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ABSTRACT
There is an increasing need to obtain proper estimates for the uncertainty associated
with Conceptual Rainfall-Runoff models and their predictions. Within hydrology,
uncertainty analysis is commonly conducted using Bayesian inference or Generalized
Likelihood Uncertainty Estimation (GLUE). Bayesian inference is a statistically rigorous
method for estimating uncertainty, but it depends upon a formal likelihood function
that may not be available. GLUE utilizes a generalized likelihood function that can
operate as a proxy for a formal likelihood function. While this allows GLUE to effectively
calibrate hydrological models with intractable likelihood functions, the lack of statistical
rigor may negatively affect the uncertainty estimations.
Approximate Bayesian Computation (ABC) is a family of likelihood-free methods that
have been recently introduced for calibrating hydrological models. While these
methods are implemented using formal Bayesian inference for assessing uncertainty,
they do not require any assumptions regarding the likelihood function. Thus they have
the potential flexibility of GLUE with the statistical rigor inherent in Bayesian Inference.
The studies presented within this thesis demonstrate the theoretical links between
GLUE and ABC. We then assess the efficacy of an implementation of ABC utilizing a
Sequential Monte Carlo sampler (ABC-SMC) for calibrating Conceptual Rainfall-Runoff
models. Two components of the ABC-SMC algorithm were evaluated. These included
three classes of summary statistics used for evaluating model performance and postprocessing techniques to adjust the final posterior distributions of the parameters.
ABC-SMC was computationally efficient in calibrating a six parameter hydrological
model for one synthetic and two real world data sets. Post-processing using local linear
regression generated marginal improvements to the posterior distributions. Summary
statistics measuring the goodness-of-fit between the observed and predicted
hydrographs performed well for the synthetic data where the total uncertainty was low.
A composite summary statistic based upon matching both hydrograph and hydrological
signatures of a basin were more effective for the real world data sets as total
uncertainty increased. The results suggest a properly implemented ABC-SMC
algorithm is an effective method for calibrating watershed models and for conducting
uncertainty analysis.
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CHAPTER 1

INTRODUCTION TO THESIS

Uncertainty Analysis in Hydrologic Models

The availability of water as a natural resource affects the genesis, sustainability, and
degeneration of communities. As a limiting raw material, sufficient water availability is
required to support domestic, agricultural, and industrial applications. In excess, water
can threaten the infrastructure of the communities. Sustained water availability to
communities is threatened by increased extraction and changes to precipitation regimes
due to long-term climate variability (Matalas 1997, Milly et al. 2008, Taylor et al. 2013).
Therefore, an improved understanding of the watershed processes that ultimately
deliver precipitation water to communities is vital to managing future water budgets
and assessing risks to public infrastructure. This necessitates the continued
development of new approaches to help understand, describe, and forecast the
behavior of watershed systems.
Watershed models have been a primary tool for describing watersheds since the
Rational Method was introduced over 150 years ago (Todini 2007). Today, there are
many different hydrological models that exist in hydrologic practice and research.
These models range from parsimonious conceptual models that depict the watershed as
a series of storages (e.g. the Probability Distribution Model (Moore and Clarke 1981)
and the Sacramento Model (Kitanidis and Bras 1980)) to complex physical models that
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simulate the physics of overland and subsurface flow (e.g. Système Hydrologique
Européen (Abbott et al. 1986) and THALES (Moore et al. 1988)). The selection of an
appropriate model structure will depend upon the purpose of the model, the data
available to specify and constrain the model, and the physical properties of the modeled
watershed (Beven 2011).
Nearly all hydrologic models require some type of model calibration to adjust the
model behavior. This allows the model to be representative of the hydrological
characteristics for a specific catchment. When possible, parameters may be directly
measured, inferred from regionalized studies, or specified a priori based on the known
watershed characteristics (Boyle et al. 2000). Otherwise, parameters may be estimated
using optimization algorithms when a priori information is unavailable or inappropriate.
The calibration process is used to define values for undefined, or tunable, parameters
that control the behavior of the model. There are a plethora of ways that model
parameters may be determined, depending largely on the model type and available field
observations.
Regardless of methods used to estimate model parameters, it is of increasing
importance to quantify the degree of uncertainty associated with hydrologic models and
predictions (Beven 2013). Each component within the data, model, and calibration
process will contribute to the overall predictive uncertainty in any modeling exercise
(Pappenberger and Beven 2006). The uncertainty associated with each component can
be characterized as stochastic errors (aleatory) or errors due to insufficient knowledge
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(epistemic) (Beven 2013, Beven et al. 2011). In hydrologic studies, aleatory errors are
generally associated with the natural variation within the data while epistemic
uncertainty can be introduced throughout the entire calibration process. Sources of
epistemic uncertainty may involve data collection errors, implementing insufficient
model structures, and uncertainty resulting from the calibration process. By
implementing uncertainty analysis throughout the calibration process, the results can be
used to identify issues within the measured data, suggest changes in the model
structure, and evaluate the resulting parameter estimates. This feedback loop can lead
to an increased confidence in the model output and reduce the bounds representing the
predictive uncertainty (Liu and Gupta 2007). The appropriate interpretation of
uncertainty estimates is heavily dependent upon the methodologies used to calibrate
watershed models and their ability to provide statistically relevant measures of
uncertainty.
With the increase in available computational power over the last two decades,
methods for simulation-based model calibration and uncertainty estimation have seen
rapid advancements. The development of Monte Carlo simulation techniques allows
researchers to visualize many potential model outcomes. By extracting the metrics of
the simulation results, estimates on the model uncertainty can be directly assessed
(Beven and Freer 2001, Kuczera and Parent 1998, Marshall et al. 2004). Within
hydrological research, Markov Chain Monte Carlo methods (MCMC) (Beven et al. 2011,
Marshall et al. 2004, Smith and Marshall 2008, Vrugt et al. 2013) and Generalized
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Likelihood Uncertainty Estimation (GLUE) (Beven and Binley 1992, Freer et al. 1996,
Zhang et al. 2011) have seen widespread use.
Markov Chain Monte Carlo methods were first introduced in hydrology as a way to
realistically quantify parameter uncertainty and its potential impact on hydrologic
model predictions (Kuczera and Parent 1998). MCMC utilizes kernel based random
walks to explore the full parameter space. Formal likelihood functions are used for
evaluating the quality of proposed parameter sets, thus allowing Bayesian inference to
be applied in the estimation of the parameter and model uncertainty. MCMC
algorithms can be sensitive to the model initiation and can be inefficient if the
parameter space is complex (Bates and Campbell 2001). In recent years, MCMC
methods in hydrology have been adapted to reduce the possibility of performance
degradation (Smith and Marshall 2008, ter Braak and Vrugt 2008, Vrugt and Braak 2011,
Vrugt et al. 2013), however, these methods also increase the complexity of the
implementation (Smith and Marshall 2008).
Generalized Likelihood Uncertainty Estimation (GLUE) offers a different philosophy
for hydrologic model parameter estimation and uncertainty analysis. GLUE was adapted
from the Hornberger-Spear-Young method for sensitivity analysis (Freer et al. 1996) and
processes randomly generated parameter sets drawn from the full parameter space
through the proposed model (Beven and Binley 1992). A generalized likelihood function
is used to measure the performance of each parameter set and a threshold is defined to
remove those parameter sets that do not meet the threshold criteria. The distribution
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of the remaining parameter sets can then be used to estimate the parameter value and
to evaluate the uncertainty of the parameter estimations (Beven and Binley 1992).
The generalized likelihood function allows for flexibility in incorporating prior
information that cannot be formally defined (Beven et al. 2008). However, the use of a
non-sufficient function has been reported to produce unreliable estimations (Mantovan
and Todini 2006, Montanari 2005, Stedinger et al. 2008). In these cases, issues of
heteroscedasticity, non-normality, and serial correlations could affect the ability of
GLUE to generate reliable uncertainty intervals (Stedinger et al. 2008), potentially
leading to an underestimation of the uncertainty (Montanari 2005). GLUE has also
been criticized for being incoherent and ignoring potential covariance by working strictly
in the marginal parameter space (Jin et al. 2010). Despite these concerns, GLUE has
remained a popular method for calibrating hydrological models due to the ease of
implementation and the flexibility of the generalized likelihood function.
An emerging set of Bayesian methods, called Approximate Bayesian Computation,
have been proposed as a way to estimate the posterior distribution in modeling
scenarios where the likelihood function is either unknown or cannot be explicitly
defined (Diggle and Gratton 1984, Rubin 1984). The unavailability of the likelihood
function may be due to mathematical intractability or when the likelihood is not defined
in a closed form (Marin et al. 2012). The first applied applications of ABC were in the
field of genetics to make inferences from DNA sequence data (Beaumont et al. 2002,
Marjoram et al. 2003, Pritchard et al. 1999, Tavare et al. 1997) and more recent
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research has demonstrated the potential applicability of ABC for both ecological and
epidemiology analysis (Sisson et al. 2007, Toni and Stumpf 2010, Toni et al. 2009).
Likelihood-free methods aim to eliminate the need for solvable likelihood functions.
By utilizing Monte Carlo sampling techniques in conjunction with a summary statistic to
estimate the performance of randomized parameter sets, the posterior distributions of
the parameters can be estimated. If the summary statistic is sufficient, then the
estimated posterior distribution of the parameters will reflect the true posterior
distribution under a formal Bayesian analysis (Joyce and Marjoram 2008). Therefore,
when properly implemented, ABC may offer the flexibility of GLUE while retaining the
statistical rigor recognized in MCMC (Sadegh and Vrugt 2013).
This thesis is organized into four chapters. Chapter 1 is an introduction to the thesis,
motivations, and contributions of the research. Chapter 2 is a published manuscript
that explores the links between ABC and GLUE. Chapter 3 is a prepared manuscript that
introduces innovative methodologies for improving the efficiency and performance of
ABC methods useful for calibrating hydrological models. Chapter 4 is a summary of the
research and findings reported in the two manuscripts.
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THE APPLICATION OF APPROXIMATE BAYESIAN COMPUTATION AND SEQUENTIAL
MONTE CARLO IN THE CALIBRATION OF HYDROLOGICAL MODELS
The following work is currently in progress to be submitted for publication
Jason J. Brown1, Lucy A. Marshall1, Robert A. Payn1, and Mark C. Greenwood2
1. Department of Land Resources and Environmental Sciences,
Montana State University, Bozeman, MT 59717
2. Department of Mathematical Sciences
Montana State University, Bozeman, MT 59717

Approximate Bayesian Computation (ABC) is a family of likelihood-free methods that
have been recently introduced for calibrating hydrological models. This study assesses
the application of an ABC Rejection scheme using a Sequential Monte Carlo sampling
algorithm (ABC-SMC), and introduces the concepts of post-processing adjustments on
the posterior distributions during hydrological model calibration. Model performance
was evaluated using summary statistics from simulations comparing the hydrograph,
flow duration curve, and a composite of the two. ABC-SMC was computationally
efficient in calibrating a six parameter Probability Distribution Model for one synthetic
and two real world data sets. Post-processing methods were implemented using local
linear regression to adjust the final parameter estimations, generating marginal
improvements to the posterior distributions. Statistical-based summary statistics
performed well when the total uncertainty was low. As total uncertainty increased with
the real world data sets, the composite summary statistic had the highest percentage of
observed streamflow inside the 95% credible intervals.

1. Introduction
Since their introduction, hydrologic models have been an important tool in the study
and management of water resources. Concerns for these resources have grown with
the increasing levels of utilization and potential changes in the global climate patterns
affecting resource availability (Matalas 1997, Milly et al. 2008, Taylor et al. 2013). To
improve the efficacy of hydrologic model applications, quantifying the degree of
uncertainty associated with these models is important to the appropriate
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interpretations of their output (Beven 2013). Yet it has been argued that uncertainty
analysis is under-utilized within the hydrological community (Pappenberger and Beven
2006). As the methods for quantifying uncertainty improve, incorporating uncertainty
analysis into hydrological planning and projects is becoming more practical and
meaningful for those who use model outputs to make management decisions
(Pappenberger and Beven 2006).
With the increase in available computational power over the last two decades,
methods of simulation-based model calibration and uncertainty estimation have seen
rapid advancements. The development of Monte Carlo simulation techniques allows
researchers to visualize many potential model outcomes. By extracting the metrics of
the simulation results, estimates on the model uncertainty can be made (Beven and
Freer 2001, Kuczera and Parent 1998, Marshall et al. 2004). Within hydrological
research, uncertainty assessment is most commonly conducted using Bayesian
inference with a Markov Chain Monte Carlo (MCMC) sampler (Marshall et al. 2004,
Smith and Marshall 2008, Vrugt and Braak 2011, Vrugt et al. 2013) or Generalized
Likelihood Uncertainty Estimation (GLUE) (Beven and Binley 1992, Freer et al. 1996,
Zhang et al. 2011). More recently, another set of Bayesian methods, called
Approximate Bayesian Computation (ABC), has emerged for calibrating ecological and
environmental models.
The basic concepts of ABC were proposed as a way to estimate the posterior
distribution in modeling scenarios where the likelihood function is either unknown or
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cannot be explicitly defined (Diggle and Gratton 1984, Rubin 1984). The unavailability
of the likelihood function may be due to mathematical intractability or when the
likelihood is not defined in a closed form (Marin et al. 2012). The first applied uses of
ABC were in the field of genetics to make inferences from DNA sequence data
(Beaumont et al. 2002, Marjoram et al. 2003, Pritchard et al. 1999, Tavare et al. 1997)
and more recent research has demonstrated the potential applicability of ABC for both
ecological and epidemiology analysis (Beaumont 2010, Sisson et al. 2007, Toni and
Stumpf 2010, Toni et al. 2009).
Likelihood-free methods aim to eliminate the need for solvable likelihood functions.
By utilizing Monte Carlo sampling techniques in conjunction with an appropriate
summary statistic, the posterior distribution of the parameters can be estimated. ABC
implements a performance threshold that is used to remove areas of the parameter
space whose parameter sets perform poorly. While the threshold is a binary operator,
post-processing techniques can be used to adjust the posterior distributions of the
parameters based on their performance as measured by the summary statistic. If the
summary statistic is sufficient, then the estimated posterior distribution of the
parameters will reflect the true posterior distribution under a formal Bayesian analysis
(Joyce and Marjoram 2008). Therefore, when properly implemented, ABC may offer
the flexibility of the generalized likelihood function utilized by GLUE while retaining the
statistical rigor recognized in Bayesian Inference (Sadegh and Vrugt 2013).
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In light of the recent interest in ABC computation in hydrology and other disciplines,
the goal of this paper is to critically assess and review the use of ABC in a hydrologic
application. Via a commonly used hydrologic model, we implement and assess an ABC
algorithm using a Sequential Monte Carlo Sampler (ABC-SMC) for model calibration and
uncertainty assessment. We investigate the usefulness of the approach across both
synthetic and real case studies. We also demonstrate the effect of several summary
statistics for model calibration, and look at the utility of post-processing techniques to
adjust the posterior based upon the summary statistics. The goal of this paper is to
provide benchmark guidance on the potential paths for ABC methods in hydrology.

2. Methods
2.1 Conceptual Rainfall Runoff Model
A widely used and broadly applicable conceptual rainfall-runoff model was selected
to evaluate the effectiveness of the ABC-SMC algorithm for calibrating conceptual
rainfall-runoff models. The conceptual rainfall-runoff model was based on the
Probability Distribution Model (PDM), a lumped model that utilizes a probability
function to represent the spatial variability of the soil moisture storage capacity across a
catchment (Moore and Clarke 1981). Since being introduced in 1981, the PDM has
developed into a framework that can account for multiple storage and routing
components, allowing the model to be adapted to differing watershed systems (Moore
2007). The PDM has been implemented in hydrologic case studies investigating model
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optimization (Jeremiah et al. 2012), predictions in ungauged basins (McIntyre et al.
2005), and assessing regionalization impacts on flood risks (Bell et al. 2007).
This study implements a version of the PDM that incorporates overland flow and
baseflow (Figure 1). The probability distributed soil moisture store (S) receives inputs
through precipitation (P). Water losses include actual evapotranspiration (AET) and
percolation into an unconstrained groundwater storage (GW). Routing components
account for contributions to stream flow via direct runoff and ground water discharge.
The water balance equation for the soil moisture storage at time step t can be
expressed as:

(4)

The spatial variability in the soil moisture store is represented using a Pareto
distribution that defines the available soil moisture capacity. This distribution is defined
by two parameters: the maximum storage capacity of the basin (Cmax) and the degree of
spatial variability (cb) in the Pareto distribution. The critical capacity of the storage at
any given time is dependent upon the proportion of the basin generating runoff. The
critical maximum storage (Smax) is derived from Cmax and cb (Equation 5). The
relationships between storage capacity (Ct) and adjusted critical storage (St) at time t are
defined as:

(5)
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(

(

))

(6)

At each time step, the catchment infiltration (It) can be estimated based on the
observed precipitation (Pt), the critical storage of the previous time step, and the
maximum critical storage capacity. Any precipitation that is in excess of the infiltration
capacity contributes to stream flow as surface runoff (Pr).
The soil moisture storage has two paths for water outputs; AET and percolation to
the groundwater storage. The AET loss is based upon the potential ET (PET) adjusted by
the percentage of the critical capacity of the soil moisture storage and an exponent (be)
to define the linearity of the relationship between ET and AET (Equation 7). The model
incorporates groundwater recharge (GWR) from the soil moisture store. This route is
implemented as a rate (GWr) and is activated when the critical storage is greater than a
minimum basin storage threshold (Cmin) (Equation 8).
(

)

(7)
(8)

The groundwater discharge (GWD) is implemented as a rate (GWq) of available GW
from the previous time step (Equation 9).

(9)
The total stream flow from each step on the hydrograph was the sum the surface runoff
and GWD (Equation 10).
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(10)

2.2 Summary statistics
We selected three different summary statistics to evaluate the model goodness-of-fit
to the observed data. These summary statistics represent three categories of metrics
that can be used in ABC algorithms. These categories include statistical measures of the
goodness-of-fit between the observed and predicted hydrograph, signature-based
measures that incorporate contextual information instead of a pure statistical measure
of fit (Vrugt and Sadegh 2013), and composite summary statistics which consist of
measures that represent different pieces of information applicable to the question of
interest and then reduced into a one dimensional measure (Beaumont 2010, Blum et al.
2013).
The Nash-Sutcliffe Efficiency (NSE) represents a statistical measurement that is well
established within the hydrological literature (Gupta and Kling 2011, Schaefli and Gupta
2007). The NSE is based upon the normalization of the mean square error by the
variance of the observed data (Nash and Sutcliffe 1970). This represents a signal-tonoise measure of performance (Schaefli and Gupta 2007) and implicitly measures the
proposed model compared to the simplest model possible, allowing relative
comparisons between models of the same context (Schaefli and Gupta 2007). While
the standard NSE score ranges from negative infinity to one, this study adjusted the NSE
score to a scale of zero to one, with zero being the optimum (Equation 11). This
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allowed all three summary statistics to have a common optimum value and to help
facilitate the use of the composite summary statistic.
Minimized NSE

(

∑

(

)

∑

(

̅̅̅̅)

)

(11)

where t is the daily time step, Qp is the observed daily streamflow and Qo is the
predicted daily streamflow.
In contrast, the use of the Sum of the Absolute Difference of the Flow Duration Curve
as an summary statistic focuses on reproducing a hydrologic signature that might
represent broader hydrologic patterns (Westerberg et al. 2011) or physical properties
(Gupta et al. 2008) of a watershed. This approach may be useful when implementing
highly complex models, dealing with non-overlapping data sets, or if there is insufficient
data for a statistical measure to be effective (Gupta et al. 2008, Westerberg et al. 2011) .
Using the flow duration curve as an summary statistic may be beneficial as it has been
reported to be less sensitive to flow magnitudes and epistemic errors (Westerberg et al.
2011). In this analysis, the flow duration curves were compared using twenty-five
equally sized bins for the predicted and observed discharge (Equation 12).

S.A.D of the Flow Duration Curve

where b is the bin number, (

∑

| (

)

(

)|

(12)

) is the probability associated with the signature

statistic for the predicted streamflow and (
signature statistic of the observed streamflow.

) is the probability associated with the
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The third summary statistic, a composite statistic, was an equally weighted linear
combination of the hydrograph statistic and the signature statistic. The composite
statistic was implemented to explore the effect of combining statistical and signaturebased summary statistics. As the hydrograph statistic and signature statistic are on
different scales, the maximum signature statistic value recorded during a tuning run was
used to normalize the signature statistic values. The composite statistic was then
derived from the mean of the hydrograph statistic and the normalized signature statistic
(Equation 13).
composite statistic

(

)

(13)

2.3 ABC-SMC Algorithm
Multiple implementations of ABC have been proposed using different sampling
algorithms. The basic ABC Rejection sampler (Beaumont et al. 2002) is considered an
inefficient method for the exploration of the parameter space (Sisson et al. 2007). Later
adaptations have been proposed to improve the sampling efficiency by implementing
more complex sampling algorithms, such as Markov Chain Monte Carlo (Marjoram et al.
2003) and Sequential Monte Carlo (SMC) samplers (Beaumont et al. 2009, Sisson et al.
2007, Toni et al. 2009). Reported benchmarks indicated that ABC-SMC provided similar
estimations as the ABC Rejection sampler with up to fifty times fewer particles (Toni et
al. 2009). Several recent ABC-SMC implementations have been proposed that serve as
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the benchmark algorithms currently used (Beaumont et al. 2009, Sisson 2009, Toni et al.
2009).
ABC-SMC uses an optimized sampling scheme to allow for a more efficient exploration
of the parameter space (Toni et al. 2009). Within ABC-SMC, the parameter sets, called
particles, are processed through a series of intermediate distributions. Each
intermediate distribution is based upon a collection of particles that meets the
threshold criteria and forms a population of parameter sets. An Importance Sampling
weight is used to weight each particle in the population. Successive populations are
comprised of particles sampled from the previous population based on weighted
random sampling. The selected particles are then shifted with a perturbation kernel to
randomly generate a new parameter set. By reducing the threshold for each
population, poorly performing areas of the parameter space are eliminated from further
exploration. The final populations will occupy areas of the parameter space that
contain high densities of behavioral particles. The ABC-SMC algorithm proposed by Toni
(Toni et al. 2009) is as follows:
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(Algorithm 1)

|
|

(
∑

)
(

|

)

∑

where i is the current population, T is the number of populations, represents particles,
and N is the number of particles present in each population. Parameter sets associated
with a particle are represented by

and are sampled from the joint prior distribution,

. A kernel function, Ki, is used to perturb samples particles beginning with the
second population. Each particle has a summary statistic value,
Importance Sampling weight,

and an

.

For this project, each population consisted of 1000 particles. The parameters were
initially defined with uniform distributions (Table 1) based on a tuning run, which
consisted of a single population of 5000 particles. A multivariate Gaussian kernel
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utilizing an adaptive covariance matrix was used for the particle perturbations, Ki, and
Importance Sampling weights. The tuning runs were also used to define the threshold
decay, . The 0.5 (X0.5), 1.0 (X1.0), and 25th (X25) percentiles from the tuning run were
recorded and used in conjunction with a geometric decay for the threshold. The
resulting threshold value at the ith iteration was:
(14)
This function was selected to provide a smooth but rapid decay rate as the ABC-SMC
moved through the sequence of populations. Subsequent populations were processed
until all particles had a summary statistic value below X1.0.

2.4 Posterior Post-Processing
The final population for each calibration process was adjusted using local linear
regression. Regression methods can be used as a post-processing technique to model
the parameter values as a function of the summary statistic. The resulting model is then
used to adjust the parameter values for the particles that define the posterior
distribution. The use of a local linear regression is used to help satisfy the linearity and
additive assumptions that may not be met globally (Beaumont et al. 2002). The general
form of the local linear regression is:
̂
where

(15)

is the scalar or vector distance between the summary statistic of a

parameter set and theoretical optimal value. The weights associated with ̂ are based
on a non-parametric kernel and the distance of

(Equation 2).
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⟦
where

⟧

(16)

is a tolerance value that determines the sphere of influence. The posterior

density of the adjusted particles ( ̂
estimation bandwidth (

| ) is then approximated using a density-

and the weighting kernel (Equation 3).
̂

|

∑

(
∑

)
⟦

⟦

⟧

⟧

(17)

In this study, the particles in the final populations were adjusted using the local
linear regression functions within the ABC library for R (Csilléry et al. 2012). These
methods account for potential issues of collinearity and heteroscedasticity between the
parameters in the model. The adjusted particles were then processed through the PDM
model to generate a summary statistic for the LLR adjusted parameter sets.

2.5 Calibration and Model Assessment
For each calibration run, diagnostic plots were used to evaluate the ABC algorithm
and the uncertainty analysis. Dotty plots were generated to visualize the evolution of
the parameter space through the populations by plotting the parameter value versus
the summary statistic value. Parameter uncertainty was assessed with histograms, QQNorm plots, and kernel density plots of the marginal distributions for the estimated
parameters. Predictive uncertainty was assessed with the use of predicted versus
observed plots, predicted hydrographs, the mean width of the 95% quartile based
credible interval, and the percentage of the observed streamflow that were outside the
95% quartile based credible interval for the predicted streamflow.
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2.6 Hydrologic Data
To demonstrate the effectiveness of the ABC-SMC algorithm over a variety of
hydrologic conditions, three separate data sets were used during this study. Two of
these data sets consisted of real world hydrological data with daily precipitation, stream
flow and estimated PET spanning the time period from June 12, 1972 to December 09,
1982. To test the algorithm under known conditions, a third data set with synthetic
streamflow was derived using measured precipitation and ET.
The real world data sets were chosen to examine two diverse catchments with
differing climatic conditions, hydrological processes, and hydrological signatures. The
first was data set was recorded at Station 307201 on the Davey River in Tasmania
(Figure 2). The catchment covers an area of 686 km2 with a mean annual precipitation
of 2322 mm and a mean annual runoff of 2068 mm. Therefore, this catchment has a
high runoff ratio and shows predominately perennial flows with a mean daily
streamflow of 2.7 mm. During the sample period used, 3.6% of the days had zero flow
recorded.
The second site was recorded at Station 119003 on the Haughton River at Powerline
in Queensland, Australia (Figure 3). The watershed covers an area of 1773 km2, with a
mean annual precipitation 898 mm. The mean annual runoff is 220 mm with a mean
stream flow of 0.008 mm. Within the sample period, 29.4% of the days had an
observed streamflow of zero.
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The third data set was synthesized using the implemented PDM model. The
precipitation and ET observations from Davey River were used to generate synthetic
runoff by fixing the values of the six unknown parameters as follows: cb = 2.0, Cmin =
20mm, Cmax = 100mm, be = 2.0, GWr = 0.1, GWd = 0.5. White noise (N(0,0.05)) was
added to the synthetic runoff to introduce a small amount of aleatory error in the
streamflow.

2.7 Case Studies
The ABC-SMC algorithm was implemented for three separate case studies
corresponding to the data sets. Through these case studies, the utility, flexibility and
robustness of the ABC-SMC approach was investigated.

2.7.1 Case Study 1: Synthetic Data
The first case study was designed to examine the effectiveness and robustness of the
ABC-SMC algorithm under known conditions. The ABC-SMC algorithm was implemented
for three scenarios to demonstrate the ability of the approach to derive parameter
distributions comparable to the parameters used to generate the synthetic data. The
first scenario compared the results from the three calibration processes using the
synthetic data, the full model, and the three summary statistics. In this scenario, the
parameter and predictive uncertainties from the three calibration processes were
compared through the diagnostic plots and 95% credible intervals for the predicted
streamflow.
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The second scenario was conducted using a reduced version of the PDM model. In
this scenario, the Cmin parameter was removed from the model. This introduced model
uncertainty into the calibration process and was used to address whether ABC-SMC
would be sensitive to introduced uncertainty due to model structure.

2.7.2 Case Study 2: Davey River, Tasmania
The second case study used the Davey River data. This data set was used to examine
the utility of ABC-SMC on a hydrograph demonstrating regular precipitation events and
perennial stream flows (Figure 2). For each summary statistic, the model was calibrated
with the observed data. Summary plots and the 95% credible interval were then used
to assess the parameter and predictive uncertainty for each summary statistic.

2.7.3 Case Study 3: Haughton River, Queensland
The third case study was conducted using the Haughton River data set. This data set
contains a high percentage of zero data values nestled between precipitation events
(Figure 3). As with the second case study, the model was calibrated for each summary
statistic using the observed data. Summary plots and the 95% credible interval were
then used to assess the parameter and predictive uncertainty for each summary
statistic.
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3. Results
3.1 Case Study 1
The ABC-SMC algorithm (Section 2.4) was implemented to calibrate the PDM model
using the synthetic data set. This case was used to assess the effectiveness of the
calibration process for estimating streamflow from known parameters values using the
implemented model.
During the ABC-SMC calibrations with the synthetic data, the groundwater recharge
rate (GWr) (Figure 5e) strongly converges to the true parameter value (0.1). The
minimum soil storage (Cmin) (Figure 5d) and groundwater discharge rate (Figure 5e)
shows the least convergence with a relatively flat final marginal distribution.
Model parameters were generally unimodal and symmetric (e.g. Figures 6a-b, 7a-b).
Comparisons were made between the unadjusted marginal distributions and those
adjusted using local linear regression and posterior weighting. Using the hydrograph
statistic results as an example, the LLR adjustment for the Minimum Soil Moisture
Storage (Cmin) (Figure 6c-d) shows a reduction to the tails of the distribution as the
particles are adjusted towards the mode. The distribution for the Groundwater
Recharge Rate (GWr) (Figure 7c-d) shows a reduction in the skewness and a narrowing
of the overall distribution.
When calibrating to the synthetic data set, the lowest parameter and predictive
uncertainty occurred when the hydrograph statistic was used as the summary statistic.
All parameters had modes close to the true value (Table 2, Figures 5 and 8). The Ground
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Water Recharge Rate (GWr) showed the least uncertainty and a well-defined mode,
while the other five parameters had more uniform distributions. When using the
signature-based metric, the parameter uncertainty increased and the weighted medians
and modes for two parameters, Minimum Soils Moisture Storage (Cmin) and Maximum
Soil Moisture Storage (Cmax), were underestimated (Table 3, Figure 8). The results using
the composite summary statistic had more uncertainty in the parameter distributions
(Figure 8) than those using the hydrograph statistic, but the weighted medians were
close to the true parameter values (Table 4).
None of the three calibration process showed significant bias in the predicted
hydrographs (Table 5). When using the hydrograph statistic, the predicted versus
observed streamflow (Figure 9a) showed more deviations at low flows, but had a strong
association. The predicted hydrograph (Figure 9b) had the narrowest mean width for
the credible intervals, but also had highest percentage of observed streamflow outside
the 95% credible interval (Table 5).
The results from using the signature-based metric showed a strong association
between the predicted and observed streamflow (Figure 10a), though there are more
deviations at the lower flows. These results had the widest mean width for the 95%
credible interval of the predicted hydrograph (Table 5, Figure 10b) and had fewer
observed streamflow outside the 95% credible interval. The composite summary
statistic results had a stronger association between the predicted and observed
streamflow (Figure 11a) than those using the signature-based metric, but showed more
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deviations at low streamflow than the results using the hydrograph statistic. The results
using the composite summary statistic had the fewest observed streamflow outside the
95% credible interval while having a mean credible interval width between the other
calibration results (Table 5).
When calibrating the synthetic data with the hydrograph statistic and the reduced
model, the parameter uncertainty increased. When the Minimum Soil Moisture
Storage (Cmin) was removed, both the Maximum Soil Moisture Store (Cmax) and the
Groundwater Discharge Rate (GWd) were underestimated (Figures 12).

3.2 Case Study 2
The weighted medians (Tables 6 and 8) and distributions (Figure 13) for the results
using the hydrograph and composite summary statistics exhibited similar parameter
estimates and uncertainty for all six parameters. The results using the signature-based
metric (Table 7) for the Spatial Variability Coefficient (cb), Minimum Soil Moisture
Storage (Cmin), and Groundwater Recharge Rate (GWd) had different modes than the
results using the other two summary statistics. The parameter uncertainty was also
higher with the results using the signature-based metric, especially with the
Groundwater Recharge Rate (GWr) and the Groundwater Discharge Rate (GWd).
None of the three calibration processes showed significant bias in the predicted
hydrographs (Table 9). The results using the hydrograph statistic tended to
underestimate the observed streamflow for observed streamflow between 15 and
25mm, but had good representation of the streamflow events (Figure 14b). The results
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using the signature-based metric were in the middle of the three summary statistics in
terms of the mean credible interval width and the percentage of observed streamflow
outside the 95% credible interval (Table 9).
The results using the signature-based metric had a weaker association in the
predicted versus observed streamflow, though it appears better centered than the
results using the hydrograph statistic. The predicted hydrograph had good
representation of the streamflow events. These results had the narrowest mean
credible interval width, but also had the largest percentage of observed streamflow
outside the 95% credible interval (Table 9). The results using the composite summary
statistic were similar to those using the signature-based metric (Figure 15). The mean
95% credible interval width was the largest of the three summary statistics and the
percentage of observed streamflow outside the credible interval was the smallest (Table
9).

3.3 Case Study 3
The three summary statistics showed similar results (Figure 17, Tables 10-13) for the
Evapotranspiration exponent (be) and the Groundwater Recharge Rate (GWr). The
mode and uncertainty for the Maximum Soil Storage (Cmax) and the Spatial Variability
Coefficient (cb) were most similar between the results from the hydrograph composite
summary statistics. The mode and uncertainty for the Minimum Soil Moisture Storage
(Cmax) and the Groundwater Discharge Rate (GWd) were most similar between the
signature-based metric and the composite summary statistic results.
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The results using all three summary statistics had similar predictive uncertainty when
comparing predicted and observed streamflow (Figures 18a, 19a, 20a). The streamflow
events were equally replicated (Figures 18b, 19b, 20b), but the mean width of the 95%
credible intervals for the results using the hydrograph statistic were narrower than the
other results (Table 13). The results using the composite summary statistic had a higher
mean 95% credible interval width than those using the signature-based statistic, but had
the smallest percentage of observed streamflow outside the credible interval (Table 13).

4. Discussion
This study demonstrates the potential usefulness and limitations using ABC-SMC
algorithms for calibration of lumped conceptual watershed models with minimal
parameter requirements. This included an assessment of the convergence efficiency of
the algorithm, the effects of post-processing adjustments, and the effects of the three
types of summary statistics on the parameter and predictive uncertainty on the
calibrated models.

4.1 ABC-SMC Algorithm Implementation
When implementing ABC-SMC, there are multiple factors that affect the efficiency of
the algorithm. These include the number of unknown parameters in the model, the
initial bounds on the parameters, the threshold decay function, and the target
population size. The first two factors affect the size of the joint parameter space that
the ABC-SMC algorithm is required to search. Increasing the number of parameters or
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their initial bounds will expand the parameter space, requiring additional particles and
intermediate populations during the calibration process. While the number of
parameters is dependent on the model, using tuning runs as an exploratory tool to help
define the joint parameter spaces can be useful in narrowing the initial bounds and
increasing the efficiency of the algorithm.
The threshold decay function has a substantial impact on the efficiency of the ABCSMC algorithm. When possible, statically defined thresholds can be implemented,
though this requires prior knowledge and assumptions regarding the potential values
for the summary statistics. An ideal decay rate would have a rapid decay for the initial
intermediate populations to quickly eliminate the poorest performing areas of the
parameter space. The decay rate should slow as the process advances through later
intermediate populations, allowing a more thorough exploration as the joint parameter
space decreases in size. A geometric decay rate was found to be an effective function
for threshold decay rate.
The target number of particles for each population is the final factor that was
addressed. The number of particles will depend upon the size of the parameter space,
the computational cost to process each particle through the model, and total
uncertainty. For the data sets calibrated for this project, a population size of 1000
particles was considered adequate for properly representing the marginal distributions
of the parameters. With this targeted population size, the average number of particles
processed for each calibration run was 78,530 particles. By comparison, research
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comparing several MCMC algorithms to calibrate a similar PDM model using different
data required approximately 2.5 to 4 times more model runs (Smith and Marshall 2008).

4.2 Post-Processing with Local Linear Regression
One of the potential strengths of ABC methodologies is the ability to conduct postprocessing adjustments on the joint distribution of the posterior. These methods may
be implemented for all the populations in the calibration process, or as an adjustment
to the final population. For this study, a local linear regression method was
implemented to adjust the posterior distribution of the final population.
The use of the local linear regression had marginal benefits for the posterior
distributions. The QQ-Norm plots (eg Figures 6b,d and 7b,d) did not indicate the
presence of normality violations resulting from the LLR adjustments. In general, the LLR
adjustments did adjust the parameter values closer to the mode and reduced the overall
variability (eg Figure 6a,c and Figure 7a,c). However, using the multivariate local linear
regression did lead to particle values being adjusted beyond the boundary conditions as
defined by the initial prior distributions. This indicates that there may have been
violations in the boundary assumptions when using local linear regression as a postprocessing method in these case studies. Alternative methods have been proposed that
implement non-linear or conditional adjustments to the final parameters (Blum et al.
2013, Blum and François 2010). These methods, such as non-linear regression, ridge
regression, and neural networks, may be more appropriate for making adjustments to
the posterior distributions when calibrating hydrologic models with ABC methods.
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4.3 Parameter and Predictive Uncertainty
4.3.1 Synthetic Data Set
For the synthetic case study, the modes of the parameter density plots using the
hydrograph statistic (Figure 8) were more consistently associated with the known values
than those using the signature-based and composite summary statistics. The parameter
estimates using the signature-based statistic were the least consistent. There were no
real trends visible concerning the variances of the parameter distributions in relation to
the summary statistic. The final parameter estimates yielded similar predictive results
(Figures 9a, 10a, and 11a), though the 95% credible intervals (Figures 9b, 10b, 11b)
differ. Based on these plots and the percentage of observed streamflow outside the
95% credible interval (Table 5), using the hydrograph summary statistic predicted the
value of the parameters better than the signature-based and composite summary
statistics, but underestimated the predictive uncertainty. The results from the synthetic
case study suggest that statistical summary statistics may perform the best when the
total uncertainty is small as they may capture the most information when comparing
the goodness-of-fit between the observed and predicted streamflow.

4.3.2 Davey River and Haughton River Data Sets
For the two real world data sets, the increasing uncertainty within the data sets
affected the performance of the summary statistics. For the perennial flow data in Case
2, the results using the signature-based metric had the narrowest 95% credible interval
for the predicted hydrograph. Consequently, it also had the highest percent of observed
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streamflow that fell outside of the 95% credible interval. The results using the
composite summary statistic had the widest mean width and the lowest number of
observed streamflow outside the 95% credible interval. For Case 2, using the signaturebased statistic resulted in an underestimated credible interval and poor predictive
uncertainty when compared to the hydrograph statistic and composite statistic.
For the ephemeral flow data used in Case 3, the results were more variable.
Approximately 29.4% of the daily recorded streamflow were zero, thus a signaturebased summary statistic may be considered more appropriate (Westerberg et al. 2011).
The calibration results using the hydrograph statistic had the narrowest 95% credible
interval and the largest percent of observed streamflow outside the credible interval.
The results from the signature-based and composite summary statistics had similar
widths for their 95% credible intervals, but the composite summary statistic had a
substantially lower percentage of observed streamflow outside the credible interval.
The results from the two real world data sets show potential benefits from
implementing signature-based and composite summary statistics. As the total
uncertainty within the data and model structure increases, these two categories can
harness additional contextual information or reduce the uncertainty through smoothing
processes that improve the predictive uncertainty present in the final model. Using the
hydrograph statistic as a summary statistic tended to generate over-fitted models with
95% credible intervals that were too narrow, leading to higher predictive uncertainty.
Using the composite statistic as the summary statistic yielded the lowest percentage of
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predictions that were outside the 95% credible interval. This suggests that
incorporating both the hydrograph statistic and signature statistic into a composite
summary statistic reduced the predictive uncertainty in the final predicted model.

5. Conclusion
For the watershed hydrologist, ABC methodologies are a promising family of
techniques for calibrating watershed models. These methods have multiple benefits,
including the ability to calibrate models with intractable likelihood functions,
implementing uncertainty analyses based on formal Bayesian inference, post-processing
techniques to adjust the posterior distributions, and the potential of utilizing innovative
summary statistics that can be tailored to the hydrological characteristics of individual
basins. When coupled with efficient sampling algorithms, such as SMC, calibrating
hydrologic models using ABC methods requires less computational effort.
While the general algorithms for ABC-SMC have been well documented, two
components of the ABC process should be of primary interest to the hydrological
modeler. The first is the ability to use multivariate post-processing methods to adjust
the posterior distributions. The post-processing can be conducted with existing
methodologies, such as LLR and neural networks, but the application of specific
methods should be evaluated within the context of hydrological modeling.
The second benefit of ABC methods for hydrologists is the ease in which composite
summary statistics that can be implemented in order to incorporate signature-based
information into a calibration scheme. This facilitates two important capabilities. The
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first is to use performance measures that are tailored to the specific characteristics of a
watershed. The second benefit is the potential for calibrating models to watersheds
where the observed data is sparse or non-contiguous. The use of signature-based or
composite summary statistics with ABC methods is a promising development in
calibrating hydrological that needs further exploration and evaluation.
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trademarks. Other product or brand names may be trademarks or registered
trademarks of their respective holders.
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6. Tables
Parameter
Case

cb

Cmax

be

Cmin

GWr

GWd

Synthetic

0-3.0

5-200

0-3.0

0-40.0

0-1.0

0-1.0

perennial flow

0-3.0

50-750

0-3.0

0-200.0

0-1.0

0-1.0

Haughton Stream

0-3.0

50-750

0-3.0

0-200.0

0-1.0

0-1.0

Table 1: Uniform Prior Distributions for the three case studies

Parameter

Weighted
Weighted 2.5 Weighted 97.5
Median
Percentile
Percentile
cb
2.126
1.771
2.870
Cmax
106.608
45.786
183.379
be
2.232
1.738
2.864
Cmin
20.203
2.719
36.395
GWr
0.090
0.049
0.133
GWq
0.549
0.073
0.980
Table 2: Parameter Estimations for the Synthetic data set using
the hydrograph summary statistic for Case Study 1.

Parameter

Weighted
Weighted 2.5 Weighted 97.5
Median
Percentile
Percentile
cb
2.015
0.927
2.858
Cmax
67.802
23.917
150.969
be
2.257
1.451
2.903
Cmin
13.970
0.000
37.971
GWr
0.199
0.012
0.738
GWq
0.555
0.242
0.875
Table 3: Parameter Estimations for the Synthetic data set
using the signature-based summary statistic for Case Study 1.
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Parameter

Weighted
Weighted 2.5 Weighted 97.5
Median
Percentile
Percentile
cb
2.134
0.965
3.065
Cmax
96.051
47.972
174.716
be
2.186
1.456
3.016
Cmin
17.736
4.570
37.817
GWr
0.078
0.006
0.217
GWq
0.549
0.163
0.985
Table 4: Parameter Estimations for the Synthetic data set using
the composite summary statistic for Case Study 1.

hydrograph
statistic
0.45

signature statistic

composite statistic

Mean Width of 95%
1.59
1.36
Credible Interval
Percent Outside
11.30
3.05
2.53
Credible Interval
Percent Below
46.27
47.30
49.62
Observed
Percent Above
53.73
52.70
50.38
Observed
Table 5: Predictive Uncertainty for the Synthetic Data Set for Case Study 1.

Parameter

Weighted
Weighted 2.5 Weighted 97.5
Median
Percentile
Percentile
cb
1.522
0.557
2.669
Cmax
373.028
146.98
694.364
be
0.948
0.583
1.716
Cmin
136.307
55.004
195.892
GWr
0.835
0.652
1.022
GWq
0.490
0.387
0.621
Table 6: Parameter Estimations for the perennial flow data set using
the hydrograph summary statistic for Case Study 2.

51
Parameter

Weighted
Weighted 2.5 Weighted 97.5
Median
Percentile
Percentile
cb
0.987
0.124
2.499
Cmax
503.831
192.824
754.857
be
0.762
0.291
1.575
Cmin
117.360
6.491
200.656
GWr
0.796
0.578
1.017
GWq
0.771
0.598
0.969
Table 7: Parameter Estimations for the perennial flow data set using
the signature-based summary statistic for Case Study 2.

Parameter

Weighted
Weighted 2.5 Weighted 97.5
Median
Percentile
Percentile
cb
1.650
0.184
2.987
Cmax
316.578
118.677
584.466
be
0.993
0.481
2.413
Cmin
105.084
7.883
207.184
GWr
0.804
0.644
0.986
GWq
0.689
0.504
0.882
Table 8: Parameter Estimations for the perennial flow data set using
the composite summary statistic for Case Study 2.

hydrograph
statistic
4.47

signature statistic

composite statistic

Mean Width of 90%
1.76
5.55
Credible Interval
Percent Outside
35.66
65.67
31.10
Credible Interval
Percent Below
53.96
54.70
55.46
Observed
Percent Above
46.04
45.30
44.54
Observed
Table 9: Predictive Uncertainty for perennial flow for Case Study 2.
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Parameter

Weighted
Weighted 2.5 Weighted 97.5
Median
Percentile
Percentile
cb
1.970
0.382
3.129
Cmax
478.205
234.012
704.006
be
0.103
0.000
0.440
Cmin
126.325
83.583
158.456
GWr
0.738
0.449
1.062
GWq
0.050
0.00
0.228
Table 10: Parameter Estimations for the Haughton Stream data set using
the hydrograph summary statistic for Case Study 3.

Parameter

Weighted
Weighted 2.5 Weighted 97.5
Median
Percentile
Percentile
cb
1.187
0.206
2.492
Cmax
495.205
210.832
759.226
be
0.067
0.000
0.673
Cmin
165.440
59.013
208.984
GWr
0.339
0.000
1.162
GWq
0.265
0.000
0.844
Table 11: Parameter Estimations for the Haughton Stream data set using
the signature-based summary statistic for Case Study 3.

Parameter

Weighted
Weighted 2.5 Weighted 97.5
Median
Percentile
Percentile
cb
1.775
0.000
3.002
Cmax
474.629
104.958
701.161
be
0.130
0.000
0.451
Cmin
133.772
91.185
166.192
GWr
0.779
0.503
1.013
GWq
0.053
0.000
0.277
Table 12: Parameter Estimations for the Haughton Stream data set using
the composite summary statistic for Case Study 3.

53
hydrograph
statistic
1.91

signature statistic

composite statistic

Mean Width of 90%
2.33
2.30
Credible Interval
Percent Outside
32.43
21.86
1.59
Credible Interval
Percent Below
34.85
42.91
40.84
Observed
Percent Above
62.88
53.61
55.13
Observed
Table 13: Predictive Uncertainty for ephemeral flow for Case Study 3.
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7. Figures

Figure 1: The implemented PDM Model. This model consists of precipitation
inputs, evapotranspiration losses, a soil moisture store, groundwater store,
and outputs through streamflow.
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Figure 2: Geographic Locations for Davy River and Haughton River Gauges, Australia
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Figure 3: The hydrograph and hyetograph for the Davey River data set from
June 12, 1972 to December 09, 1982.
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Figure 4: The hydrograph and hyetograph for the Haughton River data
set from June 12, 1972 to December 09, 1982.
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Figure 5: Dotty plots representing the distributions and convergence for each
parameter of the PDM as calibrated for the Synthetic data set by the ABC-SMC
algorithm using the hydrograph summary statistic. Sensitive parameters, such as
GWU, demonstrate a strong convergence to the mode as the populations progress
through the intermediate distributions. Less sensitive parameters exhibit a higher
variability and more uniform distributions.
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Figure 6: Histograms and QQ-Norm plots for the Minimum Soil Storage for the
Synthetic data set calibrated using the hydrograph summary statistic. The Local Linear
Regression adjustment (c-d) adjusts the marginal distribution of the raw parameters
((a-b) towards the true value as represented by the red line.

60

Figure 7: Histograms and QQ-Norm plots for the Groundwater Recharge Rate for the
Synthetic data set calibrated using the hydrograph summary statistic. This is an
example of the effect of the Local Linear Regression adjustment on a sensitive
parameter. The bounds and the variance of the adjusted distribution (c-d) are
narrower than the raw parameters (a-b).
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Figure 8: Parameter density plots for the Synthetic data set using the hydrograph
statistic, signature statistic, and composite summary statistics. The plots suggest that
the hydrograph summary statistic was able to have more reliable estimations of the
true parameter value as indicated by the black line. Notable differences in the
marginal distribution were the Maximum Soil Moisture Storage (b) and the Minimum
Soil Moisture Storage (d). The parameter uncertainty for the signature statistic and
composite statistic is higher than the hydrograph statistic.

62

Figure 9: Predictive uncertainty plots for the Synthetic data set using the hydrograph
summary statistic. The predicted versus observed plot (a) suggests a strong
relationship. The hydrographs (b) suggest little predictive uncertainty with both the
observed time series closely follows the predicted time series.

Figure 10: Predictive uncertainty plots for the Synthetic data set using the signaturebased summary statistic. The predicted versus observed plot (a) suggests a strong
relationship, though the lower streamflow values show more variability than the
hydrograph statistic. The hydrographs (b) shows the observed time series follows the
same predicted with noticeable deviations. The overall predictive uncertainty is
higher than the hydrograph statistic estimates as shown by the deviations and larger
90% credible intervals.
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Figure 11: Predictive uncertainty plots for the Synthetic data set using the composite
summary statistic. The predicted versus observed plot (a) suggests a strong
relationship between the predicted and observed streamflow, but as with the
signature statistic results, the hydrographs (b) indicate deviations from the predicted
and observed time series. These plots suggest deviations in the results using the
composite summary statistic lie between the predictive uncertainty of the hydrograph
statistic and signature-based statistics.
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Figure 12: Parameter density plots for the Synthetic data set using the Full (PDM1) and
Reduced (PDM2) models and the hydrograph summary statistic. Altering the model
structure by removing the Minimum Soil Moisture Storage Parameter, increased
parameter uncertainty is demonstrated for the Maximum Soils Moisture Storage and
the Groundwater Discharge Rate.
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Figure 13: Parameter density plots for the Davey River data set. For all six parameters,
the density plots for the results using the hydrograph statistic and composite statistics
had similar modes and variances. The results using the signature-based summary
statistic were similar for the evapotranspiration coefficient and the maximum soil
moisture storage and differed for the other four parameters.
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Figure 14: Predictive uncertainty plots for the Davey River data set using the
hydrograph summary statistic. The observed versus predicted plot (a) indicates the
implemented model tends to underestimate the observed values. This is also visible
for the 180 days shown in the hydrographs (b).

Figure 15: Predictive uncertainty plots for the Davey River data set using the
signature-based summary statistic. The observed versus predicted plot (a) indicates
the implemented model may underestimate the observed streamflow, but not as
much as the results using the hydrograph statistic. This is also visible for the 180 days
shown, where the events from day 3165 to 3200 are better represented.
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Figure 16: Predictive uncertainty plots for the Davey River data set using the
composite summary statistic. The observed versus predicted plot (a) indicates the
implemented model is comparable to the signature statistic results. The observed
streamflow still shows underestimation, but the peaks are matched as well as the
signature statistic results, but the magnitude of these peaks are closer to the observed
streamflow.
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Figure 17: Kernel density plots for the estimated parameters from the Haughton River
calibration processes. All six parameters show strong unimodal shapes for all three
summary statistics. The value for the modes varied between the summary statistics
non-systematically.
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Figure 18: Predictive uncertainty plots for the Haughton River data set using the
hydrograph summary statistic. The observed versus predicted plot (a) indicates the
implemented model tends to overestimate the observed values. The predicted
streamflow (b) suggests that the implemented model matches most of the event
peaks, but overestimates the streamflow.

Figure 19: Predictive uncertainty plots for the Haughton RIver data set using the
signature-based summary statistic. The observed versus predicted plot (a) does not
have a clear indication that there is a systematic error in the observed values. The
predicted streamflow (b) suggests that there is a pattern of overestimations, but the
streamflow events are well represented. The magnitudes of the errors do not appear
as high as the predictions when using the hydrograph statistic.
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Figure 20: Predictive uncertainty plots for the Haughton River data set using the
composite summary statistic. The observed versus predicted plot (a) suggests a
tendency for underestimating the streamflow. The predicted streamflow (b) shows
similar performance as with the signature statistic results, however, the uncertainty
bounds are wider.
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CHAPTER FOUR

CONCLUSION

Hydrological models are one of the most useful tools for understanding and
managing watersheds. In the last two decades, the rapid increase in available
computing power has led to the adoption and dependence on hydrologic models for
managing water resources. However, the methodology allowing for the effective
estimation of the uncertainty present within the models and the resulting predictions is
still evolving.
Within hydrology, the two most commonly used methods for calibrating models are
GLUE and MCMC. While MCMC implements Bayesian inference and is considered to
have more statistically rigor than GLUE (Montanari 2005, Stedinger et al. 2008), GLUE is
still popular due to the ease of usage when compared to MCMC methods.
Chapter 1 introduced ABC methods to the hydrological community. The purpose of
this chapter was to present the theoretical links between ABC and GLUE. In fact, the
sampling process of the basic ABC Rejection sampler is similar to the GLUE algorithm.
The benefits to adopting the ABC framework are the increased statistical rigor,
improved weighting, flexible summary statistics, and the ability to work within a
multivariate environment. This improves the estimates of the predictive uncertainty
associated with the final proposed model allowing proper uncertainty assessments to be
easier to conduct and more useful to the consumers of the model predictions.
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Chapter 3 expanded upon the basic ABC algorithm and introduced three features of
the ABC methods that are designed to improve the performance and uncertainty
estimations for the hydrological modeler. When the ABC algorithm is implemented
using the SMC sampler, the efficiency of the calibration process improves. If individual
calibration processes are more efficient, a modeler has the flexibility to run additional
and/or more complex models using the same computational resources.
The second feature that may improve the assessing the parameter uncertainty is the
use of post-processing techniques to improve the posterior distribution for the
parameters. Unlike GLUE, these adjustments can be performed on the joint distribution
which accounts for potential issues of covariance and heteroscedasticity. While the
local linear regression results showed marginal benefits, the marginal distributions of
the parameters were improved.
The third feature that was presented in Chapter 3 was the application of customized
summary statistics. Three categories of summary statistics were used, statistical based,
signature-based, and composite summary statistics. The results indicated that with
small amounts of uncertainty in the data and model structure, the statistical measure
performed well. However, the inclusion of signature information improved the
predictive uncertainty for the real world data sets used in Case 2 and Case 3. In these
cases, the composite statistic composite summary statistic had the fewest predictions
that fell outside the 95% credible interval, demonstrating the potential benefits for
innovative summary statistics tailored to the characteristics of a specific watershed.
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As presented in Chapters 2 and 3, ABC-SMC provides an efficient method to calibrate
hydrological models while maintaining the statistical rigor attributed with Bayesian
inference. ABC methods can implemented as easily as GLUE and provide realistic
estimates of the predictive uncertainty that are associated with MCMC. With the
addition of post-processing techniques and innovative summary statistic, ABC-SMC
methods provide a viable set of tools to improve the hydrological modeling process and
uncertainty assessment.
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