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ABSTRACT 

The current construction industry has a significant negative impact on the climate, 
and this impact is expected to increase as the world’s population continues to grow and 
urbanization expands. This impact may be reduced by implementing more sustainable 
building materials and practices. The primary objective of this research is to develop a 
methodology to estimate and model the material/structural response of elements made 
with fused deposition modeling. This will ultimately lead to an increased use of FDM in 
structural applications, and open the door to combining FDM with topology optimization 
to design and build optimized structural elements, resulting in a more sustainable 
infrastructure. In this research, tensile and flexural specimens printed in a variety of 
orientations were tested to evaluate/quantify the effects that print orientation have on 
elastic properties, ultimate stresses, and failure mechanisms of FDM parts. These elastic 
properties were then implemented into an orthotropic formulation of the Generalized 
Hooke’s Law, and successfully used in finite element models to predict the elastic 
response of FDM specimens. Based on this analysis, it was determined that, while the 
Generalized Hooke’s Law provided some advantages, the elastic material response of 
FDM parts could be estimated with a simpler isotropic model with little loss of accuracy. 
Response Surface Methodology (RSM) was then successfully used to further 
evaluate/quantify the effects that print orientation and scale have on the behavior of FDM 
parts, and to develop equations to predict the stiffness and strength of FDM parts given 
these print parameters. Finally, the feasibility of using topology optimization combined 
with additive manufacturing is briefly investigated. 
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CHAPTER 1 

INTRODUCTION 

Context 

The need for sustainable infrastructure is increasingly essential as the earth’s 

population continues to grow and urbanization expands. The production of current 

building materials generates a significant amount of greenhouse gases; for example, the 

production of cement is responsible for 6% of global carbon emissions, and the 

production of steel for buildings accounts for 4% (Moelv & Brumunddal, 2019). 

However, the carbon footprint of the construction industry can be decreased by 

developing and implementing new building materials and practices.  

One opportunity for new building materials and practices stems from additive 

manufacturing (AM), commonly referred to as 3D printing. Many different materials can 

be used with AM, including concrete, carbon fiber, various metals, and petroleum- and 

bio-based polymers. Of particular interest are recycled petroleum-based polymers and 

bio-based polymers because of their potential environmental benefits. Both can be 

recycled into filament for AM, and bio-based polymers are made from renewable 

resources with a closed-loop lifecycle. Another benefit that stems from AM is that it can 

be used to manufacture topology optimized structural elements (e.g., beams and columns 

for buildings and bridges), which would decrease the quantity of material used while 

maintaining performance.  



2 
 
Of the many types of AM available (e.g., fused deposition modeling, selective 

laser sintering, stereolithography, etc.), fused deposition modeling (FDM) may be 

particularly suited for building applications as it is widely accepted by industry, lends 

itself to the use of many different materials, is readily scalable, and is economical. FDM 

has typically been used to make prototypes; however, advances in FDM have led to the 

ability to create end-use parts and may one day be used in the construction of large-scale 

structural elements. A reliable methodology to predict the inherent anisotropic behavior 

of FDM elements is needed to safely implement FDM elements in real-world 

applications, and to extend these benefits to topology optimized elements.  

Ultimately, by providing the tools necessary to model AM structural elements, 

this research will help to mitigate the myriad of negative environmental impacts 

associated with conventional construction, and will result in a viable environmentally 

attractive alternative to traditional building materials and designs. Furthermore, this 

research will lead to an increased interest and motivation to pursue the use of other 

environmentally friendly materials and a research framework for investigating similar 

design methodologies using topology optimization combined with AM. 

Objective 

The primary objective of this research was to develop a methodology to estimate 

and model the material/structural response of elements made with FDM. This will 

ultimately lead to an increased use of FDM in structural applications, and open the door 

to combining FDM with topology optimization to design and build optimized structural 

elements, resulting in more sustainable infrastructure. 
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Scope 

This document begins by discussing the background of FDM parts and the 

difficulties that arise in trying to model their behavior due to the inherent anisotropy of 

the elements. It moves on to discuss the modeling strategy (at the material level) to be 

used in this research, and then discusses the tensile tests used to study the fundamental 

behavior of FDM parts and acquire the information necessary to implement the proposed 

modeling strategy. Next, the flexure tests used to further investigate the basic response of 

FDM parts are presented and discussed. Finite element analysis (FEA) is an obvious 

approach to consider to predict the response of FDM parts, and its use to predict the 

response of the tensile and flexural specimens tested in this research is subsequently 

introduced and discussed. However, the anisotropic nature of FDM parts complicates 

their analysis by finite element, as it must be implemented using a full complement of 

mechanistic relationships in three dimensions with all the associated material constants. 

Thus, response surface modeling, a more empirical approach to relating the response of a 

system to the variables that affect it, was explored as an alternative predictive technique, 

and the associated experimental design, execution, and outcomes are described and 

discussed. Lastly, the topology optimization process is introduced along with an initial 

investigation into the process.  

Background and Related Work 

This section provides a brief background on the FDM process, and discusses 

various methods used by other researchers to model the material properties of FDM parts. 
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A brief summary of current research conducted on large-scale AM is then presented, 

followed by a brief introduction to topology optimization. 

Fused Deposition Modeling  

AM is defined as the ‘‘process of joining materials to make parts from 3D model 

data, usually layer upon layer, as opposed to subtractive manufacturing and formative 

manufacturing methodologies”  (ASTM52900-15, 2015). The AM build process leads to 

many benefits compared to traditional subtractive or formative manufacturing by giving 

the user the ability to freely define the shape and local material of the final part (Jasiuk et 

al., 2018). Originally, AM was used for making prototypes; however, AM is now 

frequently being used to manufacture final products (Berman, 2012; Chua, Leong, & 

Lim, 2003; Chulilla, 2011; Espalin, Muse, MacDonald, & Wicker, 2014). Consequently, 

it is important to understand the physical properties of the parts created by AM to know 

how the parts will perform in the end-use application.  

There are numerous types of AM processes that can be used with a variety of 

materials; however, the scope of this research was on FDM using polymers. An example 

of an FDM print surface with the coordinate system referred to throughout this research 

superimposed on it is shown on the 3D printer in Figure 1. FDM builds a 3D object layer 

by layer, where each layer is made of a user defined pattern of extruded material. A 3D 

computer rendering of the part is uploaded into a slicing software that communicates with 

the printer. The slicing software is where the user defines the build parameters. Using 

these build parameters, the slicing software “slices” the computer rendering of the part 

into the layers and roads the printer will follow to build the part. Next, the FDM printer 
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builds the part by feeding polymer filament through a liquefier head, where it is heated to 

its melting point and extruded onto the build platform, as if it were a robotic glue-gun. 

The extruded material creates roads, also referred to as rasters, in the horizontal XY-

plane (Figure 1) of the printer. The roads are deposited side by side in a designated 

orientation to generate a layer (Bellini & Güçeri, 2003). Upon completion of a layer, 

either the liquefier head or the print surface moves vertically in the Z direction of the 

printer to create the next layer.  

 

Figure 1: 3D printer coordinate system 

The user defined build parameters of an FDM printer are a key component of the 

overall mechanical behavior of the final product. Figure 2 identifies some of the build 

parameters within a layer of an FDM part that affect the mechanical behavior of that part. 

The filament/road width is the width of the individual filaments and the airgap is the 

amount of space between each road. The road width and airgap affect the strength of the 

bonds between the roads, and ultimately, the overall strength of the final part. The raster 

angle is the angle of the road measured relative to the X-axis (Figure 1) of the printer. 

The raster angle is defined for each layer, and the stacking sequence of the raster angles 

xy z
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for each layer defines the toolpath. For example, a part with raster angles of 0, 90, 45 and 

-45 degrees, respectively, for the first, second, third and fourth layers has a toolpath of [0 

90 45 -45]. The designated stacking sequence repeats until the part is complete. The build 

orientation is the orientation of the part within the printer as it is being printed; Figure 3 

shows one part in three different build orientations.  

 
Figure 2: 3D printer parameters (Knoop, Kloke, & Schoeppner, 2017) 

 

Figure 3: Example of a part printed in three orientations 

The build orientation is extremely important because there is a substantial 

difference between the strength of the bonds between the roads and the strength of the 

bonds between the layers, and this difference contributes significantly to the final 

material behavior of the part (Ahn, Montero, Odell, Roundy, & Wright, 2002; Cantrell et 

x

y

xy
z
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al., 2017).  The oriented filament construction is an inherent cause of the anisotropic 

behavior of FDM parts, which is further contributed to by the difference in the bonding 

strength within a layer compared to the strength of the bonds between layers. Defining 

the material behavior of anisotropic materials is a complex process. Furthermore, build 

parameters are user-defined and may vary between printers, making a universal material 

model difficult to develop for FDM parts. Therefore, empirical models based on physical 

tests are typically used to represent the expected behaviors of a specific set of build 

parameters combined with a specific material.  

In this research, relative to build parameters, only the build orientation was 

changed, all other build parameters were kept the same. Changing the build orientation 

while holding all other parameters constant allows for the identification of the material 

behavior in principal directions. Further, the principal direction behavior can be 

combined to make an anisotropic material model of an FDM part. 

Modeling Strategies for FDM Elements 

A number of researchers have worked to develop material models to be used in 

predicting the physical behavior of FDM parts. Most of this research is focused on 

modeling behavior in the linear elastic range. The methods investigated include a mixture 

model method, homogenization methods, classical laminate theory, and Generalized 

Hooke’s Law for an anisotropic material.  

Rodriguez et al. (2003) used both a mixture model approach and a 

homogenization method to represent the anisotropic behavior of parts with unidirectional 

road orientation. The mixture model method, where the voids and the bulk material make 
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up the mixture, was used to develop mechanics of materials equations for unidirectional 

FDM parts. These equations use the void density and the density of the bulk material to 

calculate the directional Young’s moduli, shear moduli, and Poisson’s ratios of the FDM 

parts. Additionally, Rodriguez et al. (2003) used the asymptotic theory of 

homogenization to define the mechanical properties of the unidirectional samples. Using 

a simple multiaxial strength theory proposed by Azzi and Tsai (1965) for fiber reinforced 

composites, the strength of the unidirectional samples was calculated. Agreement was 

found between the mathematical models and the physical tests, however, unidirectional 

parts were studied, which greatly simplifies real-world applications (Rodríguez et al., 

2003).  

Techniques of homogenization seem promising to define the linear material 

properties of FDM parts, and additional researchers have studied this method. There are a 

number of ways to employ homogenization, which is essentially taking a heterogenous, 

possibly anisotropic material and representing it as a homogenous material. 

Homogenization requires complex numerical analyses, which can be done using finite 

element analysis or a number of other methods. 

The homogenization method to represent the material properties of FDM parts 

developed by Liu et al. (2016) showed promising results and provided a new approach to 

predicting the material properties of FDM parts. While the method is computationally 

intensive, the material model is determined from the print plan and is not dependent on 

experiments in its development. The homogenization process is completed in the 

following two steps: 1)  the heterogeneity and anisotropy of the mesoscale geometry is 
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represented, and 2) the homogenization is used to represent the macro scale material 

properties while accounting for build orientation and other printing parameters (X. Liu & 

Shapiro, 2016). This method seems promising as it is potentially able to account for some 

of the unique material properties of FDM parts that empirical methods are not fully 

capable of quantifying.    

The homogenization method  used by Somireddy et al. (2018) is based on the 

strain energy of a representative volume element (RVE). The fact that different parts of 

an FDM structure have different material behavior depending on the build orientation 

was the focus of the research and the main goal was to find a way to define the material 

behavior of all the build orientations. The research stated that parts built flat can be 

represented by a laminate constitutive relationship, whereas parts built vertically or on 

the side cannot be represented by laminate theory. This discrepancy provided the 

motivation to use homogenization. Furthermore, it was pointed out that the thickness of a 

part affects the constitutive material behavior. Ultimately, the constitutive material 

behavior requires in depth consideration before being employed for effective design and 

analysis of structures (Somireddy et al., 2018).    

Classical laminate plate theory is a viable option for developing material models 

of FDM parts, and application of this theory has been investigated by a number of 

researchers (Alaimo, Marconi, Costato, & Auricchio, 2017; Bertoldi, Yardimci, Pistor, 

Guceri, & Sala, 1998; Casavola, Cazzato, Moramarco, & Pappalettere, 2016; Kulkarni & 

Dutta, 1999; Magalhães, Volpato, & Luersen, 2014; Sayre III, 2014). 
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Zou et al. (2016) performed tensile tests on five FDM samples and used the 

results with Generalized Hooke’s Law to develop an isotropic material model and a 

transversely isotropic material model. The transversely isotropic stiffness matrix has five 

unknown constants. These unknowns were calculated from the tensile test data using a 

least squared method. It was concluded that the isotropic model could be used to predict 

results, but more accuracy is obtained using the anisotropic material model (Zou et al., 

2016). Note that this method could be further investigated in future work with data 

collected in this project. 

Overall, considerable work has been done on using Generalized Hooke’s Law to 

develop material models to be used in predicting the physical behavior of FDM parts, and 

in light of the relatively promising nature of the results, this approach was selected for 

further pursuit in this research. Notably, studies completed and reported on by Bellini and 

Güçeri (2003), Domingo-Espin (2015), and Mamadapur (2010) capture the depth and 

breadth of this work, and these three studies are discussed in more detail in Chapter 2. In 

all three of these studies physical tests were performed to determine the engineering 

constants used to define the stiffness matrix of the anisotropic FDM parts. 

Independent of the specific modeling strategy pursued, the studies reviewed 

above primarily relied on tensile tests in developing FDM material models. Cantrell et al. 

(2017) included in their work Isopescu shear tests on FDM samples built in different 

build orientations with four different toolpaths. It was concluded that the properties of 

tensile tests are not indicative of shear properties of FDM parts, and that a  better 

understanding of shear behavior was needed (Cantrell et al., 2017).  
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Big Area Additive Manufacturing 

While this research was done using small test specimens, ultimately the results of 

this research are to be used to design and manufacture relatively large-size structural 

elements. Therefore, it is important to note the research being performed at Oakridge 

National Laboratory and other research institutions into the process of Big Area Additive 

Manufacturing (BAAM) (Chesser et al., 2018; Duty et al., 2017; Roschli et al., 2018, 

2019).  BAAM can produce parts 10 to 20 times larger than can be built on typical FDM 

printers. BAAM printers employ a similar build process as FDM printers, and the 

resulting large scale parts have  similar mechanical properties to their diminutive cousins 

(Duty et al., 2017). Therefore, the proposed research should scale well into the design of 

BAAM structural elements. Furthermore, additional research is being done on BAAM 

structures with the goal of overcoming some of the inherent weaknesses introduced by  

the manufacturing process (Chesser et al., 2018; Roschli et al., 2018). 

Topology Optimization 

Topology optimization can play a key role in the pursuit of using materials as 

efficiently as possible. Topology optimization is the process whereby the most efficient 

placement of material in a structural element is determined by numerical analysis to 

optimally meet design/performance requirements of the element (e.g., maximum 

allowable stress and deflection).   

Topology optimization frequently results in complex shapes that are hard to 

manufacture with traditional means. However, the AM build process makes 

manufacturing these complex shapes more feasible. Extensive research has been done on 
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the development and implementation of topology optimization (M.P. Bendsøe & 

Sigmund, 2004; Husainie, n.d.; Larsson, 2016; Różyło, 2016; Zuo & Xie, 2015). 

Approached using FEA, a global element defines the design space, and topology 

optimization finds the optimal density distribution of material for a given design domain 

with defined loads and boundary conditions.  As may be obvious, foundational to these 

analyses are robust material models, as have been sought for AM/FDM parts in this 

research effort.   
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CHAPTER 2 

FDM MATERIAL MODELING STRATEGY 

This section presents the material modeling strategy used in this research, as well 

as the experiments necessary to establish the engineering constants upon which this 

methodology is based. The modeling strategy implemented in this research is based on 

Generalized Hooke’s Law for an anisotropic material.  Presented first is an overview of 

some of the previous research done using this methodology to represent the material 

behavior of FDM parts, including the benefits and shortcomings of this basic approach. 

This presentation is followed by a discussion on the formulation of this methodology and 

the requisite material characteristics needed to implement it in this application. This 

section concludes with a discussion of future work in this area. 

Background on Generalized Hooke’s Law in FDM Applications 

As discussed previously, FDM parts are made of layers and roads, resulting in 

elements with anisotropic material properties. Therefore, the behavior and the ultimate 

strength and ductility of FDM parts varies based on all of the associated build parameters. 

This research, however, focused only on the effects of the build orientation relative to the 

direction of loading and the toolpath of the part.  

Generalized Hooke’s Law for an anisotropic material includes 21 independent 

material constants in the stiffness matrix relating stress to strain (assuming a hyperelastic 

material), but it can be simplified when planes of symmetry are present, as they are in 

FDM parts. The number of planes of symmetry depends on the toolpath, with some 
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researchers stating parts made with a [45 -45] toolpath have three planes of symmetry 

making the material orthotropic, and other researchers going a step further and assuming 

the material behavior is equal in the X and Y directions, allowing the material to be 

modeled as transversely isotropic or almost transversely orthotropic.  

Bellini and Güçeri (2003) and Domingo-Espin (2015) both defined the material 

properties of FDM parts as orthotropic, thus requiring the determination of only nine 

engineering constants to define the stiffness matrix. They calculated these engineering 

constants by performing tensile tests on dog-bone specimens built in six orientations, as 

shown in Figure 4. Bellini and Güçeri (2003) made the test samples out of ABS 

(Acrylonitrile-Butadiene-Styrene ) with a toolpath of [0 90 45 -45]. After developing the 

material model, they performed two simple finite element analyses, one with an isotropic 

material model and one with the experimentally derived orthotropic material model. 

Comparing the results of the two analyses, they determined it was important to account 

for the anisotropic behavior of the FDM parts. Using a similar process, Domingo-Espin 

(2015) made tensile test specimens in the same six orientations as Bellini and Güçeri 

(2003); however, the samples were made of  polycarbonate with a toolpath of [45 -45]. 

Following the same procedure, he determined the nine engineering constants of the 

material by performing tensile tests on the specimens built in the six build orientations. 

He went on to perform more complex finite element analyses comparing models with 

isotropic material properties and the orthotropic material model developed in his research 

and found that this material could accurately be modeled as isotropic in the linear range.  
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Figure 4: Build orientation of test specimens (Bellini and Güçeri 2003) 

Mamadapur (2010) further simplified Generalized Hooke’s Law from an 

orthotropic material to an almost transversely isotropic material based on the toolpath of 

[45 -45] creating an additional plane of symmetry. This reduced the number of 

engineering constants to be determined from nine to six. The reason the material was 

classified as almost transversely isotropic instead of simply transversely isotropic is that 

the shear modulus remained independent despite the additional plane of symmetry. 

Mamadapur (2010) also determined the engineering constants experimentally by finding 

the shear moduli through torsion tests and the Young’s moduli and Poisson’s ratios 

through tensile tests of ABS samples built in the six build orientations. Mamadapur 

(2010) used finite element analysis to validate his developed material model, analyzing 

three different shapes under various loading conditions to determine if his material model 

accurately predicted the behavior of the different shapes and loading conditions. The 

results of the finite element analysis matched physical flexure tests results in two build 

orientations; however, two other build orientations required manipulation of the FEA to 
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get the results to match. He suggested the behavior of FDM elements subjected to 

bending was an area for further study, specifically elements with low depth to span ratios.  

The research discussed herein further evaluates and improves upon the 

methodology of using Generalized Hooke’s law to model FDM parts. The formulation of 

this methodology follows. 

Formulation 

Beginning with Generalized Hooke’s Law for an anisotropic material, 

simplifications can be made by accounting for the planes of symmetry that arise from the 

FDM build process. The number of planes of symmetry in an FDM part is determined by 

the toolpath of the parts. For example, parts with a tool path of [45 -45] (used in this 

research), have 3 planes of symmetry, which makes the material orthotropic. The 

simplifications made to Generalized Hooke’s law to develop the stiffness matrix for an 

orthotropic material will be stated below.   

Generalized Hooke’s Law for an anisotropic material states that each stress 

component is linearly related to all of the strain components. When calculating the stress 

tensor, 𝜎!", the stiffness tensor, 𝐶!"#$, is used to relate stress and strain as shown in 

Equation 1.  

𝜎!" = 𝐶!"#$𝜀#$ (1) 

Inverting Equation 1 to solve for the strain tensor, shown by Equation 2, 

introduces the compliance tensor, 𝑆!"#$.  

𝜀!" = 𝑆!"#$𝜎#$ (2) 
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Both the stiffness tensor and the compliance tensor are fourth order tensors with 

81 coefficients. Because both the stress tensor, 𝜎!", and the strain tensor, 𝜀#$, are 

symmetric,  

𝐶!"#$ = 𝐶"!#$ 				𝑎𝑛𝑑				𝐶!"#$ = 𝐶!"$# (3) 

and therefore, 

𝑆!"#$ = 𝑆"!#$ 				𝑎𝑛𝑑				𝑆!"#$ = 𝑆!"$# (4) 

resulting in the stiffness and compliance relationships reducing to 36 independent 

components.  Acknowledging this reduction in components/coefficients and expressing 

the resulting stress-strain relationship in matrix form yields Equation 5 (compliance case 

shown).  

⎣
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⎡
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⎥
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 (5) 

The material is assumed to remain linearly elastic; therefore, it can be proven that 

the material is hyperelastic. This is done by taking the derivative of the strain-energy 

function with respect to the strain and getting the stress. Because the material is 

hyperelastic, the compliance matrix becomes symmetric, and is now reduced to 21 

coefficients as shown in Equation 6. 
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 (6) 

Up to this point, the only assumptions that have been made is that the material is 

elastic and hyperelastic. Completing the derivation by acknowledging that the parts made 

for this study exhibit three mutually orthogonal planes of symmetry making them 

orthotropic, Equation 5 can be simplified to Equation 7 where only nine unknown 

constants remain.  
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 (7) 

The nine unknown constants can be represented by the directional engineering 

constants, Young’s modulus (E), Poisson’s ratio (n), and shear modulus (G), as shown in 

Equation 8, where the second subscript has been dropped from the normal stresses and 

strains. 
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where: 

𝜈%& = −
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Returning to the relationship between stress and strain presented in Equation, and 

following a similar development, it can be written in matrix form as: 
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where the coefficients in the stiffness matrix, Cij, can be solved in terms of the 

coefficients of the stiffness matrix, Sij, by inverting that matrix.  
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where: 

𝑆 = 𝑆%%𝑆&&𝑆'' + 2𝑆%&𝑆&'𝑆%' − 𝑆%'& 𝑆&& − 𝑆&'& 𝑆%% − 𝑆%&& 𝑆''  

The nine independent constants in the compliance and stiffness matrices (the 

engineering constants shown in Equation (8)) can be determined through 

experimentation. Tensile tests of specimens built in six different orientations, as shown in 

Figure 4, can be performed to determine these constants. As the tests are performed, load, 

longitudinal deflection, and transverse deflection data are collected, from which the 

engineering constants are calculated. More specifically, the load and longitudinal 

deflection data are used to generate stress-strain diagrams from which Young’s modulus 

is calculated, as shown in Equation 10.  

𝐸! =
∆𝜎!
∆𝜀!

 (10) 

The longitudinal and transverse deflection data are used to calculate Poisson’s 

ratio, as shown in Equation 11.  

𝜈+, = −
𝜀"
𝜀!

 (11) 

 

Lastly, to obtain the in-plane shear modulus, tests are performed on the 

unidirectional specimens oriented 45° from the principal axes in the respective build 

planes. The shear modulus is then calculated using the equation: 

𝐺+, =
𝐸!

2(1 + 𝜈+,)
 (12) 

where, 

Ds is the change in stress of the material, 
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De is the corresponding change in strain, and 

i is the loading direction 

j is a direction perpendicular to it. 

The build orientations of the test specimens are shown in Figure 4, on the left are 

the tensile test specimens used to calculate the three Young’s moduli and on the right are 

the 45° oriented samples used to calculate the three shear moduli (Bellini & Güçeri, 

2003; Domingo-Espin et al., 2015).  

Previous research on FDM parts fabricated with a toolpath of [45 -45] have 

simplified Generalized Hooke’s Law for an anisotropic material to a transversely 

isotropic material or an almost transversely isotropic material. The almost transversely 

isotropic simplification arises due to the additional plane of symmetry but with different 

properties normal to this plane. The benefit of this simplification is that only five or six 

unknown constants remain in the stiffness matrix as opposed to nine. As this research 

progresses, it will be demonstrated that the material is indeed transversely isotropic 

The methodology discussed above is implemented and evaluated in the following 

chapters. During this evaluation, it was found that the ultimate stress and ultimate strain 

varied greatly for different build orientations, as one might expect. A complete material 

modeling strategy to account for this variation in ultimate stress depending on build 

orientation is needed (but beyond the scope of this research), especially if this 

methodology is to be used in topology optimization.    
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CHAPTER 3 

TENSILE TESTING 

To define the linear orthotropic material properties resulting from the FDM build 

process (as discussed above), physical uniaxial tensile tests were performed. The data 

gathered during the tensile tests was used to determine the nine unknown engineering 

constants that define the material model based on Generalized Hooke’s law for an 

orthotropic material. It is important to note that the material model developed from these 

tensile tests will be unique to this material and this set of build parameters; however, the 

proposed methodology will provide a framework for the evaluation of other materials and 

build parameters.  

Experimental Design 

To obtain the material properties discussed above, dog-bone specimens were 

printed in a Stratasys F170 printer, shown in Figure 5, using ABS-M30 filament. ABS 

(Acrylonitrile Butadiene Styrene) is one of the two most common thermoplastics used in 

FDM (the other being PLA). The ultimate benefits of the Stratasys F170 printer 

compared to other printers are ease of use and quality control of the printed parts; 

whereas, the drawbacks of this printer are limited user control over printing parameters 

and limited material options. The Type I dog-bone test specimen geometry complied with 

the ASTM standard D638-14 (2014b), Standard Test Method for Tensile Properties of 

Plastics, in which all of the dimensions of the part are defined aside from the thickness. 

The thickness of the ASTM Type I dog-bones (see Figure 6) was chosen to be 4 mm, 
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referencing the work of others in this research area (Chacón, Caminero, García-Plaza, & 

Núñez, 2017; Garg & Bhattacharya, 2017; Türk, Brenni, Zogg, & Meboldt, 2017). The 

printer was operated using GrabCad software, where the printing parameters were set to 

“solid”, which means the roads of each layer are placed adjacent to each other, with the 

print parameters set to create as few voids as possible.  The layer height of all parts was 

0.127 mm.  All roads in the Stratasys F170 are placed at 45° or -45° relative to the X-axis 

of the printer.    

 
Figure 5: Stratasys F170 printer 

An example specimen with thickness labeled is shown in Figure 6. Note that due 

to the nature of fused deposition modeling, the dimensions of the test specimens 

nominally varied from their target values; the average percent difference (actual versus 

target) in the thickness and width dimensions of the printed parts was 0.84%.  
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Figure 6: Dog-bone test specimen 

Tensile tests were performed on a total of six build orientations following the 

work of Bellini and Güçeri (2003) and Domingo-Espin. The six build orientations are 

shown in Figure 7 along with their respective sample names. The naming scheme used in 

this research relates the global coordinate system (the coordinate system of the printer 

defined in Figure 1 and Figure 7) to the longitudinal and transverse directions of the 

sample. That is, the first letter represents the direction the longitudinal axis of the sample 

is printed, the second letter defines the direction the transverse axis of the sample is 

printed, and the number indicates the angle (in degrees) between the first letter of the 

sample name and the corresponding printer axis. Thus, the number indicates the angle the 

longitudinal axis is built within the indicated plane. For example, the XY-0 sample has its 

longitudinal axis aligned with the global X axis because there are 0-degrees between the 

direction of the longitudinal axis and the global X axis, and the transverse axis of the 

sample is aligned with the Y axis. The build orientations XY-0, YZ-0, and ZX-0, shown 

in Figure 7a, were used to calculate the three Young’s moduli and the three Poisson’s 

ratios of the material. The XY-45, YZ-45, and XZ-45 samples, shown in Figure 7b, were 

used to calculate the three shear moduli of the material. Five duplicate samples were 

made in each of these six build orientations in accordance with ASTM D638 (2014b).  
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(a) 

 
(b) 

Figure 7: Build orientations for first set of tests 

The build orientations in Figure 7 result in samples with roads and layers oriented 

in the directions shown in Figure 8, where the direction of the roads is shown in red and 

the direction of the layers is shown in blue. These drawings are a simplification of the 

road orientations, as the direction of the roads is actually constant throughout a layer. 

That is, one layer will have all roads aligned at -45°, for example, and the adjacent layer 

will have all roads aligned at 45°. Thus, these images give the simplified composite 

material layup of two adjacent layers shown by the red lines. Further, while discrete lines 

are used in the figure to represent the direction of the roads, as previously mentioned, 

there were no voids between the roads. The biggest difference between the material 

behavior of the samples arises from the direction of the roads and layers relative to the 

applied load. The specific material properties resulting from each of the build orientations 

are discussed below. 
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(a) XY-0 

 

(b) YZ-0 

 

(c) ZX-0 

 

(d) XY-45 

 

(e) XZ-45/YZ-
45 

Figure 8: Layer (blue) and road (red) direction relative to the direction of loading (a) XY-
0 (b) YZ-0 (c) ZX-0 (d) XY-45 (e) XZ-45 and YZ-45 

Testing Procedure and Instrumentation  

The tensile tests were performed on an Instron 8562 screw driven test machine 

operating at a displacement rate of 5 mm/min as per ASTM D638 (2014b). Load was 

measured with a 100 kN load cell.  Displacement and strains were measured with an 

ARAMIS non-contact optical measurement system using sequential digital images 

analyzed with digital image correlation (DIC) software.  

Sample preparation involved measuring each specimen, as some variation in size 

arises due to the FDM process, as previously mentioned. Next, the samples were painted 

with a stochastic pattern (Figure 9a), which is used by the DIC software to determine 
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displacement. The quality of the stochastic pattern is a key component to obtaining useful 

data. Notably, black and white contrast is imperative to the stochastic pattern being 

effective; therefore, the test specimens were first painted white, then the black stochastic 

pattern was sprayed onto the sample in the region where the specimen was expected to 

break.  

Throughout the test, load, deflection, and strain data were continuously collected. 

The ARAMIS system takes pictures of the sample throughout the test and uses changes in 

the stochastic pattern between successive images to determine displacement and 

deformation. In this research a two-camera DIC system was used to obtain 3D 

measurements. In the ARAMIS software, an appropriate facet size (a designated number 

of pixels), was chosen based on the size of the sample. ARAMIS determines 2D 

coordinates of a facet from each camera and combines this information to calculate a 3D 

coordinate.  

The ARAMIS system calculates the displacement and strain at every point on the 

sample for every image that is taken. The system also logs the applied load from the 

Instron every time an image is taken. During these tests, an image was taken every 

second. For each image, ARAMIS also creates a surface that shows the local strain at 

every point at the time at which the image was taken. A typical strain surface is shown in 

Figure 9b.  

“Virtual extensometers” were used to calculate longitudinal and transverse strain 

in the specimens from displacement data available from the ARAMIS system.  More 

specifically, the vertical displacements for two points aligned vertically on the specimen 



28 
 

and the horizontal displacements for two points aligned horizontally on the specimen 

were used to calculate the average longitudinal and transverse strains, respectively.   The 

validity of this approach was confirmed by further considering the displacement of an 

additional point located midway between the points above, and calculating the strain 

across the sub-intervals defined by this point.  The average strains calculated across the 

resulting three different intervals in each direction were found to be in close agreement. 

 

 
(a) 

 
(b) 

Figure 9: ARAMIS images (a) Stochastic pattern (b) Strain profile across sample 

Tensile Test Results 

To calculate the nine engineering constants stress-strain plots were created in 

MATLAB for all tensile test samples printed in the build orientations shown in Figure 7. 

These plots were used to calculate the elastic modulus for each sample in accordance 

with Equation 10. Plots were made of the longitudinal versus transverse strain, and these 

were used to calculate the Poisson’s ratio of each sample following Equation 11. The 

shear modulus was calculated from the data obtained from the samples rotated 45° in the 
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plane following Equation 12. To quantify the degree of ductility exhibited at failure, the 

plastic strain was calculated by drawing a line with the slope of the elastic modulus from 

the point of failure to the point where the stress was equal to zero; this process is 

demonstrated in Figure 10. 

 
Figure 10: Plastic strain calculation for tensile tests 

XY-0 Behavior 

The stress-strain curve of each XY-0 sample is shown in Figure 11a. As can be 

seen, the stress-strain curves begin with an initial linear region, which transitions into 

plastic behavior prior to failure. This is due to the fact that the layers are parallel to the 

direction of the applied load (Figure 11b) minimizing the effects on the global response 

of any interlayer bond failure, and the -45° 45° orientation of the roads similarly prevents 

immediate bond failure between roads. The average maximum stress of the five XY-0 

samples was 26.0 MPa and the average plastic strain was 0.0232 mm/mm. The values of 

the elastic modulus, Poisson’s ratio, maximum stress, maximum strain, and plastic strain 
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of each sample are given in Table 1 as well as the average response values calculated 

across all five specimens and the corresponding coefficients of variation.  As will be 

commented on more later, the samples behaved in a consistent fashion, with the 

coefficients of variations for the various responses ranging from 3.4% to 20.8% 

All of the samples broke at the point in the geometry where the part transitions 

from the straight region in the middle of the sample to the curved region toward the ends, 

as can be seen in Figure 11c. This is likely because of flaws produced in the sample along 

the curved edge as the printer path changes to accommodate the change in geometry, 

suggesting that an element may be stronger if it does not change shape. Figure 11c also 

shows the broken region of the sample, demonstrating how the failure followed a path 

between the roads resulting in a jagged failure path.   

Figure 11d shows the longitudinal strain surface from ARAMIS for the sample 

just prior to failure; the local strains appear to vary in a zig-zag fashion across the sample 

shown by the green, yellow, and red regions. 
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(a) Stress-strain response 

 
(b) Road/layer orientation 

 
(c) Samples after failure 

 
(d) ARAMIS strain profile 

Figure 11: XY-0 (a) stress-strain plot (b) example of road and layer orientation in test 
setup (c) samples after failure (d) ARAMIS strain profile just prior to failure 

Table 1: XY-0 tensile test results 
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XY-0 (1) 1640 0.36 24.0 0.0339 0.0190

XY-0 (2) 1830 0.36 25.7 0.0378 0.0235

XY-0 (3) 1734 0.38 26.4 0.0430 0.0282

XY-0 (4) 1845 0.39 27.3 0.0420 0.0278

XY-0 (5) 1854 0.37 26.6 0.0319 0.0178

Average 1781 0.37 26.0 0.0377 0.0232

COV (%) 5.2 3.4 4.9 13.0 20.8

Plastic Strain 
(mm/mm)Sample Elastic Modulus 

(MPa)
Poisson's 

Ratio
Max Tensile 
Stress (MPa)

Max Strain 
(mm/mm)
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YZ-0 Behavior 

The YZ-0 samples were the strongest and stiffest of the tensile test orientations, 

and they also exhibited the greatest ductility.  The values of elastic modulus, Poisson’s 

ratio, maximum tensile stress, maximum strain, and plastic strain for each sample as well 

as the average values across all five specimens and the associated coefficients of 

variation are given in Table 2. The stress-strain response of each sample is shown in 

Figure 12a.  The average maximum stress carried by these specimens was 32.1 MPa and 

they had an average elastic modulus of 2239 MPa and plastic strain of 0.0321. The 

modulus of the YZ-0 samples is approximately 30% greater than the modulus of the XY-

0 samples and the maximum stress is approximately 20% higher for the YZ-0 samples 

than the XY-0 samples. The increased strength and stiffness are likely a result of the 

build orientation that prints roads that are very short relative to the length of the roads in 

the XY-0 samples and the increased number of layers. The additional strength of the 

short roads could come from better bonding between the roads because less cooling of the 

previous road has occurred when the next road is placed. The additional layers with short 

roads make formation of a failure path more difficult. The layers are again parallel to the 

direction of loading, minimizing the effects of interlayer bond behavior on the overall 

specimen response.   

Similar to the XY-0 samples, all of the YZ-0 samples failed at or near the 

transition region from the straight portion of the geometry to the curved region, shown in 

Figure 12c. As with the XY-0 samples, this suggests that the printer creates flaws in the 

specimen while printing the changing geometry. The failure surface of a typical sample is 

shown in Figure 12c, where the zig-zag failure through the roads can be seen. 
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The ARAMIS local strain surface is shown in Figure 12d. The strains are greatest 

in horizontal lines across the face. These increased areas of strain are likely where the 

small gap between roads develops as the print head changes direction at the edge of the 

layer.  

 
(a) Stress-strain response 

 
(b) Road/layer orientation 

 
(c) Samples after failure 

 
(d) ARAMIS strain profile 

Figure 12: YZ-0 (a) stress-strain plot (b) example of road and layer orientation in test 
setup (c) samples after failure (d) ARAMIS strain profile just prior to failure 
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Table 2: YZ-0 tensile test results 

 

ZX-0 Behavior 

The ZX-0 samples are much weaker and more brittle than the XY-0 and YZ-0 

samples, as can be seen in their stress-strain behavior presented in Figure 13a. The 

samples failed in the linear region of the stress-strain plot, exhibiting no plastic strain. 

The average maximum stress carried by the ZX-0 samples is 55% less than the maximum 

stress carried by the YZ-0 samples and approximately 45% less than the XY-0 samples. 

This decrease in capacity occurred because the layers of the ZX-0 samples are 

perpendicular to the direction of loading (Figure 13b), as opposed to the layers being 

parallel to the direction of loading as they were for the XY-0 and YZ-0 samples. As 

discussed previously, the strength of the bond between layers is less than the strength of 

the bond between roads. The XY-0 and YZ-0 samples relied more on the strength of the 

bond between roads that were oriented at 45° and -45° relative to the applied load, and 

therefore, were stronger and more ductile than the ZX-0 samples that rely on the strength 

between layers. This weak and brittle behavior of the ZX-0 samples demonstrates the 

need for directional failure criterion. 

YZ-0 (1) 2328 0.38 32.5 0.0401 0.0269

YZ-0 (2) 2202 0.38 31.8 0.0468 0.0331

YZ-0 (3) 2258 0.40 33.1 0.0568 0.0428

YZ-0 (4) 2304 0.38 32.2 0.0459 0.0327

YZ-0 (5) 2102 0.36 30.6 0.0388 0.0249

Average 2239 0.38 32.1 0.0457 0.0321

COV (%) 4.0 3.5 2.9 15.6 21.6

Sample Elastic Modulus 
(MPa)

Poisson's 
Ratio

Max Tensile 
Stress (MPa)

Plastic Strain 
(mm/mm)

Max Strain 
(mm/mm)
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There are no obvious increased strain patterns in the ARAMIS strain surface 

shown in Figure 13d. Once the first significant crack begins the part fails. As can be seen 

in Figure 13d, immediately before failure a point of increased strain develops on the right 

side of the sample, and in the next image the sample has failed through this point. Figure 

13c shows the clean break of the samples in between layers.  

Presented in Table 3 are the elastic modulus, Poisson’s ratio, maximum tensile 

stress, and maximum strain of each of the samples along with the average values and 

associated coefficients of variation for each response. The table shows the reduced 

maximum tensile strength (average of 14.4 MPa) and Poisson’s ratio (average of 0.32) of 

the ZX-0 samples compared to the XY-0 and YZ-0 samples (average strengths of 26.0 

MPa and 32.1, and Poisson’s ratios of 0.37 and 0.38, respectively). The reduced 

Poisson’s ratio is likely due to the roads being in a layer perpendicular to the applied 

load, stiffening the in-plane behavior and thus producing a corresponding reduction in 

transverse strains. The plastic strain values are all zero because the samples failed in the 

linear-elastic region.  
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(a) Stress-strain response 

 
(b) Road/layer orientation 

 
(c) Samples after failure 

 
(d) ARAMIS strain profile 

Figure 13: ZX-0 (a) stress-strain plot (b) example of road and layer orientation in test 
setup (c) samples after failure (d) ARAMIS strain profile just prior to failure 

Table 3: ZX-0 tensile test results 
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ZX-0 (1) 1699 0.36 13.1 0.0074 ⏤
ZX-0 (2) 2046 0.33 15.4 0.0082 ⏤
ZX-0 (3) 1960 0.31 14.1 0.0077 ⏤
ZX-0 (4) 1981 0.31 15.1 0.0081 ⏤
ZZ-0 (5) 1980 0.31 14.3 0.0080 ⏤
Average 1933 0.32 14.4 0.0079 ⏤
COV (%) 7.0 8.0 6.4 4.0 ⏤

Plastic Strain 
(mm/mm)

Max Strain 
(mm/mm)Sample Elastic Modulus 

(MPa)
Poisson's 

Ratio
Max Tensile 
Stress (MPa)
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XY-45 Behavior 

The behavior of the XY-45 samples differs from the XY-0 and the YZ-0 samples 

because the roads of the XY-45 samples are parallel and perpendicular to the direction of 

loading (Figure 14b), as opposed to at angles of 45° and -45° as they were in the XY-0 

and YZ-0 samples. The fact that half of the layers have roads perpendicular to the 

direction of loading leads to a decrease in the strength of the material with the maximum 

stress 15% less than the strength of the XY-0 samples and 33% less than the maximum 

stress of the YZ-0 samples. The XY-45 samples are 35% stronger than the ZX-0 samples, 

however, because once again the layers are oriented parallel to the applied load (as was 

the case with the XY-0 and YZ-0 samples), rather than being perpendicular to the applied 

load as in the ZX-0 samples.  With one-half of the layers having roads parallel to the 

direction of loading, the XY-45 samples demonstrate the ductile behavior that was 

evident in the XY-0 and YZ-0 samples, as is evident in the stress-strain plots of each 

sample in Figure 14a.  

The values of the elastic modulus, Poisson’s ratio, maximum tensile strength, 

maximum strain, and plastic strain for the XY-45 samples are given in Table 4. The XY-

45 samples have an average plastic strain of 0.0175 mm/mm compared to 0.0232 

mm/mm of the XY-0 samples and 0.0321 of the YZ-0 samples. Poisson’s ratio for the 

XY-45 samples (average value of 0.31) was similar to that of the ZX-0 samples (average 

value of 0.32) and considerably lower than that of the XY-0 and YZ-0 values (average 

values of 0.37 and 0.38, respectively).  

Referring to the two ARAMIS strain profiles just prior failure shown in Figure 

14d, the strain gradients across the sample show the separation of the roads perpendicular 
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to the direction of the applied load. Increased strains appear in horizontal lines on the 

ARAMIS strain surface, and eventually the sample fails along one of these lines. The part 

broke in a straight line; the roads perpendicular and parallel to the load at the failure 

location can be seen in Figure 14c. 

 
(a) Stress-strain response 

 
(b) Road/layer orientation 

 
(c) Samples after failure 

 
(d) ARAMIS strain profile 

Figure 14: XY-45 (a) stress-strain plot (b) example of road and layer orientation in test 
setup (c) samples after failure (d) ARAMIS strain profile just prior to failure 

 

 

 

 

0 0.01 0.02 0.03 0.04 0.05 0.06
Strain (mm/mm)

0

5

10

15

20

25

30

35

St
re

ss
 (M

Pa
)

XY-451
XY-452
XY-453
XY-454
XY-455



39 
 

Table 4: XY-45 tensile test results 

 

YZ-45 Behavior 

The YZ-45 samples were stronger than the ZX-0 samples, with layers that were at 

an angle of 45° to the applied load, as shown in Figure 15b, compared to being 

perpendicular to the applied load as was the case for the ZX-0 specimens. The maximum 

stress carried by the YZ-45 samples was 15.6 MPa compared to 14.4 MPa for the ZX-0 

samples. Although the capacity of both samples was ultimately controlled by the bond 

strength between the layers, this bond was stressed in direct tension in the ZX-0 samples, 

while in the YZ-45 samples the boundary between the layers was oriented at 45° to the 

applied load, resulting in a combination of shear and tension stresses on a relatively 

longer length of surface. Even though the 45° rotation of the layers increased the strength, 

the samples still showed no ductility, as can be seen in the stress-strain behavior in Figure 

15a. Figure 15c shows the 45° angles the samples failed at, in between the layers, which 

is also reflected in the strain patterns discernable in Figure 15d. For the specific specimen 

picture in Figure 15c, it broke along two different layers.  

XY-45 (1) 1769 0.31 22.1 0.0305 0.0168

XY-45 (2) 1901 0.33 23.0 0.0275 0.0149

XY-45 (3) 2005 0.29 22.8 0.0284 0.0166

XY-45 (4) 1768 0.33 21.4 0.0373 0.0241

XY-45 (5) 1763 0.30 22.0 0.0293 0.0153

Average 1841 0.31 22.3 0.0306 0.0175

COV (%) 5.89 5.27 2.88 12.72 21.47

Sample Elastic Modulus 
(MPa)

Poisson's 
Ratio

Max Tensile 
Stress (MPa)

Plastic Strain 
(mm/mm)

Max Strain 
(mm/mm)
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Table 5 presents the results from the YZ-45 tensile tests for elastic modulus, 

Poisson’s ratio, ultimate tensile strength, and maximum strain. Again, the sample failed 

in the linear range, and therefore there is no plastic strain. 

 
(a) Stress-strain response 

 
(b) Road/layer orientation 

 
(c) Samples after failure 

 
(d) ARAMIS strain profile 

Figure 15: YZ-45 (a) stress-strain plot (b) example of road and layer orientation in test 
setup (c) samples after failure (d) ARAMIS strain profile just prior to failure 
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Table 5: YZ-45 tensile test results 

 

XZ-45 Behavior 

As might be expected, the XZ-45 samples behaved similarly to the YZ-45 

samples with the average elastic modulus, Poisson’s ratio, maximum stresses, and 

maximum strains all within 5% of each other. Presented in  Table 6 are the results of the 

YZ-45 samples for their elastic moduli, Poisson’s ratio, maximum tensile stress, and 

maximum tensile strain, and the associated average and covariances for these responses. 

The material was brittle, failing in the linear region, and the failure occurred in between 

layers at 45° angles. The behaviors and failures are shown in Figure 16a-d. 

 

 

 

YZ-45 (1) 2001 0.36 12.9 0.0071 ⏤
YZ-45 (2) 2033 0.39 16.8 0.0090 ⏤
YZ-45 (3) 1883 0.36 15.6 0.0091 ⏤
YZ-45 (4) 2091 0.36 15.1 0.0080 ⏤
YZ-45 (5) 1875 0.38 17.4 0.0091 ⏤
Average 1977 0.37 15.6 0.0085 ⏤
COV (%) 4.79 3.53 11.37 10.52 ⏤

Sample Elastic Modulus 
(MPa)

Poisson's 
Ratio

Max Tensile 
Stress (MPa)

Plastic Strain 
(mm/mm)

Max Strain 
(mm/mm)
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(a) Stress-strain response 

 
(b) Road/layer orientation 

 
(c) Samples after failure 

 
(d) ARAMIS strain profile 

Figure 16: XZ-45 (a) stress-strain plot (b) example of road and layer orientation in test 
setup (c) samples after failure (d) ARAMIS strain profile just prior to failure 

Table 6: XZ-45 tensile test results 
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XZ-45 (1) 1742 0.36 15.5 0.0090 ⏤
XZ-45 (2) 1976 0.39 13.0 0.0072 ⏤
XZ-45 (3) 1928 0.36 17.9 0.0100 ⏤
XZ-45 (4) 1772 0.36 15.9 0.0092 ⏤
XZ-45 (5) 1924 0.40 15.1 0.0092 ⏤
Average 1868 0.37 15.5 0.0089 ⏤
COV (%) 5.59 4.76 11.23 11.64 ⏤

Sample Elastic Modulus 
(MPa)

Poisson's 
Ratio

Max Tensile 
Stress (MPa)

Plastic Strain 
(mm/mm)

Max Strain 
(mm/mm)
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Summary of Tensile Test Results 

The average material properties obtained from the tensile tests are tabulated in 

Table 7 for each build orientation, along with their corresponding coefficients of 

variation. Included in this table are the average material properties and corresponding 

coefficients of variations across all build orientations. A characteristic stress-strain curve 

from each of the six build orientations is shown in Figure 17. 

Referring to this table and figure, the following observations can be made. 

• There was very little scatter observed in the elastic property results (i.e., elastic 

modulus and Poisson’s ratio) across the specimens tested within each print 

orientation. The highest coefficient of variation between duplicate specimens was 

7% for elastic modulus, and 8% for Poisson’s ratio, both being observed in the 

ZX-0 orientation. Further, there was very little variation in these elastic properties 

between print orientations. The overall average elastic modulus was 1940 with a 

coefficient of variation of 9.2%, while the average Poisson’s ratio was 0.35 with a 

coefficient of variation of 8.8%.   

• As expected, the build orientation had a significant effect on ultimate stress and 

ductility. This effect is associated with the angle of the road/layer interfaces 

relative to the resultant tensile stresses. Three orientations demonstrated ductile 

behavior, i.e., XY-0, YZ-0, and XY-45, in all of which the tensile stresses were 

parallel to the layer.  Three orientations, i.e., ZX-0, YZ-45, and XZ-45, failed in 

brittle fashions with no ductile behavior. In these orientations, the tensile stresses 
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were carried solely by the bonds between layers, and the specimens failed with a 

clean and sudden break between layers.  

• For the ductile specimens, i.e., XY-0, YZ-0, and XY-45, there was very little 

variation in the ultimate stress between duplicate specimens of the same 

orientation, with coefficients of variation of 4.9%, 2.9%, and 2.9%, respectively. 

That being said, there was a significant amount of variation in their ultimate and 

plastic strains, with respective coefficients of variation ranging upward towards 

16% and 22%. Among these ductile specimens, the YZ-0 orientation had the 

highest average ultimate stress (32 MPa), which may be associated with the 

shorter roads present in this orientation and the more complex failure paths 

observed in these specimens. The XY-45 specimens had the lowest average 

ultimate stress (22.3 MPa), which is due to the fact that in this orientation tensile 

stresses are normal to half of the road interfaces within the specimen; once the 

bonds along these road interfaces failed, leaving the remaining half of the roads 

(i.e, the roads parallel to the applied load) to carry the load. 

• The brittle orientations, i.e., ZX-0, YZ-45, and XZ-45, had the lowest ultimate 

stresses, with the most variation observed within each build orientation. The 

average ultimate stresses were 14.4 MPa, 15.5 MPa, and 15.6 MPa, respectively, 

for the ZX-0, YZ-45, and XZ-45 orientations. The corresponding coefficients of 

variation were 6.4%, 11.2% and 11.4%. Note that the YZ-45 and XZ-45 samples 

had nearly identical ultimate stresses and scatter due to the fact that these build 

orientations result in identical specimens, with identical layer/road layouts relative 
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to the applied load. Note also that the YZ-45 and XZ-45 samples had higher 

ultimate stresses than the ZX-0 orientation. This is expected since the YZ-45 and 

XZ-45 samples had layer interfaces at 45° relative to tensile loads, whereas the 

YZ-0 samples had layer interfaces perpendicular to the tensile loads. 

• Overall, the YZ-0 orientation was observed to have the highest modulus, 

Poisson’s ratio, ultimate stress, and the most ductility. This finding is postulated 

to be related to the shorter roads, more layers, and more complicated load/failure 

paths inherent in this orientation.   

Table 7: Summary of tensile test results 

 

Orientation

Value COV (%) Value COV (%) Value COV (%) Value COV (%) Value COV (%)

XY-0 1781 5.2 0.37 3.0 26.0 4.9 0.0377 11.5 0.0232 20.8

YZ-0 2239 4.0 0.38 3.5 32.0 2.9 0.0457 15.6 0.0321 21.6

ZX-0 1933 7.0 0.32 8.0 14.4 6.4 0.0079 4.2 ⏤ ⏤
XY-45 1842 5.9 0.31 5.3 22.3 2.9 0.0306 12.8 0.0175 21.5

YZ-45 1868 5.6 0.37 4.8 15.5 11.2 0.0089 11.6 ⏤ ⏤
XZ-45 1977 4.8 0.37 3.5 15.6 11.4 0.0085 10.5 ⏤ ⏤

Average 1940 0.35 21.0 0.0232 0.0243

COV (%) 9.2 8.8 32.0 69.3 30.2

Elastic Modulus (MPa) Poisson's Ratio Ultimate Stress (MPa) Ultimate Strain (mm/mm) Plastic Strain (mm/mm)
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Figure 17: Stress-strain plot of representative sample from each tensile test 

orientation 

Engineering Constants for Generalized Hooke’s Law 

As discussed in Chapter 2, the material response of FDM parts can be modeled by 

simplifying Generalized Hooke’s Law for orthotropic materials. This simplification 

requires nine independent material constants. These engineering constants were obtained 

from the tensile test results presented above, and are tabulated in Table 8. In this table, 

moduli and Poisson’s ratios are relative to the global printer axes shown in Figure 1. 

Specifically, 𝐸- and 𝜈-. are the average modulus and Poisson’s ratio obtained for XY-0 

samples, 𝐸. and 𝜈./ are obtained from YZ-0 samples, and 𝐸/ and 𝜈-/  are obtained from 
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ZX-0 specimens. The shear moduli were calculated using Equation 12, using the moduli 

and Poisson’s ratios from the corresponding XY-45, XZ-45, and YZ-45 specimens.   

A finite element analysis is used to model the material and structural response of 

FDM parts in Chapter 5.  In this analysis, the material is modeled using this Generalized 

Hooke’s Law simplified for an orthotropic material, and the constants presented below 

are mapped to the local coordinates of the elements being modeled. More detail on this 

process is discussed in Chapter 5. 

Table 8: Engineering constants determined from the tensile tests 

  

It should be noted that additional steps could be taken to confirm the shear moduli 

values determined above and the general assumption of transversely isotropic behavior.  

The method used to calculate the shear moduli in Table 8 is approximate. To validate the 

shear moduli, shear tests could be done following the Iosipescu shear test according to 

ASTM D5379 (2014),  commonly referred to as the V-notch test, could be performed. 

Furthermore, an additional tensile test orientation could be tested, XY-90, to confirm that 

the YZ-0 behavior is a result of the build orientation and that the behavior of parts built 

along the X axis is the same as parts built along the Y axis, adding an additional plane of 

symmetry to the material.  

 

 

Ex Ey Ez νxy νyz νxz Gxy Gyz Gxz
(MPa) (MPa) (MPa) (MPa) (MPa) (MPa)

1781 2239 1933 0.37 0.38 0.32 701 679 721
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       CHAPTER 4 

FLEXURAL BEHAVIOR 

Rectangular elements were tested in three-point bending to further investigate the 

material behavior of FDM parts. Tests were performed on slender elements meeting 

ASTM specification to focus on the behavior of the material when flexure is expected to 

fully dominate the response. Additionally, two sets of samples were tested with span-to-

depth ratios less than the ASTM standard to better cover the range of ratios encountered 

in structural engineering practice, where the combined effects of flexure and shear 

stresses begin to possibly be encountered.  

General Printing Parameters and Print Material 

The flexure specimens were made with the same printer and material used for the 

tensile tests, the Stratasys F170 and ABS-M30, respectively. As with the tensile tests, 

GrabCad slicing software was used to control the printer and printing parameters. The 

parts were printed with the same print settings as the tensile tests. That is, the “solid” 

mode was used with a layer height of 0.127 mm. The build orientations, specimen 

dimensions, and other specifics will be discussed in each section below.  

Six different sizes of beams were tested in this phase of research. Figure 18 shows 

a representative flexure sample with the width, depth, and length definitions indicated. As 

with the tensile test dimensions, these dimensions have an average percent difference 
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between the target and as-built dimensions of 1.14% inherent in the fused deposition 

modeling process. 

 
Figure 18: Flexure specimen 

Testing Procedures and Instrumentation 

The flexural tests were conducted in substantial accordance to ASTM D790 

(2017), Standard Test Methods for Flexural Properties of Unreinforced and Reinforced 

Plastics and Electrical Insulating Materials, Procedure A. The specimens were tested in 

three-point bending using an Instron 5543, which has a 1-kN capacity and was controlled 

using Bluehill software. The specimens were tested to failure while monitoring/recording 

the applied force and resultant deflection. The load was applied at a rate of 2 mm/min. 

The idealized load setup is shown in Figure 19a, and Figure 19b shows an actual test 

specimen during testing. All specimens tested following the ASTM standard had a span 

of 100 mm and the additional flexure tests had a span of 120 mm.  
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(a) Idealized Test Setup 

 

(b) Flexural Specimen Being Tested 

Figure 19: Three-point bending test setup 

The elastic modulus and ultimate bending stress were estimated from the recorded 

load and deflection data using classical beam theory. Specifically, the elastic modulus 

was calculated from the slope of the load-deflection plot in the linear range which was 

designated as loads below 60% of the maximum load. The equation used to calculate the 

flexure modulus is given by Equation 13. 

𝐸0 =
𝑃*1𝐿'

48𝐼∆  
(13)  

Where, P60 is the load at 60% of the maximum load, L is the span between the midpoints 

of the supports, I is the moment of inertia, and ∆ is the deflection corresponding to the 

load at 60% of the maximum load. The ultimate bending stress was calculated from the 

ultimate load using Equation 14. 

𝜎0 =
𝑃23-𝐿𝑦
4𝐼  (14) 

Where, Pmax is the maximum load, L is the span from the midpoints of the supports, y is 

the distance between the centroid and the extreme edge of the cross-section of the beam, 

and I is the moment of inertia of the beam. 
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It should be noted that classical beam theory assumes isotropic, linear-elastic 

material behavior, and for most specimens in this research the ultimate load occurred 

after the material behavior was nonlinear. Therefore, this definition of stress is not the 

actual bending stress at failure, but it provides a means to account for the effects of 

varying cross-sectional dimensions.  

A plastic drift value was calculated to quantify the amount of ductility 

experienced by the flexural specimens. This drift was calculated by dividing the plastic 

displacement by the span length. The plastic displacement was calculated by drawing a 

line from the point of failure of the sample to the x-intercept following the initial slope of 

the load-displacement curve, as shown in Figure 20.  

 
Figure 20: Method to calculate plastic displacement 

Flexure-Controlled Specimens Meeting ASTM Specifications 

The flexure-controlled specimens made and tested in accordance with ASTM 

D790 (2017) are discussed in this section. These specimens have span-to-depth ratios of 
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16:1, and therefore will be controlled primarily by flexure. While ASTM specifies this 

ratio, it does not specify the depth-to-width ratio for the specimens and simply states that 

the depth may not exceed the width. Hence, four different depth-to-width ratios are 

investigated in this research to evaluate the effect of this parameter. Specifically, this 

research investigates depth-to-width ratios of 1:1, 1:2, 1:3, and 1:4. Table 9 summarizes 

the dimensions of the specimens tested in this phase of research. 

Table 9: ASTM samples varying depth to thickness ratios 

 

In addition to evaluating the effect of depth-to-width ratio, the effect of build 

orientation was also evaluated. These specimens were built in three different build 

orientations for each depth-to-width ratio. These build orientations are shown in Figure 

21, and consist of specimens built flat in the XY plane (XY-0), on their sides in the YZ 

plane (YZ-0), and vertically in the ZX plane (ZX-0). The naming scheme is the same as 

that used for the tensile tests. The first letter represents the direction the longitudinal axis 

of the sample is printed, and the second letter defines the direction the transverse axis of 

d:w Orientation d w

(mm) (mm)

XY-0 6.25 6.25

YZ-0 6.25 6.25

ZX-0 6.25 6.25

XY-0 6.25 12.5

YZ-0 6.25 12.5

ZX-0 6.25 12.5

XY-0 6.25 18.75

YZ-0 6.25 18.75

ZX-0 6.25 18.75

XY-0 6.25 25

YZ-0 6.25 25

ZX-0 6.25 25

1:1

1:2

1:3

1:4
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the sample is printed. The number in the sample name is the angle, measured in degrees, 

between the longitudinal axis of the sample and the printer axis given by the first letter of 

the sample name. For example, for YZ-0 the longitudinal axis is built in the global Y 

direction of the printer and the transverse axis is built in the global Z direction of the 

printer.  

Figure 22 shows the direction of the roads and layers of the different build 

orientations when the samples are in the flexure-test orientation. In this figure, the roads 

are represented by the red lines and the layers are represented by the blue lines 

(consistent with the earlier convention introduced for the tensile test specimens).  

As can be observed in this figure, the XY-0 and YZ-0 samples have layers that are 

perpendicular to the applied load and the resultant normal stresses are parallel to these 

layers. Therefore, the strength of these specimens was governed by the bond strength 

between the roads. Whereas, the ZX-0 samples have layers parallel to the applied load 

and resultant normal stresses perpendicular to the layers. The strength of these samples 

will be controlled by the weaker bond between the layers.  

In this research, triplicates of each of the four depth-to-width ratios were made 

and tested, resulting in a total of 36 specimens. The results of these tests are discussed 

below. 
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Figure 21: Build orientations of ASTM flexure samples 

 
Figure 22: Layer and road direction relative to test orientation 

Test Results for XY-0 Specimens 

The XY-0 samples are built flat on the build plane, as shown in Figure 21, 

resulting in parts with the layers stacked vertically in the test orientation illustrated in 

Figure 23b. As can be observed in the figure, the roads of each layer are printed at 45° or 

-45° with the direction of the roads of each layer alternating throughout the part. 

 The load-drift (displacement/span length) response of the 12 samples (3 samples 

of each depth-to-width ratio) built in the XY-0 build orientation are shown in Figure 23a. 

Reported in Table 10 are the average values of the maximum load, maximum 
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displacement, flexure modulus, stress at maximum load and plastic drift, and their 

associated coefficients of variation for each group of three duplicate specimens tested for 

each width-to-depth ratio.  

As can be observed, there was very little variation between the duplicate 

specimens, with all responses (sans maximum displacement and plastic-drift) having 

coefficients of variation less than 3%. Further, it can be observed that this build 

orientation results in a ductile flexural response, which is consistent with the material 

behavior of the tensile tests in the XY-0 orientation. As expected, the general load-

displacement behavior was similar at all depth-to-width ratios, with the ultimate load of 

the specimens increasing proportionally with the corresponding increase in the cross-

sectional width. Referring to Table 10, the flexural modulus was observed to decrease 

with increasing specimen width, with the 1:1 samples having a notably greater modulus 

and the 1:2, 1:3, and 1:4 specimens having similar flexural moduli. The plastic-drift was 

observed to increase with an increase in the width, while there was no observable trend in 

ultimate stress. With the exception of the 1:1 depth-to-width ratio, the ultimate pseudo-

stresses were approximately 42.5 MPa; whereas, the 1:1 samples had stresses that were 

about 10% higher. The consistent results of the ultimate stresses were expected, and 

further reinforce the concept that behavior in the XY-0 build orientation is not affected by 

width-to-depth ratio.  



56 
 

 

(a) 

 

 

 

(b) 

Figure 23: XY-0 (a) force-drift plot (b) example of road and layer orientation in test setup 

Table 10: XY-0 flexure test results 

 

Test Results for YZ-0 Specimens 

The YZ-0 samples are built on their side relative to the test orientation, as shown 

in Figure 21. This build orientation results in roads that are at an angle of 45° or -45° on 

the side of the sample, as indicated by the red lines and the layers are perpendicular to the 

applied load, side-by-side through the width of the sample as indicated by the blue lines 

in Figure 24b. As was done previously, the load-drift responses of the test specimens are 
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Value COV (%) Value COV (%) Value COV (%) Value COV (%) Value COV (%)

1:1 XY-0 77 2.1 10.6 6.9 2009 1.5 46.4 2.5 4.26 21.1

1:2 XY-0 147 0.9 15.2 1.8 1703 3.1 42.5 1.3 8.58 3.4

1:3 XY-0 216 0.9 16.9 4.7 1644 2.1 42.3 1.9 9.20 18.4

1:4 XY-0 295 0.7 16.7 5.6 1628 1.2 42.9 1.1 9.74 11.2

184 14.9 1746 43.5 7.94

50.8 19.8 10.2 4.5 31.5

d:w Orientation

Max Load (N)
Max Displacement 

(mm)
Flexure Modulus 

(MPa)
Stress at Max 
Load (MPa) Plastic Drift (%)

Average

COV (%)
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provided in Figure 24b, and the average values of the responses of interest are provided 

in Table 11.  

As was observed for the XY-0 orientation, there is very little variation between 

the duplicate specimens at each depth-to-width ratio, with all responses (sans max 

displacement and plastic-drift) having coefficients of variation less than 3%. As expected, 

the general load-displacement behavior was similar at all depth-to-width ratios, with the 

stiffness and ultimate load of the specimens increasing with increasing cross-sectional 

width, in this case, in almost exact proportion to the increase in the width-to-depth ratios.  

Further, it can be observed that this build orientation results in a ductile flexural response, 

although not as ductile as the XY-0 orientation (as indicated by the plastic-drift values). 

The maximum stresses are almost identical for all depth-to-width ratios, with all other 

responses being very similar, which is indicative of the responses being independent of 

the depth-to-width of the specimens. The average maximum stress is similar to the 

observed average in the XY-0 orientation, with an average stress of around 44 MPa for 

all samples tested in this orientation. That being said, the YZ-0 samples consistently have 

a higher maximum stress than the XY-0 samples aside from the 1:1 ratio. The greater 

stress in the YZ-0 samples was also evident in the tensile tests again demonstrating that 

shorter roads may lead to higher stresses.  
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(a) 

`

 

 

(b) 

Figure 24: YZ-0 (a) force-drift plot (b) example of road and layer orientation in 
test setup 

Table 11: YZ-0 flexure test results 

 

Test Results for ZX-0 Specimens 

The load-drift relationships for the ZX-0 samples are provided in Figure 25a, and 

the key responses are summarized in Table 12. These ZX-0 samples are built vertically 

and are then tested for flexural behavior on their sides with the layers aligned parallel to 

the direction of loading (shown by the blue lines in Figure 25b) resulting in tensile 

stresses normal to the print layers. Therefore, the strength of the ZX-0 samples depends 

completely on the tensile bond between the layers resulting in a reduced capacity and a 
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1:1 YZ-0 73 1.5 9.2 8.8 1962 1.3 43.2 1.4 3.33 21.5

1:2 YZ-0 147 2.1 10.5 11.5 1946 0.6 43.5 2.4 4.50 16.2

1:3 YZ-0 224 1.8 9.7 5.9 1987 0.6 45.6 2.0 3.38 22.7

1:4 YZ-0 291 2.8 10.0 9.2 1956 0.6 44.2 2.9 4.07 26.9

184 9.9 1963 44.1 3.82

51.5 5.5 0.9 2.4 14.7
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brittle failure. This behavior differs from the XY-0 and YZ-0 specimens because the ZX-

0 build orientation relied on the interlayer bond strength, while the XY-0 and YZ-0 

orientations minimize any effects of the weak interlay bond.  

As with the other build orientations and as expected, the ultimate load increases 

linearly with increasing width. That being said, the maximum displacement, flexural 

modulus, and ultimate stress were not affected by width. The coefficient of variation 

between similar specimens was slightly higher than those observed for the other 

orientations, which may be associated with the brittle nature of these specimens. There is 

no plastic drift for any of the ZX-0 samples because the samples never experience plastic 

deformation.  

(a) 

 
 

 

(b) 

Figure 25: ZX-0 45 (a) force-drift plot (b) example of road and layer orientation 
in test setup 
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Table 12: ZX-0 flexure test results 

 

Summary of Results for ASTM Specimens 

The average results from this test series are provided again for convenience in 

Table 13, and the load-drift responses of representative samples from each print 

orientation are plotted in Figure 26 for each depth-to-width ratio. Very little scatter was 

observed between the duplicate specimens. Referring to this table and these figures, the 

following observations can be made. 

• As was found in the tensile tests, build orientation has a significant effect on the 

behavior of FDM parts, notably the maximum stress and ductility. Overall, the 

different depth-to-width ratios did not have a pronounced effect on the behavior 

of the samples. 

• Demonstrating the small amount of scatter between duplicate specimens, the 

coefficients of variation between duplicates were less than 5% for ultimate stress 

and flexural modulus for all tests, sans the 1:3 ZX-0 ultimate stresses, which had a 

coefficient of variation of 10.6%. More scatter was observed for maximum 

displacement and plastic drift, which had coefficients of variation less than 11.5% 

and 27%, respectively. 

Value COV (%) Value COV (%) Value COV (%) Value COV (%) Value COV (%)

1:1 ZX-0 29 2 2.6 3 1886 7.4 18.0 3.3 ⏤ ⏤
1:2 ZX-0 61 4.9 2.7 3.5 1861 1.1 19.0 3.3 ⏤ ⏤
1:3 ZX-0 95 9.9 2.7 3.9 1788 3.7 20.0 10.6 ⏤ ⏤
1:4 ZX-0 125 3.6 2.7 3.9 1868 4.5 19.4 2.8 ⏤ ⏤

78 2.7 1851 19.1 ⏤
53.7 1.9 2.3 4.4 ⏤

d:w Orientation

Max Load (N)
Max Displacement 

(mm)
Flexure 

Modulus (MPa)
Stress at Max 
Load (MPa) Plastic Drift (%)

Average

COV (%)
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• The maximum stresses were similar for the XY-0 and YZ-0 specimens and all 

depth-to-width ratios. While there are no significant trends in the data, it can be 

observed that the YZ-0 samples have slightly higher stresses than the XY-0 

samples for all depth-to-width ratios except the 1:1 ratio. Further, as expected the 

ultimate stresses for the ZX-0 samples are significantly less (more than 50 percent 

less) than those observed for the other two build orientations. This is primarily 

due to the fact that the resultant tensile stresses are normal to the layers in the ZX-

0 specimens. 

• The flexural modulus values decrease with increasing width for the XY-0 

samples. This trend may be associated with the length of the roads in the 

specimens. That is, the wider samples have longer roads, which may be affecting 

the stiffness of the specimens. This may be due to the fact that at similar strain 

levels, longer roads exhibit greater gross deformation, resulting in lower overall 

element stiffness. 

• The YZ-0 samples had the highest flexural moduli, except for the 1:1 ratio where 

the XY-0 orientation had the highest moduli. The increased stiffness of the YZ-0 

samples was also observed in the tensile specimens, and was postulated to be 

associated with the length of roads, and number of layers. That is, the YZ-0 

samples had shorter roads and more layers, with a more complicated load path 

within the specimen, which may result in stiffer elements. Further, in these 

flexural specimens, the location of the layer interfaces relative to bending stresses 

differs between the YZ-0 and XY-0 specimens, which may affect the stiffness. 
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That is, the YZ-0 specimens the layer interfaces are in the vertical plane while 

being tested, whereas the layer interfaces are in the horizontal direction for the 

XY-0 specimens. While the vertical interlayer interfaces in the YZ-0 specimens 

carry only nominal stresses when these specimens are subjected to transverse 

bending loads, the horizontal interlayer interfaces in the XY-0 specimens carry 

longitudinal shear stresses, with the deformations associated with these stresses 

across the weak interlayer boundaries possibly contributing to their apparent 

decreased stiffness. 

• The plastic drift was observed to increase with increasing specimen width for XY-

0 samples, increasing from 4.26% to 9.74%. This trend may also be related to the 

length of the roads in the specimens, with the longer roads resulting in a more 

flexible specimen. Further, it can be observed that the XY-0 samples were 

significantly more ductile than the YZ-0 samples, which may also be associated 

with the road length.  

Table 13: Results of ASTM flexure tests 

 

Value COV (%) Value COV (%) Value COV (%) Value COV (%) Value COV (%)

XY-0 77 2.1 10.6 6.9 2009 1.5 46.4 2.5 4.26 21.1

YZ-0 73 1.5 9.2 8.8 1962 1.3 43.2 1.4 3.33 21.5

ZX-0 29 2 2.6 3 1886 7.4 18.0 3.3 ⏤ ⏤
XY-0 147 0.9 15.2 1.8 1703 3.1 42.5 1.3 8.58 3.4

YZ-0 147 2.1 10.5 11.5 1946 0.6 43.5 2.4 4.50 16.2

ZX-0 61 4.9 2.7 3.5 1861 1.1 19.0 3.3 ⏤ ⏤
XY-0 216 0.9 16.9 4.7 1644 2.1 42.5 1.3 9.20 18.4

YZ-0 224 1.8 9.7 5.9 1987 0.6 45.6 2.0 3.38 22.7

ZX-0 95 9.9 2.7 3.9 1788 3.7 20.0 10.6 ⏤ ⏤
XY-0 295 0.7 16.7 5.6 1628 1.2 42.9 1.1 9.74 11.2

YZ-0 291 2.8 10.0 9.2 1956 0.6 44.2 2.9 4.07 26.9

ZX-0 125 3.6 2.7 3.9 1868 4.5 19.4 2.8 ⏤ ⏤

Stress at Max Load 
(MPa) Plastic Drift (%)

1:1

1:2

1:3

1:4

 Orientation

Max Load (N)
Max Displacement 

(mm)
Flexure Modulus 

(MPa)
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(a) 1:1 

 
(b) 1:2 

 
(c) 1:3 

 
(d) 1:4 

Figure 26: Load-drift plots of three build orientation for the four depth-to-width 
ratios 

Comparison of Flexure and Tensile Responses 

The average material properties (elastic modulus and ultimate stress) obtained 

from the flexure tests are compared to the average results from the tensile tests in Table 

14. Referring to this table, the average elastic modulus obtained from the tensile tests was 

larger than the modulus obtained from the flexure tests by an average of around 10% 

across all print orientations. Regarding ultimate stress, the tensile tests had ultimate 

stresses lower than the flexure tests by an average of about 30%. This significant 
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difference is most likely related to the way in which ultimate stress is calculated in the 

flexure specimens (notably for the XY-0 and YZ-0 that exhibited plastic behavior before 

failure), as well as to the way in which tensile stresses are distributed in the flexure 

specimens. That is, the ultimate stress of the flexural specimens was estimated from the 

measured applied force by assuming linear elastic material behavior and using classic 

beam-bending theory. As discussed previously, this assumption is not accurate for the 

ductile flexural specimens where significant nonlinear material behavior was observed. It 

should be noted that the flexural ultimate stress approaches the tensile ultimate stress if a 

plastic-hinge is assumed to form in the ductile beams rather than assuming the material 

remains elastic, and plastic-section modulus is used rather than elastic-section modulus 

when estimating stresses. This assumption reduces the flexural ultimate stresses by a 

factor of 1.5, and results in tensile/flexural stress ratios of 0.9 and 1.09 for the XY-0 and 

YZ-0 orientations, respectively.   

Relative the effect of the shape of the normal stress distributions on specimen 

strength, for the flexure specimens, the stresses are assumed to be maximum near the 

faces of the beam and vary linearly across the cross-section; whereas, the tensile stresses 

are uniform across the cross-section of the tensile specimens. This difference in the 

distribution of stresses may be contributing to the noted difference above.  

Table 14: Comparison of tensile and flexure modulus and maximum stress 

 

Elastic Modulus Ultimate Stress Elastic Modulus Ultimate Stress Elastic Modulus Ultimate Stress

Specimen (MPa) (MPa) (MPa) (MPa) (MPa) (MPa)

XY-0 1940 26 1746 43.5 1.11 0.60

YZ-0 2239 32 1963 44.1 1.14 0.73

ZX-0 1933 14.4 1851 19.1 1.04 0.75

Tension Flexure Tension/Flexure
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Additional Flexure Investigation 

Two additional sets of flexure tests were completed on samples built with span-to-

depth ratios less than the 16:1 required by ASTM D790, and these tests are documented 

in depth in Appendix A. These tests were conducted to consider a greater breadth of 

structural member span-to-depth ratios (ratios at which shear related effects could begin 

to have a more pronounced role) and a wider range of build orientations. The first set of 

samples had a depth greater than the width (depth-to-width ratio of 1.5:1), and the second 

set had a width greater than the depth (depth-to-width ratio of 1:1.5). As opposed to the 

ASTM samples with a span-to-depth ratio of 16:1, the first set with a depth-to-width ratio 

of 1.5:1 had a span-to-depth ratio of 8:1 and the second set with a width-to-depth ratio of 

1:1.5 had a span-to-depth ratio of 12:1. Each of the two sets of samples was built in seven 

different orientations, as indicated in Figure 27. Three duplicate specimens were printed 

and tested for each build orientation.  
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(a) Depth-to-width 1.5:1 Span-to-depth 

8:1 
 

 
(b) Depth-to-width 1:1.5 Span-to-depth 

12:1 
 

Figure 27: Build orientations of additional flexure investigation 

This test series is fully documented in Appendix A, and the key takeaways from 

this investigation are presented below. Table 15 tabulates the average flexure modulus 

and ultimate stress for the XY-0, YZ-0, and ZX-0 build orientations for all the three span-

to-depth ratios used in this research.  

• As can be observed in this table, span-to-depth ratio appears to have an effect on 

the calculated flexural modulus, with the flexural modulus decreasing with 

decreasing span-to-depth ratio for all build orientations. This result may be 

associated with the assumptions used to calculate this parameter from the 

measured force-deflection response. That is, this calculation follows classic beam-

bending theory, which ignores shear deformations, and the amount of shear 

deformation would be expected to increase with smaller span-to-depth ratios. 

Accounting for the deformation associated with shear would increase the 

calculated flexural modulus. 
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• Again, referring to this table the ultimate stress is observed to increase slightly 

with decreasing span-to-depth ratio for the XY-0 samples, but this trend is not 

observed for the other print orientations. 

• While not observable in the table below, the results in Appendix A demonstrate 

that samples that are printed perpendicular to each other with the same 

dimensions had nearly identical flexural moduli and ultimate stresses. For 

example, the XY-0 and YX-0 samples had an average elastic modulus within 

1.1% of each other, and maximum stresses less than 1% different. These results 

were also observed for the XZ-0 and YZ-0 samples.  

Table 15: Comparison between different span-to-depth ratios  

 

 

 

 

 

 

  

Elastic Modulus Ultimate Stress Elastic Modulus Ultimate Stress Elastic Modulus Ultimate Stress

Specimen (MPa) (MPa) (MPa) (MPa) (MPa) (MPa)

XY-0 1746 43.5 1627 43.7 1607 46.6

YZ-0 1963 44.1 1766 46.4 1617 45.2

ZX-0 1851 19.1 1681 18.1 1441 19.7

ASTM - 16:1 Side - 12:1 Deep - 8:1
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CHAPTER 5 

FINITE ELEMENT ANALYSIS 

Finite element models were developed in this research to predict the behavior of 

the tensile and flexural specimens. These models were implemented in Abaqus (version 

6.14). The following sections discuss the details of these finite element models, including 

what element type and mesh size were used, and how the load and boundary conditions 

were incorporated. It also discusses the accuracy of these models at predicting the 

behavior of the test specimens, and investigates the effects of using various material 

model formulations. It should be noted that the finite element models investigated in this 

chapter did not encompass yield and failure behaviors, and therefore the accuracy of 

these models was evaluated by comparing measured and predicted stiffnesses 

(considering stress versus strain for the tensile tests, and load versus drift for the flexure 

tests). Failure predictions for 3D printed elements are difficult and are the focus of 

several ongoing research projects. The current state of research in this area will be 

discussed briefly at the end of this chapter.  

Finite Element Analysis of Tensile Tests 

This section discusses the modeling assumptions made in predicting the behavior 

of the tensile tests, and evaluates the accuracy of the material model used by comparing 

the measured and predicted responses.  The effects of using two different material models 

(isotropic and orthotropic) were also investigated.  
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Modeling Details  

The finite element model for the tensile specimens had a geometry that matched 

the dimensions of the dog-bone test samples. The global element was divided into linear 

hexahedron elements type C3D8R. To create the mesh of the global element, the 

approximate size of the side of each finite element was set to 1-mm, this mesh can be 

seen in Figure 28b. The element size was determined to be adequate by performing an 

analysis with larger and smaller elements and comparing the results to identify the point 

where further refinement in element size did not significantly affect the results produced 

by smaller elements. Boundary conditions and loading conditions were applied to 

simulate the physical tensile tests by restraining all movement of the nodes on one end 

and applying the load as a negative pressure to the opposite end. The loading and 

boundary conditions are shown below in Figure 28a.  

 

Figure 28: Finite element model of tensile tests (a) loading and boundary 
conditions (b) stress profile 

The directional material properties found from the tensile tests were used in the 

finite element models discussed above. An isotropic material model (requiring 3 

independent constants) was used first, followed by the orthotropic model (requiring 9 
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independent constants) discussed in Chapter 2. The elastic material properties used in the 

isotropic and orthotropic models are provided in Table 16.  

Table 16: Elastic material properties for tensile tests 

 

Comparison to Experimental Results  

Each print orientation was evaluated by comparing the resultant stress-strain plots 

from the finite element model to the stress-strain plots from the physical tests, as shown 

in Figure 29a-c and Figure 30a-c for the isotropic and orthotropic models, respectively. 

The stress-strain plots were compared to obtain some indication if these material models 

were correctly implemented within the FEA.  

As can be observed in Figure 29a-c and Figure 30a-c, the FEA models using both 

the isotropic and orthotropic material models accurately predict the measured stress-strain 

behavior of the tensile tests in the linear range. This finding is expected since 1) the 

material properties used in this model were derived directly from the tensile test results 

and 2) a relatively simple load/stress condition is being considered, i.e., direct axial 

tension. This finding indicates that the material models were implemented correctly 

within the FEA.  

E1 E2 E3 ν12 ν23 ν13 G12 G23 G13

Specimen (MPa) (MPa) (MPa) (MPa) (MPa) (MPa)

XY-0 (Iso) 1781 - - 0.37 - - 650 - -
YZ-0 (Iso) 2239 - - 0.38 - - 811 - -
ZX-0 (Iso) 1933 - - 0.32 - - 732 - -

XY-0 (Ortho) 1781 2239 1933 0.37 0.38 0.32 701 679 721

YZ-0 (Ortho) 2239 1933 1781 0.38 0.32 0.37 679 721 701

ZX-0 (Ortho) 1933 1781 2239 0.32 0.37 0.38 721 701 679

Average (Iso) 1984 0.36 731
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(a) XY-0 

 
(b) YZ-0 

 
(c) ZX-0 

Figure 29: Stress-strain plots of tensile test samples (a) XY-0, (b) YZ-0, and (c) 
ZX-0 with FEA results using isotropic material model 
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(a) XY-0 

 
(b) YZ-0 

 
(c) ZX-0 

Figure 30: Stress-strain plots of tensile test samples (a) XY-0, (b) YZ-0, and (c) 
ZX-0 with FEA results using orthotropic material model 

Figure 31 shows the predicted stress-strain response for the isotropic material 

model using the average elastic modulus from all three print orientations along with 

representative measured responses from the three orientations. As can be observed in this 

figure, the stress-strain response using this average modulus adequately predicts the 

elastic response of these elements, indicating that this simplification may be valid for 

modeling the material response of FDM elements.    
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Figure 31: Representative tensile test stress-strain plots with FEA using isotropic 

model of average of all samples 

Finite Element Analysis of Flexural Tests 

This section discusses the details of the finite element models of the flexure tests 

presented in Chapter 4, and evaluates the accuracy of the finite element models by 

comparing the measured and predicted responses. The effects of using two different 

material models (isotropic and orthotropic) are also investigated.  

Modeling Details 

The finite element models of the flexure test specimens matched their geometry’s. 

The elements were again linear hexahedron elements type C3D8R, with a mesh size of 1 

mm. This mesh size was selected by starting with a large size and systematically 

decreasing the mesh size until the results converged. The mesh of a representative flexure 

sample is shown in Figure 32. Aside from the material properties, the application of the 

load and boundary conditions had the most notable effect on the final results of the 
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flexural FEA. The load was applied with 5 time steps as a pressure to a partitioned 

surface in the middle of the top of the beam. This surface was 2 mm wide and extended 

across the width of the beam. The boundary conditions were applied as line partitions on 

the bottom surface of the beam. On one side of the beam, the boundary condition line was 

restrained from displacement in all three directions. The boundary condition on the 

opposite side of the beam was restrained from displacement in the vertical and transverse 

directions, but allowed to move longitudinally (essentially modeling as a roller). Figure 

33 shows a longitudinal stress profile and deflected shape generated by the FEA for a 

typical flexure sample.  

 

Figure 32: FEA mesh of flexure sample 

 

Figure 33: Stress profile and deformed shape of FEA flexure sample 

Printed using Abaqus/CAE on: Mon Dec 07 09:07:02 Mountain Standard Time 2020
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As was done with the tensile tests, two material models were used in the finite 

element model: isotropic and orthotropic. As was found in Chapter 4, and which is 

consistent with previous research, the elastic modulus of FDM parts obtained from 

flexural tests (flexural modulus) differs from the elastic modulus obtained from tensile 

tests.   For simplicity, the average of the flexural moduli obtained in Chapter 4 across all 

build orientations with the same span-to-depth ratio (1:16, ASTM Specimens, 1:12 and 

1:8 for additional test specimens) were used for the elastic moduli in the associated 

isotropic material model. The Poisson’s ratio was set as the average Poisson’s ratio 

obtained from all tensile tests. The material properties obtained from the tensile tests 

were used in the orthotropic models. For modeling the response of the ASTM flexure test 

specimens (Section 4.3), the results of the XY-0, YZ-0 and XZ-0 tensile tests were used 

in the orthotropic model for each corresponding flexure case. As with the tensile tests, the 

material properties had to be aligned with the local coordinate system of the sample. The 

material properties used in the material models are provided in Table 17.   

Regarding the additional flexure tests that were done (Section 4.5), for 

expediency the XY-0 tensile test results were used for all the orthotropic material models.  

Table 17: Elastic material properties for flexure tests 

 

 

 

E1 E2 E3 ν12 ν23 ν13 G12 G23 G13

Specimen (MPa) (MPa) (MPa) (MPa) (MPa) (MPa)

Isotropic 1853 - - 0.36 - - 681 - -
XY-0 (Ortho) 1781 2239 1933 0.37 0.38 0.32 701 679 721

YZ-0 (Ortho) 2239 1933 1781 0.38 0.32 0.37 679 721 701

ZX-0 (Ortho) 1933 1781 2239 0.32 0.37 0.38 721 701 679
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Comparison to Experimental Results 

Recall, the ASTM flexure specimens consisted of three build orientations, and 

four depth-to-width ratios for each of the three build orientations. These build 

orientations are shown again in Figure 34, along with the corresponding layer and road 

representations. Three duplicate specimens for each orientation and depth-to-width ratio 

were printed and tested. 

 
(a) 

 
(b) 

Figure 34: Flexure sample (a) build orientations and (b) representation of roads 
and layers 

XY-0 Samples 

The measured and calculated load-drift relationships for the XY-0 samples are 

provided in Figure 35 for each depth-to-width ratio. In these figures, and those that 

follow, the solid line represents the measured data for one representative sample, while 

the other lines represent the results from FEA analysis using the isotropic (dash-dash) and 

orthotropic (dash-dot) material models. A quantitative comparison between the measured 

and calculated stiffnesses for each depth-to-width ratio and each material model is 

provided in Table 18. In this table, the ratios of measured-to-calculated stiffnesses are 

y
z

XY-0

ZX-0

YZ-0

x

XY-0

YZ-0

ZX-0
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provided for each specimen and material model, along with the average of the ratio of the 

samples, and the corresponding coefficient of variation.   

As can be observed in Figure 35 and Table 18, the finite element analyses 

predicted the stiffnesses of the flexural specimens with reasonable accuracy. The 

measured-to-calculated stiffness ratios were approximately 1.0 for all depth-to-width 

ratios using both the isotropic and orthotropic models, with specific values ranging from 

1.0 to 1.06, sans the 1:1 specimens. For the 1:1 specimens, both models underpredicted 

the stiffness of the specimens, with average measured-to-calculated stiffness ratios of 

1.19 and 1.14 for the orthotropic and isotropic models, respectively. Overall, the isotropic 

model is more accurate and consistently stiffer than the orthotropic model; however, they 

are both less stiff than the measured results.   

 
Figure 35: XY-0 load-drift plots with tested results, FEA isotropic, and FEA 

orthotropic 
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Table 18: Comparison of measured to FEA results of XY-0 flexure tests 

 

YZ-0 Samples 

The load-drift curve of a representative sample of each of the four depth-to-width 

ratios of the YZ-0 samples is plotted in Figure 36, along with the calculated response 

from the isotropic and orthotropic material models. Again, the measured and predicted 

stiffnesses are compared in Table 19 for each specimen. This table presents the average 

ratio of measured-to-calculated stiffness for each depth-to-width ratio and material 

model, and the corresponding coefficient of variation.  

As can be observed in Figure 36 and Table 19, the isotropic model consistently 

underpredicts stiffness, by an average of 13 percent.  The orthotropic model is shown to 

be more accurate, but it consistently overpredicts stiffness, by an average of 6 percent. 

The underprediction of stiffness of the isotropic model is somewhat expected, as this 

model used the average flexural modulus from all flexure tests, and this orientation was 

Kmeas/Krep Average COV (%) Kmeas/Kpred Average COV (%)

1.1405 1.1859

1.1542 1.2001

1.1401 1.1855

1.0243 1.0646

1.0242 1.0644

1.0116 1.0514

1.0017 1.0406

0.9945 1.0331

0.9902 1.0286

1.0023 1.0404

1.0083 1.0466

1.0009 1.0390

Average 1.0411

Orthotropic

1.0817

1.1905 0.70

1.0601 0.71

1.0341 0.58

1.0420 0.39

d:w

1:1

1:2

1:3

1:4

Isotropic

1.1449 0.70

1.0200 0.71

0.9955 0.58

1.0038 0.39
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found to be notably stiffer than the other orientations in both the tensile and flexure tests. 

The increased stiffness of this orientation may be attributed to the shorter road lengths in 

these specimens, and the increased complexity of the load path within the specimen. The 

increased stiffness of shorter road lengths may also explain why the orthotropic model 

overpredicts the stiffness of these specimens. That is, the stiffness of the orthotropic 

model is based on the tensile samples that have a width of 4 mm as opposed to the flexure 

samples that have a corresponding depth of 6.25 mm.  

 
Figure 36: YZ-0 force-drift plots with tested results, FEA isotropic, and FEA 

orthotropic 

 

 

 

 

 

 

0 2 4 6 8 10 12 14 16 18
Drift (%)

0

50

100

150

200

250

300

Lo
ad

 (N
)

1:1
1:1 FEA Isotropic
1:1 FEA Orthotropic
1:2
1:2 FEA Isotropic
1:2 FEA Orthotropic
1:3
1:3 FEA Isotropic
1:3 FEA Orthotropic
1:4
1:4 FEA Isotropic
1:4 FEA Orthotropic



80 
 

Table 19: Comparison of measured to FEA results of YZ-0 flexure tests 

 

ZX-0 Samples 

The force versus drift curve of a representative sample of each of the four depth-

to-width ratios of the ZX-0 samples is plotted as a solid line in Figure 37 along with the 

predicted behavior using both the isotropic and orthotropic material models. Again, the 

measured and predicted stiffnesses are quantitatively compared in Table 20. As can be 

observed in this figure and table, the FEA models accurately predicted the responses of 

these elements using both material models. The overall average of measured-to-

calculated stiffness was 1.0 for the isotropic model and 0.97 for the orthotropic model.    

Kmeas/Krep Average COV (%) Kmeas/Kpred Average COV (%)

1.1346 0.9409

1.1550 0.9578

1.1299 0.9369

1.1151 0.9249

1.1251 0.9332

1.1328 0.9396

1.1266 0.9347

1.1330 0.9401

1.1441 0.9493

1.1248 0.9336

1.1305 0.9384

1.1384 0.9449

Average 1.1325 0.9395

d:w

1:1

1:2

1:3

1:4

Isotropic

1.1398 1.17

1.1243 0.79

1.1346 0.78

1.1312 0.60

0.9452 1.17

0.9325 0.79

0.9414 0.78

0.9390 0.60

Orthotropic
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Figure 37: ZX-0 force-drift plots with tested results, FEA isotropic, and FEA 

orthotropic 

Table 20: Comparison of measured to FEA results of ZX-0 flexure tests 
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Kmeas/Krep Average COV (%) Kmeas/Kpred Average COV (%)

1.0116 0.9704

1.0421 0.9997

1.0293 0.9874

0.9973 0.9567

1.0064 0.9654

0.9651 0.9258

0.9926 0.9521

0.9624 0.9231

0.9730 0.9333

1.0449 1.0021

1.0315 0.9892

1.0393 0.9968

Average 1.0080 0.9668

0.65

d:w

1:1

1:2

1:3

1:4

Isotropic

1.0277 1.49

0.9896 2.19

0.9760 1.57

1.0386 0.65

Orthotropic

0.9858 1.49

0.9493 2.19

0.9362 1.57

0.9960
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Finite Element Analysis of Additional Flexure 
Speciemens 

As reported in Chapter 4, additional flexure specimens that did not meet ASTM 

specifications for span-to-depth ratios were printed and tested in this research, and are 

documented in Appendix A. These specimens were printed in a large array of 

orientations. The modeling strategies presented above were applied to these additional 

flexure specimens to further evaluate the efficacy of this strategy. In this analysis, the 

average measured flexural modulus for each span-to-depth ratio was used in the isotropic 

material model. For expediency, and to provide a quick check of feasibility, the 

orthotropic model was used with XY-0 constants. It should be noted that more accurate 

results could be obtained if the constants were mapped directly to the print orientations 

from each specimen.   

The measured and calculated load-drift responses for these additional specimens 

are shown in Figure 38 and Figure 39, and a quantitative comparison between measured 

and calculated stiffnesses are provided in Table 21. As can be observed, these modeling 

strategies adequately predicted the behavior of these specimens, with the isotropic model 

being slightly more accurate. It should also be noted that the orthotropic model generally 

overpredicted stiffness while the isotropic model typically underpredicted stiffness. As 

stated earlier, more accurate results would be expected for the orthotropic model if the 

material constants were mapped to the appropriate print orientation.  The relative 

accuracy of the FEA analyses appeared to be similar for both span-to-depth ratios 

investigated (and generally similar to that observed in the ASTM specimen tests with a 

1:16 span-to-depth ratio).  



83 
 

 

Figure 38: Load-drift plot for additional flexure specimens – 8:1 Span-to-Depth 

 

Figure 39: Load-drift plot for additional flexure specimens – 12:1 Span-to-Depth 
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Table 21: Comparison of measured to FEA results for additional flexure specimens 

 

Failure Criteria 

Implementing yielding and failure criteria into the finite element analysis of FDM 

parts is difficult due to the anisotropic behavior of the printed elements, and the varying 

failure mechanisms that can occur within the elements depending on the print 

orientations. As was observed in Chapters 3 and 4, the amount of ductility and the 

ultimate stress of an element can vary greatly depending on print orientation (in this 

investigation, these responses varied by up to 83 and 55 percent, respectively based on 

build and load orientation).  Developing a material model that can be used with finite 

element analysis to predict the point of material yielding and failure is important in the 

design of structures and a necessary step to FDM parts becoming a reliable part of 

mainstream manufacturing. A brief literature review was conducted to evaluate the six 

most promising developments to date for predicting failure of FDM parts. This section 

briefly summarizes this literature review. Future research will investigate the use of these 

approaches in the modeling strategies discussed above. 

Isotropic Orthotropic Isotropic Orthotropic

Orientation Kmeas/Kpred Kmeas/Kpred Kmeas/Kpred Kmeas/Kpred

XY-0 1.0397 0.9385 0.9740 0.8722

YX-0 1.0477 0.9457 0.9653 0.8644

XZ-0 1.0405 0.9392 1.0707 0.9588

YZ-0 1.0448 0.9431 1.0684 0.9567

XY-45 1.1194 1.0105 1.0569 0.9464

XZ-45 1.0452 0.9434 1.1010 0.9859

ZX-0 0.9432 0.8514 1.0058 0.9006

Average 1.0401 0.9388 1.0346 0.9264

COV (%) 4.93 4.93 5.09 5.09

8:1 Span-to-Depth 12:1 Span-to-Depth
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Mazzei Capote et al. (2019) developed a 3D failure surface for parts made using 

fused filament fabrication. To do this, they used a traditional printer as well as a 6-axis 

robotic printer to produce specimens necessary to develop a failure surface encompassing 

out of ordinary orientations. The focus of the research was on different toolpath 

behaviors. The toolpaths of interest were at raster angles of 0° and 90°. They tested 

tensile, compression, and torsion samples. The torsion tests were performed in three 

ways, a standard torsion test, a combined tensile and torsion test, and a combined 

compression and torsion test. Using the data from the tests a complete failure surface was 

developed. Due to the difference in behavior of the two toolpaths, the surface has a tilt, as 

opposed to the more traditional ellipse failure surface. The main shortcoming of the 

research is that the failure envelope has not yet been validated by comparing actual tested 

results to predicted results using the developed failure envelope. 

Yao et al. (2020) focused on the tensile failure strength of FDM parts by printing 

samples at seven different orientations and defining the tensile failure as inter-layer or in-

layer failure. As opposed to the build orientations discussed in the current work, the build 

orientations investigated by Yao et al. (2020) ranged from vertical (ZX-0 in this research) 

to horizontal (XZ-0) with five samples at angles in between these two limits. The 

material was modeled as transversely isotropic and a special failure model was 

constructed from a function of stress invariants. The separation angle, the angle at which 

the crack that caused the part to fail formed, was used to determine if the failure was 

inter-layer or in-layer, which determined the failure equation. The most notable shortfall 
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of this research is that it is strictly focused on tension failure as opposed to a full failure 

criteria that can be used to determine failure from any type of loading.  

The research performed by Hill and Haghi (2014)  was similar to the research 

done by Yao et al. where both research projects focused on the tensile failure. The 

difference was that Hill and Haghi researched the impact of different raster angles as 

opposed to Yao et al. who focused on different build orientations. This resulted in the 

Hill and Haghi research defining the strength of the parts by the strength of the roads or 

the bonds between the roads, as opposed to that of Yao et al. (2020) which  focused on 

the layers. Hill and Haghi developed a failure mechanism map that represents the tensile 

strength dependence of FDM polycarbonate parts on the raster angle. Again, the full 

failure surface is not developed. The researchers most notable conclusion is that the 

analysis methods that have been used and researched to define the material behavior of 

composites appear to apply to FDM materials, setting a path forward in how to define 

FDM material properties.  

The elasto-plastic constitutive model developed by Xia et al. (2019) showed 

promising results and was validated through finite element analysis using Abaqus. The 

tensile samples were printed in a variety of build orientations, similar to those used by 

Yao et al. (2020). However, the yield property is described using the Hill model and the 

researchers believe that designs should be based on the point of yielding and that the 

plastic response and failure criteria can be ignored. This research is promising and would 

be easy to replicate and use in furthering the research presented herein. As with other 

efforts, the model has been validated to accurately predict tensile behavior but has not 
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been applied to other loading conditions. The researchers also developed a transversely 

isotropic constitutive model to represent the elastic behavior of the parts prior to yielding. 

The constitutive model developed through this research can predict the elastic modulus 

and yield point of parts printed in any specific orientation.  

The constitutive model developed by Garzon-Hernandez et al. (2020) appears to 

be the first constitutive model developed that models both the elastic and inelastic 

material properties of FDM parts. The material model was developed to model the 

macroscopic behavior of the FDM parts instead of trying to represent the manufacturing 

process of the FDM parts (individual layers and roads). The constitutive model developed 

accounts for: nonlinear behavior, strain rate, transverse isotropy, porosity, and number of 

layer dependencies. As with other studies of new material models, this model has only 

been validated for uniaxial loading and will need to be further studied to determine if it 

can accurately represent other loading conditions. (Garzon-Hernandez et al., 2020) 

Mirzensehdel et al. (2018) addressed the anisotropic material properties due to a 

lack of interlayer fusion resulting from the FDM build process. As opposed to focusing 

on anisotropic material properties relating stress and strain, Mirzensehdel et al. (2018) 

focused on strength anisotropy, exercising/extending work done earlier by Tsai & Wu 

(1971). Tsai and Wu developed the most comprehensive failure criteria for anisotropic 

materials which takes into consideration behavioral differences between tension and 

compression (Tsai & Wu, 1971). To define the Tsai-Wu failure criteria, the tensile 

strengths, Xt, Yt, Zt, compressive strengths, XC, YC, ZC, and shear strengths, S23, S31, S12, 

must be identified. Mirzensehdel et al. (2018) went on to apply this failure criteria in 
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topology optimization, which will be discussed in Chapter 7. This method seems to be the 

most promising and comprehensive way to define the directional strength differences 

developed resulting from the FDM build process. 

Summary of FEA 

The following observations can be made from this modeling investigation.  

• The isotropic and orthotropic material models were successfully implemented in 

the ABAQUS finite element analysis software, as concluded by comparing the 

elastic portion of the measured and predicted stress-strain responses from the 

tensile tests described in Chapter 3.   

• Both the isotropic and orthotropic material models were successfully used in the 

finite element analysis to estimate the initial elastic response of the ASTM flexure 

specimens of Chapter 4 for all the print orientations. The overall average of ratios 

of measured-to-predicted stiffness across these tests was 1.06 and 1.0 for the 

isotropic and orthotropic models respectively, with associated coefficients of 

variation of only 6.4% and 7.6% percent.  That being said, the isotropic model 

using the average flexural modulus consistently underpredicted the stiffnesses of 

the YZ-0 specimens, as this orientation has been shown to be considerably stiffer 

than the other orientations. Beyond this observation, the predictive performance 

of the finite element analysis was only nominally affected by material model, 

build orientation, and specimen depth-to-width ratio.    
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• The modeling strategy was applied to a larger set of flexural tests with varying 

span-to-depth ratios and print orientations, and again this methodology was 

shown to adequately predict the response of these elements.  

• The isotropic material model was simpler to implement than the orthotropic 

model with little loss of accuracy; therefore, this methodology may be more 

attractive for modeling flexural specimens.   

• Estimating yield and failure in FDM parts is difficult due to the anisotropic nature 

and complex and varying failure mechanisms inherent in FDM elements. 

Considerable work is being conducted on this subject, and future research will 

investigate the use of the most promising strategies in conjunction with the 

models proposed herein. 
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CHAPTER 6 

RESPONSE SURFACE METHODOLOGY TO PREDICT BEHAVIOR 

As demonstrated/discussed in the previous chapters, the behavior of parts made 

using fused deposition modeling are significantly influenced by a variety of printing 

parameters, and modeling the effects of these parameters using traditional methods can 

be difficult due to the anisotropic nature of the parts resulting from the printing process. 

In particular, while the initial elastic behavior can be somewhat readily modeled, it is 

exceptionally difficult to predict the failure of 3D-printed parts, as discussed in the 

previous chapter. A statistical experimental design procedure —response surface 

methodology (RSM)— was used in this research to further evaluate the effects of the key 

printing parameters on the behavior of FDM printed parts, including failure criteria. RSM 

is commonly used in many applications in which the relationship between input variables 

and responses are not exactly known and, therefore, mechanistic models are not generally 

available, and those that are available lack accuracy. The key parameters investigated in 

this study were print orientation and scale, and key responses were tensile and flexural 

stiffness, ductility, and ultimate stress. 

Printing Parameters and Methods 

The specimens tested in this phase of research used the same printer, material, and 

printing parameters as those used throughout this dissertation. Specifically, the printing 

parameters were again set to “solid,” placing the roads of each layer adjacent to each 

other, creating as few voids as possible. However, the layer height of all parts in this 
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phase of research was 0.254 mm, which is greater than the layer height of the other 

samples (0.127 mm) in this research. As to be discussed below, the build orientation and 

the scale of the samples was varied. 

One of the primary variables in this phase of research was print/build orientation 

within the printer, and this was varied the same for both the tensile and flexure 

specimens. Specifically, the angle of rotation about the printer X and Y axes were varied 

between 0° and 90°, and rotation about the Z axis was varied between 0° and 45°. Note 

that referring to these rotations in this manner is different than the method used 

throughout this dissertation, as it more readily lends itself to implementation within RSM. 

Figure 40 illustrates the axis rotations for the tensile specimens at their extreme rotations 

about each axis. The build orientation in these and follow-on figures is indicated by 

stating the X, Y, and Z rotation in degrees.  

 
a) X-Axis Rotation 

 
b) Y-Axis Rotation 

 
c)  Z-Axis 

Rotation 
Figure 40: Axis rotation variables: (a) X-axis rotation, (b) Y-axis rotation, and (c) 

Z-axis rotation 

To further illustrate the axis rotations evaluated, Figure 41 shows a sample to be 

printed with a rotation of 45° about the X axis, 45° about the Y axis, and a rotation about 

the Z axis of 22.5°, this is indicated by the label, (45°, 45°, 25.5°). 

X

ZY
0°, 0°, 0°

90°, 0°, 0°

X

ZY
0°, 0°, 0°

0°, 90°, 0°

X

ZY

0°, 0°, 45°

0°, 0°, 0°
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Figure 41: Sample build orientation 

Along with the different build orientations, the scale of the element was also 

varied between 50% and 150% of the standard size (discussed below), as illustrated for 

the tensile specimens in Figure 42. Scale was chosen as a variable in this investigation to 

further investigate the geometric effects that were observed to have an impact on material 

behavior (e.g., increased stiffness with shorter roads). 

 
Figure 42: Scale variable 

Testing Procedures and Responses 

Tensile Testing 

The geometry for the standard  “100% scaled size ” tensile test specimens was in 

accordance with the ASTM standard D638-14 (2014b)—Standard Test Method for 

0°,0°,0°

45°,45°,22.5°

X

ZY

50%

100%
150%
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Tensile Properties of Plastics. The thickness of these ASTM Type I dog-bones was 

chosen to be 4 mm. Note that this is the same geometry used for the tensile tests in 

Chapter 3.  

The tensile specimens were tested using a Mark-10 ESM1500 test machine with a 

loading rate of 10 mm/min. This rate is faster than the rate prescribed by ASTM (2014b) 

of 5 mm/min but is the slowest rate the test machine could apply the load. The samples 

were loaded until failure, while recording the applied load and resultant displacement. 

The load and displacement data were then used to calculate the ultimate stress and plastic 

strain. The ultimate stress was calculated by dividing the ultimate load by the cross-

sectional area of the middle portion of the dog-bone. The elastic modulus and plastic 

strain were approximated from the stress-strain plot from each test. An example stress-

strain plot is provided in Figure 43. In this plot, the strain was calculated by dividing the 

recorded displacement by an assumed gage length. For simplicity, this gage length was 

chosen as the length of the specimen. The elastic modulus was calculated as the slope of 

the linear-elastic portion of this curve, indicated by the blue dashed line in the figure. To 

quantify the amount of nonlinear behavior in each specimen, plastic strain was calculated 

by projecting a line from the point of failure to the point of zero stress with a slope equal 

to the elastic modulus, as indicated in Figure 43. It should be noted that the actual 

measured dimensions of each sample were used in these calculations. 
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Figure 43: Plastic strain calculation 

Flexure Testing 

The flexure test specimens were built and tested according to ASTM D790 (2017) 

with a specified span-to-depth ratio of 16:1. Specifically, the standard “100% scale size” 

specimens had a width of 18.75 mm, a depth of 6.25 mm, and a span of 100 mm. Note 

that the standard specimen geometry was the same as the geometry of the 1:3 (depth-to-

width ratio) specimens tested in Chapter 4 and the same testing methods and procedures 

were used. Specifically, the specimens were tested in 3 point bending until failure, while 

monitoring applied load and attendant center point displacement. The flexural modulus 

and ultimate stress were calculated from this recorded data using classical beam bending 

theory, and plastic drift was calculated as discussed in Section 4.2.   

 

 

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04
Strain (mm/mm)

0

5

10

15

20

25

30

St
re

ss
 (M

Pa
)

Test Data

Plastic Strain



95 
 

Central Composite Design  

In RSM, a response is a performance measure or quality characteristic of the 

outcome from a process. Independent variables are subject to the control of the engineer, 

and potentially influence the responses. In this research, RSM was used to investigate the 

impact of several build parameters (independent variables) on the tensile and flexural 

behavior of 3D printed parts (responses), and ultimately to develop suitable predictive 

models. For both behaviors, the independent variables were build rotations for the 

specimens about the X, Y, and Z axes, and their scale (as discussed above). The 

responses were elastic modulus, ultimate stress and plastic strain for the tensile tests, and 

flexural modulus, ultimate stress, and plastic drift for the flexural specimens. 

Central composite design (CCD) is a method of experimental design that is often 

used in tandem with response surface methods to optimally direct data collection to 

efficiently generate a statistically reliable response surface. Specifically, CCD allows the 

use of a second-order response surface while minimizing the sample size. In this 

research, a four-variable face-centered CCD was used to specify the orientations and 

scale of the specimens to be tested. A face-centered central composite design was chosen 

because the region of interest of each of the axis rotations is the entire range of rotations 

that generate unique (non-duplicative) road/layer builds. For the rotation about the X and 

Y axes, a 90° rotation about the axis produces unique build results. However, the rotation 

about the Z axis has unique results for a range of 45°. For example, samples printed 

rotated at 30-degrees about the Z axis would have the same behavior as samples rotated 
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60° about the Z axis. The specified ranges for the independent variables are provided in 

Table 22.   

Table 22: Independent variables and corresponding ranges 

 

CCD was used to determine the various combinations of these variables, 

exercised across these ranges, that need to be tested to develop the desired RSM models 

to predict tensile and flexure behavior. These corresponding specimens were then printed 

and tested, and the various responses were measured. Data from these tests were then 

used to create a model consisting of a set of regression equations to depict the behaviors 

and interactions of the printing parameters and responses (the response surface).  

The four-variable CCD consisted of a total of thirty specimens each for the tensile 

and flexure tests, which allowed the use of a second order response surface; the thirty 

specimens were comprised of sixteen factorial samples, eight axial samples, and six 

center point replicates. A summary of the print parameters for the thirty tensile and thirty 

flexure specimens are provided in Table 23 and Table 24. Both the coded and absolute 

values of the variables are included in the tables along with the measured responses. 

Coded variables are used in the CCD to minimize potential numerical issues associated 

with using variables that are significantly disparate in magnitude. The coded variables re-

express the actual variables as a normalized value indicative of their relative position 

across the range being considered.  The coded variables are determined by calculating the 

Variable Range
X-axis rotation (°) 0-90
Y-axis rotation (°) 0-90
Z-axis rotation (°) 0-45

Scale (%) 50-100
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difference between the variable and the median of the range of that variable, and dividing 

by one-half of the range. As indicated above, in face-centered central composite designs, 

there are three different types of experimental runs (in this case, specimens): (1) the 

factorial points (specimens) are those which take on either the minimum or maximum 

values for all explanatory variables, (2) the center points (specimens) are those which 

take on the median value of all four explanatory variables, and (3) the axial points 

(specimens)  which differ only from the center points (specimens) by one variable, which 

will take on either the minimum or the maximum of the respective range. 

It should also be noted that the experimental design and analysis was carried out 

using the statistical analysis program R and the RSM package.   
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Table 23:Tensile print parameters and response values 

 

 

 

 

 

 

 

10 -1 -1 -1 -1 0 0 0 50 29.9 0.0136

7 -1 -1 -1 1 0 0 0 150 27.1 0.0148

6 -1 -1 1 -1 0 0 90 50 22.4 0.0002

29 -1 -1 1 1 0 0 90 150 22.3 0.0003

11 -1 1 -1 -1 0 90 0 50 35.6 0.0380

1 -1 1 -1 1 0 90 0 150 30.4 0.0174

5 -1 1 1 -1 0 90 90 50 19.1 0.0001

15 -1 1 1 1 0 90 90 150 23.0 0.0006

20 1 -1 -1 -1 45 0 0 50 26.3 0.0079

12 1 -1 -1 1 45 0 0 150 23.9 0.0021

24 1 -1 1 -1 45 0 90 50 10.5 0.0001

18 1 -1 1 1 45 0 90 150 15.6 0.0000

16 1 1 -1 -1 45 90 0 50 35.9 0.0191

13 1 1 -1 1 45 90 0 150 28.3 0.0085

26 1 1 1 -1 45 90 90 50 10.5 0.0002

17 1 1 1 1 45 90 90 150 21.9 0.0004

21 -1 0 0 0 0 45 45 100 24.6 0.0026

28 1 0 0 0 45 45 45 100 25.6 0.0024

27 0 -1 0 0 22.5 0 45 100 22.2 0.0013

4 0 1 0 0 22.5 90 45 100 26.4 0.0032

23 0 0 -1 0 22.5 45 0 100 29.0 0.0178

8 0 0 1 0 22.5 45 90 100 17.1 0.0002

2 0 0 0 -1 22.5 45 45 50 16.6 0.0001

22 0 0 0 1 22.5 45 45 150 25.5 0.0029

3 0 0 0 0 22.5 45 45 100 28.9 0.0017

9 0 0 0 0 22.5 45 45 100 26.3 0.0042

14 0 0 0 0 22.5 45 45 100 28.0 0.0022

19 0 0 0 0 22.5 45 45 100 25.9 0.0003

25 0 0 0 0 22.5 45 45 100 25.1 0.0015

30 0 0 0 0 22.5 45 45 100 25.2 0.0028

Z-axis 
Rotation

X-axis 
Rotation 

Y-axis 
Rotation

Scale Max Stress 
(MPa)

Plastic Strain 
(mm/mm)

Coded Variables Original Variables Tensile Responses

Z-axis 
Rotation

X-axis 
Rotation

Y-axis 
Rotation

Scale
ID
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l
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l
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Table 24:Flexure print parameters and response values 

 

Once designated, these specimens were printed and tested, and resultant responses 

were calculated and recorded. These measured responses are included in the tables above. 

It should be noted that tensile plastic strain and flexural plastic drift exhibited significant 

scatter, as indicated by the six duplicate center point specimens for each response. 

Specifically, for the six center point specimens the plastic strain had a coefficient of 

variation of 63%, and the flexural plastic drift had a coefficient of variation of 34%. For 

perspective, the center points for tensile ultimate stress had a coefficient of variation of 

10 -1 -1 -1 -1 0 0 0 50 52.0 1971 11.98

7 -1 -1 -1 1 0 0 0 150 43.5 1651 10.40

6 -1 -1 1 -1 0 0 90 50 23.8 1243 0.80

29 -1 -1 1 1 0 0 90 150 31.0 1731 0.94

11 -1 1 -1 -1 0 90 0 50 58.0 2193 24.89

1 -1 1 -1 1 0 90 0 150 49.2 1999 10.05

5 -1 1 1 -1 0 90 90 50 19.4 1165 0.66

15 -1 1 1 1 0 90 90 150 31.2 1695 1.00

20 1 -1 -1 -1 45 0 0 50 44.4 1763 4.28

12 1 -1 -1 1 45 0 0 150 38.0 1795 2.86

24 1 -1 1 -1 45 0 90 50 18.6 1121 0.52

18 1 -1 1 1 45 0 90 150 32.7 1581 1.11

16 1 1 -1 -1 45 90 0 50 46.6 1860 3.23

13 1 1 -1 1 45 90 0 150 45.8 2002 3.62

26 1 1 1 -1 45 90 90 50 25.7 1416 0.40

17 1 1 1 1 45 90 90 150 31.9 1624 0.98

21 -1 0 0 0 0 45 45 100 34.8 1397 2.92

28 1 0 0 0 45 45 45 100 36.9 1562 2.13

27 0 -1 0 0 22.5 0 45 100 33.4 1518 1.84

4 0 1 0 0 22.5 90 45 100 39.7 1561 3.49

23 0 0 -1 0 22.5 45 0 100 40.0 1839 1.37

8 0 0 1 0 22.5 45 90 100 27.0 1537 0.61

2 0 0 0 -1 22.5 45 45 50 30.1 1159 5.83

22 0 0 0 1 22.5 45 45 150 38.3 1637 2.05

3 0 0 0 0 22.5 45 45 100 40.6 1457 5.26

9 0 0 0 0 22.5 45 45 100 38.5 1441 5.05

14 0 0 0 0 22.5 45 45 100 38.3 1490 2.55

19 0 0 0 0 22.5 45 45 100 40.1 1496 5.48

25 0 0 0 0 22.5 45 45 100 40.1 1523 2.87

30 0 0 0 0 22.5 45 45 100 39.4 1517 2.98

Scale Max Stress 
(MPa)

Modulus 
(MPa)

PlasticDrift 
(%)

Coded Variables Original Variables Flexure Responses

Z-axis 
Rotation

X-axis 
Rotation

Y-axis 
Rotation

Scale Z-axis 
Rotation

X-axis 
Rotation 

Y-axis 
Rotation

Fa
ct

or
ia

l
Ax
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l
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around 5%, and the center points for flexural ultimate stress and flexural modulus had 

coefficients of variation of around 2%. 

The following second order response surface was then fit to each of the responses 

of interest. 

𝑅𝑒𝑠𝑝𝑜𝑛𝑠𝑒! =  	𝛽1 + 𝛽%𝑥 + 𝛽&𝑦 + 𝛽'𝑧 + 𝛽(𝑠𝑐𝑎𝑙𝑒 + 𝛽)𝑥𝑦 + 𝛽*𝑥𝑧 + 𝛽4𝑥𝑠𝑐𝑎𝑙𝑒 + 𝛽5𝑦𝑧

+ 𝛽6𝑦𝑠𝑐𝑎𝑙𝑒 + 𝛽%1𝑧𝑠𝑐𝑎𝑙𝑒 + 𝛽%%𝑥& + 𝛽%&𝑦& + 𝛽%'𝑧& + 𝛽%(𝑠𝑐𝑎𝑙𝑒& 

where x, y, 𝑧, and scale are the coded versions of the corresponding variables, and 

𝛽1…	𝛽%( are coefficients obtained via regression for each response. It should be noted 

that the samples in this research were printed five or six at a time due to the limited space 

in the printer, and the effect that this may have on the responses was investigated. There 

was little to no evidence to suggest that the sample print groups had an impact on any of 

the tensile or flexural responses.  

The resulting values of 𝛽 for each variable and response are tabulated in Table 25 

and Table 26 for the tensile and flexural responses, respectively. Included in these tables 

are the coefficient of determination  𝑅& and adjusted 𝑅& values for each response, and the 

standard error, t-statistic, and p-value for each response and variable. Of particular 

interest are the 𝑅&, adjusted 𝑅&, and p-values. The 𝑅& values quantify the goodness of fit 

of the resulting response surface model: an 𝑅& equal to 1.0 corresponds to a perfect fit, 

while a value close to 0 corresponds to a poor fit. While the 𝑅& values provide an 

indication of goodness of fit, they do not account for overfitting of the model. The 

adjusted 𝑅& is similar to 𝑅&, but accounts for predictors that are not significant in a 

regression model. That is, this value decreases when a predictor improves the model by 
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less than expected by chance. The p-values can be used to assess statistical significance 

of the regression terms for each response; that is, terms with p-values less than 0.05 were 

designated to be significant. Note that the statistically significant terms have been 

identified in Table 25 and Table 26 with shaded cells.  

Table 25: Tensile 𝛽 coefficients of the full model 

 

Table 26: Flexure β coefficients of the full model 

 

Variable

Intercept 25.1528 0.8948 28.1095 <0.0001 0.00226 0.00097 2.3371 0.03371

x 1.7170 0.6790 2.5288 0.02310 0.00263 0.00073 3.5815 0.00273

y -5.7713 0.6790 -8.5000 0.00000 -0.00761 0.00073 -10.3567 0.00000

z -1.9810 0.6790 -2.9176 0.01060 -0.00260 0.00073 -3.5417 0.00296

scale 0.6129 0.6790 0.9027 0.38090 -0.00179 0.00073 -2.4406 0.02754

x:y -1.2080 0.7202 -1.6774 0.11420 -0.00276 0.00078 -3.5372 0.00299

x:z 0.8782 0.7202 1.2194 0.24150 -0.00056 0.00078 -0.7135 0.48652

x:scale 0.1769 0.7202 0.2457 0.80930 -0.00162 0.00078 -2.0833 0.05475

y:z -1.2327 0.7202 -1.7117 0.10750 0.00285 0.00078 3.6543 0.00235

y:scale 2.3842 0.7202 3.3106 0.00480 0.00230 0.00078 2.9456 0.01002

z:scale 0.6815 0.7202 0.9464 0.35900 0.00017 0.00078 0.2130 0.83418
x 2 0.5830 1.7896 0.3258 0.74910 -0.00020 0.00194 -0.1052 0.91763
y 2 -0.6827 1.7896 -0.3815 0.70820 0.00654 0.00194 3.3789 0.00413
z 2 1.3681 1.7896 0.7645 0.45650 0.00005 0.00194 0.0247 0.98060

scale 2 -2.6823 1.7896 -1.4988 0.15467 -0.00092 0.00194 -0.4731 0.64295

R2 = 0.88 Adj R2 = 0.77 R2 = 0.93 Adj R2 = 0.87
Tensile Ultimate Stress Model Tensile Plastic Strain Model

β Estimate
Standard 

Error t-statistic p-value β Estimate
Standard 

Error t-statistic p-value

Intercept 37.3528 1.0531 35.4709 <0.0001 1482.7299 36.6307 40.4778 <0.0001 3.0719 0.8709 3.5275 0.00305

x 1.6731 0.7990 2.0938 0.05370 63.3794 27.7949 2.2803 0.03760 0.7562 0.6608 1.1443 0.27040

y -9.7914 0.7990 -12.2539 <0.0001 -219.9775 27.7949 -7.9143 <0.0001 -3.6476 0.6608 -5.5201 0.00010

z -1.2439 0.7990 -1.5568 0.14040 -17.8713 27.7949 -0.6430 0.52990 -2.4730 0.6608 -3.7424 0.00200

scale 1.2804 0.7990 1.6024 0.12992 101.3931 27.7949 3.6479 0.00238 -1.0883 0.6608 -1.6469 0.12040

x:y -1.2166 0.8475 -1.4355 0.17170 -40.7928 29.4809 -1.3837 0.18670 -0.7876 0.7009 -1.1237 0.27880

x:z 0.5472 0.8475 0.6457 0.52820 11.6277 29.4809 0.3944 0.69880 -0.8144 0.7009 -1.1620 0.26340

x:scale 0.1277 0.8475 0.1507 0.88220 1.6411 29.4809 0.0557 0.95630 -0.7033 0.7009 -1.0035 0.33160

y:z 1.9630 0.8475 2.3162 0.03510 18.8505 29.4809 0.6394 0.53220 2.6832 0.7009 3.8283 0.00160

y:scale 3.9762 0.8475 4.6916 0.00030 126.5801 29.4809 4.2936 0.00060 1.1933 0.7009 1.7026 0.10930

z:scale 0.7246 0.8475 0.8549 0.40600 21.1886 29.4809 0.7187 0.48340 1.0042 0.7009 1.4327 0.17250
x 2 1.3176 2.1061 0.6256 0.54100 61.3131 73.2613 0.8369 0.41580 0.5500 1.7417 0.3158 0.75650
y2 -1.6545 2.1061 -0.7856 0.44440 209.9621 73.2613 2.8659 0.01180 -1.1205 1.7417 -0.6433 0.52970
z 2 0.6897 2.1061 0.3275 0.74780 1.3750 73.2613 0.0188 0.98530 0.4106 1.7417 0.2358 0.81680

scale 2 -0.9920 2.1061 -0.4710 0.64440 -80.4632 73.2613 -1.0983 0.28939 1.8268 1.7417 1.0489 0.31084

β Estimate
Standard 

Error t-statistic p-value β Estimate
Standard 

Error t-statistic p-valueVariable

Flexure Ultimate Stress Model Flexure Modulus Model

Adj R2 = 0.68R2 = 0.93 Adj R2 = 0.86 R2 = 0.89 Adj R2 = 0.79 R2 = 0.83

Flexure Plastic Drift Model

β Estimate
Standard 

Error t-Statistic p-value
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Referring to Table 25 and Table 26, the resulting response surface models for 

each response had 𝑅& values near 0.90 (sans the flexure plastic drift), indicating a good 

fit for each response. As expected, the adjusted 𝑅& values were lower for each response, 

but were all above 0.75, with the exception of the plastic drift. As discussed previously, 

the plastic drift had significantly more inherent scatter, as indicated from the duplicate 

center point tests. 

In regard to statistical significance of the regression terms, many of the regression 

terms were not considered significant, indicating that a simpler model that ignores many 

of these terms may potentially be used with little effect on accuracy. It should also be 

pointed out that Y-axis rotation was determined to be statistically significant in all 

responses. This importance of Y-axis rotation has been observed in previous research, 

and is consistent with expected behavior. Specifically, at Y-axis rotation of 90°, the 

tensile stresses are normal to the print layers. Therefore, the strength of these samples 

depends completely on the tensile bond between the layers resulting in a reduced capacity 

and a brittle failure. As previously discussed, this behavior differs from the XY-0 and 

XZ-0 specimens, in which the bonds between layers are only incidentally stressed in 

tension. 

Model Refinement 

For each response, the models were refined using backwards stepwise model 

refinement, which consists of successively removing the term with the largest associated 

p-value, respecting the hierarchy of the model. That is, in each step, if either the 

polynomial term for a given variable or an interaction containing that variable was still in 
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the model, then the first order term could not be removed from the model. The iterative 

process was repeated, refitting the model each time, until all p-values were less than the 

chosen threshold of 0.05, while maintaining the model structure mentioned above. The 

reduced models for the tensile and flexural responses are shown in Table 27 and Table 

28, respectively. The dash indicates that the term was removed from the model.     

Table 27: Tensile β coefficients of the reduced model 

 

 

 

 

 

 

 

 

 

Variable

Intercept 24.3044 0.5560 43.7161 <0.0001 0.00208 0.00080 2.5973 0.01723

x 1.7170 0.7177 2.3922 0.02490 0.00263 0.00066 4.0159 0.00068

y -5.7713 0.7177 -8.0409 <0.0001 -0.00761 0.00066 -11.6129 <0.0001

z -1.9810 0.7177 -2.7600 0.01090 -0.00260 0.00066 -3.9713 0.00075

scale 0.6129 0.7177 0.8540 0.40160 -0.00179 0.00066 -2.7367 0.01271

x:y ⏤ ⏤ ⏤ ⏤ -0.0028 0.0007 -3.9662 0.0008

x:z ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤
x:scale ⏤ ⏤ ⏤ ⏤ -0.0016 0.0007 -2.3360 0.0300

y:z ⏤ ⏤ ⏤ ⏤ 0.00285 0.00069 4.0975 0.00056

y:scale 2.3842 0.7613 3.1318 0.0045 0.00230 0.00069 3.3029 0.00355

z:scale ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤
x 2 ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤
y 2 ⏤ ⏤ ⏤ ⏤ 0.0058 0.0010 5.5686 <0.0001
z 2 ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤

scale 2 ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤

Tensile Ultimate Stress Model Tensile Plastic Strain Model

β Estimate
Standard 

Error t-statistic p-value β Estimate
Standard 

Error t-statistic p-value

R2 = 0.79 Adj R2 = 0.74 R2 = 0.93 Adj R2 = 0.89
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Table 28: Flexure β coefficients of the reduced model 

 

Referring to these tables, the refined models are significantly less complicated 

than the full models presented in the previous section, i.e., they contain considerably 

fewer terms, all of which are significant. Further, these simplified models were found to 

fit the data just as well, if not better than the full models, as indicated with the adjusted 

𝑅& values. The adjusted 𝑅& values for the refined model are higher than the original 

model for tensile plastic strain, flexure ultimate stress, and flexure modulus, and almost 

the same as for the original model for tensile ultimate stress and flexure plastic drift. 

Response Surfaces for Refined Model 

Several response surfaces were plotted versus key independent variables to 

demonstrate the predicted effects of these variables on the chosen response. These 

predicted effects were compared with expected behavior and the test results to evaluate 

their validity. The response surfaces are nonlinear quadratic functions with 4 independent 

Intercept 36.9692 0.5692 64.9551 <0.0001 1479.7974 31.0111 47.7174 0.00000 4.0721 0.5564 7.3190 <0.0001

x 1.6731 0.7348 2.2770 0.03240 63.3794 25.3205 2.5031 0.0195 ⏤ ⏤ ⏤ ⏤
y -9.7914 0.7348 -13.3258 <0.0001 -219.9775 25.3205 -8.6877 <0.0001 -3.6476 0.7183 -5.0783 <0.0001

z -1.2439 0.7348 -1.6930 0.10400 ⏤ ⏤ ⏤ ⏤ -2.4730 0.7183 -3.4429 0.00200

scale 1.2804 0.7348 1.7425 0.09480 101.3931 25.3205 4.0044 0.00050 ⏤ ⏤ ⏤ ⏤
x:y ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤
x:z ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤

x:scale ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤
y:z 1.9630 0.7793 2.5188 0.0192 ⏤ ⏤ ⏤ ⏤ 2.6832 0.7618 3.5219 0.0016

y:scale 3.9762 0.7793 5.1020 <0.0001 126.5801 26.8564 4.7132 0.0001 ⏤ ⏤ ⏤ ⏤
z:scale ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤
x 2 ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤
y 2 ⏤ ⏤ ⏤ ⏤ 197.1245 40.0351 4.9238 0.0001 ⏤ ⏤ ⏤ ⏤
z 2 ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤

scale 2 ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤ ⏤

Variable

Flexure Ultimate Stress Model Flexure Modulus Model Flexure Plastic Drift Model

β Estimate
Standard 

Error t-Statistic p-value β Estimate
Standard 

Error t-statistic p-value β Estimate
Standard 

Error t-statistic p-value

Adj R2 = 0.62R2 = 0.91 Adj R2 = 0.88 R2 = 0.86 Adj R2 = 0.83 R2 = 0.66



105 
 

variables; therefore, they are difficult to visualize. However, these surfaces can be plotted 

versus two independent variables if all other variables are held constant. 

Figure 44 and Figure 45 show the maximum tensile stress and ultimate flexure 

stress versus scale and Y-axis rotation. In these figures, X- and Z-axis rotation are held 

constant at zero. Included in Figure 44 are idealized representations of the test specimens, 

which indicate the location of the layers (blue) and roads (red) for each specimen at the 

respective location on the graph. First, as can be seen in these figures, the surfaces are 

generally the same for both responses, and both indicate that there is an interaction 

between the scale and Y-axis rotation (also evident in Table 27 and Table 28). That is, the 

effect of Y-axis rotation changes with scale, and vice versa. In these figures, as Y-axis 

rotation increases from 0° to 90° the estimated mean tensile ultimate stress decreases 

regardless of the scale of the specimen; however, the slope is steeper for smaller scale 

pieces than for their larger counterparts. Conversely, the effect of scale was shown to 

change based on Y-axis rotation. The maximum ultimate stress is estimated to increase 

with increasing scale for large Y-axis rotations, and decrease for small Y-axis rotations. 

The effect that Y-axis rotation has on ultimate stress is intuitive, and has been observed in 

previous sections of this dissertation. As can be observed in the specimen representation, 

when Y-axis rotation is 90° the tensile stresses are normal to the layers, and the only 

mechanism holding the specimen together is the bond between layers. As the specimen 

approaches this condition, the ultimate stress should decrease. As stated above, this trend 

is indeed present in both the tensile and flexural specimens. The cause of the observed 

effect of scale on both of these responses is not immediately clear to the researchers; 
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however, it is present in both the tensile and flexural specimens, indicating that this effect 

is indeed valid. 

 

 

 

Figure 44: Tensile Maximum Stress versus Scale and Y-Axis Rotation 

 

 

Figure 45: Ultimate Flexure Stress vs Scale and Y-Axis Rotation 
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Figure 46 and Figure 47 show the ultimate tensile and flexural stresses versus X- 

and Z-axis rotation. In these figures, scale is held constant at 100% and Y-axis rotation is 

held constant at 0°. Again, it should be noted that both of these surfaces predict the same 

general behavior. The ultimate stress is expected to increase with increasing X-axis 

rotation, and decrease with increasing Z-axis rotation. These trends were observed in 

earlier tests conducted in this effort, and may be explained mechanically. That is, the 

effect of X-axis rotation may be related to the number of layers in the specimen, which 

has been found to have an effect in previous research. That is, it has been seen previously 

that capacity increases with the number of layers in the specimen, an effect believed to be 

related to the complexity of the failure path. The more complex the failure path, the 

higher the capacity. In regard to the effect of Z-axis rotation, this effect is more apparent. 

When the Z-axis rotation is 45°, half of the roads line up perpendicular to the load, with 

resulting stresses normal to these roads, which would be expected to result in a decreased 

capacity of the specimen. 

To investigate the predicted effects of the independent variables on ductility, 

Figure 48 and Figure 49 show the surfaces for plastic strain and plastic drift versus Y- 

and Z-axis rotation. In these figures, X-axis rotation is held constant at 0° and scale was 

held constant at 100%. Again, the same general trend can be observed in both responses. 

That is, ductility is predicted to decrease with increasing Y- and Z-axis rotation. These 

trends are fairly intuitive, and are consistent with earlier tests conducted in this effort and 

what is occurring mechanically. As was discussed for ultimate stresses, as Y-axis rotation 

approaches 90°, the tensile stresses become more normal to the layers, and the only 
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mechanism for carrying the load is the bond between layers. Once this bond fails, the 

specimen fails in a brittle fashion. Similarly, as Z-axis rotation approaches 45°, half of 

the roads become more perpendicular to the load, resulting in these roads failing in a 

brittle fashion, reducing the overall ductility of the specimen. It should be noted that 

while these trends are consistent with what is occurring mechanically, the usefulness of 

these surfaces is somewhat limited. As can be observed in the figures, these surfaces 

predict negative plastic strain and negative plastic drift, which does not make sense 

physically. In future analyses, a constraint will be added to limit the predicted plastic 

strain and drift to positive values. 

Finally, the surface for flexural modulus is plotted versus Y- and X-axis rotation 

in Figure 50, while Z-axis rotation is held constant at 0° and scale was held constant at 

100%. As can be observed, the flexural modulus is expected to decrease with increasing 

Y-axis rotation and increase with increasing Z-axis rotation. While these effects were not 

observed in previous sections of this research and are difficult to explain mechanically, 

this trend is quite pronounced in this surface. 
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Figure 46: Maximum Tensile Stress vs X- and Z-Axis Rotation 

 

 

 

Figure 47: Ultimate Flexural Stress vs X- and Z-Axis Rotation 
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Figure 48: Tensile Plastic Strain vs Y- and Z-axis Rotation 

 

 

 

Figure 49: Flexural Plastic Displacement vs Y- and Z-Axis Rotation 
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Figure 50: Flexural Modulus vs Y- and X-Axis Rotation 

Evaluation of Model Predictions 

To further evaluate the response surfaces developed in the previous sections, 

specimens with randomly generated orientations and scaling combinations were printed 

and tested. The measured responses were then compared to the predicted responses from 

both the full and reduced models developed above. Specifically, 10 specimen orientations 

and scale combinations were randomly generated, and the resulting combinations are 

provided in Table 29, while Figure 51 provides an illustration of the various tensile 

specimens on the printing tray. The following sections evaluate the tensile and flexure 

results.   
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Table 29: Evaluation Specimen Parameters 

 

  
Figure 51: Build orientations of model validation elements 

Tensile Results 

The measured and predicted tensile responses are compared in Table 30 and Table 

31. Included in these tables are 95% prediction intervals and the measured-to-predicted 

ratios for each specimen. Summary statistics for the measured-to-predicted ratios are also 

included with the mean absolute percent error (MAPE) for each model. Figure 52 and 

Figure 53 are whisker plots showing where the measured response for each specimen lies 

within the 95% prediction intervals for the full and reduced models.  It should be noted 

1 74.4 75.2 26.4 81.4

2 79.6 15.7 2.0 127.0

3 67.9 5.1 42.2 148.8

4 38.1 89.8 0.5 105.9

5 42.5 44.7 8.8 145.9

6 64.4 53.9 11.9 64.1

7 88.6 33.3 0.3 115.8

8 26.5 89.4 25.4 104.9

9 49.7 75.5 15.5 79.6

10 64.6 2.8 7.5 139.9

ID
X-axis 

Rotation (°)
Y-axis 

Rotation (°)
Z-axis 

Rotation (°) Scale (%)
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that Specimen 5 was not tested in this research because it was misplaced prior to testing.  

A follow-on study to be conducted this coming semester will include this specimen.   

• As can be observed in Table 30, the reduced model predicted the capacity of the 

specimens with greater accuracy than the full model. The full and reduced models 

had MAPE values of 28.2% and 22.8%, respectively. The average measured-to-

predicted ratios for the models was 0.83 and 0.86, with coefficients of variation of 

these ratios of just over 21.1% and 22.6%, for the full and reduced models 

respectively. Referring to Figure 52, all measured responses aside from 

Specimens 6 and 9 were within the 95% prediction intervals. It is worth noting 

that Specimens 6 and 9 were the smallest specimens tested in this verification 

study, indicating that the predictions may not be as accurate at this smaller scale.  

• The predictions for plastic strain were expected to be less accurate than the other 

responses for several reasons. Specifically, there is a significant amount of scatter 

observed for this response when comparing the six center point specimens. 

Further, a lower limit on predicted strain was not included in this model. That is, 

in its current form, the model can and does predict negative drift, as can be seen in 

Table 31, and negative plastic strain is physically impossible. The models had average 

measured-to-predicted ratios of 0.51 and 1.42, for the full and reduced models 

respectively, the coefficient of variation of these ratios were 67% and 173.5%, and the 

MAPEs were 179% and 129%. These values are significantly higher than what was 

observed for the maximum stress response. Referring to the whisker plot shown in Figure 

53, all measured responses were within the prediction intervals for both models. 
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Table 30: Comparison of Measured and Predicted Ultimate Tensile Stress 

 

 

Figure 52: Whisker Plot for Tensile Maximum Stress 

 

 

 

 

 

 

ID Pred (MPa) Meas (MPa) 95% PI (MPa) Meas/Pred Pred (MPa) Meas (MPa) 95% PI (MPa) Meas/Pred

1 20.2 15.6 13.5 to 26.9 0.78 20.4 15.6 13.8 to 27.0 0.77

2 30.9 26.4 23.8 to 38.0 0.85 30.7 26.4 23.9 to 37.5 0.86

3 28.6 27.4 21.1 to 36.1 0.96 27.1 27.4 20.1. to 34.1 1.01

4 23.5 20.5 15.6 to 31.4 0.87 20.6 20.5 13.9 to 27.3 0.99

5 24.7 NA 17.5 to 31.9 NA 26.0 NA 19.4 to 32.6 NA

6 23.9 13.8 17.3 30.6 0.58 24.1 13.8 17.5 to 30.6 0.57

7 30.8 25.1 23.0 to 38.6 0.82 29.4 25.1 22.7 to 26.2 0.85

8 18.5 21.1 11.1 to 25.9 1.14 17.9 21.1 111.4. to 24.5 1.17

9 20.7 12.1 14.4. to 27.4 0.59 20.3 12.1 13.7 to 26.8 0.60

10 28.9 26.5 21.7 to 36.1 0.91 30.5 26.5 23.6 to 37.3 0.87

Average 0.83 Average 0.86

CoV (%) 21.13 CoV (%) 22.56

Full Model (MAPE 28.17%) Reduced Model (MAPE 22.78%)
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Table 31: Comparison of Measured and Predicted Tensile Plastic Strain 

 

 

Figure 53: Whisker Plot for Tensile Plastic Strain 

Flexure Results 

The measured and predicted flexural responses are compared in Table 32, Table 

33, and Table 34. Included in these tables are 95% prediction intervals and the measured-

to-predicted ratios for each specimen. Summary statistics for the measured-to-predicted 

ratios are also included with the mean absolute percent error (MAPE) for each model. 

Figure 54, Figure 55, and Figure 56 are whisker plots showing where the measured 

ID Pred (mm/mm) Meas (mm/mm) 95% PI (mm/mm) Meas/Pred Pred (mm/mm) Meas (mm/mm) 95% PI (mm/mm) Meas/Pred

1 0.0007 0.0002 -0.0066 to 0.0080 0.22 0.0005 0.0002 -0.0057 to 0.0066 0.34

2 0.0150 0.0084 0.0073 to 0.0227 0.56 0.0145 0.0084 0.0081 to 0.0209 0.58

3 0.0067 0.0065 -0.0014 to 0.0148 0.97 0.0069 0.0065 0.0003 to 0.0135 0.94

4 0.0010 0.0008 -0.0076 to 0.0096 0.84 0.0001 0.0008 -0.0063 to 0.0065 7.91

5 0.0013 NA -0.0065 to 0.0091 NA 0.0020 NA -0.0042 to 0.0082 NA

6 0.0040 0.0006 -0.0032 to 0.0113 0.15 0.0041 0.0006 -0.0021 to 0.0103 0.15

7 0.0102 0.0058 0.0018 to 0.0186 0.57 0.0097 0.0058 0.0034 to 0.0161 0.60

8 0.0013 0.0005 -0.0067 to 0.0093 0.40 0.0004 0.0005 -0.0058 to 0.0065 1.42

9 0.0005 0.0000 -0.0067 to 0.0076 0.00 0.0000 0.0000 -0.0060 to 0.0061 0.00

10 0.0167 0.0145 0.0089 to 0.0245 0.86 0.0164 0.0145 0.0099 to 0.0229 0.88

Average 0.51 Average 1.42

CoV (%) 67.02 CoV (%) 173.46

Full Model (MAPE 179%) Reduced Model (MAPE 129%)
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response for each specimen lies within the 95% prediction intervals for the full and 

reduced models.  

• As can be observed in Table 32, both models predicted the capacity of the specimens 

with very similar and adequate accuracy. The full and reduced models had MAPE values 

of 8.31% and 8.06%, respectively. The average measured-to-predicted ratios for both 

models was 1.05, with coefficients of variation of these ratios of just over 10.7% and 

10.6%, for the full and reduced models respectively. Referring to Figure 54, all measured 

responses were within the 95% prediction intervals for the full model, and all but one 

(Specimen 3) of the predictions were within the prediction intervals for the reduced 

model. Specimen 3 had a slight ridge along one edge of the surface where the load was 

applied, this may have had an impact on the results.  

• The accuracy of the flexural modulus predictions were again very similar between 

the two models, and again the predictions were fairly accurate. Referring to Table 

33, the respective MAPE values were 10.84% and 10.95% for the full and 

reduced models, and the average measured-to-predicted ratios were 0.93 for both 

models with coefficients of variation of 9.8% and 10.5% for the full and reduced 

models. While very similar, the predictions are slightly better for the full model 

than for the reduced model, as indicated by the slightly lower coefficient of 

variation and MAPE values. As can be observed in Figure 55, the measured 

moduli were within the full-model prediction intervals in all but one of the 

specimens, and were within the reduced-model prediction intervals in all but two 

of the specimens, which again indicates that the full model might be slightly 

better than the reduced model. 
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• As stated previously, the predictions for plastic drift were expected to be less 

accurate than the other responses for several reasons. Specifically, there is a 

significant amount of scatter observed for this response when comparing the six 

center point specimens. Further, a lower limit on predicted drift was not included 

in this model. That is, in its current form, the model can predict negative drift, 

which is physically impossible. That being said, the models had average 

measured-to-predicted ratios of 0.89 and 1.24, for the full and reduced models 

respectively. However, the coefficient of variation of these ratios were 120.7% 

and 83.8%, and the MAPEs were 114.84% and 67.08%. These values are 

significantly higher than what was observed for the other responses. Referring to 

the whisker plot shown in Figure 56, all measured responses were within the 

prediction intervals for the full model, and only one specimen was outside of the 

prediction interval for the reduced model. 

• Specimen 10 that fell out of the prediction interval for the flexural modulus and 

the plastic displacement had a ridge along one edge of the top surface where the 

load was applied from the angle the sample was printed at. This led to the load not 

being applied uniformly across the top of the sample which could be responsible 

for the sample results not falling within the prediction interval. Additionally, 

Specimen 3 which had a flexure modulus greater than the reduced model 

prediction interval also had a small ridge along the top edge of one side of the 

sample. This ridge was smaller than the ridge on Specimen 10, however, this 

could have contributed to the sample not behaving as predicted. 
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Table 32: Comparison of Measured and Predicted Ultimate Flexural Stress 

 

 
Figure 54: Whisker Plot for Flexure Maximum Stress 

 

 

 

 

 

 

ID Pred (MPa) Meas (MPa) 95% PI (MPa) Meas/Pred Pred (MPa) Meas (MPa) 95% PI (MPa) Meas/Pred

1 29.6 27.1 21.65 to 37.48 0.917 30.0 27.1 23.28 to 36.78 0.903

2 46.9 47.5 38.55 to 55.26 1.013 46.2 47.5 39.22 to 53.25 1.028

3 42.2 50.7 33.34 to 51.01 1.202 41.7 50.7 34.43 to 48.97 1.216

4 26.5 28.6 17.16 to 35.81 1.081 26.9 28.6 19.81 to 33 96 1.065

5 38.3 39.3 29.79 to 46.74 1.028 38.9 39.3 32.09 to 45.62 1.013

6 34.9 35.6 27.01 to 42.75 1.019 34.7 35.6 27.95 to 41.41 1.025

7 44.6 42.8 35.45 to 53 77 0.960 42.9 42.8 36.01 to 49.86 0.997

8 26.7 33.3 18.01 to 35.38 1.248 27.2 33.3 20.46 to 33.99 1.224

9 28.4 32.1 20.56 to 36.20 1.130 28.9 32.1 22.15 to 35.56 1.111

10 45.8 42.4 37.35 to 54.34 0.924 47.0 42.4 39.90 to 54.10 0.901

Average 1.05 Average 1.05

CoV (%) 10.70 CoV (%) 10.58

Full Model (MAPE 8.31%) Reduced Model (MAPE 8.06%)
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Table 33: Comparison of Measured and Predicted Flexural Modulus 

 

 
Figure 55: Whisker Plot for Flexure Modulus 

 

 

 

 

 

 

ID Pred (MPa) Meas (MPa) 95% PI (MPa) Meas/Pred Pred (MPa) Meas (MPa) 95% PI (MPa) Meas/Pred

1 1397 1215 1122 to 1672 0.87 1393 1215 1161 to 1625 0.87

2 1818 1703 1527 to 2109 0.94 1766 1703 1531 to 2000 0.96

3 1816 1733 1509 to 2124 0.95 1851 1733 1609 to 2093 0.94

4 1495 1461 1171 to 1820 0.98 1473 1461 1239 to 1707 0.99

5 1505 1481 1210 to 1800 0.98 1570 1481 1334 to 1806 0.94

6 1362 1093 1088 to 1636 0.80 1381 1093 1146 to 1615 0.79

7 1703 1524 1385 to 2022 0.89 1633 1524 1397 to 1869 0.93

8 1492 1651 1190 to 1794 1.11 1451 1651 1216 to 1685 1.14

9 1349 1253 1077 to 1621 0.93 1352 1253 1122 to 1582 0.93

10 1875 1509 1580 to 2171 0.80 1874 1509 1633 to 2114 0.81

Average 0.93 Average 0.93

CoV (%) 9.77 CoV (%) 10.54

Full Model (MAPE 10.84%) Reduced Model (MAPE 10.95%)
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Table 34: Comparison of Measured and Predicted Flexural Plastic Drift 

 

 

Figure 56: Whisker Plot for Flexure Plastic Drift 

Summary of RSM 

Response surface methodology was successfully used to investigate the potential 

effects that printing parameters might have on the strength, stiffness, and ductility of 3D 

printed parts. Specifically, the printing parameters that were investigated were print 

orientation and scale, and the responses investigated were tensile ultimate stress and 

plastic strain, and flexural ultimate stress, flexural modulus, and plastic drift. A face-

ID Pred (MPa) Meas (MPa) 95% PI (MPa) Meas/Pred Pred (MPa) Meas (MPa) 95% PI (MPa) Meas/Pred

1 0.77 1.04 -5.77 to 7.31 1.352 1.51 1.04 -4.94 to 7.96 0.693

2 9.78 6.80 2.87 to 16.69 0.695 10.30 6.80 3.66 to 16.95 0.660

3 2.17 5.54 -5.13 to 9.48 2.549 3.06 5.54 -3.67 to 9.80 1.808

4 -1.64 0.96 -9.36 to 6.07 -0.583 0.24 0.96 -6.62 to 7.11 3.914

5 4.70 2.69 -2.30 to 11.71 0.573 5.61 2.69 -0.82 to 12.04 0.480

6 5.95 4.44 -0.56 to 12.46 0.747 4.27 4.44 -2.15 to 10.68 1.041

7 8.90 8.92 1.32 to 16.47 1.002 8.14 8.92 1.58 to 14.69 1.096

8 -1.37 0.53 -8.56 to 5.81 -0.389 0.50 0.53 -6.04 to 7.03 1.076

9 0.96 2.56 -5.51 to 7.42 2.683 1.80 2.56 -4.67 to 8.27 1.423

10 8.64 2.72 1.62 to 15.67 0.315 10.84 2.72 4.17 to 17.50 0.251

Average 0.89 Average 1.24

CoV (%) 120.69 CoV (%) 83.80

Full Model (MAPE 114.84%) Reduced Model (MAPE 67.08%)
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centered central composite design was used for this phase of research to designate print 

orientations and scales. Once designated, the specimens were printed and tested. 

Regression equations were then fit to this data, and the resulting response surfaces were 

evaluated for statistically significant variables and goodness of fit. The model was then 

refined to only include statistically significant variables. Finally, the efficacy of the 

models were evaluated by testing randomly designated specimens, and comparing their 

measured and predicted responses. Based on this analysis, the following observations can 

be made. 

• Both of the resulting regression models accurately predicted the ultimate stress, 

and flexural modulus with relatively little scatter. However, the plastic-strain and 

plastic-drift were significantly more difficult to predict due to the inherent scatter 

observed in plastic-strain and plastic-drift, and inadequate modeling assumptions. 

• Very little, if any accuracy was lost using the reduced model as opposed to the 

full model. 

• Several of the trends observed in the resulting surfaces were in line with the 

expected mechanical behavior of the specimens, which helped validate the 

models. 
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CHAPTER 7 

TOPOLOGY OPTIMIZATION 

The end goal of the research discussed herein is to couple additive manufacturing 

technology with topology optimization to design and build optimized structural elements, 

resulting in more sustainable infrastructure. This section discusses the current state of 

topology optimization and lays the framework for a more detailed investigation to be 

conducted in future research. 

There are a number of different methods to perform topology optimization, 

homogenization (Martin Philip Bendsøe & Kikuchi, 1988), solid isotropic microstructure 

with penalization (SIMP) (M. P. Bendsøe, 1989; Sigmund, 2001; Zhou & Rozvany, 

1991), and level-set (Allaire, Jouve, & Toader, 2004; Burger, Hackl, & Ring, 2004; 

Wang & Kang, 2018) as well as others. These three methods are all limited to analyzing 

problems with linear elastic material properties.  

Christensen (2008), Larsson (2016), and Mirzendehdel (2018) layout the 

framework of topology optimization and state a typical topology optimization problem is 

given an initial design space, an objective function that is usually minimized while 

satisfying defined constraints. The objective function (f) can be minimized or maximized, 

two common examples of an objective function are to maximize the stiffness or minimize 

the volume of the part. The design variable (x) can be changed during the optimization 

and represents the connectivity of the domain and the amount of material to be removed 

from the original design domain. The state variable (y) represents the structural response, 
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for example, displacement, stress, or strain. These state variables depend on the design 

variable. In general, a topology optimization takes the form:  

⎩
⎨

⎧
minimize	𝑓(𝑥, 𝑦(𝑥))	with	respect	to	𝑥

subject	to	 h
behaviorial	constraints	on	𝑦(𝑥)

design	constraints	on	𝑥
equilibrium	constraint

 (15) 

 

This process can be stated more completely and concisely as, 

min
7⊂9

𝑓(Ω, 𝒖) 
𝑔! ≤ 0				𝑖 = 1,… , N 

subject to 
𝑲𝒖 = 𝒇 

(16) 

where: 

D: design space 
Ω: optimized design 
f: objective 
gi: constraints: volume, displacement, … 
u: displacement vector 
K: stiffness matrix 
f: external force vector  

Implementation in Abaqus 

Topology optimization can be implemented in the finite element software 

Abaqus, which uses the SIMP methodology for optimization. This optimization 

determines a new material distribution by changing the density and stiffness of the finite 

elements making up the global element. The Solid Isotropic Material with Penalization 

(SIMP) method is used with a finite element model with set boundary conditions and 

loads. To meet the prescribed objective, the elements are given a pseudo-density 



124 
 

coefficient between zero and one to indicate the importance of the element as a function 

of Young’s elastic modulus in the form of: 

𝐸: = 𝜌;𝐸1 (17) 

In this Equation 17, EH is the calculated Young’s modulus of an optimized 

element, 𝜌 is the pseudo-density coefficient, p is a penalization factor that discriminates 

between void and solid material, and E0 is the Young’s modulus of the bulk material 

(Martin P. Bendsøe & Sigmund, 2004; Walton & Moztarzadeh, 2017).  

In the Abaqus platform, the first step is to define the domain, this is done by 

creating the part that will be the maximum volume. Next, the boundary conditions and 

loads are applied to the domain as well as all other necessary steps to complete a finite 

element analysis in Abaqus. To define the topology optimization parameters needed to 

perform the optimization, first, an optimization task is created, and the software is told to 

execute a topology optimization. Next, optimization design responses are chosen and are 

used for the optimization objective function and constraint. Examples of optimization 

design responses are strain energy, stress, displacement, and volume. A parameter also 

known as an objective function is chosen based on the desired final behavior of the 

structural element. For example, the strain energy density can be minimized to have the 

optimization produce the stiffest structural element while working within the design 

constraint. An optimization constraint is defined and must be satisfied to complete the 

optimization. The constraint can be a percentage of the total original volume, a maximum 

stress, or a maximum displacement. As there are a number of design responses, there are 

a variety of ways to combine them as objective functions and constraints. Once all 
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parameters have been defined the software determines the optimal solution through an 

iterative process. Ultimately, the result is a structural element with all unnecessary 

material removed for a given loading condition, defined behavior, and meeting the 

optimization constraint. Additional steps can be taken and may be necessary such as 

smoothing the final part or adding additional constraints. 

Nonlinear materials can be analyzed in the Abaqus software; however, the 

material behavior must be defined by the Mises or Hill yield surface. Additionally, the 

software performs the optimization with a different method than the SIMP method when 

elastic-plastic materials are in the model. Therefore, to incorporate the anisotropic 

properties observed in the FDM parts, a typology optimization method has been 

developed by others that is performed without Abaqus.  

Stiffness and Volume Optimization 

As a demonstration of feasibility, topology optimization was implemented in 

Abaqus to optimize a beam under three-point bending, as indicated in Figure 57. The 

optimization parameter in this analysis minimized the strain energy density to get the 

stiffest element possible, while reducing the volume to a certain percentage of the 

original volume. This designated percentage of the original volume is the optimization 

constraint. This combination of optimization parameter and constraint was chosen to be 

considered first because there are a number of tutorials and examples using this 

combination. It should be noted that in this analysis, the mesh, and the implementation of 

load application and boundary conditions were all the same as those used in the FEA in 

Chapter 5. For the optimization, the area where the load is applied and the area where the 
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boundary conditions are applied were frozen, meaning those areas could not be removed 

during the optimization. Further, the material was modeled as isotropic using the average 

elastic properties from the tensile tests discussed in Chapter 5, and variations in strength 

depending on print orientation are ignored. 

The element resulting from this optimization is shown in Figure 58. As can be 

observed in this figure, and as one might expect, the optimized shape resembles a truss. 

As a demonstration, this element was exported and printed with the printer used 

throughout this research with no issues. 

 

Figure 57: Loading Conditions for Optimization 

 

 
Figure 58: Topology optimized beam subjected to three-point bending 
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Future Work on Topology Optimization 

As stated, the optimization above did not take into consideration the anisotropic 

nature of the FDM part, and in particular it did not take into consideration the marked 

differences in ultimate stress depending on print orientation. Future research will look to 

incorporate the trends in material properties evaluated in this dissertation. Specifically, 

this future research will investigate the use of a method recently developed by 

Mirzendehdel et al. (2018), where a material model is made using the Tsai-Wu failure 

criteria and a strength-based topology optimization method. This method uses a new 

sensitivity formulation based on the strength criteria of non-homogenous failure criteria 

(Mirzendehdel et al., 2018). This is the most promising research to date that has 

accounted for the anisotropic properties of FDM and accounting for those in topology 

optimization. 

Additionally, further constraints will be investigated such as geometric constraints 

that will lead to final shapes that are easier for the 3D printer to manufacture. As 

discussed, topology optimization frequently results in complex shapes that are difficult to 

manufacture with traditional means but can be easier to manufacture using additive 

manufacturing. However, it is important to know the limits of the additive manufacturing 

process so that appropriate constraints can be added to the analysis to make 

manufacturing simpler (Brackett, Ashcroft, & Hague, 2011; J. Liu & To, 2017; Primo, 

Calabrese, Del Prete, & Anglani, 2017; Zegard & Paulino, 2015). For example, when 

printing at a vertical angle less than 45-degrees, support material is required. Constraints 

can be added to the optimization to limit the amount of support material and other post 
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processing that would reduce the final cost of a part or structural element if implemented 

(Langelaar, 2016; Mhapsekar, McConaha, & Anand, 2018).  
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CHAPTER 8 

SUMMARY AND CONCLUSIONS 

In this research, tensile and flexural specimens printed in a variety of orientations 

were tested to evaluate/quantify the effects that print orientation have on elastic 

properties, ultimate stresses, and failure mechanisms of FDM parts. The elastic properties 

determined from the tensile tests were implemented into an orthotropic formulation of the 

Generalized Hooke’s Law (GHL). Finite element models were then developed to predict 

the elastic response of the tensile and flexural specimens. In this analysis, measured 

responses were compared to predicted responses calculated using the GHL material 

model and a simpler isotropic model. The feasibility of predicting yielding/failure criteria 

was briefly discussed. Response Surface Methodology (RSM) was then used to 

evaluate/quantify the effects that print orientation and scale may have on the behavior of 

FDM parts, and to develop equations to predict the stiffness and strength of FDM parts 

given these print parameters. Finally, the feasibility of using topology optimization 

combined with additive manufacturing is briefly investigated. 

Based on this investigation, the following conclusions can be drawn. 

• Print orientation did not have a significant effect on the elastic response of FDM 

parts. Regardless of print orientation, the coefficients of variation for the elastic 

moduli and Poisson’s ratios of all tensile specimens were around 9%, while the 

coefficient of variation of the flexure modulus was around 8.5% for all flexure 

specimens tested in this research. This finding indicates that an isotropic material 
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model using the average moduli and Poisson’s ratios may be well suited for 

modeling the elastic response of FDM parts. 

• The ultimate tensile stress and amount of ductility varied significantly with build 

orientation.  This finding is associated with location and orientation of layer/road 

interfaces relative to resultant tensile stresses. Brittle and sudden failures occur at 

low stresses when loading conditions result in tensile stresses spanning across 

layer interfaces. Similarly, the ultimate stress and amount of ductility was 

observed to decrease when loading conditions resulted in tensile stresses at 90° to 

half of the road interfaces. However, a brittle failure is not observed in these cases 

since half of the roads would be parallel to the tensile stresses.  

• Printing and geometry specific phenomenon were observed to have an effect on 

the behavior of FDM parts. For example, flexure and tensile specimens printed in 

the YZ-0 orientation were observed to be slightly stiffer and stronger than the 

other ductile print orientations due to the decreased road lengths and increased 

number of roads in these specimens, and the resultant increase in complexity of 

load paths and failure mechanisms. Further, several tensile specimens were 

observed to fail prematurely due to printing induced imperfections in the 

transition between the curved and straight portions of the specimens. 

• The moduli and ultimate stresses were different for the tensile and flexure tests. 

These differences may be associated with inaccurate assumptions used to 

calculate these properties from available test data (classic beam bending), or may 
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be associated with differing mechanisms in which loads are carried internally 

within the specimens (e.g., tensile specimens have uniform stresses while flexure 

stresses vary linearly across the cross-section).   

• Finite element analysis can be used to accurately predict the elastic material 

response and elastic flexural response of FDM parts using either a Generalized 

Hooke’s Law material model or an isotropic material model. That being said, the 

isotropic material model was simpler to implement and less computationally 

intensive than the GHL model with little loss of accuracy; therefore, this 

methodology may be more appropriate for modeling the elastic response of FDM 

specimens. Modeling yielding and failure in FDM parts is difficult due to the 

anisotropic nature inherent in the parts and the subsequent complexity observed in 

their controlling failure mechanisms. Promising research is being conducted on 

this subject, and future research will investigate the use of the most promising 

strategies. 

• Response Surface Methodology is a useful tool for predicting the behavior of 

FDM parts with varying print orientations and scales. In this research, the 

resulting regression models accurately predicted the ultimate stress, and flexural 

modulus with relatively little scatter. However, the plastic-strain and plastic-drift 

were significantly more difficult to predict due to the inherent scatter observed in 

this data, and inadequate modeling assumptions. Again, imperfections in the 

printed elements were observed to affect results. 



132 
 

• Combining FDM and topology optimization to design and construct optimized 

structural elements is feasible if yield/failure criteria can be implemented within 

the FEA software.  Promising work is being conducted in this regard. 
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APPENDIX A 

SPAN-TO-DEPTH INVESTIGATION OF FLEXURAL SPECIMENS 

In addition to the ASTM flexure tests, two additional sets of flexure tests were 

completed on samples built with span-to-depth ratios less than 16:1 as required by ASTM 

D790.  

Physical Tests of Span-to-Depth Investigation 

The two sets of samples were built in the same in the printer, but they had smaller 

span-to-depth ratios and the first set had a depth greater than the width (depth-to-width 

ratio of 1.5:1), and the second set had a width greater than the depth (depth-to-width ratio 

of 1:1.5). As opposed to the ASTM samples with a span-to-depth ratio of 16:1, the first 

set with a depth-to-width ratio of 1.5:1 had a span-to-depth ratio of 8:1 and the second set 

with a width-to-depth ratio of 1:1.5 had a span-to-depth ratio of 12:1. Each of the two sets 

of samples was built in seven different orientations. For each of the two sets, three 

samples were built in the test orientation, three were built on their side relative to the test 

orientation, and one was built vertically. The samples built in the test orientation and on 

their side were built in three different angles on the printer. The samples that were built 

on their side for the depth-to-width ratio of 1.5:1 were the same samples built in the test 

orientation for the samples with a depth-to-width ratio of 1:1.5. This is demonstrated 

below in Figure 59 and Figure 68. 
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Experimental Design – Depth-to-width 1.5:1 
Span-to-depth 8:1 

The set of samples with a depth-to-width ratio of 1.5:1 had a depth of 15 mm and 

a width of 10 mm. The seven build orientations of this set of samples are shown in Figure 

59. The samples built in the test orientation are labeled XY-0, YX-0, and XY-45 in 

Figure 59. The samples built on their side relative to the test orientation are labeled YZ-0, 

XZ-0, and XZ-45. The one sample that was built vertically is labeled ZX-0.  

 

Figure 59: Build orientations of samples with d=15 mm w=10 mm and span=120 
mm 

Experimental Results – Depth-to-width 1.5:1 
Span-to-depth 8:1 

The samples were built with the ABS-M30 material in the Stratasys F170 with the 

same printing parameters as all of the previous samples. The samples had a depth of 15 

mm, a width of 10 mm and a span of 120 mm. These samples demonstrated material 

behavior consistent with the material behavior demonstrated in the tensile tests. 

Furthermore, the test data confirmed some of the assumptions made during the tensile 

tests. Most notably, that the behavior of samples with longitudinal axes in the X and Y 
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directions have similar material behavior. The modulus, ultimate stress, maximum force, 

and maximum displacement of each build orientation is shown in Table 35. As can be 

seen in Table 35, the modulus of all the samples was very similar. The coefficient of 

variation of all the moduli was 5.3%. The greatest outlier was the sample built in the 

vertical direction, ZX-0. The coefficient of variation of the samples without including 

ZX-0 was only 2.9%, demonstrating the very similar stiffness behavior of the various 

build orientations. The XY-0, YX-0, XZ-0, YZ-0 samples had the highest stresses and the 

highest plastic drift. All four of these samples had layers perpendicular to the load and 

roads at 45° and -45° throughout the layers with the layers stacked from bottom to top or 

next to each other throughout the width of the sample. The XZ-0 sample demonstrates a 

notably high plastic drift. The XY-45 and XZ-0 samples behave similarly with both 

having layers perpendicular to the direction of loading and both having roads at 0° and 

90°. This road orientation leads to a decrease in ultimate stress and ductility compared to 

the samples with roads at 45°; however, these samples still reach over double the ultimate 

stress of the ZX-0 samples. 

Table 35: Flexure test results of samples with depth=15 mm width=10 mm span=120 mm 

 

XY-0 583 8.7 1607 46.6 3.4

YX-0 579 8.5 1625 46.3 3.2

XZ-0 584 10.6 1607 46.7 5.0

YZ-0 565 8.1 1617 45.2 3.0

XY-45 513 5.3 1729 41.0 1.2

XZ-45 517 5.7 1613 41.3 1.3

ZX-0 247 2.1 1441 19.7 ⏤
Average 513 7.0 1606 41.0 2.8

COV (%) 23.6 40.4 5.3 23.7 50.3

Orientation
Max Load 

(N)
Max Displacement 

(mm)
Flexural Modulus 

(MPa)
Stress at Max 
Load (MPa)

Plastic Drift 
(%)
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The load-drift curve of the seven samples is shown in Figure 60, where the 

similarities and differences of the various build orientations can be observed. The XY-0, 

YX-0, XZ-0, and YZ-0 samples were the strongest and most ductile followed by the XY-

45 and XZ-45 samples. As expected, the vertically built ZX-0 samples were the weakest 

and failed in the linear range.  

 
Figure 60: Load-drift plots of the flexure samples depth=15 mm width=10 mm 

span=120 mm 

Four samples, XY-0, YX-0, XZ-0, and YZ-0 had extremely similar behavior 

through the linear region and through plastic displacement; however, the XZ-0 sample 

experiences greater displacement. The XY-0, YX-0, XZ-0, and YZ-0 samples are built in 

the test orientation and on their side in the XY plane with roads at 45° and -45°, the load-

drift plots of these samples are shown in Figure 61. The extent of the similarity between 

these four samples is demonstrated by the fact that the coefficient of variation of the 

moduli of these four samples was only 0.5%. This demonstrates a number of material 
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behavior characteristics previously discussed. The main difference between the four 

samples is the ultimate displacement: notably, the displacement of the XZ-0 sample. As 

seen in the ASTM tests, the maximum displacement was consistently the material 

property with the most variability. That being recognized, data from replicates of the 

current samples would be beneficial to determine if the XZ-0 samples showed 

consistently larger maximum displacements. The similar behavior of parts printed along 

the X axis and the Y axis is demonstrated in the plot and justifies the further investigation 

of the tensile test in the Y direction. Furthermore, with samples of this size, with layers 

perpendicular to the load the resultant behavior of the samples is similar. The layers of 

the XY-0 and YX-0 samples were stacked vertically in the test setup whereas the layers 

of the XZ-0 and YZ-0 samples were layered along the width of the sample in the test 

orientation. Figure 62 shows the failure pattern of these four samples and further 

demonstrates the similar behavior as the failure occurs in a zig-zag manner along the 

roads. 
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Figure 61: Load-drift plots of four samples with layers perpendicular to load 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 62: Failure pattern of (a) XY-0 (b) YX-0 (c) XZ-0 (d) YZ-0 

The XY-45 and the XZ-45 samples had roads that were parallel and perpendicular 

to the applied load and layers perpendicular to the load, the force-drift response is shown 

in Figure 63. This orientation led to a force deflection response that began as linear and 

started to transition from the linear region to the plastic region, failing soon after the 

material goes non-linear. These samples were weaker than the XY-0, YX-0, XZ-0, and 

YZ-0 samples but the half of the layers with roads perpendicular to the direction of the 

load made them stronger than the ZX-0 samples and gave them more ductility. Figure 64 
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shows the point of failure where the roads can be seen and the failure along roads parallel 

to the load is evident. 

 
Figure 63: Load-deflection plots of samples with roads at 0- and 90-degrees 

 
(a) 

 
(b) 

Figure 64: Failure pattern of (a) XY-45 and (b) XZ-45 

The load-drift response of the ZX-0 sample is shown in Figure 65. The sample is 

extremely weak and brittle compared to the other samples. Figure 66 shows the failure 

occurring in between two layers. The failure pattern is a straight line as opposed to the 

zig-zag failure patterns that make the XY-0, YX-0, XZ-0, and YZ-0 samples so strong 

and ductile.  
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Figure 65: Load-drift plot when layers are parallel to loading direction 

 
Figure 66: Failure pattern of ZX-0 sample 

Figure 68 demonstrates the impact of build orientation on the load-drift behavior 

of the samples. Sample XY-0 is built in the test orientation, sample XZ-0 is built on its 

side relative to the test orientation and sample ZX-0 was built vertically in the printer. 

Parts built in the vertical direction are brittle, with elastic behavior up to failure, shown 

by the blue solid line, whereas parts built in the test orientation or on the side have ductile 

behavior, shown by the green and black lines. The parts built on the side and in the test 

orientation have load-drift behavior that begins with an elastic region followed by the 

plastic region.  
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Figure 67: Load-drift plot of XY-0, XZ-0, and ZX-0 deep beam samples 

Experimental Design – Depth-to-width 1:1.5 
Span-to-depth 12:1 

The build orientations for the set of samples with a depth of 10 mm and a width of 

15 mm are shown in Figure 68. Although these samples are printed the same as the 

previous set of samples, they are tested in a different orientation, and therefore have 

different names for each of the samples, shown in Figure 68. The samples built in the test 

orientation are labeled XY-0, YX-0, and XY-45. The samples built on their side relative 

to the test orientation are labeled XZ-0, YZ-0, and XZ-45. The sample built vertically is 

labeled ZY-0.  
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Figure 68: Build orientations of samples with d=10 mm w=15 mm and span=120 

mm 

Experimental Results – Depth-to-width 1:1.5 
Span-to-depth 12:1 

Trends in the material behavior were further confirmed by the seven samples with 

a depth-to-width ratio of 1:1.5 and a span-to-depth ratio of 12:1. Again, samples with 

layers perpendicular to the applied load had ductile behavior carrying much higher loads 

than the samples with layers parallel to the direction of loading where brittle failure 

occurs. Table 36 gives the test data, the maximum load and maximum displacement as 

well as the calculated values of the flexural modulus, stress at the maximum load, and the 

plastic drift of each sample. The flexural modulus was again calculated in the linear 

region of the load-deflection plot using classical beam theory. Additionally, classical 

beam theory was used to calculate the stress at the ultimate load. Although this value is 

only accurate for the ZY-0 sample where the maximum stress occurs in the linear region, 

this value provides a good normalization to compare to other samples. The plastic drift 

was calculated in the same manner as discussed above.  



150 
 
The modulus of all the build orientations was consistent with a coefficient of 

variation of 5.1%. The maximum force and stress at maximum load was notably similar 

for the XY-0 and YX-0 samples as well as the XZ-0 and YZ-0 samples. The coefficient 

of variation for all four of these samples was only 3.6%. A conspicuous difference in 

behavior of the XY-0, YX-0, XZ-0, and YZ-0 samples is the difference in plastic drift. 

There are no obvious trends in the ductility of these four samples and the coefficient of 

variation is high at 18%. Again, the XY-45 and XZ-45 samples with roads at 0° and 90° 

have less ductility than the samples with roads at 45°. 

Table 36: Flexure test results of samples with depth=10 mm width=15 mm span=120 mm 

 

The trends in the material behavior of the various build orientations with a depth-

to-width ratio of 1:1.5 are demonstrated well in Figure 69. As can be seen in Figure 69, 

the XY-0 and YX-0 samples have similar ductile behavior as do the XZ-0 and YZ-0 

samples. These samples all have a plastic drift between 5.5% and 8.5%. The XY-45 

sample yields, but only has a plastic drift of 1.2% as opposed to the XZ-45 sample, which 

demonstrates a higher ultimate load and more ductility with a plastic drift of 2.4%. The 

relative behavior of the samples built at 45° on the build platform demonstrates one of the 

XY-0 364 15.4 1627 43.7 6.9

YX-0 362 16.6 1613 43.5 8.5

XZ-0 386 14.4 1789 46.3 6.7

YZ-0 387 12.9 1785 46.4 5.5

XY-45 305 6.5 1766 36.6 1.2

XZ-45 353 8.4 1840 42.3 2.4

ZX-0 151 2.6 1681 18.1 ⏤
Average 330 11.0 1729 39.6 5.2

COV (%) 25.3 47.6 5.1 25.3 54.6

Orientation
Max Load 

(N)
Max Displacement 

(mm)
Flexural Modulus 

(MPa)
Stress at Max 
Load (MPa)

Plastic Drift 
(%)
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main differences in these samples compared to the 1.5:1 samples where the behavior of 

the XY-45 and XZ-45 samples have behavioral deviations from one another and both 

take on the behavior of the samples built with the same transverse and longitudinal 

directions as opposed to behaving similarly to each other. This can be seen in Figure 69, 

where the XZ-45 sample has the higher ultimate load as seen by the XZ-0 and YZ-0 

samples. The XY-45 sample has a smaller ultimate load resembling the behavior of the 

XY-0 and YX-0 samples.  

 
Figure 69: Load-drift plots of the flexure samples depth=10 mm width=15 mm 

span=120 mm 

Summary of Physical Tests of Span-to-depth 
Investigation 

Table 37 presents a comparison of the material properties of the two non-ASTM 

specified span-to-depth ratios investigated. The cross-sectional area was the same for 

both sets of samples; however, the samples with a span-to-depth ratio of 8:1, the deep 

beam samples, had a depth-to-width ratio of 1.5:1 and the samples with a span-to-depth 
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ratio of 12:1, the shallow beam samples, had a depth-to-width ratio of 1:1.5. Comparing 

the flexural modulus of each of the samples, in all but one instance, the YX-0 orientation, 

the flexural modulus is greater for the shallow beam samples. Furthermore, the ductility, 

represented by the plastic drift, is much smaller for the deep beams than the shallow 

beams. The deep beams likely have shear behavior, whereas the shallow beams more 

closely represent pure bending behavior. The stress at maximum load for the samples in 

the same orientation is similar between the deep beams and the shallow beams. The 

similar behaviors observed between the XY-0 and YX-0 samples along with the XZ-0 

and YZ-0 samples justifies the theory that the material can be modeled as transversely 

isotropic.  

Table 37: Comparison of deep and shallow beam flexure results 

 

s:d
1.5:1 8:1 1607 46.6 3.4
1:1.5 12:1 1627 43.7 6.9
1.5:1 8:1 1625 46.3 3.2
1:1.5 12:1 1613 43.5 8.5
1.5:1 8:1 1607 46.7 5.0
1:1.5 12:1 1785 46.3 6.7
1.5:1 8:1 1617 45.2 3.0
1:1.5 12:1 1766 46.4 5.5
1.5:1 8:1 1441 19.7 ⏤
1:1.5 12:1 1681 18.1 ⏤
1.5:1 8:1 1729 41.0 1.2
1:1.5 12:1 1766 36.6 1.2
1.5:1 8:1 1613 41.3 1.3
1:1.5 12:1 1840 42.3 2.4

XZ-45

ZX-0

XZ-0

XY-0

d:w Orientaion

Flexural 
Modulus 

(MPa) 

Stress at 
Max Load 

(MPa)
Plastic Drift 

(%)

YX-0

YZ-0

XY-45
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Figure 70 are plots of the Load vs drift for four significant orientations in the two 

span-to-depth ratios investigated. Figure 70a shows the XY-0 and YX-0 plots for both 

span-to-depth ratios. The significance of this plot is the similar behavior shown by XY-0 

and YX-0 samples, which further justifies the assumption that the material behavior is 

almost transversely isotropic. The plots in Figure 70b further confirm this by showing the 

XZ-0 and YZ-0 samples. These samples show more variability, notably in the plastic 

deformation; however, the behavior still lends itself to the transversely isotropic 

assumption.  

 
(a) XY-0 and YX-0 

 
(b) XZ-0 and YZ-0 

Figure 70: Force-drift plots of flexure samples printed rotated 90-degrees around 
Z-axis 

Table 38 presents the flexural modulus, stress at the maximum load, and the 

plastic drift of all of the depth-to-width samples built in the XY-0 orientation. The 

flexural modulus is consistent for all samples with a coefficient of variation of 9%, more 

notably, the calculated stress at the maximum load was more consistent for all XY-0 

samples with a coefficient of variation of only 4.3%. The deep beam had the lowest 

modulus, followed by the shallow beam, both with span-to-depth ratios less than the 
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ASTM standard. As the depth-to-width ratio decreases, no clear trends present 

themselves and overall the XY-0 samples behave consistently. 

Table 38: Comparison of all XY-0 flexure samples 

 

Table 39 looks at the differences between the samples built in the XZ-0 

orientation. The deep beam, with a depth-to-width ratio of 1.5:1 has a notably lower 

flexural modulus thsan the other samples. The coefficient of variation of the flexural 

modulus for all of the samples is only 8%; however, this is reduced to 4% if the deep 

beam sample is removed. It is expected that the deep beam would demonstrate the most 

different flexural behavior as shear behavior typically becomes present in deeper beams 

as oppposed to strictly relying on bending. The surprising outcome of the in depth 

flexural study is that the deep beam is not the outlier in all of the build orientations. The 

next most noticeable exception is the sample with a span-to-depth ratio of 1:1.5. This 

sample, along with the deep beam (1.5:1) sample have a smaller span-to-depth ratio than 

the other four samples. As will be seen in table, these samples continue to be outliers. 

The plastic drift of these two samples is greater than the plastic drift of the ASTM 

s:d
1.5:1 8:1 1607 46.6 3.4
1:1 16:1 2009 46.4 4.26

1:1.5 12:1 1627 43.7 6.9
1:2 16:1 1703 42.5 8.58
1:3 16:1 1644 42.5 9.20
1:4 16:1 1628 42.9 9.74

Average 1703 44 7

COV (%) 9.0 4.3 38.0

Orientaion

Flexural 
Modulus 

(MPa) 

Stress at 
Max Load 

(MPa)
Plastic 

Drift (%)

XY-0

d:w
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samples, once again formalizing the correlation between a lower flexural modulus and 

greater ductility.  

Table 39: Comparison of all XZ-0 flexure samples 

 

Table 40 shows the behavior of the samples in the ZX-0 orientation. Again, the 

1.5:1 sample has a much smaller flexural modulus than the other samples. Additionally, 

as seen with the XZ-0 samples, the 1:1.5 samples are also less stiff than the ASTM 

samples. This again seems to be a factor of the reduced span-to-depth ratio. 

Table 40: Comparison of all ZX-0 flexure samples 

 

s:d
1.5:1 8:1 1607 46.7 5.0
1:1 16:1 1962 43.2 3.33

1:1.5 12:1 1785 46.3 6.7
1:2 16:1 1946 43.5 4.50
1:3 16:1 1987 45.6 3.38
1:4 16:1 1956 44.2 4.07

Average 1874 45 4

COV (%) 8.0 3.3 28.1

Flexural 
Modulus 

(MPa) d:w Orientaion

Stress at 
Max Load 

(MPa)
Plastic 

Drift (%)

XZ-0

s:d
1.5:1 8:1 1441 19.7 ⏤
1:1 16:1 1886 18.0 ⏤

1:1.5 12:1 1681 18.1 ⏤
1:2 16:1 1861 19.0 ⏤
1:3 16:1 1788 20.0 ⏤
1:4 16:1 1868 19.4 ⏤

Average 1754 19 ⏤
COV (%) 9.7 4.4 ⏤

ZX-0

d:w Orientaion

Flexural 
Modulus 
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Stress at 
Max Load 

(MPa)
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Finite Element Analysis of Span-to-Depth Investigation  

Mamadapur (2010) stated in his thesis that additional research should be done on 

using the developed material models in finite element analyses on beams with shorter 

span-to-depth ratios. The 16:1 span-to-depth ratio prescribed by ASTM (2017) is aimed 

at having the load carried strictly through bending. Smaller span-to-depth ratios will have 

shear behavior present during beam loading. Determining if the developed material 

models can account for this behavior is an important step. 

Depth-to-width 1.5:1 Span-to-depth 8:1 
Samples  

Finite element analyses were completed for the seven samples with a depth of 15 

mm, a width of 10 mm, and a span of 120 mm. The seven orientations tested are shown 

with their labels in Figure 59.  

Again, two analyses were completed on the geometry of the samples, one using a 

linearly elastic isotropic material model where the modulus was the average of all the 

moduli for the seven samples calculated using classical beam theory and the second 

analysis used an orthotropic model employing the engineering constants found from the 

tensile tests. The orthotropic model was oriented for the XY-0 build orientation and no 

other build orientations were investigated. As can be seen in Figure 71, the isotropic 

model, shown by the blue dashed line, was less stiff than the physical results and the 

orthotropic FEA results. The results of the FEA using the orthotropic material model are 

shown by the red dash-dot line, this analysis resulted in stiffer predictions than the actual 

test results, these results would be stiffer if another material model orientation were used 
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because the XY-0 tensile samples had the smallest elastic modulus. The modulus of the 

tensile tests was found to be greater than the modulus calculated by the flexure tests, 

additionally, the isotropic model should have been more accurate as it was calculated 

from these test results. A possible reason that the orthotropic results were stiffer is that 

with a deeper beam shear behavior would have more of an impact than the ASTM 

samples.  Additionally, the increased load carried by these beams relative to the ASTM 

beams resulted in an increased linear region which is also a reason these results were 

better predicted by the linear material models. 

 
Figure 71: Deep beam load-drift response with FEA isotropic and orthotropic 

material models 

Table 41 presents the measured stiffness of the seven samples calculated using 

classical bean theory of the physical results divided by the predicted stiffness from the 

finite element analyses, one analysis performed with the orthotropic material model and 

the second analysis done with an isotropic model calculated as the average stiffness of all 

seven samples. The average and coefficient of variation for both material models 
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analyzed is also presented in the table. Again, this table demonstrates that the analysis 

performed using the orthotropic material model over predicted the stiffness for all but one 

orientation. Additionally, these analyses provided accurate predictions with the largest 

deviation occurring for the ZX-0 sample. The FEA using the isotropic material model 

underpredicted the stiffness of the actual samples for all orientations aside from the ZX-0 

sample. In Figure 71, it appears that the orthotropic material model is more accurate; 

however, comparing the average of the measured stiffness over the predicted stiffness, 

the isotropic model does a slightly better job of predicting the results. The deviation from 

1.0, a perfect match, of the isotropic model on average is 0.04 and the deviation of the 

orthotropic model is 0.06. Again, both of these results are promising and demonstrate the 

potential to model the behavior using either method if failure, yielding, and plastic 

displacement are accounted for.  

Table 41: Comparison of FEA and actual results of deep beam flexure samples 

 

 

 

Isotropic Orthotropic

Orientation Kmeas/Kpred Kmeas/Kpred

XY-0 1.0397 0.9385

YX-0 1.0477 0.9457

XZ-0 1.0405 0.9392

YZ-0 1.0448 0.9431

XY-45 1.1194 1.0105

XZ-45 1.0452 0.9434

ZX-0 0.9432 0.8514

Average 1.0401 0.9388

COV 4.93 4.93
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FEA Depth-to-width 1:1.5 Span-to-depth 12:1 
Samples  

Finite element analyses were completed for the seven samples with a depth of 10 

mm, a width of 15 mm, and a span of 120 mm. The seven orientations tested are shown 

with their labels in Figure 68.  

Figure 72 shows the plot of all seven build orientations along with the results 

predicted by the FEA using both the isotropic material model, shown by the blue dashed 

line, and the orthotropic material model, shown by the red dash-dot line. As with the 

previous analyses performed on the samples with a height of 15 mm, the analyses of 

these samples resulted in a stiffer prediction using the orthotropic model than the 

isotropic model. Furthermore, both analyses appear to make better predictions of the 

actual behavior than the analyses performed for the ASTM samples. This result occurs 

even when not orienting the analysis material properties to match the build orientation of 

the individual orientations.  

 
Figure 72: Shallow beam load-drift response with FEA isotropic and orthotropic 

material models 
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Table 42 displays the measured stiffness divided by the predicted stiffness for 

both the analyses, one with the orthotropic material model and the second with the 

isotropic material model determined as the average stiffness of all build orientations 

calculated using classical beam theory. As with the samples with a height of 15 mm, the 

orthotropic model overpredicts the strength of the actual behavior. The isotropic model 

overpredicts the stiffness for all but two of the build orientations. Again, the isotropic 

model is more accurate overall which is to be expected as it is calculated from the actual 

data. However, the orthotropic provides a good representation of the behavior. 

Table 42: Comparison of FEA and actual results of shallow beam flexure samples 

 

 

Isotropic Orthotropic

Orientation Kmeas/Kpred Kmeas/Kpred

XY-0 0.9740 0.8722

YX-0 0.9653 0.8644

XZ-0 1.0707 0.9588

YZ-0 1.0684 0.9567

XY-45 1.0569 0.9464

XZ-45 1.1010 0.9859

ZX-0 1.0058 0.9006

Average 1.0346 0.9264

COV 5.09 5.09


