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ABSTRACT

A set of g 2X2 contingency tables with the row margins fixed 
may be represented as g pairs of independent binomial variates,
and x^» with corresponding parameters, and P^, and sample sizes,

and n^» where i ■ I,... ,g. Associated with table I is the para
meter of interest, 0 ,̂ which is some specific function of P ^  and P^*
In this thesis, Bayes and empirical Bayes estimators are derived to 
simultaneously estimate 9^, 0g. The following six choices for
Qi  were studied in detail: P11, P^, P11ZCl - P11), P12ZCl - P12),
P11Cl - pi2)ZCP12Cl - P11)), and P1JZP12. The last two choices, the
odds ratio and the relative risk, are measures of association commonly 
estimated in epidemiological studies. The estimators are based on a 
bivariate prior distribution on the unit square which allows for a 
correlation between P11 and P^* The Bayes estimators are shown to be
asymptotically equivalent to the maximum likelihood estimators. An ad 
hoc confidence interval procedure based on the empirical Bayesian esti
mates is given. The posterior densities for each of the parameters are 
presented.

A simulation study to compare the empirical Bayes estimator with 
the maximum likelihood estimator and to study the properties of the 
confidence interval procedure is presented. The results indicate 
that in almost all of the situations simulated, the empirical Bayes 
estimator is significantly better than maximum likelihood with respect 
to reducing mean squared error. The confidence interval procedure 
is at the nominal level and is accurate enough for practical purposes.



I. INTRODUCTION

Cross-classified tables of counts, often called contingency 

tables, are common in the biological and social sciences. If the data 

is cross-classified according to two dichotomous categorical variables, 

then the table is called a 2 * 2 or fourfold contingency table. An 

example might be the presence or absence of a risk factor, such as 

smoking, cross-classified with the presence or absence of a disease, 

such as lung cancer. Another might be the presence or absence of a 

head injury cross-classified with whether or not the accident victim 

was wearing a seat belt.

Suppose that data is to be collected and then cross-classified by 

two dichotomous categorical variables A and B. A 2 * 2 contingency 

table can be generated by three sampling designs.

1. ) The total number of observations is fixed and then each

observation is classified according to the presence or 

absence of A or B.

2. ) A fixed number of observations is randomly drawn from a

population possessing A and then another fixed number of 

observations is randomly drawn from a population not pos

sessing A. At the conclusion of the experiment, the obser

vations are classified as to their presence or absence of B.

3. ) The sampling units are randomly assigned to A or not A

with a fixed number of units in each group.
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At the conclusion of the experiment, the observations are 

classified as to their presence or absence of B.

The difference between designs two and three is that in design 

two the sampling units are not randomly assigned to A and not A. They 

are sampled from populations where A is known to be present or absent. 

Friedman (1980) calls a study with sampling design two an observa

tional study because, other than randomly selecting the subjects from 

the two populations, the experimenter just observes the study. He 

calls a study based on sampling design three an experimental study 

since the experimenter intervenes in the study by randomly assigning 

the subjects to treatment A or not A.

Epidemiological studies based on design two provided the motiva

tion for this thesis, but the methods developed in this thesis are also 

applicable to designs of type three. Design two can be thought of as 

drawing two random samples of fixed size, one from the population 

possessing A and another from the population not possessing A and then 

counting the number of observations in each sample possessing charac

teristic B. The following notation will be convenient:

■ count of observations possessing characteristic B in the sam

ple drawn from the population possessing characteristic A;

Pj ■ probability an observation possesses characteristic B given 

that it possesses characteristic A;

nj = fixed sample size drawn from population possessing A;
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Xg ■ count of observations possessing characteristic B in the sam

ple drawn from the population not possessing characteristic A; 

P2 ■ probability an observation possesses characteristic B given 
that it does not possess characteristic A; 

ng ■ fixed sample size drawn from population not possessing A.

The data from the study can be presented in a 2 * 2 table as shown in 

Table 1.1.

__________ Table 1.1 THE BASIC 2 x 2 CONTINGENCY T A B L E __________
______characteristic B______ sample size

characteristic A present (B) absent (not B)
present (A) n^ - n^
absent (not A) Xg ng - Xg ng

Note that X^ and Xg are independent, binomially distributed random

variables.

Retrospective (case-control) and prospective (cohort) studies make 

use of the second sampling design. Consider the example concerning 

smoking and lung cancer. A retrospective study would consider cancer 

deaths as characteristic A and non-cancer deaths as not A and then look 

back in records or interview relatives to determine if the person had 

smoked. A prospective study would consider smokers as A and non- 

smokers as not A and then wait to determine if they die of cancer. 

Discussions of retrospective and prospective studies are found in 

Fleiss (1981) and Mantel and Haenszel (1959).
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There are many functions of the binomial parameters which are of 

interest in a 2 x 2 contingency table. The following are considered in 

this paper:

O1 - P1ZCl - P1), the individual odds for B, given A is present;
Og * Pg/Cl - Pg), the individual odds for B, given A is not present;

OR - O1ZOg1 the odds ratio;
RR - P1ZPg, the relative risk.

P1 and O1 are the probability and odds, respectively, of B being 
present in a randomly chosen individual in the population where A is 

present. Similarly, Pg and Og are the probability and odds of B being 

present in the population where A is not present.

In the smoking-lung cancer example with A being the population of 

smokers, a P1 * .04 would have the interpretation that one out of every 
twenty-five smokers would die of lung cancer. The interpretation of 

the associated individual odds would be that for every smoker dying of 

lung cancer, twenty-four will not die of lung cancer. Expressing the 

risk as an odds gives a different emphasis in the interpretation even’" 

though the statements are equivalent.

Often a comparison between two frequencies of occurrence CP^ and 

Pg) in the two populations is desired. This is common in tables where 

one population is a control group. RR and OR are the most common 

parameters used for this kind of comparison. RR is the ratio of the
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individual probabilities and OR is a ratio of the individual odds. If 

> ?2 then OR and RR are greater than I. If < Pg then OR and RR 

are less than I. If P^ and Pg are equal then OR and RR equal I. An 

odds ratio of 2 in the smoking-lung cancer example, with A being the 

population of smokers, indicates that the odds of a smoker dying of 

cancer is twice that of a non-smoker.

In this thesis, the symbol 6 is generic for an unknown parameter. 
Thus 0 stands for one of P^, Pg, O^, Og, OR, or RR. The particular 

parameter of interest depends on the specific study.

The problem considered in this paper is the estimation of 6 
simultaneously for each of several 2 X 2  contingency tables. The 

problem can arise in many different situations, including:

1. ) the population may have been stratified with respect to

another important variable and each stratum yields a separate 
fourfold table;

2. ) the same two variables might be cross-classified for several

different populations with each population producing a sepa

rate fourfold table.

A set of g 2 X 2 contingency tables with the row margins fixed may 

be represented as g pairs of independent binomial variates, X ^  and X^g, 

with corresponding parameters, P ^  and P^g, and sample sizes, n ^  and

ni2* where i « l,...,g.
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The combining of information from several 2 x 2  contingency tables 

to calculate a pooled estimate of 0 has been given considerable atten
tion (Cart 1962, 1970; Radhakrisha 1965; HcKinlay 1978; Mantel and 

Haenszel 1959). However, the combining of information is based on the 

assumption of an equal value for 0, the risk parameter under considera
tion, across all the tables. If the investigator knows that 0 differs 

from table to table or a hypothesis of homogeneous 0 is rejected, then 
a combined, single estimate of 0 may not be meaningful. The proper 

method of analysis is to give a separate estimate of 0 for each table. 
The usual estimates given are the maximum likelihood estimates.

The maximum likelihood estimate of 0 for a specific table is not 

influenced by the data in the other tables. It seems reasonable, 

however, to believe that information in the other tables might be used 

to advantage. If the estimates (p^ and p^) were plotted, a pattern 

indicating a correlation between and may be present. Suppose 

that several states each performed a retrospective study of smoking 

versus lung cancer and that the measure of association is different 

from state to state. It is reasonable to expect that the proportions 

of smokers in the cancer and non-cancer groups will vary together from 

state to state. For instance, a state like Utah may have a lower 

proportion of smokers in both groups while a state like New Jersey may 

have a high proportion of smokers in both groups due to state to state 

variation in socio-economic class, religion, etc. The maximum
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likelihood method completely ignores this possible association between 

and Pg• The method of analysis proposed in this paper incorporates 

the correlation by assuming a bivariate distribution on P^ and Pg and 

then constructs estimates of the odds ratios for the various states.

Two estimation techniques can be used to incorporate the corre

lation. The techniques are called Bayes and empirical Bayes and will 

be discussed in later sections.

The goal of this paper is to apply maximum likelihood, Bayes, 

and empirical Bayes estimation procedures to estimate 6, which is one 
of the parameters P^, Pg, 0^, Og, OR, or RR, simultaneously over the 

g contingency tables.

The estimators of 6 based on each estimation procedure are given 
in Chapter 2. A simulation study comparing the empirical Bayes 

estimators with the maximum likelihood estimators is presented in 

Chapter 3. Problems and extensions associated with the empirical 

Bayes estimation procedure are given in Chapter 4.

The method and results presented in Chapters 2 and 3 are 

original. The author believes at least some of the methods given in 

Chapter 4 based on a prior which is the product of two independent 

beta distributions can be found in the literature, but was unable to 

find a reference.



2.I ESTIMATION PROCEDURES

2.1 The Maximum Likelihood Procedure

2.1.1 Introduction

Suppose x Is the realized value of a set of observations having
■■A eeA

joint density f(x;8), where 8 * (8^.... 8̂ ) is the parameter vector

belonging to a specified subset 0 of Euclidean q space. The likelihood 

of 8 given the observations is defined to be a function of 8:

L(8|x) « f(x;6).
-—v /s a zx

The maximum likelihood (ML) estimator of 6 is 8 ■ (8^.... 8^), where
A —A — * — &

L(6|x) - sup L(6|x).
ice

It is often convenient to use the log likelihood, &(8lx) - log L(6|x),
A

in which case 6 satisfies the equation

l(6|x) - sup &(8|x).
ic0

When the sup remum is attained at an interior point of 0 and 5,(6 |x) is 

a differentiable function of 8, then the ML estimator is defined as any 
solution of the maximum likelihood equations

3Jl(6|x)/38^ " 0, i - l,...,q.

If 8 is the ML estimator of 8 and h(6) is a function of 6, then the 

ML estimator of h(6) is h(6) (Graybill 1976) .
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2.1.2 The Maximum Likelihood Estimators

Given a set of g 2 x 2 contingency tables with row totals fixed, 
the likelihood function is

U Pll,P12,P2rP22,‘,’,Pgl,Pg2;xll,X12,X21,X22*“ ',Xgl,Xg2* -

P1-- (i - P1/ " " "  p /  a  - P1/ " " 1 2 ,

where x ^  denotes the realized value of a binomial variate (X^^) for 

row I in table i based on n ^  trials with corresponding parameter 

pH *  x ^  denotes the realized value of a binomial variate (X^g) for 

row 2 in table i based on n ^  trials with corresponding parameter 

P^2" Solving the maximum likelihood equations, the ML estimators 

for parameters and P ^  are P11 - X11Znfl and Pf2 - Xf2Zn12, 
respectively. Since the other function? to be estimated are 

functions of Pff and Pf2, their ML estimators are:

°il " xH ^ nIl ~ xH ^ * ^ i  " xil^ni2 xi2̂ ^ xi2 n̂il "" xIl^*

°i2 " xi2^ ni2 ™ Xi2 '̂ toI " x̂ll^nl l ^ n12^xi2  ̂*

2.1.3 Asymptotic Distributions for ML Estimators

As nf goes to infinity, the probability distribution of the ML 

estimator is closely approximated by a normal distribution. The 

asymptotic (large sample) distributions for the maximum likelihood
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estimates of and P^, suitably standardized, are

(Bishop, Fienberg and Holland 1975, ex. 14.33). Applying the 6-method 
(Bishop, Fienberg and Holland 1975, sec. 14.6), the asymptotic distri- 

tions for the individual odds, suitably standardized, are

Let n^ * n ^  + n ^  and 0 < a^ < I, Then the asymptotic dis

tributions for OR and RR can be found by applying the multivariate ver
sion of the 6-method (Bishop, Fienberg, and Holland 1975, sec. 14.6). 
Since

then by the multivariate 6-method,

' f i u

and V C 12

V^1 (OR1 - OR1)
I

Vn1(RR1 - RR1) JL

and



2.2 The Bayeisian Procedure 

2.2.1 Introduction

11

The Bayesian approach is to incorporate prior information about the 

parameters into the estimation procedure. This is done by specifying 

a prior distribution function, G(8) , on the parameters. A loss function, 

1(6,6), is also specified to define the loss incurred when estimating 
6 with the estimator 6. Given a specified prior distribution, the Bayes

y\
estimator is the value of 6 that minimizes the Bayes risk defined as

r i M )  - / r <TJ> dG(9)

where R(8,8) ■ /1(6,6) dF(x|8) and F(x,8) is the distribution function 
of the data given 6.

The Bayes estimate also minimizes /l(6,8) dF(6|x) where F(6|x) 
denotes the distribution function of 6 given the data (Ferguson 1967). 
The density, if it exists, is denoted by f(6|x) and is called the pos
terior density (DeGroot 1970). The Bayes estimators in this thesis will 

be found using the quadratic loss function defined as 1(8,8)
A A r=(6 - 6)'(6 - 6) and then applying Rule #1 from Ferguson (1967, p. 46). 

The rule states that using quadratic loss to estimate 6, a Bayes
A -i

estimate, 6, with respect to a given prior distribution for 8, is the 
mean of the posterior distribution of 8, given the observations.

The prior distributions, posterior distributions, and the Bayes 

estimates for each of the six functions will be presented in the remain

der of this section. For comprehensive discussions of Bayesian infer

ence see DeGroot (1970) and Box and Tiao (1973).
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2.2.2 The Prior Distribution for and

Several methods of constructing a bivariate distribution on the 

unit square were considered to be used as a prior distribution. Mardia 

(1970) and Ord (1972) were the primary sources for the methods. The two 

problems most frequently encountered when applying the methods were that 

the algebra required to derive the Bgyes estimators became unmanageable 

and the range of the possible correlations between P^ and P^ was too 

small. The bivariate prior chosen is a special case of the van Uven 

equation (van Uven 1947) given as

®l
f(x,y) - KQ(ax + b) (cy + d) (a^x + b^y + c^) .

Let the density, g”, be defined as

cx.-l a -1 a.-1
B-(Pv P2) " K0P1 P2 (I - ^1P1 - P2P2)

where 0 < P1 Jl I, > 0, e {positive integers),

0 I  P2 < I, Bv  B2 > 0, with B1 + B2 < I.

The normalizing constant Kq is

I/
(X3-I CX3-Ic-IE E
k-0 j-0

(-l)k+:1(a3 - I)! B1 Bj2
k: j: (a3 - k - j - I) I (CX1 + k)(a2 + j)

Substituting (I - p ) for p. in g“ , define g+ as

. Oi1- I  a . - l  CX3 - I
g (Pv P2) ■ Kq P1 (I - p2) 2 (I - B1P1 - B2O  - P2))
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where and the constraints remain the same. Since cy Is a positive 

integer, we can expand and rewrite g” and g+ as

S-CpI»P2) K„ V 1 V -  C-:)1"  Ctt3- .  ̂ 4 ^  _
k=»0 J=O k: j: (a, - k - j - i):

g+(pi.p2) ” Kn £  £1 z u k -o  j -0
a3-1 (-l)k+j Ca7 - I)! Bk Bj2 P“1+k 1Ci - p j 2+j 1

k! j ! (a. - k - j - I)I

The prior g is appropriate when it is known that and are 

negatively correlated and g+ is appropriate for a known positive corre

lation. Note that for cy - I, the prior distribution for P^ and P2 is 
such that P^ and P^ are independent random variables.

To simplify notation throughout the remainder of this chapter, let

c - l ) k+j (a3- l ) !  Bi 4
k: j I (a, - k - j - I)!

Note that A is a function of k , j , oy, B^ and B2* The indices on the
(X3- I  Ot3-k-1

double sum will also be suppressed throughout the remainder
k=0 j =0

of Chapter 2.

The marginal distributions for g and g are

a I
Pl
Oj+k-1

S1(P1) - S1(P1) - Kq ZI A
a ,  + j
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V j"1
Ŝ (Pz) “ K0 ZS A

O1 + k
, and

+ U  - Po)
S2(P2) “ Kq ZZ A --------

a2+j-l

O1 + k

The moments of the prior distributions are

M NxE _(p1 p2) - K0 ZZ A /(Ca1 + k + M) (a2 + j + N)) and 
g
E + (p“ P2) - K0 ZZ A B(N + I, CX2 + j)/(a1 + k + M), 

where B(»,•) is the beta function defined as

B(a
Jo

(I - O b"1 dt.

The conditional means are

ZZ A p^/(cu + j + I)
E (P2Ip1) --------- r------------ and
g 2 1 EZ A p‘/(c,2 + j)

E t(P2lPi)
g

ZZ A Pj/((a2 + j + I) (Ot2 + j))
ZZ A p*/(a2 + j)

Figures 2.1 and 2.2 are examples of contour plots for the prior 

distributions g and g"*". The conditional means are also shown.
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Figure 2.1 Contours and E _(p2lp]) with ai “ 5> ^  “ 6* a3 “ 
B1 - .4, 02 = .5. 8

Figure 2.2 Contours and E .Cp«Ip.) with a. ■ 19, a_ * 19, a, = 13, 
31 - .5, e2 - .5. g
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2.2.3 The Posterior Distributions

Let P^Cp1,P2Ix1IX2) and P*(p1,P2lx1,x2) denote the posterior 
distributions of and associated with g and g+, respectively.

I(X11X2Ip1IP2) 8 (P1,P2)
P (PJ.P2IxJtx2) -

y ^ f ( x ltx2lpltp2) g“(p1,P2) dp1 dp.

a +x.+k-l n -X1 a +x0+j-l n«>“xo
IZ A P11 1 (I - P1) 1 1 p22 2 (I - p2) 2 2

ZZ A B(a1 + X1 +k, U1 - X1 + I) B(a2 + x2 + j, n2 - x2 + I)

P+ (PltP2Ix^ x2)
£CxltX2Ip1,p2> g (PjtP2) 

f(xJtx2IpItp2) B+(PjtP2) dp1 dp.

where

a.+x.+k-l H1-X1 x- n_-x_+a_+j-l
ZZ A P11 1 (I - P1) 1 1 p22 (I - p2) 2 2 2

ZZ A B(a1 + X1 + k, U1 - X1 + I) B(x2 + It n2 - x2 + a2 + j)

/n. \/n_\ X. nj-xj x o nO-*?
((X11X2 Ipv P2) - ^ xJ I xJ p 1 ( I - P 1) P2 O - P 2)

x J ■ OtVtttHjt
Ot•••tn_ f

is the density of the data given the parameters.

Let the denominator of P (pltp2| Xj.x^ and P (pj.PglXj.Xg) be 

defined as D and D+ , respectively.

The posterior distribution for P1 is the marginal distribution 
of P or P^ depending on the prior used. The posterior densities for



17
are

hP1IxtPl1 - ZC A P1
a.+Xj+k-l n_-x.

(I - P1) 1 1BCa2 + x2 + j , n2 - x2 + 1)/D ,
O l P 1 I  I,

and

. a + x + k -1 n.-x. .
hPiIx(P1) “ SE A P11 (I - P1) 1 1BCx2 + I, n2 - X2 + O2 + j)/D ,

O l P 1 I l -
The posterior densities for P2 are

cV fxO+J-I n--x,
hP2lx^p2̂  * A p2 (I - p2) Z BCa1 + X1 + k, nx - X1 + 1)/D ,

0 < p« < I.
and

hP,|x(p2) ' IZ A p2 <! * P,)
n2-x2+a2+j-I

—  p2 —

BCa1 + X1 + k, n1 - X1 + I)/D+ ,
0 < P2 < I.

The posterior distribution for O1 and O2 Cindividual odds) are found 
by using the change of variable

I “ Pi I - P1
on P and P and then finding the marginal distributions of O1 and O2.
The posterior densities of O1 and O2 are

a.+x.+k-l -Cn +a +k+I)
hO1Ixto11 - K  tA °1 O + 0I1

x BCa2 + x2 + j, n2 - x2 + 1))/D“, 0 < O1 < “>,



O 
+ 

Ol
 

O 
+
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ot.+x.+k—I —(n.+ot.+k+l)

Jx(O1) - ZZ (A O11 1 (I + O1) 1 1
1 j.x B(x2 + I, IX2 - X2 + O2 + j))/D , O < O1 <00,

a +x +j-1 -Cn5-Hx +j+1)
2U<°2> ' K  <A °2 <1 + °2>

X BCa1 + X1 + k, H1 - X1 + 1))/D’# o < O2 < »,

x, -(n +a +j+1)
lx(o2) - ZZ (A o2Z (I + o2) 2 2

2 +x BCa1 + X1 + k, O1 - X1 + 1))/D , O £  O2 <

The posterior distribution for OR (odds ratio) is found by using 
the change of variable

or ■ P1O  - p2)/(p2(I - P1)) and iji - p2/(l - p2>

on P and P+ and then finding the marginal distribution for or. The 

posterior densities for OR are

a.+x.+k-l Z* <*> a.+a +x.+x.+k+j-I -(a5+n.+j+l)
hOR|x(or) " 11 (A or J 0 V O  + #

-(ot.+n.+k+l)
x (I + or'ip) dip)/D , O < or < » and

. a.+x.+k-l/*00 a + x  + x +k -(n.+a.+j+l)
hOR|x(or) “ 2Z (A or 1 1 J o ^ 1 1 2 d  + 0  2 2

-(nj+a.+k+l)
x (I + or-# d#/D , O < or < «.

The posterior distribution for RR (relative risk) is found by using 
the change of variable

and ifr-p2rr - P1Zp2
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on P and P and then finding the marginal density for rr. The 

posterior densities for RR are

d.+x.+k-l /*1 
h^|^(rr) - ZZ (A rr 1 J (I - rvrp)

nl”xl a +x 1+x2+k+j -1

B--X9
% (I - V) d\p)/D , if 0 < rr < I,

a.+x^k-l /* 1/rr n.-x. a,+a_+x,+x9+k+j-l
ZZ (A rr 1 1 / d  - rr^)

J o
n.-x

x (I -  ip) ' z d#/D~, if rr > I and

. O.+x.+k-l /*1
hĵ ĵ rr) « ZZ (A rr 1 J (I - rr.#Hj-X ĵ ai+Xi+X2+k

x (I - #  2 z z d # /D+ , if 0 < rr < I,

(Xj+Xj+k-1 /  1/rr
y c

ZZ (A rr
n -x a +x.+x.+k 

(I - rr-# 1 1 ^ l i z

Bn-x.+a+j-].
x (I - #  z d#/D , if rr > I.

2.2.4 The Bayes Estimators

Applying the rule from Ferguson given in 2.2.1, the means of the 

posterior distribution are the Bayes estimators.

The Bayes estimators using g” are:

~ ~ Ca1 + X1 + k)

I I
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(«2 + x2 + j)
* ; 5 , 5 , ,

_ ~ ~ N (ai + X1 + k)
I ' X j 1H11H2 . Xi)

(a2 + X2 + j)
° ; - 2 2 x j > v n 2 (Pv P2) ^

OR- - S L  W- n n (F1J 2) (ai + Xl + k) • — 2 ■ ■X2 + 0
I' 2 1 2 (O1 - X 1) (a2 + X2 + j - I)

R R - - S L w r  4 „ . (?,,?,)
(»1 + Xj + k) (a2 + n2 + j)

k,j,nl,n2 V  2 Ca1 -Hn1 - M c + ! )  (a2 + x 2 + j -

where w,k,j,nv n2 cpItV  

A BCa1 + H1P1 + k, U1 - Ii1P1 + I) B(a2 + n2P2) + j, n2 n2P2 +

Notice that Z Z  w" (P1 ,P,) - I.

The Bayes estimators using g are:

(a, + X1 + k)
I)

'+ V'V a + ~ »w (®i xi k)
■- • E 5 :  - , - V  , . , i . , : . ,

(x2 + I)
?2 ■ 2 S  V j1O14O2 hV V  (a2 + B2 + j + „•

and

D

I)
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S t - S S - * ,  (F1J 2) + BCn1 - X1)

A+ v™> ~ ~ (*2 "*" ^°2 - S S  wk>j>vn2 (P11P2) — — — — — — ,

OR+ - z s v , :
~ ~ (a. + x. + k) (a + n_ - x_ + j)
(PlfP0) i -̂--------------, and

k,j,nl,n2 V  2 Cn1 - X1)

r+ - s s »:
•># m,
(P1,Po)

Ca1 + X1 + k) (a2 + n2 + j)
k,j,nlfn2 I* 2 (a  ̂+ + k + j)

where wR1J1Hl. ^  trV p21

A BCa1 + H1P1 + kf H1 - H jP1 + I) B(n2P2 + I, n2 - n ^  + a2 + j)

Notice that (P1 ,P9) - I.KfJ #n^f H2 A ^

2.2.5 Asymptotic Behavior of the Bayes Estimators
In this section, the Bayes estimators are shown to have the same 

asymptotic distribution as the maximum likelihood estimators. There

fore, for large sample size, one can use the ML estimates and construct 

confidence intervals based on the variances given for the ML estimators 

in Section 2.1.3. Several lemmas are necessary before proving the 

main theorem of the section.
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Lemma 2.1

3 f (x)If Ii m ---S---
ir*” 9x

exists, f (x) f  O for each n, and Iim f (x) ^ 0,

I
fn(x)'then Iim------- exists.

n-*» 3x

Proof:

Since Iim f*(x) exists and Iim f (x) f  0, then 
n-*» n n-xx. n

-Iim f1(x)

/ Iim f (x)V 
Vn^  )

exists. But
-Iim f*(x) 
n-x» n -fn (x) £n(x)

(
Iim fn (x)^2 (fn(x))2 n-x” 3x

Lemma 2.2

Let n^/n a, n ^ / n b, then

3wk,JfH ^ n 2
Iim
n-x» 3PI

Iim
n-x”

3wR J lIir U2 (P1,P2)

Iim
n-x»

3wk,j,nr n2 (P1‘P2)
Iim
n-*»

3wk,j,nr n2 (P1,P2)

exist for all k + j _< - I.
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Proof:

* *4”The proof is given for w . The proof for w is similar.

Let W " ,H11I2 <P1’V
. The method of proof is

3wk,j,n ,n (P1,P2) ^k.j.n n tpIfV
to show that Iim-------------------  and Iim------- ------------

exist and then apply lemma 2.1.
(a - I)! (-l)r+s £  3®

Define A -------------------------  .
r,S rl s! (a^ - I - r - s)l

wk,Jjn^ n 2 (P1,P2)
a3-l
Z
k'-O

a -1-k'
Z  -
j'-O

A k M *  Ck' 0I1 
A k,j

T(a + n.P. + k') r(a. + n. + k + I)
where C. , ■ — — -------------- * -------------------  and

r(a^ + n^Pj+ k) F(a^ + n^ + k* + 1)

r(a9 + n_P_ + j ') r(a, + n_ + j + 1)D , ---- i--- Li-----  • ---2--- 2---------  .
J TCa2 + n2P2 + j) TCa2 + n2 + j ' + I)
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If k' - 0, then

cO -  °’
TCa1 + H1P1) 

F(a1 + n^P^ + k)
F(a^ + + k + I)

F(a^ + + I)

for k - 0,

(a^ + + k) ... (a^ + + I)

(CX1 + HjP1 + k - I) ... ((X1 + H1P1)
for k = I,. ..,Qg-I.

If j * ■ 0, then

D0 -Q,

r(a2 + n2P2^ r(a^ + »2 + j + 1)
F(<x2 + n2P + j) F(a2 + n2 + I)

for j - 0.

(cx2 + n2 + j) ... (a2 + n2 + I) 
((X2 + OgP2 + j - I) ... (a2 + n2P2)

for j = I.... a3-l.

Notice that and are the reciprocals of non-zero polynomials on 

[0,1]. Also, Iim Cq - (1/P1)k and Iim Dq - (1/P2>^.
n-̂oo

We then have

3C
Iim 
n-x® 3P

9 Iim C,
-k
k+1 and

3D
Iim 
n-*» 3P

-J



25
With the recursion relationships

a. + n.P, + k*
ck,+1 - ------- — ------  c

O1 + H1 + k' + I k
k’ ® 0,...,a3“2

Dj’+1
*2 + V 2  + j' Dji,
a2 + n2 + J ' + 1

j ' * 0,...,a -̂2

and

a. + n.P. + k'
lim — ----- — ------
n-»<” + + k' + I pV

S  + n?p? + jlim — ----— --------P ,
n-x» a2 + n2 + j ' + I

lim
n-x»

/ O1 + H1P1 + k' > 
+ n^ + k' + I,

* I, and lim
J1-XJO

/g I + n2P2 + k' \ 
\a2 + n2 + ̂ ' + V I,

we have

n-x» SP1
^k* 4 * ^c,,
-  lim — —  lim D ,

j n-x» n-K» J

*1

J'

\,j P +̂1 pj

-k
E E

(a3 - I)! (-B1)k’ (-P1B2)3 ' 
k'.' j'! (a- - I - k' - j'):

-k

V j pr HC l - B 1 - B2P2)
CX3-I
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3 w k , j , n n a W  Ot3- I

I jZ  ^  a Ik j + i  (i - Y i  - G2> *
,j I 2

d w k,j,n1,n (P1,P2) 3 wk,j,nltn ^ 1’V
Thus Ilm---------------------  and Iim--------------------  exist.

Also

W - Z L  I ^ C k, IimDj

V t  S E - —
( a ,  -  1): (-B2P p j '

\,j P1 P2 - • j • x-3k'! j« !  (a .  -  I -  k' -  j ' ) :

(t - B1P1 - g2P2)

V j  pi 4

V 1

^ o.

So by lemma 2.1, the result follows.

Lemma 2.3

If 2 f . (x,,x_) is a finite sum withi,n i z Iim
n-̂ oo

9 W v t 9 and

Iim
n-x»

3 fi nCx1 x̂2)---- lTT----- existing for each i and Iim g (x ,x.) - h(x.,x.),
dX2 n-xx, 1 n̂  1 1 1 z
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then Ilm Z 
Ti-*00 I

3
8i,n<xr x2) 0, where j ■ 1,2,

Proof:

Iim L 
n-*® I

3 fj.n<xl'x2>

Ilm
n-w

3 fl.n<xl»x2>

8I1HtV x21

Zz 8I.-fxI- Ilm---2> h(x ,x.)
n-*00 3xj

htx^.Xg) Ilm — -
3 1 fI1HtxV x21

j
h(x.,x.) Iim —  

1 n-*» 3x 0.
j

Lemma 2.4

If f(x,y) has continuous first partials, then the Taylor expansion of 

f at (a,b)

f(x.y) - f(a,b) + 3- fta>b) (x - a) + (y - b) + R
3a 3b

is such that 

3f(a,b)
3a

3f(a,b)
a=a. 3a

(x - a) + 3f(a.b) 3f(a.b)
a-a,
b*b

(y - b),

* *where a is between x and a and b is between y and b and 

R - o (max {|x - a|, |y - b|}) as x -» a and y b.
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Proof:

* * * * There exists an a and b such that for a between x and a and b

between y and b, the following equality holds for the Taylor expan

sion of f(x,y) about the point (a,b) .

3 f(a,b)f(x,y) - f (a*,b*) + — .fXliiO.
3a

(x - a) +
a=a,
b=b

(y - b)
8=3,

Z>f(x,y) = f(a*,b*) + a-f(a>b) (x - a) + — (y - b) + R
3a 3b

where

3 f(a,b) 
da

3 f(a,b)
a=a,
b=b

3a
(x - a) + 3 f(a.b) 3 f(a.b)

a=a>
b=b

(y-b)

Now

0 <
max{|x - a|,|y - b|}

I"3 f(a.b) 3 f(a.b) 3 f(a,b) 3 f(a.b)
3a * _a=a. 3a 3b a=a* 3b

L b=b . b=b -I
but since f has continuous first partials, 

3 f(a,b)
3a

3 f(a,b) and 3 f(a.b)
a=a.
b*b

a=a,
b=b

3 f(a,b) 
3b

as x a and y b so that the right side of the inequality approaches 

zero and therefore

R = o (max {|x - a|, |y - b|}).
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Theorem 2.1

The Bayes estimators have the same asymptotic distribution as the 
maximum likelihood estimators.

Proof:
A

A proof is given for OR . Proofs for the other Bayes estimators follow

similar arguments. Assume that n^/n -» a and n^/n ■* b (a + b = I)

I l  w, (P, ,PJ
(P1 + Ca1 + k)Zn1)(I - P2 + l/n2)

k , j , n l ,n 2 1 2 (I  -  P1K P 2 + (a2 + j -  DZn2)

where P1 - X1Zn1 and P2 ■ X2Zn3. 
We need to show

The method of proof is to apply the following lemma (Rao 1973, p. 122). 

Lemma 2.5

D

11)

« 0,0? . )
rl’r2
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then ^rT V 1 - V
P2 U  -  P1)

»(0,o ).
rI *2

Proof of Theorem 2.1:

First to show (I) of Lemma 2.5.

I) The Taylor expansion of g about I ~ is

+ Cl + 2] (P1 - P1) + [3 + 4] (P2 - P2) + Remainder (R)

1 " 11 *k,j,n1,n2 aW
(I + (Ot1 + IOZn1)  ̂ (I  -  P2 + IZn2)

(I - P1)' (P2 + (Ct2 + j  -  l)Zn2)

2 = EE
3wk , j , n l f n2 (Pr V  (P1 + (0tl  + k ) /n l ) (I -  P2 + 1Zn2^

I (I  -  P1) (P2 + (ot2 + j  -  DZn2)

3 = EE w CP,.P,>
(-1 - (ot2 + j)Zn2) (P1 + (Ot1 + IOZn1)

k ,J ,n l ,n 2 V  2 (P2 + (a2 + j  -  DZn2) 2 (I  -  P1)

4 -  EE
3wk,j,ni,n2 P̂l * V  (I “ P2 + IZn2) (P1 + (Ot1 + D Z n 1)

(P2 + (ot2 + j - D Z n 2) (I  -  P1)

Cl + 2]Vn (P1 -  P1) + C3 + 4]Vn (P2 -  P2) + V5*R.
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From lemma 2.2,
3 ” k,j ,Ii1 ,H2 f p I 1V

I

and Iim 
n-*»

8 Wk,j ,H^n2cpIjV
exist for any and ?2 in the open interval

( 0, 1) .

Recalling ZZ W ^ j - I.

(I - P2) -P1
Iim I  ------- =—  and Iim 3 = — -----
n-*0 (I - P1) P2 n-*» P2(l - P1)

Applying lemma 2.3,

Iim 2 * 0  
n 0̂0

and Iim 4 * 0 .
n-*»

By lemma 2.4 g y ~ J has continuous first partials on (0,1). Noting

that the gamma function is continuous and differentiable,

R - O pOnax(IP1 - P 1M P 2 - P 2IJ)

VnR - op(max (| n (P1 - P1) |,| VfT(P2 - P2) |».

But VrT (P1 - P1 ) - 0 (I) and VrT (P - P_) - 0  (I)1 1  p z z p

(Bishop, Fienberg, and Holland 1975) so vGTR - o (0 (I)) - o (I).



32
We now have that

P (I - P7) P -P1
Li + 2] " 1 > --------7—  and [3 + 4] ---> — r--------  .

(I - V 2F2 F2Cl - F1)

Since /^(P1 - P1) - 6  #(0,(P1(1 - ?1))/a) and

 ̂^(0, (P2CI - Pg))/*)), we can apply Slutsky's 
Theorem (Rao 1973, p. 122). Thus

m . o :  p ).
‘ 1**2

Now to show (11) of Lemma 2.5.

11) Iim Vn
n-K»

fi »  - V
F2Cl - F1)

- g

Ilm / rn-H»
Pl(I-P2)
P.(l - P1) \  k»j,n1.n2(Pl,P2)

(P1 + (Ci1 + W Z n 1) 
(I - P1)

(I - P2 + V n 2)

(P2 + («2 + J - DZn2)

■ Ilm Vn ZZ
n-K» ,Ii2tpIfV

pi(1 - V
P2U  - P1)

(I - P2 + IZn2) \ 
(P2 + (o2 + J - DZn2)/

(P1 + (O1 + D Z n 1) 
(I - P1)
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C1 -  P ^ P 2

P2Ca1 + k)

Ilm
nr*” X j 1Iir Ii2 cpI - V

Ii1Zn

P1Ca2 + J - I - P 2) 
n2/n

/ T  Ip , + — — 1}
n2/n

Since Ilm w
n-K»

the Ilm ^ T  
n-H»

k j n n CW  exlsts for any pi and P2 in CO,I),

pi « - V
p2ci - p,)

- 8 0.



2.3 Empirical Bayes Procedure

2.3.1 Introduction

If the hyperparameters ct̂ , o^, O y  0^, and 0^ of the prior density 

are known, then the estimators derived using the Bayesian procedure will 

minimize the Bayes risk under squared error loss. If one is unwilling 

to specify the hyperparameters, then empirical methods can be used. 

Bobbins (1956) was the first to suggest an empirical Bayes approach to 

the problem of estimation when the prior is not completely known. Since 

Bobbins' paper, other empirical methods have been proposed. The method 

used in the present paper is to assume a g" or g+ family of priors with 

the parameters unknown. The hyperparameters are then estimated by some 

kind of non-Bayesian technique. Then the empirical Bayes (EB) formulas 

are the same as the Bayesian procedure with the exception that the 

hyperparameters are replaced by their estimates. Good (1980) suggests 

that the method be called Semi-Empirical Bayesian, or Hyperparametric 

Empirical Bayesian, while Bishop, Elenberg, and Holland (1975) suggest 

the name Pseudo-Bayesian.

2.3.2 Estimation of Hyperparameters

Let the family of prior densities be of the family g"*" or g with 

hyper parameters C^, Ct2, Ct31 B1, and B2.

34

i
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The marginal likelihood functions for the hyperparameters are

L âi,a2,a3,^l,®2i x̂il,xi2 *̂ 1 " n ""(X11Sx12)1=1
for prior g and

+ , S 4.
L (tV a2SaS1BisB2* (X1ISx12)' 1 * e IIm (X111X12)

for prior g , where

m (Xi v X12) = Kq ZZ A ^  J  ecaI + xH  + k» nU  ~ xj.i + x)

x B(a2 + x12 + j, n12 - X12 + I) and

11' 12' 11 11

which are the marginal densities of and X12 for table i. One can 

use L and L-*" to find the ML estimator of the hyperparameters.

A closed form solution for the hyperparameters was not found. A 

method for finding the ML estimate is given in Section 3.3.

2.3.3 Asymptotic Results

The Bayes estimates were shown to be asymptotically equivalent to 

the maximum likelihood estimates in Section 2.2.5. Thus the effect of 

the prior, regardless of the values'of Otv  Ct2, Bv  and B2, is lost as
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the sample size gets larger (i.e., the data dominates the prior as 

the sample size increases).
The empirical Bayes estimates have the hyperparameters replaced 

by their maximum likelihood estimates. The maximum likelihood estimates 

are consistent estimators and so with respect to a^, O^, 3 ,̂ and $2» the 
empirical Bayes estimators are converging to the Bayes estimators. This 

leads the author to believe that the empirical Bayes estimates are at 

least consistent and perhaps asymptotically equivalent to the ML esti

mators but he is unable to give a rigorous proof.

2.3.4 Confidence Intervals

In an attempt to construct a confidence interval based on the 

empirical Bayes estimators that would have a frequency interpretation, 

the Xj and Xg counts in each table are adjusted so that the ML estimate 

for the adjusted table is identical to the EB estimate for the ori

ginal, unadjusted frequencies.

For example, given a table with Xj - 40, x^ ■ 10, n^ - 50, and 

n^ - 50, suppose the EB estimates are

.81

.22

P2 - .19 Oj - 4.4

A
OR - 15.4 and RR - 3.8

Then the adjusted x^.Xg values for constructing the confidence Interval 

for a specific parameter are determined by finding the Xj.Xg values
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which give the ML estimate that is equal to the EB estimate. To 

estimate x^(adj) - 40.5; to estimate x^Cadj) * 9.5; to estimate 

0^, x^(adj) - 40.74; and to estimate 0^, x^Cadj) * 9.016. Note that 

the adjusted counts in a particular table depend on what function of 

P^ or Pg is to be estimated. To provide unique adjusted counts given 

an EB estimate for OR or ER, the sum of the observed counts, x^ and Xg, 

is assumed fixed.

Continuing with the example, assume x^ + Xg - 50 is fixed, then to 

estimate OR, we find that

a x.(n0 - x0) X1(50 - x0)
OR - ----1. =3» 15.4 - -I-------

XgCn1 - X1) Xg(50 - X1)

X1Cadj) - 36.819 and Xg(adj) - 13.181.
Similarly, to estimate BR, x^Cadj) - 39.583 and Xg(adj) = 10.417.

Confidence intervals based on large row totals can be constructed 

using the asymptotic results from Chapter 2.

For small row totals, confidence intervals based on the ML and EB 

estimators are determined using confidence interval techniques described 

below.

The confidence intervals for P1 and Pg are found by using the 
tabled exact 95% confidence interval for the binomial distribution in 

Snedecor and Cochran (1980). Linear interpolation is used for the 

adjusted counts.
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The confidence intervals for and are found by transforming 

the estimate of and back to a or estimate and then using 

the tabled values as for P^ and P^.

The confidence intervals for OR are found by using the Cornfield 

Approximation Algorithm (Fleiss 1979). The Cornfield Approximation 

Algorithm is an iterative procedure to solve a quartic equation. The 

initial guess is to use the confidence interval suggested by Woolf 

(1955). Let

L - I n  (OR) - In
(X1 + .5)(n2 ~ x2 + *5)
(x2 + .5)(n1 - X1 + .5)

then L has standard error 

I IS(L)
X1 + .5 n1 - X1 + .5 x2 + .5 n2 - X2 + .5

The 95% confidence interval for In (OR) is L - 1.96 S(L), so that the 

initial guess for the endpoints is exp(L - 1.96 S(L)).

The confidence intervals for KR are found by using a method 

proposed by Katz, Baptista, Azen and Price (1978). They state that

In (P1ZP2) is approximately

N(In (P1ZP2), (I - P1W x 1 + (I - P2)Zx2), 

so the approximate confidence interval endpoints are

exp (In (P1ZP2) i 1.96 ((I - P^Zx1 + (I - P3)Zx2A -



3. SIMULATION
3.1 Introduction

A simulation was conducted to compare the empirical Bayes (EB) 

estimator to the maximum likelihood (ML) estimator. The computations 

were performed on a Honeywell Level 66 main frame, operating under the 
Control Program Six (CP-6) operating system. The computer programs 

are written in Fortran.

3.2 Simulation Method

Fifteen different design configurations on the unit square are 

chosen for the simulation. Each configuration represents the g pairs 

of underlying binomial probabilities for a set of 2 * 2 contingency 
tables. Factors considered when choosing a particular design config

uration are:

1. ) g = number of Paĵ rs (i»e. number of tables to be
simulated);

2. ) location of the (P^.Pg) points on the unit square;

3. ) the correlation between P^ and P^.

The (P^.Pg) pairs are sufficiently spread out so that if they are 

treated as sample proportions based on the sample sizes used in the 

simulation, the hypothesis test for homogeneous odds ratios given in 

Fleiss (1981) would be rejected at the .05 level. In the simulation, 

each data set generated was not tested for homogeneous odds ratio. 

Plots of the fifteen configurations are presented in Figure 3.1. A
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listing of the Pairs ior eaCh configuration Is presented in

Appendix A.

P2 1.0

.8

.6

.4

.2

0

C3

» 2
IS 10 7 

ISI* 11
17

I
S
e

21 11 ‘I
J

S
70 I IIl

H ---- 1---I---- 1----- k
.2 .4 .6 .8 1.0

IS 12

1.0 P

Figure 3.1 Configurations (C1 « 1.... 15) of (PlfP2). The points
in each configuration are identified by number for later reference.
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11 17 21

1.0 P

8 1.0

Figure 3.1 (continued)
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P2 1.0-

• 8 • -

.6" 

.4" - 

.2--

0 -+■
.2

C9 p2
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Let each (PjfP p  ordered pair, together with the sample sizes and n^, 

be called a parameter point. Let the set of parameter points for each 

configuration be called a parameter set. The twenty-two parameter sets 

chosen for the simulation are defined in Table 3.1 and Table 3.2.

Table 3.1 PARAMETER SETS USED IN SIMULATION STUDY
Except for parameter sets 13 and 14, all parameter points in a given 
parameter set have equal sample size. For each parameter point, the 
sample size associated with P. is equal to the sample size associated 
with 1*2 *

parameter set configuration (see Fig. 3.1) sample size

I ci 50
2 =2 50
3 C3 50
4 C4 50
5 cI 25
6 =2 25
7 C3 25
8 C4 25
9 =3 50
10 C6 50
11 c, 50
12 =7 25
13 =, see Table 3.2
14 =7 see Table 3.2
15 =8 50
16 C9 50
17 C10 50
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Table 3.1 (Continued)

parameter set configuration (see Fig. 3.1) sample size

18
19
20 

21 

22

50
50
50
50
50

Table 3.2 PARAMETER POINTS FOR PARAMETER SETS 13 AND 14
The parameter points have sample sizes such that the sample size asso
ciated with P2 is twice the sample size associated with P^. The sample
size for P^ is picked at random from a uniform distribution on the
integers 15 through 40, inclusive.

parameter set 13

point
sample

n I

size

n2
I 16 32
2 32 64
3 40 80
4 35 70
5 32 64
6 22 44
7 18 36
8 25 50
9 20 40
10 18 36
11 25 50
12 19 38
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Table 3.2 (Continued)

point

parameter set 13
sample size 

nI n2
13 16 32
14 34 68
15 21 42
16 34 68
17 23 46
18 19 38
19 19 38
20 28 56
21 24 48

parameter set 14
I 37 74
2 18 36
3 32 64
4 21 42
5 30 60
6 18 36

Two hundred sets of 2 * 2 contingency tables are generated for each 

parameter set. The binomial counts are obtained by generating pseudo

random numbers on the interval [0,1] and comparing the number to the 
true parameter value. The pseudo-random numbers are generated using 

the linear congruentIal method (Knuth 1969). A 9-digit odd integer is 

used as a seed and the recursion

ltIrt-I " 65539xU
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is used to generate the sequence of numbers with the lower order bits 

being retained. The number was then scaled to the interval [0,1].

If the parity changed, then the largest number on the computer is added 

so that the number will be positive.

3.3 Analysis Method 

3.3.1 Introduction

The maximum likelihood estimates of the hyperparameters for each 

set of tables are found by using the complex method of Box (Box 1965). 

Appendix B contains a description of the complex method of Box. The 

computer program is based on an algorithm given in Beveridge and 

Schecter (1970).

The integer-valued hyperparameter oy creates two problems. The 

first is that when cy becomes larger than 20, the complex method 
sometimes fails to find the maximum of the likelihood function. The 

second is that finding the cy which maximizes the likelihood function 

consumes too much computer time. In an attempt to alleviate these 

problems, five different values of are chosen (a^ * I, 5, 10, 15,

20). For each value of cy, the likelihood function is maximized with 

respect to the other four hyperparameters for all two hundred sets of 

tables in each parameter set. It is hoped that if the above problems 

can not be overcome, perhaps the simulation results can help in 

eliciting a guess as to what cy might be for a given pattern of data 

points.
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For each set of tables and for each of the six parameters (P^, Pg, 

O^, Og, OR, and KR) ML and EB estimates are found for each of the g 

tables in the parameter set.

3.3.2 Estimation When a Given Table Contains a Zero

Both the ML and EB estimates of P^ and Pg are well-defined when a 

zero occurs in a cell of any given table. However, the estimators for 

OH* and RR can be undefined when a zero occurs. The ML estima

tors will contain zeroes in the denominator and the EB estimators can 

have undefined beta integrals. Whenever a zero occurs, .5 is added to 

each of the four cells in the table prior to estimating , Og, OR, and 

KR. A quadrature rule based on the sine function (Stenger 1981) is used 
to evaluate the beta integrals in the special case where .5 is added to 

each cell. (The quadrature rule is given in Appendix C.)

3.3.3 Mean Squared Error (MSE) Comparison

The sum of the g individual table MSB's is the simultaneous loss 

criterion used for comparison of the ML and EB procedures. For each 

parameter of interest this total mean squared error (TMSE) is calcu

lated for each estimation procedure and a test for a significant dif

ference between the TMSE's is conducted.

N ■ total number of runs.

Let
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@j - the parameter of interest (a function of and P^) 

for table j ,

0.. ■ the ML estimate of 0. on run k,
A J
0.. ■ the EB estimate of 0. on run k,JK J

where j ■ and k - I,...,N.

The MSE for table j using the ML and EB estimators are

N
MSE - 2  <0 - GL)'J* k-1 J* J

and 2MSEj - 2^ (Giv - 04) t respectively.
k-1 jk vJ

The estimate of TMSE for the ML and EB are

TMSE - V  MSE.
"  j-1 ^

A S1 A
and TMSE - >3 MSE. , respectively.

•• j-1
The test for significant differences in TMSE is constructed by 

letting

By the central limit theorem

#(0,1)
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Since

NI,2 k-1S  (Yjk - Yj.)

1J N - I

is consistent for , we have by Slutsky's theorem (Rao 1973, p. 122)
j

Vn (yj. - I * (0 , 1) .

J
The test statistic

Z -

J
is calculated to test the hypothesis E(Y,,) - 0.

Jk
The test for a difference in TMSE is constructed by letting

.2(e4v -  e4) ‘  -  Ce4 -  Qj ) 2]jt "j7 xvJk 

then by the central limit theorem and Slutsky's theorem.

<Y .. - E« . k »  £ * ( 0 , 1)

Y.

where N

S2Y.
E  «  k - ̂  >2

N - I
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The test statistic

z -

v
Is calculated to test the hypothesis E(Y )̂ ■ 0.

It Is evident that the sample size of 200 used in the simulation 

study is sufficiently large for Z to be compared to standard normal 

critical values.

3.4 Comparison of Confidence Intervals

The confidence interval based on the EB estimate described in 

2.3.6 is compared to the ML based confidence intervals in two ways. The 

first is an accuracy plot. Accuracy at 8 is defined as the probability 
that a confidence interval excludes 6 (Ferguson 1967). Accuracy esti

mates for selected multiples of the true parameter value are found for 

each confidence interval procedure. The accuracy at the actual para

meter value should be about a where (I - a) is the nominal confidence 
coefficient. The accuracy curve should increase to one as the absolute 

difference between 6 and the actual parameter value gets larger. The 

second is to compare the confidence interval widths. Let 

M - number of estimates of 8,
Byjj - upper endpoint of the confidence interval for 8 in table 

I, run j,



52

and 0. 4 ■ lower endpoint of the confidence Interval for 6 In table Llj
I, run j .

Then the arithmetic mean confidence Interval width (AMf) for table I Is 

AMfi - C6ulJ - 6Llj)/**

and the geometric mean ratio (GMR) of upper to lower confidence Interval 

endpoints for table I is

GMR^ ■ exp j?i ^ln ^Uij ™ ln 6Lij)/N

The arithmetic mean confidence interval widths as well as the geometric 

mean of the ratio of upper to lower confidence interval endpoints are 

calculated. The reason for the ratio of endpoints is that an odds 

ratio or relative risk with interval endpoints (3,4) or (1/4,1/3), 

for example, have the save relative meaning but their arithmetic lengths 

are quite different. Both comparisons are found for each table and a 

sum across all g tables is found for each parameter set.

Narrower Interval widths is a desirable property of any confidence 

interval procedure. However, the primary goal is to have a procedure 

which has higher accuracy at points other than the actual parameter 

value and be at the nominal value at the actual parameter value.



3.5 Results

3.5.1 MSE Comparison

Table 3.3 Is a summary of total mean squared errors for the 

maximum likelihood (ML) and empirical Bayes (EB) estimation procedures. 

The entries In the table are TMSE*s for each parameter set (PS). The 

TMSE for the EB procedure is given for priors based on Ct̂  being fixed 

at I, 5, 10, 15, and 20. The plus (or minus) signs following the TMSE 

indicate the direction and magnitude of significance for the Z-test

53

discussed in 3.3.3.
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Plus (+) or minus (-) signs indicate a significant reduction or in
crease, respectively, in TMSE when using the EB procedure. A blank 
following the TMSE indicates no significant difference. One, two, or 
three plus (minus) signs indicate that the absolute value of the test 
statistic is in the upper .01, .001, or .0001 quantile, respectively, 
of the standard normal distribution.

Table 3.3 THSE COMPARISON

Estimated Parameter

PS a3 P1 P2 0I °2 OR RR

I ML .097 .094 5.734 5.201 12.40 1.53
I EB .090+++ .087+++ 6.44 6— 5.158 16.14--- 1.70---
5 EB .085+++ .082+++ 5.431+++ 3.76711 + 11.12+4+ 1.3344+

10 EB .081*1+ .078+++ 4.392+++ 2.888+++ 7.774++ 1.0944+
15 EB .079+++ .077+++ 3.745+++ 2.573+4+ 5.9844+ 0.93+++
20 EB .079+++ .078+++ 3.364+1+ 2.509+4+ 5.48+++ 0.9144+

2 ML .086 .085 1.150 195.032 0.76 0.35
I EB .081+++ .080+++ 1.242-- 694.551 0.92-- 0.36—
5 EB .076+++ .077+++ 1.002+++ 147.837 0.714+ 0.32+++
10 EB .074+++ .073+++ 0.931+++ 36.100+ 0.56+4+ 0.28+4+
15 EB .073+++ .071+++ 0.846+++ 25.838+ 0.48+++ 0.26141
20 EB .073+++ .072+++ 0.800+++ 22.901+ 0.45+4+ 0.26+++

3 ML .099 .100 5.787 5.676 44.08 2.48
I EB .092+++ .094+++ 6.414-- 6.290— 48.18— 2.37+++
5 EB .087+++ .088+++ 5.470+++ 5.178+4+ 35.97++ 1.85+++
10 EB .083+++ . 084+++ 4.465+++ 4.354+++ 26.53+++ 1.54+++
15 EB .082+++ .082+++ 3.915+++ 3.760+4+ 21.234+4 1.39+++
20 EB .082+++ .0831H 3.5461H 3.505+++ 18.34+++ 1.37+++

4 ML .087 .085 1.143 202.796 1.91 0.46
I EB .082+++ .077+++ 1.24 6-- 226.196-- 1.95-- 0.43+++
5 EB .076+++ .075+++ 1.020+++ 207.628— 1.65+++ 0.39+4+
10 EB .074+++ .073+++ 0.829+++ 186.765 1.35+++ 0.37+4+
15 EB .075+++ .072+++ 0.77Il I * 173.803+++ 1.21+++ 0.37111
20 EB . 078+*+ .071+++ 0.732+++ 153.788++ 1.06+++ 0.361+4

5 ML .194 .187 20.789 21.953 43.24 4.72
I EB .167+++ .16311 I 24.500--- 21.713 64.52— 5.53—
5 EB .152+++ .144+++ 18.534+++ 7.447+++ 31.00+++ 3.29+++
10 EB .138+++ .136+++ 11.878+++ 4.876+4+ 16.34+++ 2.32+++
15 EB .135+++ .134+++ 9.133+++ 4.15144+ 11.73+4+ 1.86111
20 EB .135+++ . 136+++ 7.16911+ 4.137+4+ 10.77+++ 1.85+++
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Table 3.3 (Continued)

Estimated Parameter

pS C3 P1 P2 0I °2 OR RR

6 ML .178 .173 6.312 384.129 2.59 0.82
I EB .160+++ .155+4+ 6.988—  1820.567--- 3.65--- 0.89---
5 EB .142+++ .145+++ 4.877 225.302+4+ 2.12+4+ 0.68+4+
10 EB .136+++ .132+++ 4.011 45.532+4+ 1.30+++ 0.51+4+
15 EB .133+++ .131+++ 3.055 36.427+4+ 1.07+++ 0.47+4+
20 EB .133+++ .130+++ 2.414 34.160+4+ 0.86+++ 0.44+4+

7 ML .189 .191 16.988 15.407 144.48 8.52
I EB .164+++ .165+ H- 20.322-- 18.367— 171.79-- 8.35
5 EB .149+++ .147+++ 15.490+++ 12.157+++ 91.13+4+ 3.59+4+

10 EB .137+++ .138+++ 10.101+++ 9.238+++ 55.23+4+ 2.59+++
15 EB .134+++ .135+++ 7.975+++ 6.965+4+ 38.68+4+ 2.25+++
20 EB .135+++ .137+++ 6.688+++ 6.521+4+ 32.82+4+ 2.26+4+

8 ML .165 .174 2.801 464.809 4.94 1.05
I EB .147+++ .144+++ 3.206--- 576.095--- 4.85 0.87+++
5 EB .130+++ .135+++ 2.089+4+ 467.024 3.33+++ 0.71+++

10 EB .126+++ .131+++ 1.531+++ 388.352+4+ 2.40+++ 0.65+4+
15 EB .129+++ .128+++ 1.367+4+ 336.005+4+ 1.88+++ 0.61+++
20 EB .135+++ .124+++ 1.275+4+ 276.218+++ 1.63+4+ 0.60+4+

9 ML .100 .090 3.460 15.174 25.61 3.46
I EB .093+++ .084+++ 3.909--- 12.597 32.28--- 3.79---
5 EB .086+++ .080+++ 3.250+4+ 6.997++ 19.98+++ 2.80+4+
10 EB .081+++ .080+++ 2.616+4+ 4.756++ 13.26+4+ 2.21+4+
15 EB .079+++ .083+++ 2.344+++ 5.0454+ 10.56+4+ 1.88+4+
20 EB .078+++ .085+++ 2.215+++ 5.902+4+ 13.55+4+ 2.41+++

10 ML .034 .026 1.064 8.790 17.61 2.87
I EB .032+++ .025+++ 1.205--- 9.585 22.02--- 3.15---
5 EB .030+++ .025+++ 0.989+++ 5.349++ 15.45 2.53++

10 EB .028+++ .025 0.836+++ 6.900++ 13.25++ 2.37++
15 EB .027+++ .027 0.775H  4 7.097+ 13.58+++ 2.37++

ML .034 .026 1.073 8.997 18.00 2.93
20 EB .027+++ .027 0.765+4+ 7.178+ 14.03++ 2.51++
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Table 3.3 (Continued)

Estimated Parameter

PS O3 P1 P2 °i °2 OR RR

11 ML .025 .026 9.750 5.283 6.41 0.83
I EB .023+++ .025+++ 10.543--- 5.683 8.26— 0.97---
5 EB .023++ .025 9.259+++ 3.862+++ 5.71 0.87

10 EB .024 .026 8.559+++ 3.386+«- 5.53 0.84
15 EB .026 .027- 8.785++ 3.494+ 6.29 0.91
20 EB .027--- .027— 8.951++ 4.068+ 6.66 1.02—

12 • ML .046 .049 50.826 38.447 32.02 2.76
I EB .042+++ .045+++ 58.031-- 43.688 46.85— 3.94--
5 EB .043+ .046+1+ 47.128+++ 29.749 32.37 3.38-

10 EB .046 .049 40.438+++ 32.365 32.79 3.27-
15 EB .049- .051 37.794+ 29.787 33.30 3.24
20 EB .050-- .051 42.228++ 36.422 33.99 4.03-

13 ML .195 .105 38.356 6.658 36.95 2.81
I EB .166+++ • 096+++ 46.792-- 6.340+ 53.55-- 3.04—
5 EB .150+++ .089+++ 33.840++ 4.329+++ 29.87+++ 2.09+++

10 EB .138+++ .084+++ 19.591+++ 3.203+++ 15.69+++ 1.57+++
15 EB .134+++ .083+++ 13.101+++ 2.753+++ 10.61+++ 1.35+++
20 EB .136+++ .084+++ 9.174+++ 2.774+++ 9.05+++ I.35+++

14 ML .050 .026 54.678 10.026 41.53 1.24
I EB .045+++ .025+++ 64.094— 10.201 56.90— 1.39---
5 EB .046+++ .025 49.909+++ 5.580++ 31.09+ 1.09
10 EB .049 .027 43.785+++ 5.538++ 34.63+ 1.20
15 EB .053 .027- 41.583++ 5.853+1- 32.40+ 1.24
20 EB .054- .027 45.221+++ 6.775++ 39.20 1.40

15 ML .028 .027 , 0.736 2.336 3.47 0.58
I EB .026+++ .026+ H 0 • 850— 2.391 4•58—— 0.64—
5 EB .024+++ .025+++ 0.729 1.727+ 3.25++ 0.51+++

10 EB .022+++ .025+++ 0.603 H i I 1.603+++ 2.49+++ 0.44+++
15 EB .021+++ .025+ 0.532+++ 1.548+++ 2.00+++ 0.40+++

ML .027 .026 0.704 2.296 3.27 0.56
20 EB .019+++ .026 0.460+++ 1.560+ 2.01+++ 0.42+++
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Table 3.3 (Continued)

Estimated Parameter

a3 P1 P2 0I °2 OR RR

ML .085 .084 180.326 1.116 941.15 46.89
I EB .078+-H- .076+++ 203.621--- 1.001+++ 1261.62--- 54.59---
5 EB .073+++ .071+++ 168.591+++ 0.782+++ 758.95+++ 40.81+++
10 EB .071+++ .068+++ 122.219++ 0.670+++ 440.43+++ 29.10+++
15 EB .071+++ .070+++ 119.916++ 0.673111 460.26+++ 28.36+++

ML .087 .086 206.176 1.190 1115.41 52.28
20 EB .071+++ .068+++ 177.888 0.653 Ht 1261.68 32.06+++

ML .085 .086 125.245 1.279 5306.49 87.16
I EB .078+++ .082+++ 143.799--- 1.401--- 8874.49- 200.27
5 EB .075+++ .074+++ 131.005-- 1.041+++ 3721.25++ 27.02+
10 EB .072+++ .072+++ 114.310+++ 0.863+++ 2448.90+++ 14.07+
15 EB .071+++ .073+++ 105.777+++ 0.717+++ 1839.14+++ 13.86+
20 EB .070+++ .078+++ 95.566+++ 0.752+4+ 1566.69+++ 15.77+

ML .020 .023 60.923 0.528 1485.55 12.50
I EB .019+++ .022+++ 69.642--- 0.468+++ 1930.51- 14.70---
5 EB .020 .023 60.090 0.399+++ 1360.69+ 12.48
10 EB .021 .024 53.581 0.417++ 1189.46 12.53
15 EB .020 .024 55.139 0.434+ 1391.44 12.80

ML .020 .023 53.228 0.551 660.07 9.98
20 EB .021 .024 48.459 0.457+ 616.23 10.14

ML .021 .018 136.227 0.060 25138.16 124.60
I EB .019+++ .017+++ 163.887— 0.063— 71696.87-- 584.75—
ML .021 .018 136.227 0.060 81176.30 222.06

5 EB .018+++ .016+++ 157.301--- 0.053+++ 104687.18 290.09
10 EB .018+++ .014+++ 153.689— 0.046+++ 51228.58 90.80++
15 EB .018+++ .014+++ 148.770--- 0.043+++ 23225.55 56.03++

ML .021 .018 136.901 0.059 80929.83 216.49
20 EB .018+++ .014+++ 140.670 0.041+++ 14480.73 40.50++
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Table 3.3 (Continued)

Estimated Parameter

°3 P 1 P2 0I °2 OR RR

ML .042 .042 310.106 1.570 2100.39 118.83
I EB .039+++ .040+++ 348.726--- 1.275+++ 2802.17— 139.89---
5 EB .039+++ .040+++ 292.898++ 0.888++ 1774.66+++ 116.05
10 EB .041 .041 265.324++ 0.963+ 1785.95+++ 118.69
15 EB .041 .042 275.088++ 1.039+ 1948.64 119.95

ML .042 .043 314.899 1.600 2042.73 120.33
20 EB .041 .043 282.278+ 1.067+ 1925.80 120.09

ML .040 .035 194.673 0.124 48240.29 361.39
I EB .035+++ .034+++ 235.699— 0.133--- 8488672.90 212061.18
ML .040 .035 194.673 0.124 73397.38 584.32

5 EB .034+++ .030+++ 222.336— 0.110+++ 66299.56 367.76+++
10 EB .034+++ .028+++ 217.043— 0.091+++ 42254.21++ 166.78+++
15 EB .034+++ .027+++ 214.487- 0.085+++ 21063.44+++ 82.81+++
20 EB .034+++ .027+++ 193.076 0.081+++ 13856.25+++ 71.40+++

ML .031 .030 0.964 0.864 3.97 0.39
I EB .028+++ .028+++ 1.095--- 1.002--- 4.56— 0.39
5 EB .027+++ .026+++ 0.971 0.855 3.91 0.35+++
10 EB .025+++ .024+++ 0.814+++ 0.756+++ 3.24+++ 0.31+++
15 EB .024+++ .023+++ 0.725+++ 0.658+++ 2.76+++ 0.29+++

ML .031 .030 0.944 0.862 4.06 0.40
20 EB .023+++ .022+++ 0.659+++ 0.597+++ 2.47+++ 0.27+++
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Parameter sets 19 and 21 each have one set of tables out of the 

200 runs in which EB estimates are not found for the case ■ I. The 

difficulty is that a zero count for occurs in such a way that the 

estimate of the hyperparameter is less than one-half. This in turn

leads to an undefined beta integral as the estimate of OR (and KR). 

Several parameter sets have sets of tables when cy ■ 20 where the com

plex method of Box fails to converge. The number of times this occurs 

for each parameter set is given in Table 3.4

Table 3.4 NUMBER OF TABLE SETS WHERE
COMPLEX METHOD OF BOX FAILS TO CONVERGE (a, - 20)J

parameter set

10
15
16 
18
19
20 
22

number of failures

5 
16 
53 
14
I
6 
8

The sets in which either of the above problems occurred are eliminated 

and the TMSE is recalculated for both the ML and EB procedures.

The results of the TMSE comparison generally indicate that for all 

six functions of P^ and P2 under consideration and values of cy greater 
than one, the EB procedure significantly reduces the TMSE.

When estimating OR, the TMSE for ML is never significantly lower 

than the TMSE for EB based on Oi3 > I. When estimating OR with O3 > I,
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the TMSE for EB is never significantly higher than for ML. Based on the 

simulation results the ML procedure usually had significantly lower 

TMSE than the EB procedure when estimating:

1. ) Oj, O^, OR, and BR with Cî  - I.

2. ) Pj and Pg with a large value of when the data is in the

center of the unit square with a positive correlation between 

Pj and Pg and the number of tables is small.

3. ) Oj where the data is in the lower right corner of the unit

square with a negative correlation between Pj and Pg. The EB 

procedure becomes poorer as the number of tables decreases 

from 21 to 6.
4. ) Og where the data is in the upper left corner of the unit

square with a negative correlation between Pj and Pg. Only 

the parameter set with g - 21 tables was simulated under the 
above conditions, but the author expects that for g < 21, the 
EB procedure would do relatively worse when estimating 0 j.

5. ) RR where the data is in the center of the unit square with a

positive correlation between Pj and Pg and the number of 

tables is small (g ■ 6, say).

Based on the TMSE comparisons, it is not clear what the best 

choice of Ot̂  is for a given set of data points. As a general rule, 

however, EB for Ct3 - S  does well when estimating Pj or Pg and EB for 

(X3 - 10 does well when estimating 0j, Og, OR, or RR.
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3.5.2 Check on Simulation

Using the fact that the ML estimators of and are unbiased, 

a hypothesis test is performed as a check on the simulation study. For 

each parameter point a test of the ML estimate equalling the actual 

parameter value for P^ and P^ is performed at the .05 level (two- 

tailed) . 6.018 percent of the 648 hypothesis tests are rejected, which 

is not significantly different from 5 percent (p-value - .234).

3.5.3 Bias of the EB Estimators

Based on the simulation results. Figure 3.2 (a - d) shows typical 

plots of the direction and magnitude of the bias using the EB procedure. 

The empirical bias obtained from parameter set I is shown for all six 

estimated parameters. The bias plots of other parameter sets are simi

lar to the results in parameter set I.
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P2

Figure 3.2 (a) Estimated bias of the EB procedure for and ?2. 
The endpoints A and - are associated with the priors with Ct̂  ■ 5 
and " 20, respectively. The mean of the EB estimates are the 
endpoints of vectors emanating from the actual parameter value.
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3.0 '

2.5 '

3 5 O

Figure 3.2(b) Estimated bias of the EB procedure for and . 
The endpoints ^ and - are associated with the priors with - 5 
and ■ 20, respectively. The mean of the EB estimates are the 
endpoints of vectors emanating from the actual parameter value.
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OR

1.5 •

IO U  12 13 14 1» I* 17 1« I* 20 U  TABLE NO.

Figure 3.2 (c) Estimated bias of the EB procedure for OR.
The endpoints A and - are associated with the priors with ■ 5
and Og ■ 20, respectively. The mean of the EB estimates are the
endpoirits of vectors emanating from the actual parameter value.
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RR .
2 .0  ■

1.6 ■

1.2 ■

f t *T tT

10 11 12 IS I* IS 16 17 It Il 20 21 TABLE NO.

Figure 3.2 (d) Estimated bias of the EB procedure for RE. The 
endpoints A and - are associated with the priors with ■ 5
and cy - 20, respectively. The mean of the EB estimates are the
endpoints of vectors emanating from the actual parameter value.

Figure 3.2 (a — d) Estimated bias of the EB procedure for 6 (parameter 
set I).
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The EB estimates appear to shrink towards the center of the para

meter points. In the plots presented in this section, the shrinkage 

towards a central value is more apparent when - 20.
Although both values of cy reduce HSE significantly, they have 

noticeable differences in the way they affect the bias. The reason 

for these differences might be that given a particular data set with a 

certain correlation, the value chosen for may restrict the likelihood

function. Thus, for different values of cx̂ , the correlation in the 

estimated prior may not represent the correlation present in the data 

because of the restrictions Ot̂  places on the estimated hyperparameters.

Even though the overall THSE is significantly reduced by using EB 

instead of HL1 some individual tables can have HSE’s which are signifi
cantly larger for the EB procedure. Table 3.5 displays parameter points 

from parameter set I with cy » 20. These are the parameter points that 

produced the most individual table significant differences between HSEtS 

for the ML procedure and the EB procedure. Each of the MSE differences 

displayed in Table 3.5 are significant at the .0001 level.
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Table 3.5 PARAMETER POINTS IN PARAMETER SET I AT 
WHICH THE MAXIMUM DIFFERENCE BETWEEN EMPIRICAL MSB’S 

(ES VS ML) BASED ON THE Z-TEST IS ATTAINED

Refer to Figure 3.2 where the parameter points are identified by number.

estimated parameter MSE (EB) < MSE (ML) MSE (EB) > MSE (ML)

11
11

6
8
10
10

4
19
4
19

2

2

It should be noted that the parameter point at which EB is most 

advantageous has an associated parameter value that is in the center 

of the 21 parameter values. Also, the parameter point where ML is most 

advantageous tends to have an associated parameter value that is in 

the tail of the distribution of the 21 parameter values. For example, 

if we consider OR in Figure 3.2, we find that parameter point 10 is 

near the center of the set of 21 OR values while parameter point 2 is 

near the lower end of the 21 OR values.

3.5.4 Confidence Interval Comparison 

3.5.4.I Accuracy

Accuracy results based on the confidence interval procedures 

discussed in 2.4.4 are presented in this section.
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The choice of values at which the accuracy is computed for the 

different estimated parameters is as follows:

1. ) Pg : actual value is exponentiated by degrees of .20,
.50, .80, 1.00, 1.25, 2.00, and 5.00;

2. ) 0^, O^, OR, RR : actual value is multiplied by factors of

.1, .2, .5, 1.0, 2.0, 5.0, and 10.0.

Only the results for parameter set I are presented since similar 

results are found for the other parameter sets.

Table 3.6 contains the average accuracy over all 21 tables in 

parameter set I for each estimated parameter.

Table 3.6 AVERAGE ACCURACY (Z) OF NOMINAL 95%
CONFIDENCE INTERVALS FOR PARAMETER SET I ((X3 = 10)

Figures are based on 200 simulated sets of tables. 6 is the generic 
symbol for one of the six parameters.

I parameter

C
NC

D 0'5

C
OO 6 e1*25 e2 e5

P1 ML 99.9 80.5 13.6 3.7 17.9 93.4 100.0
EB 100.0 81.6 11.0 2.7 16.9 94.0 100.0

P2 ML 99.8 81.6 14.3 3.6 16.1 93.4 100.0
EB 100.0 84.9 12.9 2.5 14.6 92.8 100.0

C
DrH C
DC
N k 8 20 50 100

Q1 ML 100.0 99.6 61.0 3.7 58.9 99.2 100.0X EB 100.0 100.0 68.7 2.5 52.6 99.7 100.0
O2 ML 100.0 99.7 60.5 3.6 59.2 99.5 100.0

EB 100.0 100.0 66.2 2.5 55.1 100.0 100.0
OR ML 99.8 95.1 30.5 3.1 29.5 94.0 99.8

EB 100.0 98.6 37.3 1.7 20.6 93.9 100.0
RR ML 100.0 99.9 87.5 4.2 86.0 100.0 100.0

EB 100.0 100.0 91.9 2.6 85.4 100.0 100.0
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In general, the average accuracy comparisons are as follows.

1. ) The average accuracy of the EB confidence intervals is lower

than the ML-based intervals for all estimated parameters at 

the actual parameter value. Both the EB and ML based inter

vals apparently have a confidence level which is greater than 

95%.

2. ) The average accuracy of the EB confidence intervals is higher

than the ML-based intervals for OR, and RR at para

meter values less than the actual parameter value.

3. ) The average accuracy of the EB confidence intervals is lower

than the ML-based intervals for all estimated parameters at 

parameter values greater than the actual parameter value.

The author suspects that the EB intervals may be slightly biased, but 

did not include a 6 only slightly larger than the true 6 in the simula
tion experiment. Therefore, a demonstration of bias is not available 

yet.

Figure 3.3 is accuracy curves for individual tables. The two 

tables chosen for each estimated parameter are the tables which had the 

most significant changes in MSE discussed in the section on bias (3.5.2) 

and listed in Table 3.5. The In or In-In scaling for the 6 values was 
used so that there would be equal spacing about the actual parameter
value
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ACCURACY (Z) (a)

80 --

40 ■*

20 - -

.760 P.179 .253 .333

ACCURACY (Z) (b)

80 ..

60 ■■

40

20 - -

420 .500 .574 .871 P

Figure 3.3 (a - I) Accuracy curves associated with the tables 
(parameter points) given in Table 3.5. The actual parameter value 
is underlined. The abscissa for P^ are on a In-In scale. The
abscissa for , OR, and RR are on a In scale.
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ACCURACY (%) (c)

80 ■ *

60 --

40 --

20 - -

Table No. 11
780 P,211 .288 .369

ACCURACY (%) Cd)

80

60 ■ ■

— ' EB

,420 .500 .574.250 871 P

Figure 3.3 (continued)
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ACCURACY (%) (e)

80 --

60 • -

40 •-

20 - -

Table
1.693 3.387 O

ACCURACY (Z) (f)

80 •*

Table No. 4

7.691 15.381 O3.076

Figure 3.3 (continued)
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ACCURACY (%) (g)

40

Table

2.023 4.045 O

ACCURACY (%) (h)

15.381 O1.538 3.076

Figure 3.3 (continued)
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ACCURACY (%) CD

80 --

20 • -

Table No

.040 .081 .202 .405 .809 2.023 4.045 OR

ACCURACY (%) (j)

80 * *

20 • -

Table No

.100 .200 .500 1.000 2.000 5.000 10.000 OR

Figure 3.3 (continued)
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ACCURACY (%) (k)

40 "

20 • -

2.880 5.760 RR

ACCURACY (%) (I)

5.000 10.000 RR1.000 2.000

Figure 3.3 (continued)
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The accuracy curves for the individual tables associated with a 

reduction in MSE using the EB procedure are similar to the average 

accuracy curves. The tables associated with an increase in MSE seem 

to have lower accuracy at the actual parameter value and have more 

variability from the ML accuracy curve then the tables associated with 

a decrease in MSE.

Based on the parameter sets studied, the EB procedure is at the 

nominal level and is accurate enough for practical purposes.

3.5.4.2 Confidence Interval Width Comparison

The confidence interval width comparison results are given in 

Table 3.7. For each parameter set, the arithmetic mean width as well 

as the geometric mean ratio of upper to lower endpoint summed across 

the g tables is given.
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Table 3.7 CONFIDENCE INTERVAL WIDTH COMPARISON (CX3 = 10)
An asterisk Indicates that a zero Is encountered as an endpoint of a 
confidence interval and therefore the geometric mean is not calculated.

Estimated Parameter

Odds Ratio Relative Risk

Arithmetic Geometric Arithmetic Geometric

PS

Mean Width Mean Ratio Mean Width Mean Ratio

ML EB ML EB ML EB ML EB

I 2.93 2.89 6.24 6.15 0.97 0.96 2.32 2.30
2 0.74 0.76 7.61 7.12 0.50 0.50 2.65 2.56
3 4.01 3.79 6.24 6.14 1.07 1.02 2.90 2.33
4 0.99 0.97 7.58 7.06 0.54 0.54 2.67 2.55
5 6.17 5.45 15.23 14.55 1.55 1.48 3.40 3.29
6 1.44 1.43 * 17.46 0.76 0.76 4.15 3.75
7 9.46 7.54 15.32 14.46 1.81 1.55 3.48 3.32
8 1.84 1.71 * * 0.82 0.80 4.24 3.74
9 3.55 3.26 6.29 6.15 1.18 1.11 2.35 2.32
10 4.70 4.43 6.66 6.48 1.61 1.52 2.44 2.41
11 3.98 4.09 7.78 7.66 1.15 1.19 2.60 2.56
12 12.18 20.97 22.75 22.42 2.40 2.80 4.09 3.97
13 5.40 4.80 11.06 10.64 1.24 1.22 2.92 2.82
14 10.74 13.03 14.53 14.10 1.44 1.48 3.24 3.09
15 2.99 2.95 6.08 6.00 1.08 1.05 2.31 2.29
16 23.28 18.59 7.60 7.52 3.54 3.12 2.64 2.61
17 49.25 34.97 7.58 7.44 4.24 2.84 2.67 2.59
18 51.64 46.12 9.08 9.25 4.42 4.43 2.93 2.94
19 364.16 289.78 11.18 11.33 16.83 11.61 3.87 3.79
20 59.71 58.48 10.27 10.60 8.15 8.49 3.13 3.15
21 335.66 192.79 11.06 11.01 23.20 12.54 3.97 3.79
22 2.70 2.75 5.88 5.84 0.89 0.89 2.26 2.25
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\

The EB based confidence intervals generally have both narrower 

arithmetic mean width and geometric mean ratio. Most cases where the 

reverse is the case seem to be in parameter sets with a small number 

of parameter points. For the odds ratio, the parameter sets where 

the EB based confidence intervals are longer differ for each comparison 

method. For example, in parameter set 2, the EB based confidence 

intervals have a longer arithmetic mean width, but shorter geometric 

mean ratio. This illustrates a difference in the methods of comparing 

confidence interval widths.



4. PROBLEMS AND EXTENSIONS

4.1 Problems with the EB Procedure

The results of the simulation study Indicate that the EB procedure 

is a superior method of estimation when compared to the ML procedure. 

There are, however, some problems and concerns which became evident 

with the simulation which need to be considered. They are as follows:

1. ) the method Involves a large number of calculations;

2. ) the optimization of the likelihood function using the complex

method of Box can fail for large values of cy (j> 20);

3. ) the likelihood function needs to be maximized with respect

to (Xg as well as the other hyperparameters.

The computer programs and the numerical techniques used in the simula

tion need to be improved to help eliminate the above problems.

4.2 An Independent Prior

This section presents a prior distribution which does not allow

for correlation between Pj and P^. Let

ai-l 3 ,- 1  ctV-I 3 ,-1
P1 (I - P1) P2 Cl - P2)

S(Pr P2) - ------------ 1------- 2--- ------ 2----- ,
BCctr S1) B(a2,e2)

where a2, Sr  S2 > 0 and 0 < PijP2 < I.

Notice that g is the product of two independent beta distributions.



80

Using g as a prior, the posterior distribution is

x 
?2P(PllP2Ix1Sx2)

x.+a.-l n -x +8.-1 x +a -1 n_-x_+8,-l
1 1  Cl - P1) 1 1 1 Po2 2 Cl - PJ  2 2 2'I

BCx1 + CtltU1 - X1 + S1) B(x2 + a2,n2 - x2 + 8g)

Using the same methods as given in Chapter 2, the Bayes estimators 
based on g are:

o x. + ct
Pi ---------- ----,

nI + otI + ^l

OP, X2 + a2 

n2 + a2 + 32

O xi + ai

ni - xi + I

dk

A

Cx1 + Ct1)  ̂ Cn2 - x2 + 82)

Cn1 " xi + G1 - I) Cx2 + Ct2 - I)

Cx1 + op  ̂ Cn2 + Ct2 + 82 - I) 
Cn1 + O1 + S1) Cx2 + Ct2 - I)

and

The empirical Bayes estimators are found by estimating the 

hyperparameters Ctj, Ct2, S1, and S2 using the method of moment (MOM) 
estimation technique.
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The marginal distribution of x and x_ Is

M(XlfX2) ( * l )  (^ 2)  8 x̂ I + a r nl “ x i + B(%2 + a 2 ,n 2 “ X2 + ^
B(OlfB1) B(O3fB2)

Since X1 and X3 are independent the MOM estimates of O1 and B1 can be
found independently of O3 and B2 by equating the sample mean (X1) and 

2variance (S1) with E(X1) and var (X1)1 respectively, where

Em U 1) niXl
«1 + B1 varM cxP

H 1O 1B 1 ( C t1 +  B1 + n x )  

(O1 + B1 + I) (O1 + B1)2 »

t  —1=1 g
. 2 A  0tI i - 7V 2, and s -  V  ---------

1 I-I g - I

and solving for Oj and B1• The MOM estimators of O1 and B1 are

XlCxlCnl ” x P  ” sp
/ 2 , —2 — vU 1S1 + X1 - X1H1)

and

(n2 - X3)(X3On3 - X3) - S1)
B1 - " 2 -2 =  ' *U 3S3 + X3 - X3U3)

The MOM estimates of O1, O31 Bj1 and Bg are then substituted into the 
Bayes estimators to obtain the EB estimators.

The simulation study was near completion when g was considered 

as a possible competitor to g and g+ . One MSE comparison was

performed between the estimates based on g and those based on g and
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found that the estimates based on g were competitive. The author 

believes that a new simulation is needed with a different set of design 

configurations that can better evaluate the differences between the two 
priors.

4.3 Posterior Plots and Bayesian Confidence Intervals

A computer program to plot the posterior distributions of 8 was 
written. Another program to compute the quantiles of the posterior 

distributions for P^, P^, , and was written for use in finding

Bayesian confidence intervals, but it is expensive in terms of computer 

time to use. More efficient programs and/or numerical techniques are 
needed.

4.4 Extensions

4.4.1 A Multivariate Prior

The multivariate prior g~ can be extended to a multivariate prior,
*g , in q variables given as

* o , - l  Ct-I  Ct I
8 (PjiPg,''',Pq) " Kq P1 ... pqq (I - S1P1 - ... - GqPq) q

where

Ol̂ , 8̂  > 0, i * 0,.. .,q+1, j ■ 0,...,q;
q

and 3. <, I.
1-1 1

Each pair of P^»Pj (Ift J) are negatively correlated, but by replacing
*P^ by (I - Pj), positive correlations can be formed, g might be used
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in situations where functions of more than two binomial parameters are 

to be estimated.

4.4.2 An Overall Estimate of 6
The use of Bayesian methods for analysis of random effect models 

for attribute data has been presented by Dempster, Selwyn, and Weeks 

(1981), Aitchison and Shen (1980), Haseman and Kupper (1979), and 

Tarone (1981).

If the underlying values of the risk parameter, 6, are assumed to 
vary from table to table in a random way, then some of the methods 

developed in this thesis can be applied to get an estimate of the mean 

effect. Using g+ (or g ) as the basic model for the variation of the 

(P^Pg) pairs, one can use the data from the individual tables to esti

mate the parameters of g* (or g ) as was done in the EB procedure. 

Using the transformations of Chapter 2 on g+ (or g ), the distribution 

of 6 can be determined. A measure of central tendency for the distri

bution of 8 can then be used as an overall estimate of the risk para
meter. A comparison of this approach to the usual Mantel-Haenszel 

statistic (1959) is needed.
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APPENDIX A

LISTING OF (P11P2) PAIRS FOR EACH CONFIGURATION 
(C1, i - I,...,15)

Table No. pI CM
PU

I .359 .641
2 .288 .500
3 .500 .712
4 .253 .394
5 .429 .571
6 .606 .747
7 .394 .4658 .535 .606
9 .288 .288
10 .394 .394
11 .500 .500
12 .606 .606
13 .712 .712
14 .465 .394
15 .606 .535
16 .394 .253
17 .571 .429
18 .747 .606
19 .500 .28820 .712 .50021 .641 .359

Table No. P1 P2
I .209 .791
2 .138 .650
3 .350 .862
4 .103 .544
5 .279 .721
6 .456 .897
7 .244 .615
8 .385 .756
9 .138 .438
10 .244 .544
11 .350 .65012 .456 .756
13 .562 .862
14 .315 .544
15 .456 .685
16 .244 .403
17 .421 .579
18 .597 .756
19 .350 .438
20 .562 .650
21 .491 .509
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C3

Table No.

I

10
11
12
13
14
15
16
17
18
19
20 
21

pI CM Table No. P1
641 .641 I .491
500 .712 2 .350
712 .500 3 .562
394 .747 4 .244
571 .571 5 .421
747 .394 6 .597
465 .606 7 .315
606 .465 8 .456
288 .712 9 .138
394 .606 10 .244
500 .500 11 .350
606 .394 12 .456
712 .288 13 .562
394 .535 14 .244
535 .394 15 .385
253 .606 16 .103
429 .429 17 .279
606 .253 18 .456
288 .500 19 .138
500 .288 20 .350
359 .359 21 .209

.791

.862

.650

.897

.721

.544

.756

.615

.862

.756

.650

.544

.438

.685

.544

.756

.579

.403

.650

.438

.509
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Table No. P1 CM
A, Table No. P1 P2

I .300 .500 I .335 .5002 .350 .350 2 .445 .3903 .350 .650 3 .500 .1704 .400 .250 4 .500 .8305 .400 .500 5 .555 .6106 .400 .750 6 .665 .5007 .450 .4008 .450 .600
9 .500 .20010 .500 .35011 .500 .50012 .500 .650
13 .500 .800
14 .550 .400
15 .550 .600
16 .600 .250
17 .600 .500
18 .600 .750
19 .650 .35020 .650 .650
21. .700 .500

Table No,
C7

' P1 P2 Table No P-i
COU

P2
I .330 .670 I .380 .5002 .330 .443 2 .500 .6203 .161 .161 3 .500 .7404 .839 .839 4 .500 .3805 .670 .557 5 .500 .2606 .670 .330 6 .620 .500
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C9
Table No.

I

10
11
12
13
14
15
16
17
18
19
20 
21

pI J 2_ Table No. P1
509 .491 I .791
438 .350 2 .650
650 .562 3 .862
403 .244 4 .544
579 .421 5 .721
756 .597 6 .897
544 .315 7 .615
685 .456 8 .756
438 .138 9 .438
544 .244 10 .544
650 .350 11 .650
756 .456 12 .756
862 .562 13 .862
615 .244 14 .544
756 .385 15 .685
544 .103 16 .403
721 .279 17 .579
897 .456 18 .756
650 .138 19 .438
862 .350 20 .650
791 .209 21 .509

.491

.562

.350

.597

.421

.244

.456

.315

.562

.456

.350

.244

.138

.385

.244

.456

.279

.103

.350

.138

.209
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C11 C12

Table No ' P1 P2
I .350 .150
2 .600 .150
3 .600 .400
4 .850 .150
5 .850 .400
6 .850 .650

Table No
C13 

' P1 P2
I .400 .200
2 .600 .200
3 .600 .400
4 .800 .200
5 .800 .400
6 .800 .600
7 .300 .100
8 .500 .100
9 .700 .100
10 .900 .300
11 .900 .500
12 .900 .700

Table No
C15 

* P1

PfgI

I .350 .600
2 .450 .400
3 .450 .500
4 .550 .600
5 .550 .500
6 .650 .400

Table No,' P1 P2
I .600 .300
2 .700 .100
3 .700 .200
4 .800 .300
5 .800 .200
6 .900 .100

Table No 4̂
Pui

u
 

. 
I P2

I .600 .300
2 .700 .100
3 .700 .200
4 .800 .300
5 .800 .200
6 .900 .100
7 .650 .350
8 .650 .150
9 .750 .250
10 .750 .150
11 .850 .250
12 .850 .050



APPENDIX B

THE COMPLEX METHOD OF BOX

The complex method of Box Is a sequential search technique which 

has proven effective In solving problems with nonlinear objective 

functions subject to nonlinear Inequality constraints. No derivatives 

are required. The procedure should tend to find the global maximum 

due to the fact that the initial set of points are randomly scattered 

throughout the feasible region.

The method finds the maximum of a multivariable, nonlinear func

tion subject to nonlinear inequality constraints:

Maximize F(X^, X^, .... X^)

Subject to Gk ̂ X k k - 1 ,  2, .... M.

The implicit variables ..., X^ are dependent functions of the

explicit independent variables X^, X^1 ...,Xlj. The upper and lower 

constraints Hk and Gk are either constants or functions of the indepen

dent variables.

The algorithm proceeds as follows:

I.) An original "complex" of K ̂  N + I points is generated consis

ting of a feasible starting point and K - I  additional points 

generated from random numbers and constraints for each of the 

independent variables:

i.j Gi ♦ rIlj - =I1 •
Iv 2, * • • p N and j ■ 1, 2, •••» KwI

where  ̂are random numbers between 0 and I,
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2.) The selected points must satisfy both the explicit and Impli

cit constraints. If at any time the explicit constraints are 

violated, the point Is moved a small distance 6 inside the 

violated limit. If an implicit constraint is violated, the 

point is moved one half of the distance to the centroid of the 

remaining points

Xl j(Bew) - (Xl j(Old) + Xl c)/2 

I - I, 2..... N

where the coordinates of the centroid of the remaining points, 

X. , are defined by1Ic

i,c K
I K
r i  E  xi,j - i - 1. 2.... 8-

This process is repeated as necessary until all the implicit 

constraints are satisfied.

3.) The objective function is evaluated at each point. The point 

having the lowest function value is replaced by a point which 

is located at a distance a times as far from the centroid of 

the remaining points as the distance of the rejected point on 

the line joining the rejected point and the centroid:

Xl j(B=W) - a (Xlic-Xl j(Old)) +xl c 

i - I, 2, .... N.

Box (1965) recommends a value of a ■ 1.3.
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4. ) If a point repeats in giving the lowest function value on

consecutive trials, it is moved one half the distance to the 

centroid of the remaining points.

5. ) The new point is checked against the constraints and is

adjusted as before if the constraints are violated.

6. ) Convergence is assumed when the objective function values at

each point are within S units for y  consecutive iterations. 

An interation is defined as the calculations required to 

select a new point which satisfies the constraints and does 

not repeat in yielding the lowest function value.

A flow sheet illustrating the above procedure is given in 

Figure B.l.
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Violation

/ChecxX^
Implicit

onstraints,
Violation

Replace Point Vith the Lowest 
Function Value Dy a Point 
Reflected Through Centroid 

of Remaining Points

Check
Convergence,

Pick Starting Point 
(Feusible)

Generate Point in Initial 
Complex of K Points

Evaluate Objective 
Function at Each Point

Move Point in a 
Distance 6 Inside 

the Violated 
Constraint

Move Point >4 Distance in 
Toward the Centroid of 
the Remaining Points

Figure B.l Logic Diagram for Complex Method of Box



APPENDIX C

QUADRATURE RULE BASED ON THE SINC FUNCTION

The quadrature rule based on the sine function used to evaluate 

the beta integrals of the thesis is given by

I
f(x) dx - h 2  av f<wk> k— M

where

a.
(I + ekh)2

and

The spacing of the w^'s is determined by the choice of h and M,N are 

positive integers determining the number of points to be evaluated.
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