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ABSTRACT
Urea-hydrolysing biofilms are crucial to applications in medicine, engineering, and
science. Quantitative information about ureolysis rates in biofilms is required to
model these applications. We formulate a novel model of urea consumption in a
biofilm that allows different kinetics, for example either first order or Michaelis-
Menten. The model is fit it to synthetic data to validate and compare two ap-
proaches: Bayesian and nonlinear least squares (NLS), commonly used by biofilm
practitioners. The shortcomings of NLS motivate the Bayesian approach where a
simple Markov Chain Monte Carlo (MCMC) sampler is applied. The model is then
fit to real data of influent and effluent urea concentrations from experiments on
biofilms of Escherichia coli. Results from synthetic data aid in interpreting results
from real data, where first order and Michaelis-Menten kinetic models are compared.
The method shows potential for general applications requiring biofilm kinetic infor-
mation.

KEYWORDS
biofilm; modelling; ureolysis; uncertainty quantification; Markov; inverse problem;
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1. Introduction

Microbial biofilms are almost everywhere. A deeper understanding of biofilms over
the last 30 years has already transformed the way that humans understand and inter-
act with the microbial world. Microbiologists have unprecedented access to chemical,
molecular and imaging technologies, and advances in mathematical modelling, that
have revolutionised the study of these microbial communities. Here we focus on the
mathematical and experimental modelling of microbial formation of carbonate precipi-
tates, significant in a number of applications including industrial, medical, engineering,
and agricultural contexts. In medical applications, ureolytic microorganisms can play
a role in the formation of kidney stones as well as crystal encrustations on urinary
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tract catheters [1,2]. In engineering applications, ureolytic mineral formation has been
used to protect building materials through mineral deposition [3] as well as reduce
permeability in the subsurface [4]. In agricultural contexts urea is a major source of
nitrogen in fertilizer that can contaminate groundwater [5] and require remediation.
In each of these scenarios, biofilms are an important source of ureolytic activity.

While there are multiple ways organisms engage in biomineralisation, our interest
is here confined to biomineralisation via urea hydrolysis (‘ureolysis’). Urea hydrolysis
is a biochemical mechanism whereby microorganisms break down urea triggering an
increase in the microorganism’s environmental pH, which can in turn trigger precip-
itation of carbonate and other minerals. At circumneutral pH levels urea hydrolysis
can be written as

CO(NH2)2 + 2 H2O + H+ −−→ 2 NH+
4 + HCO–

3 .

Here two ammonium ions and one bicarbonate ion are formed by the hydrolysis of
each urea molecule. One proton is consumed in the reaction, which causes an increase
in pH. This pH increase results in the formation of carbonate ions. This in turn can
lead to the precipitation of calcium carbonate when calcium ions are introduced [6].

Quantitative information about ureolysis rates in biofilms is critical to understand-
ing and applying ureolytic systems. While planktonic cultures have been well studied,
much less is known about ureolysis rates in biofilms [7]. There have been studies of
volume averaged rates in porous media [8,9] as well as in immobilised enzymes [10,11].
However, these studies have tended to concentrate on precipitation rates rather than
ureolysis kinetics. Here we focus on ureolysis kinetics by biofilms in a tube reactor
under continuous flow. We parametrise a novel, low dimensional pore flow model for
the microbial formation of carbonate precipitates by biofilms via urea hydrolysis us-
ing experimental observations. We then formulate an inverse problem to estimate the
kinetics parameters of this model from data.

Inverse problems arise in a variety of scientific fields whenever mathematical models
are used to explain or extend observations. In an inverse problem, the goal is to esti-
mate model parameters; in many situations these parameters are difficult to measure
directly. Geology and earth sciences, including hydrology, have long used inverse meth-
ods (see for instance [12,13]). Inverse methods, including Bayesian statistical frame-
works, have also been used in fields such as structural mechanics and heat conduction
[14,15]. However, we are aware of only a handful of previous attempts to combine
inverse methods and biofilm models [16–20]. Following common practice, the inverse
problem we formulate is solved first using non-linear least squares (NLS) [7,21], and
then, when NLS proves insufficient, using a Bayesian approach with a simple Markov
Chain Monte Carlo (MCMC) method. We compare the NLS and the Bayesian ap-
proaches for estimating parameters in our kinetics model. We apply these methods to
several synthetic data sets to validate our methods before applying the methods to
real data from experiments of Escherichia coli biofilms. We provide details of the im-
plementations regarding assessing convergence and auto correlation of the algorithm’s
outputs.

The paper is structured as follows. In section 2 we describe the tube reactor model
and the associated inverse problem. We then briefly summarise experimental measure-
ments before discussing the creation of synthetic data used to test the inverse methods
and the model implementation. In section 3 we discuss parameter estimation using the
synthetic data and then the experimental data. In the final section we suggest four
important lessons experimenters should take from this work.
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Figure 1. Model cartoon. The unified model consists of two linked one dimensional models. The first,

illustrated at the top of the figure as a biofilm-lined tube extending in the x-dimensions, models the con-

centration of urea in the fluid flowing axially through tube reactor (the biofilm is represented in green). The
second, represented by the expanded view at the bottom of the figure, models the concentration of urea in the

wall-mounted biofilm in the radial direction, which is perpendicular to the flow. This is the z-dimension.

2. Materials and methods

2.1. The forward problem

The process of calculating causal factors (here model kinetic parameters) from a set of
observations (measured urea concentration) is called an inverse problem. To specify an
inverse problem requires a mathematical model of the system under study, which can
predict the value of the observations given a complete knowledge of the inputs. This
prediction is called the ‘forward’ or ‘direct’ problem [22]. Here we develop the forward
problem by unifying two one-dimensional models, one which models the axial flow of
urea down a tube and one which models the consumption of urea in the tube-lining
biofilm. A model schematic is shown in Figure 1.

2.1.1. Tube reactor model

In the axial direction we assume conditions are uniform radially, allowing us to model
the reactor as a long, thin tube of constant radius r extending along the x-axis. Fluid
containing a specified concentration of urea enters the reactor at x = 0, travels through
the tube with fixed velocity v, and exits at x = L. In addition to advective transport,
we assume that urea can diffuse throughout the reactor with diffusivity D. The urea
in the bulk fluid enters the reactor at x = 0 with velocity v at concentration u0.
Thus, if the system has reached steady state, the urea concentration at location x,
denoted u(x), with a flux-balanced inflow boundary condition and a no-flux outflow
lower boundary condition, is given by

0 = D
d2u

dx2
− vdu

dx
− δR(u), (1a)

vu0 = −Ddu
dx

∣∣∣∣
0

+ vu(0),
du

dx

∣∣∣∣
L

= 0. (1b)

Here δ is the ratio of the circumference of the tube to its cross-sectional area, and
R is the urea utilisation rate function, which depends on u (and thus x). This term
provides the link between urea in the flow and urea usage by the biofilm attached to
the tube walls. Note that urea concentration u is assumed to be a function of x. Hence
u(0) denotes the concentration of urea at x = 0 and is not equal to u0 due to diffusion

3



and advection as seen in (1b).

2.1.2. Biofilm model

The 1D biofilm model makes three basic assumptions, namely, that properties of the
biofilm change only in the direction perpendicular to the tube wall, that the biofilm
may be treated as a continuum, and that the bulk fluid does not advect through the
biofilm. If we further assume that the biofilm is at a steady state and has a static
physical profile, then the concentration of a substrate s in the biofilm depends only
on the distance z from the wall. The concentration of urea at the top of the biofilm
(z = H) matches that in the bulk fluid, s0, and we assume that the wall is impermeable.
The model is then

−Dd2s

dz2
= r(s; θ), (2a)

s(H) = s0,
ds

dz

∣∣∣∣
z=0

= 0. (2b)

The difficulty in solving this model depends entirely on the reaction function r(s; θ)
for urea inside the biofilm, which in turn depends on the kinetic model used. We
use θ to represent the (possibly unknown) kinetic parameter(s). Regardless of details
regarding the formulation of r(s; θ), we are interested in the flux of substrate into the
top of the biofilm from the bulk fluid. This is described by the unknown flux

QH = −Dds

dz

∣∣∣∣
(z=H;θ)

, (3)

a quantity we will use to link the 1D biofilm and 1D tube models.

2.1.3. Unified Model

The key to combining these models is the realisation that the utilisation rate R(u)
from the tube reactor model (cf. (1a)) is linked to the flux of substrate into the
biofilm shown in (3). As substrate is consumed in the biofilm, local concentration in
the biofilm is diminished, driving a Fickian flux of material from the tube reactor
into the biofilm. To derive the unified model we equate R(u) in (1a) with QH(S)
in (3). We then nondimensionalise using S = s

s0 and Z = z
H in the z dimension,

and X = x
L and U = u

u0 in the x dimension. This change of variables means that
Z = 0 is the bottom of the biofilm, and Z = 1 is the surface. Similarly, X = 0 is
the tube entrance and X = 1 the exit. We further note that s0 = u(x), and define
nondimensional parameters Pe = vL

D , a Péclet number relating advective transport to

diffusive transport, and β(X) = δL De
vH(X) , a product of nondimensional numbers which

is large under conditions where urea utilisation is high and small under conditions
where urea utilisation is small. The unified model may then be written as

0 =
1

Pe
U ′′ − U ′ − β(X;H(X))U

dS

dZ
(Z = 1; θ), (4a)
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1 = − 1

Pe
U ′(0) + U(0), U ′(1) = 0, (4b)

where the prime indications differentiation with respect to X and dS
dZ (Z = 1; θ) im-

plicitly depends on some set of parameters θ.
Experimental data, summarised in Table 1, shows that the Péclet number for the

tube reactors is on the order of 104, meaning that the 1/Pe terms in (4) are very
small. This means that diffusion is far less important to the transport of urea than
advection. Omitting these small terms, the unified model can be simplified to

U ′ = β(X;H(X))U(X)
dS

dZ
(Z = 1; θ),

U(0) = 1.

The removal of the second order term reduces the order of the unified model, which
means that both boundary conditions in (4b) cannot be imposed. We chose to retain
the influent boundary condition because it contains model data in the form of U(0).

It is common for mathematicians to non-dimensionalise a model as in the previ-
ous equation, which eases computations and interpretation. Unfortunately, this non-
dimensional form makes it challenging to see the dependence on other inputs from
data such as the urea influent into the tube, u0, which is crucial for working with the
inverse problem that we describe later. Hence, we rewrite the model, in a non-standard
form, as

du

dX
= β(X;H(X))u(X)

dS

dZ
(Z = 1; θ), (5a)

u(0) = u0. (5b)

The model given by (5) describes how much urea u(x) is at location x in the biofilm-
laden tube given a specification of the unknown kinetic parameters θ, the influent urea
concentration u0, and a height profile H of the biofilm in the tube. In real experiments,
it is only practical to measure urea concentration at the tube’s effluent uL = u(x = L),
while the influent concentration u0 = u(x = 0) into the tube is controlled by the
experimenter and is assumed known. Because the urea concentration inside the pipe
(u(x) for 0 < x < L) is not observable in our experiments, we focus on ûL = û(x = L),
an estimate of the effluent urea concentration u(x = L). We graphically compare these
measured and modelled quantities for real experimental data in section 3.2.

The solution of the system (5) that relates the parameters θ to the output ûL is
the ‘forward map’ or ‘forward problem’. We will write ûL = g(θ;u0, H) where g(·)
indicates the forward map as a function of θ, with dependencies on u0 and H that
are set from experimental data. Note that the evaluation of the forward problem (i.e.,
solving (5)) requires solving the differential equation shown in (2) at each mesh-point
to compute dS

dZ (Z = 1; θ). This can be a time-consuming calculation (see section 2.5).
The unified model (5) is a general framework for generating different forward prob-

lems that describe how the biofilm breaks down urea via the function r(s; θ) in (2a);
r(s; θ) affects the unified model through the dS

dZ (Z = 1; θ) term in (5a). A given forward
problem has unknown parameters θ that need to be estimated from data. In general,

5



Table 1. A summary of parameter values used in the unified tube reactor model.

Name: value: units: description: source:

r 0.8 mm inner radius of tube reactor measurement
δ 2.5 1/mm ratio of circumf. to area calculated
L 1000 mm length of reactor measurement
D 4.932 mm2/hr diffusivity of urea in water [23]
Q 1000 mm3/hr fluid flux through reactor measurement
v 497.4 mm/hr average fluid velocity calculated as Q/πr2

Pe 10084 1 Péclet number calculated as vL/D
u0 0.5, 5, 10, 15 g/L influent urea concentration measurement

H(X) 0–0.35 mm biofilm thickness measurement

θ can be either a scalar or vector depending on the choice of kinetics, i.e., choice of
r(s; θ). We consider 2 forward problems:

(FP1) To describe first order kinetics, the forward model g(θ;u0, H) that describes
(5) utilises r(s; θ) = k1s, so there is a single unknown parameter, θ = k1.

(FP2) For Michaelis-Menten kinetics, the forward model g(θ;u0, H) that describes
(5) utilises r(s; θ) = r0s/(km + s), so there are two unknown parameters,
θ = (r0, km).

The forward problems (FP1) and (FP2) presume that the kinetic properties of
the microbes in question, θ, are constant with respect to urea concentration and are
invariant with respect to model environmental conditions. Relaxing this assumption
would increase the complexity of the model and increase the number of parameters.

2.1.4. Error model

We know that the model ûL = g(θ;u0, H) in either (FP1) or (FP2) will not perfectly
predict the real experimental effluent urea data uL, i.e., there will be error. We as-
sume that the errors are independent and identically distributed (iid) [24, p. 155],
which means that effluent concentrations from different individual tube reactors do
not affect each other, and that the same parameters θ govern the kinetics in all the
tubes used in experiments. We also assume that the errors are normally distributed
with standard deviation σ, a common assumption for many processes ([25] (p.88, 117),
[26](p.1196-1197)) due to its simplicity. Given this assumption, the process that gen-
erates experimental data can be written as

uL = g(θ;u0, H) + ε,

where ε ∼ Nn(0, σ2I). Here Nn is the multivariate normal (MVN) distribution of di-
mension n, where n is the length of uL and corresponds to the number of observed ef-
fluent values. It follows that uL, given θ, is normally distributed with mean g(θ;u0, H)
and standard deviation σ [24, p. 155]. That is,

uL | θ, σ2 ∼ Nn(g(θ;u0, H), σ2I), (6)
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whereNn(g(θ;u0, H), σ2I) is the likelihood. Using P (·) to represent probability density
functions, we can write the MVN likelihood explicitly as

P (uL | θ, σ2) =

√
1

(2π)nσ2
exp

(
− 1

2σ2
‖uL − g(θ;u0, H)‖22

)
. (7)

2.2. The Inverse Problem

The forward problems (FP1) and (FP2) describe how much urea, uL, exits a biofilm-
laden tube given values of the parameters θ. The inverse problem is to estimate the
parameters of interest, θ, given observed urea concentrations uL from a biofilm-laden
tube. When collecting new experimental data, we must also estimate the standard
deviation of the error, σ.

We consider 3 inverse problems:

(IP1) Given data and the forward model (FP2) that describes Michaelis-Menten
kinetics, estimate two parameters, θ = (r0, km). The standard deviation σ is
assumed to be known and is set at a fixed value.

(IP2) Given data and the forward model (FP1) that describes first order kinetics,
estimate θ = k1 and σ.

(IP3) Given data and the forward model (FP2) that describes Michaelis-Menten
kinetics, estimate θ = (r0, km) and σ.

Solving the problems (IP2) and (IP3) provides an estimate of the standard deviation
σ of the error. Note that this estimate for σ can be useful for estimating how many
tube reactors to include in a future experiment to attain a desired level of precision.

Using the synthetic and real experimental data that we describe in the rest of this
section, we apply NLS and a Bayesian approach to solve these inverse problems given
the same data sets.

2.2.1. Nonlinear Least Squares

The simplest and most naive approach to solving an inverse problem is to formulate a
cost function comparing the difference between model output and experimental values
and then seek to minimise this function with respect to model inputs θ. When the cost
function is ‖·‖22, then this is a nonlinear least squares (NLS) formulation. Denote the
vector of experimentally measured effluent concentrations by uL. The cost function
c(θ) is

c(θ) = ‖(uL − ûL)‖22. (8)

The n-vector ûL = g(θ;u0, H) predicts effluent concentrations from n biofilm-laden
tube reactors given values for the parameters θ, the influent u0 and biofilm height
profile H; g(·) indicates one of the forward maps (FP1) or (FP2). Using the NLS
approach we seek an optimal value of θ, denoted θnls, such that θnls = arg min c(θ).
As we shall see, this approach is uninformative for some parameter sets, though (8)
remains an important component for more advanced methods. Another drawback to
NLS is that resulting confidence intervals are computed by adding and subtracting
a calculated margin of error from θnls (under the assumption that θnls is normally
distributed). This means that confidence intervals formed via NLS are necessarily
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symmetric even when the underlying distribution of θnls is skewed.

2.2.2. A Bayesian Approach

A more sophisticated approach for solving a non-linear inverse problem that addresses
the deficiencies of NLS involves Bayesian inference.

Given the likelihood (7) and a value of θ, we can calculate the probability that
an effluent urea concentration falls within a particular range. But this is the oppo-
site of what we want when working with real data because in that case we do not
know the value of θ. Rather, we need the posterior distribution P (θ | uL), which gives
us the probability density of seeing particular values of θ given the observed data.
NLS and the resulting confidence intervals work well when this posterior is approxi-
mately normal (and hence symmetric), but this need not be the case. The Bayesian
approach generates an approximation to the posterior distribution for θ, from which
some statistic can be calculated to estimate θ with a single value, such as the median,
or the mode referred to as the ‘maximum a posteriori’ or MAP. An interval estimate
for θ is provided by calculating a probability interval or ‘credible interval’ directly from
the posterior. It is important to note that the terminology ‘credible interval’ specifies
a Bayesian interval estimate from the posterior, whereas a confidence interval from
NLS is calculated by assuming that θnls is normally distributed.

Bayes’ Theorem is the key to calculating the posterior because it relates the known
likelihood to the unknown posterior distribution. To compute the posterior up to a
normalising constant we multiply the likelihood distribution by the prior distribution,
P0(θ). Explicitly, by Bayes’ Theorem [24, p. 156]

P (θ | uL, σ2) =
P (uL | θ, σ2)P0(θ)

P (uL)
, (9)

in the case that we consider σ2 known. If we allow that σ2 is unknown then it must
be estimated using the Bayesian approach and the posterior is

P (θ, σ2 | uL) ∝ P (uL | θ, σ2)P (θ, σ2) = P (uL | θ, σ2)P0(θ)P0(σ2). (10)

Here we write the joint prior P0(θ, σ2) as a product of the marginal priors, P0(θ)P0(σ2),
because we assume independence of kinetic parameters and experimental precision.

The same prior distribution P0(θ) is used for all 3 inverse problems (IP1)-(IP3) that
we consider; and the same prior P0(σ2) is used for both (IP2) and (IP3). The prior
distribution for θ, P0(θ), contains whatever knowledge we have regarding θ prior to
observing the data (e.g., see [27] p. 43; [25] p. 61; [28] p. 40; [29] p. 297, 463, 473;
[30] p. 224; [31] p. 115; [32] p. 92; and [33] p. 797). Here we impose upper and lower
bounds for the parameters of interest θ, and we assume that the prior probability is
uniformly distributed between these bounds.

We use an inverse-χ2-distribution for σ2 [34, p. 75]

P0(σ2 | ν, σ̂2) =

{
2−ν/2

Γ(ν/2)

(
σ̂2ν/σ2

)ν/2−1
e−σ̂

2ν/(2σ2) if σ2 > 0,

0 otherwise,
(11)

where n is the number of sampled effluent concentrations and ν = n − 1. Evaluating
this prior requires an estimate σ̂2 (see section 2.5). There are other more standard
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prior models we could have used, for example the so-called Jeffrey’s prior ([34] p. 62;
[24] p. 164) or an inverse-gamma (e.g., see [29] p. 335; [35], [24] p. 163) for which (11)
is a special case.

2.2.3. The Bayesian Solution

When solving the inverse problem (IP1), we suppose that the error standard deviation
σ is known, and that θ = (r0, km). Let Ir0 = [rmin

0 , rmax
0 ] and Ikm = [kmin

m , kmax
m ] denote

the support for r0 and km, respectively, so that P0(θ) is a uniform distribution over
Ir0 × Ikm . Then, the posterior from (9) is

P (θ | uL, σ2) =

{
P (uL|θ,σ2)P0(θ)

P (uL) , if θ ∈ Ir0 × Ikm ,
0 otherwise.

(12)

With only two dimensions and finite support, it follows that we can discretise Ir0×Ikm
into an m×m grid and, after evaluating the posterior (and hence the forward problem)
at every grid point, simply approximate the integral in the denominator of (12) using
a numeric scheme such as the trapezoidal method. In the Results, we used m = 100.
Because P (uL|θ, σ2) ∝ e−1/2σ2c(θ), this brute force calculation of the posterior requires
computing the cost function (8) 104 times, which is computationally expensive but
acceptable. Solving (IP2) can also be solved over a grid, but now the grid is over
Ik1 × Iσ2 .

Solving an inverse problem with more than two parameters, such as (IP3), ben-
efits from a more efficient approach. For (IP3), to estimate the three dimensional
posterior P (θ, σ2 | uL) in (10) when σ is unknown, we do not compute the posterior
given by (10) over the full support of the parameters, but instead draw samples from
P (θ, σ2 | uL) using a Markov Chain Monte Carlo (MCMC) method. MCMC works by
constructing a Markov chain of samples whose stationary distribution is the posterior
density function. The samples of this chain provide a picture of the posterior density
after the chain converges to the stationary distribution. Early samples in the chain are
generally discarded as ‘burn-in’ because the chain may not start near the stationary
distribution. [34, p. 295]. More details of our simple MCMC implementation are pro-
vided in section 2.5. One very useful consequence of using MCMC when solving (IP2)
and (IP3) is that the chains for the parameters of interest (θ) give samples for the
“marginal posterior” for θ (P (θ|uL)) after integrating out the “nuisance” parameter
σ (i.e., P (θ|uL) =

∫
P (θ, σ|uL)dσ).

There are alternatives to the Bayesian approach such as likelihood profiling [36] and
bootstrapping [37]. However, neither of these methods incorporate prior knowledge
about the parameters.

2.3. Real Experimental Measurements

The methods and materials used to collect data on biofilm growth and thickness data
have been published in detail elsewhere [6]. We provide a brief summary here.

Cultures of a biofilm containing a green fluorescent protein gene (GFP) were grown
in 10 cm long silicone tubes with an interior diameter of 0.8 mm to mimic biofilm grow-
ing in small pore-spaces. The microorganism was Escherichia coli MJK2 [38], which
is a GFP strain selected to aid in imaging and biofilm quantification. After the tubes
were inoculated, syringe pumps pushed sterile media containing urea in concentrations
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Figure 2. Biofilm height profiles for surviving reactors. Biofilm height profiles H from each of the
eight reactors which survived the entire growth, sampling, and cryosectioning process used in the Bayesian

statistical analysis.

ranging from 0.1 g/L to 15 g/L through the tubing at a rate of 1.0 mL/hr for as little
as 10 days, or for more than two months, depending on the experiment. Flow was
continuous except for short periods when the syringe pumps were exchanged. Sample
ports upstream allowed influent samples to be taken for analysis, while effluent sam-
ples were taken by simply disconnecting the downstream end of the tube and filling a
vial.

To find biofilm thickness, each 10 cm tube was cut into five 2 cm sections. Each
section was cut in half lengthwise, filled with cryoembedding medium, and frozen on
dry ice. Once frozen, the silicon tube was peeled off the frozen medium, which was
frozen into a larger cutting medium mold for cryosectioning. These frozen samples
were cut in 5 µm cross sections and mounted on microscope slides. Each tube segment
was used to create 5 cross sections for analysis. An example of these data is shown in
Figure 2.

2.4. Synthetic Data

We simulated two sets of synthetic data. We will analyze these synthetic data and use
the insights to better understand and interpret the results for real data. The first step
in creating the synthetic data uL was to simulate effluent urea concentrations using
the forward problem (FP2) with chosen parameter values for θ. Random normal noise,
ε ∼ N(0, σ2), was then added via uL = g(θ;u0, H) + ε to simulate noisy ‘jittered’ data
consistent with the error model described in section 2.1.4. Estimates from preliminary
experimental results suggested using a value of σ = 1 × 10−4 in the simulations.
The values used for the parameters θ = (r0, km) were consistent with measurements
of data from preliminary experimental results, r0 = 50 × 10−3 mg/(mm3 hr) and
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km = 10 × 10−3mg/mm3. Numerical simulation showed that, for these values of θ
and σ, the location and precise thickness of biofilm H in the reactor was relatively
unimportant as compared to the total biomass, so uniform flat profiles of the biofilm
height 0.1 mm were used. Different influent concentrations u0 were used for the two
data sets.

The first synthetic data set, which we will refer to as ‘SD1,’ was used to test the
NLS approach to parameter estimation and to demonstrate an important requirement
of useful data. These data were created using a single influent concentration of u0 =
0.5 × 10−3 mg/mm3 and is available in Table S1 of the Supplementary Materials.
The second data set (SD2) was used to test both NLS and Bayesian approaches to
solving the inverse problem. To create SD2, five influent concentration values were
used, namely, u0 = (0.5, 5, 10, 15, 20) × 10−3 mg/mm3. These data are available in
Table S2 of the Supplementary Materials.

2.5. Implementation

Solving the forward model and parameter estimation were performed using Matlab
2019a. Code was auto-parallelised by Matlab and run on 10 Xeon E5-2860 2.8 GHz
processors. The unified model solver utilised an upwind scheme in the axial dimension
and was discretised using 200 steps. In the case of real data, described in Section 3.2,
a chain of length 1000 using eight tube reactors took approximately one second to run
for first order kinetics (IP2) and 400 seconds for Michaelis-Menton Kinetics (IP1 and
IP3). Note that the increase in computational time for Michealis-Menton kinetics is
due to the need to solve 1600 boundary value problems per evaluation of the forward
problem.

Differential equations in the biofilm model were solved explicitly in the case of
first-order kinetics (FP1), while Matlab’s bvp4c solver was used for Michaelis-Menten
kinetics (FP2). Inverse problem solutions and confidence intervals for NLS were com-
puted using lsqnonlin or nlinfit.

The Bayesian solution of the inverse problem (IP3) is based on a Markov chain of
samples from the posterior using MCMC. To calculate each element of the chain, the
posterior (10) is evaluated. To evaluate the prior for σ2 in (11), an estimate of the
sample variance σ̂2 is needed. This is obtained by pooling the variance of the effluent
values using the Satterthwaite approximation [39]. For example, for the synthetic data
SD2, the pooled estimate for the variance is σ̂2 = 3.0× 10−9.

We use one of the earliest and simplest MCMC methods, the Metropolis Algorithm,
which was first described by Nicholas Metropolis and colleagues in 1953 [40]. We follow
the implementation in [41, p.288] using a symmetric uniform proposal distribution.
For higher dimensional problems, there are more sophisticated algorithms beyond
Metropolis’ 1953 scheme. For example, one could apply an adaptive MCMC that
uses a normal proposal with mean and covariance that depend on previous samples
in the chain [42]. Or one might consider the “t-walk” [43] that speeds convergence by
utilizing specialized proposals for sampling the posterior.

To make an initial assessment of the convergence of the Markov chains, the inte-
grated autocorrelation time (IACT) was computed using Matlab code by Wolff [44,45].

To further assess convergence, the potential scale reduction factor (R̂) was calculated
by comparing multiple parallel chains [34, pp. 296-297].
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3. Results and Discussion

3.1. Parameter Estimation from Synthetic Data

To better understand the strengths and limitations of the NLS and Bayesian ap-
proaches to fitting our forward model (FP2) to real experimental data of E. coli
biofilms, in this section we analyzed two sets of synthetic data. Analyzing these syn-
thetic data also helped in interpreting the results from our analysis of real data. Where
possible, we will compare conventional confidence intervals from NLS to credible in-
tervals from the Bayesian analysis.

In Case 1, we use NLS to solve (IP1). That is, we use NLS to fit the Michaelis-Menten
kinetic model to the SD1 data and show that when our influent concentrations do not
span a sufficiently large range, we cannot find a unique estimate value of θnls. In Case
2, we again consider (IP1), but this time consider the influent concentrations over
a sufficiently wide range and use NLS on the SD2 data to find point estimates and
confidence intervals for θ. In Case 3, we show that explicitly calculating the posterior
distribution (for IP1) on a grid using SD2 data yields point estimates for θ comparable
to NLS. However, this case illustrates the lack of symmetry of the resulting credible
intervals, showing that NLS confidence intervals are incorrect. In Cases 1-3, it was
assumed that σ was known. The final Case 4 illustrates, again using SD2 data, how
the Bayesian approach is able to solve the inverse problem (IP3) when σ2 is not known.

3.1.1. Case 1

The least squares cost function shown in (8) was minimised to find parameter estimates
θnls for θ that best fit the model to the data SD1 (IP1). In this scenario the solver is
sensitive to the initial guess θ0, and different starting values result in different values
for θnls. This is a well known issue with NLS that can occur when there are multiple,
distinct local extrema. In our case there is a continuum of points that minimize the
cost function along a line in the parameter space (i.e., a valley) with slope given by
km/r0.

In hindsight the reasons for these non-unique minima are clear and illustrate a
difficulty when solving the problem under consideration here. If u0 � km then, since
s < u0, Michaelis-Menten kinetics within the biofilm are well approximated by linear
kinetics as

r(s) =
r0s

km + s
≈ r0

km
s = k1s. (13)

On the other extreme, for u0 � km, we have s � km and r(s) = r0s
km+s ≈

r0s
s = r0.

In this case, u0 = 1 × 10−3 is an order of magnitude smaller than the chosen km.
The true effluent value is smaller yet. Thus, urea concentrations in the simulated
reactor are always much less than the half-saturation km. The addition of biofilm
further decreases urea in the tube, and thus the model’s Michaelis-Menten kinetics
are well approximated by first order kinetics where the first order rate is k1 ≈ r0/km.
We verified this prediction by calculating the Hessian (matrix of second derivatives)
at θnls = [r0, km]nls and verified that it is numerically singular (i.e., has eigenvalues
close to zero) with a null space that precisely defines the valley of minima along the
vector [r0, km]nls. As will be shown in the next example, the lack of a unique minimum
of the cost function can to some degree be mitigated by generating (synthetic or
experimental) data that bracket the possible range of km values. That is, we must use
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data which contain uL values which are both below and above the actual value of km.

3.1.2. Case 2

Using NLS to fit Michaelis-Menten kinetics to the data SD2 (IP1), which was created
using a wider range of influent concentrations compared to SD1, yields a unique so-
lution θnls for each of the next two scenarios. The first scenario is to to validate NLS
applied to the complete data set of 15 synthetic data points. In the second scenario,
the synthetic replicates for each influent concentration are averaged together to cre-
ate a single mean effluent concentration for each influent concentration. NLS is then
validated when applied to these averaged values. The advantage of the calculation in
the second scenario on five data (i.e. five means) is that it is computationally cheaper
than using the complete set of 15.

In both scenarios, NLS found a unique minimum at r0 = 64 × 10−3 mg/(mm3 hr)
and km = 18.8× 10−3 mg/mm3 for (8) from a range of starting values. Note that this
value is shifted by the presence of noise from the true value of r0 = 50×10−3 mg/(mm3

hr) and km = 10.0 × 10−3 mg/mm3. However, the true values fall in the 95% confi-
dence intervals, which are [46.3, 82.6]×10−3 mg/(mm3 hr) for r0 and [9.68, 28.1]×10−3

mg/mm3 for km. It follows that parametrising using this methodology requires data
which contain uL values both below and above the actual value of km. The difficulty
for experimenters is that often the true value of km is unknown. Otherwise, the minima
can be difficult to find numerically and convergence may still be sensitive to the initial
guess. Figure 3 shows that the minimum exists in a valley that is steep in one direction
and shallow in the other, so that the NLS solver may find the valley correctly, but not
converge to the minimum in the valley. In fact, different NLS solver implementations
have different levels of success locating the minimum, especially with a poor initial
guess or badly spread effluent values. Second, (and perhaps more importantly) using
simple cost minimisation via NLS we can only assign symmetric and normal confidence
intervals around the NLS estimate θnls. However, we do not necessarily expect that θnls

will be normally distributed. If the distribution of θnls is not normal, but asymmetric
as suggested by Figure 3, then a symmetric confidence interval is incorrect and poten-
tially misleading. These shortcomings motivate the Bayesian approach to the inverse
problem.

3.1.3. Case 3

Explicitly computing the posterior (12) using synthetic data SD2 (IP1) allows us to
plot the posterior space as shown in Figure 4A, with a summary in Table 2. Comparison
of these plots with the earlier log cost plot shown in Figure 3 shows that the long
low-cost valley now manifests in the posterior as a long ridge of elevated probability
densities. This feature causes the marginal distributions, shown in Figures 4B and 4C,
to be right skewed. This in turn results in the marginal posterior MAP and median
estimates for r0 and km being greater than the true values (Table 2). Not surprisingly,
it is possible to sharpen the posterior peak and reduce the right-skewedness of the
marginal posteriors by reducing the amount of noise in the data (i.e. by averaging). In
an experiment, this could be done by adding additional tubes at each concentration
and then analysing the mean for each influent concentration.
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Figure 4. Bayesian posterior when σ is known. These plots summarise the output of the Case 3 synthetic
data example. The posterior P (u|θ) was computed explicitly on a grid in the parameter space, θ = [r0, km]. Pane
(A) shows a 3D representation of the posterior distribution. Panes (B) and (C) show the r0 and km marginal

posterior distributions, respectively. The shaded pink areas in (B) and (C) are the 95% credible intervals for

r0 and km, respectively. The vertical dashed line shows the median value for each marginal distribution. These
results are summarised in Table 2.

Table 2. Bayesian estimates for kinetic parameters when σ is known. Various estimates for r0 and

km, derived from the Bayesian posterior P (θ | u) applied to synthetic data with averaged effluent concentrations

(Case 3).

r0 × 10−3 km × 10−3

mg/(mm3 hr) mg/mm3

True value 50 10
Marginal MAP 66 20
95% credible interval [51, 93] [12, 33]
Marginal posterior median 69 21
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3.1.4. Case 4

In the previous cases we assumed that the variance was known. In this case, which
simulates analyses of real data, we acknowledge that σ is unknown and estimate it as
well as θ from the Bayesian posterior using MCMC. That is, we will analyze the data
with first order (IP2) and Michaelis-Menten (IP3) kinetics.

We begin by solving (IP3) by sampling from the posterior (10) using a simple
Metroplis MCMC method (section 2.5) given the same synthetic data SD2 from Case
3. Even though we generated these synthetic data by Michaelis-Menten kinetics (via
(FP2)) using fixed values of θ (see section 2.4), this case confirms what we observed
when studying Case 1-3, that in the presence of noise, there is a high correlation
between highly probable solutions to the Michealis-Menten model parameters (i.e.,
there is a long ridge in the posterior). In this case we also consider results from a
simpler first order model (FP1) fit to the data. This is the same situation that an
experimenter might encounter when analyzing real data. Not knowing which kinetics
model to use, the experimenter may like to fit more than one kinetics model to the
same data (see our analysis of real data in section 3.2).

Four Markov chains of the parameters were run for T = 25, 000 iterations, each
from a random start. These are very long chains for only a 3D inverse problem (IP3),
but they were used to assure convergence. The acceptance rate was 11%. Viewing the
chains in the 2D support for r0 and km in Figure 5A clearly indicates convergence
of all 4 chains to the posterior, that the posterior has a long ridge (as expected from
Cases 2-3), and that the chains mix well (i.e., samples from different chains overlay;
see, e.g., [46]). Other graphical assessments of the chains in Figure S1 and a discussion
of convergence assessment are provided in the Supplementary Material.

To quantitatively assess convergence, a potential scale reduction, R̂ was calculated,
which measures the factor by which the scale of the present distribution for each param-
eter might be reduced by additional draws [34]. If R̂ is near 1, additional simulations
will not move the present distribution and in practice, one may conclude the Markov
chains have converged. For practical purposes, values of R̂ below 1.1 are deemed suffi-
ciently close to 1 [34, p. 297]. Here, R̂ = 1.01 for each of the three parameters, which
confirms that the chains have converged.

The auto correlation times for the three parameters are long (309, 338, and 594 for
r0, km, and σ2, respectively) indicating that it takes 309-594 consecutive samples in
the chain to generate a new independent sample.

The chains are summarized in Figure 5. In the upper pane (A), every 200th element
of the chain is plotted. In the lower pane (B), the first half of each chain was discarded
as burn-in, and the remaining halves were pooled to 50,000 samples that we treat
as samples from the posterior. The lower half of Figure 5 shows histograms of these
samples with properties summarized in Table 3.

One of the strengths of our model is the ability to incorporate different kinetic
models (FP1) and (FP2). Although we generated the synthetic data in this case with
Michaelis-Menten kinetics, we wanted to see how the first-order model would fit. If the
urea concentration in the biofilm is low small compared to the kinetics parameters,
then k1 should be close to the ratio of r0 to km as shown in (13). Alternatively, if the
biofilm metabolises urea very slowly or if the urea levels are large compared with the
kinetic values of r0 and km, then k1 should be unrelated.

Applying the Bayesian approach to solve (IP2) using MCMC for 1st-order kinetic
parameter k1, a clear burn-in period is followed by convergence of the chain to a median
and MAP value of k1 = 1.9 hr−1 with a 95% credible interval of [1.6, 2.2] hr−1 (chain
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Figure 5. Samples from Bayesian posterior when σ is not known. A: A 2D plot of km versus r0 for the

four chains computed by MCMC for Case 4 synthetic data. The chains exhibit good mixing and convergence
to the thin ridge of the posterior. In this plot every 200th sample from the chains is shown. B: Frequency

histograms for each parameter from the Markov chains in Case 4 after the exclusion of the first half of each

chain as burn-in values and the pooling of parallel chains.

Table 3. Bayesian estimates of kinetic parameters when σ is not known.

r0 × 10−3 km × 10−3 σ2 × 10−9

mg/(mm3 hr) mg/mm3 (mg/mm3)2

True value 50 10 10
Marginal MAP 63 17 3.6
Marginal posterior median 62 18 6.2
95% credible intervals [46, 83] [10, 28] [2.7, 24]

A summary of MCMC results using synthetic data in Case 4 with averaged effluent
values and unknown variance. The credible intervals contain the true parameter
values used to generate the data.
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not shown). In comparison, the MAP ratio in Table 3 shows that r̂0/k̂m = 63/17 = 3.7
(we also considered the posterior for the ratio r0/km, which gave a similar estimate).
The 95% credible interval for σ is [0.13, 0.34] × 10−3 mg/mm3. Thus, despite the
convergence of the method, the first order parameter is quite different than the ratio
of Michaelis-Menten parameters. This shows that the ratio of r0 to km is not a good
approximation of k1 in this scenario. Because both kinetics result in solvable inverse
problems, this simulation demonstrates that experimenters would do well to consider
multiple possibilities when fitting kinetic data.

3.2. Parameter Estimation from Real Experimental Data

Based on our experience from the application of our approach to synthetic data, we
now fit Michaelis-Menten kinetics (IP3) to real urea data from experiments on E. coli
biofilms. These data consisted initially of twelve tube reactors, three at each target
influent concentration of 0.5, 5, 10, and 15 g/L of urea. Eight of these tubes were
deemed to have reached steady state and are used here in the subsequent modelling.
The influent and effluent concentration data from these reactors are tabulated in [6] as
well as in Table S3 in the Supplementary Material. The height profiles used for each
reactor are shown in Figure 2 and tabulated in the Supplemental Information.

Four Markov chains of the parameters were run for 100,000 iterations using the
Metropolis method. The acceptance rate was 23.4% which should ensure a reasonable
exploration of the parameter space [28, p. 174]. The assumed parameter domain of
Ir0 × Ikm × Iσ2 where,

Ir0 = [0.001, 1.8] mg/(mm3 hr)

Ikm = [0.006, 0.06] mg/mm3

Iσ2 = (0,∞) (mg/mm3)2

which defined the prior P0(θ). The starting vector for each chain was chosen randomly
from this domain.

Viewing the 4 chains in the 2D support for r0 and km in Figure 6A clearly indicates
convergence of all 4 chains to the posterior and that the chains mix well (i.e., points
overlay). While there is a long ridge as for the idealized synthetic data Case 4 (Figure
5A), the posterior based on real experimental data has higher densities about the
upper right hand section of the ridge (i.e., has a larger spread of samples there).
Other graphical assessments of the chains in Figure S3 and a discussion of convergence
assessment are provided in the Supplementary Material.

To quantifiably assess convergence, the potential scale reduction was R̂ = 1.01.
Because this value is close to 1, it confirms, as in Case 4 with synthetic data, that these
chains have converged in distribution. Pooling the retained final 50,000 simulations
from each of the four chains allows the calculation of the results shown in Table 4 and
the corresponding histograms in pane (B) of Figure 6. Computing the autocorrelation
for each variable gives values of approximately 200 for r0 and km, and 10 for σ2. The
much longer autocorrelation times for r0 a d km is due to the existence of the long
ridge in the posterior.

To graphically assess the model fit to data, experimentally measured influent and
effluent urea concentrations were compared to the predicted urea profile in several
tubes (based on the MAP parameter values from Table 4). These are shown in Figure 7.
The difference in the predicted urea profiles across the tubes is driven by the differing
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Figure 6. Samples from Bayesian posterior for real experimental data from E. coli biofilms. A:

A 2D plot of km versus r0 for the four chains computed from real data show good mixing and convergence to

the posterior. In this plot every 200th sample in the chains is shown.

B: The histograms for r0 and km echo the wide range of values shown in pane (A).
However, all parameters are grouped around an asymmetric MAP value.

Table 4. Bayesian estimates of Michaelis-Menten kinetic parameters for real experimental data.

Parameter estimates using MCMC with Michaelis-Menten kinetics on experimental data shown. Results from
[6] are given for a comparison as these are the only similar estimates available.

r0 × 10−3 km × 10−3 σ2 × 10−9

mg/(mm3 hr) mg/mm3 (mg/mm3)2

MAP 646 0.029 0.34
Posterior median 695 0.028 0.35
95% credible interval (346, 1123) (0.011, 0.047) (0.24, 0.58)
Connolly estimate 955 0.033 na
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Figure 7. Bayesian predictions of urea profiles inside tube reactors based on real experimental

data. Experimental data plotted with modeled urea concentrations for a sample of three tube reactors (red,

blue, and green represent reactors 2, 6 and 7, respectively.). The influent and effluent values indicated by
asterisks are measured in the lab. The MAP estimates for km and r0 from MCMC were used to generate the

curves.

biofilm height profiles in Figure 2.
Based on our analysis of synthetic data that also exhibited a long ridge as in Fig-

ure 6A, we also consider the fit of first order kinetics to these real data. Hence we apply
MCMC to estimate the first-order parameter k1 (IP2). When inspecting the chains for
the parameters for this inverse problem in Figure S5 in the Supplementary Materials,
a burn-in period near T = 2, 500 is clear. Because a 1-parameter problem simplifies
the necessary calculations drastically, the naive NLS approach and the more sophisti-
cated Bayesian method give similar results, see Table 5. Comparing this result to the
Michaelis-Menten results, it is telling that the ratio of r0 and km values is reasonably
close to the 1st-order estimates for k1. Using the MAP values from Table 4 we find
r0/km = 0.646/0.029 = 22.3 hr−1. (The posterior for the ratio r0/km gave a similar
estimate.) This value is in the 95% credible intervals from Table 5. It appears that
for these data the first order parameter k1 is approximately the ratio of these two pa-
rameters. One reason for this similarity is that the biofilms in this experiment may be
thin enough that a first order approximation for ureolytic kinetics is more appropriate
than Michaelis-Menten kinetics. Alternatively, the MAP value of r0 shown in Table 4
are quite large in comparison to km and the influent concentration of urea. This means
that urea entering the biofilm is quickly metabolised, meaning urea concentration is
very low in the biofilm away from the boundary. Thus, as shown in in (13), first order
kinetics are a good approximation for Michaelis-Menton kinetics.

Instead of fitting the first order model to these data, another option would be to
use a more informative prior for the Michaelis-Menten parameters. That is, instead of
the prior specifying that possible values of the parameters are uniformly distributed
between upper and lower bounds as we do here, we could, for example, assume a prior
normal distribution of the parameters around a mean value calculated from previous
experiments (see [47]). This is a topic for further research.
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Table 5. Bayesian estimates of first order kinetic parameters for real experimental data. Here

NLS results are compared to MCMC results. As before, comparison with Connolly et al. is made as these are

the only similar estimates available.

k1 σ
(hr-1) (10−3 mg/mm3)

NLS estimate 19.1 0.27
NLS 95% confidence interval (14.3, 24.0) na
MCMC Marginal MAP estimate 19.7 0.29
MCMC Marginal posterior median 19.2 0.28
MCMC 95% credible interval (15.4, 23.1) (0.19, 0.46)
τint 5.0 3.8
Connolly estimate 23.2 na
Connolly 95% confidence interval (17, 29.4) na

Conclusions

Biofilms are nearly ubiquitous in natural and artificial systems. Many natural and
artificial systems involve water flowing over a microbial mat. Despite advances in
imaging and experimental sophistication, mathematical models continue to play an
important role in studying how material is transported in systems where biofilm are
present.

In this paper we have exhibited a tube reactor model comprising two coupled 1-
dimensional models to describe the consumption of the substrate urea by a biofilm
growing in a tube or in a long, narrow pore-space. This unified model is flexible with
respect to the kinetics used (i.e. first order or Michaelis-Menten) in the biofilm, and is
able to make use of biofilm height profile data from experiments. This allows modellers
to account for model and experimental uncertainty explicitly in the form of a statistical
likelihood function. When nonlinear least squares was not able to solve the inverse
problem, we developed a Bayesian method which could.

The goal of our research was to develop a realistic model of urea utilization, to fit the
model to real experimental data generated by E. coli biofilms grown in the lab, and to
assess the fit of the model to the data. Our use of synthetic data assisted in performing
this final step and in interpreting the results from real data. In general, modellers ought
to be cautious when interpreting results from fitting a model to synthetic data because
the model will tend to fit well. Nonetheless, such simulation studies are a first step
towards identifying poor models or a poor approach to solving an inverse problem.
In our case, the simulation study allowed us to determine that, even when Michaelis-
Menten was the ‘true’ model for generating noisy synthetic urea data, a first order
kinetics can also fit the data well for our E. coli biofilm data.

Experimenters should take away four important lessons from this work. First,
though commonly used, NLS is not always an appropriate method to solve inverse
problems. Not only might the solution heavily depend on the initial parameter esti-
mates used, but equally important, the posterior probability distribution is not nec-
essarily symmetric, an implicit assumption of NLS. If this is the case, the confidence
interval returned by NLS may be incorrect and misleading. A second lesson is that
for resolving Michaelis-Menten kinetic parameters, mitigating measurement error by
sufficient replication is critical. Because the sampling variance is inversely proportional
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to the number of tubes that are used, we recommend that experimenters employing
these techniques use as many tube reactors as is physically practical. Stated more
generally, replication is crucial for parameter estimation. A third point is that, models
can only resolve Michaelis-Menten kinetic parameters when the data include a range
of effluent concentrations that include the half-saturation, km. Given that the value
for km may not be known, it behooves the experimenter to include as wide a range of
influent concentrations as possible or first attempt to measure km directly.

The fourth and final point is that when trying to fit Michaelis-Menten kinetics,
the data may more readily determine first order kinetics. A strength of our modeling
approach is that it allows both types of kinetics models to be fit and compared. When
the first order parameter is approximately the ratio of Michaelis-Menten parameters,
this suggests that the range of urea concentrations observed is not wide enough, or
that the urea concentrations are too low compared to the kinetic rates. If the first
order rate is not similar to the ratio, then this could indicate that either the biofilm
metabolises urea very slowly or that the urea levels are large compared with the kinetic
values of the Michaelis-Menten parameters. To determine which of these scenarios is
the case, the experimenter can fit both types of kinetic models using our flexible mod-
elling approach. In either case, our analyses found a long steep ridge in the posterior
indicating highly probable Michaelis-Menten parameter values. This high steep ridge
could be a substantial contributing factor to why others [48,49] have found that the
Michaelis-Menten kinetic model can be unidentifiable when fitting to noisy data. In
general, parameters may be unidentifiable when there is not enough data, when the
data are too noisy, or if the proposed model does not match reality.
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