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ABSTRACT

Modern computational geometry plays a critical role across a vast number of
diverse research fields where theoretical results for provably efficient algorithms are
necessary. Many of these problems are based on matching geometric objects or finding
paths through given points with polygonal curves. This work focuses on the study
and application of polygonal curves with respect to the discrete Fréchet distance.
We look at protein backbone structure alignment, comparison, and simplification.
Previous work has largely focused on using the RMSD (Root Mean Square Deviation)
distance measure. We build upon recent work demonstrating the benefits of the
discrete Fréchet distance in this area, and present the first alignment algorithm based
on the discrete Fréchet distance and compare our results with previous work.
To address visualization, the chain pair simplification problem (CPS-3F) was proposed in 2008 to simultaneously simplify two chains with respect to each other under
the discrete Fréchet distance. The complexity of CPS-3F is unknown, so we present
algorithms to address CPS-3F instances efficiently. We give a greedy backtracking
heuristic and two factor-2 approximation algorithms for CPS-3F. We give empirical
results for the heuristic and for one of the approximations, CPS-3F+ . Further, we
provide dynamic programming solutions for many other CPS-3F properties. Chain
pair simplification based on the Hausdorff distance (CPS-2H) is known to be NPcomplete, and we prove the constrained version (CPS-2H+ ) is also NP-complete.
We then investigate the discrete map matching and discrete set-chain matching
problems and variations of them. The map matching problem is to find a path in
a graph with a minimal Fréchet distance to a given polygonal line. The set-chain
matching problem attempts to find another polygonal curve with nodes from a given
point set. We prove the complexities of many of these problem variations when given
a maximal number of vertices or points allowed, and when the paths are unique. Some
of which are NP-complete and others we give a dynamic programming solution to.
Finally, many of the algorithms that we developed have also been implemented
and released as a software library, named The Fréchet-based Protein Alignment &
Comparison Toolkit (FPACT).

1
CHAPTER 1

INTRODUCTION

1.1 Motivation

Modern computational geometry plays a critical role across a vast number of
diverse research fields. Theoretical results with efficient algorithms, whether heuristic, approximate, fixed-parameter tractable, etc., are necessary and applied in such
disparate areas as protein structure alignment, Wi-Fi hotspot placement, pattern
matching, computer vision, map routing and other GIS services, speech and handwriting processing, and a countless number of other applications.
Many of these problems are based on matching geometric objects and finding paths
through designated points. The problems largely deal with, or can be abstracted to,
polygonal curves, which we will focus on. The study of polygonal curves is not only
imperative to many geometric applications, but some of these path problems are
also fundamental, such as ordering, and are used to define complexity classes and
completeness.
There are many measures that are commonly used with parametric curves. The
Fréchet distance is often used when comparing two curves and can be described as
a dissimilarity measure because the distance is a measure of how different the two
curves are from each other [4]. When we examine polygonal curves, this calculation
is much easier and can be done efficiently in O(mn log mn) time [5]. However, for
many problems we are often only concerned with the nodes along the path and not
the edges. For instance, our data may be sampled from a time series and thus we
have ordering, but we may not be able to accurately infer information between the
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sampled data. This led to the discrete Fréchet distance, which was first defined in
the early 1990s [6].
Despite being well-known, the discrete Fréchet distance has not been studied or
applied in many areas where other measures – such as the standard Fréchet distance, root mean square deviation, or the Hausdorff distance – are considered the
standard benchmarks. Motivated by some biological, visualization, and map routing
applications, we utilize the discrete Fréchet distance and show many positive results.
Further, we analyze many unique aspects of the discrete Fréchet distance.

1.2 Overview

We begin with an overview of the research and many of the problems that are
covered in the dissertation.
The discrete Fréchet distance is only a measure of the similarity of two polygonal curves from their current position in space, so we begin our synopsis with the
alignment of the two curves first. The optimal alignment problem, as defined in [1],
between two 3D chains under the discrete Fréchet distance takes O(m7 n7 log(m + n))
time to solve [1]. Due to the high time complexity they proposed a heuristic method
not dependent on the discrete Fréchet distance. In our first publication [2], we revisited the optimal alignment problem by proposing a possible PTAS heuristic algorithm
in which all translations and rotations were based on the current discrete Fréchet distance of the two chains. We also showed that this was at worst a 2-approximation
algorithm for the optimal alignment problem. The new algorithm provided better
alignment results than the previous method for all empirical evaluations. This is
reviewed in Chapter 3.

3
We also focused on another problem related to pairs of polygonal chains: simplification. Assuming two chains are optimally aligned, in what meaningful way can
we simplify them with respect to each other? Can the chains be simplified such that
their relationship maintains certain qualities of their similarity after simplification?
Further, what are these qualities and how are they useful? To shed light on these
questions, we utilized the Chain Pair Simplification (CPS) problem (Section 2.5) [7].
Specifically, CPS-3F – where the two chains and their comparison to each other are
all simplified via the discrete Fréchet distance (we address other variations later).
The initial motivation for this problem was visualization of aligned protein backbones. Given that protein backbones can have as many as 500∼600 vertices (α-carbon
atoms) in each chain, even with an optimal alignment, visualizing the similarity of
two chains is difficult unless those chains are nearly identical. Our initial approach
for CPS-3F was an efficient O(n) greedy back-tracking algorithm [2]. This heuristic
method was useful for efficiently handling pairs of extremely long chains. Using
this heuristic with our alignment algorithm yielded positive results when empirically
evaluated on protein backbone chains. However, the greedy nature of the method
makes evaluating and controlling the simplification between the two chains difficult,
even though the intra-chain simplifications are well-behaved. Chapter 4, Section 4.2
explains the algorithm and results in detail.
Our next approach was a dynamic programming algorithm which we showed was
at worst a 2-approximation to an optimal CPS-3F simplification [3, 8]. We achieved
this by defining the moving cost (Section 2.6) of the discrete Fréchet distance between
two chains, which is a property controlled by weakly increasing integer sequences [9],
but had never been defined or used as a measure on the discrete Fréchet distance.
This measure is also unique to the discrete Fréchet distance, and thus is not a special case of the continuous Fréchet distance because it is infinite between continuous
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curves. By minimizing the moving cost, we could exploit the inter and intra chain
relationships and we greatly improved on all of our previous empirical results. The
dynamic programming algorithm is not as efficient though, with a complexity between
O(mn) and O(m2 n2 ) depending on the input simplification parameters. The majority
of Chapter 4 is devoted to this solution.
Further, chain pair simplification under the Hausdorff distance (CPS-2H) is NPcomplete, and so we examined the complexity of CPS-2H under the constraint of
the moving cost. We proved that under this new measure, the problem is still NPcomplete [8], and this proof is given in Section 4.5.
Continuing in this vein of research, we have identified several other measurable
properties of the discrete Fréchet distance which can also be evaluated by similar
dynamic programming tactics. These have not been published and are discussed
in Chapter 5. Here, we prove that one of these properties, the minimum sum of
vertices for both chains, is also a factor-2 approximation for CPS-3F (Section 5.3.3).
Further, we discuss the number of walks, one-sided optimal simplification, and the
integral version. We also give an optimal solution for the minimum sum of the
distances of pairs of vertices in the simplified chains. Without the simplification, this
is equivalent to dynamic time warping (DTW) which is covered in detail in Section 2.7.
The relationship between the discrete Fréchet distance and dynamic time warping is
known [10], but little work has been done analyzing their similarities and differences,
and no work has been done with dual simplification.
In evaluating these properties, the latter part of Chapter 5 focuses on alternative
approaches to CPS-3F. Primarily with converting CPS-3F to a weighted directed
acyclic graph, and then looking at several properties of the graph. Overall, this
approach did not yield any new theoretical results, but may be beneficial in understanding CPS-3F and for eventually lowering the complexity of our 2-approximations.

5
To facilitate research using the discrete Fréchet distance we created a set of opensource libraries to run any of our algorithms based on the discrete Fréchet distance.
The Fréchet-based Protein Alignment & Comparison Toolkit (FPACT) libraries were
designed for easy access to the algorithms by being modular and format independent.
The libraries are written and available in both C# and Python [11], and we give a
brief synopsis of them in Chapter 8.
Another area of our investigation of the discrete Fréchet distance deals with the
discrete set-chain matching and map matching problems (Chapters 6 and 7, respectively). These problems were originally defined and analyzed based on the continuous
Fréchet distance [12, 13]. We not only examine them based on the discrete Fréchet
distance, but also generalize the problem definitions with new variations.
One application of the map matching problem is recreating the most likely path
of a vehicle on a road network given noisy GPS tracking data. Our work extends this
analogy to assume the GPS data may also be intermittent. Suppose that in certain
areas we have no connection with the GPS until some other point in time– we still
have a polygonal curve, but we can not depend on all edges of the line to be accurate
location data. Or similarly, situations exist where a person may check in periodically,
but keeping a constant connection is too costly due to coverage or power constraints.
The discrete set-chain problem could be viewed as finding cellular towers to ensure
coverage, given the route to travel and the maximum range of a tower. In the setchain matching problem, there is a polygonal curve P , a set of points S, and an ε > 0
given. The problem is to find another polygonal curve Q such that the nodes of Q
are points in S and the discrete Fréchet distance is dF (P, Q) ≤ ε. The map matching
problem is similar, except instead of a set of points, we have a planar graph G and
we must find a path through the graph that preserves the distance constraint. These
are formally defined with our generalizations in Chapters 6 and 7.
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We extend the problems in a few ways. The original works allow points/vertices
to be used multiple times in Q, and they are only concerned whether such a path
exists. We state the problems as minimization problems where we look at minimizing
either the nodes of Q or the set of points/vertices from S/G used as nodes of Q.
These still assume non-unique nodes in Q, so we also examine the problems given
unique nodes, i.e., any point or vertex can only be used as a node in Q once. Note
that when looking at unique nodes, minimizing |Q| is equivalent to minimizing the
set of points/vertices since they can only be used once. We provide optimal solutions
via dynamic programming for the problems which are polynomial, and we prove that
several of the problems are NP-complete.
In Chapter 9 we conclude with a summary of many of the main results.
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CHAPTER 2

PRELIMINARIES

Here, we briefly overview the background material necessary for the work presented. References are also given for a more complete and thorough treatment of the
concepts being used.

2.1 Polygonal Curves

We first overview the parametric definition of polygonal curves since our research
is based on an investigation of this fundamental geometric structure. We look at the
natural parameterization of polygonal curves [5, 14, 9, 13].
Let α : [0, p] → Rd be a polygonal curve in Rd , which consists of p line segments
ᾱi := α|[i,i+1] for i ∈ {0, 1, . . . , p−1}. Each line segment ᾱi is affine and parameterized
by its natural parameterization, i.e., α(i+λ) = (1−λ)α(i)+λα(i+1) for all λ ∈ [0, 1].

2.2 The Fréchet Distance

The Fréchet distance was first defined by Maurice Fréchet in 1906 as a measure of
similarity between two parametric curves [4]. Subsequently, it has become a standard
measure between parametric curves used in many areas. The Fréchet distance is
typically explained as the relationship between a person and a dog connected by a
leash walking along the two curves and trying to keep the leash as short as possible.
The maximum length the leash reaches is the value of the Fréchet distance. This
common analogy has led to the term “dog-walking distance” sometimes being used.
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We first define parameterized continuous curves and then formally give the standard
definition for the Fréchet distance [5, 14].
Definition 1. A continuous parameterized curve A ∈ Rd can be represented by a
continuous mapping f : [a, b] → Rd such that a, b ∈ R and a < b.
Definition 2. A monotone reparameterization α is a continuous non-decreasing function α : [0, 1] → [0, 1] such that α(0) = 0 and α(1) = 1.
Definition 3. Given two curves, A, B in a metric space, the Fréchet distance,
dF (A, B) is defined as

dF (A, B) = inf max {d (A(α(t)), B(β(t)))}
α,β t∈[0,1]

where α, β range over all monotone reparameterizations and d (·, ·) represents the
Euclidean distance, and inf is the infimum.
In the early 1990s, the Fréchet distance was applied to polygonal curves by Alt
and Godau [15, 5]. With the restriction of polygonal curves, they proved the Fréchet
distance can be found between two curves A, B efficiently with a time complexity of
O(mn log mn) where m = |A|, n = |B|. Godau also showed that the decision version
of the problem could be solved in O(mn) time [16].

2.3 The Discrete Fréchet Distance

In 1994 Eiter and Mannila defined the discrete Fréchet distance as an approximation of the Fréchet distance to be used between two polygonal chains using only the
nodes along the chains for the measurements [6]. They also referred to this discrete
form as the coupling distance which is used synonymously. Furthermore, they proved
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the discrete version can be computed in O(mn) time where m, n are the number of
vertices in each polygonal chain. A rigorous look at the definition of the discrete
Fréchet distance was also done by Mosig et al. in 2005 [9].
We first give the formal definition, and then an equivalent alternate definition
that is beneficial for our research. We use d (a, b) to represent the Euclidean distance
between two 3D points a and b, but it can be replaced with another distance measure,
depending on applications.
Definition 4. The discrete Fréchet distance dF between two polygonal curves f :
[0, m] → Rk and g : [0, n] → Rk is defined as:
(
dF (f, g) =

min

max




d f (σ(s)), g(β(s))

)

σ:[1:m+n]→[0:m],β:[1:m+n]→[0:n] s∈[1:m+n]

where σ and β range over all discrete non-decreasing onto mappings of the form
σ : [1 : m + n] → [0 : m], β : [1 : m + n] → [0 : n].
For our alternate definition, we use the graph-theoretic term “paths” instead of
the geometric term “polygonal chains” because our definition makes no assumption
that the underlying space of points is geometric. Given two paths, we define their
discrete Fréchet distance as follows.
Definition 5. Given a path P = hp1 , . . . , pn i of n vertices, a t-walk along P is a
partitioning of P along the path into t disjoint non-empty subpaths {Pi }i=1..t such
that Pi = hpni−1 +1 , . . . , pni i and 0 = n0 < n1 < · · · < nt = n.
Definition 6. Given two paths A = ha1 , . . . , am i and B = hb1 , . . . , bn i, a paired
walk along A and B is a t-walk {Ai }i=1..t along A and a t-walk {Bi }i=1..t along B for
some t, such that, for 1 ≤ i ≤ t, either |Ai | = 1 or |Bi | = 1 (that is, either Ai or Bi
contains exactly one vertex).

10
Definition 7. The cost of a paired walk W = {(Ai , Bi )} along two paths A and B
is
dW
F (A, B) = max
i

max

(a,b)∈Ai ×Bi

d (a, b).

Definition 8. The discrete Fréchet distance between two paths A and B is

dF (A, B) = min dW
F (A, B).
W

A paired walk that achieves the discrete Fréchet distance between two paths A and
B is called a Fréchet alignment of A and B.
If we revisit the dog-walking analogy, we consider the scenario in which a person
walks along A and a dog along B. Intuitively, the definition of the paired walk is
based on three cases:
1. |Bi | > |Ai | = 1: the person stays and the dog hops forward;
2. |Ai | > |Bi | = 1: the person hops forward and the dog stays;
3. |Ai | = |Bi | = 1: both the person and the dog hop forward.
The following figure shows the relationship between the discrete and continuous
Fréchet distances. In Figure 2.1(a), we have the two chains ha1 , a2 , a3 i and hb1 , b2 i,
the continuous Fréchet distance between the two is the distance from a2 to segment
b1 b2 , i.e., d (a2 , o). The discrete Fréchet distance is d (a2 , b2 ). The discrete Fréchet
distance could be quite larger than the continuous distance. On the other hand, with
enough sample points on the two chains, the resulting discrete Fréchet distance, i.e.,
d (a2 , b) in Figure 2.1(b), closely approximates d (a2 , o).
With enough evenly sampled nodes the discrete Fréchet distance can closely approximate the continuous version. The relationship between the discrete Fréchet
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(a)

(b)

Figure 2.1: The relationship between the discrete and continuous Fréchet distance
where o is the continuous and the dotted line between nodes is the discrete. (a) shows
a case where the chains have fewer nodes and a larger discrete Fréchet distance, while
(b) is the same path with more nodes, and thus provides a better approximation of
the Fréchet distance.

distance (dF ) and the continuous Fréchet distance (dF ) is known to be bounded by
the following equation.

dF (A, B) ≤ dF (A, B) ≤ dF (A, B) + max{la , lb }

where A and B are polygonal curves, and la , lb are the longest edges on A, B, respectively [14, 6].
Eiter and Mannila showed that with a standard dynamic programming approach,
it is not hard to obtain the following theorem for the discrete Fréchet distance.
Theorem 1. [6] The discrete Fréchet distance between two paths with m and n vertices respectively can be computed in O(mn) time.
In two dimensions, it was recently shown that subquadratic time is possible, but
log log n
) time.
the difference is marginal [17]. The new algorithm still requires O( mn log
n
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2.4 The Hausdorff Distance

The Hausdorff distance was first defined by Felix Hausdorff in 1914 [18]. Since
its introduction, the Hausdorff distance has become one of the most widely used
similarity measures across many disciplines. Definition 9 is taken from [19].
Definition 9. Let X and Y be two non-empty subsets of a metric space (M, d)
where M is the space and d the distance measure. We define their Hausdorff distance
dH (X, Y ) by
dH (X, Y ) = max{sup inf d(x, y), sup inf d (x, y)},
x∈X y∈Y

y∈Y x∈X

where sup represents the supremum and inf the infimum.
In this work we largely focus on the Fréchet distance, but understanding the
difference between the Hausdorff distance and the Fréchet distance is important.
Figure 2.2 shows a classic example used to demonstrate this difference. There are
two polygonal curves which intersect repeatedly. Due to this crossing the Hausdorff
distance is less than or equal to δ, however, because the curves zigzag in different
directions the Fréchet distance is greater than 2δ.

Figure 2.2: Two polygonal curves that highlight the difference between the Fréchet
distance and the Hausdorff distance. Here dH ≤ δ, but dF > 2δ.
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This example shows how the Fréchet distance is more dependent on the actual
flow of the curves themselves. The actual figure is based on the example given in [15]
by Alt et al.

2.5 Chain Pair Simplification

In 2008, the chain pair simplification problem in three dimensions under the discrete Fréchet distance was defined in order to allow better visualization of two polygonal chains [7]. The problem not only allows better visualization of the two chains in a
simplified form, but it also keeps and exploits the characteristic similarities that exist
between the chains. Although the problem does not necessarily need to be limited
to only 3D space, we state the original decision problem as it was defined relating to
protein backbone chains.
Definition 10 The Chain Pair Simplification (CPS) Problem.
Instance: Given a pair of 3D chains A and B, with lengths O(m), O(n) respectively,
an integer K > 0, and three real numbers δ1 , δ2 , δ3 > 0.
Problem: Does there exist a pair of chains A0 , B 0 , each of at most K vertices, such
that the vertices of A0 , B 0 are from A, B respectively, and d1 (A, A0 ) ≤ δ1 , d2 (B, B 0 ) ≤
δ2 , dF (A0 , B 0 ) ≤ δ3 ?
When d1 = d2 = dF , the problem is called CPS-3F since all three distance measures are the discrete Fréchet distance. When d1 = d2 = dH (the Hausdorff distance),
the problem is called CPS-2H since two of the distances are Hausdorff. CPS-2H was
proven to be NP-complete [7], but the complexity of CPS-3F is unknown.
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2.6 The Moving Cost

Here, we use the theory of weakly increasing integers [9] with simultaneous simplification to define what we call the moving cost of the alignment between two chains.
Definition 11. The moving cost of a paired walk W = {(Ai , Bi )} is

mW
c (Ai , Bi ) = max{|Ai |, |Bi |}

(2.1)

The moving cost of a paired walk W between A and B is

mW
c (A, B)

=

t
X

mW
c (Ai , Bi ).

(2.2)

i=1

The moving cost for A and B is the sum of the number of “hops” the man or dog
make along the two chains. However, when they both move at once, this only counts
as a single move. In other words, it is the number of pairs of points, or matched
points, between the chains used in calculating the discrete Fréchet distance.
In Figure 2.3 we show a very simple example of two chains that can be simplified
in two possible ways. In Figure 2.3(a) the moving cost is six and the number of nodes
for each chain is four, and in Figure 2.3(b) the moving cost is still six, yet the number
of nodes is now five in each chain.
We can prove some nice properties of the moving cost, such as the complexity
being polynomial and its ability to approximate the number of vertices. As we make
use of later, max(|A|, |B|) ≤ mW
c (A, B) ≤ |A| + |B| − t for a paired t-walk W along
A and B. This is because in any paired walk (Ai , Bi ), the moving cost is at least
max{|Ai |, |Bi |} and at most |Ai | + |Bi | − 1. This is the motivation for our variant of
CPS-3F and CPS-2H.
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(a)

(b)

Figure 2.3: The difference between the number of nodes and the moving cost. Suppose
that both (a) and (b) are valid simplifications of two chains. They have the same
moving cost, yet (a) only has four nodes in each of the simplified chains, but in (b)
both chains have five nodes.

Definition 12 The Constrained Chain Pair Simplification (CPS+ ) Problem.
Instance: Given a pair of 3D chains A and B, with lengths O(m), O(n) respectively,
an integer K 0 > 0, and δ1 , δ2 , δ3 ∈ R+ .
Problem: Does there exist a pair of chains A0 , B 0 where the vertices are from A, B,
0
0
0
respectively, such that for some paired walk W between A0 , B 0 , mW
c (A , B ) ≤ K ,

and d1 (A, A0 ) ≤ δ1 , d2 (B, B 0 ) ≤ δ2 , dF (A0 , B 0 ) ≤ δ3 ?
When d1 = d2 = dF , we call the problem CPS-3F+ , and when d1 = d2 = dH , the
problem is denoted CPS-2H+ .

2.7 Dynamic Time Warping

Another parametric distance measure is Dynamic Time Warping (DTW), and it
was first introduced by Vintsyuk in 1968 in the field of speech processing [20]. The
last 15 years it has been used largely in the data mining community as a method for
comparing, indexing, and learning with temporal and spatial data.
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Dynamic time warping has been developed extensively in many areas for specific
applications. The idea is related to the discrete Fréchet distance, but differs in finding
the minimum sum between points as opposed to the minimum maximum distance
between any two pairs. We state the definition in a similar manner to the discrete
Fréchet distance. Our formulation of the definitions is from Muller [21], which is
recommended for a more thorough explanation of DTW and the surrounding research.
Definition 13. Given two sequences A = ha1 , . . . , am i and B = hb1 , . . . , bn i in a
feature space F and a cost function based on the distance function d . An (M, N )warping path is a continuous monotone reparameterized sequence p = hp1 , . . . , pl i
of A, B such that p1 = (a1 , b1 ) and pl = (am , bn ).
Definition 14. The total cost of a warping path p between A and B is defined as

cp (A, B) =

L
X

d (aml , bnl ).

l=1

Definition 15. Now the optimal warping path is a warping path having the minimal total cost among all feasible warping paths. Thus, dynamic time warping is
defined as
DT W (A, B) = min cp (A, B),
for all feasible warping paths p.
The standard formal definition is based on the parameterization of the two sequences.
Definition 16. The dynamic time warping distance (DT W ) between two polygonal
curves f : [0, m] → Rk and g : [0, n] → Rk is defined as:

DT W (f, g) =

min
σ:[0:Q]→[0:m], β:[0:Q]→[0:n]

kf ◦ σ, g ◦ βk2
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where σ and β range over all discrete non-decreasing onto mappings of the form
σ : [0 : Q] → [0 : m], β : [0 : Q] → [0 : n] ∀Q ∈ [max(m, n), m + n].
To see the relationship between dynamic time warping and the discrete Fréchet
distance, we can slightly modify the definition of the discrete Fréchet distance (Definition 4). Note that we can remove the max function if we are in an L∞ normal space
[22]. Then the definition is as follows:
Definition 17. The discrete Fréchet distance (dF ) between two polygonal curves
f : [0, m] → Rk and g : [0, n] → Rk in the L∞ -norm is defined as:

dF (f, g) =

min
σ:[1:m+n]→[0:m], β:[1:m+n]→[0:n]

kf ◦ σ, g ◦ βk∞

where σ and β range over all discrete non-decreasing onto mappings of the form
σ : [1 : m + n] → [0 : m], β : [1 : m + n] → [0 : n].
In a sense, we are only changing the L-norm in which we find the parametric
distance. Both have advantages and disadvantages when comparing two polygonal
curves. The combination of the two provides a much greater insight into how similar
the two curves are.
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CHAPTER 3

ALIGNMENT OF POLYGONAL CURVES

In this chapter we cover the research that we have done regarding protein backbone
alignment. We overview the applications, related work, our motivation, the algorithm,
and then provide our empirical results. These highlight the algorithm contributions
and the benefits of our alignment.

3.1 Application and Related Work

The alignment and comparison of polygonal chains have been well studied in
several fields including computer vision, bioinformatics, computational geometry, and
parametric curve approximations [23, 24, 25]. Within structural biology, polygonal
chain similarity is one of the central problems of protein research. In general, it
is believed that a protein’s structure implies its function, and thus to compare the
functionality of proteins their structures must be compared [26]. This is known to
be true for certain situations, especially with homologous traits between proteins,
and in general the empirical evidence between proteins is in agreement [27, 26]. The
structure is defined by the α-carbon atoms of the residues (amino acids) along the
backbone of each chain. These atoms represent the vertices that constitute our 3D
polygonal chains.
Since the structure of the protein is intrinsically related to its function, there have
been many software systems designed for protein structure alignment and comparison
in the last couple of decades. A few of the more well-known systems are MAMMOTH
[28], SCOP [29], DALI [30, 31], CATH [32], CE [33], ProteinDBS [34], SSAP [35],
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and 3D-BLAST [36]. None of these systems use the discrete Fréchet distance, and
the majority of the work previously done on protein global structure alignment and
protein local structure alignment uses the RMSD (root mean square deviation) distance measure. Given two m-vectors V1 = hu1 , u2 , ..., um i and V2 = hv1 , v2 , ..., vm i,
RMSD is defined as:
rP
RMSD(V1 , V2 ) =

− vi )2
.
m

i (ui

This gives an average pair-wise distance along the two vectors which provides some
insight into the similarity of the two chains, but the reliance on m shows one of the
major drawbacks of using RMSD. The comparison hinges on the necessity that the
two vectors be the same length and that the vertices at a given index in each chain be
pairwise similar. If we modified the chains at all we could receive very different RMSD
values. Suppose we are given two chains C1 , C2 with m vertices, and we then add some
vertices on C1 and C2 by alternatively duplicating/repeating some different vertices
in C1 and C2 to obtain C10 , C20 , then RMSD(C10 , C20 ) could be dramatically different
from RMSD(C1 , C2 ), even though geometrically C10 and C20 are just as close as C1
and C2 are. This suggests that a measure independent of the number of vertices or a
pair-wise alignment would be a better indication on the similarity of the two chains.
To achieve a more accurate measure of similarity between two protein structures,
Jiang et al. proposed using the discrete Fréchet distance for the protein backbone
comparison [1]. The two main problems they addressed were the alignment of the
two chains, and then the comparison itself. They showed that the optimal alignment
problem, as defined in [1], between two 3D chains under the discrete Fréchet distance
takes O(n7 m7 log(n + m)) time to solve [1]. Due to the high time complexity they

20
proposed a heuristic method not dependent on the discrete Fréchet distance. We
compare the results with our algorithm and show an improvement in alignment.

3.2 Alignment Under the Discrete Fréchet Distance

The optimal (global structure-structure) alignment problem is formally defined as
follows.
Definition 18. Given two 3D polygonal chains A and B, a transformation class T ,
and a distance measure d (−), find a transformation τ ∈ T such that dist(A, τ (B)) is
minimized.
Of course, in our case T contains both rotation and translation, and d = dF .
Let A = ha1 , a2 , ..., am i and B = hb1 , b2 , ..., bn i.

It was shown that the op-

timal alignment problem under the discrete Fréchet distance can be solved in
O(n7 m7 log(n + m)) time [1]. This is impractical in use, so Jiang et al. presented a
heuristic method which focuses on first aligning the center a of A and the center b of
B. (Given a 3D chain C of n vertices, the coordinates of each vertex ci of C is really
a vector ~ci , the center c corresponds to ~c =

P

ci
i~

n

.) Then a rotation is performed such

that 4a1 aam and 4b1 bbn are on the same plane. Finally, some local improvements are
performed until the discrete Fréchet distance cannot be further improved. While this
algorithm is still slower compared to some of the known software (like ProteinDBS
[34]), it can improve the accuracy in many situations [1].
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3.3 ALIGN Algorithm

We use a slightly different idea here. We can prove that if we first move B such
that b1 is located exactly at a1 and subsequently obtain an optimal solution, then
this solution is a factor-2 approximation for the optimal alignment problem (when a1
does not necessarily collide with b1 ). Of course, a factor-2 approximation may not
be accurate enough for many biological applications. Therefore, while colliding b1 at
a1 is our starting point, our algorithm goes beyond that. Our complete (heuristic)
algorithm is as follows.
While we are unable to prove that this algorithm is a polynomial time approximation scheme (PTAS) for the optimal alignment problem, we believe that for practical
data it is almost a PTAS. Now, we give some evidence that, when translating B
such that b1 collides with a1 and obtaining subsequently an optimal solution (with b1
sticking at a1 ), in fact gives us a factor-2 approximation for the optimal alignment
problem.
Lemma 1. Given two 3D polygonal chains A, B of length m, n respectively such that
the optimal dF (A, B) = , an optimal transformation τ aligning A and τ (B) such
that d(a1 , τ (b1 )) = 0 gives a 2-approximation for the optimal alignment problem.
Proof. Let ai ∈ A, bj ∈ B be the two vertices defining the optimal discrete Fréchet
distance d∗F (A, B) =  for the optimal alignment of A and B. Then, by definition d∗F (A, B) = d(ai , bj ); moreover, d(a1 , b1 ) ≤ d∗F (A, B) = . Now run a translation τ 0 for this optimal alignment such that τ 0 (b1 ) collides at a1 . Then obviously
dF (A, τ 0 (B)) ≤  + d(a1 , b1 ) ≤ 2. As τ is an optimal transformation with the con-
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Algorithm 3.1 ALIGN → Align two polygonal curves with rotation and translation
based on the discrete Fréchet distance.
Algorithm ALIGN(A, B):
Input: Two polygonal chains A = ha1 , ..., am i and B = hb1 , ..., bn i.
1. Translate B so that d(b1 , a1 ) = 0.
2. Let β be the midpoint of ham , bn i. Rotate B around the axis line (a1 , β) so that
d(am , bn ) is minimized. Let ai ∈ A and bj ∈ B be the two vertices such that
d(ai , bj ) = dF (A, B).
3. Initialize O∗ (A, B) ←− dF (A, B).
4. Loop until no improvement of O∗ (A, B) is made.
(a) Rotate until no improvement of O∗ (A, B) is made.
i. Let γ be the midpoint between a1 , b1 . Let µ be the midpoint between
ai , bj .
ii. Rotate B around the axis line (γ, µ) by θ such that −180 ≤ θ ≤ 180
and |θ| is the largest angle which results in dF (A, B) < O∗ (A, B).
iii. Update O∗ (A, B) ←− dF (A, B) and update ai , bj accordingly.
(b) Translate until no improvement of O∗ (A, B) is made.
−−→
i. Translate B along the vector bj ai by δ such that δ is the largest value
which results in dF (A, B) < O∗ (A, B).
ii. Update O∗ (A, B) ←− dF (A, B) and update ai , bj accordingly.
5. Return A, B, O∗ (A, B).

straint that d(a1 , τ (b1 )) = 0,
dF (A, τ (B)) ≤ dF (A, τ 0 (B)) ≤ 2.

In our algorithm, while initially we force b1 to collide with a1 in Step 1, the rotations and translations will generally separate them from each other. More precisely,
unless dF (A, B) = 0, they will be separated during the first translation.
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Figure 3.1: Example polygonal curves being aligned via rotation where the discrete
Fréchet distance is defined by d (ak , bl ).

Figure 3.1 shows an example alignment during the rotation step. The midpoint
between (ak , bl ) has been found and the vector from that midpoint to the midpoint
between (a1 , b1 ) has been drawn. This is the rotation axis that will hopefully allow
bl to move closer to ak and decrease the overall discrete Fréchet distance between A
and B.

3.4 Empirical Results

In [1], rigorous studies are performed regarding comparing protein backbone 107j.a
with the other seven chains from the Protein Database (PDB): 1hfj.c, 1qd1.b, 1toh,
4eca.c, 1d9q.d, 4eca.b, 4eca.d. These seven chains were reported to be similar to 107.j
by the ProteinDBS software (which takes a few seconds searching the whole PDB,
which contained over 30,000 protein backbones at that time). Using the discrete
Fréchet distance as distance measure, while taking much longer (close to one minute
for each pair), the heuristic algorithm in [1] reported that 3 of the 7 chains are in fact
not really similar to 107.j. ProteinDBS subsequently updated their webpage for this.
Here, in Table 3.1, we simply compare our ALIGN algorithm with that of [1]. We are
concerned primarily with accuracy. All distances are measured in Ångströms.
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Protein Chain (B)
1hfj.c
1qd1.b
1toh
4eca.c
1d9q.d
4eca.b
4eca.d

RMSD [1]
0.27
2.81
2.91
1.10
2.88
1.09
1.45

dF (A, B) [1]
1.01
22.90
35.09
6.01
22.18
5.76
5.92

dF (A, B) [2]
0.95
22.65
22.06
5.55
20.87
5.64
5.71

Table 3.1: Alignment with 107j.a (Chain A) where all eight chains have 325 vertices,
and the original work is [1] and our new algorithm, ALIGN, is [2].

3.5 Possible Improvement

Although we will not spend a lot of space on possible improvements, it is beneficial to discuss promising roads that may be interesting from an efficiency and an
algorithmic perspective.
Our algorithms make no assumptions about the input polygonal curves. However,
for our application we have a lot of additional information at our disposal. Often
additional knowledge to restrict the problem can be extremely beneficial. For proteins,
we know that the α-carbon atoms of the backbone are evenly spaced. This allows us
to do some simple sampling with bounds on the discrete Fréchet distance compared
to the full chain.
If we decide to sample every k th node, we still know approximately how good the
alignment is, and we have a bound on how large the discrete Fréchet distance may
be. Figure 3.2 shows a simple example of this where k = 2, and we have guaranteed
that every node sampled is within δ of the other chains sampled nodes. If we let the
fixed distance of all edges be x, then dF (A, B) ≤ k · x + δ, and the number of vertices
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Figure 3.2: Segments of two chains with a fixed distance between nodes, and every
other vertex aligned within δ of the other chain.

in a chain is |A0 | = |B 0 | ≤



n
s+1


. This assumes that both polygonal curves have the

same initial length, n, but this can be modified to be more flexible.
A dynamic version of this could be employed to iteratively align the curves from a
low sampled to highly sampled solution while maintaining the continually improving
bound on the discrete Fréchet distance.
Another area which might improve the alignment is to use dynamic time warping
in conjunction with the discrete Fréchet distance. As noted in Section 2.7, the discrete
Fréchet distance is intimately related to dynamic time warping. If we consider them
in terms of an L-norm, DTW is in L2 (Euclidean) and the discrete Fréchet distance is
the same parameterization in L∞ . In fact, our alignment algorithm would change very
little if based on DTW. The farthest pair between the two chains that is the dF (A, B)
will often be the same pair as the farthest two based on DTW(A, B). This should
allow the two chains to be better aligned as a whole. In a sense, dynamic time warping
is an intermediate measure between the discrete Fréchet distance and RMSD. Thus,
it may allow for a more accurate alignment and more dependable measure because
outliers will affect it less and it still considers every vertex in each curve.
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CHAPTER 4

CHAIN PAIR SIMPLIFICATION

Chain pair simplification is a significant portion of our discussion on the benefits of
the discrete Fréchet distance. In this chapter we will overview our work with CPS-3F
related to protein backbone simplification. After discussing the application in more
detail, we detail a heuristic and an approximation algorithm for CPS-3F and compare
them using the alignments discussed in the previous chapter.

4.1 Application

Given that protein backbones can have as many as 500∼600 vertices (α-carbon
atoms) in each chain, even with an optimal alignment, visualizing the similarity of
two chains is difficult unless those chains are nearly identical. To address this issue
the chain pair simplification (CPS-3F) problem was proposed by Bereg et al. in 2008
[7]. They were unable to show whether CPS-3F is NP-complete, but they proved that
the Hausdorff version of the problem (CPS-2H), which simplified the chains via the
Hausdorff distance, is NP-complete [7]. This led them to postulate that under the
discrete Fréchet distance the problem was likely to be NP-complete. In our previous
work [2] we used a heuristic O(n) time algorithm to simplify pairs of chains. Here,
we prove that a variation of CPS-3F, denoted as CPS-3F+ , is polynomially solvable,
and that it is a factor-2 approximation for CPS-3F. This restricted version is also
beneficial because as we simplify the proteins, we usually want to visually compare
the two backbone chains without distorting their lengths. However, we also look at
cases where uneven simplification may be beneficial for visualization. Further, we
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prove that the constrained version on CPS-2H, similarly denoted as CPS-2H+ , is
NP-complete.

4.2 CPS-3F Heuristic

Here we try to solve the CPS-3F problem with a practical solution. It is known
that the greedy method does not always work even for simplifying a single chain under
the discrete Fréchet distance, with some counterexample presented in [7]. Here, we
use a greedy backtracking method. Our ideas are as follows: (1) While greedy does
not always work, for protein backbones we have the implicit condition that for all
possible i d(ai , ai+1 ) ≈ 3.7 to 3.8 (Ångströms), i.e., the neighboring α-carbon atoms
in a protein backbone have an almost uniform length. With this condition a lot of
counter examples do not hold anymore. (2) To mend possible holes of the algorithm,
when we are stuck at a certain point (using the greedy method), we backtrack some
(constant) number of steps and retry the greedy method again. While this algorithm
does not generally lead to an optimal solution, it works well for practical protein data,
and we present some of those results in Section 4.4.
We first show a simple lemma which helps us to determine whether the input
could lead to an infeasible solution. Certainly, this lemma also implies that having
an almost optimal alignment of A and B, resulting in minimizing dF (A, B), is crucial
for the success of the simplification algorithm.
Lemma 2. Given two 3D polygonal chains A and B, if a solution (A0 , B 0 ) for CPS-3F
is found with dF (A, A0 ) ≤ δ1 , dF (B, B 0 ) ≤ δ2 and dF (A0 , B 0 ) ≤ δ3 , then dF (A, B) ≤
δ1 + δ2 + δ3 .
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4.2.1 SIMPLIFY Algorithm
Let B(b, δ) be a ball centered at point b with radius δ. Our heuristic algorithm for
CPS-3F assumes that A and B are almost optimally aligned. Step 1 of the algorithm
calls the ALIGN algorithm covered in Chapter 3 if the two chains have not been
aligned already.
The algorithm returns two simplified chains where |A0 | = |B 0 | = K whether they
could be simplified more or not. Thus, it is possible for consecutive nodes of A0 , B 0
to be equal, e.g. ai = aj = ar where ai , aj ∈ A0 , ar ∈ A. This duplication can easily
be taken out if the desire is that the chains be less than or equal to K rather than
only equal. Usually this difference in the simplification is insignificant, but it can be
beneficial occasionally.

4.2.2 Empirical Results
The results for the heuristic algorithm are in Tables 4.2 and 4.3. The setup and
values are discussed in detail in Section 4.4, so they can be easily compared with the
results from our approximation algorithm.

4.3 CPS-3F+ is a 2-approximation

The greedy nature of our heuristic method makes evaluating and controlling the
simplification between the two chains difficult and far from optimal. To improve these
results, we define a new metric on the discrete Fréchet distance called the moving cost.
Using the moving cost, we define a dynammic programming algorithm that minimizes
the new measure, and we prove that it is a 2-approximation algorithm for the optimal
CPS-3F solution.
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Algorithm 4.2 SIMPLIFY → Simplify the two curves for CPS-3F with a greedy
backtracking method.
Algorithm SIMPLIFY(A, B, K, δ1 , δ2 , δ3 ):
Input: Two polygonal chains A = ha1 , ..., am i and B = hb1 , ..., bn i, a positive integer
K, and three positive constants δ1 , δ2 , δ3 .
Output: Two simplified chains A0 = ha01 , ..., a0K i and B 0 = hb01 , ..., b0K i.
1. Run the algorithm ALIGN(A, B).
2. If dF (A, B) > δ1 + δ2 + δ3 , report ‘no valid solution’ and exit.
3. Initialize a01 ←− a1 , b01 ←− b1 , i ← 1, j ← 1.
4. Loop until i = j = K.
(a) Let hai,1 , ai,2 , ..., ai,p (= aI )i be the maximal subsequence of A which is
inside B(a0i , δ1 ) and let hbj,1 , bj,2 , ..., bj,q (= bJ )i be the maximal subsequence
of B which is inside B(b0j , δ2 ). (Note that a0i = ai,p0 for some p0 ≤ p and
b0j = bj,q0 for some q 0 ≤ q.)
(b) Let haI+1 , aI+2 , ..., aI+s i be the maximal subsequence of A which is inside
B(aI+s0 , δ1 ) and let hbJ+1 , bJ+2 , ..., bJ+t i be the maximal subsequence of B
which is inside B(bJ+t0 , δ2 ), with s0 ≤ s, t0 ≤ t.
(c) If d(aI+s0 , bJ+t0 ) ≤ δ3 , then
i. I ←− I + s, J ←− J + t,
ii. a0i+1 ←− aI+s0 , b0j+1 ←− bJ+t0 ,
iii. i ← i + 1, j ← j + 1.
(d) Else if d(a0i , bJ+t0 ) ≤ δ3 , then
i. J ←− J + t, b0j+1 ←− bJ+t0 ,
ii. j ← j + 1.
(e) Else if d(a0I+s0 , bj ) ≤ δ3 , then
i. I ←− I + s, a0i+1 ←− aI+s0 ,
ii. i ← i + 1.
(f) Else backtrack by successively letting a0i be ai,p0 −1 , ai,p0 −2 , ..., ai,1 and letting
b0j be bj,q0 −1 , bj,q0 −2 , ..., bj,1 , and loop over Steps (a) through (e). If neither i
nor j can be incremented over these pairs of a0i and b0j , exit with a report
‘no valid solution’.
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Figure 4.1: The rectangle ri,j constructed from subchains of A, B where d (ai , bj ) ≤ δ3 .
Here SA (ai , δ1 ) contains the vertices ai−1 to ai+2 , and SB (bj , δ2 ) contains the vertices
bj−1 to bj+1 . Thus, ri,j is defined by the min and max node indices in each subchain.

4.3.1 CPS-3F+ is Polynomial
In this section we present a polynomial time solution for CPS-3F+ . Several versions of the single chain simplification problem were addressed and shown to be polynomially solvable by Bereg et al. [7]. However, CPS-2H (where the Hausdorff distance
is used for d(A, A0 ) and d(B, B 0 )) was shown to be NP-complete and thus it is believed
that the Fréchet version might be as well. The solution presented here proves that
under the discrete Fréchet distance, the constrained chain pair simplification problem
(CPS-3F+ ) is polynomially solvable when the dimension is fixed. The algorithm
returns the optimal K 0 , specified in the definition of the decision problem, which is
equal to
0
0
mc (A0 , B 0 ) = min mW
c (A , B ),
W

(4.1)

among all feasible W . We now define several necessary terms and data structures.
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Given two polygonal chains A = ha1 , a2 , ..., am i, B = hb1 , b2 , ..., bn i, and constraints
δ1 , δ2 , δ3 ∈ R+ , we can design a dynamic programming algorithm to find the optimal
moving cost K 0 . First we let D = {(ai , bj )| ai ∈ A, bj ∈ B and d (ai , bj ) ≤ δ3 }. This
is the set of all pairs of nodes between the two chains which are at a distance of at
most δ3 from each other. Then we can define a matrix C of size m × n, which in any
cell Ci,j , contains the minimum number, K 0 , of pairs (ak , bl ) ∈ D, which given δ1 , δ2 ,
and δ3 simplify A and B via CPS-3F+ from (a1 , b1 ) up to (ai , bj ).
In order to maintain C, we need another data structure R and some other helpful
definitions that we will refer back to later.
Definition 19. We define SX (xi , δ) as the maximal continuous subchain containing
xi on the polygonal chain X such that all the vertices on this subchain are contained
in the sphere centered at xi with radius δ.
Definition 20. Now let ri,j be the rectangle defined as hmin(SA (ai , δ1 )), max(SA (ai , δ1 )),
min(SB (bj , δ2 )), max(SB (bj , δ2 ))i such that (ai , bj ) ∈ D (Figure 4.1). Here, min and
max refer to the minimum or maximum indexed element within SX (xi , δ).
For every pair in D, we envision the corresponding rectangles as being overlayed
on C. A rectangle ri,j covers all the cells of C that are analogous to the vertices in
SA (ai , δ1 ) ∪ SB (bj , δ2 ) as shown in Figure 4.1.
Our dynamic programming approach must take two different concurrent simplifications into account to find the minimum moving cost. First, the distance between
each original and simplified chain is represented by the sphere, SX (xi , δ), and captured
as part of a rectangle (Figure 4.1). Second, D represents the distance between the
two simplified chains. The two are combined by the rectangles where the height and
width capture the simplified vertices in A and B, respectively, and the number and
placement of those rectangles on C ties in the relationship between the two chains.
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For convenience we also define the set of all rectangles that a cell in C belongs
to: Qk,l = {ri,j |ak ∈ A, bl ∈ B and min(SA (ai , δ1 )) ≤ ak ≤ max(SA (ai , δ1 )) and
min(SB (bj , δ2 )) ≤ bl ≤ max(SB (bj , δ2 ))}.
Let R be a matrix of sets where the matrix is of size m by n, and R provides
information needed to fill out C by storing a list of rectangles for each cell. Ri,j
contains a set of rectangles (dynamic array) which pertain to the number of coverings
(rectangles) still viable at any (i, j) relating to the number already calculated for Ci,j .
These are computed by the recurrences in Equations 4.2 and 4.3, which are shown
along with the initial conditions for the relations.
Initial Conditions: Q1,1 6= ∅, R1,1 = Q1,1 , and C1,1 = 1.

Ci,j

Ri,j



if Qi,j ∩ Rk,l =
6 ∅
Ck,l ,
=
min
Ck,l + 1, if Qi,j ∩ Rk,l = ∅, Qi,j 6= ∅, Rk,l 6= ∅
(k,l)∈{(i-1,j),(i,j -1),(i-1,j -1)} 

N U LL, if Qi,j = ∅
(4.2)


Rk,l ∩ Qi,j , if Ci,j = Ck,l , Rk,l ∩ Qi,j 6= ∅
[
=
(4.3)
Q ,
if Ci,j = Ck,l + 1, Rk,l 6= ∅,
 i,j
(k,l)∈{(i-1,j),(i,j -1),(i-1,j -1)} 
Rk,l ∩ Qi,j = ∅

The idea is to find the minimum covered xy-monotone increasing path from (a1 , b1 )
to (am , bn ) which corresponds to C1,1 to Cm,n . This is the minimum path by basic
dynamic programming with all feasible options explored. If we visited a cell that was
not covered, that would mean one of the nodes is not covered by a pair in D. By
finding a minimum covered path, one guarantees that every column and every row
is covered by at least one rectangle which means all of the nodes of A and B are
covered.
The increasing xy-monotone path is necessary in the recurrence due to the definition of the discrete Fréchet distance. Without the requirement of a monotonically

33
increasing path we would be using the weak discrete Fréchet distance – a version of
the Fréchet distance that allows backtracking, or in terms of the analogy would allow
the man or the dog to walk backwards.
We first characterize the optimal substructure of CPS-3F+ as an optimization
problem given our definitions, and then show this yields the optimal solution for K 0
and thus decides CPS-3F+ .
Theorem 2. Optimal substructure of CPS-3F+ :
Let A = ha1 , . . . , am i and B = hb1 , . . . , bn i be two polygonal chains, δ1 , δ2 , δ3 ∈ R+ ,
and let Zi = hz1 , . . . , zi i be any CPS-3F+ solution such that every zj is a rectangle.
1. If (ak , bl ) is covered by zi where (k, l) ∈ {(m-1, n), (m, n-1), (m-1, n-1)}, then Zi
is a CPS-3F+ solution for Ak , Bl .
2. If (ak , bl ) is covered by zi−1 where (k, l) ∈ {(m-1, n), (m, n-1), (m-1, n-1)}, then
Zi−1 is a CPS-3F+ solution for Ak , Bl .
3. If (ak , bl ) is not covered by zi or zi−1 where (k, l) ∈ {(m-1, n), (m, n-1), (m-1, n1)}, then @ a CPS-3F+ solution for Ak , Bl .
Proof. 1) If zi covers (ak , bl ) where (k, l) ∈ {(m-1, n), (m, n-1), (m-1, n-1)}, then zi ∈
Qm,n ∩ Rk,l , and Ck,l = |Zi |. Suppose Ck,l 6= |Zi |, then for (ak , bl ) there are two
possibilities: either Ck,l > |Zi | or Ck,l < |Zi |. Ck,l > |Zi | implies the solution required
another rectangle at the previous step, but since the recurrence is monotonically
increasing this is impossible. If Ck,l < |Zi |, then given the addition of zi for (m, n)
implies zi ∈
/ Qm,n ∩ Rk,l , but that contradicts our assumption.
2) If zi−1 covers (ak , bl ), where (k, l) ∈ {(m-1, n), (m, n-1), (m-1, n-1)}, but not
(am , bn ) then zi ∈
/ Qm,n ∩ Rk,l , and Ck,l = |Zi−1 | = |Zi |-1. If we suppose Ck,l 6= |Zi−1 |,
then either Ck,l > |Zi−1 | or Ck,l < |Zi−1 |. If Ck,l > |Zi−1 |, then Ck,l = |Zi−1 |+1 = |Zi |,
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and since Zi is an optimal solution we have added another rectangle that must cover
(ak , bl ) and (am , bn ) in order to be a solution. However, this means ∃ zi ∈ Qm,n ∩ Rk,l ,
which contradicts our assumption. Suppose Ck,l < |Zi−1 |, then to cover (am , bn ) we
must add another rectangle, but that contradicts Zi being an optimal solution since
we have covered Am , Bn with |Zi |-1 rectangles.
3) Since @ any rectangles zi and zi−1 that cover both (am , bn ) and (ak , bl ), where
(k, l) ∈ {(m-1, n), (m, n-1), (m-1, n-1)}, then Qk,l = ∅ or Qm,n = ∅. By definition, if
no rectangles cover the cells, then there is no solution for Ak , Bl or Am , Bn .
Theorem 3. Constrained chain pair simplification, under the discrete Fréchet distance, is polynomially solvable, i.e. CPS-3F+ ∈ P.
Proof. Since we have shown that CPS-3F+ has an optimal substructure, given
A, B, K 0 , δ1 , δ2 , and δ3 , we can find an optimal K 00 from our dynamic programming algorithm (Algorithm 4.3). Then we decide CPS-3F+ by comparing whether
K 0 ≤ K 00 .
Corollary 1. Constrained chain pair simplification gives a factor 2-approximation to
the chain pair simplification problem under the discrete Fréchet distance, i.e., CPS3F+ provides a 2-approximation of CPS-3F.
Proof. Given two polygonal chains A, B, let K be an optimal solution from CPS3F yielding the simplified chains A0 , B 0 , and assume K 0 is an optimal solution for
CPS-3F+ yielding the simplified chains A00 , B 00 , i.e. K 0 = mc (A00 , B 00 ).
Here, K ≤ K 0 because K is the minimum number of vertices possible and the
moving cost for any pair A00 , B 00 is at least equal to max(|A00 |, |B 00 |), where K ≤ |A00 |
or K ≤ |B 00 |.
Now, we know that the moving cost for A0 , B 0 satisfies mc (A0 , B 0 ) ≥ K 0 since K 0
is an optimal moving cost for A, B. Thus, a monotonically increasing moving cost in
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A0 , B 0 is at most |A0 | + |B 0 | − t for a t-walk. Now, K 0 = mc (A00 , B 00 ) ≤ mc (A0 , B 0 ) ≤
|A0 | + |B 0 | − t ≤ 2 max(|A0 |, |B 0 |) = 2K. Thus, K ≤ K 0 ≤ 2K.

4.3.2 Algorithm Complexity
The time complexity of the algorithm is largely dependent on δ1 , δ2 , and δ3 because
they define the size and number of rectangles. We allow δ1 , δ2 , and δ3 to be absorbed in
the complexity because their values do not guarantee a specific number of rectangles
to be considered, nor how large a given rectangle is.
We can easily bound the complexity between O(mn) and O(m2 n2 ). If the values
of δ1 , δ2 , and δ3 are small then any cell will only have a small constant number of
rectangles to consider and the algorithm runs in O(mn) time, which is the case for
most protein related data.
However, in the worst case, if δ1 , δ2 , and δ3 are set larger than the lengths of the
chains causing every Qi,j to contain all possible rectangles between the two chains,
then the complexity is O(m2 n2 ) given the largest |D| possible is mn. The optimal
solution for CPS-3F+ in this case is K 0 = 1, but would require O(m2 n2 ) time. δ3
is the largest contributing variable to the running time because it determines the
number of possible rectangles (size of D).
Filtering steps could be added to watch for large δ values. With filtering, the time
at any step could be kept to a constant (or logarithmic) value and the time complexity
would remain close to O(mn) or have an extra logarithmic factor dependent on δ1 , δ2 ,
and δ3 .
The space complexity also has similar bounds, requiring a minimum of O(mn)
space and a maximum of O(m2 n2 ) space, if Q is used naı̈vely and built beforehand.
The recurrences themselves only require two rows of data for either |A| or |B|, so the
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space complexity is linear to the size of the smaller chain (WLOG O(n)). However,
this would require calculating Qi,j at every step for the cell, which as discussed, could
be expensive if the δ values are large.

4.3.3 Counter Example
We now briefly give an example proving that finding a solution to CPS-3F does
not imply a solution to CPS-3F+ , and that having all solutions of CPS-3F+ does not
guarantee that one of the solutions will have a minimum K for CPS-3F.
A
B
a1 = (0, 0.85, 2.4)
b1 = (0, 2, 2.5)
(0, 1, 1.5)
(0, 2, 1.5)
(0.4, 1, 0.6)
(0, 2.5, 1)
(0.9, 1.1, 0)
(0, 1.95, 0.5)
(0.6, 0.6, −0.3)
(0, 1, 0.5)
(0.5, 0, 0)
(0, 0, 0.5)
(1.5, 0, 0)
(0.75, 0.15, 1.1)
(2.45, 0, 0)
(1, 1, 1.5)
(3, 0.5, 0)
(1.3, 0.5, 0.75)
(2.5, 1, 0)
(1.6, 0.9, 0)
a11 = (2.5, 2, 0) b11 = (1.5, 1.8, −0.4)
Table 4.1: The nodes for chains A and B in the counter-example.

The nodes of A and B are listed in Table 4.1, and Figure 4.2 shows the resulting
polygonal chains in R3 . The dotted lines show the nodes between A and B that are
within δ3 of each other. The settings for both CPS-3F and CPS-3F+ , given A, B, are
δ1 = δ2 = δ3 = 1.
This example has only nine pairs of nodes that correlate to rectangles in the
dynamic programming solution (dotted lines). There are two paths that can be taken
which are covered by rectangles. The minimum moving cost is equal to five and uses
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five nodes in the simplified chains, i.e. K = 5, K 0 = 5. The other path requires six
pairs, or rectangles, to be used but only needs four vertices in each simplified chain,
K = 4, K 0 = 6. Thus, a worse CPS-3F+ solution (higher moving cost) may yield a
better CPS-3F solution (lower number of vertices).

Figure 4.2: Two polygonal chains A and B. The dotted lines represent the nodes
between A and B that are within δ3 of each other.

In the next section we outline our algorithm and then walk through it using these
example chains to demonstrate some of the intuition behind the algorithm. This
explicitly shows that two paths are possible, and why we must choose which one is
optimal based on the moving cost.

4.3.4 Dynamic Programming Algorithm
In this section we use the recurrences as a basis to find the optimal solution for
a given set of inputs. Once the optimal solution is calculated we can easily decide
CPS-3F+ . The algorithms presented assume many global or class variables outside
of the functions. These variables are explained momentarily.
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Since the recurrences only require the previous row and column for any decision,
the function can be implemented as a simple iterative algorithm as opposed to a
recursive one. Similar to the edit distance problem between two strings, only two
rows at a time are needed, so the amount of memory can be reduced by only storing
the two rows of C and R that the algorithm is currently using. This approach gives
the optimal K 0 value, but in order to retrieve the actual K 0 pairs (via Algorithm 4.4),
all rows of C and R must be stored.
Algorithm 4.3 assumes that C is an m × n matrix, where m, n are the sizes of
A, B, respectively, and every cell is initialized to NULL. R is an m × n dynamic 3D
jagged array where every element, Ri,j , is its own array. We assume that Q has been
calculated before this function is called. Q requires all rectangles to be enumerated,
and for lower and upper bounds for each one to be set. Since this may vary between
cells, Q is also a 3D jagged array like R, and this makes assignments between the
two easier.
For simplicity, to dynamically append to the end of an array or create a new row we
use a generic function ‘ADD’ that takes the data structure as the first argument, and
the value to append as the second. The method by which it works is context-sensitive
to the type of data structure.
Algorithm 4.4 defines a recursive function that finds the rectangles through which
the optimal path exists. The ‘Cost’ variable represents the pairs of nodes used in the
minimum moving cost, and thus begins as the optimal K 0 value ( Cm,n ) when the
function is originally called. ‘i’ and ‘j’ are originally set to |A| and |B| respectively,
and ‘CurrRect’ is set to NULL. The method assumes a jagged array ‘P ath’ of size
K 0 that must exist to store the rectangles of the path. The idea is that we know our
optimal path is of size K 0 , and thus we store all possible paths of that length in our
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Algorithm 4.3 FIND-CPS-3F+ → Return the optimal moving cost, K 0 , iteratively.
Output: The optimal moving cost between the simplified A and B.
1: function FIND-CPS-3F+
2:
for i ← 1, |A| do
3:
for j ← 1, |B| do
4:
if i = 1 and j = 1 then
5:
C1,1 ← 1
6:
R1,1 ← Q1,1
7:
else
8:
Values, Rectangles ← Array
9:
for each (k, l) ∈ {(i-1, j), (i, j-1), (i-1, j-1)} do
10:
if k > 0 and l > 0 then
11:
for each rect ∈ Rk,l do
12:
if (i, j) ∈ rect then
13:
ADD(Values, Ck,l )
14:
ADD(Rectangles, rect )
15:
else
16:
ADD(Values, Ck,l + 1 )
17:
ADD(Rectangles, NULL )
18:
19:
20:
21:
22:
23:
24:
25:
26:

Ci,j ← min( Values )
for r ← 1, |Values| do
if Values[ r ] = Ci,j then
if Rectangles[ r ] = NULL then
ADD(Ri,j , Qi,j \ Ri,j )
else
ADD(Ri,j , Rectangles[ r ] )
return Cm,n

P ath variable. ‘CurrRect’ simply refers to the current rectangle that the function is
traversing.
This method does not tell us which rectangles connect with the rectangles at the
next level. Therefore, in an actual implementation these stored rectangles should also
have child or parent pointers to make it easier to follow the path. The pointers have
been omitted here for algorithm clarity. An alternative to having pointers is to add
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Algorithm 4.4 GET-PATH-CPS-3F+ → Return all simplified paths between the
chains of optimal moving cost length.
Input: i, j are indices of ai ∈ A, bj ∈ B. Cost is the current moving cost, and
CurrRect is the current rectangle being evaluated.
1: procedure GET-PATH-CPS-3F+ (i, j, Cost, CurrRect)
2:
if CurrRect = NULL then
3:
for each rect ∈ Ri,j do
4:
ADD(P ath[ Cost ], rect )
5:
GET-PATH-CPS-3F+ ( i, j, Cost, rect )
6:
for each (k, l) ∈ {(i-1, j), (i, j-1), (i-1, j-1)} do
7:
if k > 0 and l > 0 and Ck,l != NULL then
8:
if Ck,l = Ci,j then
9:
GET-PATH-CPS-3F+ ( k, l, Cost, CurrRect )
10:
else if Ck,l = Ci,j − 1 then
11:
for each rect ∈ Rk,l do
12:
if rect ∈
/ P ath[ Cost ] then
13:
if rect ∈
/ P ath[ Cost - 1 ] then
14:
ADD(P ath[ Cost - 1 ], rect )
15:
GET-PATH-CPS-3F+ ( k, l, Cost - 1, rect )
an ‘if’ statement to check if P ath[1] has a value and then exit if it does. This means
at least one optimal path has been found (there could be multiple).

4.3.5 Example Walkthrough
Here, we briefly walk through parts of Algorithm 4.3 for the example chains
listed in Subsection 4.3.3. We let δ1 = δ2 = δ3 = 1 for our given chains A and
B. Subsequently, we get nine pairs in D = {(a2 , b2 ),(a2 , b5 ),(a2 , b8 ),(a3 , b5 ),(a4 , b10 ),
(a6 , b6 ),(a7 , b9 ),(a7 , b10 ),(a10 , b10 )}, which are each represented by a rectangle. This
example was designed so that each rectangle only covers its nearest neighbors in the
chain. Thus, for example, (a3 , b5 ) covers all nodes in our A × B grid from (a2 , b4 ) to
(a4 , b6 ).
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There are only two paths through the rectangles. The path p1 = hr2,2 , r3,5 , r6,6 , r7,9 , r10,10 i
and the path p2 = hr2,2 , r2,5 , r2,8 , r4,10 , r7,10 , r10,10 i. When we begin C1,1 = 1 and
R1,1 = r2,2 . When the path leaves the rectangle r2,2 is at Ck,3 , where k ∈ {1, 2, 3}. For
k = 1 the only rectangle to choose is r2,5 , but with k = 2 or k = 3 the corresponding
Rk,3 = {r2,5 , r3,5 }.
The two paths then diverge and are straightforward until we evaluate C9,9 when
we face the choice of which path is “better”. Looking at the values of the previous
three squares C8,9 , C9,8 , and C8,8 , the path p1 has fewer rectangles (four) compared to
p2 , which has five, and thus we set C9,9 = 4 and R9,9 = r7,9 . The subsequent steps will
all be equal, C9,10 = C10,9 = C10,10 = 5, and R9,10 = R10,9 = R10,10 = r10,10 because
the algorithm leaves rectangle r7,9 and is now in the only rectangle left.
When we get to C11,11 the value remains at five because we are still covered by r10,10 ,
and thus we return five as the moving cost. Running Algorithm 4.4 returns the pairs of
vertices that comprise the path p1 , which is h(a2 , b2 ),(a3 , b5 ),(a6 , b6 ),(a7 , b9 ),(a10 , b10 )i.

4.4 Empirical Results

We now present some results comparing our previous heuristic method SIMPLIFY
(Algorithm 4.2) and the 2-approximation solution (Algorithms 4.3 and 4.4) of CPS3F+ . We present the results for chains with a similar length and then consider dissimilar chains of various lengths in order to vary the amount of simplification per chain.
The algorithms were implemented in both Python and C# and more information
about the FPACT software is available in Chapter 8. On an older 32 bit quadcore machine the algorithm took anywhere from a few seconds to several minutes
depending on the parameters. The long runs were for simplifications in which δ1 , δ2 ,
and δ3 were all set to large values (Tables 4.3 and 4.4).
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Protein
Chain
1hfj.c

|B|

dF (A, B)

δ1

δ2

δ3

|A0 |

|B 0 |

K0

325

0.95

4

4

1qd1.b

325

22.65

4

4

1toh

325

22.06

4

4

4eca.c

325

5.55

4

4

1d9q.d

297

20.87

4

4

4eca.b

325

5.64

4

4

4eca.d

325

5.71

4

4

1
1
47
21
60
21
20
6
43
20
17
5
18
5

109
109
110
117
109
149
109
110
109
130
109
110
109
111

109
109
109
126
110
130
109
111
108
127
109
111
109
113

109
109
110
150
110
178
109
111
109
166
109
111
109
113

dF (A0 , B 0 ) Algorithm
0.95
0.95
24.96
20.70
23.39
20.54
7.96
5.97
23.68
19.86
7.51
4.89
7.82
4.94

SIMPLIFY
CPS-3F+
SIMPLIFY
CPS-3F+
SIMPLIFY
CPS-3F+
SIMPLIFY
CPS-3F+
SIMPLIFY
CPS-3F+
SIMPLIFY
CPS-3F+
SIMPLIFY
CPS-3F+

Table 4.2: Comparison of Algorithm SIMPLIFY (Algorithm 4.2) and FIND-CPS-3F+
(Algorithm 4.3) with 107j.a (Chain A) of length 325. δ1 = δ2 = 4, and δ3 set to the
minimal value. The heuristic method is in [2] and the CPS-3F+ results are in [3].

We note that in the result sections, the RMSD values were taken from ProteinDBS,
and thus the alignment length, or coverage, is not the full length of each chain [34].
This is especially true when discussing chains of different lengths in 4.4. This makes
a straightforward comparison between the chains using both RMSD and the discrete
Fréchet distance difficult. However, the results are mainly to compare CPS-3F+ to
our previous algorithm SIMPLIFY (Algorithm 4.2), and thus the coverage is not
listed.

4.4.1 Similar Chain Length Comparisons
Using the same format as our previous results, we set δ1 = δ2 for simplicity and
to ensure chains A0 , B 0 will have a similar reduced length since nearly all are the
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same length initially. δ3 is set to the minimum integer value that will reduce the
chains via CPS-3F+ given δ1 , δ2 . The comparison tables in both cases are using the
protein backbone 107j.a (protein A) and comparing it with seven other chains from the
Protein DataBank: 1hfj.c, 1qd1.b, 1toh, 4eca.c, 1d9q.d, 4eca.b, 4eca.d. These seven
chains were reported to be similar to 107j.a by the ProteinDBS software [34] (this
took a few seconds searching the whole PDB, which contained over 30,000 protein
backbones at that time). Previously, [1] used a heuristic algorithm based on the
discrete Fréchet distance and showed that three of the seven chains were not actually
similar to 107j.a, and ProteinDBS has subsequently updated their page to reflect this.
107j.a has 325 nodes along the backbone and all but one of the seven other chains do
as well.
For the CPS-3F+ algorithm, all chains are assumed to be aligned, and we use the
alignments from our previous algorithm ALIGN [2]. In Table 4.2 we fixed δ1 = δ2 = 4
since the distance between two α-carbon atoms in the backbone is approximately ≈
3.7 to 3.8 (Ångströms). This value ensures that we will be simplifying the chains a
minimal amount. We can see that we get an approximate reduced length of 1/3 which
is what we would expect (since this distance will only use the neighboring nodes).
The optimal algorithm allows for δ3 to be much smaller than the heuristic because it
can simplify the chains with a value often less than dF (A, B), and hence dF (A0 , B 0 )
is a lower value.
In Table 4.3 we vary δ1 and δ2 for different amounts of simplification and again
set δ3 to the minimum integer value that allows for simplification via CPS-3F+ . We
keep δ1 = δ2 for simplicity and to ensure a similar reduced size for both chains. Here
we have a more dramatic difference in δ3 and in dF (A0 , B 0 ) because of the greater
simplification possibilities between A, A0 and B, B 0 since δ1 , δ2 are much larger. This
demonstrates how CPS-3F+ is able to simplify the two chains simultaneously while
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Protein
Chain
1hfj.c

|B|

dF (A, B)

δ1

δ2

δ3

|A0 |

|B 0 |

K0

325

0.95

12

12

1qd1.b

325

22.65

15

15

1toh

325

22.06

16

16

4eca.c

325

5.55

12

12

1d9q.d

297

20.87

15

15

4eca.b

325

5.64

12

12

4eca.d

325

5.71

12

12

4
1
33
12
34
13
12
3
27
13
8
3
11
3

28
26
16
21
18
22
28
27
19
22
28
26
28
32

28
26
17
23
16
19
28
27
21
24
28
26
28
32

28
26
17
24
18
22
28
27
21
26
28
26
28
32

dF (A0 , B 0 ) Algorithm
3.77
0.95
22.64
11.94
28.51
12.80
11.73
2.90
23.73
12.99
7.81
2.94
10.01
2.99

SIMPLIFY
CPS-3F+
SIMPLIFY
CPS-3F+
SIMPLIFY
CPS-3F+
SIMPLIFY
CPS-3F+
SIMPLIFY
CPS-3F+
SIMPLIFY
CPS-3F+
SIMPLIFY
CPS-3F+

Table 4.3: Comparison of Algorithm SIMPLIFY (Algorithm 4.2) and FIND-CPS3F+ (Algorithm 4.3) with 107j.a (Chain A) of length 325. δ1 = δ2 , and δ3 set to the
minimal value. The heuristic method is in [2] and the CPS-3F+ results are in [3].

highlighting the similarities between the two chains. This is especially noticeable
in that the discrete Fréchet distance between the simplified chains, dF (A0 , B 0 ), is
drastically less than that of the original chains, dF (A, B).
We can see that the optimal results far exceed the heuristic approximation. If
we look at 4eca.c in Table 4.3, the difference between the heuristic (11.73) and the
optimal (2.90) is dramatic. The optimal δ3 for CPS-3F+ is 3 to 4 times smaller than
the heuristic in general, and the discrete Fréchet distance between A0 and B 0 is smaller
than the original distance between A, B.
The heuristic algorithm only allowed for a constant number of backtracking steps
which resulted in both chains being simplified to a similar number of vertices. With
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Protein
Chain
3ntx.a

|B|

dF (A, B)

δ1

δ2

δ3

|A0 |

|B 0 |

K0

322

10.04

10

10

1wls.a

316

11.97

15

13

2eq5.a

215

22.35

8

6

2zsk.a

219

21.92

12

8

1zq1.a

363

23.38

10

12

3jq0.a

457

27.36

6

9

2fep.a

273

24.55

20

17

22
5
32
6
39
19
30
17
40
19
52
26
27
10

35
39
16
22
53
58
27
38
36
51
71
65
13
10

40
39
25
22
43
53
31
34
37
53
54
70
13
11

40
39
25
22
53
66
31
43
37
56
71
80
13
11

dF (A0 , B 0 ) Algorithm
16.21
4.91
20.50
5.99
23.47
18.91
24.60
16.90
28.30
18.47
30.75
25.67
25.00
9.94

SIMPLIFY
CPS-3F+
SIMPLIFY
CPS-3F+
SIMPLIFY
CPS-3F+
SIMPLIFY
CPS-3F+
SIMPLIFY
CPS-3F+
SIMPLIFY
CPS-3F+
SIMPLIFY
CPS-3F+

Table 4.4: Comparison of Algorithm SIMPLIFY (Algorithm 4.2) and FIND-CPS3F+ (Algorithm 4.3) with 107j.a (Chain A) of length 325, and various δ1 , δ2 , and δ3
set to simplify both chains to a similar length. The heuristic method is in [2] and the
CPS-3F+ results are in [3].

CPS-3F+ , we can see that the chains can vary greatly in the amount they simplify in
order to have a minimum moving cost.

4.4.2 Varying Chain Length Comparisons
One aspect of chain pair simplification we have not exploited is simplifying the
chains differently. Here, we look at chains that vary in length, are not aligned as well
with the base chain, and subsequently have a large discrete Fréchet distance. Table
4.4 shows these results. The values for δ1 and δ2 were chosen in an attempt to simplify
both chains to a similar size via CPS-3F+ . This allows us to pull out the similarities
of two chains that may be vastly different without simplification, yet still have some
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subset of nodes that align and compare well. For visualization purposes, it lets us see
the overall subset similarity structure of the two chains. This method could prove
useful when finding nodes in each chain that match well together, i.e. they have a
low moving cost and small discrete Fréchet distance.
The heuristic method SIMPLIFY (Algorithm 4.2) does not find similar optimal
simplifications, and also ends up with a much higher moving cost and δ3 . The discrete
Fréchet distance, consequently, is also much higher. As in our previous results, for
both SIMPLIFY and CPS-3F+ , we picked δ1 and δ2 , and then report the smallest
integer value of δ3 that worked for the respective algorithm.
The disparity between the number of vertices and the moving cost (K 0 ) is lessened
if the chains simplify in a similar fashion. When δ1 and δ2 are large, but δ3 is small, it
allows for these larger “hops” to be made, and thus the simplified chains are similar
in length, and the moving cost is a closer approximation to K. Using larger than
minimum values for δ3 , we allow for greater flexibility in the simplification and it will
yield a lower moving cost.

4.4.3 Visual Examples
In order to understand the benefits of using CPS-3F for visualization purposes,
we briefly look at two examples. Figure 4.3 shows the alignment and simplification
between 1o7j.a and 1hfj.c in three stages of simplification. They are unsimplified in
(a) at 325 nodes each, they are simplified in (b) to 109 nodes, and further simplified
to 26 nodes each in (c). These are the simplifications reported in Tables 4.2 and
4.3 between 1o7j.a and 1hfj.c using CPS-3F+ . In (a) the structures of the protein
backbones are almost impossible to see, however, in (b) and (c) it becomes easy to
see how the backbones move in the 3-dimensional space.
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(a)

(b)

(c)

Figure 4.3: The alignment and simplification of 1o7j.a and 1hfj.c. (a) The alignment
with no simplification with each chain having 325 nodes. (b) The chains simplified
to 109 nodes each. (c) The chains simplified to only 26 nodes each.

Figure 4.4 shows the same basic levels of simplification between 1o7j.a and 4eca.c.
Similarly, these are the simplifications shown in Tables 4.2 and 4.3 between 1o7j.a
and 4eca.c using CPS-3F+ . The chain 4eca.c is not as similar to 1o7j.a as 1hfj.c, so
their alignment is even more difficult to see with the unsimplified chains in (a). Even
with only 110 and 111 nodes in (b) their similarity is hard to follow. In (c) though,
with only 27 nodes in each chain, we can see the major movements of both chains in
the space and where they are the most similar and dissimilar.
These two examples provide support for the benefits of CPS-3F in a visualization
context. Further, it shows there may be benefit in comparing protein backbones by
successive levels of simplification beginning with coarse representations and moving
to more detailed comparisons. This allows researchers to understand how the two
proteins behave in the space and then to fill out the models with more details. This
also allows them to see the nodes that are better aligned between the two chains and
where the chains align poorly.

48

(a)

(b)

(c)

Figure 4.4: The alignment and simplification of 1o7j.a and 4eca.c. (a) The alignment
with no simplification with each chain having 325 nodes. (b) The chains simplified
to |A0 | = 110 and |B 0 | = 111 nodes. (c) The chains simplified to only 27 nodes each.

4.5 CPS-2H+

4.5.1 CPS-2H+ is NP-complete
We now prove the complexity of CPS-2H+ by a reduction from 3-SAT. Although
they were not dealing with a geometric problem, the basic idea of this proof comes
from [37].
Theorem 4. CPS-2H+ is NP-complete.
Proof. First, CPS-2H+ is in NP since the three distance conditions and the moving
cost can all be verified in polynomial time.
For 3-SAT we are given a set of boolean variables X = {x1 , x2 , . . . , xN } and a set of
clauses C = {c1 , c2 , . . . , cM } where each c = (vi ∨ vj ∨ vk ) such that vi , vj , vk ∈ X ∨ ¬X .
We assert that any clause may not contain both xi and ¬xi since that clause would
be true and can be discarded from our construction, and that either xi or ¬xi must
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be in at least one clause. The problem is whether ϕ = c1 ∧ c2 ∧ · · · ∧ cM in conjunctive
normal form is satisfiable.
Since each clause, ci , has three variables, WLOG we can enumerate them as cki
where k ∈ {0, 1, 2}. We can now create a point for each numbered variable k in clause
ci as pi,k = (i, i2 , k · ε) where k ∈ {0, 1, 2} and 0 < ε < 0.5. Now we construct two
polygonal chains A and B each with (3M +N ) vertices, such that ϕ is satisfiable ⇐⇒
A, B can be simplified into A0 , B 0 , respectively, and dH (A, A0 ) ≤ 2ε, dH (B, B 0 ) ≤ 2ε,
dF (A0 , B 0 ) = 0, |A0 | = |B 0 | = M + N and the moving cost K 0 = M + N . Given our
construction, K 0 is equivalent to the number of vertices in each chain and the number
of walks in the Fréchet alignment.
To begin we define a sequence of N points qj = (0, j, 10), where 1 ≤ j ≤ N ,
as separators. Now for each xi ∈ X , we construct two sequences Si and Si∗ . Let
ci1 , . . . , ciu be the sequence of clauses that contain xi , and cj1 , . . . , cjv the clauses
containing ¬xi . Si = hci1 , . . . , ciu , cj1 , . . . , cjv i and Si∗ = hcj1 , . . . , cjv , ci1 , . . . , ciu i. Note
∗
N
that a clause ci appears exactly three times in ∪N
j=1 Sj and ∪j=1 Sj since there are

three literals in each clause, and we enumerate those literals as cki where k ∈ {0, 1, 2}.
Now, for each literal xi ∈ X , we convert Si , Si∗ into the sequences Ti , Ti∗ where every
clause label is replaced by the point pj,k where k ∈ {0, 1, 2} and k corresponds to the
enumerated ckj in the clause of variable xi . Since the order of the enumeration of the
pj,k points is arbitrary in a clause, we will assume that they always occur in order
(pj,0 , pj,1 , pj,2 ).
Let A = hT1 , q1 , T2 , q2 , . . . , TN , qN i and B = hT1∗ , q1 , T2∗ , q2 , . . . , TN∗ , qN i.
We first show the forward direction. Suppose there exists a sequence of boolean
assignments Z = hz1 , z2 , . . . , zN i such that xi = zi (1 ≤ i ≤ N ) satisfies ϕ. If
0

zi = 1, then Ti and Ti∗ simplify to Ti0 = pi1 , . . . , piu and Ti∗ = pi1 , . . . , piu respectively.
However, if zi = 0 we simplify both to the other sequence, Ti0 = pj1 , . . . , pjv and
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0

Ti∗ = pj1 , . . . , pjv . To make dH (A, A0 ) ≤ 2ε, dH (B, B 0 ) ≤ 2ε, dF (A0 , B 0 ) = 0, and
|A0 | = |B 0 | = M + N , K 0 = M + N , we keep exactly one point among each triple of
points pj,k (k ∈ {0, 1, 2}), and remove the remaining ones. Then, after the deletion,
0

0

0

A0 = hT10 , q1 , T20 , q2 , . . . , TN0 , qN i is equivalent to B 0 = hT1∗ , q1 , T2∗ , q2 , . . . , TN∗ , qN i. The
reason that dH (A, A0 ) ≤ 2ε and dH (B, B 0 ) ≤ 2ε is because each point selected in pj,k ,
k ∈ {0, 1, 2}, is at most a distance of 2ε from the removed points in the same triple
(clause).
We now prove the opposite direction. Suppose that A, B are simplified into A00 , B 00 ,
respectively, by removing some points in {pi,j |1 ≤ i ≤ M, 0 ≤ j ≤ 2} such that
dH (A, A00 ) ≤ 2ε, dH (B, B 00 ) ≤ 2ε, dF (A00 , B 00 ) = 0, and |A00 | = |B 00 | = K 0 = M + N .
We know d (pi,k , pj,l ) > 1 and d (qi , qj ) ≥ 1 where i 6= j. The conditions dH (A, A00 ) ≤
2ε and dH (B, B 00 ) ≤ 2ε imply that we can only remove points in {pi,j |1 ≤ i ≤ M, 0 ≤
j ≤ 2} while leaving at least one point in each triple for A00 , B 00 for each clause, i.e.
one pi,k , 0 ≤ k ≤ 2. Since ci can not contain both xj and ¬xj , there will be only one
point pa , for some a, on the subchain between qr and qr+1 on A or B. The condition
that dF (A0 , B 0 ) = 0 implies that in A00 and B 00 we must keep the same point among
the triple {pi,j |1 ≤ i ≤ M, 0 ≤ j ≤ 2}. Finally, since |A00 | = |B 00 | = K 0 = M + N , to
make dF (A0 , B 0 ) = 0 we must use all separator points (q’s).
00

Let Ti00 and Ti∗ be the subchains in A00 and B 00 obtained from simplifying Ti and
Ti∗ in A and B, respectively. If Ti00 is empty, we can arbitrarily assign a value to xi .
00

However, if Ti00 is not empty, this implies that Ti00 and Ti∗ have the same size and
00

dF (Ti00 , Ti∗ ) = 0. If Ti00 is not empty and it is a subsequence of pi1 , . . . , piu , then we
assign xi = 1. If Ti00 is not empty and it is a subsequence of pj1 , . . . , pjv , then we
assign xi = 0. Thus, we can see that ϕ is satisfied by the assignments to the variables
xi ∈ X .
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Finally, we note that this reduction is polynomial and takes linear time based on
the length of ϕ.

4.5.2 Examples
Let X = {x1 , x2 , x3 , x4 }, C = {c1 , c2 , c3 , c4 }, and ϕ = (x1 ∨ ¬x2 ∨ x3 ) ∧ (¬x1 ∨
¬x3 ∨ ¬x4 ) ∧ (¬x2 ∨ ¬x3 ∨ x4 ) ∧ (x2 ∨ ¬x3 ∨ ¬x4 ) where the clauses are assumed to
be labeled in order. Thus, N = 4 and M = 4.
Now we construct the sequences. S1 = hc1 , c2 i, S1∗ = hc2 , c1 i, S2 = hc4 , c1 , c3 i,
S2∗ = hc1 , c3 , c4 i, S3 = hc1 , c2 , c3 , c4 i, S3∗ = hc2 , c3 , c4 , c1 i, S4 = hc3 , c2 , c4 i, and S4∗ =
hc2 , c4 , c3 i. The conversion to the Ti , Ti∗ sequences merely replaces the label of the
clause cj with the point pj,k such that k ∈ {0, 1, 2} is the place of variable xi . For
readability, we omit the comma in the subscript. T1 = hp10 , p20 i, T1∗ = hp20 , p10 i,
T2 = hp40 , p11 , p30 i, T2∗ = hp11 , p30 , p40 i, T3 = hp12 , p21 , p31 , p41 i, T3∗ = hp21 , p31 , p41 , p12 i,
T4 = hp32 , p22 , p42 i, and T4∗ = hp22 , p42 , p32 i.
Then we construct A = hp10 , p20 , q1 , p40 , p11 , p30 , q2 , p12 , p21 , p31 , p41 , q3 , p32 , p22 , p42 , q4 i
and B = hp20 , p10 , q1 , p11 , p30 , p40 , q2 , p21 , p31 , p41 , p12 , q3 , p22 , p42 , p32 , q4 i where all
points qj = (0, j, 10) for j = 1, 2, 3, 4. Note that |A| = |B| = K 0 = 3M + N = 16.
Suppose we set x1 = 1, x2 = 1, x3 = 0, x4 = 0.

Then A0 = B 0 =

hp10 , q1 , p40 , q2 , p31 , q3 , p22 , q4 i after we remove points where we already had a point
from the triple. Thus, there are several possible simplified chains, depending on
which points are removed. This gives |A| = |B| = K 0 = M + N = 8. Also notice that
it is not necessary that the separating points and clauses (pik ’s) are visited in order.
Figure 4.5 shows the points in the construction as well as one possible simplification. Each pik represents three points that have z values 0, ε, and 2ε for the clause ci .
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Notice this does not visit the nodes in the same order as our example, but is easier
to see the general idea.

Figure 4.5: CPS-2H+ reduction example viewed from the positive z axis. Each pik
represents the three points for clause ci which vary only in z. The line through only
the pik points is y = x2 to show where the clause points are placed.

Now we show a simple example that is not satisfiable. Let ϕ = (x1 ∨ x1 ∨ x1 ) ∧
(¬x1 ∨ ¬x1 ∨ ¬x1 ). S1 = hc1 , c1 , c1 , c2 , c2 , c2 i and S1∗ = hc2 , c2 , c2 , c1 , c1 , c1 i. Then
T1 = hp10 , p11 , p12 , p20 , p21 , p22 i and T1∗ = hp20 , p21 , p22 , p10 , p11 , p12 i.
Now A = hp10 , p11 , p12 , p20 , p21 , p22 , q1 i and B = hp20 , p21 , p22 , p10 , p11 , p12 , q1 i. We
end up with almost identical chains whether x1 is 0 or 1. Let x1 = 1, then A0 =
hp10 , q1 i and B 0 = hp10 , q1 i (any of the p1k ’s could have been chosen). Since none of the
points from clause c2 are in the simplified chains, dH (A, A0 ) > 2ε and dH (B, B 0 ) > 2ε
and thus it is not a valid CPS-2H+ solution. The same result happens should x1 = 0.
Any solution will require |A| = |B| = K 0 ≥ M + N + 1 and thus violate our reduction
condition, meaning ϕ was not satisfiable.
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CHAPTER 5

OTHER APPROACHES TO CHAIN PAIR SIMPLIFICATION

The moving cost is one measure that we are able to use to construct a 2approximation for the chain pair simplification problem under the discrete Fréchet
distance. Here, we look to extend that discussion with other measures of interest or
other ways to approach the problem. We begin with a discussion of some of these
properties and why they are useful.

5.1 Building Bridges

The discrete Fréchet distance is used in many areas where polygonal chain data is
aligned, compared, and simplified such as protein data, computer graphics, etc. Here,
we look to further understand the discrete Fréchet distance from a more theoretical
aspect by exploiting its properties through the use of the Chain Pair Simplification
problem under the discrete Fréchet distance (CPS-3F). We demonstrate some novel
applications and define many useful measures that have previously been unexplored.
One application we look at is based on efficiency versus cost in a hypothetical civil
engineering application. Suppose we have several towns and villages along both sides
of a river. We want to build bridges between the towns, but we can not afford to
(nor would we want to) build bridges between every village. We want to make sure
that no one in a village without a bridge has to walk more than some set distance to
a town with a bridge to cross. We also have constraints on the maximum length of a
bridge for safety and cost concerns.
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If we minimize the number of bridges to build, this is equivalent to the minimum
moving cost problem that we solve in Chapter 4. Suppose, however, that instead of
minimizing the number of bridges, we want to minimize the material used, or rather
the total length of all bridges. This problem takes the distance between villages
into account. This is actually minimizing the discrete Fréchet distance between the
simplified chains (but may not be the minimum) and is equivalent to dynamic time
warping with simplification. Thus, the longest bridge is an upper bound for the
discrete Fréchet distance. However, we can further complicate the problem by stating
that building materials cost different amounts in different cities. This makes the
optimization minimize the distance with respect to cost and is equivalent to weighted
dynamic time warping with simplification.
Another interesting application is to minimize the total number of villages with
a bridge for simplicity (fewer bridges) which is similar to minimizing the number of
villages with only one bridge. If traffic is really heavy in one direction, we can also
choose to find the minimum number needed for just one side of the river.
We consider the integral discrete Fréchet distance, and its CPS countepart. This
problem is minimizing the area between the simplified curves, or can be thought of
as assuring that we are staying as close to the river as possible with the bridges.
These problems are all variations of CPS-3F. CPS-3F is equivalent to asking if we
can guarantee that neither side has more than some given number of bridges while
all other constraints are met. Since this problem is suspected to be NP-complete, we
build upon our earlier work with the moving cost approximation, and use the new
measures to develop another approximation and better understand the properties of
chain pair simplification under the discrete Fréchet distance.

55

5.2 A General Approach

We first define a general problem and dynamic programming solution that will
solve our previous problem (CPS-3F+ based on the moving cost) as well as some
other properties of CPS-3F. Our original solution for the optimal moving cost was
not as flexible and the recurrences can not be adapted to handle some of the other
interesting characteristics of a CPS-3F solution that we will discuss.
First, we define a new ‘generic’ problem related to CPS-3F similar to the redefinition for CPS-3F+ .
Definition 21 The ‘Generic’ Chain Pair Simplification (gCPS) Problem.
Instance: Given a pair of 3D chains A and B, with lengths O(m), O(n) respectively,
an integer K 0 > 0, and δ1 , δ2 , δ3 ∈ R+ .
Problem: Does there exist a pair of chains A0 , B 0 where the vertices are from A, B,
respectively, G ≤ K 0 , and d1 (A, A0 ) ≤ δ1 , d2 (B, B 0 ) ≤ δ2 , dF (A0 , B 0 ) ≤ δ3 ?
For everything in this chapter d1 = d2 = dF . The point of this problem is to
reduce redundancy in defining new problems. Just by defining a new property that
can be calculated as G, we can look at several interesting variations of CPS-3F. We
must be careful though in defining G.
Similar to Section 4.3.1, we begin by defining our input and the conversion to
rectangles. The rectangles are formally defined in Definitions 19 and 20 in Section
4.3.1. Also from Section 4.3.1, we use the definitions of D and Q. We will make
extensive use of the rectangle concept and these definitions throughout the rest of
this chapter without referring back to the definition.
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5.2.1 Recurrence
Given those definitions, we look at Equation 5.1. Here, rp is the previous rectangle
used and rc is the current rectangle being considered in the recurrence relation.
This recurrence finds several optimal property values (including the moving cost).
Thus, the cost at each step is a general function call f (rp , rc ), which is any cost that
can be determined locally with only the previous and current rectangles. Below we
list several of the properties and define the functions for each. Further, we show how
they relate to each other, and that at least one property is also a 2-approximation for
the optimal CPS-3F solution.





M [ak , bl , rc ],
if (ak , bl ) ∈ rc




M [ai , bj , rc ] =
min
M [ak , bl , rp ] + f (rp , rc ), ∀ rp ∈ Qk,l
(k,l)∈{(i-1,j),(i,j -1),(i-1,j -1)} 





N U LL,
if (ai , bj ) ∈
/ rc
(5.1)
For the problem in Definition 21, Equation 5.1 returns the optimal solution because gCPS-3F has an optimal substructure. For the optimal substructure, we can
refer back to Theorem 2, which has the same substructure with different data structures. This is easy to show by looking ahead to Section 5.3.1 where we give the
function f to calculate the minimum moving cost via Equation 5.1. Thus, gCPS-3F
with this function is equivalent to CPS-3F+ in its substructure, and any problem
which uses an O(1) function based on the rectangles in gCPS-3F has an optimal
substructure.
The worst case of gCPS-3F has mn rectangles, and thus the worst running time
for the problem is O(m2 n2 ). Now we can also prove the following easily.
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Theorem 5. Given an O(1) cost function f , the ‘generic’ chain pair simplification
problem under the discrete Fréchet distance, is polynomially solvable for the optimal
cost, i.e, gCPS-3F ∈ P.
Proof. Since gCPS-3F has an optimal substructure, given A, B, K 0 , f, δ1 , δ2 , and δ3 ,
we can find an optimal K 00 based on f from our dynamic programming algorithm
(Algorithm 5.5). Then we decide by comparing whether K 0 ≤ K 00 .

5.2.2 Algorithm
Algorithm 5.5 CPS-COST → M is a 3D array holding the minimal value for a
rectangle and a pair of vertices. F is the cost function which has a cost for each
rectangle. This assumes N U LL is always ignored in min statements.
Input: i, j are indices of ai ∈ A, bj ∈ B. rc is the current rectangle.
Output: The minimum F up to (ai , bj ) using rectangle rc .
1: function CPS-COST (i, j, rc )
2:
if i ≤ 0 or j ≤ 0 then return N U LL
3:
if (ai , bj ) ∈
/ rc then
4:
M [i, j, rc ] ← N U LL
5:
return N U LL
6:
for each (k, l) ∈ {(i − 1, j), (i, j − 1), (i − 1, j − 1)} do
7:
for each rp ∈ Qk,l do
8:
if M [k, l, rp ] 6= N U LL then
9:
M [i, j, rc ] ← min(M [i, j, rc ], M [k, l, rp ] + F (rp , rc ))
10:
else
11:
M [i, j, rc ] ← min(M [i, j, rc ], CPS-COST(k, l, rp ) + F (rp , rc ))
12:
return M [i, j, rc ]
The dynamic programming solution based on the recurrence is straightforward and
shown in Algorithm 5.5. We denote the function call as F (rp , rc ), and the individual
property is easily substituted. M is a 3D array of size |A| × |B| × |D| and is assumed
to be initialized to N U LL in every cell. The algorithm requires that min will never
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choose a non-numeric value. Thus, the statement min(N U LL, 1) will return 1. The
algorithm also assumes that A,B, and M are globally accessible.

5.3 Cost Models

5.3.1 Moving Cost
The moving cost was defined in Definition 11 in Section 2.6. We also know from
Corollary 1 that the moving cost, via CPS-3F+ , can be used to get a factor-2 approximation to CPS-3F. Although we defined explicit recurrences to calculate the
minimum moving cost in Chapter 4, our new recurrence relation in Equation 5.1 can
also calculate the optimal value by using a unit cost function for any rectangle. We
also declare our problem gCPS-3F by letting G be the moving cost and then our
function f is
f (rk,l , ri,j ) =




0,

if k = i and l = j



1,

if k 6= i or l 6= j.

Using any new rectangle simply counts the new rectangle as 1, and if we use the same
rectangle there is no cost.
As mentioned, this version of the problem only varies in the data structures used
to calculate the moving cost. This difference is important though. Here, we explicitly
check every possible rectangle at every step. For CPS-3F+ in Section 4.3.1, we did
not check rectangles after they were not optimal for the moving cost. This reduces
the complexity, but also the power. The other property cost functions that follow can
not be calculated using the approach of CPS-3F+ in Section 4.3.
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5.3.2 Number of Walks
The number of walks is the number of times that both the dog and man ‘hop’
at the same time (including the starting nodes). This is how many disjoint walks
(Definitions 5 and 6) exist between the simplified chains. This measure is of interest
because it directly affects how close the moving cost approximates the number of
vertices in longer chains. We usually denote the number of walks by t, and we know
the moving cost is always less than or equal to |A0 | + |B 0 | − t. Thus, knowing the
minimum t helps give a bound on how tight the approximation may be. We also
know that t ≤ t0 ≤ K ≤ |A0 | + |B 0 | ≤ 2K where t is the minimum number of walks
and t0 is the number of walks in the optimal CPS-3F solution yielding A0 , B 0 .

f (rk,l , ri,j ) =




0,

if for rk,l , k = i or l = j



1,

if for rk,l , k 6= i and l 6= j

For gCPS-3F, G is defined as the minimum number of t-walks from Definition 5
in a paired walk between A0 and B 0 given the other gCPS-3F constraints. The figures
used in Section 2.6 are good examples of this property with its relation to the moving
cost. Figure 2.3(a) has a 2-walk while 2.3(b) has a 4-walk.

5.3.3 Number of Vertices

f (rk,l , ri,j ) =




1, if for rk,l , k = i or l = j


2, if for rk,l , k 6= i and l 6= j

An interesting method of simplification is to find the solution with the minimum
number of vertices between both chains, i.e., min(|A0 |+|B 0 |). For our general problem,
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gCPS-3F, we see that G = min(|A0 | + |B 0 |). This is another 2-approximation to CPS3F, although not as tight as the moving cost. Also of interest is that it will give the
same reduced chains A0 , B 0 as the number of walks cost model.
Corollary 2. gCPS-3F with G = min(|A0 | + |B 0 |) gives a factor-2 approximation to
the chain pair simplification problem under the discrete Fréchet distance (CPS-3F).
Proof. Given two polygonal chains A, B, let K be an optimal solution from CPS3F yielding the simplified chains A0 , B 0 , and assume K 0 is an optimal solution for
min(|A0 | + |B 0 |) yielding the simplified chains A00 , B 00 , i.e. K 0 = min(|A00 | + |B 00 |).
Here, K ≤ K 0 because K is the minimum number of vertices of |A00 |+|B 00 | possible
which is at least equal to max(|A0 |, |B 0 |). Now, K 0 = |A00 | + |B 00 | ≤ |A0 | + |B 0 | ≤
2 max(|A0 |, |B 0 |) = 2K. Thus, K ≤ K 0 ≤ 2K.
It is also of interest that this version correctly solves the counter-example shown
in Section 4.3.3. However, we can construct a counter-example for this problem as
well. It is easy to imagine cases where it occurs that the minimum number of vertices
does not result in the minimum K of CPS-3F. Suppose |A0 | = |B 0 | = 10 and thus
K = 10. Now suppose there is another possible solution such that |A0 | = 11, |B 0 | = 8,
and thus K = 11. The sum where K = 11 is 19, yet the minimum K simplification
yields a sum of 20. Although no explicit one is listed here, it becomes trivial to show
they exist in larger chains of several hundred vertices. Cases where |A0 | = |B 0 | = 500
is one solution and another is |A0 | = 501, |B 0 | = 498 are certainly possible.

5.3.4 Minimum Sum
Calculating the minimum total distance across the simplified chains is equivalent
to an optimal dynamic time warping solution with simplification. The cost function
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simply takes the distance of the nodes used into account. Note that gCPS-3F based
on the minimum sum is equivalent to standard DTW if we let δ1 = δ2 = 0 and
δ3 = ∞.

f (rk,l , ri,j ) = d (ai , bj )
This is of interest because almost no work has been done on dual simplification of
the chains for an optimal dynamic time warping solution. The complexity of dynamic
time warping without simplification is O(mn), and this shows that the problem under
simplification is at most O(m2 n2 ). Thus, we can find optimal solutions for CPS under
dynamic time warping, and this is still preferable over RMSD. RMSD must be pairwise compared with each chain having the same number of vertices. This makes
some comparisons impossible without ignoring parts of the chains, but this is not a
problem with DTW, and thus dynamic time warping may be a more natural fit for
applications like protein alignment, comparison, and simplification.
There are many techniques used in the dynamic time warping literature to reduce
the complexity or running time for large chains by pruning the recursive search space.
These strategies might also be effective to keep CPS-3F+ (Section 4.3) running in near
O(mn) time. The most commonly used DTW pruning techniques are the Itakura
Parallelogram [38] and the Sakoe-Chiba Band [39].

5.3.5 Integral CPS
There is no known algorithm for the integral Fréchet distance [40], and we have not
pursued any relating to the discrete Fréchet distance, but we can find the minimum
integral value based on chain pair simplification. Integral chain pair simplification is
related to the minimum sum version, but can differ greatly in higher dimensions or
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with other distance metrics. This function finds the minimum two-dimensional area
between the two chains by minimizing the area of the 2D polygons between the two
chains.
The calculation for f (rk,l , ri,j ) is related to the number of walks. For a new walk,
the area is rectangular, but if the new pair of nodes is part of an existing walk, then
the calculation is a triangle. The equation below shows this simply and abstracts the
actual calculation of the area with a generic AREA() function for clarity.

f (rk,l , ri,j ) =





AREA(ai , ak , bj ),





if i 6= k and j = l

AREA(ai , bl , bj ),
if i = k and j 6= l






AREA(ak , bl , bj , ai ), if k 6= i and l 6= j

For our applications, the integral-based simplification was unnecessary, but is an
interesting use of chain pair simplification that may prove useful in other applications.

5.4 Optimal One-sided Simplification

Although the complexity of CPS-3F is unknown, it is possible to find the minimum
size of one of the chains with respect to the simplification if we are unconcerned with
the size of the other chain. Thus, given a CPS-3F instance, we can find an optimal
solution for |A0 | or |B 0 |, which will be independent of the solution for the other chain.

M [i, rc ] = min





M [i − 1, rc ],





if xi−1 ∈ rc

M [i − 1, rp ] + f (rp , rc ), ∀rp s.t. xi−1 ∈ rp , (Qi−1 )






N U LL,
if xi ∈
/ rc

(5.2)
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This gives us a bound on K. There are two scenarios. The first is if our two
simplified chains when minimizing |A0 | are A0A , BA0 and |BA0 | ≤ |A0A |, then K = |A0A |
as the solution for CPS-3F (and similarly with A0B , BB0 being the chains when finding
a minimal |B 0 |). The more likely case is that |A0A | < |BA0 | in which we only know that
|A0A | ≤ K ≤ |BA0 |.
Assume we have solved for the optimal solution for each chain where the simplified
chains for A are A0A , BA0 , and the minimum solution for chain B yields A0B , BB0 such
that |A0A | < |BA0 | and |BB0 | < |A0B |. Then max(|A0A |, |BB0 |) ≤ K ≤ min(|A0B |, |BA0 |).
None of these properties work for an approximation solution. It is possible for
|A0A | + |BB0 | < K and also possible for 2K < min(|A0B |, |BA0 |). We do know that in
relation to the minimum number of both (Section 5.3.3) the inequality min(|A0A |) +
min(|BB0 |) ≤ min(|A0 | + |B 0 |) holds. Regardless, the bound guarantee is still useful
and worth the exploration.
Equation 5.2 again uses a generic function f for the cost. All of the cost models
from Section 5.3 can be used, but only the optimal solution with respect to one of
the chains will be calculated, e.g., the minimum number of vertices is the minimum
number of vertices for one chain. Similar to our notation in the previous chapter,
Qi is the set of rectangles that cover xi when X is the chain that we are finding an
optimal solution for. We give the function for the minimum number of vertices below,
but do not investigate the other cost models directly due to space and redundancy.

f (rp , rc ) =




0,

if p = c



1,

if p 6= c

Algorithm 5.6 implements Equation 5.2 assuming a generic X as the target chain
to simplify, and that the calculation of rectangles between X and the other chain has
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Algorithm 5.6 OPT-SINGLE-CPS → M is a 2D array holding the minimal value
for a rectangle and a pair of vertices. F is the cost function which has a cost for each
rectangle. This assumes N U LL is always ignored in min statements.
Input: i is the index of the chain to optimally simplify. rc is the current rectangle.
Output: The minimum F up to xi in chain X using rectangle rc .
1: function OPT-SINGLE-CPS (i, rc )
2:
if i ≤ 0 then return N U LL
3:
if xi ∈
/ rc then
4:
M [i, rc ] ← N U LL
5:
return N U LL
6:
for each rp ∈ Qi−1 do
7:
if M [i − 1, rp ] 6= N U LL then
8:
M [i, rc ] ← min(M [i − 1, rc ], M [i − 1, rp ] + F (rp , rc ))
9:
else
10:
M [i, rc ] ← min(M [i, rc ], OPT-SINGLE-CPS(i − 1, rp ) + F (rp , rc ))
11:
return M [i, rc ]
already been done and stored in Q. The algorithm also assumes the two chains and
M are globally accessible. M is a 2D array of size |X| × |D| where X is either A or
B, and M is assumed to be initialized to N U LL in every cell. Similar to Algorithm
5.5, the algorithm requires that min will never choose a non-numeric value. Thus,
the statement min(N U LL, 1) will return 1.
The complexity has a worse case of O(|X|2 |Y |) between two polygonal chains X
and Y and we are finding the optimal size of chain X. This is because there may be
|X| · |Y | rectangles.

5.5 Directed Acyclic Graph Approach

We have largely approached this problem in a way that analyzes the matrix of
possibilities between pairs of nodes between the two chains. Now, we look at converting an instance of CPS-3F into a weighted directed acyclic graph (DAG). This allows
another level of abstraction by using the edges to relate overlapping and adjacent
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rectangles. This also allows a lot of simplification for finding solutions to many of
the related problems we have discussed (such as CPS-3F+ ). For reference, Figure 5.1
shows a simple example of the difference. This solution is using the example from
Section 4.3.3. We can see the two paths made from the rectangles and the resulting
DAG overlayed. The difference in rectangle color is merely for clarity with overlap.

Figure 5.1: The CPS-3F rectangles built for the chains in Table 4.1 showing two
possible solution paths. A DAG built from these rectangles is overlayed along with
the vertex numbers, which are equivalent to the rectangle numbers.

5.5.1 Define Rectangles
Given two polygonal chains A = ha1 , a2 , ..., am i, and B = hb1 , b2 , ..., bn i, and constraints δ1 , δ2 , δ3 ∈ R+ , and a K ∈ Z+ . First, let D = {(ai , bj )| ai ∈ A, bj ∈ B and
d (ai , bj ) ≤ δ3 } as in Section 4.3.1. This is the set of all pairs of nodes between the two
chains that are at a distance of at most δ3 from each other. We also use rectangles as
specified in Definitions 19 and 20 in Section 4.3.1. For simplicity and clarity in this
section we will use rij instead of ri,j for a rectangle based on the pair (ai , bj ) where
ai ∈ A and bj ∈ B.
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Lemma 3. Any solution to CPS-3F can be represented as a sequence of adjacent
rectangles R = hr1 , r2 , . . . , rp i where each ri is defined as in Definition 20.
Proof. We know that for dF (A0 , B 0 ) ≤ δ3 , any solution to CPS-3F will only use pairs
of vertices between A, B that are also within δ3 , i.e., pairs in the set D. Given every
(ai , bj ) ∈ D is represented by the rectangle rij , the only issue is the maximal rectangles
themselves. Assume there was an optimal solution S which is the sequence of pairs
from D that make up A0 , B 0 , but that can not be represented by the rectangles R
based on those pairs in S. Since dF (A0 , B 0 ) ≤ δ3 via the pairs in S and their analogues
in R, the problem must be between A, A0 or B, B 0 . If we assume that the solution S
maintains dF (A, A0 ) ≤ δ1 and dF (B, B 0 ) ≤ δ2 , then we have reached a contradiction.
Since for a pair (ai , bj ) ∈ S, rij would represent all possible simplified vertices since
it is maximal. Thus, any solution can be represented as a sequence of adjacent
rectangles.
The time to do this is polynomial, and Algorithm 5.7 takes O(mn) time to find D
while Algorithm 5.8 is O(n) for each chain. MARK-RECTS is straightforward. We
mark the nodes with the name of the rectangle and a tick mark to differentiate the
nodes in D.
MARK-CHAIN analyzes a single chain and assumes that the nodes in D have
already been marked. This scans in one direction marking all nodes within δ after
a marked node has been seen. Note that since it is one-directional, MARK-RECTS
must call it twice for each chain in each direction. We assume the language knows
whether to increment or decrement based on the start S and end E values.
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Algorithm 5.7 MARK-RECTS → Find all the pairs of nodes in D and mark those
nodes with the rectangle name.
Input: Polygonal chains A and B. Distance parameters δ1 , δ2 , and δ3 .
1: procedure MARK-RECTS (A, B, δ1 , δ2 , δ3 )
2:
//Find nodes in D and mark with rectangle and tick
3:
for each ai ∈ A do
4:
for each bj ∈ B do
5:
if d (ai , bj ) ≤ δ3 then
0
0
6:
MARK(ai , rij
),MARK(bj , rij
)
7:
8:
9:
10:
11:
12:

//Mark nodes in A with rectangles
MARK-CHAIN(A, δ1 , 1, |A|)
MARK-CHAIN(A, δ1 , |A|, 1)
//Mark nodes in B with rectangles
MARK-CHAIN(B, δ2 , 1, |B|)
MARK-CHAIN(B, δ2 , |B|, 1)

Algorithm 5.8 MARK-CHAIN → Mark each node of both chains with all rectangles
that they are in.
Input: Polygonal chain X. Distance parameter δ. The indices of nodes within X to
start from (S) and end at (E).
1: procedure MARK-CHAIN (X, δ, S, E)
2:
for i ← S to E do
3:
//If xi has been marked by a rectangle with a tick
4:
if MARKED(xi ) then
5:
//Add all ticked rectangles as unticked to marked-rects
6:
ADD(marked-rects,GET-MARKED-RECTS(xi ))
7:
//Go through current list of marked-rects
8:
for each rect ∈ marked-rects do
9:
// rectx = xi for A and xj for B
10:
if dist(rectx , xi ) ≤ δ then
11:
MARK(xi , rect)
12:
else
13:
REMOVE(marked-rects,rect)

5.5.2 Creating a WDAG
We now create a weighted directed acyclic graph (WDAG) G = {V, E} as follows. Convert each rectangle rij into a vertex vij , which means |V | = |D|. We
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create a directed edge from vij to vkl if max(SA (ai , δ1 )) ≥ min(SA (ak , δ1 )) − 1 or
max(SB (bj , δ2 )) ≥ min(SB (bl , δ2 )) − 1 and i ≤ k, j ≤ l.
Definition 22. The inset of vij , N − (vij ) , is all rkl touching rij s.t. k ≤ i, l ≤ j and
the outset, N + (vij ), is all touching rkl s.t. k ≥ i, l ≥ j.
We can ignore rectangles that touch, but do not respect the subscript constraint.
Given the discrete Fréchet distance is a monotonic function, we can not have a vertex
vij pointing to a vertex vkl where i > k or j > l. This would imply the weak discrete
Fréchet distance because it is not a monotone function.
We label all vertices that cover (a1 , b1 ) as start nodes and they can not have edges
pointing to each other (although this condition is not necessary). Any node that
covers (am , bn ) is marked as an end node. Similarly, an end node should not point to
other nodes. Finally, our stopping condition sets K to the minimum Kij of all end
nodes.
Lemma 4. We can create a weighted directed acyclic graph from a CPS-3F instance
such that any path from a start vertex to an end vertex means every vertex is covered.
Proof. As we defined the directed edges, they only exist between nodes if the min
and max SX chains cross or are immediately adjacent for both A and B. Thus, if a
path exists from a start node, which covers (a1 , b1 ), to an end node, covering (am , bn ),
then all nodes of A and B are covered. The graph is also guaranteed to be acyclic
via Lemma 22.
Corollary 3. Any CPS-3F solution will exist as a path in our DAG from a start
vertex to an end vertex.
Proof. This is equivalent to Lemma 3 as a graph.
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5.5.3 Minimum Kij for a Vertex
For each vertex vij , let Cij be a set of pairs Cij = {(ca1 , cb1 ), (ca2 , cb2 ), . . . , (caF , cbF )}
and suppose F is a bounded constant (we prove this in the next section). Each pair
represents one possible path through the graph and (cap , cbp ) are the lengths of A0 , B 0 ,
respectively, up to vertex vij . We will call these “path sets”. The weight for any edge,
w(e), is in the set {(0, 1), (1, 0), (1, 1)}, and we will subscript them as wa (e), wb (e).
Given an edge eij,kl from vij to vkl the weight is

w(eij,kl ) =





(0, 1) if i = k, j < l




(1, 0) if i < k, j = l






(1, 1) if i < k, j < l.

This means we are increasing the size of the path in either A0 , B 0 , or both. We can
then calculate the minimum Kij for a vertex vij based on its inset by

Kij =

min

{max(cap + wa (eij,kl ), cbp + wb (eij,kl ))}.

∀(cap ,cbp )∈Ckl of vkl ∈N − (vij )

All nodes processed will have an inset unless they are a start node. If a vertex
does not have an inset, and it is not a start node, then it is disconnected from the
graph and we can ignore it.
Start nodes have a path set Cs = {(1, 1)} and for an end node, vij , the min K
path is K = min Kij .
Lemma 5. If F is bounded by a constant, then Kij can be processed in time O(QF )
time where Q = |N − (vij )|.
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Proof. This is straightforward. In a complete graph the maximum number of edges
to any node is n2 where n = |V |. Thus, multiplying n2 vertices by a constant Q for
all n2 edges is O(Qn4 ). Our bound is much lower since we have constraints on what
vertices can be connected and can be directed to a vertex.

5.5.4 Bounded Path Sets
Since we know that if F is a constant, we can calculate the optimal path at a
vertex, we now prove that F = K − Kij + 1 ≤ 2(K − Kij + 1) ≤ 2K.
Lemma 6. For any vertex vij , the path set Cij is of size at most F where F ≤
2(K − Kij + 1) ≤ 2K.
Proof. Let (ca , cb ) ∈ Cij such that ca ≥ cb and Kij ≤ ca ≤ K by definition. If we fix
ca to a specific value T in this range, then there are three cases:
(1) Suppose there is another path length pair where (cap , cbp ) = (ca , cb ). We can
ignore this path because we already know we can get to vij with lengths of A0 , B 0 as
ca , cb , respectively.
(2) Suppose there is a path length pair (cap , cbp ) such that cap = ca and cbp < cb .
In this case the chain has cbp < cb ≤ Kij . If this is true, then there exists a path to
vij where B 0 is smaller. Since the path taken is unimportant, set (ca , cb ) = (cap , cbp ).
Now we have the smallest path length of both chains A0 , B 0 to vij where ca = T .
(3) Suppose there is a path length pair (cap , cbp ) such that cap = ca and cbp ≥ cb .
Since any subsequent path will have the same edge weights, (cap , cbp ) will always have
lengths greater than or equal to (ca , cb ), so we can ignore this path.
Thus, for any fixed ca = T where ca ≥ cb and Kij ≤ ca ≤ K we only need to
save one cost pair in Cij . We must do this for each value of ca between Kij and K,
which is K − Kij + 1 values. This is identical for cases where cb ≥ ca . Thus, there are
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2(K − Kij + 1) total pairs. With Cij = {(ca1 , cb1 ), (ca2 , cb2 ), . . . , (caF , cbF )}, we know
F ≤ 2(K − Kij + 1) ≤ 2K.

5.5.5 Summary
Even though each vertex needs to store less that F possible paths, for a vertex vij
the recurrence still has to look at i · j − 1 possible connected nodes. Thus, naı̈vely
running the recurrences on this graph for an optimal CPS-3F solution would be
exponential in complexity. For a worst case, there would be mn vertices and m2 n2
edges. Thus, although we have proven a bound on what a single node would need to
store, the number of possible paths is still exponential.
The graph does allow us to simplify our other approximation algorithms and only
deal with the nodes that are part of the simplified chains (pairs in D). Given the
graph is already created, it should also decrease the running time of the dynamic
programming solutions. However, as mentioned the worst case still has mn vertices
and m2 n2 edges, so similar to our other solutions, the complexity could be as bad as
O(m2 n2 ).
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CHAPTER 6

DISCRETE SET-CHAIN MATCHING

In this chapter we examine the discrete version of a problem originally defined in
[12] with the continuous Fréchet distance, which we will call the set-chain matching
problem. Following, we define and analyze other variations of this problem that are
also of interest. Figure 6.1 shows a simple instance of the problem where we have
a set of points and a polygonal curve, and we wish to find another polygonal curve
through the set of points such that the Fréchet distance between the two curves is
below a given threshold.

Figure 6.1: An instance of the discrete set-chain matching problem in 2D with one
possible solution of |Q| ≥ 11 for the shown ε.

The set-chain matching problem is equivalent to the map matching problem for
complete graphs. Essentially, there is more freedom because any choice of points is
possible. In a graph, however, you are restricted by the neighbors at any given vertex.
We first formally define the problem and its variations.
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6.1 Application

The discrete set-chain problem has many applications depending on which variation is being considered. Suppose we have intermittent lossy GPS vehicle data where
we can not guarantee the path of the vehicle between our data points. We can find
the shortest (and arguably the most plausible) path of the vehicle.
If the points in our set represent signal towers (cellular, radio, etc.), which generally have a spherical range, then we can also consider several coverage problems.
Assuming we know the path of a vehicle, what is the minimum number of towers
needed to ensure that the signal is not lost. Simply knowing whether the path is
covered is important, but optimizing it along multiple roads and areas is crucial.
These types of problems are studied in many areas including wireless sensor networks,
graphics, scheduling, and ordering.

6.2 Related Work

The set-chain problem with the continuous Fréchet distance was defined by Maheshwari et al. as trying to find a polygonal curve through a subset of points to
minimize the Fréchet distance to some curve P . We call this problem set-chain
matching to avoid confusion with other types of matching problems. Although they
do not specify the name for the problem, they define the set-chain matching problem
as: Given a point set S and a polygonal curve P in Rd (d ≥ 2), find a polygonal curve
Q with its vertices chosen from S, which has a minimum Fréchet distance to P .
For our investigation, we use the discrete Fréchet distance and thus call it the
discrete set-chain matching problem. As we will show, a variation of the discrete
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set-chain problem is also related to the discrete unit disk cover (DUDC) problem
when minimizing the number of points from S used. The DUDC problem is known
to be NP-Hard, and is also difficult to approximate with the most recent results
being an 18-approximation algorithm [41], a 15-approximation algorithm [42], and a
(9+ε)-approximation algorithm [43]. Nearly all of the constant factor approximations
have been within the last decade. The problem does admit a PTAS [44], but this is
infeasible for most instances of the problem. The problem does not admit a Fully
Polynomial Time Approximation Scheme (FPTAS) unless P=NP.

6.3 Discrete Set-chain Matching

We begin with the formal definitions of the problem and the variations as well
as some terminology. It is important to note that, as in the continuous version, we
make no requirements that P or Q be planar. Further, for problem classification we
mainly focus on the reachable points (defined below). For discussion, we will refer
to the number of nodes in a polygonal chain as the “size” of the chain and it will be
denoted as |A| for a polygonal chain A.
Definition 23 The Discrete Set-Chain Matching Problem.
Instance: Given a point set S, a polygonal curve P in Rd (d ≥ 2), an integer K ∈ Z+ ,
and an ε > 0.
Problem: Does there exist a polygonal curve Q with vertices chosen from S 0 where
S 0 ⊆ S, such that T ≤ K and dF (P, Q) ≤ ε?
T is defined in two ways. When we are minimizing the number of nodes in the
chain, T = |Q|, and if we are minimizing the points used then T = |S 0 |. Figure 6.2
shows an example case demonstrating the difference between minimizing |Q| or |S 0 |.
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Here, minimizing |Q| will always yield |Q| = 3 regardless of the points chosen as
nodes. However, minimizing |S 0 | will return |S 0 | = 2 and |Q| = 3 and there is only
one possible sequence of points that is minimal.

Figure 6.2: The difference between minimizing |Q| and |S 0 |. Minimizing |S 0 | gives
Q = hs1 , s2 , s1 i where |S 0 | = 2 and |Q| = 3, but minimizing |Q| will yield |Q| = 3
whether it uses the sequence hs1 , s2 , s1 i or hs1 , s2 , s3 i.

Now define Sε = {s ∈ S|p ∈ P and d (p, s) ≤ ε} as the reachable points because
these are the points s that can be reached by p within the ε given. Here, we look
at four variations of this problem. They vary whether or not there is a uniqueness
constraint on s ∈ S being used as a node in Q (if points may be used more than
once), and whether our goal is to minimize the size of the chain Q or of the set
S 0 . We therefore distinguish the problems as Unique/Non-unique(U/N) Set-Chain(S)
Matching(M) with a k Subset/Chain(S/C). The variants are thus NSMS-k, NSMC-k,
and USM-k. When looking at unique nodes, minimizing |Q| is equivalent to minimizing the set of points used, |S 0 |, since they can only be used once, so we do not
separate the cases.
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6.4 NSMC-k

We begin by first showing that NSMC-k exhibits an optimal substructure. Figure
6.2 points out that we merely must find at least one point si ∈ S for every pj ∈ P . The
only exception is to find an s that covers consecutive p’s. This can be done by looking
at the neighbors of a node, and selecting the points that cover them. The recurrence
relation is shown in Equation 6.1. We declare a 2D array of size |S| × |P | where
the columns represent the nodes in the polygonal chain P and the rows represent
points in the set S. For our initial condition, we assume a column 0 that is populated
with 0’s in every row. Now the recurrence can be processed column by column until
|S|

finished. The final optimal value will be Opt = mink=1 (M [k, |P |]). This can be solved
in O(mn) time. We show a simple iterative algorithm that implements this method
in Algorithm 6.9.

M [i, j] = min





M [i, j − 1],





if d (si , pj ) ≤ ε, M [i, j − 1] 6= ∅

|S|

mink=1 (M [k, j − 1]) + 1, if d (si , pj ) ≤ ε, M [i, j − 1] = ∅






∅,
if d (si , pj ) > ε

(6.1)

Theorem 6 (Optimal Substructure of NSMC-k). Let P = hp1 , ..., pn i be a polygonal
chain, and S = {s1 , ..., sm } be a set of points such that there exists a Q = hq1 , ..., qk i
through a set S 0 ⊆ S which is a minimal sequence such that dF (P, Q) ≤ ε.
(1) If d (pn−1 , qk ) ≤ ε and d (pn−1 , qk−1 ) > ε, then Qk is an optimal solution for Pn−1 .
(2) If d (pn−1 , qk−1 ) ≤ ε, then Qk−1 is an optimal solution for Pn−1 .
(3) If d (pn−1 , qk ) > ε, then Qk−1 is an optimal solution for Pn−1 .
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Proof. (1) If d (pn , qk ) ≤ ε and d (pn−1 , qk ) ≤ ε, then the point qk covers both points by
an ε-ball. However, qk−1 does not cover pn−1 . Thus, Qk is still the optimal solution.
(2) If d (pn−1 , qk−1 ) ≤ ε, then qk only covers pn . If d (pn , qk−1 ) ≤ ε, then Qk−1 would
be an optimal solution, but by definition Q was minimal so this can not be true. (3)
If d (pn−1 , qk ) > ε, then we have the same argument with pn only covered by qk , and
thus Qk−1 must be optimal for Pn−1 .
Theorem 7. The discrete non-unique set-chain matching problem where T = |Q| is
polynomial, i.e., NSMC-k ∈ P.
Proof. Since we have shown that NSMC-k has an optimal substructure, given P, S,
and K, we can find an optimal K 0 from a dynamic programming algorithm based
on the recurrences (Equation 6.1). Then we decide NSMC-k by comparing whether
K ≤ K 0.

6.5 NSMS-k

We now look at the discrete non-unique set-chain matching problem where we
want to minimize the number of points from S used in Q. This is now a coverage
issue, and the problem becomes extremely difficult. This problem is equivalent to
the discrete unit disk cover (DUDC) problem, which is known to be NP-Hard and is
difficult to approximate.
Theorem 8. The discrete non-unique set-chain matching (NSMS-k) problem where
T = |S 0 | is NP-complete.
Proof. This can be shown via a straightforward reduction from the discrete unit disk
cover (DUDC) problem which is NP-Hard [41]. Formally, we are given a set of points
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Algorithm 6.9 OPTIMAL-NSMC → Return the minimal size of |Q|.
Input: P is the polygonal curve, S is the set of points, ε is our distance threshold,
and k is our optimization limit.
Output: The minimum |Q| possible for a Q through the points in S such that
dF (P, Q) ≤ ε.
1: function OPTIMAL-NSMC (P , S, ε, k)
2:
M ← |S| × |P |
3:
LastMin ← 0
4:
for j ← 1, |P | do
5:
CurrentMin ← LastMin +1
6:
for i ← 1, |S| do
7:
if d (si , pj ) ≤ ε then
8:
if M [i, j − 1] = N U LL or j = 1 then
9:
M [i, j] ← LastMin + 1
10:
else
11:
M [i, j] ← M [i, j − 1]
12:
else
13:
M [i, j] ← N U LL
14:
if M [i, j] < CurrentMin then
15:
CurrentMin ← M [i, j]
16:
return CurrentMin
P and a set of disks D = {D1 , D2 , ..., DN } with centers C = {c1 , c2 , ..., cN } with all
disks of radius r.
Now, let P 0 be a polygonal chain made of all points in P in any order. Let S = C
and ε = r. Now, ∃ a minimum-cardinality subset D0 ⊆ D with centers C 0 such that
∀ p ∈ P , ∃ a Di ∈ D0 that contains p if and only if ∃ a polygonal chain Q where the
vertices are from points in S 0 ⊆ S such that |S 0 | = |D0 | and dF (P 0 , Q) ≤ ε.
We first prove the forward direction. Given an instance I ⊆ D that is a minimum
covering for all points in P . We construct P 0 by connecting all points in P in any
order. Making a polygonal chain Q with the set of centers (CI ) of I is straightforward.
We construct Q by finding the disk (Di ) that covers p1 ∈ P 0 , and we set q1 = ci where
ci is the center of disk Di . Similarly, we walk through each pi ∈ P 0 and set the center
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of the disk Dj ∈ I covering point pi as qi = cj . Every ordered node in P 0 is now still
within ε of a node in Q, thus dF (P 0 , Q) ≤ ε, and the set of nodes used, |S 0 |, is equal
to |I|.
In the other direction, if we have a polygonal chain Q = {q1 , q2 , . . . , qN } such
that the number of unique locations used for vertices is of minimal cardinality and
dF (P 0 , Q) ≤ ε. Suppose the set of unique locations S 0 that Q is made of is not a
minimal disk cover of all the vertices of P 0 viewed as points in a set P . This implies
there exists at least one qi that is unnecessary for a covering by C, and there is a
point pj that can be covered by another ck . Let C 0 be this smaller covering. Using the
same construction as above we can build a P 00 and Q0 . This would mean |C 0 | < |S 0 |
which contradicts our assumption that S 0 in minimal. Thus, every node pi ∈ P 0 is
within ε of at least one node qj ∈ Q, and S 0 is a minimal cover.
Finally, we show the problem is in NP. Given an instance I we can check whether
dF (P, I) ≤ ε in O(mn) time via Theorem 1.

6.6 USM-k

This version of the problem is shown to be NP-complete via a reduction from
planar 3-SAT [45]. Again, we set k = |Sε | requiring all reachable points to be used.
By standard convention, we first introduce several planar “gadgets” that we then
arrange in our reduction. We will build up the gadgets in a piecewise manner, and
then show how they are connected to form a single polygonal line at the end.
The first gadget we look at is the choice gadget. This is the building block for
the reduction. Here, in Figure 6.3(a), we can see that in order for a line through the
points to ‘cover’ the nodes of the line, there are two ways for the new line to go. We
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label the one that goes to the peak first, and then the point in the middle as ‘true’,
and if it goes the the middle one first, then the peak it is ‘false’.

(a)

(b)

(c)

Figure 6.3: (a) A choice. (b) A chain with a false connection. (c) A variable gadget.

We can now link these choice gadgets together to make a chain. The chain is
important because we can use it to force the new line to stay in the ‘true’ or ‘false’
orientation. Examples of these two paths within a chain are shown in Figures 6.3(b).
The variable gadget is similar to the chain, except it also contains an extra line
and node that, depending on whether the new line is ‘true’ or ‘false’, will use or
not use. Figure 6.4 shows the variable gadget for xi and both the ‘true’ and ‘false’
settings. If the new line is ‘true’, then the variable does not need the extra point as a
node, however, a ‘false’ line will use the point because the previous point was already
used. As is standard in many reductions, each variable is repeated some finite length
in one direction based on what is needed in the equation (only thrice in Figure 6.4).
Unfortunately, the variable gadget alone will not ensure that the new line alternates between ‘true’ and ‘false’ states, which we need for a variable and its complement. Therefore, we modify the variable gadget with a “switch” gadget, which makes
the free point necessary at every other variable link, and thus alternates the path of
Q. It is important to note that these switch segments will not be directly connected
to the variable gadgets. These are clear in the examples in Figure 6.4, and that the
first and last instance are not the full ’U’ shaped gadget.
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Figure 6.4: Variable gadgets linked together for variable xi . Both ‘True’ and ‘False’
settings are shown as well as the division between x and ¬x.

A clause gadget is rather simple. Three chains, each connected at the other end
to a variable, come together and end within ε of each other, and there are only two
points between the ends. Figure 6.5(a) gives an example of this. At least one of the
chains must have the new line coming through the points in a ‘true’ position so that
its final node (Cki ) at the end of the chain does not need one of the two mutual points.
Simply, only two of the chains can have a ‘false’ setting or one of the end nodes in
the clause will not be covered within ε, and the clause would be false.
The chains from the clause gadgets are attached to the variable/switch gadgets in
the highlighted area of Figure 6.5(b). There is one point between the ends of the three
chains. A line is added from the clause endpoint vky (for clause ck where 1 ≤ y ≤ 3)
to the opposite side of the variable (or complement) in the clause, e.g., if x1 is the
third variable in the clause ck and the connection point is n1i (x1 ) or n1j (¬x1 ), then a
line is placed connecting the chain vk3 to n1j (¬x1 ).
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(a) Clause Gadget

(b) Variable Connection

Figure 6.5: (a) The clause gadget. (b) The connection for the chain to the clause.

Now we have to show that all of the ends can be connected without creating
loops. The polygonal line, P , does not have to be planar, however it must be a single
continuous line. The non-planarity allows us to focus on a single clause to show one
way in which everything can be connected. We have to be careful that we do not
connect two ends that would change the reduction such as connecting two end nodes
at a clause– ck1 , ck2 , ck3 for clause Ck . For simplicity, we can connect all variables
together and all the beginning and end switch points. Let q1 = s1 and then connect
the variables by adding in the edge ek , sk+1 for all variables 1 ≤ k ≤ N − 1, and the
last variable node en connects to a vertex in c1 .
We show a simple example of three variables and a clause in Figure 6.6 without
the ends being connected. If we assume the example is clause Ck , and the clauses
connect to the variables,x1 , x2 , x3 ,at nodes npi or npj where 1 ≤ p ≤ 3 and npj is
the other end of the segment connected to npi . We are only concerned about the
unconnected segment ending at the clause. The other segments will be taken care of
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Figure 6.6: Example USM-k clause with three variables ci = (¬x1 ∪ x2 ∪ ¬x3 ) with
assignments x1 = 0, x2 = 0, x3 = 1.

separately, including those which will be completely ignored (the segments n13 to n14
and n33 to n34 ).
Then the nodes which are not connected are ck1 , ck2 , ck3 , n1j (n11 ), n2i (n24 ), n3j (n31 ).
These can be connected as a single chain with every edge greater than ε by connecting
the pairs (n1j , ck2 ), (n2i , n3j ), and then the ck1 , ck3 are the end nodes. All clauses are
then connected by the edge (ck3 , ck+11 ) for 1 ≤ k ≤ M − 1.
The only segments left are the switch gadgets that are not connected to a clause.
These can be connected in any order provided the ends are not within ε, and we can
not introduce a loop. Using this construction, the complexity of the problem can be
proven.
Theorem 9. The discrete unique set-chain matching (USM-k) problem is NPcomplete.
Proof. Given a planar 3-SAT instance ϕ with variables X = {x1 , x2 , . . . , xN } and
clauses C = {C1 , C2 , ..., CM }, we convert it based on the method described. This
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takes O(|C|+|X|) and is thus polynomial. The planar 3-SAT equation ϕ is satisfiable
if and only if there exists a polygonal line Q with nodes from the set S such that
dF (P, Q) ≤ ε and each point represents a unique node in Q.
Given ϕ is satisfiable, then for every clause, there is at least one variable which has
a ‘true’ value. In our construction this means at least one chain does not need a point
from the center of the clause, and thus we can easily find a Q such that dF (P, Q) ≤ ε.
If ϕ is unsatisfiable, then there will be at least one clause where all three variables
have a false value. This means there is a clause in our construction where all three
chains are in a ‘false’ setting, and all need a point in the clause gadget center (Figure 6.5(a)). However, since there are only two points within ε of the clause points
(ci1 , ci2 , ci3 for clause Ci ), at least one chain must use a point outside the clause center.
This causes dF (P, Q) > ε.
In the other direction, assume there exists a path Q through S 0 ⊂ S such that
dF (P, Q) ≤ ε. There must be at least one true chain at each clause, and since the
three chains keep this setting back to the variable we know it had this setting at the
variable. Since we also know that with the switch gadgets, the variables alternate
between a true and false setting where the chain attaches. Thus, for every variable
attached to a clause, it has the correct true or false setting. Therefore, if dF (P, Q) ≤ ε,
then the current setting of each variable satisfies ϕ.
If no path Q does exist such that dF (P, Q) ≤ ε, then we know there is at least
one clause where all three chains needed extra points for Q. Since the variables and
switches always have a path within ε, the problem occurred in a clause. The only way
this occurs is if all three chains have a ‘false’ setting, and similarly to the previous
example, we can follow this back through the chains and see the attachment to the
variables. Thus, there must also exist a clause in ϕ where all three variables are false.
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Last, we know the problem is in NP. Given an instance I we can check whether
dF (P, I) ≤ ε in O(mn) time via Theorem 1.
Our reduction was based on the discrete Fréchet distance, but our construction
also ensures that any resulting path Q is within ε of P , even along the edges. Thus,
our reduction can be adapted to prove that USM-k is also NP-complete with the
continuous Fréchet distance.
Corollary 4. The continuous Unique Set-Chain Matching (USM-k) problem based
on the continuous Fréchet distance is NP-complete.
Proof. This proof is based on the fact that the polygonal curves P and Q are made of
connected straight line segments. Given two straight lines with endpoints a = hp1 , p2 i
and b = hp01 , p02 i, it is straightforward to see that if d (p1 , p01 ) ≤ ε and d (p2 , p02 ) ≤ ε,
then under the continuous Fréchet distance dF (a, b) ≤ ε.
Since both P = hp1 , . . . pm i and Q = hq1 , . . . qn i are made of straight line segments,
the Fréchet distance between these segments is less than ε. There are cases where the
segments are not in a one-to-one correspondence, however, since the discrete Fréchet
distance is within ε in these cases, and we have straight lines, dF (P, Q) ≤ ε holds.
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CHAPTER 7

DISCRETE MAP MATCHING

We now turn our attention to the map matching problem [13] which is related to
the set-chain matching problem except the goal is to find a path through a planar
graph rather than a set of points. In general, this problem is more difficult than
the set-chain matching problem because of the planar graph constraint, however, it
also has many uses making it worthy of our attention. We will first overview some
of these applications and then cover recent related work on the topic. Following,
we define the discrete problem formally for the discrete Fréchet distance, and then
look at the complexities of some variations of the problem similar to the set-chain
matching problem.

7.1 Application

The map matching problem arose naturally out of more sophisticated GIS (Geographic Information System) software and algorithms. With the rise of excellent
satellite data and the common use of GPS (Global Positioning System) in cellphones
and vehicles for navigation, an important task is map routing. There are several
problems dealing with map routing, but our focus will be on reconstruction tasks.
Assume that we know the road network and can treat it as a planar embedded graph,
and that we also have the GPS data from a car travelling. Often, this data is not
accurate and may be noisy or approximate to the exact location of the vehicle. Thus,
the data may not align with the roads properly.
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Trying to find the most likely route of the vehicle on the road network is the
standard map matching problem. We extend this analogy for modern instances where
the data may be intermittent due to coverage or power constraints. A common issue
with cellphones or hand-held GPS devices is limited battery life. A feasible situation
is one where a user may only power on the device when near a city or when they
need something immediate (such as making a call for directions), and afterwards
they turn the device back off. Similarly, in remote areas, a user may only have
reception near certain towns. Thus, tracking their phone is only possible when a
signal is available. In these instances our data has discrete points of the lossy data.
We still have a polygonal curve, but we can not depend on all edges of the line to be
accurate location data. We know the node ordering, but the edges may not represent
the actual path taken. So the problem is to find the most probable simple path of a
vehicle between the recorded points on the road network.

7.2 Related Work

With respect to map matching, the problem of finding a path in a graph given a
polygonal curve with respect to the Fréchet distance was first posed by Alt et. al.
[13] as follows: Let G = (V, E) be an undirected connected planar graph with a given
straight-line embedding in R2 and a polygonal line P . Find a path π in G which
minimizes the Fréchet distance between P and π. They give an efficient algorithm
which runs in O(pq log q) time and O(pq) space where p is the number of line segments
of P and q is the complexity of G. Their version allows for vertices and edges to be
visited multiple times, and is similar to the discrete version we cover in Section 7.4.
The recent work by Maheshwari et al. improved the running time for the map
matching problem for complete graphs [12]. The original algorithm would decide it in
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O(pk 2 log k) where k is the number of vertices in the graph, and their new algorithm
solves it in O(pk 2 ). This version is what we referred to as the set-chain matching
problem in Chapter 6.
Map matching is an active area of research with many approaches. The two
main methodologies are those based on geometric methods and ones based on Global
Weight Optimization. However, the methodologies can also be classified based on the
problem definition where we have local/incremental methods, global methods, and
statistical methods. These can all be extended to include topological and geological
conditions, current weather and traffic conditions, speed limits, and other variables
that can produce more optimal routes GPS services and trip planning both online or
offline [46, 47]. However, the work presented here is fully based on geometric methods.
We assume that we have all of the data and want to use a geometric method (the
discrete Fréchet distance) to find the best fit for the input.
There has been recent work which allowed for better performance with certain
types of curves, with dual simplification for an approximate result, with bounded
simplification of one of the chains, and in graphs with certain properties, [48, 49, 50].
With map matching, for the weak Fréchet distance, the bounds have been lowered
further to O(pq) [51], and the problems can be better defined with a smaller error
bound [52].
In reality, all GPS data is discrete, and these approaches smooth the data. There
are some methods optimized for low-sampling-rate data [46], but even these assume
some maximum time between samples (less than five minutes). Our purpose is to
analyze data where samples may be hours apart and can not be reasonably ‘smoothed’.
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7.3 Discrete Map Matching

The definition of discrete map matching is similar to our set-chain definition and
has three variants that we will look at. We also define a similar naming scheme for the
different versions using “MM” for “map matching” as opposed to “SM” for “set-chain
matching” in the acronyms.
Definition 24 The Discrete Map Matching Problem.
Instance: Given a simple connected planar graph G = (V, E) with a straight-line
embedding in R2 , a polygonal curve P in Rd (d ≥ 2), an integer K ∈ Z+ , and an
ε > 0.
Problem: Does there exist a path Q in G with the polygonal curve formed by its
edges using vertices chosen from V 0 where V 0 ⊆ V , such that T ≤ K and dF (P, Q) ≤
ε?
T is defined in two ways. When we are minimizing the size of the chain, T = |Q|.
If we are minimizing the vertices in the graph used then T = |V 0 |. We look at the
analogous versions of the set-chain matching problems for each of these: NMMC-k
and NMMS-k. We then consider the version where the vertices in the path must be
unique and only used once, which we label UMM-k. Again we note that when the
vertices are unique the two minimization problems (|Q|,|V 0 |) are equivalent.
For reference, the naming convention is Unique/Non-unique(U/N) Map(M)
Matching(M) with a k Subset/Chain(S/C). For an example explaining the difference,
please refer to Figure 6.2 in Chapter 6.
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7.4 NMMC-k

When focused solely on the length of Q, the problem is similar to the set-chain
version (Section 6.4). The problem has an almost identical optimal substructure, so
we forego the proof here. The recurrence to find the minimum size of Q (in number
of vertices) is given in Equation 7.1. The actual dynamic programming algorithm
is also omitted due to the similarity to Algorithm 6.9. The only difference is that
each vertex v only looks at its neighbor set, N (v). This is polynomial with the worst
case being in a complete graph, which is equivalent to the discrete set-chain matching
version. If the graph is not a complete, the complexity will be lower.

M [i, j] = min





M [i, j-1],





if d (vi , pj ) ≤ ε, vi ∈ N (vi-1 ), M [i, j-1] 6= ∅

min (M [k, j-1]) + 1, if d (vi , pj ) ≤ ε, vi ∈ N (vi-1 ), M [i, j-1] = ∅

k∈N (vi )





∅,
if d (vi , pj ) > ε or vi ∈
/ N (vi-1 )
(7.1)

Theorem 10. The discrete Non-unique Map Matching (NMMC-k) problem where
T = |Q| is in P.
Proof. This problem is equivalent to NSMC-k with the restriction of which vertices
are viable given the previous choice. Rather than looking at all previous values for
the last vertex, M [i, j − 1], it is restricted to only looking at those vertices which have
an edge between them. This is the only change to the recurrences in Equation 6.1.
Thus, the problem has an identical optimal substructure and is polynomial.
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7.5 NMMS-k

This problem has proven more difficult to analyze the complexity than the other
versions of the discrete map and set-chain matching problems. With the discrete
Fréchet distance we show that it is NP-complete for general graphs (Theorem 11),
and we show that the planar problem is NP-complete under the Hausdorff distance
(Theorem 12). Even though we did show these results, we did not prove the complexity for the planar version under the discrete Fréchet distance. Due to the complexity
of the other variations, we believe this problem to also be NP-complete, however, we
leave this problem for future work.
Theorem 11. Discrete non-unique map matching where T = |V 0 | in general graphs
is NP-complete.
Proof. By a simple reduction from NSMS-k (Theorem 8) we show this is true. Given
a set of points S, a polygonal curve P , ε > 0, and a K ∈ Z+ , we build a complete
graph G = {V, E} with the vertices being the points in S, i.e. V = S and E = S × S.
This embedding allows all possible paths to be explored for Q, and the path
it returns will be the same for both NMMS-k and NSMS-k. Thus, there exists a
polygonal curve Q with nodes taken from S 0 ⊂ S, such that |S 0 | ≤ K and dF (P, Q) ≤ ε
if and only if there exists a path Q0 in G such that the vertices in Q0 are taken from
V 0 ⊂ V , such that |V 0 | ≤ K and dF (P, Q0 ) ≤ ε.
In the forward direction, if there is a path Q where |S 0 | ≤ K and dF (P, Q) ≤ ε,
then there is a Q0 in the graph construction where V 0 ≤ K since the same path
must exist through the graph because it is complete. In the other direction, the same
argument applies–if we have a path in a complete graph, then we have a polygonal
curve through the points that are in the same locations as the vertices of the embedded
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complete graph. We thus must only need the same points as those vertices and so
|S 0 | = |V 0 | ≤ K.
Theorem 12. Discrete non-unique map matching with T = |V 0 | in planar graphs
under the Hausdorff distance is NP-complete.
Proof. This is a straight-forward reduction from the Hamiltonian circuit problem in
grid graphs [53]. Let Gk be a grid graph with k vertices such that any vertex v ∈ Gk
is located at vx , vy ∈ Z+ and Gk is an induced subgraph of the infinite unit grid graph
G∞ . For our construction we let G = Gk and we let P = V where V is the vertex set
of G.
There exists a Hamiltonian Path in Gk if and only if there exists a path Q in G
such that |Q| = |V | and dH (P, Q) = 0. If there is a Hamiltonian circuit Q0 on the
graph, then by definition, this path (with the start/end vertex arbitrarily chosen) has
dH (G, Q0 ) = 0 since it covers every edge and vertex. Also, since |Q0 | = |V |, |Q| = |V |.
Given a path Q in G = Gk where |Q| = |V | and dH (P, Q) = 0. Note that this
path must visit every edge and vertex since dH (P, Q) = 0. If |Q| = |V |, it must only
visit each vertex once, and thus the path must be a Hamiltonian circuit.

7.6 UMM-k

Map matching with unique vertices is an interesting problem, and also one of
the most relevant. In most applications related to map matching where the graph
is planar, rarely would a vertex be visited multiple times. In the GPS application
of a vehicle on a road network, this would be equivalent to a car visiting the same
intersection multiple times. This may occur, but when trying to find the likely path
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of a vehicle from the origin to the destination we can disregard self-intersecting data
as unimportant overall.
Similar to the last section, we first prove the complexity of a more general version
of this problem. We remove the planar constraint and prove that the problem is NPcomplete for non-planar graphs. The complexity can be proven in a manner similar
to the set-chain matching version in Section 6.6. However, a reduction from planar
3-SAT is unnecessary for this problem since we have already proven the complexity
of USM-k. Simply building the complete graph on the points is sufficient. Therefore,
we reduce from USM-k in this manner for a straightforward proof.
Theorem 13. The discrete unique map matching problem is NP-complete for general
graphs.
Proof. We can reduce from USM-k in a straightforward fashion. Given a polygonal
curve P , a set of points S, an ε > 0, and a K ∈ Z+ . Let G = {V, E} be the complete
graph on S such that V = S and E = S × S.
There exists a polygonal curve Q with nodes from S such that dF (P, Q) ≤ ε and
|Q| ≤ K if and only if there exists a path Q0 in G such that dF (P, Q0 ) ≤ ε and
|Q0 | ≤ K.
In the forward direction, if there is a path Q where |Q| ≤ K and dF (P, Q) ≤ ε,
then there is a Q0 in the graph version since the same path must exist through the
graph because it is complete. In the other direction, the same argument applies–if we
have a path in a complete graph, then we have a polygonal curve through the points
that are in the same locations as the vertices of the embedded complete graph.
Finally, the problem is in NP since given any path Q we can verify the solution
in O(|P ||Q|) time via Theorem 1.
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7.6.1 Planar 3-SAT Reduction
In order to show that UMM-k is NP-complete for planar graphs, we will reduce
from planar 3-SAT, which is NP-complete [45], as follows.
Similar to USM-k (Section 6.6), we first show the gadgets used in the reduction
and then prove the reduction from planar 3-SAT. In order to retain a true or false
selection, we first show a ‘chain’ gadget. Figures 7.1(a) and 7.1(b) show the chain
with true and false settings, respectively. Since the nodes used in G may only be
used once, a path through this graph that maintains dF (P, Q) ≤ ε only has two
possibilities. Starting at the top left vertex a path going down is a ‘true’ setting and
going to the right is ‘false’.

(a) True Chain

(b) False Chain

Figure 7.1: (a) A chain with a ‘true’ path. (b) A chain with a ‘false’ path.

Figure 7.2 shows how the chain can make a right angled turn while maintaining
the true or false path. This allows the chains to be configured in a natural way with
a clean layout. Note the extra edge of the graph (eac ) in the corner which allows the
true path to go around the vertex b. Since a false path must pass through a and
b to cover pi , it must continue up from b in order to cover pj . The true path goes
through c and has already covered pi so it can then go through a via eac and around
the outside of the corner to cover pj and then come back down to b.
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Figure 7.2: An elbow in order for the chain to make turns.

A chain is the basis of the variable gadget, but we also attach an additional
diamond structure along with another polygonal curve for the diamond graph components. Figure 7.3 shows the planar graph and the two pieces of P necessary for
each variable gadget. The additional diamond shapes are needed in order to force the
alternation between ‘true’ and ‘false’ states. This works like the switch gadget did
for USM-k. Setting a variable true or false works identical to the chain gadgets. For
a variable xi , to set the variable true, the path begins at ci1 and visits vertex di1 next
(Figure 7.3(a)), and to set xi false, the path as begins at ci1 and goes through vertex
vi1 and ci2 . The chains will connect onto the ai nodes with odd subscripts being xi
(ai1 , ai3 , . . . ), and even subscripts representing connections for ¬xi (ai2 , ai4 , . . . ). The
ai vertices connect by being shared on one edge of a chain as shown in the example
of Figure 7.5. Thus, a true path in the variable does not use the ai vertex where the
chain attaches and the chain can use that edge (for a true path), but a false variable
path does require the ai which means the chain will not be able to use the edge that
attaches and will also have a false path setting. We also note that all of the bi vertices
are not within ε of any of the nodes of p0i .
For the clause gadget, we assume that three ‘chains’ are attached to variable
gadgets and then meet at the junction shown in Figure 7.4. The clause is planar,

96

(a) True Variable

(b) False Variable

Figure 7.3: Variable gadgets with path settings for (a) ‘true’ (b) ‘false’. A path begins
at ci1 and passes through di1 for true and through vi1 and ci2 for false.

but our path along the edges of the graph will no longer be a polygonal curve. The
discrete Fréchet distance is still valid since the distances are based on the nodes and
not the edges of the curve, but this would drastically alter the continuous Fréchet
distance. The vertices in the center are important to note since many of the edges
curve (or turn) in the space without a vertex. This is necessary for our reduction,
and thus is true for distance in the space, but does not hold for the discrete Fréchet
distance based on network distance [54]. We can attach chains at one vertex to the
top vertex in the variable gadgets. These chains then lead to the clause gadget. See
Figure 7.5 for an example.
At a high level, we note that if a path is true in the chain it will not need to use
the last edge. We will refer to the three variables in our clause as xl , xc , and xr for
left, center, and right, respectively. For xl , if the path is true, then it can use the
edge to si . If the path is false it will end at yi and there is only one possible edge.
Similarly, if xr is true, it uses the edge to go to ti , but a false path ends at zi . In

97

Figure 7.4: A clause with three chains meeting.

understanding the clause gadget of clause Ci , we need focus on the two vertices ai and
bi . These two act as the Boolean ‘or’ operators which allow only two of the variables
to be false, and thus requiring at least one to be true. Since vertices can only be used
once in a path, each one (of ai and bi ) allow only one edge coming from a variable to
be used.
When xl is false, the path ending at yi , it must follow onto bi and then go to si .
Similarly, if xr has a false path ending at zi , it must follow onto ai and then go to ti .
Notice that ai and bi are within ε of pj . If xc has a false path, then it can go from
wi to ai or go to ui and then bi . This means that if it is false, it can go to either
of the center vertices attached to xl (bi ) or xr (ai ). Thus, only two of them can be
false. The only issue is if xc is true because it still needs an edge to get to ci without
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crossing the edges attached to ai and bi . If xc is true, then it can come from under ui
to ui and then through vi to ci . Thus, our clause works as a Boolean ‘or’ of the three
variables where at least one variable must be true.

Figure 7.5: Example UMM-k clause with three variables ci = (¬x1 ∪ x2 ∪ ¬x3 ) with
assignments x1 = 0, x2 = 0, x3 = 1.

The last issue is how everything is connected so that G is planar and connected,
and that P is a single line. Referring to our clause, ci and si meet via di which allows
a path to connect the two variables without changing their path settings. Looking at
our example clause (Figure 7.5) we see that this leaves four polygonal curve endings
(or two segments). The two exiting nodes (pi , pj ) from xc and xr can simply be
connected (or attached to the outside of another nested clause). This now means
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each clause uses a single polygonal curve and has two nodes (pa , pz ) to attach to
other clauses or the variables along with the associated graph edges.
We can see in the example clause in Figure 7.5 that the graph and polygonal
curve leave on the outside of the clause. By design, the middle and right leg connect
on the interior. Thus, in a planar 3-SAT instance, if there is a nested clause, these
lines (pi , pj ) connect to the outside of the nested clause. Also note that if the nested
clause is between the left leg and the center, we can simply flip the nested clause.
This shows that a clause can not exist under both branches though unless that clause
can be reached by way of the variables or another clause. We can also flip the right
chain and it can exit the bottom. This means two graph lines have to come out of
the vertex in the opposite order. Any other nesting issues can also be fixed by noting
that we can attach another diamond structure on the other side of our variable gadget
and have clauses on both sides of the variables.
We can then define a simple process to connect them. When saying we are connecting we mean to put an edge between the two nodes of the polygonal curves and to
put an edge between the vertices of the graph. We only refer to one of the connections
for simplicity. First, we begin by connecting all of the clauses. We then connect the
two ends left from the clauses to the closest variable(s). Following, the two chains on
each variable can be connected with the other variables consecutively. Now with this
construction, the complexity of the problem can be proven.
Theorem 14. The discrete unique map matching (UMM-k) problem is NP-complete
for planar graphs.
Proof. Given a planar 3-SAT instance ϕ with variables X = {x1 , x2 , . . . , xN } and
clauses C = {C1 , C2 , ..., CM }, we convert it based on the method described. This
takes O(|C|+|X|) and is thus polynomial. The planar 3-SAT equation ϕ is satisfiable
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if and only if there exists a polygonal line Q with nodes from the vertices in G such
that dF (P, Q) ≤ ε and each vertex represents a unique node in Q.
Given ϕ is satisfiable, then for every clause, there is at least one variable which
has a ‘true’ value. In our construction this means at least one chain does not need
a path through the two points (ai , bi for clause Ci ), and thus we can easily find a Q
such that dF (P, Q) ≤ ε.
If ϕ is unsatisfiable, then there will be at least one clause where all three variables
have a false value. This means there is a clause in our construction where all three
chains are in a ‘false’ setting, and all three variables need to pass through one of the
two vertices ai , bi (see Figure 7.4). However, since the vertices are unique, we will not
be able to find a path Q through this clause for the construction.
In the other direction, assume there exists a path Q through V 0 ⊂ V such that
dF (P, Q) ≤ ε. There must be at least one true path in a chain at each clause, and
since the three chains keep this setting back to the variable we know it had this setting
at the variable. Since we also know that the variables alternate between a true and
false setting, the attached chain has the correct Boolean value associated with the
path. Thus, for every variable attached to a clause, it has the correct true or false
path setting. Therefore, if dF (P, Q) ≤ ε, then the current setting of each variable
satisfies ϕ.
Suppose there is no path Q that exists such that dF (P, Q) ≤ ε. Since the variables
and chains always have a path within ε, the problem occurred within a clause. The
only way this occurs is if all three chains have a ‘false’ path setting and they all need
a path through either ai or bi , but with unique vertices, at least one chain will not
have a valid path. We can again follow these path settings back through the chains
and see the attachment to the variables. Thus, there must also exist a clause in ϕ
where all three variables are false.
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Last, we know the problem is in NP. Given an instance I we can check whether
dF (P, I) ≤ ε in O(mn) time via Theorem 1.
Unlike USM-k, the clause gadget for this reduction (Figure 7.4) requires the path
to follow the graph through edges that are farther than ε from P , and therefore we can
not state anything about the complexity of UMM-k based on the standard continuous
Fréchet distance. There may be modifications to our reduction that allow it to work,
but we have not pursued any since this is not the focus of our investigation, and so
we leave this as another open problem for future research.
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CHAPTER 8

SOFTWARE

As previously mentioned, the majority of software systems for aligning and comparing protein backbones use the RMSD measure. Thus, we have created a software
library called The Fréchet-based Protein Alignment & Comparison Toolkit (FPACT),
which uses the alignment, comparison, and simplification algorithms (including CPS3F+ ) based on the discrete Fréchet distance [11].

8.1 FPACT

To facilitate research using the discrete Fréchet distance we have also created a set
of libraries to run any of our algorithms based on the discrete Fréchet distance. The
FPACT (The Fréchet-based Protein Alignment & Comparison Toolkit) libraries were
designed for easy access to the algorithms by being modular and protein file format
independent. The toolkit includes methods and classes such as the discrete Fréchet
distance, ALIGN (Algorithm 3.1), SIMPLIFY (Algorithm 4.2), versions of CPS-3F+
optimized for space or time efficiency (Algorithm 4.3), the CPS-3F+ backtracking
algorithm (Algorithm 4.4), and some other utility functions. The libraries will be
updated with any future algorithms or results as well. All libraries are written and
available in both C# and Python with Numpy.
We have also implemented a simple web-based application which uses these libraries. The web-based application runs within the Silverlight framework, and can
be used in any browser supporting the Silverlight or Moonlight runtime. The software
is available to the public for general use, thus providing the ability to align, compare,
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and simplify protein backbones with the discrete Fréchet distance without directly
using the libraries [11].
FPACT, the web application, and relevant documentation about the research, can
be found at the website http://www.cs.montana.edu/∼timothy.wylie/frechet/.

8.2 Biological Libraries

Our libraries use standard numerical arrays, and are independent of any biological
data structures or file formats. In order to use FPACT with standard bioinformatics
based files, such as PDB, other software libraries must also be used. Most of our
work was done using SPADE (the Structural Proteomics Application Development
Environment) [55], although the software has since been abandoned in favor of more
modern libraries. One of the most complete and straightforward toolkits for biological
applications written for Python is BioPython [56]. Other software libraries in the
same vein are also available for most of the popular programming languages.
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CHAPTER 9

CONCLUSION

In this dissertation we have covered some applications and many problems related
to them which are based on the discrete Fréchet distance. Through this investigation
we have extended what is known of the discrete Fréchet distance and found solutions
to many of the problems.
In the area of protein backbone structure alignment, we created the first alignment
algorithm based on the discrete Fréchet distance and proved that it is a factor-2
approximation to the optimal alignment problem. In doing so, we also empirically
reinforced the evidence that the discrete Fréchet distance has many benefits for protein
backbone comparisons over the standard root mean square deviation.
In the area of visualization between two large polygonal curves, we relied heavily
on the chain pair simplification problem under the discrete Fréchet distance (CPS3F). Although the complexity of CPS-3F is still unknown, we made great strides in
understanding many properties of the problem. Using these, we devised a heuristic
algorithm and two factor-2 approximation algorithms. The approximation algorithms
defined the moving cost, and also many other properties, and were obtained with efficient dynamic propramming solutions. Further, we looked at chain pair simplification
problem under the Hausdorff distance (CPS-2H), which is known to be NP-complete.
We proved that even based on the moving cost, the problem is still NP-complete.
A couple of other applications covered include the discrete map and set-chain
matching problems which have broad applicability in GIS systems and wireless networking. Not only did we address the standard problems, but proposed useful variations of both. Two of these optimization problems were shown to be polynomial via
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dynamic programming. We proved that three versions were NP-complete. There is
one problem that remains open, but while working on it, we showed that two related
problems are NP-complete.
This dissertation covers work that has already been published as well as research
that is awaiting publication or has not been sent to publication yet. Many of these
applications are extremely important and our research has only highlighted many of
the uses for, and benefits of, the discrete Fréchet distance.
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[42] Robert Fraser, Alejandro Lòpez-Ortiz. The within-strip discrete unit disk cover
problem. Proceedings of the 24th Canadian Conference on Computational Geometry, CCCG 2012, Charlottetown, Prince Edward Island, Canada, August 8-10,
2012, CCCG’12, pages 53–58, 2012.
[43] Rashmisnata Acharyya, Manjanna B., Gautam K. Das. Unit disk cover problem.
CoRR, abs/1209.2951, 2012.
[44] Nabil H. Mustafa, Saurabh Ray. Improved results on geometric hitting set problems. Discrete and Computational Geometry, 44(4):883–895, December 2010.
doi:10.1007/s00454-010-9285-9.
[45] David Lichtenstein. Planar Formulae and Their Uses. SIAM Journal on Computing, 11(2):329–343, 1982.
[46] Yin Lou, Chengyang Zhang, Yu Zheng, Xing Xie, Wei Wang, Yan Huang. Mapmatching for low-sampling-rate gps trajectories. Proceedings of the 17th ACM
SIGSPATIAL International Conference on Advances in Geographic Information

110
Systems, GIS ’09, pages 352–361, New York, NY, USA, 2009. ACM. doi:10.
1145/1653771.1653820.
[47] Hong Wei, Yin Wang, George Forman, Yanmin Zhu.
Map matching
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