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ABSTRACT

This paper develops a stress-strain equation for snow subjected to small strains and 
strain-rates. The stress is split into pure shear and volumetric effects. Pure shear is defined 
in terms of Newtonian fluid behavior.

i •
Finite difference equations are developed to analyze the deformation of snow sub

jected to flexible surface loading and are numerically solved. The results are compared with 
the available experimental data. Effects of size, shape and density on the settlement of 
snow are discussed. Stress distribution in the snow-mass is plotted. The settlement and 
effect of load on settlement are found to agree with the experimental data. The stress dis
tribution under the footing is similar to the stress distribution obtained by the Boussinesq 
solution for a point load on a homogeneous and isotropic elastic half space. For a good 
quantitative agreement between theory and experiment, the effects of equitemperature 
metamorphism should be included in such solutions.



INTRODUCTION

Understanding the behaviour of snow-mass subjected to load distribution is impor

tant in the development of design criteria for foundations, snow roads and runways in the 

polar areas. This interest has also been in part due to increased recreational use of alpine 

areas and the increased construction of homes and roads in such areas: Any object placed 

at or near the surface of an ice cap moves downward with time as a combined result of 

natural densification of the snow and the penetration of the object. The penetration of an 

object is of primary interest to the design engineer since differential movements can 

impose severe stresses in structural elements.

Observations have shown that this penetration, or settlement, of footings into snow 

depends upon: snow density, temperature, time, load intensity, footing size, rigidity and 

shape (13). In particular the properties of snow are closely related to density and tempera

ture. Cohesive snow subjected to non-destructive loading behaves as a viscoelastic material. 

Upon application of a fixed load, there is an instantaneous and a recoverable elastic defor

mation, followed by a decelerating primaiy creep, which is partly recoverable by relax

ation. The final stage is a steady secondary creep which is not recoverable.

Under a constant load, gradual consolidation occurs which, depending on tempera

ture and density, may lead to ultimate collapse. If the loading is sufficiently low, compac

tion alone may not lead to complete failure of the material, since moderate penetration 

in snow is usually limited by increasing resistance as the deforming snow compacts.

Snow is a granular or porous material comprising an ice-air mixture. Because of its 

high porosity it is capable of undergoing large deformations that are largely irreversible.
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Specifically it is a nonlinear viscoelastic material exhibiting a high degree of compressibil

ity. A considerable number of investigators have published papers on nonlinear constitutive 

equations for viscoelastic materials and snow. A brief overview of these existing models is 

presented here.

Kerr (6,7), treated the problem of foundations on snow by representing the snow 

mass in the form of elastic and viscous elements. Kerr’s model is a viscoelastic modification 

of Pasternak foundation model, with viscous shear elements to simulate the shear inter

action between snow under the loaded area and snow adjacent to the loaded area. Figure I 

shows the foundation model.

P

SIMULATES
IMMEDIATE ELASTIC-  

RESPONSE

ELEMENTS

SHEAR INTERACTION 
WITH ADJACENT SNOW I ^ D < I X D < l > < l > < l > < I ^ T r
COMPRESSIVE CREEP 

RESISTANCE
$

INDEPENDENT SPRINGS

"BLOCKS SEPARATED"BY VERtlCAL 
PLANES OF VISCOUS SHEAR (VISCOSITY W

VISCOUS DASHPOTS 
I VISCOSITY r ) )

Figure I. The Kerr viscoelastic foundation model.
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The governing differential equation for vertical displacement of foundation is: 

83w d3 w dw
 ̂ Sxr at + T f  a t ’ " 11ST + p ( x ’y,t) = 0 

where n = shear viscosity constant

17 = compressible viscosity constant

Kerr assumed that a foundation under constant load settles at a constant rate. For 

long duration this is not quite so; as the loaded snow densities, its deformation resistance 

increases. Therefore the validity of this model is restricted to small penetrations and low 

stresses.

Saim’s constitutive equation (16) is similar to Hooke’s law. The stress components 

Ty are given by the equation

Ty -  ^VjcJc Sy + 2^ Vy (1.2)

where Vy = rate of deformation 

6y = kroneckef delta

Salm assumes the viscosity constants X and y. to be functions of the basic invariants 

of deformation rates. This equation does not take into account that the change in volume 

is also partly due to the result of relative sliding between particles. This constitutive 

equation can be used for low strain-fates.

Behaviour of snow-mass under natural loading can be computed by the finite-ele

ment method; if stress-strain relationships for snow is available. Desrues et al. (4) have 

developed an incremental formulation of constitutive equation, which is particularly well 

suited for the finite element method. According to Desrues, the history of the stresses has 

an important influence on creep of snow. Therefore the Boltzman’s superposition principle
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is used in developing the equation, which for uniaxial creep under constant stress is

= + C  « - 3>

E is the longitudinal strain, a superposed dot implies time differentiation.

The first term on the right hand side represents the short term, i.e., elastic-plastic 

part of the deformation. A and B are functions of principal stress. C is the long-term 

element of the creep rate. The incremental formulation is

E(t) = I  Ek (Affk , r k, t) (1.4)

Where Aajf is the stress increment, is the loading time of the stress increment and 

[Tk “ ^k-I ] is the time increment.

The model gives good results for strains up to 10% and short term loading, but has 

not yet been extended to solve the long-term creep problem.

The constitutive equations discussed by Brown et al. (3) are

(a) Finite linear viscoelastic theory

(b) Second order finite viscoelastic theory

(c) The multiple integral representation

AU the three equations represent nonlinear viscoelastic materials. In their general 

form these equations are too complicated to work with. The finite linear theory and 

second order theory appear to be representative equations to use when small and inter

mediate strain rates are involved. The multiple integral representation gives the best overall 

results when the fuU range of deformation rates are considered. A thermodynamic formu

lation developed by Brown (2) for nonlinear compressible viscoelastic materials, also gives
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very good results over a broad range of strain-rates, but this model is too complicated to 

use For practical purposes.

The results discussed by Brown et al (3) shows that snow is an extremely nonlinear 

material, the stress response varying approximately with the cube of strain-rate. Addition

ally the results also indicate high-degree of compressibility of snow over the entire strain- 

rate range considered. This behaviour is too complicated to be represented by a simple 

constitutive equation. In this paper only small strain-rates are considered. The primary 

inent is to develop a constitutive equation for a snow-mass subjected to long-term loading, 

which can be used in developing design criteria for foundations on snow.

In developing the constitutive law, elastic strain and transient creep effects are not 

considered, since interest centers on the problems of long-duration loading. The stress 

tensor is separated into deviatoric and volumetric parts. The deviatoric stress is expressed 

in terms of strain-rates, and the volumetric stress or hydrostatic pressure is expressed by a 

constitutive equation. This constitutive equation is modified version of the original law 

developed by Brown (I). Finite difference numerical technique is used to solve the equi

librium equation for deformation rates. A flexible surface loading problem is solved. The 

discussion includes effect of load intensity on deformation, stress-distribution inside 

the snow-mass and comparison with the experimental data.



KINEMATICS AND FIELD EQUATIONS

This section covers a brief discussion of kinematics and field equations. Only the 

topics which are required for the development of constitutive equation are covered. A 

detailed discussion on this subject can be found in any standard textbook on continuum 

mechanics (5,9,10).

When a continuum is in motion, tensor quantities that are associated with specific 

particles change with time. Following two types of description of these changes are in 

common use:

(1) Referrential description, whose independent variables are the position X of the 

particle in an arbitrary chosen reference configuration, and the time t. When the reference 

configuration is chosen to be the actual initial configuration at time t = 0, the description 

is called the Lagrangian description.

(2) Spatial description, whose independent variables are the present position x 

occupied by the particle at the present time t. This description is often called the Eulerian 

description.

Figure 2 shows the displacement of a particle from its initial position X to the 

current configuration x, defined by the equations:

x = X + U(X,t) 

or

x = x(X,t) (2.1)

The deformation gradient referred to the undeformed configuration, is denoted by F. 

The deformation gradient is defined as the tensor, whose rectangular cartesian components
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Figure 2. Displacement, stretch and rotation of a differential material vector dX to a new 
vector dx.

are the partial derivatives Ox^/aX . It operates on a vector dX at X to associate with the 

vector dx at x. The vector dx is defined by the equation

dx = FdX  

or

3 xk

dxk = IxT dX- ( 2 .2)
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In terms of displacements F , therefore has the the components

0  +
a u , . 
a x ,  /

a u ,
a x 2

a u ,  
a X3

9U2
BX1 {1 +

a u 2 
a x 2 /

a u 2
a x 3

(2 .3)

a u 3 a u 3 z
I 9 u M

a x , a x 2 L a X3 )

Rate of deformation tensor and spin tensor are important kinematic tensors. These 

are defined in terms of the velocity vector V =  V (x,t) expressed in terms of the spatial co

ordinates and the time. The rate of change of length and direction of the material element

dx is given as

d
— (dx) = v (x+dx,t) - v(x,t) (2.4)
dt -

or

dv = L dx (2.5)

where

dVj

L ,,  =  ^  .

(2.6)

is the spatial gradient of the velocity. L may be expressed as the sum of a symmetric tensor 

D called the rate of deformation tensor and a skew-symmetric tensor W called the spin 

tensor as fpllows. Let

I T
D = - ( L  + L 1) 

and

W = ^ ( L - L t ) (2.7)
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A superposed T implies the transpose of a tensor. Then

L = D-S-W (2.8)

with rectangular cartesian components

D;;
1 dV: dV;
- ( ----- +  — )
2 9 Xj- 9 Xi

j 9 Vi 9 Vj
— (
2 9 Xj 9 xI

)

(2.9)

(2 .10)

The geometrical interpretation of tensor D may be seen as follows. Let dx be a 

material vector, then

dx • dx = (dp)2 (2.11)

hence

d „ d
— (ds)2 = 2 dx • — (dx) 
dt -  dt -

But

d
-  (dx) = L dx

Therefore

— (ds)2 = 2 dx L dx 
dt — ' ~

= 2 dxi Ly dxj

= 2 dxi Dy dxj + 2 dxi Wy dxj

But as W is skew-symmetric, the last term vanishes. Hence

(2. 12)

(2.13)

(2.14)

— (ds)2 = 2 dx; D-; dx- = 2 dx D dx (2.15)dt 1 1J J — ~ —

In other words, D gives the rate of change of squared length (ds)2 of the material 

vector dx at P. This is why it is called the rate of deformation tensor.
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The strain tensors are defined so that they give change in squared length of the

material vector dX as follows. The Lagrangian formulation is

(ds)2 - (dS)2 = 2 dX E dX 
-----. —

(ds)2 - (dS)2 = 2 dXj EydXj (2.16)

while the Eulerian formulation is

(ds)2 - (dS)2 = 2 dx e dx

(ds)2 - (dS)2 = 2 dxj ejjdXj (2.17)

The deformation tensor G is closely related to the strain tensor. The Green defor

mation tensor C , referred to the undeformed configuration, gives the new squared length

(ds)2

(ds)2 = dX C dX  = d X jC jjd X j (2.18)

Comparing equations (2.16) and (2.18), the following relationship can be deduced

2 E = C - I

2EIJ “ CIJ " 5IJ (2ll9)

I is the identity tensor, with components equal to the kronecker delta, S j j .

Expressions for the strain and Green deformation tensors in terms of the defor

mation gradient are obtained as follows

(ds)2 = dx • dx = (dX Ft ) (F dX) = dX (F1F) dX . (2.20)

Hence '

C = Ft F

or

c IJ
axj, 9Xk 

a X1 a Xj
(2 .21)
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An expression for the strain tensor can be obtained from equations (2.19) and

(2.21).

or

E = 1]

I dxk aXk

e U = 2 [ »Xi  a x j" " 6U 1 (2 .22)

From the above equations it follows that strain and Green deformation tensors are 

symmetric. The Green deformation tensor reduces to unit tensor I , when there is ho strain, 

while the strain tensor reduces to zero. Using the relation x = X + U(X,t), the strain tensor 

can be expressed in terms of displacements

j a u^ a Uj a U^ au^

Eu  = 2 1 ' ' ' ^  « 7 1
(2.23)

For small strain the higher order term is neglected.

The strain rate and rate of deformation tensors are related as follows. Material 

derivative of equation (2.16) gives

d dE
5 1 ™  = 2 d X - d X

Since (ds) and dx are constants. But the equation (2.15) shows that

d
— (ds)2 = 2 dx D dx 
dt —  -

hence

(ds)2 = 2 (dX Ft ) D (F dX)
Q T  -----  /X / /X / «■>*/ -----

= 2 dX (Ft D F )  dX

Comparing this with equation (2.24), for any arbitrary dX

(2.24)

(2.25)
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or

FmI ^m nFfiJ (2.26)

The equation of conservation of mass or the continuity equation in spatial coordi

nates is given by the equation

where p is the density and v is the velocity expressed in terms of the spatial coordinates. 

This completes the kinematical description of the motion of a continuum.

The external forces acting on a body are classified in continuum mechanics in two 

kinds: body forces and surface forces. Body forces are usually reckoned per unit mass. Sur

face forces act on a surface and are reckoned per unit area of the surface across which they 

act.

The surface traction at a point of a surface is defined through the definition of a 

stress vector. Figure 3 shows the surface S, which has a unit normal vector n. The stress 

vector I n is defined as the limit of the ratio Af/AS as AS-* 0. That is

The subscript n is used here, since the stress vector acting across a surface at a material 

point depends on the orientation of the surface, which is given by the unit normal vector n. 

Let a be a transformation such that if n is a unit normal vector to a surface, then the

—  + p div v = 0 
dt -

(2.27)

(2.28)

stress vector on the surface is given by
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Af

Figure 3. Surface traction Af on area AS.

(2.29)

a is called the stress tensor or the Cauchy stress tensor. In component form the relation is

tIii = Oji nj (2 30)

It can be shown that the Cauchy stress tensor is a second order symmetric tensor.

The momentum principle for a continuum states that the time rate of change of the 

total momentum equals the vector sum of all the external forces acting on the continuum, 

provided Newton’s third law of action and reaction governs the internal forces. The 

equations in spatial coordinates are

(2.31)
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In the special case of static equilibrium of the medium; important in solid mechanics, 

the acceleration is zero and the equations of motions reduce to the partial differential 

equations of equilibrium.

9ffij
— - + pbi = 0 (2.32)
3Xj

where p is the density and b is the body force. These equations do not contain any kine

matic variables. But they are not in general sufficient to determine the stress distribution, 

since there are only three first order partial differential equations for six independent stress 

components. Additional equations must be found, and these in general include the constit

utive equations defining the nature of the particular material under consideration.

Cauchy stress tensor considers a continuum in a strained state or it is defined in 

Eulerian formulation. A stress tensor referred to the strained state is a natural physical 

concept. However, in development of constitutive laws stresses are related to strains. 

Hence, if strains were referred to the initial configuration, it would be convenient to define 

stresses similarly with respect to the initial configuration. The two Piola-Kirchoff stress 

tensors discussed below are two alternative definitions of stresses in the reference state.

As shown in Figure 4, the vector dP denotes the force acting on a surface element dS 

with a unit normal n. dP0 denotes the corresponding force assigned to the corresponding 

original area dSQ with a unit normal n^. If ay is the stress tensor referred to the deformed 

configuration, then Cauchy’s relation is

dPj = (2.33)

Now the first Piola-Kirchoff stress tensor T° gives the actual force dP, but it is reckoned 

per unit area of the undeformed dS0. Thus the force is expressed as
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Figure 4. The corresponding force vectors in the original and deformed state of a body.

(T0JinOj) dSo = dPi = (°jinj) dS 

The second Piola-Kirchoff stress tensor T is defined as

dpO = ^ o P dsO = r  dE

(2.34)

dPoi -  (Tjinoj)dSo -  dPj (2.35)
J

Using the law of conservation of mass it can be shown that (10) the deformed and the 

undeformed areas are related by

Pn
n dS = -  2 o r  d s O

(2.36)
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Substituting the above relation in the right hand side of equation (2.34).and dividing by 

dS0, the following relation is obtained

hn [T° - —  F-i o] = 0
— U p

(2.37);

Hence for any arbitrary unit vector rL

T  = - F - 1 O

(2.38)

Equation (2.35) gives

< !2 o P dSo i r , i>P = r ‘ <!!;i>ds (2.39)

Therefore

O o D d S o  = r  ( - ^ a S o D O ) (2.39)

[ —  n0 dS0 F"1 o ] (F."1-)1
P —\J V Ay /-sy Ae/

(2.40)

Hence for any arbitrary unit vector n,

. ' , T  = —  F"1 or (F-1),T •

ax_ po dXj
'«  = 7  S k "k i

i
(2.41)
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The relation between two Piola-Kirchoff tensors is given by the equation

(F"' )T

or

Tij (2.42)

The equations of motion in the reference state, in terms of Piola-Kirchoff stress

tensors are (10):

and

; (T ji) + P0bOi
d2Xj

dF~

a _ d2 xi
^ ( T j l F a ) + Poboi = 571-

(2.43)

(2.44)



CONSTITUTIVE LAW

Snow is a highly rate sensitive material, and usually for any problem some range of 

strain-rates can be designated. The low strain rates are defined to be less than KT6 S-1 to 

KTs S-1, and high strain-rates are those which exceed 10"s S"1 (15). In this work only 

low strain-rates will be considered.

The material behavior is assumed to be a linear visco-elastic material as long as the 

stress state is below some critical level. Once this critical state is reached the material 

behavior becomes non-linear.

The problem to be discussed later in more detail is one which can involve finite- 

strain and large deformation. Lagrangian formulation is adapted to define the strains. As 

discussed earlier, the stresses should also be referred with respect to the reference configu

ration. Therefore one of the Piola-Kirchoff stress tensors will be used. The first Piola- 

Klrchoff stress tensor is unsymmetric and it will be inconvenient to use in a stress-strain 

law in which the strain tensor is symmetric. The second Piola-Kirchoff stress tensor is 

symmetric and so it is more suitable for this purpose. This stress tensor will be denoted by 

T with components Tjj  (I = 1,2,3, J = 1,2,3). It relates with the Cauchy stress tensor by 

the relation

T = —  F"1 a (F"1 )T (3.1)
/■x/ p  r x /  /X /

where pQ is the initial density

p is the instantaneous density 

F is the deformation gradient tensor 

a is the Cauchy stress tensor
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A superscript T implies the transpose of the tensor.

Mechanical behaviour is facilitated by separating volumetric effects from pure shear, 

or deviatoric effects. The Cauchy stress tensor can be split into deviatoric components S, 

which tend to change the shape of an element without change of volume, and hydrostatic 

pressure which only brings change in specific volume

o = S -  pi

The hydrostatic pressure p is defined in terms of density ratio, a,

p m
a  =  —  '

P

(3.2)

(3.3)

Where pm and p are respectively mass densities of ice and snow. Brown (I) has 

developed a volumetric constitutive law for snow subjected to large strain-rates. The 

material is treated as a suspension of air voids in a matrix material of polycrystalline ice, 

and then a pore collapse model is considered.

P(t)
J e (-W * o )

In (— -) 2(S0-C ) + - C l n h
(-«A)2

-I (3.4)
3a 'a - 1' °  1 a (a -1)

I , C, 0 and A are all material constants, a is the rate of change of a. The above 

equation describes behaviour of snow for deformations which are predominantly volu

metric. Snow, when subjected to shearing stresses distorts. This distortion is associated 

with slipping between the grains and a rearrangement of the particles into a denser packing; 

consequently the volume decreases. The overall strain of a snow mass will be the result of 

deformation of individual particles and partly the result of relative sliding between parti

cles. The above equation does not take into account the deviatoric deformations, and it
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would not be expected to represent volumetric behaviour when significant shear stresses 

are involved.

Equation (3.4) is valid for strain-rates greater than IO'5 S"1. The problem to be 

considered in this study falls in the category of low strain-rates (< IO'6 S"1). The above 

equation can be reduced to the following simplified ,form -

p(t) = kd (3.5)

je(-0of/ao)
k 3a

C v0 InC— -)" (3.6)
a- I

where J, C, 0 are properties of ice and vQ is the initial shear viscosity. Equations (3.5)- 

(3.6) can be used to calculate hydrostatic pressure for small strain-rates.

For low strain-rates deformation takes place by a slow flow of the snow structure. 

At the stresses that produce strain-rates in this range little rearrangement of the ice grains 

takes place. The behaviour can be represented as a fluid. Cauchy deviatoric stress S is 

represented as Newtonian fluid behavior.

S = 2 p [D - -  tr (D)I ]
/NV /NV ^  l*N/ /NV

(3.7)

where tr(D) is the trace of D, equal to the first invariant of D. ju is the density dependent 

viscosity term. I fv  = VjCj is the velocity vector, then the rate of deformation tensor D is 

defined as

I dV| 9 V:
(3,8)

The above equation is in Eulerian coordinates Xj, To express D in terms of Lagraiigian 

coordinates.Xj, equation (2.26) is used.
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dE T 
—  = p l  D F
d t  ----------------

where, E = 1/2(F^F - I ) is the Lagrangian strain tensor. Then D is given by the equation

D = (Ft )-1 E F '1 (3.9)

Note that, since x = X + U, F y  = 5 y  + 9Uj/9Xj , where U is the displacement vector. 

Hence for small strain, wwen displacement gradient components are small compared to

unity the equation (3.8) reduces to

dE
—  * I D I = D (3.10)

/X / ^

'  ' ! I

Under high stresses displacement gradient components are significant and introduce 

non-linearities. Using equation (3.9) S in terms of strain-rate is given as
I

S = 2 /x[(F-1 )T E F '1 - - t r ( C _1 E) 1] (3.11)
/■x/ /"X/ y-x> /-X/ j

where, Green deformation tensor C is defined as G = F t  F. The above equation can be

expressed in the following form:

S = (F-1 )T [2 ju E - \ ul tr(C-1 E) C] F '1 (3.12)
ZXz Q  /"XZ /"X/ O Z  O Z

Using equations (3.1), (3.2) and (3.12), second Piola-Kirchoff stress tensor T is 

expressed in terms of Lagrangian strain-rate tensor and hydrostatic pressure; to complete 

the constitutive equation. This is done as follows:

P q  rp P q  np

T = - F - 1 S (F_1 r  - - F - 1 P l  (F-1 ) l (3.13)
ZXU p  O Z  O Z  O Z  p  O z  O Z  O z

T = —  F"1 (F_1 )T [2 ju E - I  Attr(C-1 E)C] F -1 (F '1 )T - —  p F"1 (F"1 )T

(3.14)
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pÔ _i_1 ___ 2 . ^ o .__ __ _ j.. po
T = 2(m — ) C-1 E C '1 - -O t — )C -1 tr(C-1 E) - —  p C"1

p  rw <-o 2  p  ^  rs  ̂ p

The viscosity term At is a function of density,

P ------V (p, P0)

Then the constitutive law is

T = 2 rj C 1 E C"1 - -  ;? C"1 tr(C-1 E ) ------p C '

(3.15)

(3.16)

TlJ = 2 Tj C -  EkL C -  - -  ,  C -  ( %  El k ) - -  P C -  (3.17)

For most quasistatic problems in snowmechanics gravity body forces are significant, 

and they should be incorporated into the equilibrium equations. These equations for negli

gible acceleration and in Lagrangian description are

d 2 X;

(Tjl FiP + ^oboi (3.18)

The equation of conservation of mass or continuity equation in Eulerian description 

has been stated in the previous section. Material form of continuity equation accounts for 

change in density arid volume; In material coordinates this equation can be put in the form 

( 10)

—  = Ul 
“o

where |J I is the absolute value of Jacobian determinant J.

J = det |F  I

(3,19)

(3.20)
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For a given problem, equations (3.17-3.20) can be solved numerically, when appro-
• i f

priate boundary and initial conditions are specified. A detailed discussion is presented in

the next section.



SNOW MASS SUBJECTED TO UNIFORMLY DISTRIBUTED 
FLEXIBLE SURFACE LOADING

The settlement of foundations, platforms, or stationary tracked vehicles into snow 

can be accurately predicted under exceptional conditions; because of the complexity of 

mechanical properties of snow and disturbing influences of temperature. Nevertheless a 

theoretical analysis of settlement phenomena is important because the results at least 

permit the engineer to recognize the factor that determines the magnitude and the distri

bution of the settlement.

The problem of flexible surface loading is similar to the problem of foundations on 

snow. The only experimental data available is from Camp Century, Greenland, where a 

series of nine spread test footings were installed on undisturbed snow (13). These tests 

were continuously observed for a period of two years. The influence of footing load, size 

and shape on settlement were investigated. The effects of uncontrolled parameters such as 

temperature and density were recorded. The results from these experiments are compared 

to the theoretical results obtained in this paper.

Figure 5 shows the experimentally observed deformation zone or the pressure bulb 

(13). If the loading is symmetrical, ,then the pressure bulb can be assumed symmetrical 

about the center of the footing. The width of the deformation zone is approximately 

between I1A and 2 times the footing width. The vertical extent of deformation would be 

between I and I 1A times the footing width. For simplicity, consider a rectangular area 

underneath the footing as shown in Figure 6. The dimensions of this rectangle are larger 

than the observed size of the pressure bulb. The average temperature is assumed constant.

The constitutive equation (3.17) in component form can be written as
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SNOW SURFACE

/ — APPROX LATERAL LIMIT OF 
I________  OF FORMATI O N - ^ :

LAYERS? /SNOW

PIT LIMITS— I

HORIZONTAL DISTANCE. Il

(a) Snow deformation beneath 18 X 18 in footing, 1000 psf. (13)

SNOW SURFACE

APPROX. LATERAL LIMIT OF DEFORMATION

SNOW. LAYERS

HORIZONTAL DISTANCE. I l

(b) Snow deformation beneath 36 X 36 in footing, 2000 psf. (13) 

Figure 5. Experimentally observed influence zone.
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I B=O .45 m

Fixed
boundary

Figure 6. Standard problem.

Fixed boundary 
----- I .Im —
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Tu  -  2 b IjklA jc  " ~  p c u  ( 4 1 >

where

6 IJKL = ^ c IK CLJ ™ 3 7jcIJ CKL (4'2^

The repeated index denotes the summation. Using the above expression for T, the equi

librium equations (3.18) take form

2 5 3 ^ f o  b u k l ) 6 LK + 2 Fu  bIjk l  ^ " lF iJ c i i  I <4-3>

"  ^ ( F U  ^ c T j )  p  +  p Ob Oi =  0

For a plane-strain condition (x3 = X3), the above equations i = 1,2) can be solved 

for strain-rates. For the three unknowns E11, E11 = E11 and E11, one more equation is 

needed. The third equation can be obtained by using the compatibility equation. To avoid 

computational difficulty, equilibrium equations are first developed in terms of Xj. The 

Lagrangian strain-rate tensor E is given by the expression

E u  = 2 A l  p KJ + pKI FKJ) (4l4)

Using the above expression and equation (4.3), the equilibrium equations are expressed in 

terms xj.

92 Xj 32 Xj 3 Xj 3 Xj

M IL 9IIIK 7 IlL I x L+ 6IIK T x k

+ e i + Pob oi *  0
(4.5)
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I

where

b IJKL v CIK c LJ '  3 CIJ c KL 

“ illL = FiJ 8 IJKL pIK

^ilLK = FiJ 8 IJKL pIL (4l6)

?ilL = ^  (FiJ 6 IJKL f IK)

ailK = (FiJ fiIJKL F1L)

The above second order partial differential equations are linear in x̂ . Note that the 

coefficients are functions of current deformations, and not the functions of the rate of 

change of deformations Xi- These two differential equations (i = 1,2) yield a system of 

simultaneous linear equations in Xi- If tk is the current time, then

tk+l = tk + At (4.7)

xk+1 = xk + X, At (4.8)

To solve the differential equations (4.5), a central difference scheme is adapted. The 

expanded form of the equilibrium equation fo r i=  I is:
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(4.9)

For i = 2 the equation has the body force term (p0g) in it, where g is the gravitational 

acceleration.

Figure 7 shows a typical finite difference mesh. The dotted lines denote fictitious 

mesh points to be used in the calculations for the mesh. Central differencing with respect 

to X1 and X2 gives the following types of terms.

Substitution of the above relations in the equilibrium equations (4.9), yields the fol

lowing simultaneous linear equations at an interior node I,J 

(Let x = x , , y = x2, X = X| and Y = X2)

(4.10)

(4.11)

I+  I J + I 
2 2 

i=I- I j=J- I
2 (Ally  *i,j + A12y yy) ~ " eI (4.13)
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X=X1 ,j

I-------

Figure 7. Finite difference grid.
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where

I+  I J +  I 
S 2 

i=I- I j=J- I (A21ij xi,j + A22ij y y ) e2 - P0S (4.14)

Aij 11 = (a ij 12 + a ij21 + 12 + 2 1 >/4AXAY

Aijl2  = (oti j l l  + ^ ij l l) /AX2 " ^ i j l + 5 ij l) /2AX 

Aij21 = («ij22 + <sij22)/AY2 " ^ i j 2 + 6 ij2)/2AY 

Aij22 = " 2 Ka I jl l  + ^ ij l l) /AX2 + (a jj22 + %22>/AY2 ] 

Aij23 = (aij22 + 0ij22)/AY2 + ^ ij2  + 5 ij2)/ 2AY 

Aij23 = (a ij22 + ^ij22)/AY2 + ^ ij2  + 5ij2)/2AY 

Aij32 = (a ij 1 1 +Pi j l l  )/AX2 + (7y I +Sy i  )/2AX 

Aij33 = " Au31 = ™Aijl3  = Aij l l

Boundary Conditions * 1 2

To solve equations (4.13) and (4.14) the following boundary conditions are assumed. 

The size of the pressure bulb is chosen larger than the size of the pressure bulb observed 

experimentally by Reed (13); therefore the vertical wall and the bottom of the bulb can be 

assumed fixed. Due to symmetry it follows that the lateral displacement along the center 

line is zero. The boundary conditions assumed are

(1) Fixed boundary

x = X and y = Y (4.16)

(2) Reflected boundary

x = 0 ; x = X
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dy _ dy 
dX ~ dX

(4.17)

To derive the boundary conditions for the upper surface, completely vertical surface 

loading is assumed. Q is the pressure measured per unit undeformed surface.

The force dP on the deformed area as shown in Figure 8 is

dP = - Q d S 0 C2 (4.18)

where dA is the undeformed area, and e2 is the unit vector in Y direction. The first Piola- 

Kirchoff stress tensor T 0, and the Cauchy stress tensor a are related to the dP by the 

equation (2.34)

dP = - QdS0 B2 = ( no ) d s  = (^0 T°) dSQ (4.19)

where n0 = - e2 is unit normal to the undeformed surface. Equation (2.42) shows that

T = T° (F"1 )T (4.20)

%
it

dSo
X=X1 
--------- > w \" \ \ \ \ \ "  \ \ \ \ . \ \ ( \ \  \ \ \ \W

Undeformed Surface

J r Y=X2

I £ 2

dP = - dS„ e

Deformed Surface

Figure 8. The normal stress vector on the deformed surface.
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or

j °  = 7  pT

Hence

Q e 2 = - e2 (T FT) (4.21)

The rectangular cartesian components of this relation are

(4.22)

and

(4.23)

Using the constitutive equation (4.1), (4.4) and the above equations the following 

two differential equations for the upper surface are obtained

Central differencing these equations, a relation between fictitious grid points outside 

the upper surface and grid points inside the domain is obtained. This relation is substituted 

back into equations (4.13) and (4.14). Let (o,j), ( I J )  and (2,j) denote mesh points on a 

layer outside the surface, on the surface and a layer below the surface respectively. Then 

the final expressions are

dxm
B̂2JKLF U FmK) ^  ++ (B2JKLF U FmI

(B2JKLF2JFmK) ^  + <B2JKLF2JFmL)
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M.Xq j = [(Pz- Q)Rl 22 +P l  Rl Z l l  (Rl I I R l l l  - Rz i l R l  22)

( * l , j + l '  * l , j - l ) / 2AX + (Rl 21 R222 - R221 Rl 22) ( y j+ l  "" y i , j -  l ) /2AX

+ M . X2 j (4 .26)

- M . y0 j  = [(Pz- Q)Ri 12 + PiRzi i ) ]  + ( R n i R i i z - Rn  1 Ri 12) (x  ̂j+i  

Xi j_ j) /2AX + (Rl 21 Rn  2 - Rzzi Ri I 2) ( yI J - I " y i j _ i ) / 2AX-  

M . y2j  (4 .27)

where

RilL = B2JKLFiJFlk + B2JLKFiJFlK (4>28)

Pi = ”  P C2J FU (4 29)

and

M = (R| 12Rz22 ~ Rn  2Ri 2i ) /2AY (4 .30)

The above boundary conditions are derived assuming the loading is completely verti

cal. If the tangential component of the loading is nonzero, then the equations become 

more complicated. These equations are derived here, but are not used in the calculations.

Figure 9 shows the stress vector on deformed surface with normal and tangential 

components q and t  respectively. If n and t are unit normal and unit tangent vector to the 

deformed surface, then

J n = - qn - T J  (4.31)

Also

Pq T
—  H ( F T F t ) (4.32)
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Io = I '
. fe Undeformed Surface\\\'W \ \\ \\ \ W\\\\\\'

Y=X2

Figure 9. The stress vector on the deformed surface, when shear and normal stresses are 
applied.

Hence

—  n ( F T  FT) = - q n - r t_ (4.33)
po ~ ~ ~

If n0 = - e2 and t̂ 0 = e, are the unit normal and the unit tangent vectors to the unde

formed surface, then it can be shown that

F n 0 F
n = — ------  = - —  (4.34)

Ho E  Ho C *2

and

t = — ------- = —  (4.35)
Io £ Ho C"

Using equations (4.1), (4.4) and (4.33-4.35) following differential equations in 

terms of xj are obtained. In rectangular cartesian components these equations are: 0=1,2)
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P F i2
-  -  FiK^JKLFjJ 'FmK ^  + Fn,K ^  >

Fjl - Fj2 + f JJcTj  FjJ p (4.36)

Viscoelastic Properties of Snow

With the equations developed in this section the absolute magnitude of the settle

ment rate for a given unit load can be determined if the viscosity coefficients for the snow 

are known. However, at the present time there is no systematic body of data which gives 

reliable values for the viscosity parameters. The alternative is to rely on the present data 

and use suitable conversion factors.

Some experiments were performed at Byrd station to study the confined creep of 

polar snow. Based on these experiments, Mellor et al. and Bader (12) have given equations 

for compactive viscosity. These equations respectively are:

TJr = 2.27 X IO12 (^------)3 0 3 Pa - sec (4.37)
"m -"

Vr = 6.55 X IO9 (------ ) e0 02^ Pa - sec (4.38)
Pm-P

Figure 11 shows the values of compactive viscosity plotted against the density. 

Bader’s equation (4.38) shows stronger dependence on snow density than Mellor’s 

equation (4.37). Adequate explanation cannot be given in this connection with these 

contrary results. In studying icecap densification, settlement of a wide flat-lying deposit is 

treated one dimensionally by defining compactive viscosity t j c  to relate vertical compac

tion or densification rate (11).
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Density, gm-cm-3

Figure 10. Viscous analogue of Poisson’s ratio versus density (11).

Density, gm-cm

Figure 11. Compactive viscosity versus density ( 12).
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A bulk viscosity rj, analogue to the elastic bulk modulus and a shear viscosity 17, 

analogus to the elastic shear modulus can be defined such that

I
-  Oii = n Eii (4.39)

s ij = 2 Tj E-j (4.40)

Where is the stress deviator and Ey is the strain deviator. Using these relations 

compactive viscosity may be expressed in terms of r? and r?

4
Vc = V + - v  (4.41)

Viscous equivalent of Poisson’s ratio v, can be defined as

 ̂ _ 3rj - 2n
2(3 n +1?)

(4.42)

Figure 10 gives summary of experimental data for Poisson’s ratio (11). Choosing 

proper values of Poisson’s ratio, shear viscosity can be found out.



RESULTS

A Fortran computer program is developed which solves the system of simultaneous 

linear equations (4.13) and (4.14). Central difference scheme is adapted for the indepen

dent variables X and Y. Forward difference technique is used for the independent variable 

time, t. The displacements and settlement rates at time t = 0 are assumed zero. Initial 

viscosity, density and loading rate are prescribed for a specific problem. With this infor

mation the program generates the coefficient matrix, and solves the system of linear 

equations for the settlement rates x and y at each nodal point. Gauss elimination technique 

is used for solving these equations. The program uses finite difference technique and the 

settlement rates to calculate the displacements, strains and stresses. To obtain the change 

in density at each node, material form of the law of conservation of mass is employed 

(3.20). In order to minimize the cost of analysis, advantage of symmetry is taken and only 

half of the area underneath the footing is analyzed. The coefficient matrix is unsymmetric. 

For efficient storage a computer program for large, sparse, unsymmetric system of linear 

equations was tried (8), but for this type of system of linear equations the program was 

uneconomical. Full storage.mode has to be adapted. This severely restricted the grid size 

and the size of the rectangle underneath the footing to be analyzed.

The problem analyzed to document the accuracy of constitutive equation,, is a 

uniformly distributed load transmitted through a flexible, surface. Figure 6 shows the 

standard problem. The problem parameters are 

B =  1/2 X width of the footing (m)

Q = Applied pressure (bar)
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rj = shear viscosity (Pa -  sec.) 

p = density (kg/m3) 

v = Poisson’s ratio = 0.25 

P 0 =  initial density = 400 kg/m3 

Tj0 = initial shear viscosity = 3.0 X IO12 Pa.sec.

The material parameters in equation (3.6), for calculating hydrostatic pressure are 

J = 3.07 

P m =  917 kg/m3 

0 = 5.28

“o = Pm/po = 2-2925 

C = 533

Figure 12 shows the flow of the particles under the footing. The lateral displace

ments are negligible, when compared with the vertical displacements. This is due to a small 

confined area under the footing. A larger size should be tried to study the effect of lateral 

displacements and lateral stresses.

The settlement time curves are shown in Figures 13 and 14. Figure 13 illustrates a 

comparison between theoretical and the only experimental results available. These experi

ments were performed at Camp Century, Greenland. All test footings were composed of 

timber and plywood. The average temperature at Camp Century, Greenland was -20°C. 

The experimental results show instantaneous strain, which is not included in the present 

analysis. After the initial settlement the creep-rate is essentially constant. The curves 

obtained theoretically show similar trend. These curves could be brought into reasonable 

coincidence with suitable values for the parameters. It was assumed that the creep-rate
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Figure 12. Displacement field.
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Figure 13. Comparison of theory with experimental data.
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t i  12

320 4
TIME, days

Figure 14. Settlement versus time-load effect. Each curve represents settlement for a par
ticular loading, starting from 0.25 bar with an increment of 0.25 bar.
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Figure 15. Settlement versus depth.

DENSITY, gm-cm"3

X/B=0.

B= 0.45m 

Q= 0.5 bar

Figure 16. Density versus depth.
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Figure 17. Settlement versus load.
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would decrease as the snow densities. The constant creep-rate may be explained by the fact 

that, the increase in density is approximately 8-10% over a period of 600 days for an 

applied pressure of I bar (= 2000 psf). Most of the densification can be accounted for 

within a depth equal to 3A the width of the footing. Figure 16 illustrates this depth-density 

profile. The test results also give same indication (13,14). The increase in density under the 

test footings was 9-11%, and this densification occurred within a depth equal to Vi the 

width of a particular footing.

Figure 15 shows the plots for vertical displacement versus depth, at different vertical 

cross-sections. At the centerline the deflection is maximum immediately below and 

decreases to a value less than 15% of the maximum deflection at a depth equal to twice the 

width of the footing. The displacement of a vertical section outside the loaded area at a 

distance equal to the width of the footing, is about 10% of the maximum deflection. It 

remains constant almost throughout the depth.

Effect of Load and Size

The settlements of a 0.9 m wide footing subjected to different loadings are com

pared in Figure 14. Settlements up to 2.0 bar (== 4000 psf) pressure is also plotted to 

provide the values at a load higher than normally used. The relative position of these curves 

suggest a possible linear relationship between the settlement rate and load intensity. This is 

somewhat confirmed in Figure 17 where the settlements have been plotted versus load 

intensity. Each curve represents the settlement occurred in the elapsed time shown. At 100 

days the relationship is linear. At higher loads the deformation decreases. The experimental 

results show a rather abrupt transition from low stress to high stress. The decrease in
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deformation rate shown by theoretical analysis may be because the snow is suitably 

confined. Application of stress above the critical may lead to compaction and subsequent 

gain of strength and deformation.

For a given snow condition and given load, settlement rate increases with size of the 

footing. This effect is well known in soil mechanics. Figure 18 shows the settlements. 

footing size curves for a pressure of 0.5 bar. For larger footings the settlement is consider

ably higher.

Stresses in a Snow-Mass Due to Footing Pressure

Determination of the distribution of stresses within a particular region is usually an 

important part of the process of predicting settlements. Figure 19 shows the distribution 

of vertical stresses beneath the center line and below a point at a distance of one length 

outside the loaded area. At the centerline the stress due to the loaded area is maximum 

immediately below and reaches to a value equal to approximately 20% of the initial stress 

at a depth equal to twice the width of the loaded area. Beneath the point outside the 

loaded area, the stress is zero at the surface and reaches to a maximum at the depth ap

proximately equal to the width of the footing. However, the magnitude of this stress 

change is very little with depth below this point. In the calculation of the stresses shown in 

Figures 19, 20 and 21 snow is assumed weightless.

The distribution of vertical stresses along selected horizontal sections beneath the 

center of the loaded area is shown in Figure 20. It is clear that the stress is more concen

trated beneath the area at shallow depths and decreases in magnitude as its effect spreads 

out at increasing depths.
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Figure 18. Settlement versus footing width.
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X/B = O X/B = 2.0

Figure 19. Distribution of vertical stresses beneath the footing.
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Y/B = 1.0

Y/B = 2.0

Figure 20. Stress distribution along a horizontal section.
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Another useful way to view the distribution of stresses is to consider contours of the 

equal vertical stress, as shown in Figures 21 and 22. These contours show the zone of 

influence of the footing or the pressure bulb. The vertical stresses are less than 0.2Q at a 

depth of 4B. Usually the stress bulb is considered to be the volume within the contour for 

0.1Q, but this choice is strictly arbitrary. This zone of influence obtained theoretically is 

similar to the one observed experimentally, shown in Figure 5. This stress distribution 

is also similar to the stress distribution obtained by the Boussinesq solution for a point 

load on a homogeneous and isotropic elastic half space. Figure 22 shows the stress distri

bution, when stresses caused due to weight of snow are included.

Effects of Footing Rigidity

AU the cases discussed previously involved flexible footings. Figure 23 compares the 

time-displacement curves for a flexible and rigid footing of 0.9 m width. The behaviour of 

rigid footing was simulated by imposing parabolic pressure distribution, increasing away 

from the center of the footing, so as to get equal displacements to the surface points 

underneath the footing. The settlement curves are of the same nature, and the difference in 

the displacements between the two footings is also negligible.



52

0 .94

0 .43

0 /2 2

Figure 21. Normal stress contours.
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Figure 22. Stress contours, when stresses due to weight of snow are included.
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B = 0.45m
1 -  Rigid Plate
2 -  Flexible Plate

TIME, days

Figure 23. Settlement versus time-Comparison between rigid and flexible footing.



CONCLUSIONS AND RECOMMENDATIONS

The results, of this study show that the constitutive equation described here has the 

potential of analyzing foundations on snow. The formulation developed here enables one 

to study the effect of load intensity, size of the footing, snow-properties, etc.

The calculations used in the example were for snow with a uniform density and a 

uniform pressure. Such an assumption is not necessary. A stratified snow-pack and nonuni

form pressure could have been used. However, to demonstrate the formulation, a simpler 

problem was considered.

Presently, there is not much data available for comparison with the example given 

here. The general behaviour of the results demonstrated in Figures 12-22 agree with what 

has been observed in field studies reported by Reed (13).

One more problem should be pointed out here in considering the validity of the 

theoretical results. Snow under equitemperature conditions increases slowly in strength 

with time. This process, referred to as equitemperature metamorphism, generally proceeds 

slowly for dry snowpack at cold temperatures. It results from the diffusion of water vapor 

from convex grain surfaces to the concave bond surfaces thereby slowly increasing inter

granular bonding and hence the material strength. Such aging effect was not incorporated 

in the material representation. Inclusion of this effect would decrease the settlement 

rates more rapidly with the passage of time than indicated in Figure 13.

In view of the foregoing analysis and results the following recommendation for 

future work can be made:

( I ) A  computer program with an out-of-core solution technique is needed.
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(2) The area under the footing to be analyzed, should be bigger, in order to study 

the lateral displacements and the stresses. Effect of free lateral boundary should be 

studied.

(3) A more general equation for hydrostatic pressure, which includes effect of shear 

stresses is needed.

(4) When a good description of the effects of equitemperature age hardening is 

available, this should be included in such solutions.

What has been demonstrated is that the techniques used here can give good results.
i

With implementation of the above recommendations good quantitative agreement between 

theory and experiment can be obtained.
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