 

bands migrating further into the fluid gap until it reaches its steady state position. The 

steady state position can be roughly predicted with the lever rule as long as wall slip is 

not present. 

Here we identify timescales of the fluctuations in velocity and of the transient 

response.  Even though we are limited by a 1D measurement, we attempt to extract 

information about the evolution of the flow from transient to steady state as well as about 

the instabilities that give rise to 3D flow by using a Reynolds decomposition approach 

[163], where we split the measured values into an average and the deviation from the 

average, i.e. the fluctuation. 
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Figure 4.4. (a) 1D velocity profiles across the normalized fluid gap y/e as a function of 

time following shear startup at a shear rate of 12 s-1, where e refers to the fluid gap width 

of 1 mm. The velocity fluctuates with time and exhibits apparent slip at the inner rotating 

wall. (b) 1D velocity profiles across the normalized fluid gap y/e at 1s, 4 s and 500 s after 

shear startup. The velocity at 1 s, prior to shear banding during the initial stress 

overshoot, exhibits a linear profile. By 4 s, shear bands have begun to form and the 

interface position is in the process of migrating from the inner rotating wall to its steady 

state position, shown for the profile at 500 s. 

 

 

Since it is difficult to obtain velocity information with both high temporal and 

spatial resolution due to inherent limitations in the measurement methods, we choose to 

quantify and characterize the nature of both average quantities and the fluctuations in 

order to reveal insight into the flow behavior. 

WLM solutions are known to exhibit memory. In other words, the fluid response 

depends on the shear history of a given sample [63, 164] and this will impact the transient 

response in particular [165]. To fully characterize the impact of shear history on the 

transient and steady state flow behavior, a protocol used by Lopez-Barron et al. [114] in a 

previous study utilizing pre-shear is compared to one for samples without any shear 

history.   
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Figure 4.5. Velocity vs normalized fluid gap y/e.  The 1D velocity profiles are time 

averaged over the last 2.12 min of the 10.6 min shear startup experiment to ensure the 

flow is at steady state and to average over fluctuations in the velocity.  Profiles are shown 

for wait times tw between experiments of 0 min (no shear history; filled circles), 120 min 

(open circles), 180 min (filled squares) and 300 min (open squares). After 300 min, the 

velocity profile overlays that for the sample without shear history, indicating a return to 

an equilibrium state. 

 

 

To ensure that no shear history was present, shear startup experiments were 

performed with increasing wait time tw between the experiments. The sample was 

assumed to be free of memory when no differences in the shear banded flow were 

observed as compared to the results from a fresh sample that had been at rest following 

sample loading into the Couette shear cell for > 12 hrs. Figure 4.5 shows 1D velocity 

profiles as a function of wait time across the fluid gap, time averaged over the last 2.12 

min of the 10.6 min shear startup experiment to ensure the flow was at steady state and to 

average over fluctuations in the velocity, as a function of wait time tw. After 300 min wait 

time, the velocity profiles overlap within experimental error, indicating that the sample 

had returned fully to its equilibrium state at tw=0. 
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Figure 4.6. Shear banding characteristics (open symbols) and the standard deviation 

(closed symbols) as a function of wait time tw. Lines are to guide the eye. (a) the interface 

position α (b) the shear rate in the low shear band �̇�𝑙, (c) the shear rate in the high shear 

band �̇�ℎ and (d) the true shear rate �̇�𝑡𝑟𝑢𝑒, which is a measure of apparent wall slip. The 

standard deviation becomes constant after 30 min. 

 

 

To further evaluate how long a sample must be at rest to be rid of shear history, 

the velocity profiles were analyzed to quantify the characteristics of the shear banded 

flow. The shear rate in the high and low band, the interface position and the amount of 

apparent wall slip were monitored as a function of tw. The regions of high and low shear 

in the 1D velocity profiles were fitted linearly with the slopes of the lines being the 

values of the shear rate �̇�ℎ and  �̇�𝑙 for the high and low shear band respectively. The 

intersect of the lines was considered the interface position  and to evaluate the apparent 

wall slip, following Fardin et al. [161], a “true” shear rate �̇�𝑡𝑟𝑢𝑒 was calculated as �̇�𝑡𝑟𝑢𝑒 = 

|v(0)-v(e)|/e where e is the gap width. The shear banding characteristics obtained from the 

time averaged velocity profiles (as shown in Figure 4.5) are plotted in Figure 4.6 as a 
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function of tw. The values change the most significantly in the first 30 min. Also plotted 

in Figure 4.6 is the standard deviation from the average taken over the final 2.12 min of 

the experiment. After 30 min wait times, the standard deviation stays constant, another 

indication that shear history is having minimal impact on the characteristics of the flow.   

While the individual velocity profiles we obtained didn’t overlap exactly until tw = 

300 min, the primary characteristics of the flow (α, �̇�ℎ, �̇�𝑙, and �̇�𝑡𝑟𝑢𝑒) stay the same after a 

tw = 30 min, indicating the sample has returned to an equilibrium state (i.e. is no longer 

dependent on shear history) within 30 min. Experimental noise and sample to sample 

variation could account for small changes to the individual velocity profiles, so using the 

characteristics features of the flow seems a practical method to evaluate the impact of 

shear history. In the following results, a wait time of 300 min was used, but future studies 

could be made more time efficient by using a 30 min wait time. 

The left panels of Figure 4.7 show the primary characteristics of the flow (α, �̇�ℎ, 

�̇�𝑙, and �̇�𝑡𝑟𝑢𝑒) obtained from 1D velocity profiles acquired every 1 s following abrupt 

shear startup to 12 s-1 (Figure 4.4) for shear startup protocols without pre-shear (protocol 

1) and with pre-shear (protocol 2). The velocity, and therefore corresponding shear 

banding characteristics, show large fluctuations with time due to apparent slip and 

hydrodynamic instabilities. Taking a Reynolds decomposition approach [163], where 

variables are decomposed into a time-averaged quantity and a fluctuation about the time 

average, the velocity profiles were averaged over 25 s and the shear banding 

characteristics for these profiles are plotted in the right panels of Figure 4.7.   
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Figure 4.7. Left panels: top to bottom is the interface position α (a), the shear rate in the 

high shear band �̇�ℎ (c), the shear rate in the low shear band �̇�𝑙 (e) and the true shear rate 

�̇�𝑡𝑟𝑢𝑒 (g) obtained from 1D velocity profiles acquired every 1 s as a function of time 

following shear startup to 12 s-1. The black line is protocol 1 (no shear history) and the 

green line is protocol 2 (with shear history). There are large fluctuations with time. Right 

panels:  top to bottom is α (b), �̇�ℎ (d), �̇�𝑙 (f), and �̇�𝑡𝑟𝑢𝑒(h) averaged over 25 s, a timescale 

larger than that for the fluctuations. Protocol 1 are open black squares and protocol 2 are 

open black circles.  Solid lines represent the average values for the entire experiment 

(Protocol 1: �̇�ℎ= 26 s-1, �̇�𝑙 =4.2 s-1, α =0.27 and  �̇�𝑡𝑟𝑢𝑒 = 12 s-1; Protocol 2: �̇�ℎ= 26 s-1, �̇�𝑙 

=5.5 s-1, α =0.17 and  �̇�𝑡𝑟𝑢𝑒 =  12.5 s-1). Closed red symbols are the standard deviations 

within each 25 s period. For protocol 1, the standard deviation decreases rapidly in early 

times (t < 75 s), then at a slower rate (until t ~200-400 s) and finally is minimized (t > 

400 s). For protocol 2, the standard deviation rapidly decreases to reach its minimal value 

by t = 100 s.  
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The closed symbols are the coarse-grained time averaged values of the shear 

banding characteristics, while the solid lines are the average over the entire experiment.  

This approach was taken in order to extract any timescales in the system for 

characterizing the evolution from transient to steady state that are obscured by the 

fluctuations. As with any coarse graining approach, the averaging time must be carefully 

selected to be longer than the fluctuation timescale f, but shorter than any other 

timescale that would yield information. Also shown (red closed symbols) is the standard 

deviation of the 25 s time averaged values from the overall mean. The standard deviation 

more clearly reveals the changes in the shear banding characteristics with time.   

As noted previously, shear bands begin to form after the first 2 seconds (Figure 

4.4b), corresponding to the initial large stress overshoot (Figure 4.2b). The interface 

position then migrates to its steady state position within the fluid gap. Previous work has 

similarly shown linear velocity profiles during the stress overshoot [103, 149, 166] and 

identified a long lived “metastable” state several hundred seconds long, where the 

interface position migrates to its steady state position and flow instabilities develop prior 

to settling into a steady state [151]. We define the timescale to reach this steady state as 

ss. During the metastable regime, several features of the stress have been observed [74, 

167], including a stress undershoot [168] as observed for the system for a shear startup at 

12 s-1 (Figure 4.2b).   

 The metastable regime could be broken down into several parts, each with 

different features in the stress and the flow behavior. Shear bands form and the interface 

position migrates to its steady state mean value (the solid line) within ~25 s. The standard 
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deviation, i.e. the fluctuation or oscillation about the mean value, is initially at its highest 

value and decreases rapidly for a timescale we will designate as trans ~=75-100 s.  

Beyond ~75-100 s, the standard deviation shows a more gradual change until ~200-250 s, 

where it finally plateaus to a minimum value. The more gradual change in deviation from 

the mean would correspond to the metastable state where the stress undershoot occurs, 

which has been deemed a mechanical signature of the onset and development of flow 

instabilities [104]. The minimization of the standard deviation indicates that the overall 

flow behavior, despite the presence of 3D flow from instabilities and the resulting 

velocity fluctuations in a 1D measurement, is no longer changing with time and we have 

reached a steady state. Therefore, the steady state timescale ss ~= 200-250 s. This 

behavior is reflected in �̇�ℎ, �̇�𝑙, and �̇�𝑡𝑟𝑢𝑒 as well as α. It can be seen most clearly by 

looking at the standard deviation of the time averaged values (right panels, Figure 4.7).  

It is expected that the transient and steady state timescales would depend on 

multiple factors, such as the geometry of the shear cell, the applied shear rate, and shear 

history to name a few. They should also depend on the properties of the sample, such as 

the relaxation time r, the time it takes for a single chain to relax back to its equilibrium 

state after being out of equilibrium, which is a function of surfactant and counter-ion 

concentration as well as temperature.  

Comparing protocol 1 (no shear history) with protocol 2 (with pre-shear), we see 

that the standard deviation of , �̇�ℎ, �̇�𝑙, and �̇�𝑡𝑟𝑢𝑒 is minimized within the first 50-75 s for 

protocol 4.2. It appears as though the transient timescale is now equal to the steady state 

timescale. With pre-shear, the microstructure of the sample is presumably disturbed, 
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which may have allowed the hydrodynamic instabilities to develop more rapidly, 

bypassing a “metastable” state as observed in previous studies [104, 152, 168].   

In addition, several of the shear banding characteristics are changed. The average 

interface position goes from 0.27 in protocol 1 to 0.17 (nearer to the inner rotating wall of 

the Couette) in protocol 2 where pre-shear occurred. The average value of the low shear 

rate �̇�𝑙 increased from 4.2 s-1 in protocol 1 to 5.5 s-1 in protocol 2. The high shear rate �̇�ℎ 

and amount of apparent wall slip, as indicated by the value of �̇�𝑡𝑟𝑢𝑒, however, were 

roughly the same (26 s-1 and 12 s-1 respectively). Significant wall slip is not observed in 

either protocol. It appears there is a compensation mechanism, in which when the 

interface position is located farther in the fluid gap (protocol 1 without pre-shear), the 

value for the low shear rate is smaller.   

To extract information about the 3D flow instabilities during the various regimes 

observed in the stress response and shear banded flow behavior, we further analyze the 

fluctuations. The fluctuations are not random but reflect the coherent 3D nature of the 

flow. Previously, the Fourier transform of Rheo-NMR velocimetry data [169] and 

velocity autocorrelation functions [147] were used to analyze velocity fluctuations in 

wormlike micelle systems. The autocorrelation function can provide a better 

understanding of nature of the fluctuations by cleaning up a noisy signal and illuminating 

the underlying regular frequencies that are present. Here, we Fourier Transform time 

autocorrelation functions of the four characteristics of shear banding to obtain power 

spectra, which is a standard analysis and has the advantage over direct Fourier transform 

of reducing noise in the resulting spectra. The time domain data was divided into 64 s 
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time intervals following shear startup and was used to calculate time autocorrelation 

functions, which were then Fourier transformed to obtain the spectra in Figures 4.8 and 

4.9 ( and �̇�ℎ in Figure 4.8 and �̇�𝑙 and �̇�𝑡𝑟𝑢𝑒 in Figure 4.9). We clearly observe different 

frequencies depending upon the particular characteristic of shear banding and between 

the two flow protocols. 

 

 
 

Figure 4.8. Frequency images from the Fourier transform of the time correlation 

functions. The colorbars correspond to amplitude (intensity normalized by the maximum 

intensity) in arbitrary units (a.u.). (a, c) interface position for protocol 1 (a) and protocol 2 

(c). The dominant frequencies in the spectra are shown with blue arrows. In protocol 1, 

there is one frequency at 12 Hz that occurs for all times following shear startup to 12 s-1.  

For protocol 2, there are two frequencies at 12 and 19 Hz. (b, d) high shear rate for 

protocol 1 (b) and protocol 2 (d). The same frequencies for protocol 1 (12 Hz) and 

protocol 2 (12 and 19 Hz) are observed in the spectra for the high shear rate. 

 

 

For protocol 1, there is nearly a universal frequency of 0.19 Hz present at all 

times following shear startup and in all characteristics of shear banding (in the low shear 

rate there is a small shift to 0.22 Hz). However, a second high intensity frequency of 0.11 
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Hz is present in the low and true shear rates. There appears to be correlation between the 

interface and high shear rate fluctuations and the low shear rate and true shear rate 

fluctuations. The appearance of a strong lower second frequency in low shear rate and 

true shear rate indicates a coupling between slip and low shear rate. For protocol 2, there 

is a universal frequency of 0.3 Hz present at all times and in all of the characteristics of 

shear banding. A second frequency of 0.19 Hz of roughly similar intensity occurs in the 

interface position and high shear rate, indicating a coupling between these two values.   

  

 
 

Figure 4.9. Frequency images from the Fourier transform of the time autocorrelation 

functions. The colorbars correspond to amplitude (intensity normalized by the maximum 

intensity) in arbitrary units (a.u.). (a, c) low shear rate for protocol 1 (a) and protocol 2 

(c).  The dominant frequencies in the spectra are shown with blue arrows.  In protocol 1, 

there are frequencies at 7 and 14 Hz that occur for all times following shear startup to 12 

s-1. For protocol 2, there is a single dominant frequency at 19 Hz. (b, d) the true shear rate 

for protocol 1 (b) and protocol 2 (d). Similar frequencies are observed for protocol 1 (7 

and 12 Hz) and protocol 2 (19 Hz). 
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In general, we see correlations between fluctuations of the high shear rate and 

interface position, as well as between fluctuations of low shear rate and apparent wall slip 

(seen through the true shear rate). Comparing the two protocols, we see a shift in the 

frequency universal to all shear banding characteristics. With Protocol 2 that involved a 

short wait time and pre-shear, the universal frequency is higher (0.3 Hz) than with 

Protocol 1 where a long wait time and no pre-shear was employed (0.19 Hz). A second, 

high intensity frequency presents itself in the low shear rate and true shear rate for 

protocol 1 (0.11 Hz). In protocol 2, a second equal intensity frequency appears in the high 

shear rate and interface position at a higher value (0.19 Hz). Interestingly, the frequency 

values do not shift depending on the regime (time after shear startup). Data for a range of 

applied shear rates is needed to correlate these frequencies to the specific nature of the 

hydrodynamic instabilities and the resulting secondary flows and research is currently 

ongoing in this direction. 

 

Conclusions 

 

 

Shear banding following shear startup was studied in a solution of wormlike 

micelles (WLMs) by measuring 1D velocity profiles across the 1 mm fluid gap of a 

Rheo-NMR concentric cylinder Couette cell using Rheo-NMR velocimetry. Fits to the 

velocity profiles were used to evaluate the shear banding characteristics, including the 

shear rates in the low and high shear band, the interface position and the true shear rate.  

Measurements were made for two flow protocols, one with and one without pre-shear.  

Due to the presence of flow instabilities, large temporal fluctuations were observed in the 
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flow characteristics obtained from a 1D measurement. Extending the spatial dimension to 

2D would sacrifice temporal resolution, therefore, we instead separated the averaged 

quantities from the fluctuations about the average and analyzed them separately. The 

timescales for the flow to transition from a transient response to steady state were 

identified and quantified from analysis of the average values. The fluctuations were 

quantified through Fourier Transform of the time correlation functions of the data to 

obtain spectra of fluctuation frequencies. Pre-shear resulted in different magnitudes of the 

timescales and a shift in the frequencies of the fluctuation of all shear banding 

characteristics. Further experiments are needed to elucidate the connection between these 

frequencies and the nature of the hydrodynamic instabilities.   
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CHAPTER FIVE 

 

 

CHARACTERIZATION OF VELOCITY FLUCTUATIONS AND THE TRANSITION 

FROM TRANSIENT TO STEADY STATE SHEAR BANDING WITH  

AND WITHOUT PRE-SHEAR IN A WORMLIKE  

MICELLE SOLUTION UNDER SHEAR 

 STARTUP BY RHEO-NMR 

 

 

Abstract 

 

 

Rheo-NMR velocimetry was used to study shear banding of a 6 wt. % 

cetylpyridinium chloride (CPCl) wormlike micelle solution under shear startup 

conditions with and without pre-shear. 1D velocity profiles across the fluid gap of a 

concentric cylinder Couette shear cell were measured every 1 s following shear startup 

for four different applied shear rates within the stress plateau. Fitting of the velocity 

profiles allowed calculation of the shear banding characteristics (shear rates in the high 

and low shear band, the interface position and apparent slip at the inner rotating wall) as 

the flow transitioned from transient to steady state regimes. Characteristic timescales to 

reach steady state were obtained and found to be similar for all shear banding 

characteristics. Timescales decreased with increasing applied shear rate. Large temporal 

fluctuations with time were also observed and Fourier transform of the time and velocity 

autocorrelation functions quantified the fluctuation frequencies. Frequencies 

corresponded to the elastically driven hydrodynamic instabilities, i.e. vortices, that are 

known to occur in the unstable high shear band and were dependent upon both applied 

shear rate and the pre-shear protocol. 
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Introduction 

 

 

Newtonian fluids show linear responses under deformation as their structure is not 

affected by flow. In contrast, complex fluids can often display nonlinear, heterogeneous 

or anisotropic properties when subject to the applied stress due to the coupling between 

the microstructure of a fluid and its flow [82], usually associated with microstructural 

reorganization of the system. One of the most interesting examples of such a non-linear 

response is the phenomenon of shear banding which has been reported in complex fluids 

such as polymer solutions, foams, emulsion, colloidal glasses and wormlike micelles 

[118, 119, 170, 171]. The simple picture of shear banding is the formation of flow into 

two macroscopic bands with different local shear rates [90]. 

Among complex fluids that exhibit shear banding, wormlike micelles have 

attracted considerable theoretical and experimental attention due to their wide use in 

different applications; including as household and personal care products, viscosity 

modifiers, electrospun tissue scaffolds, and in oil extraction applications [121, 172-174]. 

Wormlike micelles are elongated and flexible cylindrical, or rod-like, aggregates 

typically formed by self-assembly of amphiphilic molecules in an aqueous medium [175]. 

These fluids possess unique viscoelastic properties due to their entangled network, 

similar to flexible polymer solutions, but with an ability to break and reform continuously 

under flow. Hence, they are sometimes called “living polymers” [77]. In the fast breaking 

limit, these systems behave as monodisperse polymers and obey a Maxwellian 

viscoelastic model with a single relaxation time λR at small deformations [118].  
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The rheological signature of shear banding in wormlike micelle systems is the 

presence of a stress plateau in the steady state flow curve that occurs between two critical 

shear rates. This phenomena was first pointed out experimentally by Rehage and 

Hoffmann [66]. They showed that the flow is homogeneous below the first critical shear 

rate �̇�𝑙 and beyond the second critical shear rate �̇�ℎ. In these regions the shear stress 

increases monotonically with increasing shear rate. On the other hand, between the two 

critical shear rates in the stress plateau the flow becomes heterogeneous and the shear rate 

varies spatially, forming shear bands. In this shear banding region, stress stays nearly 

constant or varies slightly depending on the curvature of the flow geometry [103]. The 

wormlike micelles are found to be aligned with respect to the direction of the flow in the 

high shear band; however, in the low shear band they are entangled and randomly 

oriented [128, 176]. When wall slip is negligible, the shear banded flow is usually 

assumed to follow a simple lever rule, in analogy with first-order equilibrium phase 

transitions, �̇� = 𝛼�̇�ℎ + (1 − 𝛼)�̇�𝑙, where �̇�, �̇�ℎ and �̇�𝑙 refer, respectively, to the applied, 

high and low shear rates and  is the interface position between the high and low shear 

rate bands. The high and low shear rates, �̇�ℎ and �̇�𝑙, correspond to the start and end of the 

stress plateau in the flow curve.  In systems obeying standard lever rule behavior, α 

increases linearly with an increasing applied shear rate [142, 149].  

The simple lever rule picture of the shear banding phenomenon is not always 

observed [147, 177], instead, unexpected and complex fluctuation dynamics are often 

seen [145, 147, 148]. Early 1D velocimetry studies connected flow fluctuations to the 

interplay between wall slip and shear-banding [75, 146, 149]. 2D flow visualizations of 
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shear banded flow explained fluctuations in the main flow by the occurrence of 

interfacial instabilities [151, 152] that caused undulations in the interface position along 

the vorticial direction and, at higher shear rates, the occurrence of turbulent bursts [155]. 

Perge et al used two-dimensional ultrafast ultrasonic imaging to spatially map both radial 

and azimuthal velocity components, showing a vorticial flow structure in the high shear 

rate band and suggesting that previous observations of temporal oscillations were linked 

to the secondary flow features [178]. It became clear that elastic instabilities were 

manifesting in the high shear band as pairs of Taylor vortices, which cause undulations 

along the interface in the vorticial direction. The vortices are due to elastic instability in 

shear banded WLM solutions [152], unlike the traditional Taylor vortices seen in Couette 

flow that are of inertial origin [179].  

2D studies suggested that the periodic or chaotic fluctuations observed previously 

in 1D velocity measurements could be attributed to the 3D nature of the flow field. In 

other words, spatial heterogeneity contributes to the temporal dynamics of the shear 

banded flow. The work of Fardin and co-workers [152] have made clear that the using of 

1D velocimetry alone is not enough to definitively deduce the presence of instabilities in 

the shear banded flow or quantitatively characterize them.  

In a previous study [6], we have used Rheo-NMR velocimetry, a technique that 

incorporates rheometric shear cells into a nuclear magnetic resonance (NMR) 

spectrometer, to show that high temporal resolution 1D velocity measurements have the 

potential to provide valuable information in spite of, and even informing about, the 3D 

flows. 1D velocity profiles were acquired across the fluid gap of a concentric cylinder 
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shear cell as a function of time following shear startup to a single applied shear rate in 

order to analyze the evolution of the shear banded flow from transient to steady state 

regimes and study the impact of pre-shear protocols on the fluid response [6]. The 

Fourier transform of the time and velocity autocorrelation functions were used to quantify 

the fluctuation frequencies related to the presence of flow instabilities [6]. In the present 

paper, we extend this technique and analysis under shear startup conditions for four 

different applied shear rates within the stress plateau, in order to further connect temporal 

fluctuations in 1D measurements to 3D hydrodynamic instabilities. We extract 

quantitative timescales of the shear banded flow to evolve from transient to steady state 

regimes and analyze the impact of pre-shear protocols and shear rate on the shear banding 

characteristics and fluctuation frequencies following shear startup. 

 

Materials and Methods 

 

 

A. Sample preparation 

 

 A 6 wt. % cetylpyridinium chloride (CPCl) and sodium salicylate (NaSal) 

solution with a molar ratio [NaSal]/[CPCl] = 0.5 in 0.5 M NaCl-brine was used in this 

work.  In order to acquire NMR velocity profiles more quickly, 0.2 % GdCl3 was added 

to reduce the 1H NMR relaxation time. From rheological measurements, the addition of 

0.2 % GdCl3 did not change the mechanical behavior of the sample. All the materials 

were purchased from Sigma-Aldrich. To prepare the samples, all components were mixed 

for 120 min at a temperature of 45 oC and then stored at 30 oC for at least one month 

before experiments were conducted. To prevent degradation of the samples, they were 
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stored in a container preventing ambient light exposure conditions. This system has been 

extensively studied and is well-known to form elongated wormlike micelles [126]. 

 

 B. Rheometry 

 

The linear and nonlinear rheological measurements were performed at 25 oC under 

controlled strain using a TA instruments AR-G2 rheometer equipped with a steel cone-

and-plate geometry with a 60 mm diameter and a 2o angle. The linear viscoelastic 

measurement (data not shown) exhibits a single mode Maxwellian behavior with 

characteristic relaxation time λR = 0.436 s and plateau modulus Go = 100 Pa, consistent 

with the literature [152]. The steady flow curve (Figure 5.1) shows a stress plateau from 

�̇�𝑙 ≈ 2.6 s-1 to �̇�ℎ ≈ 24 s-1.  

 

 
 

Figure 5.1. Stress vs applied shear rate for 6% CPCl/NaSal wormlike micelle solution, 

exhibiting a stress plateau characteristic of shear banding that extends from �̇�𝑙  ≈ 2.6 s-1 to 

�̇�ℎ ≈ 24 s-1 (region between the two dashed lines). The red symbols correspond to the four 

different applied shear rates [s-1] used in shear startup experiments, demonstrating where 

these shear rates fall in the stress plateau. 
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The values of �̇�𝑙 and �̇�ℎ were found following the procedure of Salmon et al. [75] 

and agree with values reported in the literature [152]. In the flow curves, the torque at 

each applied shear rate had reached steady state to within 5% tolerance for 3 consecutive 

data points (collected every 10 s) by the time of data collection. 

 

 C. Rheo-NMR 

 

A Rheo-NMR Couette cell with a glass stator and a polyether ether ketone 

(PEEK) rotor with a roughened cross hatched surface was used for all Rheo-NMR 

experiments. The outer and inner radii of the shear cell were Ro = 9 and Ri = 8 mm, 

respectively, resulting in a fluid gap of 1 mm and a radius ratio (𝜅 = Ri / Ro) of 0.89. All 

Rheo-NMR measurements were carried out at T = 22˚C, above the Krafft temperature of 

21.5˚C. To control temperature, a thermo electron corporation (Merline M25) 

recirculating chiller was used. To monitor temperature, a thermocouple inside the NMR 

probe at the base of the resonator coil and bottom of the Rheo-NMR shear cell was used. 

A Bruker AVANCE 300 spectrometer equipped with a Micro-2.5 gradient system 

(maximum Gradient: 1.5 T/m 60A) and a 25 mm birdcage resonator coil, along with Bruker 

Topspin software, was used to acquire Rheo-NMR data. Prospa (Magritek, Wellington NZ) 

software was used for data analysis.  Pulsed gradient spin echo (PGSE) motion encoding 

[23] with double slice selection and 1D image acquisition, as depicted in Figure 5.2 [180], 

was used to acquire 1D velocity images. Rf pulse durations were 52 s for the 90˚ excitation 

pulse and 104 s for the two 180˚ refocusing pulses. The echo time was TE = 55 ms and 

the repetition delay was TR = 217 ms. 1D velocity profiles across the fluid gap (velocity 

gradient direction; x-axis) had a spatial resolution of 59 µm (FOV = 30 mm and 512 points).  



136 

 

The imaging region (Figure 5.2b) was a slab with a 10 mm thick slice selected along 

the vorticity direction (z-axis) and a 1 mm thick slice along the velocity direction (y-axis). 

Velocity was measured in the direction of flow (y-axis). The displacement observation time 

was Δ = 11 ms, magnetic field gradient pulse durations were δ = 1 ms and two flow 

encoding gradient steps were done. For these repetition and acquisition times, two signal 

averages and two flow encoding gradient steps, the total experiment time for a single 

velocity measurement was 1 s. The 1D velocity profiles were acquired every 1 s across the 

fluid gap of the Rheo-NMR concentric cylinder Couette geometry under shear startup 

conditions for four different applied shear rates (�̇� = 7, 9, 12, and 15 s-1 ). The applied shear 

rate for the small fluid gap used in this work can be approximated as constant and equal to  

�̇� = 𝑣𝑚𝑎𝑥/𝑒, where 𝑣𝑚𝑎𝑥 is the velocity of the rotating inner cylinder and e is the fluid gap 

[115].  

To quantify the characteristics of the shear banded flow, the high and low shear 

band regions of the 1D velocity profiles were fitted linearly and the slopes of the lines 

provided the values of the shear rate �̇�ℎ and  �̇�𝑙 for the high and low shear band 

respectively. The intersect of the lines gave the interface position  The velocity profiles 

are plotted as a function of position x normalized by e with x = 0 defined as the inner 

rotor wall while x = 1 corresponds to the outer stator wall. To evaluate the apparent wall 

slip, following Fardin and LeRouge [161], a “true” shear rate �̇�𝑡𝑟𝑢𝑒 was calculated as 

�̇�𝑡𝑟𝑢𝑒 = |v(0)-v(e)|/e.   
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Figure 5.2. (a) Timing diagram for PGSE motion encoding with double slice selection. 

(b) A schematic of the Couette. The imaging region, consisting of a 10 mm thick slice 

along the vorticity direction (z-axis) and a 1 mm thick slice along the velocity direction 

(y-axis), is shown in the shaded section. The 1D image had a spatial resolution of 59 

µm/pixel and was acquired across the fluid gap (x-axis). Velocity was measured in the 

direction of flow (y-axis) with Δ = 11 ms and δ = 1 ms. The inner cylinder, the rotor, is 

rotating and the outer cylinder, the stator, is stationary. 

 

 

D. Experimental Protocols 

 

Two different experimental protocols were used in this work:   

• Protocol 1 (no pre-shear): between each shear startup experiment, the system was 

allowed to return to an isotropic equilibrium state by resting the sample for a wait 

time tw = 300 min. 

• Protocol 2 (with pre-shear): prior to each shear startup experiment, a fixed pre-

shear of 10 s−1 was applied for 1 min, followed by 2 min of rest. This protocol has 

been used previously in the literature in an attempt to ensure homogenization 

[114]. 
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Results 

 

 

Representative velocity profiles at steady state for all applied shear rates are shown 

in Figure 5.3, showing shear banding. Linear fitting of each 1 s velocity profile was 

performed as described in the methods and in previous work for 12 s-1 [6] and the resulting 

shear banding characteristics (α, �̇�ℎ, �̇�𝑙, and �̇�𝑡𝑟𝑢𝑒) are shown in Figure 5.4 as a function of 

time following startup for an applied shear rate of 15 s-1 using shear startup protocols 

without pre-shear (protocol 1) and with pre-shear (protocol 2). 

 

 
 

Figure 5.3. 1D velocity profiles across the normalized fluid gap y/e at steady state for 

different shear rates, showing shear banding, where e refers to the fluid gap width of 1 

mm. 

 

 

As shown in previous work [6], the velocity and therefore shear banding 

characteristics exhibit large temporal fluctuations following an abrupt startup. As indicated 

in the literature and supported by the results of this study presented below, these 
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fluctuations are due at least partially to a fluctuating slip at the inner rotor wall and the 

presence of secondary flow components due to flow instabilities that manifest as 

fluctuations in a 1D measurement [152, 178].    

 

 
 

Figure 5.4. (a) the interface position α, (b) the shear rate in the high shear band �̇�ℎ, (c) the 

shear rate in the low shear band �̇�𝑙 and (d) the true shear rate �̇�𝑡𝑟𝑢𝑒 obtained from 1D 

velocity profiles acquired every 1 s as a function of time following shear startup to 15 s-1.  

The black line is protocol 1 (no pre-shear) and the green line is protocol 2 (with pre-

shear). The evolution from transient to steady state values is visible in the first 50 seconds 

(shown in the insets) as well as large fluctuations with time for the entire acquisition 

duration. 

 

 

All the shear banding characteristics follow behavior similar to that reported in 

the literature [149, 151] and our previous work [6] and was consistent for multiple trials.  

Immediately following startup, the velocity profile is linear in the initial few seconds 
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prior to shear band formation, corresponding to the large stress overshoot in the bulk 

mechanical response. This is reflected in Figure 5.4(b) and (c) insets where �̇�ℎ and  �̇�𝑙 

have the same value initially, as would be expected from a linear velocity profile.   

As the shear bands form, the interface position between the shear bands α 

migrates into the fluid gap until it reaches its steady state position (Figure 5.4a). During 

this same time period, �̇�ℎ increases and �̇�𝑙 decreases until reaching a fluctuating behavior 

in time about an average value. 

 Figure 5.4 also shows that at applied shear rate of 15 s-1, there are clear 

differences between the two protocols. For protocol 1 (no pre-shear), the interface 

position (Figure 5.4a) reaches an average value of α = 0.33 at steady state, while for 

protocol 2 (with pre-shear), the steady state average interface position is α = 0.21.  When 

pre-shear is present in the sample, the interface position is located nearer the inner rotor 

wall. The value for the shear rate in the high shear rate band (Figure 5.4b) for protocol 1 

reaches a steady state average of 29 s-1, roughly consistent with where the stress plateau 

ends in the flow curve (24 s-1; Figure 5.1). For protocol 2, the average high shear rate is 

lower at 20 s-1. The differences here are tied to the amount of slip present. From the 

values of the true shear rate, we can see that in protocol 1, less slip is present. The 

average true shear rate for protocol 1 is 13.2 s-1, while for protocol 2, it is 10.4 s-1. If there 

was no slip then a true shear rate equal to the applied shear rate of 15 s-1 would be 

observed. As expected, for protocol 1 with less slip the true shear rate is nearly equal to 

the applied shear rate and the high shear rate is predicted well by the lever rule and from 

the flow curve. The differences between protocols are smaller for the low shear band 
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values. The steady state average for protocol 1 is 4.4 s-1, while for protocol 2 it is 4.9 s-1.  

This is somewhat higher than the �̇�𝑙 = 2.6 s-1 that would be expected from the flow curve, 

as has been seen previously in the literature [151].  

 

 
 

Figure 5.5. The interface position α obtained from 1D velocity profiles acquired every 1 s 

as a function of time following shear startup to (a) 7 s-1, (b) 9 s-1, (c) 12 s-1 and (d) 15 s-1.  

The black line is protocol 1 (no pre-shear) and the green line is protocol 2 (with pre-

shear).   

 

 

Choosing to focus on interface position  (Figure 5.5), we see that for all four 

applied shear rates, protocol 1 results in an interface position farther into the fluid gap 

than for protocol 2. The difference gets larger as the applied shear rate increases.   
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Figure 5.6. The interface position α averaged over 25 s, a timescale larger than that for 

the fluctuations, for (a) 7 s-1, (b) 9 s-1, (c) 12 s-1 and (d) 15 s-1. Protocol 1 (no pre-shear) is 

closed black symbols and protocol 2 (with pre-shear) is open black symbols. Solid lines 

represent the average values for the entire experiment. Red symbols are the standard 

deviations within each 25 s period (closed symbols are protocol 1 and open symbols are 

protocol 2). Solid red lines correspond to where the standard deviations plateau. The solid 

black line over the closed red symbols in (c) demonstrates the data smoothing process 

used to extract timescales. The dotted blue lines correspond to the steady state timescale 

ss. 

 

 

A Reynolds decomposition approach [163], where variables are decomposed into 

a time-averaged quantity and a fluctuation about the time average, was used. The velocity 

profiles were averaged over 25 s and the interface position for these time-averaged 

profiles was found. The results are plotted in Figure 5.6. The coarse-grained time 

averaged values of  are represented by the closed symbols. The solid lines are the 

average  over the entire experiment. This approach allowed extraction of timescales of 
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the system that were obscured by the fluctuations, so the evolution from the transient to 

steady state regime could be characterized. In coarse graining approaches, the averaging 

time must be carefully selected to be longer than the fluctuation timescale f, but shorter 

than any other timescale that would yield information. The red closed symbols in Figure 

5.6 show the standard deviation of the 25 s time averaged values from the overall mean.  

The standard deviation captures the variation of the fluctuations from the mean and more 

clearly reveals the initial transient regime. When the standard deviation plateaus to a 

constant value, we can assume the system has reached a steady state and the values are 

minimally fluctuating about the mean. Fluctuations that remain after steady state has been 

reached are likely to be due to 3D vorticial flow structure in the high shear region. The 

time it takes for the standard deviation to plateau gives us a timescale for the transition 

from transient to steady state and the establishment of the 3D vortices. It is not possible 

to extract this timescale from the data itself due to the fluctuations obscuring the 

underlying trends.   

By smoothing the standard deviation data, as shown with the black line over the 

closed red circles in Figure 5.6c, we can see where the end of the transient regime occurs 

i.e., when the standard deviation reaches a plateau as shown by the solid red line. The 

dashed vertical blue lines show visually when the plateau in the standard deviation is 

reached for each shear rate and indicate that the timescale to reach steady state decreases 

as the applied shear rate increases. The exact values for this timescale were extracted 

using a data smoothing fitting algorithm and are shown more clearly in Figure 5.7 where 

timescales for all four of the shear banding characteristics (α, �̇�ℎ, �̇�𝑙, and �̇�𝑡𝑟𝑢𝑒) and the 
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two protocols are plotted at each applied shear rate. There is a negative correlation 

between the timescale to reach steady state and the applied shear rate. 

   

 
 

Figure 5.7. Timescales to reach steady state ss as a function of applied shear rate for the 

interface position (squares), high shear rate (circles), low shear rate (triangles), and true 

shear rate (diamonds). Protocol 1 (no pre-shear) and protocol 2 (with pre-shear) appear 

with filled black and open black symbols respectively.  

 

 

With the exception of 7 s-1, all the shear banding characteristics ( �̇�ℎ, �̇�𝑙, and 

�̇�𝑡𝑟𝑢𝑒) have roughly the same characteristic time to reach steady state values at a given 

applied shear rate, consistent with previous results in the literature for 10% CPCl [151]. 

There is little difference in this timescale between the protocols, indicating that pre-shear 

does not impact the time it takes for the flow to reach a steady state.   

As noted above, the biggest spread in values occurs at 7 s-1. For example, the 

longest timescale is for the true shear rate for protocol 2 (~525 s) and the shortest 

timescale is for the high shear rate for protocol 2 (~225 s). This is likely because at an 

applied shear rate of 7 s-1, we are near the onset of the stress plateau. The high shear band 
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is fairly small (average interface position is 0.20 for protocol 1 and 0.16 for protocol 2) 

and there is significant variation from the mean, which can be seen in “noisiness” of the 

time averaged standard deviation. Also, with the longest timescales (~500 s), they are 

almost on the order of the experiment time (~600 s). Therefore, the timescales obtained 

using the process of smoothing the data show more disparity. 

There are also a few outlier timescales that don’t follow the general decreasing 

trend with increasing applied shear rate. The true shear rate and high shear rate timescales 

for applied shear rate 12 s-1 are longer (450 and 375 s respectively). In previous work [6] 

showing the 12 s-1 data, we had identified a transient timescale trans and a steady state 

timescale ss based on the rate of decrease of the standard deviation. However, evidence 

of multiple timescales is not seen in the other applied shear rates. As such, we discuss 

only one timescale ss here.  

Figure 5.8 shows the average steady state values of the shear banding 

characteristics as a function of applied shear rate. For protocol 1, we see behavior as 

expected from the literature, where the interface position is located further into the fluid 

gap as the applied shear rate increases farther into the stress plateau (Figure 5.1). The 

shear rate in the low shear band (Figure 5.8c) stays largely constant, behavior also 

observed in the literature [151]. Following standard lever rule behavior [181], we would 

expect the shear rates in the low and high shear bands to stay at constant values 

corresponding to the start and end of the stress plateau respectively (�̇�𝑙 ≈ 2.6 s-1 to �̇�ℎ ≈ 24 

s-1, as obtained from the flow curve in Figure 5.1), while the interface position increased 

linearly. Here, the shear rate in the high shear band increases with increasing applied 
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shear rate. The true shear rate correspondingly also increases with increasing applied 

shear rate. This behavior has been observed previously [151, 155]. The dashed red line 

indicates the case where true shear rate equals applied shear rate and values on this line 

indicate no slip is present. There is a small amount of slip present only for applied shear 

rates of 9 and 15 s-1 and the amount of slip does not scale with applied shear rate.   

 

 
 

Figure 5.8. Shear banding characteristics averaged over the last ~120 s of the shear 

startup experiment, where the flow is at steady state, as a function of applied shear rate 

for protocol 1 (filled symbols) and protocol 2 (open symbols). Error bars of the standard 

deviation reflecting the fluctuations in time are smaller than the symbol size. (a) the 

interface position α (b) the shear rate in the high shear band �̇�ℎ, (c) the shear rate in the 

low shear band �̇�𝑙 and (d) the true shear rate �̇�𝑡𝑟𝑢𝑒, which is a measure of apparent wall 

slip. The dashed red line is where �̇�𝑡𝑟𝑢𝑒 = �̇�𝑎𝑝𝑝 and values on this line indicate no slip 

occurring.   



147 

 

For both the high shear rate and the true shear rate, there is little difference 

between the two protocols. It is only at the highest applied shear rate (15 s-1) that we see 

any difference. However, both interface position and low shear rate are significantly 

different for protocol 2 where pre-shear occurs. In protocol 2, we see a much more 

gradual increase in interface position with increasing applied shear rate and there appears 

to be a corresponding decrease in the low shear rate that is not seen in protocol 1 (with 

the exception of applied shear rate 9 s-1 which is the same as protocol 1). In general, it 

appears that pre-shear, which disrupts and homogenizes equilibrium structure, influences 

the steady state values of low shear rate and location of the interface. 

 

 
 

Figure 5.9. Frequency images from the Fourier transform of the time correlation 

functions for interface position. The scale bars correspond to amplitude (intensity 

normalized by the maximum intensity) in arbitrary units (a.u.). The top panels are 

protocol 1 (no pre-shear) and the bottom panels are protocol 2 (with pre-shear) with 

increasing shear rate (7, 9, 12 and 15 s-1) from left to right. The dominant frequencies in 

the spectra are shown with blue arrows.   
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Temporal fluctuations of the four characteristics of shear banding were analyzed 

by applying a Fourier Transform of the time autocorrelation functions[6] to obtain power 

spectra. The time domain data were divided into 64 s time intervals following shear 

startup and time autocorrelation functions were calculated, which were then Fourier 

transformed to obtain the spectra shown in Figure 5.9. The fluctuations are not entirely 

random but reflect the coherent 3D nature of the flow that is due to flow instabilities. 

Therefore, the fluctuation frequencies may be correlated with the instabilities in the 3D 

flow.  Instabilities manifest primarily as pairs of Taylor vortices in the high shear band, 

which cause undulations along the interface in the vorticial direction [151, 152, 154]. The 

vortices are known to travel along the vorticial direction, as opposed to remaining 

stationary, and their size increases with size of the high shear band as the applied shear 

rate increases [152]. A 1D measurement cannot fully capture the 3D flow patterns, but 

full 3D spatially-resolved NMR velocity measurements are limited in time and spatial 

resolution to capture the dynamics of the instabilities, such as traveling vortices [182].  

 Analyzing the fluctuation frequencies as they scale with applied shear rate could 

be a way to lend insight (or detect) the presence of vortices without the need of a 3D 

measurement. In Figure 5.9, as an example we show the spectra for the interface position 

as a function of flow rate and flow protocol. The blue arrows correspond to the dominant 

frequencies observed. As can be seen, the amplitude of frequency and also the number of 

frequencies present depends on both applied shear rate and protocol, but are stable in 

time. In Figure 5.10, we have extracted the dominant frequencies for all shear banding 

characteristics and plotted them against applied shear rate.  
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In Figures 5.10(a) and (b) we can see there is a frequency that appears in both �̇�ℎ 

and α for both protocols and varies linearly with the applied shear rate (indicated by the 

dashed black line). This frequency scales with the velocity of the inner rotating cylinder, 

it is equal to 𝑣𝑚𝑎𝑥/64. Due to small mechanical imperfections, the rotation can be 

slightly asymmetrical. In this Couette cell, these imperfections are very small, well below 

the spatial resolution of the images, and do not impact measurements in Newtonian 

fluids. Shear start-up experiments under these exact conditions were conducted with 

water and fluctuation frequencies were not observed.  

However, since the WLM samples are viscoelastic and hydrodynamically 

unstable, a frequency dependent upon the rotation arises in the data. Note the observed 

frequency is not equal to the frequency of rotation (𝑓 = 𝑣𝑚𝑎𝑥/2𝜋𝑅𝑖), shown by the red 

dashed lines in Figures 5.10(a) and (b), but is correlated with the rotation rate, and 

deviates more as the applied shear rate increases. Henceforth this will be referred to as 

the rotationally correlated frequency. Such a rotationally correlated frequency has also 

been observed previously. Lerouge et al observed time periodic oscillations in interface 

position following shear start up for 11% CTAB and attributed one frequency of 

oscillation to rotation[168]. 
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Figure 5.10. The dominant frequencies in the spectra for protocol 1 (filled symbols) and 

protocol 2 (open symbols) plotted as a function of applied shear rate for (a) the interface 

position α (b) the shear rate in the high shear band �̇�ℎ, (c) the shear rate in the low shear 

band �̇�𝑙 and (d) the true shear rate �̇�𝑡𝑟𝑢𝑒. Red dashed lines show rotation frequencies 

corresponding to the applied shear rates, while black dashed lines correspond to the 

linearly varying rotationally correlated observed frequencies. 

 

 

While the fluctuations are influenced by the rotation rate because the flow is 

highly elastic and unstable, other frequencies are also amplified and appear at specific 

shear rates. The fluctuation frequencies will be influenced by effects due to the presence 

of three-dimensional flow, i.e. the vortices in the high shear band, interacting with the 

frequency of rotation. It is the interplay between the rotation, the vortex size and the 

movement (traveling) of the vortices that causes fluctuations in the 1D measurement with 

time. Note that for both protocols, the low shear rate and the true shear rate have nearly 
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all the same frequencies (Figures 5.10c and d). For CTAB solutions, Decruppe et al have 

shown that low shear rate and the amount of slip is correlated for time averaged velocity 

profiles as a function of applied shear rate [183]. It is not surprising therefore that the 

fluctuations in these characteristics with time at a constant applied shear rate would be 

coupled as well. 

 

 
 

Figure 5.11. Dominant frequencies for α (open black squares), �̇�ℎ (closed blue circles), �̇�𝑙 

(closed black triangles) and �̇�𝑡𝑟𝑢𝑒 (open red diamonds) for (a) protocol 1 (no pre-shear) 

and (b) protocol 2 (with pre-shear). Dashed lines correspond to the rotationally correlated 

frequencies. 

 

 

In Figures 5.11 (a) and (b), dominant frequencies for all shear banding 

characteristics are plotted against each other for protocol 1 and 2 respectively. We can 

see that pre-shear, as would be expected, does not impact the rotationally correlated 

frequency seen in interface position α and high shear rate �̇�ℎ (dashed lines). However, the 

trends in other frequencies with increasing applied shear rate for �̇�𝑙  and �̇�𝑡𝑟𝑢𝑒 differ with 

pre-shear. For both protocols, we see a transition from frequencies lower than the 
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rotationally correlated frequency to higher as applied shear rate increases. When pre-

shear is present (protocol 2), this transition occurs at a lower applied shear rate. It is clear 

that pre-shear and the corresponding disruption to the equilibrium wormlike micelle 

microstructure impacts the fluctuation, more specifically the fluctuation in the low shear 

and true shear rates and their trend with applied shear rate. As we have discussed, with 

pre-shear the high shear band is smaller, i.e. the interface position is located closer to the 

inner rotating wall, and therefore vortex sizes are smaller, possibly impacting the 

interplay between vortex size and traveling rate and altering the resultant frequencies. 

The differences in frequency trends with applied shear rate between the protocols may be 

further evidence of more complicated instability due to the presence of pre-shear.  Further 

investigation is required to elucidate such connections.   

We can also do this Fourier Transform analysis directly on the time velocity 

autocorrelation functions[142], rather than the characteristics obtained through fitting of 

the velocity profile. Figure 5.12 shows the extracted dominant frequencies obtained with 

this analysis as a function of applied shear rate, comparing protocol 1 (the closed circles) 

and protocol 2 (open circles), for a velocity located in middle of the high shear band 

(Figure 5.12a) and in the middle of the low shear band (Figure 5.12b). 

 

 

 



153 

 

 
 

Figure 5.12. The dominant frequencies in the velocity autocorrelation function (VACF) 

spectra plotted as a function of applied shear rate for (a) the velocity in the spatial center 

of the high shear band and (b) the velocity in the spatial center of the low shear band.  

Filled black circles are protocol 1 and open circles are protocol 2. Dashed lines 

correspond to the rotationally correlated frequencies.  

 

 

The low shear band velocity, which is stable and does not have vortices, has only 

the rotationally correlated frequencies. This shows that the impact of the periodicity of 

the inner rotating cylinder is propagated through the entire viscoelastic fluid, a memory 

effect not present in Newtonian fluids. The velocity in the high shear band, which is 

experiencing the actual three-dimensional flow (both 3D vorticial structure and vortex 

traveling) shows multiple frequencies, including the rotationally correlated frequency.  

Considering Figure 5.12(a), we are observing fluctuations in velocity at a 

particular position within the fluid gap, rather than fluctuations of a fitted parameter 

covering the entire high shear band and coupled with other shear banded characteristics.  

Therefore, the fluctuation frequencies directly depend on the secondary flow due to the 

vortices and the traveling of the vortices within the 10 mm slice, as well as the bulk 

rotation. The velocity in the more stable low shear band, where no vortices are present, is 
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not impacted directly by the vortices, unlike the low shear rate fitted parameter. Again, 

the differences between protocol 1 and protocol 2 are evident at the higher applied shear 

rates.   

 

Conclusions 

 

 

1D velocity profiles acquired every 1 s across the fluid gap of a Rheo-NMR 

Couette geometry under shear startup conditions for protocols without pre-shear and with 

pre-shear were analyzed to quantify the characteristics of the shear banded flow and the 

evolution from transient to steady state shear banding. Timescales to reach steady state 

were extracted for all shear banding characteristics ( �̇�ℎ, �̇�𝑙, and �̇�𝑡𝑟𝑢𝑒). There was little 

difference in timescale between the protocols, indicating that pre-shear does not impact 

the time it takes for the flow to reach a steady state. Timescales to reach steady state were 

found to decrease as the applied shear rate increased.  

General shear banding behavior was impacted by the presence of pre-shear.  

When pre-shear was applied, the interface position was consistently located nearer the 

inner rotor wall than without pre-shear. There was also a more gradual increase in 

interface position with increasing applied shear rate, as well as a corresponding decrease 

in the low shear rate, than was observed without pre-shear. Without pre-shear, a more 

standard lever rule behavior was observed with linearly increasing interface position and 

a largely constant shear rate in the low shear band. For both the high shear rate and the 

true shear rate, there was very little difference between the two protocols, with both 

characteristics increasing with increasing applied shear rate. Pre-shear, which disrupts 
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and homogenizes equilibrium structure, influences primarily the values of low shear rate 

and location of the interface.  

The 1D velocity profiles and therefore shear banding characteristics exhibit large 

temporal fluctuations. It is well documented in the literature that in the high shear band 

pairs of Taylor vortices stacked in the vorticial direction manifest in this system due to 

elastic instabilities [154]. The temporal fluctuations in the 1D measurement are at least in 

part a reflection of the coherent 3D nature of the flow. Frequencies of fluctuation were 

extracted for the four characteristics of shear banding as well as for specific velocities 

within the high and low shear band by Fourier Transform of the time and velocity 

autocorrelation functions.  

The fluctuations with time in the shear banding characteristics are coupled, i.e. 

secondary flow due to Taylor vortices would impact the fluctuating value of shear rate in 

the high shear band obtained through fitting of the velocity profile, but also causes 

undulations in interface position along the vorticity direction that manifests as fluctuation 

frequencies. We analyzed correlations between fluctuation frequency and applied shear 

rate and concluded that fluctuation frequencies depended on an interplay between effects 

due to rotation of the inner cylinder and effects which are due to spatially averaged 

aspects of a time dependent three-dimensional flow (i.e. vortex size and traveling of the 

vortices) as has been observed in the literature. Depending on where in the stress plateau 

the applied shear rate falls, different effects dominate, changing the value and number of 

frequencies, as well as the correlation with applied shear rate. For the velocity 
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fluctuations, the stable low shear band showed only a single frequency, while the high 

shear band, where the coherent 3D flow occurs, multiple frequencies were observed.  

Further research is needed to investigate these trends in fluctuation frequency in 

order to further quantify the underlying mechanisms. Next steps would be to extend this 

analysis to additional concentrations, different types of WLM systems and other flow 

protocols with the goal of identifying correlations between fluctuation frequency and 

features of the shear banding and elastic instability. This analysis could provide a way to 

detect and quantify 3D flow patterns from a 1D measurement.  

  

Acknowledgements 

 

 

JRB acknowledges the NSF (1543875) for funding.  RA acknowledges the Higher 

Committee for Education Development in Iraq (HREC) for fellowship funding.  JRB, 

SLC and JDS acknowledge the M. J. Murdoch charitable trust for equipment funding.  

 

Author Contribution Statement 

 

 

In this study, Rehab Al-kaby has carried out experiments under the help of other 

authors. All the authors contributed to the analysis and the interpretation of the data. All 

authors have involved in preparation and providing of the final manuscript. 

 

 

 

 

 

 

 

 



157 

 

REFERENCES 

 

 

1. Larson, R.G., The Structure and Rheology of Complex Fluids. New York: Oxford 

University Press. 1999. 

 

2. Rehage, H. and H. Hoffmann, Rheological properties of viscoelastic surfactant 

systems. The Journal of Physical Chemistry, 1988. 92(16): p. 4712-4719. 

 

3. Cates, M.E. and M.R. Evans, Soft and fragile matter: nonequilibrium dynamics, 

metastability and flow (PBK): CRC Press. 2000. 

 

4. Cromer, M., G.H. Fredrickson, and L.G. Leal, A study of shear banding in polymer 

solutions. Phys. Fluids, 2014. 26(6). 

 

5. Gilbreth, C., S. Sullivan, and M. Dennin, Flow transitions in two-dimensional 

foams. Physical Review E, 2006. 74(5): p. 051406. 

 

6. Lerouge, S. and J.F. Berret, Shear-Induced Transitions and Instabilities in 

Surfactant Wormlike Micelles, in Polymer Characterization: Rheology, Laser 

Interferometry, Electrooptics, K. Dusek and J.F. Joanny, Editors, Springer-Verlag 

Berlin: Berlin. p. 1-71. 2010. 

 

7. Angelico, R., U. Olsson, G. Palazzo, and A. Ceglie, Surfactant curvilinear diffusion 

in giant wormlike micelles. Phys. Rev. Lett., 1998. 81(13): p. 2823-2826. 

 

8. Ezrahi, S., E. Tuval, and A. Aserin, Properties, main applications and perspectives 

of worm micelles. Advances in Colloid and Interface Science, 2006. 128: p. 77-102. 

 

9. Maitland, G.C., Oil and gas production. Current Opinion in Colloid & Interface 

Science, 2000. 5(5-6): p. 301-311. 

 

10. Yang, J., Viscoelastic wormlike micelles and their applications. Current opinion in 

colloid & interface science, 2002. 7(5-6): p. 276-281. 

 

11. Dreiss, C.A., Wormlike micelles: where do we stand? Recent developments, linear 

rheology and scattering techniques. Soft Matter, 2007. 3(8): p. 956-970. 

 

12. Cates, M., Nonlinear viscoelasticity of wormlike micelles (and other reversibly 

breakable polymers). Journal of Physical Chemistry, 1990. 94(1): p. 371-375. 

 

13. Rehage, H. and H. Hoffmann, Viscoelastic surfactant solutions: model systems for 

rheological research. Molecular Physics, 1991. 74(5): p. 933-973. 



158 

 

14. Hu, Y.T. and A. Lips, Kinetics and mechanism of shear banding in an entangled 

micellar solution. Journal of Rheology, 2005. 49(5): p. 1001-1027. 

 

15. Lerouge, S., J.P. Decruppe, and P. Olmsted, Birefringence banding in a micellar 

solution or the complexity of heterogeneous flows. Langmuir, 2004. 20(26): p. 

11355-11365. 

 

16. Radulescu, O., P.D. Olmsted, J.P. Decruppe, S. Lerouge, J.F. Berret, and G. Porte, 

Time scales in shear banding of wormlike micelles. Europhysics Letters, 2003. 

62(2): p. 230-236. 

 

17. Lopez-Gonzalez, M.R., W.M. Holmes, P.T. Callaghan, and P.J. Photinos, Shear 

Banding Fluctuations and Nematic Order in Wormlike Micelles. Physical Review 

Letters, 2004. 93: p. 268-302. 

 

18. Lettinga, M.P. and S. Manneville, Competition between Shear Banding and Wall 

Slip in Wormlike Micelles. Physical Review Letters, 2009. 103(24). 

 

19. Lopez-Gonzalez, M.R., W.M. Holmes, and P.T. Callaghan, Rheo-NMR phenomena 

of wormlike micelles. Soft Matter, 2006. 2: p. 855-869. 

 

20. Fardin, M.A. and S. Lerouge, Instabilities in wormlike micelle systems From shear-

banding to elastic turbulence. European Physical Journal E, 2012. 35(9). 

 

21. Manneville, S., L. Bécu, and A. Colin, High-frequency ultrasonic speckle 

velocimetry in sheared complex fluids. The European Physical Journal-Applied 

Physics, 2004. 28(3): p. 361-373. 

 

22. Becu, L., D. Anache, S. Manneville, and A. Colin, Evidence for three-dimensional 

unstable flows in shear-banding wormlike micelles. Physical Review E, 2007. 

76(1). 

 

23. Fischer, E. and P.T. Callaghan, Is a birefringence band a shear band? Europhysics 

Letters, 2000. 50(6): p. 803-809. 

 

24. Salmon, J.B., A. Colin, S. Manneville, and F. Molino, Velocity profiles in shear-

banding wormlike micelles. Physical Review Letters, 2003. 90(22). 

 

25. Fardin, M.A., T. Divoux, M.A. Guedeau-Boudeville, I. Buchet-Maulien, J. 

Browaeys, G.H. McKinley, et al., Shear-banding in surfactant wormlike micelles: 

elastic instabilities and wall slip. Soft Matter, 2012. 8(8): p. 2535-2553. 

 



159 

 

26. Fardin, M.-A., L. Casanellas, B. Saint-Michel, S. Manneville, and S. Lerouge, 

Shear-banding in wormlike micelles: Beware of elastic instabilities. Journal of 

Rheology, 2016. 60(5): p. 917-926. 

 

27. Fardin, M.A., T.J. Ober, V. Grenard, T. Divoux, S. Manneville, G.H. McKinley, et 

al., Interplay between elastic instabilities and shear-banding: three categories of 

Taylor-Couette flows and beyond. Soft Matter, 2012. 8(39): p. 10072-10089. 

 

28. Perge, C., M.A. Fardin, and S. Manneville, Surfactant micelles: Model systems for 

flow instabilities of complex fluids. European Physical Journal E, 2014. 37(4): p. 

12. 

 

29. Taylor, G.I., Stability of a Viscous Liquid Contained between Two Rotating 

Cylinders. Philosophical Transactions of the Royal Society of London. Series A, 

Containing Papers of a Mathematical or Physical Character (1896-1934), 1923. 

223(605): p. 289-343. 

 

30. Al-kaby, R.N., J.S. Jayaratne, T.I. Brox, S.L. Codd, J.D. Seymour, and J.R. Brown, 

Rheo-NMR of transient and steady state shear banding under shear startup. Journal 

of Rheology, 2018. 62(5): p. 1125-1134. 

 

31. Berret, J.-F., D.C. Roux, and G. Porte, Isotropic-to-nematic transition in wormlike 

micelles under shear. Journal de Physique II, 1994. 4(8): p. 1261-1279. 

 

32. Callaghan, P.T., Translational Dynamics and Magnetic Resonance: Principles of 

Pulsed Gradient Spin Echo NMR. New York: Oxford University Press. 2011. 

 

33. Rogers, S. and P. Callaghan, Time-dependent NMR-velocimetry of a colloidal 

glass. Rheol Acta, 2009. 48(7): p. 735-745. 

 

34. Lopez-Barron, C.R., A.K. Gurnon, A.P.R. Eberle, L. Porcar, and N.J. Wagner, 

Microstructural evolution of a model, shear-banding micellar solution during 

shear startup and cessation. Physical Review E, 2014. 89(4). 

 

35. Macosko, C.W., Rheology : principles, measurements, and applications. New 

York: New York : Wiley-VCH. 1994. 

 

36. Fardin, M.-A. and S. Lerouge, Instabilities in wormlike micelle systems. The 

European Physical Journal E, 2012. 35(9): p. 1-29. 

 

37. Glasgow, L.A., Transport phenomena: an introduction to advanced topics: John 

Wiley & Sons. 2010. 



160 

 

38. Berret, J.F., D.C. Roux, and P. Lindner, Structure and rheology of concentrated 

wormlike micelles at the shear-induced isotropic-to-nematic transition. Eur. Phys. 

J. B, 1998. 5(1): p. 67-77. 

 

39. Fardin, M.A., B. Lasne, O. Cardoso, G. Gregoire, M. Argentina, J.P. Decruppe, et 

al., Taylor-like Vortices in Shear-Banding Flow of Giant Micelles. Physical Review 

Letters, 2009. 103(2): p. 4. 

 

40. Kose, Spatial mapping of velocity power spectra in Taylor-Couette flow using 

ultrafast NMR imaging. Physical review letters, 1994. 72(10): p. 1467. 

 

41. Lerouge, S., M. Argentina, and J.P. Decruppe, Interface instability in shear-

banding flow. Physical Review Letters, 2006. 96(8): p. 4. 

 

42. Decruppe, J.P., O. Greffier, S. Manneville, and S. Lerouge, Local velocity 

measurements in heterogeneous and time-dependent flows of a micellar solution. 

Physical Review E, 2006. 73(6): p. 9. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



161 

 

CHAPTER SIX 

 

 

CONCLUSIONS 

 

 

All work encompassed in this dissertation demonstrates the ability of the Rheo-

NMR technique to temporally and spatially characterize the transient and steady state 

dynamics of a shear banding wormlike micellar system under shear startup flow 

conditions.  Rheo-NMR, in which the shear cell is incorporated within the NMR 

spectrometer, is a non-invasive and non-destructive technique to provide advanced 

information on micro and macro scales. This technique is a powerful method to study the 

unique mechanical behavior of wormlike micelles, which can have a significant impact 

on the field of soft matter. It is also of great interest to fully understand and control the 

WLMs’ properties and behavior which will have the potential to benefit industry and 

society by impacting numerous applications of WLMs such as in heat transfer 

technology, food processing, and oil recovery. The kind of wormlike micelle solution that 

is investigated in this work is well known to exhibit shear banding behavior, where the 

flow organizes into two microscopic bands under different shear rates, and is also 

susceptible to develop flow instabilities driven by elasticity. 

1D velocity images were acquired across the fluid gap of a concentric cylinder 

Couette shear geometry using the Rheo-NMR velocimetry under shear startup conditions 

and used to investigate the transient and steady state shear banding in WLMs solution. As 

a function of flow protocol and for different applied shear rates within the stress plateau, 

the shear banding characteristics, including the shear rates in the high and low shear 
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band, the interface position and the apparent slip at the inner rotating wall, were 

evaluated by linear fits of velocity profiles.  

 Due to elastic instabilities in the high shear band manifesting as pairs of Taylor 

vortices stacked in the vorticial direction, large temporal fluctuations were observed in 

the 1D velocity images, and therefore in the shear banding characteristics for all applied 

shear rates.  

To gain insight into the nature of fluctuations and quantify the fluid response 

following the shear startup protocols, i.e., with and without preshear, the characteristic 

timescales for the transition of the flow from transient to steady state were obtained by 

decomposing the data into a time-averaged quantity and a fluctuation about the time 

average. This averaging time was carefully selected to be longer than the fluctuation 

timescale but shorter than any other timescale that would yield information. All shear 

banding characteristics were found to demonstrate roughly the same steady state 

timescale at a given applied shear rate. This result indicates that the preshear does not 

impact the time it takes for the system to reach a steady state. The results also indicated 

that the steady state timescales decrease as the applied shear rate increases. 

In general, preshear was found to disrupt the equilibrium of wormlike micelle 

microstructure, which may have allowed the 3D vorticial flow structure in the high shear 

band to develop more rapidly, and therefore impacted the behavior of the shear banding. 

The steady state values of the interface position and low shear rate were influenced by 

applying preshear. With preshear (protocol 1), the interface position was located closer to 

the inner rotating wall of the shear cell compared to without preshear (protocol 2). The 
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difference in the interface position for the two protocols became larger as the applied 

shear rate increased. The data also indicated that in the presence of preshear, the low 

shear rate decreased when the applied shear rate increased. This behavior was not 

observed when the preshear was not employed. Additionally, with preshear, more slip 

was observed. 

In fact, secondary flow due to Taylor vortices in the high shear band causes 

undulations in interface position along the vorticity direction that manifests as fluctuation 

frequencies. Therefore, more information regarding the 3D nature of flow was extracted 

by applying a Fourier Transform of the time autocorrelation functions of the four shear 

banding characteristics as well as for specific velocities within the high and low shear 

band to obtain spectra of fluctuation frequencies. It was concluded that fluctuation 

frequencies depended on the correlation between effects of the inner cylinder rotation rate 

and effects of a time dependent 3D flow, i.e. vortex size and traveling of the vortices. In 

the case of velocity fluctuations, a single dominated frequency was observed in the stable 

low shear band while the velocity in the high shear band, where the hydrodynamic 

instabilities i.e. vortices occur, showed multiple frequencies.  

The approach presented in this thesis could have strong potential for providing a 

deeper insight into the macroscopic changes in the flow field and the microscopic 

changes in WLMs system. Moreover, valuable information about the 3D nature of the 

flow field, such as the presence of vortices, could be captured using this type of analysis 

of the 1D velocity measurement and without the need of a 3D measurement.  
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Further experimental work will help to characterize and provide a better 

knowledge of the interplay between the macroscopic behavior, microstructures, and the 

properties in WLM systems under steady state and time dependent flow conditions. 

Therefore, next steps in understanding flows of WLMs system and the nature of the shear 

banding and elastic instability can be made by examining additional concentrations, 

different types of WLM systems, and various conditions, i.e., applied shear rate, surface 

roughness and flow protocols.  
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