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Abstract:
Sintering is the process by which an initially unconnected collection of particles form bonds at their
points of contact resulting in a single, solid framework. As this process proceeds, the relative density
increases from that of the initial loose particle stack to a density which may approach that of the solid
material. The material rearrangement which is necessary for densification is driven by a surplus of
energy associated with the excess of free surface area in the material and also by the particular
arrangement of this free surface.

A continuum theory for granular (or porous) materials is proposed to describe the kinetics of sintering.
The stresses which promote densification of the material are quantified in terms of two microstructural
parameters associated with a granular material: the specific surface area and the mean curvature of the
void-solid interface.

' The theory was applied to two materials which can be sintered: copper and snow. In the case of
copper, the microstructural data were available and the stresses induced in the material as it sintered
could be evaluated. In the case of snow, the microstructural data were not available so only an estimate
of the stresses induced in snow as it sinters was found.

The application of the theory to copper gave very good results. This indicates that the proposed theory
is an accurate representation of the processes that occur in a material as it sinters. The result of
applying the theory to snow indicates that the stresses produced by sintering are of comparable
magnitude to other stresses found in a natural snowpack. 
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ABSTRACT

Sintering is the process by which an initially unconnected collection of particles form 
bonds at their points of contact resulting in a single, solid framework. As this process pro
ceeds, the relative density increases from that of the initial loose particle stack to a density 
which may approach that of the solid material. The material rearrangement which is neces
sary for densification is driven by a surplus of energy associated with the excess of free sur
face area in the material and also by the particular arrangement of this free surface.

A continuum theory for granular (or porous) materials is proposed to describe the 
kinetics of sintering. The stresses, which promote densification of the material are quanti
fied in terms of two microstructural parameters associated with a granular material: the 
specific surface area and the mean curvature of the void-solid interface.

• The theory was applied to two materials which can be sintered: copper and snow. In 
the case of copper, the microstructural data were available and the stresses induced in the 
material as it sintered could be evaluated. In the case of snow, the microstructural data 
were not available so only an estimate of the stresses induced in snow as it sinters was 
found.

The application of the theory to copper gave very good results. This indicates that the 
proposed theory is an accurate representation of the processes that occur in a material as it 
sinters. The result of applying the theory to snow indicates that the stresses produced by 
sintering are of comparable magnitude to other stresses found in a natural snowpack.
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CHAPTER I 

INTRODUCTION

Sintering is the process by which a collection of loose particles, under the proper con

ditions, form permanent bonds at their points of contact. The result of this process is a 

single, solid framework. This adherence between particles is driven by an excess of energy 

in the system due to the abundance of free surface. Since molecules on the surface of a 

material are at a higher energy than those in the interior, it is thermodynamically more 

stable if material rearrangement reduces the amount of free surface. Rearrangement occurs 

more readily at temperatures near to, but still below, the melting point of the given 

material. Materials in which sintering occurs include metals, ceramics, and snow.

Previous Investigations

There are numerous articles hi the powder metallurgy and show literature concerning 

sintering. Although much debate exists on particular aspects of sintering, two general 

statements can be made regarding this process. The first, as indicated in the previous para

graph, is that the primary driving force for sintering is the excess of surface energy [ I ]. 

The second is that only certain mechanisms of material transport can provide densification 

of the material,[ 2]. ■:

In reference to the problem of material transport, there are four main processes to be 

considered: viscous or plastic flow, volume diffusion, surface diffusion, and evaporation- 

condensation. Many articles have appeared in an effort to resolve this problem (e.g., [3, 4, 

5]): Kuczynski [3] used the simplified geometry of a sphere being brought into contact 

with a flat plate in order to decide which mechanism was responsible for material transport.
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On the basis of his results, he inferred that material was transported by volume diffusion. 

Hobbs and Mason [4] sintered two spheres of ice together and deduced that the main 

mechanism of material transport was that of evaporation-condensation. These results indi

cate that the same mechanism may not be responsible for material transport in all cases 

and also that several mechanisms may be operative in any single case.

No matter what the primary mechanism of material transport is, densification of a 

collection of particles can only be accomplished by those mechanisms which are not 

related to surface phenomena. The following argument (as given in [2]) supports this state

ment. Consider a branched network composed of points at the centers of each particle con

nected by lines through the contacts between particles. Surface diffusion and evaporation- 

condensation can change the contours surrounding this network but they cannot change 

the network itself. Viscous or plastic flow and volume diffusion can change this network 

by lengthening or shortening the branches between points. Densification of the material is 

accomplished by shortening the branches. Therefore, only volume related phenomena can 

promote densification of a mass of particles.

As pointed out by Exner, Petzow, and Wellner [6], results such as those obtained by 

Kuczynski [3] and Hobbs and Mason [4] are not easily applied to large collections of par

ticles. The main reason for this difficulty is the highly complex geometry that exists in 

real systems. An example of an attempt to describe the densification of a large collection 

of particles is that done by Kuczynski [7]. However, his approach was of a phenomenolog

ical nature and did,not describe the nature of the forces which promote densification.

Purpose

The purpose of this study is to describe the kinetics of sintering of large collections of 

particles in terms of the forces which drive this process and the response of the material to 

these forces. It is not intended that the question be resolved as to what mechanism of
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material transport is responsible for densification nor is it necessary to know this fact in 

order to develop this theory.

In developing a theory to describe the sintering kinetics of a large collection of parti

cles, two things must be considered. The first is that the material must be described in a 

rational manner and the second is that the forces which promote densification of the 

material must be characterized.

Two possible approaches can be taken to describe a collection of particles. One would 

be to maintain the discrete nature of the particles and describe the material in terms of the 

characteristics of each particle and the relationships between particles. A second way to 

describe the material is to assign continuous functions of position to the properties of the 

material and define the material in terms of these functions. In doing so, the concept of 

discrete particles is lost and it is assumed that the material can be subdivided indefinitely 

without losing any of its defining properties. It is the latter approach which is used here. 

The theory which is used to characterize the material is Goodman’s [8] continuum theory 

of granular (or porous) materials. Slight modifications of the original theory are used to 

include the effects necessary to describe the sintering phenomena.

The forces which promote densification of a material as it sinters are also considered 

in this study. Since densification implies material rearrangement, it follows that some 

stress must be applied to the material. This stress is related to the excess surface energy and 

the related concept of surface tension. Expressions are developed which relate the stress in 

the material to the thermodynamics of the free surface in the material and the specific 

microstructural arrangement of this surface.

The theory proposed in this study is applied to two materials: copper and snow. In 

the case of copper, all the necessary data on the microstructure are available which allows a 

quantitative evaluation of the stress in the material. In the case of snow, the microstructural
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data are not known but an estimation of the stress due to sintering is found. The results 

and possible implications of this theory are discussed.
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CHAPTER 2

THEORETICAL CONSIDERATIONS

In this chapter, a continuum theory for granular materials is developed. Continuity is 

imposed upon the system of discrete particles and the equations governing the dynamics of 

this system are postulated. Some general constitutive assumptions are made and restrictions 

upon constitutive forms are derived by considering the second law of thermodynamics. 

The discussion in this chapter follows that of Goodman [8] and Goodman and Cowin [9].

The Distributed Body

■ The purpose of this section is to develop a generalized concept of continuity which 

will make the problem of dealing with a granular material amenable to the procedures used 

in continuum mechanics. In light of this, it can be noted that a granular material such as 

snow, sand, or a sintered compact has the distinguishing property that most of the mass is 

contained in discrete (although connected) particles surrounded by a void. This is the fea

ture which separates granular materials from those materials which are classically con

sidered as solids or fluids. Therefore, a complete description of a granular material must in 

some way describe the relationship that exists between the solid matrix material and the 

void. Furthermore, in order to develop a continuum approach, some notion of continuity 

must be imposed on an otherwise discrete system.

To begin with, the idea of a. distributed body will be introduced. First, heuristic moti

vation will be presented and then a more precise mathematical definition will be developed.

Consider, for instance, a block of snow. The majority of mass in the system is due to 

the ice phase. If the mass of the material in the voids is neglected, the total mass of the
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system is related directly to the amount of ice contained in the system. Consequently, if 

the volume of ice in the system is reduced, then so is the mass of the system. Symbolically, 

the above can be expressed as follows by letting 

Bt be the body of snow at time t,

Mt (Bt ) = mass of snow,

Vt (Bt ) = total volume of snow,

Kt (Bt ) = volume of ice phase only.

Intuitively, if the total volume of snow is reduced to zero, then the mass should also 

reduce to zero:

Vt(Bt)-*- 0 => Mt (Bt ) -» 0 (I)

Similarly, if the mass in the voids is neglected, then when the volume of ice is reduced to 

zero, then so is the mass:

Kt (Bt ) 0 => Mt (Bt ) -» 0 (2)

Also, it is obvious that the volume of the ice in the system can be no greater than the total 

volume of the system:

Kt (Bt ) < Vt (Bt) (3)

These conditions are also valid for any part, Pt , of Bt .

The preceding expressions form the basis for a more precise mathematical definition

of a distributed body. From Goodman and Cowin [9], the definition is:

A distributed body is a one parameter family Bt , -  °° < t < °°, of regions 
of Euclidean three space such that

(a) for any t and t', the region Bt is homeomorphic to the region Bt', and
(b) for each t, the region Bt is endowed with a structure given by two real 

valued set functions Mt and Kt subject to the following axioms:
(b I) Mt and Kt are non-negative measures defined for all Borel subsets 
Pt C Bt,
(b2) Kt (Pt ) < Vt (Pt). for all Pt C Bt ,
(b3) Mt is absolutely continuous with respect to Kt .
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In the above, Bt is the configuration of the distributed body at time t, Mt is the dis

tributed mass of the body at time t. and Izt is the distributed volume of the body at time t.

The above definition of a distributed body conforms to the intuitive description of a 

granular material. Axiom (a), in simple terms, merely states that the distinct configurations 

of a granular body can be obtained by a continuous, one-to-one deformation. This allows 

such continuum concepts as the deformation gradient to be defined. Axiom (b I) is obvious 

since mass and volume are always considered to be nonnegative quantities. Axiom (b2) is a 

restatement of Equation (3) and also implies that Tt < Vt (read, Ft is absolutely continu

ous with respect to Vt ) where Vt is a Lebesque volume measure.* Axiom (b3) is the pre

cise statement of the idea expressed in Equation (2). Further, since absolute continuity is 

transitive, and since Mt < Vi and Vi < Vt , it is true that Mt < Vt which is equivalent to the 

idea expressed in Equation (I).

Axiom (b3) supplies the central concept necessary to formulate a continuum theory 

of granular materials. Since Vi has the property of being continuous (in this generalized 

context), Mt must also be continuous by this axiom. Hence, the mass has become a contin

uous property of the material and the discrete nature of the material has been lost. This 

necessarily rules out the possibility of point, line, or surface concentrations of mass. Also, 

any mass in the voids must be disregarded by this axiom.**

Since Axiom (b2) implies that Vi < Vt, the Radon-Nikodym representation theorem 

of measure theory [ 10] implies that there exists a (unique) real valued Lebesque integrable 

function y(x, t) defined on Bt such that for any part Pt C Bt ,

*If when some measure (Vt) defined on a set Bt goes to zero implies another measure 
(F t) also defined on Bt goes to zero for all subsets, Pt , of Bt , then Ft is said to be abso
lutely continuous with respect to Vt.

**This implies that the solid constituent is the determining factor for all material 
properties. If this is not the case (as in a multi-phase sinter body), then a different theory 
(possibly a mixture theory [11]) would have to be developed.
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_ j " f ( x ,  t) dV  ̂ (4 )

y(x, t) is called the volume distribution function. The arguments denote that it is a func

tion of position and time. By Axiom (b2). it has the obvious property that

0 < p(x, t) < I (5)

Similarly, it follows from Axiom (b3) that there exists another function, 7 (x, t), such that 

Mt (Pt ) = / p t ? (x , O dF t (6)

7 (x, t) is called the distributed mass density. Finally, since Mt < Vt , it also follows that 

Mt (Pt) = JV t t) dVt (7)

Differentiation of Equation (4) yields dV{ = v ( \ ,  t) dVt, so Equation (6) implies that

Mt (Pt) = J p t t ( x, t M x ,  t) dVt (8)

and hence f(x , t) = t ( x , t) y(x, t). Comjiarison of Equations (7) and (8) with the classical 

continuum expression for mass shows that f(x, t) = p (x , t) = ? (x , t) y(x, t) = bulk 

density. In this case, y ( \ ,  t) corresponds to the mass density of the particles themselves 

and v(x, t) corresponds to the particle volume distribution. Hence, the mass of a granular 

material is uncoupled from that of the individual particles allowing the mass density of the 

system to change either through a change in the density of the matrix material or through 

a change in the distribution of the matrix material.

Kinematics

In the previous section, a generalized concept of continuity was developed which 

enables the use of the usual procedures of continuum mechanics to describe the kinematics 

of granular materials. As a result of this, a new independent kinematic field variable has 

been introduced; namely the volume distribution function. In this section, some of the 

usual kinematic relations will be developed and also a useful relation specific to the volume 

distribution function will be derived.
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Let the motion of a granular material be described relative to some reference configu

ration defined at some time Iq. The position of a given material point at any time t is given 

by the mapping

x = Xt (X , t) (9)-  — o —

In the above, x is the position of the particle at time t which occupied the position X at 

time tD. The subscript on the mapping function x merely indicates the reference configu

ration is taken at time t0 . It is assumed that this mapping is (at least) twice differentiable 

with respect to time. Also, by Axiom (a), The Distributed Body, this mapping is spatially 

continuous.

Using Equation (9), some of the traditional kinematic quantities can now be written 

down. Denoting the velocity of a material point by v ,

v (x , t) = — x t (X , t) (10)
----  dt - 1O —

Similarly, the acceleration, a , is

a(x , t) = — - Xt (X , t) (11)
----  d t2 - lo —

The deformation gradient, F , is

F (x ,t)  = (x t ( X , t ) V x ) *  (12)
~ — —lo — —

and the velocity gradient, L , at the spatial point x is

L(x, t) = ( v ( x ^  (x , t), t ) V )  (13)

*The gradient operator with a subscript X denotes differentiation with respect to the 
material coordinates X. If the subscript is not present, it denotes differentiation with 
respect to the spatial coordinates x. The direction arrow over the gradient operator denotes 
the order of the operation, e.g., in Cartesian index notation,

<_ dVj _> 9 Vj
(V V )ii -  —  and (V v ) ii = —  .----9 Xj ----0xj
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where is the inverse mapping of Equation (9). The rate of deformation tensor, D , and 

the spin tensor, W, are the symmetric and antisymmetric parts of the velocity gradient, 

respectively:

D j  (L + L T) (14)

W = -  (L - V ) (15)

Now a kinematic constraint on the volume distribution function will be derived. As a 

starting point, the following familiar result will be used:

dVt = JdVt^ (16)

where J = |det Fi and the subscript t0 refers to the reference configuration.

Differentiation of Equation (4) yields, for any time t,

dVt = ^dVt (17)

and in the reference configuration,

dVt = ^ d V t (18)
o o

Combining Equations (16-18) produces

dVt = —  JdKt (19)
"o °

For the purpose of the paper, it will be assumed that the solid constituent is incom

pressible. To express this concept, it can be noted that for this case, the distributed volume 

is invariant with respect to time. Hence, dKt = 0 or r-J + = 0. It is known from mechanics

that J = p0/p , so the following can be easily arrived at by using the continuity equation: 

J = J (V- v) (20)

Therefore, the following equation defines the notion of incompressible granules:

v + p (V 1 v) = 0 ( 2 1 )



Although the above appears similar to the continuity equation, it is not an expression 

of any conservation principle. It is merely the kinematic constraint imposed on the defor

mation if the idea of incompressible granules is assumed. Through this equation, the 

motion and the volume distribution function become coupled.

Balance Equations

During any thermo-mechanical process involving granular materials (or any other 

material), certain conservation principles are postulated to be satisfied. These include, for 

instance, mass conservation and energy conservation (first law of thermodynamics). Addi

tionally, the direction of any process is further restricted by the second law of thermody

namics. It is the purpose of this section to enunciate these conservation principles and to 

express the second law of thermodynamics in the form of the Clasius-Duhem inequality.

In order to accomplish the above objectives, the necessary thermal and mechanical 

field variables will be introduced as primitive quantities. The familiar ones which require 

no discussion are: the (Cauchy) stress tensor, t ; the body force, b ; the specific internal 

energy, e; the heat flux vector, q; the heat supply, r; the specific entropy, t? ; and the 

temperature, 9. In addition to these, the following quantities are introduced which are 

specific to this theory: the equilibrated inertia, k; the equilibrated stress vector, h; the 

extrinsic equilibrated body force, I; and the intrinsic equilibrated body force, g.

The first three balance equations are familiar ones from continuum mechanics. 

Therefore, they will not be derived. They are (in local form)

11

—  + v ) -  0'yv — —
(22)

7t>a = V  • t + 7tjb (23)

= t Tt (24)
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Equation (22) is the principle of conservation of mass (continuity equation). This form is 

obtained by substituting for p in the usual continuity equation. Equations (23) and 

(24) are the principles of conservation of linear and angular momentum, respectively.

The following additional balance equations for granular materials are now postulated 

(in global form):

Balance of Energy

d
dt

v + — k )dV 
— 2

• v + (h r) • n - q • n] ds

+ J"p^7i>(b • v + Ir + r)dV (25)

Balance of Equilibrated Force

— J"p^7rkrdV  = J g p ^ h  " n)ds + yr(l + g)dV (26)

Entropy Inequality

—  fp yrrjdV >  -  /"^p — • nds + Tp yr — dV (27)
dt j v X J d r t 0 -  J r t 0

In the above, t n is the stress vector which is related to the stress tensor by _̂ n = n • t̂  = 

t • n (since t is symmetric) and n is the unit normal to a given surface.

Equations (25-27) are common to most articles concerning this particular theory of 

granular materials [9,12,13], The entropy mequality varies slightly from that given by 

Goodman and Cowin [9] in that what they call the entropy flux, 0, is written here in the 

more conventional form, q/0. No difficulty arises from this, however, since these authors 

show that for the linear case, <t> = q/0. They also include a relation called the balance o f  

equilibrated inertia which leads to k = 0. This is probably an invalid expression as will be 

discussed shortly.
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At this point, the rationale for the introduction of the equilibrated terms is somewhat 

obscure. In order to justify their inclusion into the balance equations, the equations will be 

discussed in more detail.

Consider first the balance of etiergy equation (25). Except for the equilibrated terms, 

it is identical to the classic energy equation. The additional terms arise due to the introduc

tion of the kinematically independent volume distribution function. Hence, there are now 

three independent energy absorbing or storing aspects of the model: the motion xt , the 

temperature 9, and the volume distribution function v. The approach usually taken in con

tinuum mechanics only involves considering the motion and the temperature.

As is apparent in Equation (25), each of these independent variables is accounted for 

in each term of the equation. The temperature presents itself in the first term through the 

internal energy, in the second term through the heat flux vector, and in the third term 

through the heat supply. Similarly, the motion supplies kinetic energy in the first term, 

produces power via the surface tractions in the second term, and also produces power in 

the third term by acting in concert with the body forces. In light of this, the power derived 

from the time derivative of the volume distribution function must also be incorporated 

into each term. The obvious way to do this is to include it by using a parallel construct 

with the other terms under each of the integral signs. The factors k, h, and I are included 

to make these terms dimensionally, homogenous with the rest of the terms. In the first 

integral, the 1/2 k v 2 is similar to the kinetic energy and the equilibrated inertia, k, imparts 

an inertial character to this term. In the second integral which deals with the surface of the 

volume in question, v must somehow have the. character of a flux which is:why its coeffi

cient is the equilibrated stress vector, h. The last integral deals with volumetric consider

ations; therefore, a term such as the extrinsic equilibrated body force, .1, is, included.

It might be noted that the intrinsic equilibrated body force, g, is conspicuously mis

sing from the energy equation. This is not surprising, however, if a.closer look is taken at
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the first law of thermodynamics. According to Langhaar [ 14], the first law can be symbol

ically stated as

We + Q = AT + AU ' (28)

We is the work performed by external source, Q is the heat supply, AT is the change in 

kinetic energy, and AU is the change in internal energy. According to this, only external 

sources can supply work. Therefore, I (the extrinsic equilibrated body force) appears, but g 

(the intrinsic equilibrated body force) does not.

At this point, it may be instructive to elaborate on why the adjective equilibrated is 

applied to these new terms. In Goodman’s original work [8], the equilibrated stress vector, 

h, was a derived rather than a postulated quantity (k, g, and I did not appear in that work). * 

Goodman showed that h was equivalent to terms found in higher order stress theories (for 

instance, see Mindlin [15]). These higher order theories allow for double forces, which 

may or may not produce a couple, to act at a point. If these forces do produce a couple, 

then a couple stress theory is arrived at and the symmetry of the stress tensor is broken. 

However, Goodman showed that the equilibrated stress vector corresponds to those terms 

in the higher order theory which do not produce a couple at a point. In other words, it is 

related to a force pair which results in either a center of compression or a center of dilita- 

tion. Hence, it represents a quantity which is self-equilibrating. Also, Goodman states that 

most experimental evidence concerning granular materials indicates that the stress tensor is 

symmetric. Therefore, there is no reason to expect that these new terms are anything other 

than self-equilibrating quantities.

The origin of Equation (26) is motivated by a variational analysis done by Goodman 

[8]. The underlying concept behind this equation is very similar to the expressions of the 

conservation of linear and angular momentum. As such, Equation (26) could be considered

*It turns out that h is the same quantity in Goodman’s work [8] and in the present 
work; see Equation (43).
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as the mathematical statement of the following idea: The time rate of change of the gener

alized momentum due to the volume distribution function is equal to the action of the 

related (equilibrated) forces. The equilibrated stress vector is similar to a surface traction 

and I and g are the body forces related to the volume distribution. To compliment the 

extrinsic equilibrated body force, I, the intrinsic equilibrated body force, g, is included 

here.

Equation (27), the entropy inequality, is not modified in this theory. This is because 

it is a temperature related phenomena and therefore does not include the volume distribu

tion function (except to quantify the amount of mass present). ..

Up to this point, the equilibrated terms have been included merely as abstract quanti

ties. In order to make this theory applicable to real situations, some physical significance 

must be attached to these terms. To this end, Nunziato and Cowin [ 12] are referenced. In 

their article, they compare this theory of granular materials as applied to an elastic material 

with voids to another theory developed by Knowles and Jakub [16]. In doing so, they 

show that the equilibrated inertia is related to the geometrical features of the voids. This is 

the reason for not including Goodman and Co win's [9] balance of equilibrated inertia as 

discussed earlier in this section. Also, they draw the conclusion that the intrinsic equili

brated body force depends upon the geometry of the voids, the stress state in the solid 

matrix, and the material properties of the matrix. The extrinsic equilibrated body force 

becomes an externally controllable pore pressure. Finally, the equilibrated stress vector 

represents the resultant force in the matrix acting upon the void due to the interaction of 

neighboring voids. This implies that h can only be important if the void distribution is 

non-uniform (see Equation (51)). These ideas will be exploited in Chapter 2.

It is now expedient to put Equations (25-27) in local form. To begin with, consider 

Equation (26). In dealing with the first integral, it is noted that the indicated volume inte
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gral is time dependent. Hence, in order to take the time derivative of the volume integral, 

the Reynold’s Transport Theorem must be used:

J t / P t ^ d V  = / p t 7 * - -  dV (29)

To transform the surface integral in Equation (26) into a volume integral, Gauss’ Theorem 

is used:

J 9Pt (h • n)ds = ^ ( ( h  • V  IdV (30)

Substituting Equations (29) and (30) into Equation (26) and combining terms in a single 

integral results in (noting that the volume is arbitrary)

yu — — -  h • V  -  7^0 + g) = 0(k v) -  - (31)

This is the local form of Equation (26).

Now consider the energy equation (25). Using a process similar to the above, the fol

lowing expression is found:

d
dt

j ’p^yi^ie + — v • v + — k v2 )dV
2  -  -

fp  7i'[ e + v • a + — (k i>2 + 2kvV  
j X — — 2

)]dV (32)

The surface integral is transformed as follows:

/ d P j l n  " v + ( ha)  • n -  q • n] ds = J"gp^[(v * t ) • n + (h y) • n -  q • n ] ds =

• v) + h r1 -  q ] • V dV  (33)

Combining terms results in

7»'[e + v * a +  — (k r’2 +2kr>V)] -  (t • v )

-  (h £-) • V  + q • V -  7^(b • v + I i- + r) = 0 (34)

Using Equations (23), (24), and (32) and noting that
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( t • v)  • V =  (V • t ) • v = V • (t • V )  + t : (v V )

= v • ( V  • t ) + t : L (35 )

yields

i ve  -  t : L -  h • (V  ^) + V  • q + yyy(g -  — k y ) -  = O 

This is the local form of the energy equation.

(36)

The entropy inequality. Equation (27), simply reduces to 

yvr) + V  * (q /0 ) -  yvr/0 > 0 (37)

After solving for r in Equation (36) and introducing the free energy, Vz = e -  r)d, the 

entropy inequality becomes

This is the form of the entropy inequality which will be used to develop restrictions on the 

constitutive equations and which will also be used to define equilibrium.

The equations of the previous section are applicable to any granular material. The 

explicit forms of the conservation principles are given in Equations (22), (23), (24), (31), 

and (36). A further restriction given by the second law of thermodynamics is given in 

Equation (38). In order to predict the actual thermo-mechanical response of a given 

material, however, constitutive equations for the assumed variables must be postulated. It 

is the purpose of this section to enumerate these constitutive assumptions and also to 

deduce some restrictions imposed by the entropy inequality on the functional forms that 

the constitutive equations may take. In doing so, the general case of compressible granules 

will be considered first and then a modified version will be given which will account for the 

case of incompressible granules.

General Constitutive Assumptions
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To begin with, some assumptions will be made with regard to constitutive equations. 

Generally, the stress at a point is a function of the history of the motion in a neighborhood 

ot the point. This will be accounted for by assuming that the materials to be dealt with 

behave as viscoelastic materials. Also, it will be assumed that the stress at a point is deter

mined by the motion in an arbitrarily small neighborhood of the point. As a result of this, 

the independent variables and, at most, their first time and spatial derivatives will be con

sidered in the constitutive equations. Finally, the principle of equipresence will be assumed. 

This means that an independent variable assumed to be present in one constitutive equa

tion of the material must be assumed to be present in all constitutive equations of the 

material unless its presence contradicts some fundamental principle such as material 

objectivity or the entropy inequality.

In view of the above, the independent variables will be considered to be the following 

group:

v, y, V  y, 0 ,V  5, E, E, a, a ,V  a (39)

E is the Lagrangian strain tensor, a is what will be called the internal state vector (similar 

to but not exactly the same as the internal state vector described in [17,18]). It should be 

noted that it is not a vector in the sense of the velocity or temperature gradient; it is a 

listing of some set of scalars (X, . X2, . . . , Xn), which are considered to be pertinent 

in describing the internal state of the material. Some examples of these scalars which might 

be relevant to granular materials are the average curvature of the system, the average num

ber of bonds per grain in the system, the average size of the particles in the system, or any 

other quantity which is deemed important to the analysis. It therefore follows that V  a is 

not a tensor but is a list of the gradients of the internal state variables. Hence, all the quan

tities in Equation (39) are objective variables.

The constitutive equations can now be written in the following form:

? = i ( 7 , v 0> v, v, 0 ,V  0. E, E , a , a , V  a) (4 0 )
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£ is a scalar, vector, or tensor valued function of the indicated parameters and denotes any 

of the primitive variables listed in the beginning of the section entitled Balance Equations. 

Assuming the free energy has the above form, the time derivative becomes

• 81A . di// . di/z .. di/z 3»\p — —  7 + —  y + —- u + —~— • (V v)
a? a? a?

a \jj a \p
+ r r  9 + - = r -

a* aV o
(V « )  + : E + : E

3E ~ dE ~

d t  . a^ .. d\p -*
+ —  • a + —-  " a + —rr— • V a

dI  '  d i  ~  a V a
(41)

Substituting this into the entropy inequality, Equation (38), and making use of the con

tinuity equation as well as the identity V f  = V f  - V f  • L (where f  denotes a scalar, vec

tor, or tensor valued quantity) results in the following:

z dV/ . . I i . , 7 d\p-  7f ( — + 77) -  y w  (g---- k u + — ----------- )
39 2 'dv v dy

r 1 h x zA  .. #-  yv(  — ------h) • ( V c ) -  Tee —7
a V e

di/z
7 e -=5—

aV 9
• ( V  9)

3i// . di/z .. a V/ . di/z •
-  T^ —  - a -  Te —7 • a -  >e ——  • V a  -  yv —  : E

3a -  da  -  a V a  “ _  ~

-  yv —  : E + [ t + T2I1 — I + V O
3E ~  ~  d7 ~  a V e

a ii/ -* 1 _*
+ T^ ( ——  V  a )]: L -  -  q • V  9 > O

3 V a  ~ 0 -  -
(42)

The quantities 9, V  e, e, V 9 , *a, E , and V a  are not in the list of independent vari

ables, Equation (39). Hence, there exists at least one theromodynamic process where these 

quantities can be prescribed independently of any other term in the inequality. Since they
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are independent and since they only appear once in the inequality, their choice could con

ceivably violate the second law of thermodynamics. In order to guarantee the integrity of 

the inequality, the coefficients preceding these terms must be zero. This gives the following 

restrictions:

d  \p 
be

h :

- T J

b \ p
yv —zr-

9 V  v

9V e

91// 
9a

0

9 i/z

7 k

b \ p
9 V a

0

0

(43)

Considering the above restrictions, the entropy inequality reduces to

1 . 9i// 7 9^  b\p
— y v  v  ( g  — — k y + —  — — —  ) — yi> —  • a

2 bv v by 9a —

b\p ‘ , 9 ) 1 '  ->
-  yv —— : E + [ t + 7 2 y —  I + ( h V  c ) ] : L

d E ~  ~  d'y ~ ----  ^

-  -  q • V  0 > 0 
0 —  —

(44)

and the functional form of the free energy is required to be

t  t  (y, Ij0, y,V  it, 0, E , a) (45)

It should be noted that the above derivation applies to the general case of compressi

ble granules. However, since the case of incompressible granules will be dealt with here, the 

derivation of the entropy inequality can be modified accordingly.

To begin with, the assumption of incompressible granules implies that 7 is a constant 

and the first terms on the right hand side of Equation (41) is zero. Also, the kinematic con
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strain! implied by incompressible granules, as expressed by Equation (21), can be incorpo

rated by the method of Lagrange multipliers. This is accomplished by adding the term

p[£ + c (V  • v)l (46)

to the left hand side of Equation (42), where the coefficient p can be interpreted as a 

pressure. Following the previous procedure, precisely the same restrictions as those in 

Equation (43) are arrived at, but the entropy inequality now has the form 

. I . . 9^ I d \ p-  yvv (g -  — ki> + —  -  —  p) -  yv —  • a
2 dv yv da —

-  —~r". E + [ t + (h V  v) + pv,l ] : L ---- q * V  0 > 0 (47)
d E ~  ~ ~ ~  0 —

The notation in the above inequality is somewhat inconsistent in that both L and E 

appear. In order to alleviate this problem, it will be assumed that the materials to be dealt 

with here are isotropic. Hence, the free energy must be an isotropic function of its argu

ments and must take the following form:

'P = ^ (7, tV  " ’Y v ' Y p' 6 ’ jE’ (45a)

This form arises since V p is not isotropic and V f • V f is the only isotropic representation 

of a first order tensor (vector). From this, it follows that

9 V f
V f ) ( V f - ^ - )  

"  9 V f
(48)

and, hence,

(h V  f ) = (h V  f )T (49)

Therefore, all the terms contained in the square brackets in Equation (47) are symmetric.

If L is now decomposed into D and W, there occurs the scalar product of the term in 

square brackets and with both D and W. Since the term in brackets is symmetric and W is 

antisymmetric, this scalar product vanishes identically. This leaves
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• ( 1 V - - L d^ 1 x 9l// .— 'yvvy^— — k v + —  — —  p ) — yv — • a
2 dv yv da —

dii/ • -» I ->
-  7^ —=r •" E + [ t + (h V  y) + I ] : D -----q • > O (50)d E 1—' ~  — — ~  ~   ̂ — —

Substituting D = F t 1 E F"1 into the inequality, the final form is obtained:

. , I v- , 1 x— y vv (g — — 4" —  — —  p ) — yv —  • a
2 dy 71/ da —

+ [ —  T + F"1 (h V  F"1 + pv F"1 F t "1

d \Li • I ->
-  yv ——- ] : E ---- q • V  6 >  0 (51)

dE ~  6 — —

In the above, T is the second Piola-Kirchhoff stress tensor which is related to the Cauchy 

stress tensor by p0/p F"1 t F t ' 1 .

Equation (51) is the form of the entropy inequality which will be used in the next

section to investigate equilibrium.

Equilibrium

In this section, the conditions which exist at equilibrium will be derived. These will be 

useful in writing specific constitutive equations since the constitutive equations must 

reduce to the forms developed in this section at equilibrium.

First, equilibrium will be defined. For the purpose of this paper, equilibrium will be 

the state in which all time derivatives of the variables are zero and additionally, the state 

in which there exist no temperature gradients.

If Equation (51) is written as

$  > O (52)

where the functional $ denotes the left liand side of the inequality, the following equality 

holds at equilibrium:
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Also, since the functional <I> is positive semi-definite, <t> must obtain a (local) minimum at 

equilibrium. A necessary condition for a minimum in <I> is that

* = 0  (53)

* <$e+ x r  ) l lx=o -  0* (54)

where i; denotes the primitive variables (see Equation (40)), the subscript e denotes the 

equilibrium values of the variables, and the superscript P indicates an arbitrary perturba

tion away from the equilibrium value.

Performing the operation indicated in Equation (54) results in

7 "e ^ (B e +  rga ̂ e 7"e
I di/z
—  Pe) -  7^e —aae

+ ( Te + Fg1 (he V  »e) F eT-' + Pp F-.' FpT-Ie e X- e X. e

-  7 , p # - )  : f
8C -

q e • V  9 P = 0 (55)

Since the perturbations are assumed arbitrary, the conditions that exist at equilibrium are 

q = 0

d\p
da

(56)

, d\pp = 7„(g + )
bv

vr
T = —  [yv —— -  pi' F '1 F r "1 -  F -1 (h V  v) F t ' 1 ] 

where the subscript e has been dropped.

ikThis is, however, not a sufficient condition for a minimum to exist. A zero slope in 
the surface of the functional <I> could indicate a minimum, a maximum, or a saddle point. 
To check for these possibilities, higher order derivatives would have to be evaluated. It will 
be assumed that Equation (54) does indeed indicate a minimum.
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The implications of the expression in Equation (56) are fairly straightforward. First, 

it can be noted that there is no heat flux at equilibrium which can obviously be attributed 

to the fact that there are no temperature gradients. Also, there is the somewhat surprising 

result that the free energy at equilibrium is not a function of the internal state variables. 

This indicates that a change in any of the internal state variable represents some form of 

non-recoverable energy under isothermal conditions. Another result of equilibrium is that 

an expression for the Lagrange multiplier used in the section entitled General Constitutive 

Assumptions has been derived. Finally, an expression for the stress necessary to maintain 

equilibrium is found. This stress is a function of the strain energy in the system (as indi

cated by the term di///dE), a hydrostatic pressure (as denoted by p), and the gradient of 

the volume distribution function (as expressed by (h V  v)).

The quantity pis a hydrostatic stress state at equilibrium. This is intuitively appealing 

since during sintering, a granular material tends to density and therefore contract. To 

maintain equilibrium (i.e., no motion), some form of stress state must be applied. This 

stress (in the absence of strain energy and gradients in the volume distribution function) is 

determined by p which is in turn dependent upon the microstructure as follows. At equilib

rium, the stress in the material depends on two quantities: the intrinsic equilibrated body 

force, g, and the free energy, \p. As indicated in the section entitled Balance Equations, 

the intrinsic equilibrated body force is related to the geometry and the material properties 

of the matrix. For the purpose of this paper, it is assumed to be due to surface tension 

effects. The other component of the equilibrium stress is due to the free energy and the 

volume distribution function. A granular material has an excess of energy due to the abun

dance of free surface in the system. The component of stress attributable to this term may 

represent the attempt by the material to lower its energy state by minimizing its surface

area.



25

These two components might not represent all the important factors. However, it is 

assumed that these are the dominant ones. A more detailed explanation of these two 

components of the equilibrium stress and the derivation, of explicit forms for their appli

cation will be carried out in the next section.
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CHAPTER 3 

APPLICATIONS

This chapter applies the theory developed in the previous chapter to copper and snow. 

Explicit constitutive equations are derived for the equilibrium stress in terms of the thermo

dynamics and microstructure of the material.

Explicit Constitutive Equations

In order to apply this theory of granular materials to specific situations, explicit forms 

for the constitutive equations are required. It is the purpose of this section to develop these 

forms with the intent of describing the sintering phenomenon. To accomplish this, an 

expression for the equilibrium stress is formulated in terms of the microstructure and a 

stress-strain relationship is postulated to describe the behavior of materials that undergo 

the sintering process:

As a first step, three simplications of the general theory will be made. First, it is 

assumed that the materials to be considered do not have any spatial variations in the 

volume distribution function. This implies that the last term in tire expression for the 

equilibrium stress in Equation (56) is zero and hence this term is not considered in any 

future equations. Second, only isothermal conditions are considered. Finally, even though 

the expression for the stress in Equation (56) is correct if large deformations occur, the 

resulting differential equations are non-linear and hence difficult to treat analytically. To 

alleviate this problem, small strain approximations are used. In this case, the second Piola- 

Kirchhoff stress tensor, T , is approximately the Cauchy stress tensor, t ; the Lagrangian 

strain tensor, E , is approximately the Eulerian (small) strain tensor, e ; the deformation
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gradient, F , is approximately the identity tensor, I ; and is approximately u. These 

simplifications result in the following linearized form of Equation (56): 

d\p di/z
t = 7^ ------JV2 (g + —  ) I (57)
~  a e dv ~

The first constitutive equations considered are the stress-strain equations. In reality, 

such equations would undoubtedly be non-linear and would have to reflect many types of 

deformation mechanisms-elastic, viscous, and plastic [ 19,20,21,22]. However, it is 

assumed that a linear, viscoelastic model gives an adequate first approximation to the stress- 

strain relationship. The following equations are assumed:

tr t + A i t r t  = tr e + pA 3 tr e -  30

V + A4 V -  pA 6 l + l  (58)

The tr £  is the first invariant of the given tensor ( t ^  in index notation) and the primes 

denote the deviatoric components of the given tensor (tjj- = tjj -  1/3 1 ^ 5 ^  in index 

notation).

The above equations warrant some discussion. To begin with, it should be noted that, 

in general, the material coefficients could be functions of any or all of the variables listed 

in Equation (39). Here, however, they are considered constants. The inclusion of the factor 

p on the right side of the equations reflects the idea that given the same stress state, a por

ous material with a lower density will probably strain more and at a higher rate than a 

material with a higher density. The above equations are simple forms which reflect the 

density dependence of the strain and strain rate. The first of Equations (58) describes the 

volumetric response of the material. It has the form of a three-parameter solid and indicates 

that the material will not compress or expand indefinitely under a given stress state. The 

second of Equations (58) describes the deviatoric, or shape-changing, behavior of the 

material. A two parameter fluid is chosen since, for instance, snow can be made to flow
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indefinitely under the influence of a shear stress. Finally, the terms 35 and k are included 

to make Equations (58) compatible with the equilibrium conditions. Explicit forms for 

these two additional terms are derived later in this section.

It should be noted that the basis for Equations (58) is empirical and not theoretical. 

No attempt was made to find an optimal stress-strain relationship. Although the equations 

represent some of the known response of a porous material, they obviously do not take 

into account all of the responses.

In order to find complete forms for Equations (57) and (58), constitutive equations 

must be postulated for the free energy, and the intrinsic equilibrated body force, g. 

Since these two quantities provide the driving force for the sintering process, they must be
I

related in some manner to the surface tension. Therefore, as a preliminary step, it is 

instructive to discuss the concepts of surface tension and, conjointly, surface energy.

Surface energy is defined as the amount of energy required to increase the surface of 

a material by one unit of area. It has dimensions of energy per unit area and will be denoted 

by a. Surface tension is the force which resists stretching of the surface: it has dimensions 

of force per unit length and will be denoted by 0. The following argument which relates 

the two was given by Shuttleworth [23]. Consider a planar element of the surface of some 

material as shown in Figure I. Assume a deformation of the surface element caused by 

forces opposing the surface tension in the element. The work done by these forces is equal 

to the increase in energy due to the increase in surface area:

0i dAj + 02 dA2 = d (Au) (59)

If the surface is anisotropic, 0 1 and 02 will depend upon the orientation of the surface. 

However, in a fluid which is isotropic or a solid at elevated temperatures (hear the melting 

point) where the atomic mobility is high, this effect can be neglected and 0% will be equal 

to 02. In this case, Equation (59) will reduce to
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I *

-------1

Figure I. Diagram of the deformation of a surface, 

do
0 ~ " + A dA (60)

To simplify this even further, it can be noted that since it has been assumed that the atomic 

mobility is high, the surface density of atoms will remain essentially constant during the 

deformation. Hence, the change in surface energy with respect to the change in surface 

area will be zero. Therefore, under these conditions, the surface energy and the surface 

tension can be considered equivalent quantities. During sintering, it is assumed that the 

above conditions are approximately satisfied and, hence, the common value of the surface 

energy and the surface tension will be denoted by a throughout the remainder of this work.

It is now possible to derive explicit forms for the free energy and the intrinsic equili

brated body force. Consider first the intrinsic equilibrated body force. As was noted in the 

section entitled Balance Equations, this term depends upon the geometry of the micro

structure and the material properties of the matrix material. Also, in the derivation of the 

equilibrium stress, it was found that the constitutive equation for the intrinsic equilibrated 

body force could include quantities associated with the internal state vector. For the pur
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pose of this work, it is assumed that the pertinent quantities are the mean curvature of the 

void-solid interface and the surface tension. The importance of these quantities was indi

cated in the work done by Gregg [19] and the explicit dependence can be derived as 

follows.

Consider a square, curved surface as shown in Figure 2. The discussion at the begin

ning of this section shows that the surface tension in a flat surface of zero curvature can be 

balanced by applying a force parallel to the surface at its periphery. However, for a curved 

surface, a pressure normal to the surface must be imposed in order to counteract the effect 

of surface tension. As shown in Figure 2, the components of the force due to the surface 

tension acting perpendicular to the surface normal are self-equilibrating. However, parallel 

to the surface normal, the surface tension produces a net force. If 6 is small, then sin 9/2 = 

0/2 and the net force (relative to one of the principle radii of curvature) is as2 /r. The total 

force acting upon the surface is

as2
ii

+
as2
r2

as2 H (61)

where H is two times the mean curvature of the surface at the point in question. To main

tain equilibrium, a force is required which arises from a pressure differential which exists 

across the interface. If this differential is denoted by AP, the force is APs2 and

AP = CTH (62)

At this point, a little care must be exercised in order to translate the above into a 

form compatible with this theory. The main point to be considered is the use of the cor

rect sign. The sign- convention that will be used is as follows. If the radii of curvature 

extend into the solid, then the surface will be considered convex and the curvature will be 

positive (H >  0), Alternatively, if the radii of curvature extend into the void, then the 

surface will be considered concave and the curvature will be negative (H < 0).
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Figure 2. Resolution of surface tension into a pressure differential acting across a curved 
surface.
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Now consider the effect of the pressure differential on the sign of the curvature. For 

a convex surface to exist, a negative pressure (tension) must be maintained in the region 

external to the solid matrix. Similarly, a positive pressure (compression) must be main

tained in order to induce a negative curvature. Therefore, if the externally applied pressure 

is measured with respect to some reference pressure in the matrix material, the pressure 

must have the opposite sign to that of the curvature. Thus, the correct form of Equation 

(62) is

P = - ctH (63)

where the.A has been dropped.

The above is the pressure which is associated with the intrinsic equilibrated body 

force. Since the material is considered continuous, each point in the material has a curva

ture associated with it and hence must have some applied stress acting at that point in 

order to maintain the given curvature. Comparison of Equation (63) with the term in 

Equation (57) associated with the intrinsic equilibrated body force shows that an equiva

lence is established if 

I
g = ------T a H - (64)yv-

The above will be taken as the constitutive equation for the intrinsic equilibrated body 

force.

To complete the formulation of the stress-strain equation, a constitutive equation for 

the free energy must be postulated. The form that will be used is (see [24], pg. 271)

jv\p = v[Ci tr  (^ <0 + -  C2 (tr e )2 + a Sy] (65)

where jv\p gives the energy per unit volume and Sy is the specific surface area of the mater

ial in units of area per unit volume. The first two terms on the right side of the equality 

give the free energy of a linear, isotropic, elastic material. To account for the increase in
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energy due to the excess of free surface in the material, the third term on the right is 

added. The coefficient v on the right side renders this equation consistent with the postu

lated forms for Equations (58).

The evaluation of the two added terms in Equations (58) can how be accomplished. 

In order to do this, the equilibrium stress given by Equation (57) must be evaluated using 

the constitutive equations for the free energy and the intrinsic equilibrated body force. 

The equilibrium stress involves the following two quantities: b\jj/dv and 91///9 e . In calcu

lating these two quantities, it must be remembered that the volume distribution function 

and the deformation are not independent due to the kinematic constraint imposed by the 

assumption of incompressible granules. This constraint gives a relationship between v and ̂  

which can be derived by rewriting Equation (21) as

d , _ d ( tr e )  
dt dt

Solving this differential equation and assuming that v = V0 when £  = 0 yields 

v = Vq exp (- tr £ )

Using the above, the following expressions are obtained for the required derivatives:

9 / 1  9 S y
—  = -  [IC1 e + C2 (tr e ) I -  av —— I ]
de y ~  ~ ~ ov ~

(66) .

(67)

(68)

and

px i I I O O y

—  = — — (2Ci + 3C2) tr 6 + o —— ]
bv y v ~ ov

(69)

Substituting Equations (68) and (69) into Equation (57) results in the following expression 

for the stress at equilibrium:
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a s v
t = t'(2C1 ) e + p (2C, + 4C2 ) (tr e ) I -  yp2 g I -  2v2 a -----I (70)

The final forms for Equations (58) can now be obtained. If the equilibrium forms for 

Equations (58) are used in conjunction with Equation (70), the two forms will be equiva

lent if

> Il SC, + 12C2 ,

e  = 2P i + P2 , (71)

K  = pA s e '

where

a Sv
P i  =  V 2 a  — —  , 

dp

P2 = 7P2g = -  a H , (72)

A5 = 2C,

Thus, the final forms for the stress-strain equations are

tr t + A1 tr t = vA 2 tr e + pA3 tr e -  3(2pi + p2)

t ' + A4 t ' = PA, e' + pA(, e ' (73)

Equations (73) illustrate the driving mechanism for the densification of a sintering 

material. Even with zero strain, a non-zero stress is required to prohibit spontaneous strain

ing of the material. This stress is directly related to the microstructure by the term 3(2p, + 

p2). If no external stress is applied to counteract the effect of this last term, the material 

will have non-zero strains and strain rates. Thus, the microstructure of the porous material 

promotes, in some fashion, the densification of a sintering material.

It should be noted that the derivatoric part of Equations (73) has lost its fluid charac

ter and now has the form of a three parameter solid. This is a result of using a form for the 

free energy which is indicative of a solid. Even though this contradicts the experimental
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evidence of snow flowing continually under a sustained.shear stress. Equations (73) will be 
!

used in the following sections to apply this theory to specific situations.

An Application to Copper

In this section, the theory is applied to sintered copper. To do so, it is necessary to 

have quantitative data on the microstructure of porous copperas well as data on the stresses 

induced in the material during sintering. Suitable data were collected by Gregg [ 19]. The 

following is a brief description of Gregg’s test procedure.

Gregg began with copper powders having spherical grains of three different diameters: 

12 pm, 30 pm, and 48 pm. The powder was placed in a cylindrical mold and presintered 

for a short time in order to provide cohesion between the particles. The presintered speci

men was then introduced into a load column which would place the material in uniaxial 

tension. A furnace surrounded the specimen in order to provide the temperatures necessary 

to promote sintering (950°C to 1050°C). Initially, an axial load sufficient to produce 

extensipnal creep was applied to the specimen. After this initial load was applied, the load 

was continually adjusted by the amount necessary to insure no further extension or con

traction of the specimen occurred in the axial direction. As a result of this procedure, the 

axial force relaxed for some time after which it began to grow due to the influence of the 

stresses induced by the microstructure in the material. At this point, the test was termi

nated. The axial force was recorded and the specimen was removed from the furnace to 

preserve the internal state of the material. The relative density was determined and the 

microstructural properties (the mean curvature of the interface and The specific surface 

area) were evaluated using the methods of quantitative microscopy [25]. This procedure 

was repeated for each of the initial particle sizes and for various initial densities. The three 

tests covered a range of relative densities from about 0.65 to about 0.95.
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In order to apply the proposed theory to the results obtained by Gregg, three things 

must be considered. First, the microstmctural data must be put in a form which can be 

used in determining a value for the equilibrium stress (Equations (71 and (72)). Second, 

the material coefficients in Equations (73) must be'evaluated in order to get numerical 

results which can be compared to the actual data. Finally, solutions for Equations (73) 

must be found which will approximate the test conditions.

The microstmctural data are used in the two terms which represent the equilibrium 

stress in the material. The intrinsic equilibrated body force-is related to the mean curvature 

of the interface by the second of Equations (72). Since the mean curvature is reported by 

Gregg for the various densities a direct substitution is all that is required. The term associ

ated with the free energy is given by the first of Equations (72). To evaluate this term, the 

change in the specific surface area with respect to a change in the volume distribution func- 

tion (the relative density) must be known. As indicated by Gregg’s data, the dependence 

of the specific surface area upon the relative density is approximately linear for each parti

cle size; hence, the quantity dSw/dv is constant. The numerical values for the mean curva

ture and BSvIdu are given in Tables 1,2, and 3 for the three different particles sizes. A 

value of 1.65 Pa-m* was used for the surface tension for copper.

The determination of the material coefficients presents some difficulty. Ideally, these 

quantities should be obtained from an independent investigation into the stress-strain rela

tionship for porous copper at elevated temperatures. However, such an investigation under 

the prescribed conditions would include the effects of the stresses due to the microstruc- 

tural components of the porous material. Unless these effects are accounted for, they 

would be absorbed into the determination of the material coefficients and hence make 

these coefficients inapplicable to the present situation. To circumvent this problem, the

* There is some discrepancy in the reported values for the surface tension of copper. This 
value is given by Udin [26].
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Table I. Data and Results for 48 /am Copper Particles.

Volume
Fraction

H
(XlO4 m"1)

Sv
(X  IO4 m"1)

Actual 
Stress 

(X IO4 Pa)

Calculated 
Stress 

(X IO4 Pa)

0.658 -4.660 4.58 1.724 1.724

0.667 -2.720 5.20 1.926 1.930

0.733 -6.420 4.60 2.529 2.524

0.770 -9.460 3.62 2.771 2.760

0.783 -10.10 3.56 2.463 2.455

0.799 -10.11 3.30 2.150 2.147

0.843 - 1 1.89 2.50 2.868 2.858

0.848 -12.30 2.35 3.951 3.929

0.863 -12.97 2.18 4.023 4.000

0.913 -14.68 1.37 6.235 6.190

aSy/ap = -1.432 X IO5 m""1
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Table 2. Data and Results for 30 ^ni Copper Particles.

Volume
Fraction

H
(X IO4 m '1 )

Sv
(X IO4 n r 1)

Actual 
Stress 

(X IO4 Pa)

Calculated 
Stress 

(XIO4 Pa)

0.723 -16.71 9.40 5.049 5.051

0.748 -16.31 8.60 4.158 4.177

0.775 -26.43 6.64 6.006 5 989

0.778 -17.26 8.30 6.629 6.628

0.821 -27.63 6.14 6.972 6.955

0.885 -23.73 3.66 6.714 6.729

0.893 -31.30 3.22 7.713 7.702

0.904 -24.13 3.14 8.194 8.199

0.915 -41.48 2.30 8.854 8.814

0.919 -55.07 1.36 9.925 9.841

0.934 -45.82 1.64 10.16 10.10

0.938 -34.16 1.26 9.810 9.785

9SvZdt- = -3.786 X 10s m"1
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Table 3. Data and Results for I2 /Jin Copper Particles.

Volume
Fraction

H
(XlO4 n r 1)

Sv
(X IO4 m"1 )

Actual 
Stress 

(X IO4 Pa)

Calculated 
Stress 

(X IO4 Pa)
0.688 -9.05 17.78 5.935 5.989

0.735 -25.42 16.24 8.848 8.852

0.796 -34.73 11.20 10.93 10.92

0.810 -32.41 12.10 11.49 11.48

0.857 -3134 7.44 12.84 12.84

0.873 -40.08 7.40 12.78 12.77

0.912 -39.57 4.70 15.39 15.38

0.917 -37.26 4.30 16.12 16.11

0.951 -75.76 2.14 16.83 16.73

0.959 -42.49 2.10 19.00 18.97

0.969 -47.90 1.22 18.23 18.20

aSy/ap = -6.105 x IO5 nr1
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coefficients were determined by using a least squares fit to Gregg’s data for the 30 /xm 

particles, The numerical values for the coefficients were then used to predict the results of 

the tests on the 12 pm and 48 pm particles.

As indicated above, a solution must be found before a least squares fit can be applied 

to the data for the 30 pm particles. Two major problems arise. The first is that Equations 

(73) will be solved in terms of the independent variable time and no quantitative reference 

to time is given by Gregg. All of the data is presented in terms of density. Hence a suitable 

time at which to evaluate the time-dependent stress must be found. Another problem is 

that Gregg never precisely elaborates as to what the actual loading history was up to the 

point at which the axial load was measured. Since sufficient data concerning the loading 

history is not available, it is difficult to devise a solution which accurately reflects the test 

conditions. Therefore, the results of Gregg’s tests will be analyzed using the following 

solution.

Initially, an axial load of one and a half times the reported axial stress is applied to an 

unstressed, unstrained specimeh. The ends of the specimen are then fixed so that no addi

tional axial strain occurs beyond the initial elastic response of the material. The values for 

the equilibrium stress are assumed to be those values determined by the final relative dens

ity and are further assumed to be constant throughout the duration of the test. This results 

in time-dependent expressions for the axial stress and the radial and tangential strains. 

Since times are not reported by Gregg, a time must be determined which reflects the tran

sition from a state in which the axial stress is relaxing to a state in which the axial stress is 

increasing due to stresses induced by sintering. This indicates that the appropriate time at 

which to measure the stress is the point at which the stress rate is zero. The stress evalu

ated at this time is then compared to the stress measured by Gregg. The specifics of this 

derivation and the appropriate solutions are given in Appendix A.
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Using the solution obtained by the above procedure, a least squares fit* to Gregg’s 

data for the 30 pm particles resulted in the following numerical values for the material 

coefficients:

Aj = 6.071 • IO6 sec

A2 = 6.551-IO6 Pa

A3 = 1.595-IO11 Pa-sec (74)

A4 = 4.957- IO3 sec

A5 = 9.926-103 Pa

A6 = 9.956-IO7 Pa-sec

The above material coefficients were used to produce the results in Tables I, 2, and 3.

Some remarks regarding the numerical solution which lead to Equations (74) are 

appropriate. The algorithm to find the values for the constants takes an initial guess and 

iterates towards a set of values where the sum of the squares of the residuals is a minimum. 

As a result of this iterative process, the solution seems to be very sensitive to the. initial 

guess. In many cases, the step size used puts the constants into a domain from which a 

run-time error occurs either due to an overflow condition or due to a set of constants 

which result in a square root being taken of a negative number (see Equations (A. 12) in 

Appendix A). In other cases, since the algorithm is designed to find a local minimum from 

a given initial guess, a solution is obtained which is physically unreasonable. An unreasona

ble solution would be one where either some of the material coefficients are negative or 

the values were such that the small strain assumptions were violated. The particular solu

tion given in Equations (74) represents the most physically reasonable set of values 

obtained.

* International Math and Statistics Library (IMSL) routines were used to produce the coef
ficients necessary to fit the data and to find the times at which the stress rates were zero. 
The routine which found the coefficients minimized the sum of the squares of the residuals 
using a Levenberg-Marquardt algorithm [27],. The routine used to find the times at which 
the stress rate was zero used the Brent algorithm [28].
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In terms of the computed stresses, the results given in Tables I, 2, and 3 are remarka

bly accurate. This accuracy is even more striking in the light of the fact that Gregg never 

actually measures the axial stress on the specimen! Gregg measured the force at a given 

relative density and estimated the area with respect to relative density. Hence, what are 

termed the actual stresses in Tables I, 2, and 3 are inferred from Gregg’s data. Further

more, the insufficient data on the loading history must raise some question as to the valid

ity of the solution used to approximate the test conditions. Nonetheless, the accuracy of 

the theoretical solutions leads to the following conclusions.

The most important result is that the theory of granular materials can be successfully 

applied to the sintering phenomena. Specifically, the physics used in deriving the constitu

tive equations for the intrinsic equilibrated body force and the free energy (Equations (64) 

and (65)) seem to be essentially correct. Other factors related to the internal state vector 

(Equation (39)) such as particle size may have some influence upon sintering; however, 

the results indicate that such terms may be of secondary importance. Another conclusion 

which may be drawn is that the stress-strain relationships given in Equations (73) are 

valid approximations to the material response of a porous material subjected to this range 

of stress and stress rates. Also, these equations seem to be relatively insensitive to tempera

ture since Gregg’s data was taken at temperatures from 950°C to 1050°C. Finally, it 

appears as though the solution used to approximate Gregg’s test conditions is valid.

An Application to Snow

In the previous section, the stresses induced, 'in pbrops cbpper as it sintered could be 

directly calculated since the values for the microstmctural parameters were, known. In 

applying this theory to snow, the evaluation of ,these; stresses cannot be done since the 

necessary microstmctural data were, not obtained;. Therefore, an indirect approach was 

taken by assuming that stresses due to the microstructure do-exist and. then determiningv,r
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the magnitude of these stresses by fitting the theory to a given set of data. The data used 

was obtained by Brown, Lang, and St. Lawrence [29].

As a starting point, consider the effect of loading a snow sample. Since the stresses 

induced by the microstructure tend to density the material, it would seem to require a 

smaller magnitude of compression to achieve a given deformation than would be required 

in tension to achieve the samd (although opposite) deformation. To test this hypothesis, 

a single sample should be alternatively tested in tension and compression. This was not 

done in [29]. Separate samples were tested in either compression or tension but not both. 

The effect of the stresses due to the sintering process could be accounted for in any single 

test by appropriate adjustment of the material coefficients. It was therefore deemed neces

sary to consider several tension and compression tests in order to alleviate this problem. 

Since the tests in [29] were done on different samples, a variability in the stresses due to 

the microstructure was undoubtedly present. However, since the objective was to obtain 

an estimate of these stresses (specifically, the quantity 0 in Equations (71)), the scatter in 

the actual values between samples should result in an. approximate value representative of 

all samples.

In order to analyze the material response of the snow, the same constitutive equations 

that were used for copper (Equations (73)) were used in this case. The solution was derived 

by assuming an axial load was applied to an initially unstressed, unstrained specimen. The 

axial load remained constant throughout the duration of the test and the time dependent 

axial and lateral strains are solved for. Since the data in [29] presents the strains as func

tions of time, a least squares fit can be used to match the measured and calculated strains. 

The specific functional forms used to fit the data are derived in Appendix B.

The least squares fit to the data gives the following numerical values for the material 

coefficients and the equilibrium stress:



A, = 5.088- IO3 sec

A2 = 2.238-IO6 Pa

A3 = 9.408- IO10 Pa-sec

A4 = 1.244- IO3 sec (75)

A5 = 9.814-10s Pa

A6 = 2.672- IO10 Pa-sec

9 = -  5.641-IO2 Pa

The results are presented graphically in Figures 3 through 18*. In these figures, the volu

metric strain, ey, is the quantity

ev = ea + 2eL (76)

where the ea denotes the axial strain and eL denotes the lateral strain. Similarly, the devia- 

toric strain, e^, is the quantity

ed = ea -  eL (77)

It is possible to make some observations regarding the results shown in Figures 3 

through 18. First, it is apparent that the calculated results are sometimes quantitatively 

quite different than the actual results. This can be partially attributed to the fact that, 

owing to the use of different samples with different internal structure, the equilibrium 

stress most likely varied from test to test. The result of this variation would be to raise or 

lower the calculated curves for the volumetric strain by some amount (this variation would 

not affect the deviatoric results). However, qualitatively, the actual and calculated curves 

appear to have approximately the same shape. This indicates that the postulated stress- 

strain relationships (Equations (73)), while not being exactly correct, seem to be a reasona

ble approximation to the mechanical behavior of snow.

4 4

*The test identification numbers are those used in [29].
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Figure 13. C reep com p ressio n  test CC -  I -  3 - 0 4 -  1 5 - 7 3  -  10; v o lu m etr ic  strain.
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The value for the equilibrium stress, 9, seems to be a reasonable quantity. It suggests 

that snow in the density range considered would require a hydrostatic tension of about 

600 Pa (about 0.1 psi) to maintain equilibrium in an unstrained sample. This value is 

neither excessively high nor so small as to make it insignificant with respect to the stresses 

found in a normal snowpack. As an example, preliminary estimates of the fracture strength 

of in situ snow puts this value at about 10% of the maximum breaking strength of small 

samples. The actual value for the equilibrium stress will vary with the values for the micro- 

structural parameters; however, it may be a factor which should be considered in dealing

with stress computations for snow.

An interesting question which arises from the idea of the equilibrium stress is that if it 

does induce a tension in the snowpack, how deep into the snowpack does this tension per

sist before the compressive effects of the overburden pressure cancel it? One way of con

sidering this is to assume some sort of loading history to simulate .the effects of the accum-
'' -7 '

. "  ■' .'-V1''.- .YV.,V -A. ' ' •' .
ulation of new snow on an old layer which is 'constraitieti so tllat ho transverse strains are

allowed. Another way to consider this is to use an,elastic;’approximation to the problem by 

determining the amount of normal stress required, to negate transverse strains assuming a 

transverse stress equal to the equilibrium stress. These two problems are considered below.

First, assume an unstressed, unstrained layer laying on the surface of a horizontal 

plane. Prescribe a constant loading rate of -?• ICT3 Pa/sec., This rate is equivalent to snow 

with a density of 200 kg/m3 falling at a rate of 1.25 cm/hr. The original layeris constrained 

so that no transverse strains are allowed. The problem is solved to find the time at which 

the transverse stress changes from tension to compression. This time is used to calculate 

the depth of snow overlying the original layer. Solution of this problem yields the result 

that this layer will be about 60 cm below the surface when it is in a state of zero transverse 

stress. Above this point, the material is in tension; below this point, it is in compression.
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The second problem is solved using the equations for a linear isotropic, elastic solid. If 

a transverse stress is applied which is equivalent to equilibrium stress, a normal stress is 

required to maintain zero transverse strain. Solving the elastic equations for this case results 

in the following relationship between the normal and transverse stresses:

where v is Poisson’s ratio, az is the required normal stress, and ax is a positive quantity 

(tensile stress) equal in magnitude to the equilibrium stress. If a representative value for 

Poisson’s ratio of 0.2 is used and it is assumed that the normal stress is provided by snow 

with a density of 200 kg/m3, Equation (78) requires a depth of about one meter of snow 

in order to obtain the required conditions. •

The two preceding solutions must be regarded as qualitative approximations to the 

portion of the snowpack which is under tension. Neither solution reflects the dynamic 

nature of the snowpack. Variables such as temperature gradients, slope inclination, strati

fication of the snowpack structure, and a constantly changing microstructure as sintering 

proceeds must be considered in order to more precisely define the problem. However, the 

above results indicate that at least some of the upper layers of the snowpack are in a state 

of tension. This fact should be used to modify any stress analyses done on snow.
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CHAPTER 4

DISCUSSION AND CONCLUSIONS

The results of the previous chapter indicate that a continuum theory of granular 

materials may be a valuable aid in describing the sintering kinetics of porous materials. The 

theory allows the forces which cause sintering to be described in terms of the thermody

namics of the interface which separate the void from the solid matrix. These forces are 

directly associated with particular features of the microstructure; namely, the average cur

vature of the void-solid interface and the specific surface area of the material. Stresses 

induced by these forces promote mechanical deformation of the solid matrix which, in 

turn, results in densification of the material.

An application of this theory to the data presented by Gregg [19] gave highly accu

rate results. This indicates two things. First, the relationships between the thermodynamics 

of the microstructure and the stresses induced in the material must be essentially correct. 

Second, the constitutive equations used to describe the mechanical response of the mater

ial are adequate approximations for the stress levels considered. However, further testing 

should be done in order to produce additional verification of the theory. The testing may 

be carried out in the following manner.

Standard creep and relaxation tests could be performed on the material as it sinters. 

Accurate strain measurements must be taken throughout the test in order to determine the 

precise time-dependence of these strains. These measurements could be obtained optically. 

Use of these strain measurements would result in more accurate values for the stresses than 

could be inferred from Gregg’s data. This procedure would result in a more precisely defined 

problem which could be analyzed in terms of this theory.
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In addition to more accurate measurements of the stresses and strains induced during 

sintering, values for the microstruclural parameters must be known for the various densi

ties. These quantities are not measurable during the course of the test. However, as Gregg 

noted, the application of external stresses in the range he considered did not significantly 

alter the values of mean curvature or specific surface area. Therefore, a series of uncon

strained sintering tests could be conducted and the microstructural parameters could be 

measured for various densities throughout a given range. This would provide the values 

necessary to evaluate the equilibrium stress. These values could then be used in conjunc

tion with a creep or relaxation test to fully define the problem.

The results obtained, by applying this theory to the tests done on snow were less accu

rate than the results on copper. Several factors may explain this discrepancy. The most 

apparent difference between single tests done on snow was the lack of control over the 

microstructure of each specimen. The specimens were taken from a natural snowpack and 

stored in a cold room for various times before being tested. Different storage times resulted 

in different microstructural properties which thereby changes the value of the equilibrium 

stress from sample to sample. In addition to this dissimilarity between samples, each sam

ple probably had some degree of inhomogeneity due to the inherent layering of a snow- 

pack as it is deposited upon the ground. Both of these factors would have an effect on the 

mechanical response of snow. Nonetheless, the results show that the equilibrium stress is 

an intrinsic property of snow as it sinters.

More involved testing procedures are required in order to apply the proposed theory 

to snow. Microstructural (lata must, be obtained so that the equilibrium stress can be evalu

ated and the effect of inhomogeneities within the structure of snow should be studied. A 

more thorough study of the stress-strain relationships should be carried out and the con

stitutive equations for the mechanical response of snow might be generalized in order to 

include the effect of things such as particle shape and connectivity of the solid matrix; if
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necessary. The information gained from expanded research into these aspects of snow 

could lead to a better understanding of the processes which occur in a natural snowpack. If 

these processes are better understood, phenomena associated with snow (such as avalan

ches) might be more accurately predicted or controlled.

One aspect of this theory which was not considered in this thesis was the effect of 

spatial variations in the volume distribution function. Such variations are the source of 

the quantity termed the equilibrated stress vector. As indicated in the section entitled 

Balance Equations, such a quantity results in a center of compression or dilatation. Al

though an explicit constitutive equation for this quantity was not derived, it may be 

important in nonhomogeneous materials such as a natural snowpack. Its importance may 

be suggested by the following discussion.

Figure 19 shows a section of snow through which a skier had passed. The darker por

tions of the picture indicate a higher relative density due to the mechanical packing of the 

snow by the skier’s weight. Adjacent to these dense regions are regions with a density even 

lower than the surrounding material. Some of these regions are hollows formed by drifting 

snow overlaying the ski tracks. However, most of these low density regions seems to be 

formed in the continuous medium directly adjoining the high density regions (see, for 

instance, the area labelled A in Figure 19). Close visual examination of the surface which 

was photographed indicated that the dense region may have contracted faster and pulled 

away from the unpacked region. If this is indeed the case, it may be argued that small 

anomalies in a natural snowpack may be enhanced by such a process. Although the above 

is speculative, investigation into this phenomena may produce some interesting results.

One other thing worth investigating may be the time-dependence of the micro struc

tural parameters used in this theory. It may be possible to use theories about the mecha

nism of material transport during sintering [3,4] to develop an evolution equation for the 

average curvature of the void-solid interface. Likewise, the geometrical evolution of a sin-
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Figure 19. Cross-section of snowpack containing skier tracks.

tering material [ I ] may indicate how the specific surface area varies with time. If evolu

tion equations could be formulated for these microstructural parameters, the entire history 

of a sinter body could be given in terms of certain initial conditions. Although formulation 

of such evolution equations would be a formidable task, it may be worth considering in 

future investigations into the sintering phenomena.

Based upon the results of this study, several conclusions can be drawn:

I. The continuum theory of granular materials provides a viable approach with 

which to describe the forces which promote the sintering of a porous material. 

These forces are a result of the thermodynamics of the free surface associated

with a porous material.
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2. The equHibrium stress in a sinter body is derived in terms of certain microstruc- 

tural parameters. Specifically, this stress is given in terms of the surface tension 

acting upon the curved surfaces of the porous material and also in terms of the 

excess energy associated with the abundance of free surfaces contained within 

the material.

3. The stresses induced in copper as it sinters are described very well in terms of the 

proposed theory.

4. An approximate value for the equilibrium stress in natural snow was found by 

fitting the proposed theory to creep compression and creep tension tests run on 

snow. The value of the equilibrium stress appears to be significant relative to the 

loads normally found in a snowpack.

5. The existence of an equilibrium stress in snow suggests that the upper portions of 

a snowpack have a tension induced in them by the process of sintering. This ten

sion would be in addition to any stresses generated by gravity.
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APPENDIX A

The solution to the copper sintering problem can be derived as follows. First, since 

the problem consists of a unaxial stress test on a cylindrical specimen, symmetry argu

ments require that all shear terms in the stress and strain tensors be zero. The nonzero 

stress and strain components will be denoted as follows (cylindrical coordinates are used):

tIT = t I Crr = du/dr

IlCO e00 = u/r (A. I)

Il fT) S Il 3

where u is the radial displacement.

Now consider the constitutive equations:

tr t + A, tr "t = yA2 tr e + ^A3 tr e -  3d

V + A4 t '  = f A5 e ' + r A6 e' (A.2)

Equations (A l) and (A.2) result in a system of partial differential equations. Assuming the 

solution is separable, the Laplace Transfonn can be used to separate out the time depen

dence so that the spatial dependence can be solved for. The resulting equations can then be 

inverted to reintroduce the time-dependence.

Before taking the transforms of Equations (A.2), it should be noted that there are 

four unknowns: the three normal stresses and the radial displacement (the axial strain can 

be evaluated and is assumed constant throughout the test). Equations (A.2) represent three 

independent equations since of the three equations represented by the second of Equations 

(A. 2), only two are independent. The fourth equation necessary for a complete set is the 

only non-trivial equation of motion (neglecting accelerations and body forces):
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at, /Br + I  (t, - t , )  = O (A.3)

In order to take the transforms of Equations (A.2) and (A.3), the initial conditions on 

the stress and strain must be known. These conditions are the initial elastic deformation 

and can be derived by assuming that at time t = O', the material is in an unstressed, 

unstrained configuration. By applying some stress state (t °) at t = 0 and integrating Equa

tions (A.2) from t = 0 ' to t = O+ (assuming at most finite discontinuities in the stress, the 

strain, and 0 across this interval) results in the following relationships between the initial 

stress and strain:

A1 t r t °  = v A 3 tr e°

A4 V0 = i>A6 e'° (A.4)

The transforms of Equations (A.2) and (A.3) can now be evaluated. By using Equa

tions (A.4) and assuming u and 0 are constant for the duration of the test, the following 

system of equations is produced:

— — — — — w
ti + t2 + t3 = f, (d u/dr + u/r + — ) -  f2

s

— — — — — w2 t, -  t2 -  t3 — f3 (2 d u/dr -  u / r ----)
s

— — — —, — w°
2 t2 -  t , -  t3 = f3 (2 u/r -  au/3r -  )

s

I — -
d t, /dr + - ( t, -  t2) = 0 (A.5)

r

where the overbars indicate the transforms of the variables, s is the transform variable, w° 

is the initial axial strain which is assumed fixed, and



 ̂A 2 A3 S 

! + A 1S
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f,

U

U

s(l + Al s) 

^A5 + ^A6 s

(A.6)

I + A4 s

Manipulation of Equations (A.5) yields the following differential equation for u : 

92 u I d u  u
+ -

dr2 r 9r r 2 

The solution of the above yields 

I
u = C1 r + C3 -

(A.7)

(/1.8)

Since the displacement cannot be infinite at r =Cf C3 = 0. The constant C1 is determined 

by using the boundary condition that the lateral surface is traction free. This condition 

implies that t, and t2 are zero everywhere and that

f2 + (f3 -  f. )-
C1 (A.9)

2fj + f3

Using this expression for C1 results in the following expressions for the transforms of the 

radial displacement and the axial stress:

f2 + (f3 - f , )  —u s
7 2T + f,

f3 (Sf1 ------ f3)
s

(A. 10)

2f, + f3

The final forms for the radial displacement and the axial stress can now be deter

mined. Inverting Equations (A. 10) results in the following:
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u( r , t ) (X1C-xI t - X 2C - ^ t)
r (X1 - X 2)

+ ——-----  (C-xZt - B- x I t)
(X, - X 2 )

+ ------- —----------(X1 - X 2  +X 2 C- x It - X 1 C-x^t)
X1 X2 (X1 - X 2)

t 3 = (X1C- x I t - X 2C- x Zt )
(A I -  A2 )

+ — - —  (C-xZt - C- x I t)
X1 - X 2

X1 X2 (X1 - X 2)
( X 1 - X 2 + X 2C- x I t - X 1C- x Z t )

where

w ( A 1Aa - A 3 A 4 )

2A3A4 + A 1Aa

W0 ( A 6 + A 1A;  - A 2 -  A 2 A 4 ) + 

2 A 3 A4 + A 1 Aa 

39
w ( A 5 - A 2 ) +  —

3d A4

01

2 A 3 A4 + A 1 Aa 

S^w0A 3 A 6

Q,

Q2

2A 3  A 4  + A 1 Aa

SfW0  (A 2  Aa + A 3 A 5) - 30 A 6  

2A3  A 4  + A 1 A 6

SA 5  (fW°A2  - 0 )
2 A 3  A 4  + A 1 A 6

2A 3  + 2A2 A 4  + A 6  + A 1 A 5 

2A 3  A 4  + A 1 A 6

2 A 2 + A 5

2 A 3 A 4 + A 1 A 6

(A. I I )
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X 1
Qi + V Q / -  4Q,

(A. 12)

Q1 -  \ T Q / -  4Q,

Noting that at t = 0, t3 = t30, an expression for the initial axial strain can be derived:

W -  — V X ' /  '  (A.13)Sĵ A3A6

Equations (A.l I) give the radial displacement and the axial stress as functions of time. 

As was noted in the section entitled An Application to Copper, the time at which the stress 

is evaluated is the time at which the stress rate is zero. The equation used to find this time is

I
[0, (X22 C-x^ t - X 12 e-Xl t )

X1 -  X2

+  p2 ( X1 C- x Z - X 2 e - X Z )

+ 03 (e-XZ _ e -XZ)] (A. 14)
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APPENDIX B

The solution of the problem used to analyze the data for snow is found by finding the 

solution to a unaxial, stress-controlled test. Since the tests were performed on rectangular 

prisms cut from snow samples and no shears were introduced by the test procedure, the 

nonzero components of the stress and strain tensors can be denoted by

tXX= tI exx =

t yy= tZ eyy = e2 (B.l)

tZZ = tS eZZ = e3

The postulated constitutive equations are

tr£  + A i t r t  = vA 2 tr e + v \ 3 tr e -  3d

+ A4 V = cA; e' + M 6 e' (B.2)

In this test, an axial load (t30) was applied to an initially unstressed, unstrained speci

men. This load remained constant throughout the duration of the test and the lateral sur

faces were kept traction free. The lateral and axial strains were then measured as functions 

of time.

Using the equations of motion (neglecting accelerations and body forces) in conjunc

tion with the boundary conditions of traction free lateral surface, it can be shown that the 

stresses t, and t2 must be zero everywhere within the material. Also, the initial elastic 

response of the material to the applied load is given by Equations (A.4). These two results 

require the Laplace Transforms of Equations (B.2) to be of the following form:
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e, + e2 + e3 -  gi t30 + g2

2 e, -  c 2 -  e 3 -  gs I3'

2 e2 -  ei - C 3 - g 3 t3<

(BJ)

where

I + A, s 
s(^A2 + fA 3s)

30
s ( c A 2 +  ^ A 3 S) 

1 + A 4s

(B.4)

s f c A ;  + v A 6 s )

In the above, the overbars indicate the transforms of the given variables, s is the transform 

variable, and v and 0 have been assumed constant throughout the test.

Combining the last two of Equations (B J) yields

(B.5)

Thus, Equations (BJ)  can be reduced to the following two equations:

:v = e3 + 2 e, = g, t3° + g2

J - C 3 -  C| -  g3 t3' (B.6 )

where e v denotes the transform of the volumetric strain and denotes the transform of

the deviatoric strain. Inverting Equations (B.6) produces the following results:

t3° + 30 r , z A2I xi
cv -  -----------[ I -  exp (- ——)]
v ^A2 A3

+ exp (- ^ )
V Aj A3



ed -  exp (-
A51 
A 6

)]

+
I30A 4

i>A 6

/ A 51 exp (- ---- )
A 6
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(B.7)
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