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Abstract:

The belief that early concrete experiences in the construction of three-dimensional models in the study
of solid geometry would result in better understanding and improved final achievement led to this
investigation. An examination of the literature concerning the teaching of solid geometry revealed a
need for improved techniques of teaching to help overcome the difficulties of spatial visualization and
understanding often encountered by pupils studying solid geometry. No research had been done to
determine the value of the concentrated use of models at the beginning of the course; however, the use
of models, which was widely recommended, was in accord with generally accepted theories of learning
reported in the literature.

A 10-day introductory unit on model construction was designed and an investigation conducted in
which eight teachers and 219 pupils cooperated. In teaching their classes, the teachers of the
experimental groups used the introductory unit on the construction of the five regular solids and the
five stellated solids based upon the regular solids. The teachers of the control groups did not use
introductory exercises in model construction. Pupils of the experimental and control groups were tested
at the beginning of the course to measure initial space perception abilities and at the conclusion of the
course to measure final achievement in solid geometry. It was found that there was no statistically
significant difference in final achievement between pupils who studied solid geometry in the traditional
manner and pupils who completed an introductory unit consisting of the drawing of one-piece patterns,
the cutting, and the assembling of tagboard models of the five regular solids plus the stellated
polyhedra based upon these five solids prior to proceeding with the conventional study of the course.

The following conclusions concerning the teaching of solid geometry were made on the basis of the
review of literature and the findings of this study: (1) there is a need for improved teaching techniques
in the field of solid geometry; (2) learning theorists and educators are generally agreed that the use of
models in the study of solid geometry will improve learning in solid geometry; (3) the age of the high
school pupil and the mathematics courses taken prior to enrollment in high school solid geometry do
not affect final achievement in solid geometry; (4) there is little or no correlation between space
perception abilities and final achievement in solid geometry; (5) a reduction in time spent in formal
study of solid geometry does not affect final achievement in solid geometry; (6) the belief that final
achievement in solid geometry, as measured by conventional tests, is improved by the use of models
has no statistical justification; and (7) the use of models in developing spatial concepts does not affect
achievement on topics involving these spatial concepts.



THE EFFECT ON FINAL ACHIEVEMENT IN SOLID GEOMETRY OF AN
INTRODUCTORY UNIT BASED UPON DEVELOPING VISUALIZATION
AND UNDERSTANDING THROUGH THE USE OF MODELS

,b y

JOHN O. PICTON

A thesis submitted to the Graduwate Faculty in pdartial
fulfillment of the requirements for the degree

of

DOCTOR OF EDUCATION

Approved:

Head, Major Department

Chairman, Examining Committee

Dean, Graduate Division

MONTANA STATE COLLEGE
Bozeman, Montana

June, 1962



iii

ACKNOWLEDGMENT

The completion of a study of this kind depends upon the
assistance and cooperation of many pefsons. The investigator
wishes to thank the teachers who so graciously consented to
modify fheir teaching procedures to participate in the study.
He also wishes to thank the school administrators who permitted
the requested changes in their school programs.

The writer deeply appreciates the éuidance and sugges-
tions he received from faculty members during the course of the

study.

J.0.P.



Chapter

I.

IT.

iv

TABLE OF CONTENTS

INTRODUCTION v & v v o v o o o o o o o o w o o o o o o & wa
Statement of the Problem . . . . . . « . ¢ ¢« ¢ ¢ v ¢« ¢« o . .
Procedures .« v o = « 2 o o 6 o o o o s+ & o o o o « . o
Iimitations .« ¢ ¢« & v o o o ¢ o o 4 v e 4 e e e e e e .
REVIEW OF LITERATURE . « « « v o « o o o v o oo e e e e
Status of the Teaching of Solid Geometry . . ... . . . ¢ . .
Reported Difficulties Encountered in the Study of Solid
Geometry . . . . . e e e s e s e e e e e e
Place of Models in the Teachlng of Solid Geometry . + . . .
Practice Concerning the Use of Models e o e . . e

Psychology of Learning as Related to the Use of Models .

Studies Related to Space Perception and the Use of Models

ITI.

in the Teaching of Solid Geometry . . « ¢ o ¢ ¢ « o o o
Effect of the Use of Models on Final Achievement in Solid
Geometry . . . . . . . e e e
Effect of the Study of Solld Geometry on Space Perceptlon
Abilities. .+ ¢ ¢ o 6 o 4 e s e e e e e e e o e e s e
SUMMABTY + + o « o o o o o o s o s o o'a o o o s o & & o o o

EXPERIMENTAL DESIGN AND INVESTIGATiONAL PROCEDURES .
Introductory Unit on Model Construction . . o o o o o o o

Criteria for Selection of Exercises to .be Included in the

Unit o« ¢ ¢ o ¢ o o o o o o o o & o ar er s & o «
Determination of the Time Required for Completion of the
Unit . . . . . e e s e e 6 e e wie o 4 s e e e e 4 e o
Content of the Unlt e e e e e e e e e e e e e e e e e
Selection and Assignment of Teachers . . . « « » « « .« & .
Information Used in Comparing the Experimental and Control
GrOUPS « » o o o o o o o o o o o o s'e o o & s s " e u e
Questionnaire Answered by Teachers . . . . o ¢« o « « o o &

Initial Test of Space Perception Abilities . . . . - « o &

Page

19

20
21
25
27
27

28

. .

52
25
39

39
Lo



Chapter
Final Achievement Test . o v « v « o o o« « o o o o o o « &
Teaching ProcedureS . . o o o o o o o o s o o o « o o o o o
Experimental Groups .’. e e s e e e e e e e e e e e e s
Control Groups « + o « « o o o o o o o o o o o o o o o o
Statistical Procedures . . « ¢« o o o « o« o o o ¢ o o o o o
Statement of the Hypotheses . o o o « « ¢ o ¢ ¢« v ¢« o o &
Choice of Statistical Techniques Used in Testing the
Hypotheses . . . . o s e o 5 s a 5 e s e s o o @ o
Methods of Relating Samples c o e e e e e e e e e s s
SUumMmary . o o o o s o s o e s o s e e o 4 6 5 s o o s o
IV. EFFECT ON FINAL ACHIEVEMENT IN SOLID GEOMETRY OF AN

INTRODUCTORY UNIT ON MODEL CONSTRUCTION . o « 6 = « o o »

Validity of Pooling Samples from Various Groups to Form One
Composite Experimental Group and One Composite Control

GroUp o o o o o o s o s o s o o o o o s o o o o o o o o o
Effect on Final Achievement of Initial Differences Between
the Composite Experimental and Control Groups . . « « o o
Age . . o & e o o s o o o o o s o e o o s o s & o e
Mathematics Background e e e o e s s e e e e s e s e e
Space Perception Abilities . . . o « o & o s » o & o o o

Correlation Between Scores on the Space Relations and Final

Achievement Tests *v o ¢ ¢ v « o o o & e e e e e e e e e
Significant Difference in Final Achlevement Between. the
Composite Experimental and Control Groups . . . « + » . &

Samples Related with Respect to Age, Sex, Mathematics
Background, and Space Relations Test Scores . . . . . =
Samples Related with Respect to Sex and Space Relations

Test Scores + « o o ¢ ¢ o o o o o o o o« o e e e e e
Independent Samples . o ¢ o o o o o ¢ o o o o o o e o & 0.
Summary o . . o+ . .’. e e e e e e e e e e e e e e e e
SUMMARY , CONCLUSIONé, AND RECOMMENDATIONS . o ¢ « o & o o &
SUMMATY « ¢ o o o o o o o o o o s s o o a e e e e e e

ConclusionsS « o « o o .5 o o o s o o s s o o s o o o o o o o

Page

43
46
46

51

51

52
58

6% .

66.

66
70
71

73
5

79
82

8L

86
91
ok

ol
%



vi

Chapter : Page
Recommendations . ¢« o o« « o o s o s o o o o s o -« .—. . e e oY
LITERATURE CONSULTED . . & v o o o s s.0 s o o s o o o o o o 99
APPENDIX o & o« « o o o « o o o o o o « s o s o & o o o o o o 10k

Appendix A: Differential Aptitude Test of Space Relations 105 -
Appendix B: Cooperative Solid Geometry Test . . « . . . o 106
Appendix C: Draft of Questionnaire Answered by Cooper-

ating Teachers . . v ¢ ¢ « o o o o« o o o « 107
Appendix D: General Directions for Cooperating Teachers . 110
Appendix E: Specific Directions to Teachers of the

Experimental Groups . . « o « « « « « « o o 11k

Appendix F: TableS .« v ¢ o o o o o o o s s o o o o = « » 121



vii

LIST OF TABLES

Table , Page

1. Conversion of "Differential Aptitude Space Relations Test,
Form A,"™ Raw Scores to T-Scale Scores on the Basis of
National Norms for Grade 11 BOYS « « o « o o o o o o« o o o @ L22.

2. Age, Sex, Mathematics Background, Group Assignment, and
Space Relations Test Scaled Score and Rank by Assigned .
Group for Each Participating Pupil . . . ¢ o « v « o o o - 123

3. TFipal Achievement Test Scaled Scores for Matched Pairs from.
the Composite Control Group Paired on the Basis of Sex and
Space Relations Test Scaled Scores Within One Point, with
Pupil A Being 10 to 12 Months Younger than Pupll B . . . 129.

L4, TFinal Achievement Test Scaled Scores for Matched Pairs. from
the Composite Control Group Paired on the Basis of Sex . and
Space Relations Test Scaled Scores Within One Point, with
Pupil A Having One Semester of Mathematics Background Less
than Pupil B . . ¢ ¢ ¢ ¢« o o« o« o o o s o o o s = o o o s o 130

5. Space Relations Test Scaled Score and Rark, Final Achievement
Test Scaled Score and Rank, and Score and Rank of Final
Achievement Test Results by Topics for Each Participating
Pupil of the Composite Experimental, E, and Centrol, C,
GroUPS =« o o o o o o o o o o o a o s s o o s e o9 & o o o L3L

6. Final Achievement Test Scaled Scores for Matched .Pairs from
the Composite Experimental, E, and Contrel, C, Groups
Paired on the Basis of Age Within Six Months, Sex, Mathe-
matics Background Within One Semester, and Space Relations
Test Scaled Scores Within One Point o o o o'o w o w s o o « 138

7. Final Achievement Test Scaled Scores for Matched Pairs from
the GComposite Experimental, E, and Control, C, Groups
Paired on the Basis of Sex and Space Relations Test Scaled
Scores Within One Point « ¢ &« o o o o ¢ « o o 2 = o o = o » 139



viii

ABSTRACT

The belief that early concrete experiences in the counstruction of
three-dimensional models in the study of solid geomefry would result in
better understanding and improved final achievement led to this investi-
gation. An examination of the literature concerning the teaching of
solid geometry revealed a need for improved techniques of teaching to
help overcome the difficulties of spatial visualization and understanding
often encountered by pupils studying solid geometry. No research had
been done to determine the value of the concentrated use of models at the
beginning of the course; however, the use of models, which was widely
recommended, was in accord with generally accepted theories of learning
reported in the literature.

A 10-day introductory unit on model construction was designed and
an investigation conducted in which eight teachers and 219 pupils cooper-
ated. In teaching their classes, the teachers of the experimental groups
used the introductory unit on the construction of the five regular solids
and the five stellated solids based upon the regular solids. The teach-
ers of the control groups did not use introductory exercises in model
construction. Pupils of the experimental and control groups were tested
at the beginning of the course to measure initial space perception abil-
ities and at the conclusion of the course to measure final achievement in
s0lid geometry. It was found that there was no statistically significant
difference in final achievement between pupils who studied solid geometry
in the traditional manner and pupils who completed an introductory unit
consisting of the drawing of one-piece patterns, the cutting, and the
assembling of tagboard models of the five regular 5olids plus the stel-
lated polyhedra based upon these five solids prior to proceeding with the
conventional study of the course.

The following conclusions concerning the teaching of solid geome-
try were made on the basis of the review of literature and the findings
of this study: (1) there is a need for improved teaching techniques in
the field of solid geometry; (2) learning theorists and educators are
generally agreed that the use of models in the study of solid geometry
will improve learning in solid geometry; (3) the age of the high school
pupil and the mathematics courses taken prior to enrollment in high
school solid geometry do not affect final achievement in solid geometry;
(4) there is little or no correlation between space perception abilities
and final achievement in solid geometry; (5) a reduction in time spent in
formal study of solid geometry does not affect final achievement in solid
geometry; (6) the belief that final achievement in solid geoemetry, as
measured by conventional tests, is improved by the use of models has no
statistical justification; and (7) the use of models in developing spa-
tial concepts does not affect achievement on topics involving these spa-
tial concepts.



CHAPTER T

INTRODUCTION

The fact that we live in a multidimensional world has become much
more evident in reecent years. Problems of national defense are becoming
increasingly concerned with the multidimensional aspects of the oceans,
the atmosphere, the globe, and even of outer space. The time is rapidly
approaching when a person will have to be able to visualize happenings in
many dimensions if he is to understand and te appreciate the events of
the day.

The concepts of space which are studied in solid gebmetry also
have impertant applications in many other fields necessary to the main?e-
nance of eivilization. The suceessful carpenter must be able to apply
many of the prineiples nermally studied iﬁ solid geometry. This is also
true of the plumber, the electrician, the mechanie, the machinist, and
the electronic technician. Sﬁch diverse prefessions as architecture,
engineeriﬁé, geolegy, oceanography, metallurgy, dentistry, surgery, and
art deménd the use of the three-dimensional thinking and visualization
which is the concern of selid geometry. A serious study of the life
processes requires spatial percgptien ability. Many recent advances in
both inorganic and organic chemistry have resulted from the direct appli-
cation of the concepts of space studied in solid geometry.

The ebjectives of the teaching of solid geometry are eertainly in
keeping with the demands of the vocations Which involve sfatial concepts.

These objeetives, which have been listed by a number of different

T
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writers,l include the extensien of ability in pestulatienal thinking,
improved skill in mensuration of surfaces and solids in space, the devel-
opment of skill in applying three-dimensioenal geometric principleé to
practical problems, and the development of the pupil's ability in spatial
perception and visu;alization°

The develepment of the pupil's proficiency in spatial pérception
and visualization has for many years been considered one of the problems
which confronts the teacher of solid geometry.2 Because many pupils have
difficulty in working with the complex geometric figures, there is a need
for improved techniques in the teaching of three-dimensional concepts;

The use of models acquaints the pupil with the conecrete forms eof
solid figures and enables him te more readily understand the abstractions
of solid geometry. The construction of medels providés an even greater
opportunity for understanding the nature of solid figufes. In his expe-
riences in teaching solid geometry, the writer found that the construc-
tion of models at the beginning of the course appeared to improve the
pupil's ability in spatial perception. For example, one of the first
abstractions presented in solid geometry gtates thét if two planes inter-

sect, the intersection is a straight line. Somewhat later in the course,

lButler, C. H., and Wren, F. L., The Teaching of Secondary Mathe-
matics, pp. 399- 411; Morgan, F. M., and Breckenridge, W. E., Solid Geome-
try, p. 1; Reeve, W. D., editor, The Place of Mathematics in Secondary
Bducation, Fifteenth Yearbook of The Natlonal Counc1l of Teachers of
Mathematies, pp. 115-116; Shute, W. G.; Shirk, W. W.; and Porter, G. F.,
Solid Geometry, pp. 1-2; Strader, W. W., and Rhoads, L, D., Solid Geome-

try, p. 1.

2Hartley, M. C., "Models in Solid Geometry," The Mathematles
Teacher 35:5, January, 1942.
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the pupils encounter the faet that three planes meet iﬁ a point. The
visualization of these simple‘concepts ofteﬁ eausesidifficuléﬁ for~begin—
ning pupils of selid geometry. If the pupils have made models of the |
geometric solids, these prop051t10ns often become clear and meanlngful tox
them, In faet, the prop051tlons.sometlmeslbecome‘so eleer.and\obv1eus
that some of the pupils feel they do not even require statingo ‘

It was felt that providing the pupil with concrete experiences‘ln
spatial visualization prier to the comnsideratien ef the abstrections
found in the traditional solid geometry course‘aided the'aevelepmert of
the pupil's ability in spatial perception and served teo raise his level
of achievement in the course. This feeling that final achleverent in
solid geometry'was improved by early concrete experiences in the coﬁ—.

struction of three-dimensienal models led to this investigatioen.

Statement of the Problem

It ras the problem of this study to determine tﬂe effect on final
achlevement in solid geometry of an intreductory unit baeed upon develop-
ing visualization and understanding through the censtruction.of fagbo;ra
models of certain geometric solids prieor to the study of the usual tepics
of the course. |

The hypothesis (H ) to be tested wes thar pupils who completed an
introductory unit consisting of the draw1ng of one—plece patterns, the

cutting, and the assembling of tagboard medels of the f1ve regular seolids

plus the stellated polyhedra based upon these five solids prior te
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proceeding with the conventional study of solid geometry would shew a
‘significant improvement in final achievement over pupils who studied

solid geometry in the traditional manner.

Procedures:

To determine the effect on final aéhiévement iﬁ soiid.éeoéétrﬁ of
an introductory unit based upon developing visualization énd understand-
ing through the use of models, the following procédures were used.,

| An examination of the literature relating te the problem of the
study was made to detgrmine (1) the status of the teaching of solid
geometry, (2) the difficulties encountered in the study of'solid éeometry,
'(3) the place of models in the teaching of solid geometry, and (4) what
objective data had been collected relative to the problem of the study.

An introduétory unit 5ﬁ the constructioen of ﬁodelé of geometrie
solids was devised. The writer used two of his classes in solid geometry
as pilot greups to determine the time reguired for the unit and pupil
reaction te the unit.

In order_to,obtain data for testing the hypethesis, it was neces-
sary to enlist the aid of teachers of semester courses in high school
solid géometry who were then assigned to experimental and control groups.
A questionnaire was prepared whieh was used in obtaining information frem
the cooperating teachers concerning sucﬂ things‘as.the coﬁfse length,
duration of the class perieds, prerequisites for solia‘geometry, and

grade level of pupils normally enrolled in selid geometry.-
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The teachers of the control groups taught their classes in their
usual manner while those of the experimental greups taught in a.specified
manner., This specified manner consisted of having each puﬁil construct
tagboard medels of the five regular solids and the five stellated poly- |
hedra based upon the five regular selids. Follewing this lO;da& intro-
ductorj unit in censtructien, which oeoccupied approximately 12 per cent of
the semester course, the textbooks were issued to the pupiis and the
remainder of the’COurse proceeded as usual. o -

In erder to provide additional informatioen to be uéed in equating
'the pupils of the experimental and control greups, a tesf aésiéned to
measure ability in spatial perception was selected. fhé teétvselécted
for this purpose was the "Differential Aptitude Space Rélations‘Test,
Form A,HB This test was administered to the pupils in the experimental
and control groups on the first day of clésso

The "Cooperative Solid Geometry Test, Form P,ﬁh was selected for
use in measuring the final achievement in solid geometry of the experi-
mental and the control group pupils. This test was édministered to the
pupils of the experimental and ¢ontrel groups on tﬁé léét day of tﬁe
semester course. The results were then examined étatistécgily‘té aeter—

mine the validity of the hypothesis.

3Bennett, G. K.; Seashore, H. G,; and Wesman, A. G., Differential
Aptitude Tests: Space Relations: Feorm A, The Psychologieal Corporation,
New York, 1947, 11 pp. See Appendix A.- - - -- f e e

4Lundholm, H. T.; Long, J. A.; and Siceloff, L. P., Coeperative
Solid Geemetry Test: Form P, Cooperative Test Service, Educational Test-
ing Service, Princeton, N.J., 1938, 4 pp. See Appendix B.
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Limitations

Certain limitations which were placed uﬁon the study are given in
the following paragraphs: | |

The experimental portion of the stddy Qas limited to a‘period of
10 days at the beginning of the semester ceurse 1h solld éeometrylbecause
it was felt that this was sufficient time to fermlt the puplls to com;
plete the censtruction of the models and for the'additienal reason that
any longer period of time would probably have disceuraéed teachers>from
participating in the study. The 10 days of class time devoted to thls
study, on the part of the experimental groups, represented about 12 per
cent of the entire semester course. ' o

The level of significance for the statistieal tests was set at
.05. ©Since the hypothesis (Hl) stated the directien of the predicted
difference, the reglon of rejection was one-tailed.

Ih order that the statlstlcal tests have the de51red power, the
sample size Was"set at about 200 puplls: ”A portlon of thelapprex1dately
.200 pupils were‘assigned to‘experimental-groups and the remaining pertion
to control groups. The random assignment of the cooperatihg teachers to
the experimental or control groups determined in which group a pupil was
placed. ) I h

To obtain the assistance of eompetent andlexperienced‘teachers in
conducting the investigation, volunteersnﬁere‘secured aﬁong-the.teachers
attending a summer National Science Foundation Mathemetics Institdte at

Montana State College. The aid of additional mathematics teachers was
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secured by contacting them individually. These teachers, who had not
attended the National Science Foundations Mathematics Institute at

Montana State College, were likewise experienced and competent.

Because of the necessity of conserving the time of the participat-

ing teachers and pupils, the measurement of space perception abilities
demonstrated by the pupils at the beginning of the experiment was con-
fined to one test and the measurement of final achievement was confined
to one final test.

The feeling that providing the pupil with early concrete experi-
ences in the construction of three-dimensional models was a techniqué of
teaching solid geometry which would improve final achievement in the
course led to this dinvestigation. To determine the effect 6n final
achievement in solid geometry of an introductory unit based upon develop-
ing visualizatien and understanding through the use of models;-an experi-
ment was conducted in which the final achievement of solid geometry
pupils who used the speeified introductory unit on model construction was
compared with the fiﬁal achievement of solid geometry pupils who did not

use introductory exercises in model constructien. A review of the lit-

erature relative to the problem of the study is reported next.

"



CHAPTER II

REVIEW OF LITERATURE

The furpese of the review of literature was to providé a back-
ground of infermation concerning the history and present status of the
teaching of so0lid geometry as relatea to the effe;t of the use of models
on‘final achievement and to present a brief summary of previous investi-
gations of this and closely related problems. Four phases pertinent to
the problem of this study were considered in the review: (1) the status -~
of the teaching of solid geometry, (2) the reported difficulties encoun-
tered in the study of solid geometry, (3) the place of models in the
teaching of selid geometry, and (4) the studies related to space percep-

tion and the use of models in the teaching of solid geometry. These four

phases are presented in the fellowing sections.

Status of the Teaching of Solid Geometry

A search of the literature relating to the status of the teaching
of soelid geometry was made to determine if there was a need.for improved
teaching techniques such as the introductory unit on model construction
used in this studyo‘ The investigation of tﬁe 1itera£ﬁredrela£iné to the
status of the teaching of solid geometry discloéed én‘apparént dissatis-
faction in that area. There was a wealth af e&idence in fhe'literature
that this dissatisfaction extended back to before the turn of the present

century. In February, 19%2, The National Council of Teachers of Mathe-

matics appointed a Committee on Geometry which was directed to study the



9

entire question of geometry in the sc‘hools.l The committee which was
established proceeded with a study of the periodicals, reports, books,
and textbooks concerning the teaching of geometry which had been pub-
lished since.about 1900. This survey included foreign aé well as.domes—
tic publications. That there had been an apparent lack of satisfaction:
with the teaching of geometry fof the previous 50 or more year; and tﬁat>
although many attempts had béen made to.cerrect the situation, no soiu;

tion had yet been reached, was pointed out by the committee in its state-

ment: )

One receives the impression that the teaching of geemetry
for the last fifty years or mere has not been entirely satisfac-
tory, that numerous efforts have constantly been made to Iimpreve
the situation, and that often these methods are really not new but
have been tried in ene form or another before.2

The fact that dissatisfaction with the teaching of solid geometr&
continued over subsequent years was indicated by Hartley in 1945. 1In
commenting on the lack of advances in teaching'te@hniqueé,rcourses of
study, and textbooks in seolid geometry as cempared to plane geometry, he )
stated that . . . solid geometry as now taught in our secondary schools

3

has been called the most uninteresting subject of the curriculum. . .

’1Beatley, Ralph, ”Preliminary Report of the Committee on Geome-
try," The Mathematics Teacher 25:427, Novembexr, 1932 - .

2Beatley, "Second Report of the Cemmittee on Geometry," The Mathe-
matics Teacher 26:369, October, 1933. -

3Hartley, M. C., "A Laboratory Approach te Solid Geemetry," in
Multi-Sensory Aids in the Teaching of Mathematics, Eighteenth Yearbook
of the National Council of Teachers of Mathematics, p. 42.
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The present controversy among both mathemeﬁieians‘ana teachers of
mathematics concerning whether or not to retain solid geoﬁetrylas.a dis-
tinct course in the curriculum certainly iﬁdicetesvthat a basic disset—
isfaction with the teaching of solidfgeometrj‘continues‘to eéisto in the
spring of 1960, the writer participated in a regional'conference wﬁicp
was sponsored by the National Association of State'Direetors.of feacher

Education and Certification in coceperation with the American Assoc¢iation

v

for the Advancement of Sc¢ience. This conferenee was concerned, 1£.paft,
with the training of teachers of high schoo1ﬂmatheéatlcs; Durlng the
portion of the diseussien pertaining to geometryg a number of the partic-
ipants showed a concern over the present status of tﬁe teaching of solid’
geometry. They indicated that there appeared to be a eoﬁtinuing general
dissatisfaction with the course as presently congeived, not.enly f;om the
standpoint of content, but, more pointedly, from the standpoint of the
ineffectiveness of the teasching of the topies normally contained in the
course. -

A study of the literature relative to the problem of thls study -
revealed that for the past 80 years or more there has been dlssatlsfac=
tion with the teaching of solid geometry. The 1933 ;efert by the
National Council of Teachers of Mathematlcs Commlttee on Geometry 1nd1=
cated that for at least 50 years prior to 1933 the teaehlng of solld

geometry had not been satisfactory. A contlnulng dlssatlsfactlon was

reported in 1945 by Hartley& and in 1960 at a meeting of educators who

quido, p. 42,
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alse pointed out a need for improving the effectiveness of the teachlng
and overcoming the difficulties encountered by puplls when studying SOlld
geometry. A search of the literature was made to -find out‘what dlfflcul;

ties were encountered by pupils in the study of solid geometry.

Reported Difficulties Encouantered.
in the Study of Solid Geometry
Tneydifficulties encountered in the study of eolid éeonetn& nhich
were reported in the literature were reviewed to determine'whicnzdiffi—
culties could be overcome by the use of the 1n£roductorylun1£‘on nodei
construction employed in this study. The'areas in nhlch punlls»experl—
ence their greatest difficulties in the stndy of éeometry have been

2 The three areas of difficulty

reported in a study conducted by Smith.
which he listed were: unfamlllarlty with geometrlc flgures, lack of
understanding of the "if-then' relationship, and lack of understanding of
the meaning of proof. The nnfamlllarlty w1tn geometrle‘flgures which
pupils encounter in the study pf solid geometry was found to be compli-
cated by difficulties of spatial visualization and understanding. These
difficulties of spatial visualization and understanding were close}y
related to this study since the intreductory unit used in this study was
based upon the vismalization and understanding ef geometrie figures

through the use of models.

In the literature reviewed, there was a general consensus by

BSmith, R. R., "Three Major Difficulties in the Learning of Demon--
strative Geometry," The Mathematics Teacher 33:100, March, 1940.
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several writers6 that pupils of solid geometry often experience consider-
able difficulty in visualizing three~dimensional felétionships; Wiseman7
considered the analysis of éomplex figures to‘be 6ne éf the major diffi-
culties experienced by high school geometry pupils. In SPeakiﬁg.of the .
three-dimensional &isualization éf the points, lines, and fl;nes‘fepre-
sented in two-dimensional drawings, Bresllch8 alsoArecognlzed the dlffl—
culty of spatial visualization as a major dlfflculty in thé étudy of
solid geometry. That the average pupil encounters dlfflculty in worklng
with three-dimensional figures was pointed out by Bernardo Qhen he wrote,
"It has been my experience, as it has been undoubtediy th;t oflmany who
teach solid geometry, to find that the three dimensional concepts are not
easily conceived by the average studen.to"9

An examination of the literature indicated that although other

aréas of difficulty in the study of solid geocmetry existed, the areas

6Bernardo, J. V., "A Helpful Technique in Teaching Solid Geome-
try," The Mathematics Teacher %3:39, January, 1940; Brown, E. I., "A
Different Approach to Solid Geometry,'" The Mathematics Teacher 29: 145,
March, 193%6; Drake, Richard, and Johnson, Domovan, "Vitalizing Geometry
with Visual Aids," The Mathematics Teacher 33:56-57, February, 1940;
Hartley, "Models in Solid Geometry," The Mathematics Teacher 35:5,
January, 1942; Morris, D. L., "Inverted Geometry," The Mathematics
Teacher 31:79, February, 1938; Nicholson, G, ‘H., “'The Teaching of Solid
Geometry at the University of Vermont,”" The Mathematics Teacher 30:326,
November, 1937; Wiseman, J. D., Jr., "Complex Figures in Geometry," The
Mathematics Teacher 52:91, February, 1959. -

7

Wiseman, op. cit., p. 91.

8Breslich E. R., "Visual Aids in Teaching," in Multi-Sensory Aids
in the Teaching of Mathematics, Eighteenth Yearbook of The National Coun-
¢il of Teachers of Mathematics, p. 38.

9

Bernardo, op. cit., p. 39.
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which caused major difficulties concerned the pupii”s ﬁnfamiliarity with’
complex geometric figures and the visualization of thrée—dimensional
objects and relationships. Models were_suggested‘as teacﬁing defices for
overcoming the difficulties in spatial visualization which the pupil

encounters when studying solid geometry.

Place of Mcdels in the Teaching of Solid Geometry

Since the introductory unit used in this study involved the con-
structién of models, a search of the literature concerning the place of
models in the teaching of solid geometry was made., The search revealed
two phases related to this study: (1) the practice concerning the use of

models and (2) the psychology of learning as related to the use of models.

Practice concerning the use of models. The practice of using mod-
els of geometric solids and of various theorems to assist in developing
the concept of space was widely recommended throughout the literature

reviewed. The literature was replete with statements by many writerslo

OIbld., p. 39; Brown, op. cit., p. 145, ‘Butler,. C. Ho, and Wren,
F. L., The Te. Teaching of Secondary Mathematics, pp. 116-117; Drake and
Johnson, op- cit., pp. 56-57; Hartley, "A Laboratory Approach to Solid
Geonmetry," in Multl—Sensorz Aids in the Teaching of Mathematics, Eight-
eenth Yearbook of The National Council of Teachers of Mathematics, pp.
42, 49; Hartley, '"Models in Solid Geometry,' The Mathematics Teacher 35:
5, January, 1942; Morris, op. c¢it., p. 79; Nicholsen, op. cit., p- 326;
Reeve, W. D., editor, The Place of Mathematics in Secondary Education,
Fifteenth Yearbook of The National Council -of Teachers of Mathematics,
pp. 96-97; The Mathematical Association of America, Inc., National Com-
mittee on Mathematical Requirements, The Reorganization of Mathematics in
Secondary Education, Part I, pp. 9, 52; Simons, L. G., "Historical Mate-
rial on Models and Other Teaching Aids in Mathematics," in Multi-Sensory
Aids in the Teaching of Mathematics;, Eighteenth Yearbook of The National
Council of Teachers of | Mathematics, pp. 253-265; Wiseman, op. ¢it., p. 91.
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regarding the value of multi-sensory aids and pointing out the interrela-
tionship of spatial perception and solid geometry. Hartley ﬁointed out
the value of using models and indicated the desirability of their more
extensive use in the teaching of solid geometry when he wrote:
Models have been employed for many, many years, but they
have not been used extensively in solid geometry-because their
value in the development of the concept of space has been woefully

underestimated. In the early stages of a course in solid geometry,
models are essential.

That the importance of sensory learning as apﬁlied to‘math;m;tics
was a generally accepteé fact was indicated in the follewing stéteﬁent by
Syer: "It hardly seems necessary to Jjustify the iﬁp&rtancé of sensory
learning--it is an essential part of all learqingn ... 0”12 The writers
of the literature reveiwed were agreed that solid geometry requires multi-
' sensory aids in one form or anothér to provide a foundation of sensory~
learning experiences which can help to improve fhe-pupilVS ability in
spatial perception and unders’.canding° Drake and Johnson égreed with the
other writers in the field that much more should be done to develap
visnal aids and to improve the techniques of thelr use when they stated:

Geometry more than any other subject is dependent upen vis-

ual aids. Every theorem and every exercise requires a diagram in
a book, on the blackboard or in one's mind. Yet probably in no

llHartley, "A Laboratory Approach to Solid Geometry,™ in Multi-
Sensory Aids in the Teaching of Mathematics, Eighteenth Yearbook of The
National Council of Teachers of Mathematics, p. hg,

12

Syer, H. W., "Sensory lLearning Applied to Mathematics,”" in The
Learning of Mathematics: Its Theory and Practice, Twenty-First Yearbook
of The National Council of Teachers of Mathéematics, p. 99.
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subject have teachers shown less progressﬂin develgping viéuai
aids and improved visual techniques. . . . much more visual_ mate-
rial is needed to bring geometry closer to everyday things.—”-

The practice of uéing moaeis énd éther mul£i—éens§r§ éids‘in.éhe
teaching of solid geometry was-widely recoﬁmended in the literature which
was reviewed. The second phase of thé literature concerning.the place of
models in the teaching of solid geometry involved thelpsychologi of
learning as related to the use of.models,‘. - T

Psychology of learning as related to the use of models. The use

of models and other sensory alds to learning has a very secure foundatioﬁ
in the psychology of 1eé£niné014 A pfincipielgé 1;ér£iﬁg‘ﬁh£é£.ﬁés-éﬁi£e
generally accepted by the writers of the literature which was reviewed
was that learning procéeds most effectively from the concrete to the
abstract, from the particular to the general, and from the known to the

15

unknown. Most pupils need experiences in working with simple, concrete
examples of an idea before they can understand a more complex generaliza-

tiono16 The use of multi-sensory aids in concept formation provides for

15Drake and Johnson, op. cit., p. - 56..

Van Engen, Henry, "The Formation of Concepts," in The Learning
of Mathematics: Its Theory and Practice, Twenty-First Yearbook of The
National Council of Teachers of Mathematics, pp. 86-87. -

15Christian, R. R., "A Role for High Schooel Geometry,' The Mathe-
matics Teacher 53:433, October, 1960; Manheimer, Wallace, "Some Heretical
Thoughts from an Orthodox Teacher," The Mathematies Teacher 5%:23-24,
January, 1960.

l6Christian, op. cit., po Lz3: Peak, Philip, "What Contributions
to Mathematics Instruction Can We Expect in the Last One Half of the
Twentieth Century?" School Science and Mathematics 51:175, March, 1951.
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these concrete experiences which are negessary before pupils can be

Ity

expected to abstract and generalize,

17

In his book, Theories of Learning, Hilgard reviéwéd:lo theories
of learning and‘developed 14 pointé of general aéreeméﬁ£>amonédbéycﬁ§lo-.
gists writing in the field of learning theory. Thrée of these points of
agreement have a particular bearing upon the use of models inAtﬁé teach- “
ing of solid geometry:- (1) that learning which ig under éhé éontfol of
reward is generally to be more desifed than learning thch is under the‘
control of punishment--that success as a motivator of learning is éréfer—
able to failure as a motivator; (2) that active pérticipation on‘the part
of the learner is to be preferred to passive reception; and (3) that.if
the learner discovers relationships for himself and if; duriﬁg thé period
of learning, he has experience in applying the prinéipleé to a Qariety of
situations, there will'be improved transfer to new £as£éc o

The first of the three points of‘agreement namea in“the preceding
paragraph, which recognized the desirability ofsué;eséas a‘m;tivator,
is related to the use of models in the teaching of solid geometry. Both

19

Hartungl8 and Lankford ™~ stated that the use of multi-sensory aids

improves the motivation for the learning of mathematies because it helps

17Hilgard, E. R., Theories of Learning, pp. 485-487.

8Hartung, M. L., "Motivation for Education in Mathematics,™ in
The Learning of Mathematics: Its Theory and Practice, Twenty-First Year-
book of The National Council of Teachers of Mathematics, pp. 54-57.

lgLankford, F., G., Jr., "Implications of the Psychology of Learn-
ing for the Teaching of Mathematics," in The Growth of Mathematical
Ideas: @Grades K-12, Twenty-Fourth Yearbook of The National Council of
Teachers of Mathematics, p. 416.
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the pupil te gain insights and understandings which result in successful
learning. An introducfory unit in the‘construcfionqu modelé, such as
that preposed in this study, would provide oﬁportuﬁities for léérning
motivated by success. The pupil should be able to ﬁave nore iﬁigiélbsﬁc—
cess in making models than in grasping an abstract mathematieal idea.
Also, providing the pupil with concrete experiences in the conétruction
of models should furnish more opportunity fér suceess in the abst?actions
which will be encountered later than could be expected if’the pupil haa
not had these experiences with concrete objects. |

lLearning in which the pupil is an active participant, which was
considered desirable according the the second point of agreemeni among
psychologists, as listed on page 16,.could be provided for fhrough fhé
use of pupil constructed models since active participation on the part
- of the pupil is moré readily assured. in making modelé than iﬁ listening
to a lecture. If, in addition to a verbal description of an object, a
pupil is permitted to see, touch, and manipulate éhe objéct, a greater
understanding will result than if only the verbal descriﬁtion is pro-
vided.

Lankfordzo stated that visual aids in £he teacﬁing of mathematics
provide the pupil with assistance in gaining insighté9 discovering gener-
alizations, or formulating hypotheses. The &alue of exPériences which
permit the pupil to discover relationshipé.fmr himself, which was given

on bage 16 as the third point of agreement having a bearing on the use of

2OIbid., p. 416.
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models in the teaching of solid geometry, has been recognized by several
authorities,21 The self-discovery of principles séimulates interest,
memory, and the will to investigate further. The construction and study
of models of the geometric solids by the pupils, as proposea in this
experiment, certainly would provide an opportunity for the discovery of
relationships and for the application of the principles to a variety of
. situations.

A study of the literature concerning the teaching of solid geome-
try disclosed that the solution to the problem of improving the pupil's
ability in spatial perception, which was most commonly given, involved
the use of multi-sensory aids. These recommended aids most frequently
took the form of models of geometric figures and models of various
theorems., The use of this type of multi-sensory aid wés in accord with
the generally accepted theories of learning which were reported in the N
literature that was reviewed. A search was made to find reports of pre-
vious investigations cencerning the use of models in the teaching of

solid geometry.

21Berger, E., J., "Principles Guiding the Use of Teacher- and
Pupil-Made Learning Aids," in Emerging Practices in Mathematics Educa-
tion, Twenty-Second Yearbook of The National Council of Teachers of
Mathematics, p. 169;  Brune, I. H., "Language in Mathematics,' in The
Learning of Mathematics: Its Theory and Practice, Twenty-First Yearbook
of The National Council of Teachers of Mathematics, p. 163; Henderson,
K. B., and Pingry, R. E., ""Problem~Solving in Mathematics," in The Learn-
ing of Mathematics: Its Theory and Practice, Twenty-First Yearbook of
The National Council of Teachers of Mathematics, p. 260; Hildebrandt,
E. H. C., "Mathematical Modes of Thought," in The Growth of Mathematical
Ideas: Grades K-12, Twenty=Fourth Yearbook of The National Council of
Teachers of Mathematics, p. 371; Lankford, op. cit., pp. 405, 416, 429.
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Studies Related to Space Perception and‘the Use
of Models in the Teaching of Solid Geometry

An examination of the literature related to the problem of this
study was made to determine what research had been done concerning space
perception and the use of models in the teaching 6f sgiid geometry. Four
recent studies in the field were located. Although teachers of solid
geometry who use models to develop space perception abilities contend
that learning is impfoved, none of.these four related studies furnishéd
any objective data to substantiate the belief ﬁhat learning is improved
by the use of medels. One recent study by Johnson22 reported some data
concerning such claims. It dealt with the effectiveness of the use of
certain audio-visual aids on the ‘achievement of pupils in geometry and
presented objective data concerning the effectiveneés Sf the use'of mod-
els on final achievement in solid geometry.

_ The three other studies reviewed took a different approach to the
relationship between solid geometry and spatial visualizatioﬁn JA11 tﬁree
studies were concerned with the effect of the study of solid geometry on
space peréeption abilitieso' Ranucci25 investigated the effeét of the

study of solid geometry on space perception abilities while Brown2

22Johnson7 D. A., An Experimental Study of the Relative Effective~
ness of Certain Visual Aids in Teaching Geometry, Docteral dissertation,

389 pp.

23Ranucc:L R. R., Effect of the Study of Solid Geometry on Certain
Aspects of Space Perception Abilities, Doctoral - -dissertation, 75 PP

Brown, F. R., The Effect of an Experimental Course in Geometry
on Ability to Visualize in in Three Dlmen51ons, Doctoral dlssertatlon,
82 pp-




20
reported on experimental courses in plane and solid geametry‘ana their
effect on three-dimensional visualization. Cohen25 evaiuatea aﬂtéchnique
to improve space perception abilities through the conétruction of models'
by pupils in solid geometry; It was felt that although these three stud—
ies by Ranucci, Brown, and Cohen were not dlrectly related to the problem
of this study, they did involve closely related problems and prov1ded
additional information concerning the possible interrelationshif';f spa-
tial visuwalization and solid geometry. For this reason, the& were

included in this review.

Effect of the use of models on final achievement in solid geometry.

One study which presentediobjective data concerning the effectiveneés of
the use of models on final achievement in solid éeometry was repor£ed byl
Johnson.26 The first portion of the report by Johnson wés concerned with
experiments in plane geometry and is reported here for information only.
The plane geometry experimenﬁs were conducted in 27 plane geometry
classes in 12 Minnesota high schools. Experiments using experimental and
control classes from the same high school were performed to compare the
effectiveness of the use of films and fllmstrlps on the achievement of
the pupils. Some experimental classés used 5nly‘f11mstr1ps. some‘only
sound motion pictures, and some used both films aﬁd filmstrips; Thé data

which were- obtained supperted the acceptance of the hypothesis that there

25Cohen, Louis, An Evaluatlon of a Technlque to Impgove Space Per-
ception Abilities Through the Construction of Models b by Students in a
Course in Solid Geometry, Doctoral dlssertatlon 72 pp.

26Johnson, op. cit., 389 pp.
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was no significant difference in informational learning between the
experimental groups which used either films or filmstrits, om'ootm,‘and
the control groups which did not uee the aids.

The second portion of Johnson‘s-report dealt witm an experiment to
determine the effectiveness of the use of models om final echievement in
solid geometry. The experiment was conducted in a.Minneapolis high
school using two solid geometry classes taught by\the oame instructof.
The 34 puplls of one class, which was de51gnated as the‘experlmentel
group, had their instruction supplemented by the use of the "ﬁuitm'ﬁodel'
Geometrie Construction Set." This was a dev1ce which could be manlpu; .
lated by the pupil to construct models of almost all the theorems, postu-
lates, or exercises of a typical solid geometry textbook The 55 pupils |
of the other class, the control group, did not use the constructlon set
to build models. Both groups had the same time devoted.to instructioen,
the same assignments, and the same instrmction.exoept for.the mse of the
construction set. The study covered the entime semeeter.course'of solid
geometry. Achievement was measured by the "Survey of Object Visualiza-
tion Test' and the ""Cooperative Solid Geometry Test.!" The conclusion
reached was that there was no significant difference in achievement
between pupils who used a construction set to build models'of theorems,
postulates, and exercises in solid geometry and pupmls who dld.not use a
construction set in thelr study of SOlld geometry o

Effect of the study of solid geometry on space perception abil-

ities. Three experiments were found which dealt with the effect of the

study of solid geometry on space perception abilities. The problem of
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the study by Ranucci27

was to determine if the study of solid geometry
affects space perception abilities. Pupils in 11 New Jersey high schools
were used in an experiment which extended over a period of five months.
There were 225 puéils in the experimental group and 90 in the eontrol
éroupg The experimental group consisted of pupilé studying solid geome-
try; the contrel group comsisted of pupils who were not studying solid
geometry. The tests used to measure the space perception abilities were
"Thurstone's Lozenge Test A," "The Revised Minnesota Paper Form Board
Test, Form MA," the "Army General Classification Test, Férm AH" (Block
Counting Section only), and the "Space Relations Test, Differential Apti-
tude Battery.” Because the two groups were found to be statistically.
different initially, Ranucci used matched groups. He matched on the
basis of school attended, mathematical background, sex, I.Q., and whether
or not the pupil had taken mechanical drawing. The statistical tests
showed that there was no significant difference in space perceptién abil~
ities between those who studied ‘solid geometry and those who did not.

The second study which dealt with the effect of the study of solid
geometry upon ability to visualize in three dimensions was reported by
Brown.28 This study, which involved a total of 281 pupils in three
Illinois séhools, was concerned with three flypotheses° One Qas that
there was no significant difference in ability in spatial visualization

between pupils who completed a two-year sequence composed of plane

27
28

Ranucci, op. cit., 75 pp.

Brown, op. cit., 82 pp.
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geometry, algebra, and solid geometry and those who completed a one-year
course in plane geometry fused with solid geometry. The second hypothe-
sis involved a comparison between the spatial perception abilities of‘
those who had completed a one-year conventional course in plane geometry
and those who had cempleted a one-year fused'plane—solid geometry course.
The third hypothe51s dealt with the relative achievements in the subject
matter commonly taught in plane geometry between those who completed the
one—year plane geometry course and those who cempleted the one- year fused
course. The instruments used in the evaluation were‘the "leferentlal |
Aptitude Space Relations Test" and the "Cooperative Plane Geometry Test."

The conclusions arrived at by Brown.were that the pupils in both
groups learned the subject matter commonly taught in plane geometry; that
there was no significant difference in spatial visualization between
those who studied a one-year course in plane geometry and‘those who stud-
ied a one-year fused course of plane and solid geometry; and that those
taking the conventional two-year sequence composed of plane geometry‘i
algebra, and solid geometry developed greater ablllty in spatlal visuali-
zation than those taking the one-year fused course. Brown pointed out
that the difference in ability in spatial perception oould very well have
been due to the netural maturing of the pupils in the two-yeer course
over those aging only one year and, therefore, was not neeessarily due to
any particular influence of the solid geometiry course.-

29

Cohen conducted the third study dealing with the improvement of

29Cohen, op. cit., 72 pp-
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space perception abilities through the study of soiid geométry,. Thrée
experimental and three control solid geometiry classes in a New Yofk high
school were used in the study. The experimental ciasses conSéfucféé
models of 22 previously selected theorems throughout the eﬁtire semésger
course. The problem was to determine if the pupils' abilities in sPaéiai
perception would be improved by such trainingo' From thé éhoibupilg |
involved in the study, 63 matched pairs were seéﬁredo épace pefceftion
abilities were measured by the '"Minnesota Paper Form Board Test" énd £he
"Space'Relations Test, Differential Aptitude Tests." Althouéh”Cohen |
found that the experimental group showed a greate;-géin éhan‘aiélfée con-
trol group, the difference was not significant at eithér thgll ﬁefiéent |
or 5 per cent levels. Cohen concluded that thé construction of models of.
s0lid geometry théorems by pupils during their study of solid geometry
did not improve their visualization.abilities,as measured by the two
tests. .

A search of the literature related to the problem of this study
revealed four recent studies thch were concerned with épace péfception
and the use of models in the teaching of solid geometry. ﬁone of the
four related étudies which were examined furnished‘any objeéfive data to
substantiate the claim that training in space percepéion will improve

achievement in solid geometry or the claim that the study of solid geome-

try will increase ability in spatial perception.

Aot
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Summary

The reports in the literature rev1ewed 1nd1cated that, generally
speaking, the teaching of solid geometry has not been eon81dered entlsely
satisfactory for at least the past 80 yearsa“The.reasons for this’dis—
satisfaction appeared to lie in the dlfflcultles which the pupllgencoun—
ters in the study of the subject. Although other areas of dlfflculty
exist, the ones which cause the greatest difficulties concern the pupll“
unfamiliarity with complex geometric flgures and the vi saallzatlon and
understanding of three-dimensional figures} B | |

The use of models of geometric SOlldS and of varlous\theoregs has
been advocated and trled to rectify these dlfflcultles whlch the pupll
encounters in working with three-dimensional figures. Psychoiogists and
others writing in the field of learning theory are generally ag%eed %hat
learning is aided by the proper use of mulfi—sensof& ai&s; S

Until very recently, there was little evidenee.of anyese‘s ques—
tioning the belief that training in space perception Qill imfrove |
achievement in solid geometry or the belief that the stﬁdy of solid
geometry will increase ability in spatial perceptioa; There was one

study reported by Johnson50

which attempted to measure the effecf on
final achievement in solid geometry of pupil manlpulatlon of models of
the theorems and problems. dJohnson reported no 51gn1flcant dlfference in

final achievement between pupils who manipulated models and pupils who

'did not manipulate models.

BOJohnson, op. cit., 389 pp-
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Three studies involving the effect of the study of solid geometry
upon the ability of spatial visualization were reported by Ranucci,51 by

33

Brown,32 and by Cohen. Ranucci reported no significant difference in
spatial perception between a group which had studied solid geometry and a
group which had not. Brown reported a significant difference in spatial
perception abilities in favor of pupils who had taken a two-year sequence
involving solid geometry over those who took only a one-year course in
plane geometry fused with solid geometry. It is very possible that this
difference was due to natural maturation rather than to the study of
solid geometry. Cohen found no significant difference in space percep-
tion abilitieslbetween pupils who made models of theorems during their
study of solid geometry and those who studied solid geometry without mak-
ing models.

There was no statistical evidence in the literature reviewed which
supported eithef the contention that improved spatial perception will
increase achievement in solid geometry or the contention that a study of
éolid geometry will improve space perception abilities.

To determine the effect on final gchievemen£ in solid geometry of
an introductory unit on moael construction, an experimenﬁ‘wés'designed

and conducted. A detailed description of the design of the experiment

and the investigational procedures followed are presented next.
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Ranucci, op. cit., 75 pp.

Brown, op. cit., 82 pp.

BBCohen, op. cit., 72 pp.



CHAPTER IIT

EXPERIMENTAL DESIGN AND INVESTIGATIONAL PROCEDURES.

Because it was felt that introductory exercises in the construc-
tion of models would improve final achievement in sol;d geometry, an
experiment involving the cooperation of teachers and pupiis in séveral
schools was designed and an investigation conducted-to determine 'if there
was any significant différence in the final achievement in solid geometry
between pupils who studied solid geometry in the t?aditional’manner and
pupils who completed an introductory unit consisting of fhe drawing of
one-piece patterns, the cutting, and the assembling of tagboard models of
certain geometric solids prior to the study of the usual topics of the
course. The following items were considered in designiﬁg tﬂe experiment
and conducting the investigatiom: (1) introductéry ﬁnit 0n model con~- -
struction, (2) selection and assignment of teachers; (3) information used
in comparing the experimental and control groups, (4)‘teaching procedures,
and (5) statistical procedures. These five items' are presénted in the

following sections.

Introductory Unit on Model Construction

A unit on model construction was selected for use'at'the béginning
of the solid geometry course rather than later in %he coursé because of
the need for aids to the imagination which will help the'puﬁil to make a
transition from the two-dimensional thinking of plane geomet{y to £he

three-dimensional thinking necessary in solid geometry. The use of
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models to help the imagination during the early stages of the course-was
advocated by Nyberg,l but he recommepded éhat later‘in the eoursé modéls
be used less and that more emphasis be plaéed on mental images of thé
solid figures. Working with models at the beginning of the course pro;
vides opportunities for a,study of the relationships béfween points;
lines, and planes in space, which Breslich2 recommended aé one éf the
first steps in the study of solid geometryo. The use of model conétruc-
tion at the begiﬁning of* the solid geometry coﬁrse not only écquainfs‘thé
pupil with concrete forms of solid figures and provides opéofﬁunitieé.for
understanding the nature of éolids, but élso fﬁrnishés éaba;kgr;uéé 35“‘“
. expe?ienées to serve as a basis for future discussions. Devising the
introductory unit on model construction to iﬁfluencé final achievemen£ in
solid geometry required the consideration of three phases: (1) criteria
for the selection of exercises to be included in the unit, (2) the deter-.
mination of the time required for completion éf the unit, and (3) the

content of the unit.

Criteria for selection of exercises to be included in the unit.

In selecting the exercises to be included in the introductory unit om
model construction, it was felt that certain criteria should be met. The
group of exercises selected should follow generally accepted principles

of learning;3 that is, they should: proceed from the known to the

lNyberg, J. A., Fundamentals of Solid Geometry, p. 35.

ZBreslich, E. R., Purposeful Mathematics: Solid Geometry, p. 11.
3

See Chapter II, pages 15-18.
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unknown, provide opportunities for successful learnihg, require the
active participation of the pupils, and provide Opportunltles for the
self-discovery of principles. The exercises should be dlrectly related
to the course content of solid geometry, which includes the follewing
sequence of topics usually studied in the course:' poihts, lines, and
planes; polyhedral angles; prisms, pyramids; and polyhedrohs;.cyiinders
and cones; and spheres and spherical polygons. A group of‘reletea exer-
cises proceeding from the simple to the complex whichhweuld illustéate
some of the properties of lines and planes in space, ﬁol&hedral anéles,
and figures enclosed in planes were desired to intreduce the basic prop-
erties of three-dimensional figures. :

Since the plan of the experiment involvea the cooperation of
teachers and pupills in various schools, it was deemea.edviseble that the
introductory unit on model construction occupy as short a time as possi-
ble so as not to discourage participation in the studyo Howevehg the
time allotted to the exercises should be sufficient to permlt the puplls
to gain insights and understandings which eould have an eftect on thelr
final achievement in the course and should be shffieient to éehmit»an
adequate measure of the effeet on final echievement‘in eolgd geometry of
the introductory unit on model construction; The‘exehcises eelected for
inclusion in the introductory unit should be ef such a nethhe that the
directions accompanying them could be kept compahatively siméle to insure
uniform content when presented by the several teechers cooperatlné in the
experimental portion of the study. The exercises selected should reﬁulre

no special references or resources, and the materials and equipment used
































































































































































































































































































































































































