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Abstract
Aims: Vegetation	classification	 seeks	 to	partition	 the	variability	of	 vegetation	 into	
relatively	homogeneous	but	distinct	 types.	There	are	many	ways	 to	evaluate,	 and	
potentially	improve,	such	a	partitioning.	One	effective	approach	involves	calculating	
silhouette	widths	which	measure	the	goodness-of-fit	of	plots	to	their	cluster.	We	in-
troduce	a	new	iterative	reallocation	clustering	method	—	Reallocation	of	Misclassified	
Objects	based	on	Silhouette	width	 (REMOS)	—	and	compare	 its	performance	with	
an	existing	algorithm	—	OPTimizing	SILhouette	widths	(OPTSIL).	REMOS	reallocates	
misclassified	objects	 to	 their	nearest-neighbour	cluster	 iteratively.	Of	 its	 two	vari-
ants,	REMOS1	 reallocates	only	 the	object	with	 the	 lowest	 silhouette	width,	while	
REMOS2	reallocates	all	objects	with	negative	silhouette	width	in	each	iteration.	We	
test	how	REMOS1,	REMOS2	and	OPTSIL	perform	in	terms	of:	(a)	cluster	homogene-
ity	and	separation;	(b)	the	number	of	diagnostic	species;	and	(c)	runtime.
Methods: We	classified	simulated	data	with	the	flexible-beta	algorithm	for	values	of	
beta	from	−1	to	0.	These	classifications	were	subsequently	optimized	by	REMOS1,	
REMOS2	 and	OPTSIL	 and	 compared	 for	mean	 silhouette	widths,	misclassification	
rate,	 and	 runtime.	We	 classified	 three	 vegetation	 data	 sets	 from	 two	 to	 ten	 clus-
ters,	optimized	all	outcomes	with	the	three	reallocation	methods,	and	compared	their	
mean	silhouette	widths,	misclassification	rate,	and	number	of	diagnostic	species.
Results: OPTSIL	achieved	the	highest	mean	silhouette	width	across	the	majority	of	
the	data	sets.	REMOS	achieved	zero	or	negligible	misclassifications,	outperforming	
OPTSIL	on	this	criterion.	REMOS	algorithms	were	typically	more	than	an	order	of	
magnitude	faster	to	calculate	than	OPTSIL.	There	was	no	clear	difference	between	
REMOS	and	OPTSIL	in	the	number	of	diagnostic	species.
Conclusions: REMOS	algorithms	may	be	preferable	to	OPTSIL	when:	(a)	the	primary	
objective	is	to	reduce	the	number	of	negative	silhouette	widths	in	a	classification,	as	
opposed	to	maximizing	mean	silhouette	width;	or	(b)	when	the	time	efficiency	of	the	
algorithm is important.
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1  | INTRODUC TION

Numerical classification methods are essential data analytical tools 
in	vegetation	ecology	(De	Cáceres	et	al.,	2015)	and	several	other	sci-
entific	fields,	including	genomics,	psychology,	or	sociology.	Basically,	
classification	algorithms	can	be	divided	into	two	groups.	Hierarchical	
algorithms produce a perfectly nested hierarchy of clusters of ob-
jects,	while	the	output	of	non-hierarchical	methods	is	a	partition	in	
which	each	classified	object	is	assigned	exclusively	to	one	cluster	(or,	
in	the	special	case	of	 fuzzy	clustering	methods,	non-exclusively	to	
several	clusters	using	 fuzzy	membership	weights)	at	a	 single	 level.	
Hierarchical	methods	can	be	subdivided	into	agglomerative	and	divi-
sive methods based on whether they initiate the clustering algorithm 
by	treating	each	single	object	as	a	separate	cluster,	and	then	merge	
them until all objects are included in a single cluster at the highest 
hierarchical	 level,	or	 they	proceed	 in	 the	opposite	direction	by	di-
viding the entire sample iteratively into smaller and smaller subsets 
in a nested way. The diversity of numerical classification methods is 
reviewed	by	several	authors,	e.g.	Kaufman	and	Rousseeuw	(1990),	
Podani	 (2000),	 Legendre	 and	 Legendre	 (2012),	 Peet	 and	 Roberts	
(2013).

An	advantage	of	hierarchical	methods	is	that	they	do	not	need	
a	 pre-defined	 number	 of	 clusters;	 however,	 if	 a	 partition	 is	 the	
objective,	 as	 is	 commonly	 the	 case,	 a	 hierarchical	 classification	
requires	 a	 post-hoc	 assessment	 for	 choosing	 the	 “best”	 number	
of	 clusters.	Moreover,	 a	 disadvantage	of	hierarchical	methods	 is	
that	earlier	steps	(either	merging	or	division)	constrain	subsequent	
ones,	hence	the	final	solution	may	be	suboptimal.	 In	such	a	case	
the a posteriori reallocation of misclassified objects might be ad-
vantageous.	A	simplistic,	more	or	less	general	workflow	of	reallo-
cation-based	algorithms	can	be	summarized	in	the	following	basic	
steps	(Podani,	2000	cit.	Hartigan,	1975,	Therrien,	1989).	First,	the	
initial	partition	is	assessed	by	an	appropriate	index	of	“goodness”	
(also	called	a	cluster validity measure).	Second,	an	algorithm	seeks	
for possible changes in the partition with which the index value 
can	be	increased	(or	decreased	depending	on	scaling).	If	improve-
ment	 is	 possible,	 the	partition	 is	 changed	accordingly.	 Then,	 the	
goodness	of	the	updated	partition	is	re-assessed,	and	new	changes	
bringing further improvement are sought for. These steps are re-
peated	until	no	further	improvement	is	possible.	In	this	way,	real-
location-based	methods	optimize	 (i.e.	minimize	 or	maximize)	 the	
value of a particular index of goodness through iteratively chang-
ing the initial clustering.

The assessment of cluster validity can be approached from two 
perspectives,	which	Aho	et	al.	 (2008)	distinguished	as	internal	and	
external	 evaluators	 (i.e.	 indices	 of	 “goodness”).	 Internal	 evaluators	
are	based	on	the	species	abundance	or	occurrence	data,	or	distance/
dissimilarity	 matrices	 derived	 from	 those	 data,	 whereas	 external	
evaluators	are	based	on	data	not	employed	in	the	calculations,	gen-
erally including environmental variables associated with the sample 
units. Because our focus is on cluster homogeneity and distinctness 
we	 emphasize	 internal	 evaluation	 based	 on	 pairwise	 sample	 unit	
dissimilarity.

Different	reallocation	algorithms	may	optimize	different	cluster	
validity	measures.	The	widely	known	k-means	method,	for	instance,	
minimizes	the	sum	of	squared	Euclidean	distances	of	objects	from	the	
centroid	of	their	respective	cluster.	A	similarly	common	alternative	
called k-medoid	or	partitioning	around	medoids	method	 (Kaufman	
and	Rousseeuw,	1987)	minimizes	average	dissimilarity	between	each	
object	and	 the	central	object	 (that	 is,	 the	medoid)	of	 their	 respec-
tive	cluster.	These	two	methods	are	successful	in	recognizing	clus-
ters	with	similar	size	and	diameter.	However,	both	sum	of	squared	
distances and mean dissimilarity provide limited information about 
the	partition,	and	are	thus	minimally	useful	validity	measures	at	the	
stage	of	in-depth	evaluation	of	the	classification	result.	In	their	basic	
form,	they	disregard	the	fit	of	individual	sample	units	in	the	partition.	
They	are	not	standardized	measures	and,	therefore,	are	incompara-
ble	across	different	data	sets.	As	a	consequence,	partitions	resulting	
from k-means	or	k-medoid	methods	need	to	be	assessed	by	validity	
criteria	different	from	those	which	had	been	optimized.	This	might	
be disadvantageous if the criterion used for creating the partition 
and the one used for the detailed assessment are sensitive to differ-
ent	properties	of	the	partition.	Optimizing	standardized	validity	cri-
teria	with	broader	applicability	instead	of	sum	of	squared	distances	
and mean dissimilarity seems straightforward. Such a criterion is the 
silhouette	width	index	(Rousseeuw,	1987,	Kaufman	and	Rousseeuw,	
1990).	Let	i be a sample unit belonging to cluster A.	Let	C be a clus-
ter not containing i. Then a(i)	is	defined	as	the	average	dissimilarity	
between i and all other sample units in A,	while	c(i,C)	is	the	average	
dissimilarity between i and all sample units in C.

That	is,	b(i) is the average dissimilarity between i and the mem-
bers	of	its	closest	neighbour	cluster.	The	silhouette	width,	S(i),	is	de-
fined as:

S(i)	ranges	between	−1	and	+1.	Values	near	+1 indicate that sam-
ple unit i is much closer to other sample units in its assigned cluster 
than	to	sample	units	of	the	closest	other	cluster,	implying	a	correct	
classification.	 If	S(i)	 is	near	0,	the	correct	classification	of	the	focal	
sample	unit	is	uncertain,	thus	suggesting	intermediate	position	be-
tween two clusters. S(i) values <	0	indicate	poor	fit,	and	such	objects	
are	often	considered	“misclassified”	 (Rousseeuw,	1987).	Scaling	up	
from	the	level	of	sample	units,	values	of	silhouette	width	can	be	av-
eraged	over	 individual	 clusters,	 or	 the	 entire	 sample,	 thus	 provid-
ing	information	about	goodness	of	clusters	separately,	or	the	entire	
partition.

Roberts	 (2015)	 introduced	 two	 reallocation-based	 methods	
which can be used for improving already existing classifications. 
One	 of	 these	 two,	 called	 OPTSIL	 (for	 OPTimizing	 SILhouette	
widths),	optimizes	the	mean	overall	silhouette	width.	In	each	iter-
ation,	OPTSIL	evaluates	how	much	the	reallocation	of	any	single	

b ( i ) = min
{

c ( i,C )
}

,C ≠ A

S (i) =
b (i) − a (i)

max {a (i) , b (i)}
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sample	unit	 in	 the	classification	 increases	the	sample-wise	mean	
of	 silhouette	 width.	 It	 is	 done	 by	 re-assigning	 each	 sample	 unit	
from	its	current	cluster	to	every	other	cluster,	and	then	re-calcu-
lating the silhouette widths for all sample units. The reallocation 
which	 causes	 the	 highest	 increase	 in	 the	 sample-wise	mean	 sil-
houette	 is	 accepted	 at	 each	 step,	 until	 no	 further	 improvement	
is	 possible.	 Because	 OPTSIL	 employs	 an	 anticipatory	 algorithm	
that	 calculates	 the	 consequences	 of	 reallocation	 before	 revising	
the	classification,	the	optimization	criterion	 is	strictly	monotonic	
increasing.	Roberts	 (2015)	 concluded	 that	OPTSIL	 is	 able	 to	 sig-
nificantly	 improve	 an	 initial	 classification;	 however,	 it	 is	 slow	 to	
converge,	and	thus	recommended	for	“polishing”	of	classifications	
made	by	other	methods.	R	code	 for	OPTSIL	 is	provided	 in	 the	R	
package	optpart	(Roberts,	2016).

In	this	paper,	we	present	two	new	silhouette-based	reallocation	
algorithms,	 called	 REMOS	 (REallocation	 of	 Misclassified	 Objects	
based	on	Silhouette	width)	version	1	and	2,	which	minimize	the	num-
ber of misclassified objects instead of the mean silhouette width. 
Using	 artificial	 and	 real	 data	 sets,	we	 compare	 them	with	OPTSIL	
in	terms	of	three	criteria:	optimization	success,	time	efficiency,	and	
interpretability.

2  | METHODS

2.1 | The REMOS algorithms

REMOS	begins	with	an	existing	classification	by	calculating	the	sil-
houette	width	of	every	sample	unit	to	its	assigned	cluster.	It	then	
identifies all sample units that have a negative silhouette width 
and	 reallocates	 them	 to	 the	 nearest-neighbour	 cluster	 that	 de-
fines their silhouette width. Reallocation of a single object means 
moving it from its current cluster to a different target cluster. The 
target cluster is the nearest cluster to the object other than its 
current	cluster.	REMOS	versions	1	and	2	differ	 in	the	number	of	
reassignments	made	 in	 each	 iteration.	 REMOS1	 reallocates	 only	
the	sample	unit	with	the	most	negative	silhouette	width	 (i.e.	 the	
“worst	classified”	sample	unit),	while	REMOS2	reallocates	all	sam-
ple	units	with	negative	silhouette	width	 (i.e.	all	misclassified	ob-
jects).	Both	algorithms	stop	if	the	lowest	silhouette	width	reaches	
or exceeds a threshold L,	or	if	no	further	improvement	is	possible.	
By default L	is	0;	i.e.	no	silhouette	widths	are	negative.	However,	
using	 different	 values	 between	 −1	 and	 0	 can	 control	 tolerance	
towards misclassifications. The steps of the algorithms are pre-
sented below:

1.	 Calculate	 the	 silhouette	 widths,	 S(i),	 for	 the	 classified	 objects.
2.	 Are	there	any	objects	with	S(i) < L?
2a.	If	no,	then	go	to	(5).
2b.	If	yes,	go	to	(3).

3. Update the classification by reallocating objects:
REMOS1:	reallocate	only	the	object	with	the	most	negative	sil-

houette width to its neighbour cluster.

REMOS2:	reallocate	all	the	objects	with	S(i) < L to their respec-
tive neighbour clusters.

4.	 Go	to	(1).
5.	 End	—	no	further	optimization	is	possible.

Preliminary	 analyses	 (not	 shown)	 demonstrated	 that	 both	
REMOS	algorithms	frequently	converge	into	loops	where	the	algo-
rithm iterates repeatedly over a finite number of suboptimal solu-
tions	without	finding	any	of	them	as	a	final	solution.	To	break	such	a	
loop,	the	algorithm	checks	for	repetitions	and	stops	if	two	identical	
solutions	occur.	In	this	case,	the	solution	with	the	lowest	number	of	
negative silhouette widths is selected from the previous iterations. 
In	 case	 of	 tied	 minimum	 negative	 silhouette	 widths,	 the	 solution	
giving	the	lowest	absolute	sum	of	negative	silhouette	widths	(a	sur-
rogate	for	smaller	“classification	error”)	 is	chosen	as	final.	While	 in	
general this looping behaviour is undesirable it may help avoid local 
optima in a manner similar to genetic algorithms.

Not	 surprisingly,	 in	 most	 cases	 REMOS1	 requires	 many	 more	
iterations	 than	REMOS2.	According	 to	our	pilot	 analyses	with	dif-
ferently	sized	data	matrices	and	different	initial	classifications,	this	
can	extend	 the	 computation	 time	of	REMOS1	 in	 comparison	with	
REMOS2.	It	is	possible	to	set	an	upper	limit	to	the	number	of	itera-
tions;	however,	as	there	is	no	standard	value	for	this	threshold,	the	
default	setting	is	infinity	(that	is,	no	limit).

An	R	script	of	the	REMOS	algorithms	is	provided	in	Appendix	S1.

2.2 | Data sets

We	compared	the	performance	of	the	REMOS1,	REMOS2	and	the	
OPTSIL	 algorithms	 on	 three	 real	 and	 one	 artificial	 data	 set.	 The	
Shoshone	data	set	is	a	random	subset	comprising	150	plots	of	375	
m2 selected from a larger forest inventory database. This data set 
contains	368	species	and	represents	coniferous	forests	of	Shoshone	
National	Forests	(WY,	USA).	The	Bryce	data	set	was	sampled	in	the	
Bryce	Canyon	National	Park	 (UT,	USA;	Roberts,	 1992).	 It	 includes	
160	plots	of	~400 m2	 (0.1	acre)	where	the	presence	of	169	vascu-
lar	plant	species	 (except	 trees)	was	 recorded.	The	Grasslands	data	
set is a subset of a larger sample of mesic grasslands of northern 
Hungary	with	25	m2	plot	area	(Lengyel	et	al.,	2016).	The	size	of	the	
matrix	is	55	plots	by	269	species.	For	all	real	data	sets,	only	the	pres-
ence	or	 absence	of	 species	was	considered.	For	 artificial	data,	we	
employed a simulated data set of 400 points in two dimensions. To 
generate	 this	 point	 pattern,	 in	 the	 first	 step,	 eight	 centroids	were	
randomly selected around which point aggregations were to be pre-
pared. Each of the 400 points was assigned randomly to one of the 
centroids.	Then,	the	exact	coordinate	of	each	point	was	drawn	from	
a	two-dimensional	normal	distribution	where	the	centroid	was	the	
respective	group	centroid	and	standard	deviation	was	5.	As	a	result,	
points	were	aggregated	into	eight	diffuse	clusters,	where	sizes	of	the	
aggregations	were	similar,	although	unequal	(Figure	1).	The	R	code	
used	for	generating	the	point	pattern	is	available	in	Appendix	S2.	For	
different	test	scenarios,	random	subsets	of	different	size	were	used.
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2.3 | Data analysis

The	performance	of	the	REMOS	and	OPTSIL	algorithms	was	evalu-
ated	 from	 three	 aspects:	 optimization	 success	 on	 different	 ini-
tial	 classifications	of	 artificial	 and	 real	 data,	 interpretability	 of	 the	
optimized	 classification	 of	 real	 data	 based	 on	 diagnostic	 (faithful)	
species,	and	dependence	of	computation	time	on	sample	size	with	
artificial data.

For	 testing	optimization	success,	 initial	 classifications	of	 ran-
dom subsamples of the artificial data set containing 200 points 
were	 prepared	 using	 the	 flexible-beta	 classification	 algorithm	
(Lance	 and	 Williams,	 1966)	 on	 the	 Euclidean	 distance	 matrix	
among sample points in the subsample. This method uses a param-
eter called beta which enables producing classifications with dif-
ferent	degrees	of	“chaining”	vs	“grouping.”	The	beta	is	adjustable	
between	−1	and	+1,	with	lower	values	emphasizing	grouping	(with	
a	similar	logic	to	the	complete	linkage	method)	while	higher	values	
emphasize	chaining	(similarly	to	single	 linkage).	With	beta	near	0	
flexible-beta	clustering	shows	an	 intermediate	behaviour,	 similar	
to	the	average	linkage	method	(UPGMA).	Several	authors	reported	
that	the	flexible-beta	clustering	method	provides	the	most	satis-
factory classifications using beta =	−0.25.	In	practice,	values	> 0.0 
are	rarely	employed,	and	we	focused	our	analyses	on	beta	in	the	
range	between	−1	and	0	in	steps	by	0.25.	The	hierarchical	classi-
fications	were	 cut	 at	 the	 known	 correct	 eight-cluster	 level.	 The	
procedure was repeated on independent subsamples five times 
resulting	in	5	× 9 =	45	initial	classifications.	Each	of	them	was	op-
timized	using	the	REMOS1,	REMOS2,	and	OPTSIL	algorithms.	We	
compared	the	change	of	mean	silhouette	widths	(MSW)	and	mis-
classification	 rate	 (the	 proportion	 of	 negative	 silhouette	widths;	
MR)	across	beta	values	between	the	optimized	classifications	and	
the	initial	classification.	In	Appendix	S4,	we	show	some	exemplary	
classifications.

For	comparing	time	efficiency,	we	drew	subsamples	containing	50,	
100,	200,	and	300	points	of	the	artificial	data	set	in	20	replicates,	and	
additionally,	used	also	the	entire	sample	of	400	points.	Each	of	them	
was	classified	to	eight	clusters	using	the	flexible-beta	algorithm	with	

beta =	−0.25,	resulting	 in	81	initial	classifications.	These	were	opti-
mized	using	REMOS1,	REMOS2,	and	OPTSIL,	and	the	 time	elapsed	
during	the	optimization	process	was	compared	among	the	three	algo-
rithms.	The	analyses	were	run	on	a	virtual	machine	with	8	GB	RAM,	
four	CPU	cores	(virtualized	by	two	Intel	Xeon	E5-2620	0	@	2.00GHz	
processors	by	the	host	computer)	and	312	GB	HDD.

The real data sets were classified from two to twenty clus-
ters	using	the	flexible-beta	algorithm	(Lance	and	Williams,	1966)	
with beta =	−0.25.	 In	all	cases	the	dissimilarity	measure	was	the	
Sørensen	index	(Legendre	and	Legendre,	2012).	Each	partition	was	
optimized	using	the	REMOS1,	REMOS2,	and	OPTSIL	methods.	To	
assess	differences	in	optimization	success,	mean	silhouette	width	
and misclassification rate were calculated and compared among 
reallocation	methods,	the	original	classification,	and	across	num-
bers of clusters.

Lötter	 et	 al.	 (2013)	 argued	 that	 species	 fidelity	 should	 be	 a	
leading criterion in the evaluation of vegetation classifications. 
Therefore,	we	used	the	Optimclass1	index	—	the	total	number	of	
faithful	species	across	all	clusters	(Tichý	et	al.,	2010)	—	as	a	proxy	
for interpretability of classifications. Faithful species were deter-
mined testing the null hypothesis that the species shows random 
distribution across clusters by Fisher's exact test at alpha = 0.001 
significance	level	(Chytrý	et	al.,	2002).	Hence,	we	compared	flex-
ible-beta	 classifications	 optimized	 by	 REMOS1,	 REMOS2,	 and	
OPTSIL,	as	well	as	the	initial	flexible-beta	classifications,	in	terms	
of the number of faithful species for each cluster solution across 
the number of clusters.

The data analysis was carried out in the R software environment 
(R	Core	Team,	2017)	using	the	vegan	(Oksanen	et	al.,	2019)	and	the	
cluster	 (Maechler	et	al.,	2018)	packages.	Source	code	for	REMOS1	
and	 REMOS2	 is	 supplied	 in	 Appendix	 S3.	 OPTSIL	 was	 calculated	
using the optpart	package	(Roberts,	2016).

3  | RESULTS

3.1 | Simulated data

In	all	cases,	 the	silhouette	widths	of	 the	 initial	 flexible-beta	classi-
fications	were	moderately	high	 (Table	1,	Figure	2).	Across	 the	 five	
levels	of	beta,	OPTSIL	exhibited	higher	mean	silhouette	widths	than	
REMOS1	and	REMOS2;	however,	there	was	a	large	overlap	between	
methods.	REMOS1	exhibited	the	lowest	misclassification	rates,	fol-
lowed	by	REMOS2	and	then	OPTSIL	(Table	1,	Figure	3).	All	classifi-
cations	mirrored	the	a	priori	point	aggregations	efficiently	(Figures	
S4-1	 to	Figure	S4-4).	Classifications	differed	mostly	 in	 the	assign-
ments of transitional points.

There was a significant difference in computation time among 
the	three	optimization	methods	for	 the	 larger	data	sets	 (Figure	4).	
As	 expected	 REMOS2	 was	 generally	 the	 fastest,	 with	 runtimes	
	between	0.0006	 s	 and	0.0010	 s.	REMOS1	was	nearly	 as	 efficient	
(run	times	from	0.0015	s	to	0.0030	s),	while	OPTSIL	was	slower	by	
several	orders	of	magnitude	(0.2556	s	to	24.4539	s).

F I G U R E  1   The simulated data set containing 400 points in eight 
aggregations
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3.2 | Real data

On	the	Grasslands	data	set,	OPTSIL	reached	the	highest	MSW	at	
all	 but	 two	examined	 cluster	 sizes	 (Figure	5).	At	 six	 and	 ten	 clus-
ters,	 REMOS1	 performed	 the	 best	 and	 was	 only	 slightly	 worse	
than	 OPTSIL	 in	 all	 other	 cases.	 Interestingly,	 REMOS2	 gave	 the	
same	MSW	values	as	REMOS1	with	two	to	five	clusters	(likely	due	
to	 identical	 final	 solutions),	 but	 at	 finer	 resolutions	 it	 was	 much	
poorer.	With	six,	seven,	and	nine	clusters	REMOS2	even	decreased	

the	MSW	of	 the	 initial	 classification.	 REMOS1	 achieved	 the	 low-
est misclassification rate with no negative silhouette width values 
over	all	cluster	solutions.	As	with	MSW,	from	two	to	five	clusters	
REMOS2	gave	the	same	result,	but	the	weak	performance	with	six	
or	more	clusters	was	visible	here,	too.	OPTSIL	solutions	ranked	in	
intermediate	position	between	REMOS1	and	 the	 initial	 classifica-
tion,	the	latter	being	the	worst	in	all	but	two	cases.	Between	two	
to	 seven	 clusters	 all	 methods	 (including	 the	 initial	 classification)	
showed	similar	numbers	of	diagnostic	species,	while	at	finer	reso-
lutions	 REMOS2	was	 the	 best.	 Nevertheless,	 the	 Grassland	 data	
set	is	small,	thus	at	this	level	the	sizes	of	clusters	are	so	small	and	
the number of diagnostic species so low that these differences are 
probably insignificant.

With	the	Bryce	data	set	OPTSIL	produced	the	highest	MSW	for	
all	 but	 the	 two-cluster	 solution	 (Figure	 6).	 REMOS1	 and	REMOS2	
had	very	similar,	often	identical	performance.	With	a	minimal	differ-
ence	they	outperformed	OPTSIL	at	two	clusters.	At	three	and	four	
clusters	 they	were	 slightly	worse	 than	OPTSIL	but	 this	 difference	
increased	with	the	number	of	clusters,	and	became	striking	for	seven	
and	 more	 clusters.	 The	 initial	 classification	 had	 the	 lowest	 MSW	
across	the	tested	numbers	of	clusters.	REMOS1	and	REMOS2	pro-
vided	solutions	with	the	lowest	MR,	most	often	with	no	negative	sil-
houette	widths	at	all.	OPTSIL	had	MR	between	0.02	and	0.07,	while	
the	initial	classification	had	the	highest	MR	in	at	all	cluster	numbers	
(MR	between	0.048	and	0.15).	OPTSIL	performed	the	best	in	terms	
of	diagnostic	 species	 at	 three,	 as	well	 as	 at	 six	 and	more	clusters.	
Interestingly,	at	 four	clusters	 the	 initial	classification	had	the	most	

TA B L E  1  Minimum,	median	and	maximum	mean	silhouette	
widths	and	misclassification	rates	of	the	initial	(flexible-beta),	
OPTSIL,	REMOS1,	and	REMOS2	classifications

Initial 
(flexible-
beta) OPTSIL REMOS1 REMOS2

Mean	silhouette	widths

Minimum 0.6040 0.6302 0.6125 0.6143

Median 0.6496 0.6580 0.6573 0.6574

Maximum 0.6783 0.6783 0.6783 0.6783

Misclassification	rate

Minimum 0.0000 0.0000 0.0000 0.0000

Median 0.0150 0.0025 0.0000 0.0000

Maximum 0.0500 0.0200 0.0050 0.0100

OPTSIL,	OPTimizing	SILhouette	width;	REMOS,	REallocation	of	
Misclassified	Objects	based	on	Silhouette	width.

F I G U R E  2  Differences	in	mean	silhouette	width	between	the	initial	classification	(without	optimization),	REMOS1,	REMOS2,	and	OPTSIL	
across	different	beta	values	of	the	flexible-beta	classification.	OPTSIL,	OPTimizing	SILhouette	width;	REMOS,	REallocation	of	Misclassified	
Objects	based	on	Silhouette	width
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diagnostic	species,	while	at	two	and	five	clusters	REMOS	algorithms	
reached the highest values.

On	 the	 Shoshone	data	 set,	OPTSIL	 reached	 the	 highest	MSW	
across	all	cluster	numbers,	REMOS1	was	the	second	best,	showing	
similar	(in	a	few	cases	identical)	MSW	values	with	REMOS2,	and	the	
worst	was	the	initial	classification	(Figure	7).	REMOS1	had	the	lowest	
MR	again.	This	position	was	shared	with	REMOS2	between	two	and	
five clusters when both algorithms provided no misclassifications. 

OPTSIL	had	MR	between	0.04	and	0.07,	which	positioned	it	behind	
REMOS2	in	all	but	two	cluster	numbers.	The	initial	classification	had	
the	highest	MR	(between	0.15	and	0.27).	Regarding	the	number	of	
diagnostic	species,	the	picture	was	different.	REMOS1	exhibited	the	
highest	numbers,	again	in	a	few	cases	together	with	REMOS2,	while	
OPTSIL	was	always	 inferior.	The	 initial	classification	was	again	the	
worst	 in	all	 cases,	except	 for	 the	10-cluster	 level,	where	REMOS2	
had the fewest diagnostic species.

F I G U R E  3  Differences	in	misclassification	rate	between	the	initial	classification	(without	optimization),	REMOS1,	REMOS2,	and	OPTSIL	
across	different	beta	values	of	the	flexible-beta	classification.	OPTSIL,	OPTimizing	SILhouette	width;	REMOS,	REallocation	of	Misclassified	
Objects	based	on	Silhouette	width

F I G U R E  4  Computation	times	with	different	sample	sizes	by	REMOS1,	REMOS2,	and	OPTSIL.	Shortest	computation	times	are	truncated	
and	replaced	by	0.0001	s.	OPTSIL,	OPTimizing	SILhouette	width;	REMOS,	REallocation	of	Misclassified	Objects	based	on	Silhouette	width
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F I G U R E  5  Differences	in	mean	silhouette	width,	misclassification	rate,	and	number	of	diagnostic	species	between	the	initial	classification	
(without	optimization),	REMOS1,	REMOS2,	and	OPTSIL	solutions	across	the	number	of	clusters	on	the	Grassland	data	set.	The	initial	
classification	was	produced	by	the	flexible-beta	method	(beta	=	−0.25).	To	avoid	overlap,	points	are	jittered	in	the	horizontal	direction	on	the	
graph.	OPTSIL,	OPTimizing	SILhouette	width;	REMOS,	REallocation	of	Misclassified	Objects	based	on	Silhouette	width

F I G U R E  6  Differences	in	mean	silhouette	width,	misclassification	rate,	and	number	of	diagnostic	species	between	the	initial	
classification	(without	optimization),	REMOS1,	REMOS2,	and	OPTSIL	solutions	across	the	number	of	clusters	on	the	Bryce	data	set.	The	
initial	classification	was	produced	by	the	flexible-beta	method	(beta	=	−0.25).	To	avoid	overlap,	points	are	jittered	in	horizontal	direction	on	
the	graph.	OPTSIL,	OPTimizing	SILhouette	width;	REMOS,	REallocation	of	Misclassified	Objects	based	on	Silhouette	width
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4  | DISCUSSION

Evaluating	 classifications	 with	 the	 silhouette	 width	 index	 makes	
it possible to assess the fit of individual sample units in their clus-
ters	on	a	standardized	scale,	and	 to	upscale	 these	 index	values	 to	
the level of clusters or of the entire sample. To achieve a partition 
which	is	optimized	in	terms	of	silhouette	width	it	is	straightforward	
to	 apply	 a	 clustering	 method	 which	 directly	 optimizes	 this	 crite-
rion.	Complementing	an	existing	method	with	this	objective,	called	
OPTSIL,	 in	this	paper	we	introduced	the	REMOS	algorithms	which	
can be used for improving already existing classifications by reallo-
cating misclassified objects using the silhouette width criterion. Two 
versions	are	available:	at	each	iteration	REMOS1	reallocates	only	the	
single	object	with	the	lowest	silhouette	width,	while	REMOS2	reas-
signs all objects with negative silhouette width to their respective 
closest neighbour cluster. We provide evidence on the high optimi-
zation	success	and	time	efficiency	of	the	new	algorithms	through	a	
comparison	with	OPTSIL.

Across	 the	 range	 of	 classifications	 evaluated,	 OPTSIL	 gener-
ally	achieved	the	highest	mean	silhouette	widths,	especially	on	the	
real	data.	Given	the	optimization	criterion,	this	was	to	be	expected.	
However,	in	specific	cases	OPTSIL	was	outperformed	by	REMOS.	In	
these	cases,	OPTSIL	converged	to	a	 local	minimum.	OPTSIL	 is	de-
terministic	from	an	initial	condition,	and	to	avoid	local	optima	would	
need the iteration to be started from numerous different initial 

classifications.	However,	 because	OPTSIL	 is	 slow	 to	 converge	 this	
can be problematic.

REMOS1	 generally	 achieved	 the	 fewest	misclassifications.	 For	
the simulated data or for low cluster number solutions on the real 
data,	REMOS2	often	achieved	the	same	solution	exhibiting	zero	neg-
ative	silhouette	widths.	However,	for	the	real	data	with	higher	num-
bers	of	clusters	REMOS2	tended	not	to	reach	such	efficiency.	It	must	
be	noted	that	different	algorithms	may	reach	the	same	value	for	MR,	
while	 their	 final	 solutions	 are	 not	 necessarily	 identical.	 REMOS1	
and	REMOS2	solutions	sometimes	contained	no,	or	only	very	 few	
misclassified	objects,	while	their	classifications	were	different.	Even	
the	number	of	clusters	can	differ	between	REMOS1	and	REMOS2	
despite	equal	MR	(e.g.,	Figure	S4-4).	Such	agreement	in	MSW	is	less	
probable due to its continuous scale.

In	general,	optimizing	a	single	criterion	results	 in	trade-offs	for	
other	 criteria,	 and	 OPTSIL	 and	 REMOS	 demonstrate	 this	 clearly.	
When	comparing	 the	optimization	success	of	OPTSIL	and	REMOS	
on	MSW	and	MR,	it	must	be	noted	that	OPTSIL	directly	maximizes	
MSW,	a	“higher-level”	criterion	of	classification	efficiency.	MSW	in-
creases if the reallocation of a sample unit from its original to its 
neighbour cluster increases the separation and/or the average ho-
mogeneity	of	the	two	clusters.	Therefore,	the	scope	of	MSW	is	at	the	
level	of	clusters.	On	the	contrary,	REMOS	reassigns	misclassified	ob-
jects	to	their	neighbour	cluster	without	controlling	any	higher-level	
index.	Hence,	REMOS	has	a	more	local	perspective	on	classification	
efficiency	and	only	implicitly	optimizes	related	higher-level	criteria.	

F I G U R E  7  Differences	in	mean	silhouette	width,	misclassification	rate,	and	number	of	diagnostic	species	between	the	initial	classification	
(without	optimization),	REMOS1,	REMOS2,	and	OPTSIL	solutions	across	the	number	of	clusters	on	the	Shoshone	data	set.	The	initial	
classification	was	produced	by	the	flexible-beta	method	(beta	=	−0.25).	To	avoid	overlap,	points	are	jittered	in	horizontal	direction	on	the	
graph.	OPTSIL,	OPTimizing	SILhouette	width;	REMOS,	REallocation	of	Misclassified	Objects	based	on	Silhouette	width
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Surely,	MSW	and	MR	 correlate	 strongly,	which	 is	 the	 reason	why	
there	was	negligible	difference	between	OPTSIL	and	REMOS	when	
the	initial	classification	was	already	efficient;	that	is,	there	was	not	
much	to	optimize.

From	the	perspective	of	optimizing	MSW	an	object	with	nega-
tive silhouette width is not misclassified if reallocating it to its near-
est-neighbour	 cluster	 decreases	MSW.	Rather,	 a	misclassification	
is	an	assignment	 that	 lowers	mean	silhouette	width.	However,	as	
noted	above,	MSW	cannot	be	high	with	many	negative	silhouette	
widths.	 Alternatively,	 the	 viewpoint	 that	 the	 best	 classification	
reflects strictly positive silhouette widths for as many objects as 
possible	might	be	more	straightforward	 than	an	 “on-average	cor-
rect”	solution.	This	requires	a	decision	from	the	investigator	before	
choosing	 between	 these	 methods.	 Notably,	 the	 logic	 of	 REMOS	
seems advantageous for vegetation classification where classifying 
all sample units in the best possible way is often preferred over 
solutions with a number of very homogeneous and distinct clusters 
at the expense of some heterogeneous or inseparable ones.

An	important	property	of	REMOS2	and	OPTSIL	is	that	they	are	
able	to	eliminate	complete	clusters	from	the	initial	classification,	re-
sulting in fewer clusters than the initial classification. This can be 
useful if the initial classification has more clusters than is optimal 
in	terms	of	MSW	or	MR	but	is	problematic	if	an	a	priori	number	of	
clusters is desired.

Tests	 on	 real	 data	 showed	 that	 OPTSIL	 combined	 with	 flexi-
ble-beta	(beta	=	−0.25)	is	more	efficient	than	REMOS	algorithms	in	
terms	of	MSW,	although	the	difference	 is	often	small.	 In	contrast,	
with	 respect	 to	 minimizing	 the	 proportion	 of	 negative	 silhouette	
widths	 REMOS1	 provided	 consistently	 the	 best	 classifications.	
However,	these	differences	may	not	affect	interpretability	the	same	
way since we could not detect consistent differences between 
OPTSIL	and	REMOS	algorithms	in	the	number	of	diagnostic	species.	
We suggest considering which cluster validity measure fits the re-
search	question	the	best,	and	then	deciding	between	the	methods	
discussed above.

We found clear differences in computation time between the 
three	methods.	REMOS	algorithms	were	orders	of	magnitude	faster	
than	OPTSIL.	This	difference	likely	increases	with	sample	size,	num-
ber	of	clusters,	and	low	MSW	of	the	initial	classification.	In	our	tests	
for	computation	time	we	used	rather	small	data	sets	(i.e.	containing	
max.	400	objects)	with	clear	cluster	structure,	and	optimized	initial	
classifications	with	relatively	high	MSW.	Presumably,	runtimes	will	
be	 longer	 for	 larger	and	more	complicated	data	sets,	 less	efficient	
classifications,	 or	more	 clusters.	 For	modest	 data	 sets	 (e.g.	 fewer	
than	1,000	 sample	 units),	 runtime	 is	 likely	 not	 a	 primary	 concern.	
However,	with	modern	analyses	in	vegetation	science	now	working	
with	data	sets	with	many	thousands	of	sample	units,	 runtime	may	
be	a	major	consideration.	In	a	pilot	analysis	(not	shown	here	in	de-
tail)	with	a	data	set	of	1,000	points,	OPTSIL	needed	more	than	eight	
days	and	six	hours	to	reach	a	final	solution,	while	REMOS1	finished	
in	2.356	s	making	a	more	than	300,000-fold	difference	in	time	de-
mand.	 In	 addition,	 REMOS1	 reached	 slightly	 higher	 MSW	 in	 this	
trial.	With	data	sets	of	5,000	plots,	the	runtime	of	OPTSIL	exceeded	

several	 months	 and	 was	 stopped	 manually	 before	 termination.	 If	
time efficiency of the analysis is crucial and the small difference in 
optimization	success	can	be	neglected,	REMOS1	or	REMOS2	should	
be	considered	instead	of	OPTSIL.

5  | CONCLUSIONS

We	present	REMOS1	and	REMOS2	as	new	reallocation	methods	for	
the	optimization	of	classifications	and	compare	them	with	the	re-
lated	OPTSIL	algorithm.	Most	frequently	OPTSIL	gives	the	highest	
final	mean	silhouette	width;	however,	REMOS	solutions	are	often	
only slightly worse. With respect to the proportion of misclassified 
objects,	REMOS	algorithms,	especially	REMOS1,	provided	better	
classifications	 than	 OPTSIL.	 REMOS	 algorithms	 are	 much	 more	
time-efficient	 to	compute	than	OPTSIL.	We	found	no	systematic	
difference in the number of diagnostic species between vegetation 
classifications	obtained	by	OPTSIL	and	REMOS	algorithms.

As	a	closing	remark,	we	advise	deciding	what	properties	a	clas-
sification should hold prior to the analysis. The clustering method 
and the cluster validity index should be chosen in accordance with 
this	decision.	If	clusters	with	more	or	less	spherical	shape	and	similar	
size	are	desired,	group-forming	hierarchical	algorithms	(e.g.	flexible	
beta with beta <	0,	UPGMA,	Ward's	method)	are	generally	suitable.	
At	 the	next	 step,	we	 advise	 exploring	 the	possibility	 of	 improving	
the classification using reallocation methods examined in this paper. 
Suitability of a more global measure vs the fit of individual sample 
units	as	goodness	criterion,	as	well	as	sample	size,	complexity,	and	
computation capacity together affecting time demand should guide 
the	researcher's	choice	among	OPTSIL,	REMOS1	and	REMOS2.	The	
resulting updated classification can be used in the same way as out-
puts from other numerical methods.
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