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ABSTRACT
The subject of this thesis is the development of
concepts and techniques of optimal input signal design
for linear, lumped-element, time-invariant electrical
networks»
The primary purpose of the thesis project is to
develop a general optimal input signal design theory for
linear, lumped-element, time-invariant electrical net
works that realistically accounts for input signal energy
and magnitude limitations,
The content of the thesis is summarized as follows:
First, a topologically-based procedure for representing
networks by state variable equations is given. This
representation of networks assures correspondence of
mathematical variables and measurable quantities within
the network. Second, energy relations are derived from
the state variable equations representing the network.
These energy ,relations are expressed in terms of the
state variables and matrices that are fundamental to the
state variable representation of the network. Third.
a generalized augmented performance criterion utilizing
the network.energy relations is introduced. Fourth,
application of Pontryagin1s maximum principle to the
optimal input signal design problem leads to the
conclusion that the optimal input signal is in general
composed of both bang-bang and singular segments -- it
is shown that for some cases the singular segments
satisfy sufficient conditions for an optimum. The
equations representing the necessary conditions for both
bang-bang and singular segments are given, Fifth,
examples are given that I) demonstrate the non
necessity of the sufficient conditions for a singular
segment, and 2) illustrate a technique of solving the
necessary condition equations for simple networks. •

CHAPTER I

INTRODUCTION

2

1.1

HISTORICAL BACKGROUND
Throughout the history of Electrical Engineering, one

of the prime functions of the engineer has been to design
systems for the transmission of energy from point to point,
whether for power, communication of information, or routing
of signals within a single piece' of equipment = Even as
early as World War II, the growing complexity of electronic
equipment had led to work directed at optimizing the trans
mission of signals.

The earliest of these efforts was

by North (38); he showed that in order to maximize the
ratio of peak signal to the root-mean-square noise in a
pulse communication system, the filter characteristic
should be the complex conjugate of the Fourier transform
of the pulse.

This was perhaps the first context in which

•the concept of matching a filter and waveform appeared.
For an excellent bibliography of papers pertinent to
matched filter theory,' see Turin (59)«
A different approach was presented in 1950 when
Chalk (10) effected the minimization of interchannel
interference and showed a method of selecting pulse shapes
which give optimum available energy for detection in a
pulse-communication system by maximizing the ratio of
energy inside an allocated frequency band to the total
energy of the pulse, which is equivalent to maximizing
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the ratio of output power to total power over all time.
This technique leads to an integral equation that can
"be solved analytically only for relatively simple
systems.
The problem of selecting a signal waveform that
produces a desired output at a given instant of time
while minimizing the energy of the signal waveform
was solved by Beattie (5) in 1958•

Historically, this

was the first optimal signal design problem in which •
an energy constraint was realistically handled by use
of admittance parameters; that is, Beattie accounted for
nonconstant input impedances, but the result of his
variational approach is a cumbersome integral equation.
In 1.961, Mostov, et a l ., (36) considered selecting
the shape of a time-limited pulse which, when applied
to a series RLC network, maximizes the voltage across
the capacitor at a given instant of time, subject
to the constraint that the energy of the input pulse
equal a constant value, K., The integral, over the
pulse period, of the instantaneous power dissipated
in the resistor served as the energy constraint;
the energy constraint and performance criteria were
combined by use of a Lagrange multiplier technique,
and the solution was derived by use of classical
calculus of variation.

The solutions in (36) are for -
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relatively, simple networks and are obtained in the time
domain.
Also during 1961, Gerst and Diamond (19) addressed
themselves to the problem of determining input wave
shapes that result in outputs, of a linear time-invariant
system, that are zero after a finite length of time.

The

objective of their approach was to completely eliminate
intersymbol interference in pulse communication systems.
The conditions characterizing these pulse input-output
pairs are given in terms of their Laplace transforms
(s) and E q (S) and the system transfer function F(s).
The solution technique, in essence, calls for selecting
an E lj(S) such that some of the zeros of
poles of F(s), and if

(s) cancel the

(s) has poles, these must be

cancelled by zeros of F(s).

Do consideration is given

to either energy or efficiency; hence, the use of pulseshapes which are selected on the basis of (19) result
in a relatively low energy transfer efficiency, a fact
which is noted by Hancock, et a l ., (22).

An interesting

observation along these lines results from a series
of publications beginning in 1961 by Tufts (55> 5^, 57)•
Tufts recognized that transmission without intersymbol
interference may not be the most desirable criterion
and considered the problem of optimizing transmitted
signal waveforms and receiver filters under the criterion

of minimizing the mean-square error in the receiver's
reproduction of the message sequence„
Concerned with minimizing a linear combination of
relevant performance measures, Franks (I?) in 1964,
expressed these performance measures as quadratic forms
and by using linear transformations, formulated the prob
lem so that a solution by variational methods leads to
a homogeneous Fredholm integral equation, At. this time,
Pierre (42, 43) considered two problems:

first, the

problem of selecting the input waveform to a general
linear time-invariant system such that the output at
a predetermined instant of time is maximum subject to
the constraint that the input energy is fixed; and second,
the problem of selecting the input waveform to a general
linear time-invariant system so the output energy is
maximized over a given time interval.

It is noted that

the first problem is a generalization of the specificproblem treated by Mostov, et a l ., (36) and that realistic
energy constraints are incorporated in the problem; the
solution of the problem is obtained through use of a
novel extension of the Wiener-Hopf spectrum-factorization
technique (37)"

The.second problem of Pierre (43) is a

generalization of the work'of Chalk (10); unfortunately,
in order to obtain a reasonable solution, the input
admittance is assumed to be a constant during the pulse
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interval.

r '
In a 1964 paper (58)« Tufts and Shnidman purportedly

found the waveform which, when applied to a linear system,
is optimum in the sense that the system■output is maximum
at a given instant of time, while input energy and mag
nitude constraints are imposed on the input waveform.
In essence, this is a matched filter problem with a mag
nitude constraint included, and the solution is a clipped
version of the previously known matched filter solution.
The weakness in the problem formulation is that the
energy constraint is given as
E > /” [u(t)]2 dt

(I.I)

where E is a constant, and u(t) is the input waveform;
this is a mathematically tenable formulation but physically
represents no more than some form of bound on the input.
In 1965, a flurry.of publications building'on past
works appeared; Smith (52) extended the work of Tufts
(57) by optimizing transmitted signal waveforms using a
mean-squared■error criterion and including an average
power constraint; Campbell, et a l ,, (9) extended the
work of Gerst and Diamond (19) by designing pulse inputs
that.correspond to a set of orthogonal pulse outputs for
a given system; Schwarzlander and Hancock (51) maximized ‘
the ratio of.energy received to total energy of a

-
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transmitted pulse, as Chalk (10) did, when selecting
nonoverlapping pulses that eliminate.- inter symbol inter
ference ; the technique was then modified so that successive
received pulses are mutually orthogonal, The first formal
application of Pontryagin's maximum principle occurred
with DiToro and Steiglitz (14) selecting minimum band
width pulses that satisfy constraints of given rms value and
• peak amplitude in pulse communication systems,
The foregoing history is by no means complete, but
is intended to introduce the types of problems that have
arisen and their respective solutions.

With this historical

prospective, the essence of the general requirement for
optimal signal design can now be outlined.

- 1.2

FORMULATION OF PROBLEM
All the above mentioned problems are similar in

that an optimum input waveform is selected so that the
output of a system satisfies some performance criteria.
I n 'some of the above, the optimal input waveform is
constrained, .and in., some , no’such consideration is
given.

The mathematical...representation of the system

in each case is tailored to the form of the performance
criteria and side constraints, and in each problem, the
method of solution is one which is-most mathematically
amenable to system representation, performance criteria,

'•
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and constraining relationships.

The external or side

constraints imposed on the input waveform normally arise
from physical restrictions placed on the input signal
source; for example, if the_ .supply potential is limited,
a magnitude "bound restricting the input u(t) may be
a < u(t) < b

(1.2)

where a and b are, respectively, the lower and upper limit
of allowed excursions of u.

A second form of input signal

constraint results from an energy limitation on the signal
source; this type of constraint usually takes the form

K > /^f[u(t)] dt

(1.3)

tL
Here K represents the energy available for use during the
interval

< t < t^ > and f[u( t)] is a function repre

senting the instantaneous expenditure of e n e r g y t h a t is,
instantaneous power,
As stated above, the performance criteria and side,
constraints not only influence the method of solution, but
determine the final form of the optimum input waveform
selected.

It is imperative, then, that the performance

criteria and constraint relationships be formulated, not
on the grounds of expediency of. mathematical manipulation
, ■

r,

. .
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or elegance, as so often appears to be the case, but on the
grounds of a realistic representation of "that which is to
be optimized."

To this end, a reasonable approach would

be as follows:

I)

select the most general optimization

method available, one that can effectively handle all
forms of performance criteria and constraints that may
be encountered;

2)

determine what mathematical model

is most compatible with the optimization theory and the
class of systems to which the theory is to be applied;
and

3)

from this model of the system, generate rela

tions capable of representing constraints on the" input
waveform resulting from physical limitations- of components
and equipment.
Of the existing optimization, techniques, the one
that has been successfully applied to the broadest class
of problems is the maximum principle of•Pontryagin, et a l .,
(46).

Although this maximum principle normally appears in

the context of optimal control,'"" the problems in signal
design are often analogous to those of control; for this
reason, Pontryagints maximum principle is the optimization
context in which input waveform design will be studied in
this thesis.

In the formulation of the maximum principle,

-"Tou (54) and Athans and. Falb (I) give extensive appli
cation of Pontryagin's maximum principle to control problems
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Pontryagin, et a l ., represent the process dynamics by
a normal system of differential equations, which according
to Pontryagin (4?) result from the reduction of a higher
order differential equation or a quite general system of
differential equations to the form
X1 = f 1 (t ,X1-,x2 , •••,x_h ) ; i = I, 2,- ''", n .

(1.4)

This classical vector differential equation has become
known to control engineers as the system state equation,
and a large, body of theory has been developed, around this
vector differential equation and its solutions.

For a

comprehensive treatise on.the state space approach' to
linear system theory, see Zadeh and Desoer (67).

The

existence of these two well-developed techniques and
the fruits wrought from their union by control engineers,
is a convincing argument for state space representation
of systems.
The remaining problem, that of arriving at realistic
constraint relations, is complicated by the fact that
although an n ^ - order differential equation representing
the dynamic behavior of a system can be reduced to n
first-order state equations in n state variables, these
state variables in general do not identify in a. one-toone correspondence with measurable quantities within the
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system.

Thus, if state equations are used to describe

a system, a special analysis technique is needed to
assure correspondence of the state variables and meas
urable quantities. This brings to the fore an analysis
technique introduced by Bashkow (3).

In his work, Bashkow

gives a new method of lumped-element, linear, timeinvariant , passive network analysis that leads naturally
to a set of first-order differential equations
X = AX + B

■

(1.5)

in which the vector X is an n x I matrix that contains
certain of the original voltage and current variables,
and the column vector B contains the voltage and current
sources. The n x n A matrix consists of scalar elements
which are combinations of inductances, capacitances, and
resistances of the network.

The existence of this

technique is indeed fortunate in that the linear, timeinvariant, passive network is widely used in communication,
control, and electronic applications and, as demonstrated
in Cheng (11) and D'azzo and Houpis (12), may be used
as an analogous representation of certain mechanical
rotational and translational systems as well as certain
thermal systems.

Thus, the use of the lumped-element,

linear, time-invariant, passive network model achieves a
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measure of generality.

With the above considerations in

mind, the problem can be formulated.

1.3__PURPOSE OF THE THESIS PROJECT
A given linear time-invariant system t/F is described
by the topologically derived state differential equation
X = AX -I- BU

•

(1.6)

where X is an n vector, U'. is an r vector, 3 is an n z r
constant matrix, and A is an n x n constant matrix.
system vf"is shown in Figure I.

The

The problem is to determine

the "shape" of the input u^(t), i = I, 2,

r, in the

interval t '< t < T so as to maximize some performance
measure

O
where ^(Y) is a scalar criterion function of the k vector
of output variables, Y , which are linearly related to the
state variables..

The input magnitude is bounded by

(t) < b^; i = I, 2, ..., r

(1.8)

with a ^ and b^, i = I, 2, .,,, r, known; and restrictions
on the energy available may include:

I)

the total energy
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available to the r inputs is limited to be less than or
equal to

;

2)

the total energy dissipated in the

network is to be no more than E.;

3 ) the total energy

available is limited to E^, and the energy dissipated
is not to exceed. E2 , Eg < E^; or 4)

the total energy-

supplied by the sources is to be either minimized or
maximized.

The input vector U is composed of current

generators, and the.output vector Y may represent a
combination of output voltages and currents.

1,4

VALUE OF THESIS RESEARCH
In many engineering problems, the designer is

confronted with the problem of selecting, input waveforms
that, when applied to a given system, result in a desired
response of the system.

Normally the input waveform is

constrained by relations resulting from physical
restrictions on the signal generating equipment; these
restrictions are usually magnitude and power, or equiv
alently in a pulse system magnitude and energy available
per pulse.

Up to this time, there has existed no general

solution framework for these problems.
The technique presented, that of using'Pontryagints
maximum principle to select the optimal input waveform
for a system represented by topologically derived state
space equations, inherently contains many advantages

over previous works,

The ability to represent the network

in a straight-forward manner by state space equations is
needed because as Tufts and Shnidman (58) admit, when
finding a set of first-order differential equations to
characterize their problem, "For our problem this is the
most difficult step because there are many possible formu
lations."

The implication is:

others do not.

some formulations work,

The state variable equations used in

the present work are not unique; however, if the criterion,
presented for arriving at the state equations is followed,
all formulations may be used' in the optimization procedure
with equal results. Another meritorious aspect is that a
large class-of problems, including multiple-input, multiple
output, may be handled without extensive modification of
the technique, whereas previously rather specialized
methods have been developed for distinct problems, This
representation of the system not only yields energy con
straint relations that are realistic and versatile, but
by maintaining a correspondence of state variables and
measurable quantities in the system, the designer may,
-in simple problems, utilize insight and intuition of
the- process to aid in arriving-at solutions.

In complex

p r o b l e m s t h e state variable representation allows the
solution to be accomplished on digital computing machines

■15
using existing techniques. The above is important be
cause , as shown in this work, the optimum input waveform
resulting from problems involving magnitude' and energy
constraints generally contains at least one segment
resulting from singular solutions of the necessary
conditions derived from Pontryagin1s maximum principle.
That the optimal signal does in general contain a singular
segment and that this singular segment, in some cases,
satisfies sufficiency conditions for an optimal waveform
is in itself important, for as Athans and Falb (I) have
stated, "Unfortunately, at this time, general results
regarding the existence of singular solutions to opti
mization problems are rather limited. Additional
research about.the nature, properties, and other char
acteristics of singular solutions is required."

It may

be noted that the solutions derived within this framework
yield better optimums than those appearing in the lit
erature.

Finally, this work serves as a basis for

numerous avenues of future research.

1.5__SCOPE OF THE TESSI5
In Chapter 2, a state variable characterization is
given for linear, lumped-element, time-invariant, passive
networks, and a summary of pertinent state .concepts is
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included. The network topology necessary to arrive at
the rules for selecting the state variables is presented;
an example is given to illustrate application of the
rules; general energy relations that are used as constraints
in the solution of the problem are derived; and the
sufficient conditions, if satisfied by the network, that
assure the energy relations validity are noted.
In Chapter 3» a brief summary of Pontryagin's
maximum principle is p r e s e n t e d T h e n , the problem of
maximizing a functional of the output variables over a
given interval of time, with the input waveform con
strained in both energy and magnitude, is formulated in
the context of the maximum principle. The concept of
a singular solution is introduced, and the possibility
■of a singular solution is studied; relations are derived
that define the input on the singular trajectory as an
explicit function of state and costate variables :
-it is shown that this solution in some cases satisfies
sufficiency conditions for a strong maximum.

The complete

solution, then, consists of segments of singular and
"bang-bang" trajectories.

It is also shown that embedded

in this problem solution are the solutions to several
other problems.

1

Chapter 4 is devoted to detailed examples illustrating

I?

the technique and its application.

The examples are

considered as various parameters are varied, thus achieving
a measure of generality from the specific examples.
Finally, Chapter 5 contains a summary of the results
of the thesis research and a somewhat speculative sugges
tion of avenues of research leading from this optimi
zation procedure.
For the convenience of the reader, a glossary of the
principal symbols-appearing in this work is included.

The-

glossary contains a brief description of each symbol, and
the location of its first use and formal definition are
given.

It is hoped that the glossary will materially

reduce the frustration of the reader brought about by
the necessary multiplicity of symbols.
Due to the abundance of literature on Pontryagints
maximum principle and its application to control problems,
It would be presumptuous to attempt a literature review.
The literature directly related to the material -in this
work is reviewed in the introductory sections of the
respective chapters.-

18

Figure 1.1

A representation of the system ^
used in optimal input wave shape
design.

CHAPTER 2

STATE EQUATION REPRESENTATION OF NETWORKS
AND THEIR ASSOCIATED ENERGY RELATIONS

20

2.1

INTRODUCTION
The objective in this chapter is to introduce the

characterization of a linear, time-invariant, passive
electrical network by state variable equations and to
derive the energy relations that are to be used as
constraints in the optimal signal design problem.

A

brief history of engineering use of state characterization
is given, and the basic conceptual ideas are presented.
The mechanics of establishing state relations in networks
are then discussed.
Although the state-space approach is just presently
maturing in Electrical Engineering, the basic concepts
underlying these techniques have long been used in
ordinary differential equations, classical dynamics, and
other fields. The concept of representing a system's
condition by its state was introduced to the engineering
community in 1936 by A. M . ,Turing (60),, was again used
by Shannon (6l) in 19^9» and the introduction of the
concept of state and related techniques into optimum
design of systems was initiated in 1953 "by Bellman (6).
Since its introduction to systems theory, the concept ■
has reached maturity under the writings of. Bellman,
Kalman, Zadeh, and' many others.
T h e ,fundamentals of the state variable approach
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presented below are a succinct rendition- of material
which may be found with all its ramifications in
Zadeh and Desoer (6?), Athans and Falb (I), Tou (54),
or Gupta (21).

The variables that characterize a

system may be categorized as:

I)

input variables u_ ,

which represent inputs of physical quantities to the
system and, in the case of this work, are under the
control of the designer;

2)

state variables x ., which
j
characterize the dynamic response of the system; and 3)
the output variables y , the pertinent response variables
of the system.

For convenience in notation, the above

variables will be expressed in vector notation; thus, U
is an r vector of u^'s, X is an n vector of x^'s , and
Y is a k vector of y^'s.

The set of all possible values

the state vector X can assume at a given time is termed
the state space of the system; similar definitions apply
to the space of U and Y .

Since' the objective of formulating

a mathematical model for a system is to enable prediction
of the system's response under the influence of a known
input and initial conditions, the state of the system may
be thought of as a 'smallest collection of numbers which
must be specified at time t = t O , along with the u'.
I for'
.t > t , to enable prediction' of the system response for
t > t ; that is to say, the' state' is the minimal "record"

\
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of the past history needed to predict future behavior,
given the future input.

The future state X(t-, ) of the

system, which was in state X(Pq) at time t

and which

is influenced by an input U(P)1 is given by the transi
tion function
X(P1 ) = G O 1 JX(Po)tU U 1 ,to),Pq], P1 > Pq

' (2.1)

where U(Pi j Pq ) implies that X(P1 ) depends on the be
havior of the input on the interval t

< P < P^,

The

output is given by
Y(P) = D[X(P)]

.(2.2)

Equations'2.1 and. 2.2 are often called the state equations
of the system; if the system is described by a. linear timeinvariant vector differential equation, the state equations
of the system take the form
X(P) = AX(P) + BU(P)

(2.3a)

and
Y(P) + DX(P)

'

(2.3b)

where X is an n vector, U an r vector, Y a k vector, A is
an n .x n matrix of constants, 3 an n x r matrix of" constants,
and, since in the class of problems considered, here the

23output consists simply of a subset of the state variables,
D .is a k x n matrix of constants. The solution of Equation

2 .3a may be written (21)

X(t) =

- to)%(t ) +

- ^)BU(Y) d?

(2.4)

tO
or in a form more common in engineering
t
x(t)'= ^(!,t^iXft^) + ;

0(t,HBU(T) AT
tO

(2.3)

The n x n matrix 0(t,t ) has assumed the name of transition
matrix.
It is well known (11) that a lumped-element linear
time-invariant network can be represented by a system of
differential equations that can be reduced to a.normal
system (4?).

The equations resulting from this approach,

however, do not necessarily reduce to a minimum set of
state variables, nor do the state variables correspond
to measurable quantities of the network.

As noted in

Chapter I, Bashkow (3) was the first to show that networks
could be represented by state type equations; however,
he gave no procedure for selecting the state variables.
To this end, in a 1959 work, Bryant (7) defined the
order -of complexity of an electrical network,

Bryant's
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order of complexity corresponds to the number of dynam
ically independent network variables and is shown to be
a function of the topology of the network.

Basic to

Bryant's procedure for selecting the dynamically
independent network variables is the choice of a "normal
tree" for the network,

Desoer's (13) i960 paper contains

a description of modes in linear circuits and an inter
pretation of state concepts applied to networks in the
context of classical network theory.

In 3.962, Bryant

(8) published a topologically-based procedure that
permits writing the state equations in an explicit form.
In 1965j Wilson and Massena (65) extended Bryant's"
work by introducing a more natural method of including
generators in the formulation.

And finally Kuh and

Rohrer (32) combined the previous works in a readable
account and discussed the state variable character
ization of active, nonfeciprocal, time-variable, and
nonlinear networks,

2_i2__THE NORMAL TREE
Before going on to write the network state variable
equations, the rules for choosing a normal tree are
summarized," Bryant■(7, 8) proves in his works that
the choice of a normal tree.to characterize a network
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guarantees that the equations resulting from applying
Kirchhoff 's voltage and current laws to the network
reduce to the desired state variable equations. The
normal tree is defined to be a tree* that contains the
maximum number of capacitances and the minimum number
of inductances possible.

This implies that a maximum

number of capacitive elements be included as tree■
branches; the necessary number of tree branch resistive
elements are added so that a minimum number of inductive
tree branches are included. The rules given below for
choosing a normal tree follow Bryant (?)•
Given a connected networkt/f', with a typical branch
as, shown in Figure 2.1, the network contains
itors , B* inductors and

capac

resistors; there are a total

of B^ branches

+ 4% + %

(2.6)

The number of independent loops M is given by'
M = Bb - N + S

(2.7a)

where K is the number of nodes ofyjK, and S is the number

*See Appendix A for definitions of terms of Network
Topology.
■
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of separate parts of
is connected.

Define

formed from

; here S i s equal to one since
u/g

, et cetera, as the networks

removing (open circuiting) the elements

not listed in the subscripts,

Def ine,/^, u C * , et cetera,
by contracting (short

as the networks formed from

circuiting) the elements not listed in the subscripts.
Then the number of branches, nodes, separate parts, and
independent loops in

are, respectively,

B L , S^,

and Kg.

&

‘

B*,

bJ

(2 .7b)

Z - ^ + sC

NJi,

S J ,

and

W j

are similarly defined,

It is noted

that N = Ng-= Ng^; however, this does not hold for starred
(contracted) networks.

See Figure'2.2 for an illustrative

example of the above definitions and procedures.
A method for choosing a normal tree
follows:
Jf

p '•

on

of t/f' is as

Choose any forest ^
r e e of
Wg of
-- V-Tg and
V.L1W any tV^ WW
v; jl -L J- consist
u u i i o j - C) v of
ux
iv will
N

ugj

consist of Bg - Sg inductors.

capacitors, a n % d will
Add the necessary resistors,

Sg - Kg in number, to complete a tree tf InvF.

By use

of this procedure, a normal tree corresponding to the
network of Figure 2.2a is derived sequentially in Figure
2.3.

Inspection of J T and the derived normal tree tX

evidence the following, The tree 1/ contains the maximum ■

2'7

number of capacitive branches without including a
capacitive loop; a single inductive branch is included
in the tree ^

this is the minimum number of inductive'

branches that would allow construction of a tree;
enough resistors are included to facilitate filling out
the tree

In general, the normal tree chosen will not

be unique; however, any one of the possible trees will
lead to valid state equations.

2.3

STATE VARIABLE REPRESENTATION OF NETWORKS
In a network, the instantaneous values of all the

branch currents and voltages define the instantaneous
state of. the network; this information, however, is
redundant in that there are algebraic relations connect
ing branch variables. The method developed in this
section is one for reducing the variables to a dynam
ically independent set, a set capable of completely
describing the state of the network.' The question
about which variables comprise this dynamically inde
pendent' set was answered with a proof by Bryant (7)
that the voltages across the (N - Sg,) capacitive
branches forming a forest ^
through the (Bg + S -

S^)

of^

and the currents

inductive branches forming

a set of chords to a forest OfT^* taken together
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constitute a complete set of dynamically independent
variables of the network J T of connectivity S.

The

number of variables in this set is Bryant's order of
complexity a, where
o - E g + N + 8 - 8^ -

(2 .8 )

To obtain the state.variable equations, one writes
■Kirchhoff1s voltage and current equations and the Ohm's
law equations for the network and eliminates the un
wanted variables.

The elimination process can be con

siderably simplified by use of the bookkeeping scheme
outlined below.

In what follows, reference to Figure

2.^a can be made for an example of the procedure. The
branches of the network graph are first assigned an
orientation; then the branches are numbered consec
utively according to Bryant's (?) scheme in the sequence,
capacitive chords, resistive chords, inductive chords,
capacitive tree branches, resistive tree branches,
and finally the inductive tree branches.

The above

numbering of branches classifies the branches into six
groups.

The vectors of network variables are then

partitioned, after Kuh and Rohrer (32), using subscripts
as follows:

a indicates the variables associated with

the chords to the tree; and g-indicates the variables
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associated with the tree branches.

The a and g vectors'

are further partitioned as S capacitive chords, E
resistive chords, L inductive chords, C capacitive
tree branches, G resistive tree branches, and P induc
tive ,tree branches.

The Bfe x'I vectors of branch voltages

and branch currents may now be written as

[is"

vR

1R
H*

>
vL
,o

Il

H

1C

vG

1G

. vP „

H*"3

vC

T'

_____ I

_ v p_

1L

I----

I____

I

vS

(2.9)

In the above partitioning, it is noted that the subvectors
v^ and iL constitute .the set of dynamically independent
network variables; that is, v^ and i^. are the state
variables of the network.
Assuming a normal tree

V* has

been selected from Jfi

Kim and Chien (28) show that the chords to the tree define
the fundamental' loops'ofufl

Thus, for each chord element

characterized .by v^, for example, there corresponds a
fundamental•loop whose orientation is the same as that
assigned to the chord element. Eirchhoff's voltage
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law. equations for the fundamental loops are
V
CBVb

= [I F]

ES
a

= E =

ER
(2.10)

EL
where CB is the M x

fundamental loop matrix, I the M x M

identity matrix, F an M x (N - I) matrix, and E is an M
vector the i ‘ component of which is the algebraic sum
of source voltages appearing in the i ' fundamental loop.
The vector E is further partitioned as follows:

Eg

represents a vector whose j " component is the algebraic
sum of source voltages in the fundamental loop defined
by the j

capacitive chord, E^ corresponds to loops

defined by the resistive chords, and E^ corresponds to
loops defined by inductive chords.

Kirchhoff's current

law equations for the normal tree are given by

iA L

b

= [-F
L-

I]

i"
a = J =
. 1P.

WherelZLis the (N ■- I) x

r jC1
jG
_ jH.

(2.11)

fundamental cut-set matrix

and, according to Kiin and Chien (28),,ZL has the form
.shown, where I is the. (E - I) x (N - I) identity matrix,
and.the prime indicates transpose.

The vector J is an ■
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(N - I) vector the 1th component of which is the alge
braic sum of sourtie currents appearing in the ith funda
mental cut-set, and the subvector

represents a vector '

whose

component- is the algebraic sum of source
■■
’
4“Vi
currents in the cut-set defined by the j
capacitive

tree branch,

corresponds to cut-sets defined by the

resistive tree branches, and Jp corresponds to cut
sets defined by inductive tree branches.
When a normal tree is chosen, Bryant shows that
the matrix F can be expressed in the form
C

o r

pRC

pRC-

0

pLC

fLG

pLP

'pSC

where

(2 .12)

expresses the topological relation between the

capacitive chords and the capacitive tree branches; that
is, Fg^ indicates that the variables associated with
the capacitive chords are expressible in terms of vari
ables associated with the capacitive tree branches and
are independent of resistive and inductive tree branches
as implied by the two,zero matrices in the first row.
The second row indicates that the variables of the resis
tive chords are expressible in terms of the variables
of capacitive and resistive tree branches -independent
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of the inductive tree branches. A similar interpreta
tion applies'to the third row.
The branch voltage-current relations are obtained
by- applying Ohm’s law to the individual branches; this
results in

vR "
VG

1S
1C

vL

R

a
0

C
a
0

0'
V
0

1R

(2.13)

1G _

vS

•

(2.14)
cP .

L
aa

V

vr

"4"
1P

(2.15)

In these equations R , C , and. L
are the chord resista
a
cccc
ance, capacitance, and inductance matrices, respectively;
R0 , C0 , and L
are, respectively, the tree branch resistp
p
PP
ance, capacitance and inductance matrices. The matrices
R , R , C , and C are diagonal and positive definite,,
oc
p
cc
p
while the over-all inductance matrix is symmetrical and,
if ideal transformers are excluded from- the network,
positive definite.

The formulation of these matrices'is

illustrated in Figure 2.4a,
The elimination of unwanted variables from Equations
2.10 through 2.15 is shown by Bryant, Kuh, and Rohrer
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to yield the network state equations
X = -AX + BU

(2.16)

in which the n.x I state vector is

vC
(2 .1?)

lL
the n x n A matrix is given by

A =

--e'V

A

xJi

-oC

~dC ^

(2 .18 )

the B matrix is n x r and given by
,-I
Jt
B
0

1

f B cF

0

-pLG^

-I

1p BGh p
-I

■pSC0a

' pir LPP"LaPpBCcs-'1

0

-p L G ^ 1p EGgCC 1

(2.19)

and the input r vector is given by
T

T .r "i 'i .t

t

U - [J.c Je Jp Eg Eh El]

(2 .20)

The entries in the A and B matrices all are determined
from element values of the network and the matrix F as
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follows;
^ = '[-fV

I]
L

C
a
0

0

-FR _
SC
I

Cd
Pj

(2 .21 )

which is a symmetric positive definite matrix;

£=

[I

FLp]

L'
aa

L .
ag

LPa

Lpp

i"
(2 .22 )

. f'
lp.

a symmetric and, excluding ideal transformers, positive
definite matrix;

# = [I

R
a
0

F^]

0

I

R

p'
RG

3J

L

Ra + FRGR3FRG

.-(2.23)

and
0
TOQ
I
___

G

I

<9 = O p r .

a

O

G

—F—
RG
I

Gp + FRGGaFRG

(2.24)

both positive definite;

V"

f RC^

fRC

(2.25)

a positive semi-definite symmetric matrix whose entries
have the dimension of admittance;
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^

■ f LG^

fLG

(2.26)

a positive semi-definite symmetric matrix whose entries
have the dimension of resistance; and finally a dimension
less matrix

K

R F
pLC-pHCffrlpRG p LG

In the above, the G^ and G
the

(2 .2?)

matrices are the inverses .of

and R^ matrices, respectively.
The calculation of the entries in the A and B matrices

is easily accomplished once the resistance,capacitance,
and inductance element matrices and the F matrix are
known.

The element matrices are obtained directly from

the numbered graph of the network- and formed as indicated
in Figure 2.4a'.

The F- matrix is easily obtained without

formally writing Kirchhoff1s voltage equations by use.
of the following well-known algorithm (28).

The rows

of the fundamental loop matrix fld correspond to the
independent loops of vf, but each of these loops and its
orientation corresponds to one of the chord elements;
thus, each row of <53 corresponds.to a chord element,
and the elements are assumed ordered as to increasing
numerical subscripts as shown by example in Figure 2.4b.
Each column of cB corresponds to a network branch element;
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the ordering of the columns is by increasing numerical
subscripts from left to right.
made as follows:

The entries in (8 are

if while traversing a fundamental

loop,■a branch is oriented the same as the loop, enter
+1 for the corresponding matrix entry, if orientations
are opposed, enter -I, and if the branch is not in the
loop, enter 0,

The resulting matrix has the same form

as that of Equation 2.10, and the matrix F is obtained
by partitioning
For simple networks, the above manipulative pro
cedure for the general case can often be by-passed;
that is, if there are no capacitive loops and no inductive
cut-sets, the- state equations are easily obtained by
applying standard circuit analysis techniques. This
will become evident in the examples concluding this
section.
In the next section, the attributes of the state
representation are exploited to obtain quadratic forms
which represent the. instantaneous power absorbed by
the network.

The combining of state variable repre

sentation- and optimization theory for solution of net
work problems is then considered in Chapter 3.

2.4

DERIVATION OF NETWORK ENERGY RELATIONS
Guillemin (20) has shown that the instantaneous
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rate of energy absorption of a network may be represented
by "energy functions".

Guillemin's "energy functions"

correspond to quadratic forms that describe the instan
taneous rate of energy dissipation of resistive elements
and the instantaneous stored energy in the magnetic
and electric fields Cf inductive and capacitive elements,
respectively.

In a similar manner for a network repre

sented by state variable equations, Xuh, in references
(31) and. (32), expresses the.instantaneous stored .
energy of the reactance elements in terms of the state
variables.as
0
"LG

ix
(2.28)

0 &

However, Kuh does not indicate that this relation holds
only if restrictions are placed on the input generators.

I
O

O

--- 1

U
t>

1

I

___ 1

ca
O

t t vsv’c.1

O

"1LC

V0
S

a

+ IC1L ip]

L
act

L _
aP

1L

LPa

Lpp

t
3
I
_-__

This may be seen by writing a valid accounting of energy,

(2.29)
In order to express Equation 2.29 in terms of the state
variables v

and i , relations contained in Equations

2.10 and 2,11 are needed; explicitly,

38
f SCvC

(2.30)

+ ES

and

f LP1L

(2.31)

+ JP

When Equations 2.30 and 2.31 are substituted into Equation
.2.29, it is noted that Equation 2.28 results only if E
and Jp are zero.

More will be said about these restrictions

later.

'

Assuming that the above restrictions are satisfied,
Equation 2.28 gives the instantaneous stored energy of the
network; if a similar expression were available for instan
taneous power dissipated.in the resistances, then suffi
cient information would be available to consider instan
taneous power and total energy absorbed by the network
over an interval of time.

The instantaneous power dissi

pation of a network may be expressed as
= VRG^Vg, + V^GgVc

v R g CCvR

+ 1G r P1G

W

r

+ 1Gr P1G

1R r U 1R + VGG PVG

where the entries are defined in Section 2.3.

(2.32)

For a useful

relation,, the variables must be the state variables of the
network, which none appearing in Equation 2.32 are; thus,
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a transformation .must be made.

Any one of the equalities

in Equation 2.32 can be used in the transformation
process; however, the relation leading to the most straight
forward manipulation is

(2.33)
From the above, the transformation needed is one which
will transform the state variables v^ and i^ into the
variables i^ and v ^ .

with the network described by state

variables, a transformation.of the form

1R

'= Tn
I

vC
+ T2U

_VG

,1L

where

is a

x n matrix of constants, and

(2.34)

is a

x r matrix of constants, is guaranteed to exist; that
is to say, the state variables are a minimal set of
variables that along with the source vector completely
describe the network. However, the inclusion of sources
in Equation 2.34 considerably complicates the sequel,
and as will be evidenced in Chapter 3» very little
generality is sacrificed by restricting the network so .
the term TgU is eliminated.
The matrix T^ of Equation 2.34 is to be determined.

From Equations 2.10 and 2.11, the following are chosen:
(2,35)
and
(2.36)

Utilizing Equation 2.13, the Ohm’s law equation for branch
resistive elements, Equations 2.35 and 2.36 may be written
in the matrix form
R
a
t
“f r g

RG

X

V

tG

F

—

Xe'
0

0
t
FLG

X

+

X
jG

In order to facilitate the remainder of the derivation,
the condition that Ep and Jp be zero is imposed on the
network, thus removing the TgU term from Equation 2.34.
Equation 2,37 is solved by multiplying on the left by the
appropriate inverse, which.is shown to exist in Appendix
B .1, to'give

v,G

r Pf RG^

0
IRC
0
.F.
LG

For convenience, this is factored into

vC
iL

(

2 . 38)
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1R

' V
h pfe g .

The matrix

(TT1 o

hg

(2 .39)

o

1

of Equation 2.34 is identified with the matrix

product in Equation 2.39•
The instantaneous power dissipated in the resistive
elements can be written by use of Equations 2.33 and
■2.34 as

i i
1J t:

mt)

With T^

(2.40)

as. obtained from Equation 2.39

i
I
and X = [v^

i
i^J,

H

I

Equation 2.40 is expanded:

R
a

0

,S

I

O

fP(t)

0

0
hi

I
X -pEC

0 .

"GaFRG
RP'H'RG

-I

a

0

-fRC

-I

But note that
T
-p' G
RG a

F-,„R„
RG B
I

R

a
0

0
CP_

f BGb s

o r 1 )' _-FEGGa

0

1

1 ■

I

-G F_0
a KG
I
B-RG- . •

1

°
(2.41)
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R a + f EGr PfRG
i
•i
~F
+ F
• EG.
rHG

"FRG + fEG

#

O

Gp + FRGGaFEG

O J

(2.42)

which is used in Equation 2.41 to obtain

(#-1)' '0'

RC

dP(t) = X

"fRC

LG

°
LG

X
(2.43)

and therefore,

P1
e c ( ^ 1 )Fi

C

#>(t) = X

-I- I I

fLG ®

>FLG

In Appendix B .2, it is shown that 63 and^

(2.44)

are sym

metric, and since the inverse of a symmetric matrix is
symmetric, Equation 2,44 takes the form

(?(t) = X

^RC^
0

fRC

X

■1T
pLti^

LG

(2.4$)

but upon considering Equations 2.2$ and 2.26, this is Just
^

0

(?(t) = X
0 %

(2.46)

In Appendix B ,3, it is shown that the scalar product
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O ^
X

X=O
o

(2.4?)

for any X. Suppose it is stipulated that

is defined by

Equation 2.27 and that X is the state vector of the
system.

Subtraction of zero, Equation 2,47, from the

right-hand member of Equation 2.46 does not change its
value but gives

m t , = _x t
(2.48)
By comparing this result with that of Equation 2.18, it
is seen that
.0 0
<?(t) = -X

AX
o <£

(2.49)

For convenience, the matrix containing Jc and <55 in
Equation 2.49 will be defined as the matrix P , and unless
some specific property is of interest, Equation■2.49 will
appear in the sequel as
<?(t) = -XPAX

(2.50)

Similarly, Equation 2,28 is written as
(2.51).

h,h,
Before proceeding, note that

2%(ixrx) = #xrx + txrx = xrx

(2 .52)

because P is symmetric,

It follows that

x(t^)
/-lXPX dt = /
1 td(xrx)
X(tQ)
1O

= ix/t^/nxC t^) - ix^Xo

't

*

(2.53)

where XQ indicates the value of X at time t0 ; that is, the
initial state, This equation represents the change in
energy stored in the capacitive and inductive elements
during the interval t0 < t < t^.

Since, considering

Equation 2.50, the energy dissipated in the resistive
elements during this same interval of time is

- X P A X dt

(2.54)

the total energy absorbed by the network is

(2.55)

Equation 2.16 can be placed in the form
BU = X -

AX

(2 .56)
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On the basis of Equations 2.55 and 2.56, an energyrelation for the network is
t, ,
/-lXPBU dt
iO

/1 CXPX - XPAX) dt
tO

(2.57)

which represents the total energy absorbed by the net
work in the interval tQ < t < t^, or equivalently the
total energy supplied by the source generators in the
vector U during this interval,
It is recalled that, to obtain Equation 2.57, the
restrictions Eg, Jp , E^, and J^ equal to zero were
assumed. The interpretation of these restrictions' and
how they affect the application to real physical systems
must be considered.

The condition that Eg be zero, or

the summation of the voltage sources in fundamental
loops defined by capacitive chords is zero, is satisfied
if the circuit contains no capacitive loops; however,
if capacitive loops occur, there can be no voltage
sources in them.

The restriction that Jp be zero is

equivalent to demanding that the total current sources
in the fundamental cut-sets defined by inductive tree
branches be ,zero,

In many cases where, this condition

occurs, the use of a Thevenin equivalent circuit for
the branch or branches in question can transform the
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network to a workable configuration,

If the voltage

sources in fundamental' loops defined'by resistive chords,.
E^, are not zero, the use of Norton equivalent networks
for the branches may work.

And finally, the restriction

Jq be zero is equivalent to restricting the total current
in the fundamental'cut-sets defined by resistive tree
branches to zero; again, the use of an equivalent
circuit for the branch or branches in question often
alleviates the problem.
The above are real limitations; however, there are
arguments remaining that make the situation palatable.
The first of these is concerned with the mathematics of
deriving Equation 2,5?.

In order to arrive at the desired

result, the condition that Eg , Jpf E^, and Jq be zero was
imposed; that is, satisfying these is a sufficient
condition for Equation 2,57 to be valid.

It is noted

that these do not constitute a set of necessary conditions,
for applying the energy relation to the network used in
Figures 2,2 through 2.4 gives a valid accounting of
energy, and it is seen that this network contains a
voltage source in a fundamental loop defined by a resis
tive chord; that is, E^ does not equal zero.

This implies

that some relaxing of restrictions can be achieved,
Secondly, the primary purpose of this work is to develop

4?
a technique applicable to real problems.

If the sources

are typical electronic devices, tubes, transistors, or
even other networks-, all have some equivalent output
resistance and capacitance.

In the majority of cases,

a current generator paralleled by an RC combination will
be included in the' subset of generators

which can

be handled by the above method.
There is a problem that arises from practical
considerations.

If the value of the generator shunt

capacitance is negligibly small compared to other network
elements, the more or less standard procedure is to
neglect the capacitance in formulating the problem.

In

formulating this problem, neglecting the generator
shunt capacitors may change the problem such that one
of the restrictions is violated; hence, it is noted
that one of the penalties of this approach is that the
order of the equations requiring solution may be higher.
The inability to make some of the simplifying assumptions •
that are normally used in circuit work may sound unduly
restrictive; however, in the context of optimization
problems, the "spirit of optimization" requires an
accurate representation of the physical network or system.
In concluding this section, it is reiterated, if
the restrictions imposed on

, E1-,, and

are not
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satisfied by the original network, the use of appropriate
Norton or Thevenin circuits may transform the network into
one satisfying the restrictions.

If the transformation

to different forms fails, an alternative is to consider
a different normal tree', since, in general the normal tree
chosen is not unique. Finally it is felt that further
work in this area may enable the removal of at least
some of the restrictions that have been imposed,

2.5

ILLUSTRATIVE EXAMPLES
The choice of a normal tree and generation of the

state equations for the network in Figure 2.5a will be
used as an illustration of the procedures outlined in
this chapter. This network might correspond to a series
compensated transistor video amplifier, .where the input
current is the collector current from one stage, and the
variable of interest is the current through r^’ of the
second stage.

The inductor Lg corresponds to the emitter

inductor discussed by Rheinfelder (48).

The normal tree

and all the element matrices and partitions of the F
matrix necessary for determining the state equation,
are shown in Figure 2.5b.
seen that V ^ , -v^ , and
for the network.

From the normal tree, it is
serve as the state variables

The■entries required to formulate the
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state equation are calculated from Equations 2.21
through 2.27 as
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It is noted that the current source is in parallel with
C^; thus, the contribution of current in the fundamental
- . - R A t defined
r l A - f i r i A r ! by
Tw
cut-set

f!.

ie .
T
is

'k
are zero.

U

= 1 i,^, and all other sources
=
'In'

U is then

Jz

1In
0

J,

0■

J,P

0
0
0
0

jL

« •

0

(2 .6?)

so that the product BU has the simple form

lin/C^
0

BU =

(2 .68)
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The state equation is then written in final form
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The energy stored in the reactive elements is given by
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and the instantaneous power dissipation is given by
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By considering Figure 2.5, these indeed represent the
energy stored and instantaneous power dissipated in the
resistive elements.

The alternative expression .seen in

Equation 2.57 becomes

tI «
tI
/1XPBU dt = /1VzJ t U
(t) "dt
in
t0
t0

(2.72)

From Figure 2.5, it is seen this represents the input

energy to the network during the interval t

o

< t < tn .

~

—

I

In order to demonstrate the nonnecessity of the
conditions imposed on the network to allow derivation of
Equation 2.46,- consider the'application of Equation 2,46
to the network shown in Figures 2,2a and 2.4a,

This

network contains a voltage source in the fundamental
loop defined by the resistance

; that is, Er is not

zero. The matrices ^ and % for this network are found
to be

% =
R r7
7

+ R

11

+

G0 + G r,
8
2
A .

Gr7
2
A

:

"G0
r -4
7
A

■ G00 + G0
R_ + R_ + —

-- — ^

_

7

(2 .73)

1

0

0

0

VC

0

-<

0

(2.?4)
where

GgG- + G2Gio + G10G8 ‘

network is given by

state vector for this
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Completing the multiplication in Equation 2.46 gives

CP(t) = B11I= + B9I= + B 7 U 3 + I4 )2 +

* ¥

* ¥ - *

•

S “ 3 •

V

2

(2 .76)

By applying the delta-wye transformation to the delta
circuit defined by the conductances G^. Ggl and

it

is noted that the conductance terms of Equation 2.76
represent the equivalent wye resistances, and that this
equation represents the instantaneous power dissipated in
the resistive elements of the network.
As a third example, the network of Figure 2.6 will
be used to illustrate that if there are no capacitive
loops and no inductive cut-sets, the state equations
can be obtained using standard network analysis tech
From the element matrices and the partitioning

niques.

of the F matrix, the state equations resulting from
application of the method of this chapter are

X1
I
,
X2

-I_

Tl
°3

I

5

I

X1
I
+

-h4
^2

■C3
u
0

(2.77)

But, as is easily seen,writing one node equation and one
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loop equation yields the same state equation.

2,6

CONCLUSION
The topologically-based rules for obtaining a normal

tree of a network are given.

The state variables are

selected, and the process of eliminating the unwanted
network variables and arriving at the state equations
for a network is sketched. The characterization of the
network by state variables is extended by establishing
relations that allow expressing the energy absorbed
by the network in the interval t

Erp

= A xpbu-dt = A (xrx
to

o

-

xpax)

C t c t n as

dt ■

, t

where the vectors and matrices are those contained in
the state equations of the network
X = AX + BU .
In order to establish the energy relation, restrictions
are placed on the network; it is shown that satisfying
these restrictions is sufficient but not necessary for
the result to be valid; thus, additional work may relax
the above mentioned restrictions.
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Branch Orientation
<----------------Branch
Voltage Source

Branch
Current Source

Figure 2.1

Typical network branch
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Figure 2.2a

A network JT with

= 3, B^= 3. B^= 6,

% ^
^S+ % = 12» - = 9' S = I,
M = Bj3- N + S = 4.
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&

<?

e
Ci
Figure 2.2b

o
o

The network </£ formed from J T with

3g= 3, Kg= 9, Sg= 7, Mg= Bg- Mg+ Sg= I.
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Figure 2.2c

The network

formed from i/Twith

= 9’

-%<7= 9 ' ^
BM- W

+

= J-

= 2'
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Figure 2.2d

The network

formed TromiAr with

6l

O

-B

IF

O

Figure 2.3a

A forest ^

o

of

.

For this^,

a tree ^
^
consists of K itors where K - Sy= 9 - 7 = 2 .

^6^

G-
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Figure 2.3b

A t r e e % formed f r o m J * .
consists
* 'C *
oC^
»
of IFo -Sg inductors where
- Sg =
= 2 - I = I.
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Figure 2.3c

A normal tree 2^ of the network uf'
(shown by solid line) formed by
*
adding Sg- ^ = 7 - 2 = 5 resistors.
Chords are shown dotted.
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Figure 2.4a

Network graph of Jfr with branches
oriented and numbered and fundamental
loops shown. The element matrices for
the graph are given.

65

L3

Iu •

I

B2
0

0L

C

%

C

I

b
1U

bID h TL1 h
0 .0
0

0 .0

-I

0

I

0 .0

0 .-I

0 •—1

0

0

-I

-I .-I

I .0

-I .-I

-I

-I

C

0 '.-I

-I

0

■I

0

-I

-I

0

%

0 .-I

I .o

'0

0 .0

C

o ■I

C

0

FSC =[-l
%C - [0
FLC

0

pS
0

C5 ■ C6 : ^

cI

0

1]

' >

-I

6

0

-I

Figure 2.4b

"-1

’ 1LG

-I

0'
-I

0]

'

-I
0 5 1LP

'-I
-I

Illustration of algorithm for deter
mining F and subsequent partitioning
of F.
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Figure 2.5a

Network corresponding to a series
compensated amplifier.
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2LG = I;
.

1L

= I.

Normal tree ^ numbered, oriented, and
with fundamental loops shown. Element
matrices given, and. the matrix F with
its partitioning indicated.
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pL

^

^

Rl

Tl 0 - 1
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I

= 0
= -1? fRG =

1LC

0

_15 iLG : I i Ft = 0

Figure 2.6

A network containing no capacitive
loops or inductive cut-sets. The
elements are numbered, and the normal
tree consists of CL and A. The element
matrices are given5 and the F matrix
and its partitioning indicated.

CHAPTER 3

APPLICATION OF PONTRYAGINfS MAXIMUM PRINCIPLE
TO OPTIMAL SIGNAL DESIGN

70

3.1

INTRODUCTION
■ In this chapter, the optimal signal design problem

defined in Section I.3 is carried out in the context of
the maximum principle of Pontryagin. A s noted in
Chapter I, Pontryagin's maximum principle was chosen
because of its applicability to a broad class of problems;
that is, the principle readily handles magnitude con
straints imposed on the input', and a variety of integral
constraints may be included in the performance criterion by invoking the isoparametric theorem of variational
calculus (15).

As will become apparent in this chapter,

application of variational calculus produces necessary
conditions for an optimum that are essentially the same
as those of Pontryagin1s maximum principle;, however,
the continuity requirements imposed are severe, and
magnitude bounds on input signals are handled clumsily
with the classical theory.

It is the natural "fit"

of the maximum principle and state variable character
ization plus the explicit nature of the maximizing
procedure that make the maximum principle the choice
for this problem..
The form in which Pontryagin1s maximum principle
is presented is as varied as the authors that have
used the principle.

In the works of Pontryagin. (.46)
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and Rozonoer (50), a linear combination of the system
variables is minimized (or maximized); that is, the
performance criterion is simply that of extremizing
some weighted combination of system variables.

It is

then shown that functionals representing other per
formance criteria can be transformed into the desired
form by defining these functionals as auxiliary system
variables.

Having mentioned the original formulation,

Pontryagin1s maximum principle will now be presented
in a form most convenient for the problem at hand.

3.2

SUMMRY OF THE MAXIMUM PRINCIPLE
The form of Pontryagin1s maximum principle is

largely determined by the performance criterion used;
thus the performance criterion will be presented and
then the maximum principle stated.

The optimal signal

design problem is formulated in the following manner.
In the class of admissible functions, find the signal
vector U(t) which maximizes the functional
T
•
J(U) = K[X(T)] + f L[X(t),U(t),t] dt

. (3.1)

%
'
'
.
th '
with the restriction that X(t) satisfies the n
order
system of differential equations
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.x(t) = G[x(t);u(t)]

(3.2)

with initial conditions
(3.3)

x ^ O j = xO
The functions
^
dg,[X(t),U(t)]
gl[X(t),U(t}], — ^
' i = I, 2, •••, n ■
ax

(3.4)

and

L[x(t),u(t),t],

5)

are assumed continuous with respect to their arguments.
The input signal is' such that
tu(t)G<2/ , 1 = 1 ,

where

ZC denotes

2, ••*, r

•

(3.6)

the set of bounded piece-wise.continuous

functions on the interval to —
< t —
< T . The terminal time
T and the state vector at the terminal time X(T).may
or may not be fixed,

Pontryagin1s maximum principle for

this problem is then stated as. follows:

The signal

vector U (t) which maximizes Equation 3-1» subject to
the conditions in Equations 3»2 through 3.6', necessarily
yields the minimum value of the Hamiltonian function H
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defined by
H(XlP lUjt) = P G(XjU) - L(X,U,t)

’

(3.7)

The optimal U*(t) i s .then found from the .equation
H[X*(t),P*(t),U*(t),t] = min 3[X*(t),P*(t),U(t),t]
U(t)G%

The so-called adjoint or costate vector P(t) and the state
vector X(t) must satisfy the canonical equations
_ 3H(X*,P*,U*,t )
d xj_

I = I, 2,

(3.9)

and
•it
i

3H(X«,P*,0«,t)
Sv1

,

I, 2,

n

(3.10)

and at the terminal time T , the transversality condition

{H(X*,P*,U*,t) dt - S [ p. (t) +
1=1
1

dXi

dx.>
= 0
1 t=T
(3.11)

must, be satisfied.

To minimize the performance index .of

Equation 3*1» the Hamiltonian of Equation 3■7 is max
imized.
Some interpretive comments on the above set of
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equations will clarify use of PontryaginrS maximum
principle.

From the definition of the Hamiltonian,

Equation 3«?i it is apparent that Equations 3.10 are
simply the original constraint set given by Equation
3.2.

The Hamiltonian and costate system given in

Equation 3.9 are, by considering their definitions,
continuous in X, P , U, and t.

Rozonoer (50) shows

that if the Hamiltonian is not an explicit function of
time, then along the optimal trajectory the Hamiltonian
is equal to a constant; if the terminal time T is free,
consideration of the transversality condition indicates
this constant is zero.

The transversality condition

also indicates the terminal conditions imposed on the
costate vector; that is,

p

.(t ) - a c m n
I

t=T 9

I, 2,

if the terminal state X(T) is free.

(3.12)

But. if the terminal

state is specified, then the terminal costate is free.
The canonical Equations 3.9 and 3*10 form a system of
2n first-order differential equations that must be
solved subject to conditions given by Equations 3-3» 3-6,
3.8, a n d '3.11.

It is noted that these are two-point

boundary-value -problems; that is to say, if the terminalstate- is free, -the boundary values are X

o

and P(T)
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whereas if the terminal state is fixed, the boundaryvalues are X

and X(T)1 The solution

U*(t) = U*[x(t'),p(t),t]

(3 .13 )

satisfying the above necessary conditions, is in general
not unique; however,if an optimal solution'exists and
if the solution obtained is unique, it is the optimum..

3.3

SINGULAR SOLUTIONS
If the signal vector U(t) appears linearly in

Equations 3•I and 3.2, that is,
L[X (t ),U (t ),1 1 = U (t )* Lo[x(t),t]

(3.14)

and
G[X(t),U(t)] = G [X(t)] + BU(t)

'

(3-15)

the Hamiltonian may be written as
H (X,P ,U ,t ) =\j/(X,P) + U(t)’ ^(X,P,t)

(3.16)

where
l^(x,p) = Gjx(t)]' P

and'

(3.17)

76
a

X,P,t) = B P -

Lo[X(t),t]

(3.18)

If the set 'll is specified by the system of inequalities
< Ui < bi ; 1 = 1, 2, •'• , r

(3.19)

then the components of the optimal signal must, according
to Pontryagin, et al, (46) and Rozonoer (50), satisfy the
following conditions at each instant of time in the interval
of interest:

u*i

C a. if A(X*,P*,t) > O
< 1
T.1
'
,1
b if A(X*,P*,t) < O

I, 2,

f

r
(3 .20)

Here <A(X,P,t) corresponds to the i^*1 entry in the r x I
vector ,AX ,P ,t)'.

In Equation 3.20, the value of u5 is

seen to depend on the signum function of ^i (X,P, t ),. written
as sgn ^ i (X,P ,t ).

Optimal signals of this form were termed'

as "bang-bang".by LaSalle (33)» and his term "steering
function" for the ^\(X,P,t) has evolved into "switching
function."

So long as the ^i(X ,P ,t ) have only isolated

zeros, Equation 3.20 completely defines the signal vector
U*(t); however, as noted by LaSalle, if the switching
functions remain zero over a time interval of positive
length, Equation 3.20 no longer completely determines
U * (t ) . When the switching function becomes identically
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zero on some interval, the solution on this interval
is called singular. The switching surface, defined by
<£(X,P,t) being zero, represents all the points at which
the signal defined by Equation 3.20 may possibly switch,
and the points at which the signal actually switches is
a subset of these points. Even if it is established
that there is the possibility of a singular trajectory,
this does not necessarily imply the existence of a
singular solution, for in a general situation, the
solution trajectory in X,P ,t space may use the switching
surface for both switching and singular solutions.
Singular conditions have been examined by Paraev(39)
he derived special laws for u^(X,P,t) such that the solu
tion traversed a singular trajectoryAlthough Paraev
considered the case of a multidimensional driving
vector, because of the complexity of the general ex
pressions involved and since the multidimensional case
is analogous to the simpler unidimensional case, it is
felt more insight may be gained by considering the
unidimensional case,

Before proceeding, it is noted

that Johnson and Gibson (23) arrived at essentially
the same results as Paraev, and in a later work, Johnson
(26) neatly packaged the results and interpreted them
for higher-order systems. The basic argument is as
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follows.

In the process of. solving the necessary condi

tion equation, suppose A t ) becomes zero at some instant
of time t^.

From the Taylor series expansion of g(t^)

+

ant t )
atn

(At)]
n!

+

• = •

'I

(3 .21 )

it is evident, since At is arbitrary, .that for' ^t-^ + At)
to be zero, the higher-order derivatives must be zero.
Paraev shows that ^"(X, P, t ) may depend explicitly
■on .the input signal and its derivatives for k > 2.
Assuming that the input signal u(t) does not appear
in the first s - I terms of Equation 3•21 and that,
the first term in the expansion that explicitly depends
on u(t ). is the St^', then <£(t^ + At) is zero if

i£(t)
Ht ■

d8-^( t)
S-I
tI

(3 .22 )

If a singular solution is to exist, it must be possible
for u(t) to be chosen such that the remaining terms in the
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expansion are zero.

In Equation 3.22, each of the equal

ities yield relations between the state and costate
variables which are used in turn to obtain more informa
tion about the singular trajectory.

Recall that, for

a free terminal time problem, the Hamiltonian of Equation
3.16 is equal to zero; results .derived from Equation
3.22 can be substituted into ^ p ( X fP) to yield a general
expression for the singular trajectory. If the terminal
*
time is fixed, the Hamiltonian .is equal to a constant,
and the above procedure results in a family of trajectories.
These ideas will become clear in the solution of the
optimal signal design problem of Section 3•6.
For the general case, there is no clear-cut method
of determining if a singular solution occurs since,
depending on the initial' conditions of the problem, the
solution trajectory.may or may not intercept the singular
trajectory.

If the solution does intercept the singular

trajectory, the problem remains to determine if this
implies simply a switching or the beginning of a segment
of singular solution„ Johnson (26) suggests a flooding
technique that in essence generates all the nonsingular
trajectories leaving the singular trajectory in both
forward and reverse time; in this way, if the optimal
trajectory includes a singular subarc, the flood paths
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will indicate how the singular portion is fitted to the
nonsingular portion of the solution.

Successful use of

this technique would appear to require considerable
intuition and insight pertaining to particular problem
forms.

3.4

RELATED WORKS
It is informative to consider work that has been

done in optimal control and optimal signal design in the
above context.

In i960', Letov (34) considered the

problem of an optimal regulator for a linear plant with
a bounded control variable and a performance index, that
is quadratic in the state variables; this problem has
been studied by Kalman (27), Johnson and Gibson (24),
Johnson and Wonham (25), Tchamran (53), and others.
The performance criterion used in all the above is of
the form
rp

J = / (X QX + u ) dt
tO

(3.23)

with magnitude bounds on u expressed as
|u| < I

. (3.24)

and where the system is -represented by the state equation

81

X - AX + Bu
with u a scalar.'

(3.25)The objective is to select the control

u so as to cause the system to move from some initial
state X q to the final state X(T) = 0 where the terminal
time T is free while minimizing J of Equation 3.23.

The

energy required from the controller is purportedly
2

accounted for by the u

in the performance index; this

has been discussed in Section 1.1.

The quadratic form

is intended to bound the excursions of the state variables;
however, it should be recalled that the state variables
do not necessarily correspond to measurable quantities,
and unless a relation between the state variables and
measurable quantities is obtained, this minimization
2
is of questionable value. If the u term is.omitted
from the performance criterion of Equation 3.23» con
sideration of the Hamiltonian for the problem reveals
the possibility of a singular solution.

But the possi

bility of singular solutions is suppressed by the
2
addition of u in the integrand of the' performance
a
criterion. The regulator problem without u in the
performance criterion has been considered by Wonham and
Johnson (66), Bass and Weber (4, 64), and Athans and
Falb (I),

A feature of the solutions is that, in
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general, the control u is comprised of both singular and
bang-bang segments. .In the above, the singular portion
of the solution results from the solution of a matrix
Riccati equation and is a linear combination of the
state variables, which in control systems is significant
for feedback control if the state variables can be
obtained in terms of measurable quantities.

For the

multi-input optimal regulator problem with a quadratic
performance index, Rohrer and Sobral (49) avoid the
solution of matrix Riccati equations by obtaining the
singular control as a time variable function of the
state variables by means of classical calculus of
variations.

In this latter class of optimal regulator

problems, it is noted that no consideration is given to
control energy.

In a recent work, Athans and Schweppe

(2) develop a so-called "on-off" principle for optimal
signal design.

In essence, they show that for a wide

class of total energy and amplitude-Iimited signal
design problems, the optimal.amplitude modulation is
of an on-off n a t u r e t h a t is, the optimal signal alter
nates between its peak-power and its zero-power levels.
In their discussion of "special cases," it is noted
that a singular solution has been avoided by assuming
restrictions on the problem, and that additional research

8]

into this problem is required.
. Unlike the above problems in control, the problem
at hand is one of open-loop signal design, and it is
no longer imperative to express the signal in terms of
state variables alone; that is, expressing the signal
in terms of state and costate variables is acceptable.

3.5

STATEMENT OF THE OPTIMAL SIGNAL DESIGN PROBLEM
A given linear time-invariant network

Jfrdescribed

by the state equations
X = AX + BU

(3.26)

and the output relations
Y = DX
is shown in Figure 1.1.

(3.27)
It is assumed the initial

condition X(t ) =’X q is known.

In the above equations,

X is an n vector, A is an n x n matrix of constants,
B is an n x r matrix of constants, U is an r vector,
Y is a k vector, and D is an appropriate k x n matrix
of constants. The "shape" of the inputs u^(t),
i = I, 2, •••, r in the intervalt < t < T is to be"
0
selected so as to extremize the functional J of the
outputs:
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T
= %%[%(?)] +- /
tO

at

(3.28)

Since there are various performance criteria which are
of interest, the subscript m will be used to indicate
which performance criterion the functional of Equation
3.28 represents.

The added side constraints are that

the inputs are bounded in magnitude
ai -

^ bv

1 = 1 » 2 » '''t r

(3.29)

where a^ and b^ are known, and one of the following energy
restrictions applies:

Case I)

the total energy available to the r inputs
is limited to be less than or equal to
.

Case 2)

the total energy dissipated in the network
-is to be no more than E^.

Case 3)

the total energy available is limited to E-, ,
and the'energy dissipated is not to
exceed E ^ .

Case 4)

the total energy supplied by the sources is
to be either minimized or maximized.

Some discussion of the problem statement will clarify
the goal and the type of network under consideration.
sources or generators are assumed to be characterized

Any
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by an equivalent circuit including output resistance and
capacitance; if the source is a voltage generator, it
is converted to an equivalent current generator using
the Norton equivalent circuit.

The state equations for

the network are then obtained using the topologically
based procedure outlined in Chapter 2.

Considering

the above, all generators will be included in the
subvector

of Equation 2.20; that is to say, all

sources are current generators in the fundamental
cut-sets defined by capacitive tree branches. This
procedure assures the following:

I)

relations of Equation 2.57 apply; and

the energy
2)

the 'n x I

vector 3U, see Equation 2,19, can be written as

^ 1' 0

1

f B C ^ 1f RGbP

0

BU =

o

^ - 1J |_o -FdJ " 1

- FLPLg j3 - LaS

0

JC
0

C
0
0

JC

C
0

(3.30)
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where/d*"1 is an (N - Sg) x (N - Sg) positive-definite
symmetric matrix, and J q is an (N - Sg) x I vector.

It

is further assumed that, when selecting the normal tree,
the■network graph is numbered such that the sources
occupy the first r entries in
the entries are zeros'.

, and the remainder of

With reference to the numbering

scheme of Section 2.3, the above grouping of sources is
accomplished as follows:

for the case when no capacitive

loops occur or when capacitive loops occur but there are
no sources in parallel with the capacitive chord elements,
the capacitive elements with sources in parallel are , ' numbered first in the sequence when numbering capacitive
tree branches; for the case when capacitive loops occur
and there are sources in parallel- with the capacitive
chords, the capacitive tree branch elements of each loop
are included in the list of the first case before pro
ceeding with the numbering of capacitive tree branches
with no source across them.

It will be further assumed

that the output vector Y depends only on the last n - r
state variables; that is, it is assumed that none of the
sources appear directly in the output vector.
The only restriction on the network will be that,
if there are capacitive loops, the capacitive loops
cannot contain elements associated with both input and
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output variables.

Capacitive loops consisting of only-

input variables or output variables are admitted.

The

consequence of this restriction allows the partitioning
-I
of the matrix
as follows

(3.31)
where b^ is an r x r positive-definite symmetric matrix,
and bg is an (N -

- r) x (N

- r) positive-

definite symmetric'matrix. If there are no capacitive
“1
loops, A
is diagonal, and the partitioning holds
trivially.
The performance criterion .of Equation 3.28 is chosen
to best represent "that which .is to be optimized."

For

example, let m = I in Equation 3•28 represent the case
in which a sum of weighted values of the output variables
is to be extremized at .some given instant of time T .

In

that case, K^[Y(T)I of Equation 3 •28 is equal to Sl-^Y(T) ,
and fj(Y) is equal to zero; the performance criterion
becomes simply
jI = H fiY(T)

where

(3.32)

is a k x I vector of weighting coefficients' W ^ .
It may be of interest to extremize the- weighted •
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time-average of the output variables; the performance
criterion then would be
T ,
J2 = / ^ 2 Y(t) dt
tO

'

where it is noted that K2[Y(T)] equals zero.

(3.33)

In the case

where integral square or integral square error is of inter
est , the performance criteria are respectively
T
J - = / Y (t )^) Y (t ) dt

(3.34)

tO
and

.

T
1
J 4 = ; [Y(t) - Y a ] ^ [ Y ( t ) - Y^] dt
tO

'
(3.35)

where Q is here a k x k weighting matrix, and Y^ reprersents the desired value of the output vector Y, again
K^[Y(T)] and E^[Y(T)] are equal to zero.

The performance

criteria given above by no means exhaust the possibilities
but represent forms frequently encountered in practice.
Any other criterion satisfying the requirements of Equation
3.5 can be used.

Some examples would be the minimum time

problem where fm (Y ) becomes simply unity, and K

may or

may not appear; combinations of the above listed criteria
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could be used; the variations depend largely on the lngenu
Ity of the Individual in finding a suitable performance
criterion for the problem at hand.
The energy constraint implied by constraining the
total input energy to be less than or equal to

is,

from Equation 2.57,
T ,
; X P B U dt
tO

(3 .36)
-

The inequality is included because, in a given fixedterminal- time problem, it may be physically impossible
to expend all the available energy in the allotted time.
This being the case, the constraint does not apply.

But

if it can be determined beforehand that it is possible
to expend more than

joules during the solution interval

and that this expenditure is beneficial to performance,
then the constraining relationship will be

T,
E

= / X TBU dt
tO '

(3.37)

In a similar manner, the relation constraining the
energy dissipated to be less than

is represented by
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S2 = /

- X P A X dt

(3.38)

The third constraint mentioned, that of holding the input
energy to

and assuring the dissipated energy is less

than or equal to E g , is a combination of the preceding '
two.

The fourth case, that of either minimizing or

maximizing the total energy supplied by the sources,
is handled by including in the performance criterion
of Equation 3•28 the integral representing the total
input energy with the appropriate sign affixed,

Con

straints of the form of Equation 3*37 are included in
the performance index of Equation 3.28 by invoking the
isoparametric theorem of variational calculus (4^) to
give the augmented performance criterion.
T
Jml = lcJf(T)] + S [fm <Y ) - H1Xf1BU] dt

(3.39)

where the subscripts on J represent performance criteria
and type of energy constraint, in that order, and h^
is a constant Lagrange multiplier.

Similarly, the

constraint of Equation 3.38 is incorporated by
■T
Jm2 = KmEY(T)3 + / C f m (Y) + h2X PAX] dt
0

(3.40)

M LI Z-vL >
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and last, the combination of both gives

= KjY(T)] + ^ CfJY)

^ X P B U + hgXPAX] dt
(3.41)

Substitution of the energy relation of Equation 2.57 Into
Equations 3-40 and 3 «4l above leads to

Jm2 = KmCKT)] + / Efm (I) - h x P b u ] dt + i?h /
Z

'd[x rx]

(3.42)

J

= K [Y(T)] + ^h X(T)PX(T) + / [f (Y) - h J PBU] dt

(3.43)
and
Jm3 = KjY(T)] + Ih2X(T) PX(T) + ./ [fm (Y)

h^X PBU] dt

(3.44)
where h0 = hm + h0 and evaluation of Ih0X PX at t = t
J

J-

c

c

■

0

is neglected since X(t ) is assumed known. The func-.
O
tionals of Equations 3.39, 3.43, and 3*44 differ only by
the Lagrange multipliers and the line integral'In state.

:i

92

space.

Since the h's are independent of X and t , and

not evaluated until the conclusion of the solution, the
integral on the right side of each of these equations
will lead to many of the same necessary conditions.
Gelfand and Fomin (18) show that two functionals differ
Ing "by a line integral, or a constant times a line in
tegral, are equivalent; that is, the .functionals lead
to the same canonical equations.

This is intuitively

justified because the line integral term corresponds to
KjJC(T)] in Equation 3 •I and, in turn, influences only
the terminal conditions imposed on the costate vector
as seen from Equations 3•H

and 3-12.

Considering the above argument, a solution
resulting from the augmented performance criteria
of Equation 3»39 contains results applicable to
q = I, 2, 3,

these results are obtained by choosing

the Lagrange multipliers h such that the appropriate
energy constraint is satisfied.

The problem of simply

minimizing or maximizing the total energy is handled
by letting h , with appropriate sign, correspond to a
q
weighting factor that indicates the relative importance
of performance criterion and the energy expended. By
defining a general augmented performance criterion
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•V

= V

xfl13 + { [fm (1> - V

rBU] 4t

(3>5)

all combinations of the above performance criteria and
energy constraints may be handled in one development.
In the above equation, Km^[X(T)] is taken as K^[Y(T)]
plus the contribution of the energy constraint at the
terminal time.

As an example, inspection of Equation

3.^3 for Jffi2 reveals

Kffi2[X(T)] = %%[%(?)] + Sh2X(T)' TX(T)

3.6

(3.46)

NECESSARY CONDITIONS FOR THE SOLUTION OF THE OPTIMAL
SIGNAL DESIGN PROBLEM
Considering the discussion in Section 3*5» a problem

formulation that is of general interest is the following.
Determine the vector of inputs U such that the augmented
performance criterion

J
m
q=VX
(
T
)
]+I

[fm m
O

where t

-

Vp
b
d
^
4t

and T are known, is maximized.

(3.47)

The network

equations are
X = A X + BU

(3.48a)
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with the initial conditions X(t ) = X
o o
output relations are given by

known, and the

Y = DX

(3.48b)

The magnitude constraints imposed on the input take the
form
aI -

< Di , i = I, 2, •••, r

(3.49)

To apply Pontryaginfs maximum principle as presented
in Section 3•2, the Hamiltonian of the problem is formed,

H = P AX - fm (Y) + ( P B + IiqX PB)U

-(3.50)

and since the terminal time is fixed, the Hamiltonian is
equal to a constant along an optimal trajectory.

The

canonical equations resulting from use of Equations 3>9
and 3»10 are the original state equations
X = AX + BU

(3.51)

and the costate equations

P

= -

A P

- hqrBU+\Zxf^

The term V7 f is defined as
vx m

(3.52)
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8=1

8jm
8=n

(3.53)

The boundary conditions that must be satisfied by the
canonical equations depend on the specification of the
terminal state of the network and are determined by use
of the transversality condition of Equation 3.11.

If

X(T) is fixed, P(T) is.free, and the boundary conditions
are
X(t^) = X^, X(T) = X^

(3.54)

But if X(T) is free, the boundary conditions become
X(t0 ) = X 0 ;

(3.55)

Inspection of the above equation reveals that, in instances when

consists of a quadratic, in X, P(T) is

linearly related to X(T).
The' optimum input signal vector U*(t) is determined by
E(X*,P*,U*) = min H(X*,P*,U)
Ue ZL

(3-56)

Consider E q u a t i o n 3.50, and let a I x r vector ^(X,P)
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be defined as

f (X1P) = P B + h X PB

where

(3.57)

(X,P) is the ith entry of £(X,P).

On the basis

of Equations 3 •^'9? 3*50» 3 ■56, and 3.57, the optimal
signal U'::" is defined by
a. if A(X*,P*) > 0
u*(t)

,1=1,2,
b

*1‘, r

if ^.(X*,P*) < 0

provided that ^(X*,P*) ^ 0,

(3.58)

If the

(X*,P*) are never

identically zero over an interval of time, the optimal
input signal U*(t) results from solving the canonical
equations subject to the appropriate boundary conditions
of Equation 3•5^ or 3«55 and the constraint of Equation
3.58.

If ^ (X * ,P";:") can become zero on a positive' interval

of time, u|(t) is as yet undefined.

Inspection of Equation

3.58 reveals a disturbing number of cases that should
be considered; each <^(X*,P*) could possibly be zero
or nonzero so the possibilities, are Z r in number if
all combinations of singular and bang-bang solution were
to be accounted for. Not with the intent of slighting
the importance of partially singular solutions, but •
because of the difficulty encountered in handling them
in the general case, consideration of these will be

W V
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restricted to some interpretive comments at the end of.
this section.

The condition considered in the sequel

will be that of the possibility of a total singular
solution; that is,
of time.

At first, this may.seem artificial, but it will

be shown that total singular solutions, in some cases,
satisfy the sufficient conditions for an optimal tra
jectory .
To facilitate the derivation of the singular condi
tions , the matrices of the state equation are partitioned
in a manner similar to Hohrer and Sobral (k-9) . This
partitioning isI
x.I

x.r

(3.59)

x.'r+1

'n

(3.60)

and

B =
O

.(3.61)

f ‘ \.

.
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where b is an r x r matrix and from Equation 3 . 3 1 is
seen to "be nonsingular since it is a submatrix "of the
positive definite matrix

11

. The A matrix is divided.as

'Ir

A 11 =
(3 .62)

rl '

al(r+l)**'aIn
•

•

•

*

•

•

(3.63)

ar(r+1)11,arn
with

and

being defined in an analogous manner.

It is noted from Equation 2.49 that

is an r x r

matrix of the form

cIl 1

'Ir

11
'rl

(3.64)

and is positive definite and symmetric. Finally, the
output vector Y may be written as
Y = DgX

(3.65)

since it was assumed in Section 3•5 ■that Y is a function
of only the last n - r state variableshere D

is a
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k x (n - r) matrix.
Using the above partitioning scheme, the-Hamiltonian

+ [6' b + h^' n ^ b ] u - fm (D^)

>

I

2M '

H
H

$

___ I

1 CM
M

<

^22

__

I— I

_

"<A
1 I

Il

1—I
CM
<i

I

for the problem becomes

(

3 - 66)

and the following identification is made

<f(x,p) = p b + hqx P 11U

(3.6?)

The canonical equations for the system are

x = A^1X + A 12X + bU

(3.68)

x = A 21X + A 22X

(3.69)

$ = -A111P - A 21^ - HqP11UU

(3.70-).

and

% = -A^gP - AggP

.

(3.71)

The Hamiltonian of Equation 3-66 is, of course, the same
as that of Equation 3.50, but by removing the extraneous
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submatrices, the switching function <^(x,p) is now in a
form more amenable to manipulation.
• For a singular solution segment, the switching
function must be identically zero on some interval of
time t1 < t < tg.

Applying the results of Paraev

outlined in Section 3.3» this implies

£(x,p) = <£(x,p) = ••• =

(x,$) = 0

and U(t ) is chosen such that

(3.72)

(x,p) is zero.

Carry

ing out Paraev1s method, setting ^(x,p) equal to zero gives

b (p + HqK llX) = O ' - '

.(3.73)

and since b is nonsingular, the unique solution is

A

(3.74)

V l l 5S

where the subscript s implies this equality holds on the
singular interval t^ < t < t g .

b (p + HqP 11^) = 0

The relation

,

results from demanding ^(x,p) be zero.

(3.75)

Upon substitution

of Equations 3•68 and 3-70 into 3*75» the result is
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A21%s

1
Vr

(3.76)

11A 11 + A lir il^xs + hqrillA 12Xs

To simplify notation, let

P 11 11 + A l f 11

4Il

(3.77)

where Q11 is symmetric, since the sum.of a matrix and
its transpose is symmetric, and

(3.78)

Q1 2 ' l_lllA 12

Q11 and Q12 can be substituted appropriately into Equation
3..76, and assuming Q11 is nonsingular, the relation may
A

be solved for x
A

X

(3.79)

Setting ^ (x,p) equal to zero gives

b (2h Q11X +

~ A21^ = °

(3.80)

With the appropriate use of Equations 3.68, 3 . 6 9 , and
3.71» and using 3.7^, and 3.79, the result 3 .80 is
solved for U

Mx

+

Np

in terms of x and p to give

+ l v h 1 A'2lVgfm (Do^ )

q ■

:

(3.81)
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where the r x (n - r) matrices M and N are given by
-I
- & - [ A n Q i i Q i 2 - sQllfAgiQiz - Ql2A2l)QllQl2 +

-

11 12 22 - 2A^_]

(3.82)

and
-I
11 ' 21^12

Q12A 21^Q11A 21 " A 11Q11A21 '+

(3.83)

°-llA21A 22^

Equation 3.81 gives the input signal vector which, if
applied, will result in the state and costate variables
following the singular trajectory defined by Equation 3•73
on the interval't^ < t < tg. During this interval, if
the terminal time T is fixed, the Hamiltonian given by
Equation 3•66 is equal to a constant k.

Since the term

in the Hamiltonian involving U is zero, the following
equation must also be satisfied while the singular
trajectory is followed

A 11 ‘ A 12
Cp s -Ps]

/\
X
S
/V

A 21

A 22

X

S

(3.84)

Substitution of Equations 3.-74 and 3 <79. into the above
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results in
I

CM
CM

<

I— I
CO

CO
2P,
1__ 1

m r A 2iQiiA 2i
QL

~ K

k

W s >
M

r Qi2Qn Qi2

*

* •,

""^0-I2q H a 2I

(3.85)

For a given value of k , .the locus of points in the 2 (n - r)
space of (p,x) which satisfy Equation 3•85 define a
quadratic surface (62),

It is on this quadratic surface

that the singular solution trajectory lies.

And finally,

by substituting Equations 3*7^ and 3•79 into the canonical
Equations 3•69 and 3.71* the canonical equations describing
the singular trajectory result

x.

N
(A22

-~s~A 21Q11Q12')

55^^21^11^21

X
+

p,

.(A22 " 2Qi2Ql.lA 21^

-^iz^iiQiz

P<

+

(3 .8 6 )

Equation 3 «86, it should be recalled., is the canonical
differential equation.describing the singular trajectory
for the totally singular .condition, the condition that
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ui > i - 1» 2, •••, r , are singular.

.Closer inspection

of Equation 3.86 leads to some important results con
cerning the totally singular condition.

In order to

X"

0

+
rJ

(DoS8 )

pS

(3.8?)

I

I

HtoH

M
I______

HCU
CO

____ I

I
.

CU
H '
CO

H
i
—I
co

I

I

I

03 J

simplify notation, Equation 3.86 is written as

and the submatrices

and

are symmetric by an argu

ment analogous to that used in Appendix B.2. To investi
gate further, specific forms must be assumed for f (D x).
m o
The first case considered is that for which f (D x)
m o
may be described by Equations 3•32 or 3•3^•

The quantity

then assumes the respective form

T^%f^(DgX) =T^(O) = [0]

(3.88)

or

Vvf^(Dc)X) ='V^(x DjpjD^x) A (W^ + W^)#

where W

3

=On 3=O ■
J^

(3.89)

is defined to be the (n - r) x (n - r) matrix
Thus, for the augmented performance criteria

and J ^ , the canonical equations of the singular
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trajectory are

xs

11

12

x

=.
Ps

21a

-S

/\J

11

Pr

(3.90)

where Sg. is augmented by Equation 3.88 or 3.89, which
ever applies; that is,

- * V l 2 Qu h 2

+ V $fm (DoS), m = I, 3

It is noted that the submatrix SL

(3.91)

is still symmetric.

The second case to be considered is for performance
criteria of Equations 3*33 or 3*35.

Here the quantity

\J^f (D x)' is respectively

V 3Jf2 (DoS) = V s ( 4 Do®) = W2

(3.92)

or

.

V^fj1(E0S) = V L <S - V '

dL

V dO (1 - X4 )] = Cw4 + W4 H x - S a )

(3.93)
where

is a (n - r ) x I vector, and

is a (n - r )

x (n - r) matrix. The canonical equation of the singular
trajectory for augmented performance criteria

and

is
rJ

11

X

12

-t
21a

-S

nJ
p,

11

(3.94)

where S3i5 is S
augmented with the appropriate matrix,
1
0 or
and VI is appropriately the (n - r) x I
constant vector

or -(W^ +

)x^.

The form of the homogeneous parts of Equations 3.90
and 3.94 are identical and will be considered first; thus,
the equation

rJ

1Z

x

rJ

i

Pc

is to be considered,

(3.95)

It is recalled that the 2 (n - r )

x 2 (n - r ) matrix S has the following properties,
and Sg^ are symmetric (n - r) x (n - r) matrices and
I

Sgg = “Sqq» Kipiniak (29) shows that, if the above
symmetry properties exist, the characteristic equation
of S is an even polynomial; that is, it contains only
even powers of the eigenvalue X ,

Thus, there are

2 (n - r) eigenvalues, and they occur in pairs

io?
) ; I = I, 2, •••, n-r.

It is well known (4-7)

that Equation 3.95 has a unique solution for any given
set. of initial conditions xgo, p

, and this solution is

rJ

X ^
xS

Xso
O

11
CD

S (t - t )

rJ
PS
cl

fj
P so

(3.96)

Considering the symmetry property of the matrix S , Tchamran
(53) shows that with no multiple eigenvalues and with a
proper choice of the 2 Cn - r ) x 2 (n - r) matrix T-, the
' .■
1j
solution to Equation 3*95 may tie written as
,<

X
= T^exp(

rv

xSO
t )T”1
A/

wI
1

_ P soJ

where A is an (n - r) x (n - r) matrix of eigenvalues
i = I, 2, •••, n-r, of.S with negative real parts.
out loss of generality, t

,

With

is assumed zero in Equation 3•97

By partitioning T^ as

T
T

11

3
(3.98)
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and letting
R

R

11

■R21

■

12

R22

(3.99)

Equations 3-97 take the form

(3.100a)

(3.100b)

Inspection of these reveals that depending on the initial
conditions Xgo, Pso> the solution may be exponentially
increasing, exponentially decaying, or any combination
thereof.
. The solution to the nonhomogeneous Equation 3•9^
is, after carrying out the convolution integration indi
cated in Equation 2.4,

(3.101a)
I
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a/

h

= T 21^ ' 1- ( H 11Z s o H- H 12P s o ) H- T 22e - A t ( H 21S s o H- R 22S s o ) +

+ T21A-1 (eAt - I) R12Md - T22A"1 (e-At - D R 22Wd
(3.101b)
and again, depending on the initial conditions Sc , o ,
SO "SO
the solution may contain exponentially increasing or
exponentially decaying terms. The above equations will be
discussed more fully in the next section.
Thus far, the results of this section suggest that,
when Pontryagin’s maximum principle is applied to a
bounded input, energy constrained problem, the solution
in general consists of segments of bang-bang, or maximumeffort input combined with segments of input signal that
result in the system following a singular trajectory.
Unfortunately no pat formula is available for combining
these segments into "the optimal" solution; however,
something can be said about the optimality of the
singular trajectories.

In Appendix C .2, it is shown

that, for the augmented performance criterion

and

Jgg formed by augmenting Equations 3-32 and 3.33» the
singular trajectory between any two points lying on the
trajectory is "the optimum" trajectory between .these
points if the following sufficient conditions are
satisfied.

First, the (n - r) x (n - r) matrix

HO
(%22 ~ ^21^11^12^

must be negative definite.

Here

the Q's result from the partitioning of the matrix
I

(PA)'] =

O

+

Q 1 2

^ 2 1

^ 2 2

1%
i

O

I____ _______ ____

i [ P A '

Q 1 1

(3 .102)

1

I

so that Q1^ is an r x r matrix consisting of the first
r rows and columns of -2/; that is,

^ l l '' '^lr
#

•

(3.103)

^rl **"%rr
and is the same as the

defined in Equation 3.77.

The relations for Q12,

, and Q22 follow in a similar

manner. And second, the (n - r) x (n - r) matrix

[-(A

22

"

A 21Q11Q1 2 ^ Q22

-I T -i
A21^HA2 H

"

Q21Q11Q12

^

^A22

”

Q21Q11A21

^

Positive semidefinite. Thus, if these

conditions are satisfied, the solution moving . from one
point on a singular trajectory to a second point on the
same trajectory is the optimum solution between these
two points, and considering the manner of problem

I I 11
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formulation, it is optimum in the sense of being the
minimum-energy path between the points.

It must be

stressed that, even though the sufficiency condition
for the singular trajectory is satisfied, if is diff
icult to ascertain the optimality of solutions assembled
from bang-bang and singular segments.

A point of interest

results from the sufficiency consideration:

if the

sufficient conditions for an optimum are satisfied, the
assumption made in the derivation, of the equations for
the singular trajectory, namely Q11 being nonsingular,
is validated.

A second interesting observation is that

the sufficiency conditions depend on partitionings of
and

being nonsingular:

recalling the definitions

of y* and %

RC

(3.104)

and

(3.105)

where (R, and^

are positive definite, it is seen that the .

nonsingularity of ^ and % depends on the topological
relations between resistive chords 'and capacitive tree
branches and the relations between inductive chords and
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resistive tree branches.

At this time, no conclusions

about this have been drawn since, as shown by example
in the next chapter, a singular trajectory can exist
with both y* and X? singular, As future work, a study
of network topology that will allow or inhibit singular
solutions would be of interest„
As pointed out before, all the above applies to the
totally singular condition, To handle a .problem where
some of the inputs are bang-bang and some singular, the
system equations can be rearranged so that a partition
ing scheme may be applied; however, the resulting parti
tioning. no longer results in the defining matrices of the
original state equations.

Without knowledge of the

various matrices involved, generalizing the problem
becomes extremely difficult, but for a specific problem,
the general procedure used for the totally singular
condition will lead to the desired necessary conditions.

■3.7

COMMENTS OH THE.USE OF THE NECESSARY CONDITIONS
■ As mentioned above, no formula is available for piec

ing the various solution segments together to obtain an
optimal solution.

Johnson's (26) flooding technique

can place in evidence a myriad of possible solutions,
but the task remains to select from these the optimal
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solution.

In many instances, insight into the physical

process, and. regard of that which is to be optimized
can materially reduce the selection task; that is, for
a given performance criterion, an "intuitive feel" of
what a reasonable solution will consist of may be a
basis upon which the solution can be initiated.

The

final form of the canonical equations for the singular
trajectory, Equations 3.100 and 3.101, are handy if this
approach is to be used since these equations explicitly
show the form of the singular trajectories.
By way of an example, suppose the performance
criterion is

of Equation 3 ^32;- this performance

criterion is to maximize a weighted' sum of the variables
x at the terminal time T . For this type problem, the
canonical equations for the singular trajectory are
these .of Equation 3*100;

Considering Equation 3 .100a,

if there are no complex eigenvalues, a reasonable
first guess would be to make the coefficient of the
increasing exponential term positive.

If the problem is

analogous to the optimal regulator problem of moving
from some initial condition to an output of zero where
time is free, then the increasing exponential term of
Equation 3»ip0a must be zero.

This results in the

singular trajectory being defined by,the starting
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conditions P q = -R22Pl21^o’ lf R22 exlsts- For other
problems, such as minimizing the error of the output
from some desired value, Equation 3.101a is consulted,
If for example the terminal time is long compared to
network time constants, and there are complex eigen
values , removing the term with the positive exponential
by proper choice of X50 and p

could be considered.

This multiplicity of singular trajectory is illustrated
in Sections 4.2, 4.5» and 4.6 in the chapter of examples.
There the singular trajectory of interest, either
exponentially increasing or decreasing, is used in
formulating the problem solution.
The above is by no means an attempt to give rules
for assembling a solution, but is intended to illustrate
that some forms of the singular solution can be discarded
immediately, and that reasonable possibilities can be
ferreted from the canonical equations to initiate the
solution.

3.8

RESULTS
Pontryagints maximum principle is applied to the

problem of determining the input U*(t) of a linear timeinvariant network which results in the extremum of a
functional of the output variables Y . The network cannot'
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have capacitive loops containing both input and output
variables.

In setting up the state equations for the

network, it is assumed that all voltage sources have ■
been transformed into current sources and that all
sources are completely characterized by including out- '
put resistance and capacitance.

This procedure assures

that the resulting state equations for the network have
the special form

X = AX + BU
where U is an r x I vector of sources, B is an n x r
matrix of constants in which the upper r x r submatrix
b of B is nonsingular, X is an n x I vector in which
the first r variables correspond to voltages across
the source generator capacitances, and A is an n x n
matrix of constants.

The .output variable Y is assumed

to depend only on the last n -.r state variables,
and the output relation is ■

Y = D x
°

where Y is a k x I vector, D^ is a k x (n - r). matrix,
and x corresponds to the last n - r state variables.
The above procedure also assures that the energy relation
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T t
T , .
Erp.= / X F1BU dt = / (X PX - X FAX) dt
tO
tO
holds for the network; here

represents the total

energy absorbed by the network during the Interval
tg < t < T^ and P is an n x n matrix of constants.
A general augmented performance criterion to be
extremized is defined

%

= KmnF( T ) ]

+

S

Cfm (Y)

+ hnX PBU] dt

t

+•
where the subscripts m and q imply that J
is the m
mq
performance criterion augmented by the q
energy con
straint.

The input vector U is assumed bounded by the

relation

The result of applying Pontryagin1s maximum principle
to the above problem is that .the optimal input signal
in general consists of segments of bang-bang, or
maximum-effort input and segments of input that result
in the so-called singular trajectory.
Segments of the bang-bang input must satisfy the
necessary conditions given by the canonical equations

11?

X = AX + BU
•and

P = -A P - h qPBU + V"f
vx m (Y)
The initial condition X(t ) is assumed known, and the
terminal conditions are given by

{?(t)

+

0
t=T

The condition the optimum U must satisfy is given by
fa. if A(X*,P*) > 0
u*(t) = { 1
1
i = I, 2, •••, r
1
I h i if A(X*,P*) < 0

where the switching functions ^\(X,P) are the i^^ comt
i
ponent of the r x I vector B F + h^BPX. The singular
solution becomes a possibility when the ^ ( X fP) become
identically zero on a positive interval of time.

When

this condition occurs, the necessary conditions for an
optimum are modified. The canonical equations for the
singular trajectory become
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/V

(^22 *

2h

X

21^ir 21

+
i.

AJ
Pc

-(A22 2A 21QH Q12^

-2\Ql2QllQl2

■+

v$fm d s)
In the above equation, xg and pg are each (n - r) x I
vectors consisting of the last (n - r )' components of
X and P respectively, and the A „ are submatirces
resulting from partitioning the A matrix.

is

defined to-be M P 11A 11 + P 11A 11)' ], and Q12 is defined
to be P11A 12. The matrix of the canonical equations for
the singular trajectory has properties of symmetry which
insure that the eigenvalues occur in pairs (X^, -X1),
i = I, 2, •••, n-r. This property allows, for various
combinations of singular trajectory initial conditions,
the selection of exponentially increasing or exponentially
decreasing singular solution trajectories or combinations
thereof,
When the solution is at least partially singular,
the relation

holds so the initial conditions that start the singular
trajectory a,re not arbitrary.

The value of U that

maintains the singular trajectory is given explicitly
as a function of x and p by

U

= IvLx + Np

s

s

jrS

+

where M a n d 'N are r x (n - r) matrices of constants.

The

above equation holds provided the magnitude bounds imposed
on U are not exceeded.
Although general sufficiency conditions cannot be
given for the complete solution, it is shown that for
performance criteria of the form

J1

= ^ 1Y(T)

and
' T' ,
J2 = / ^l2Y (t) dt
"o
there exists criteria that, if satisfied, are sufficient
for the optimality of the singular trajectory; that is, the
solution between two points.on the singular trajectory
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Is the optimum solution path "between these two points.
It must be stressed that, even if the sufficiency
condition for the singular trajectory is satisfied,
it is difficult to determine the optimality of a
solution built up from bang-bang and singular segments.

CHAPTER 4

EXAMPLES
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4.1

INTRODUCTION
In this chapter, two examples are given illustrating

the state space approach'to'optimal signal design for
linear, lumped-element, time-invariant networks in the
context of Pontryagints maximum'principle , . In.' the
first example, the network considered is simply an
inductance in parallel with a capacitor.

The input

current waveform is to be selected so that the integral
of the squared error between the state variables and
their desired values is minimized over all time.

The

input"current is subject to magnitude constraints, but
no energy limitation is. .imposed. This could correspond
to an idealized relay energizing circuit in which the
relay is■to be energized, and once it is energized the
current through the relay and voltage across the relay
are t.o be held as nearly as possible to some specified
level, or the problem might be considered as regulating
the variables at their specified values. The signi
ficance of this example is that, with no energy con
straints' and state equations that do not admit to appli
cation of the formal procedure of Chapter 3» the optimal
input waveform contains a, singular segment. The
optimality of the singular segment is justified on the
basis of variational calculus; hence, by example, the
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conditions that are sufficient to both arrive at the
relations describing the singular trajectory and demon
strate the optimality of the singular trajectory are
not necessary conditions.

The example also nicely

illustrates how a complete solution can be pieced
together by integrating backwards'in time from the
singular trajectory, and that after the optimal solu
tion is obtained for a given network and performance
criterion, this solution serves as a base upon which
solutions to related problems can be constructed.
The second example centers around the problem of
determining the energy-constrained, magnitude-bounded
input waveform that, when applied to a network, results
in the output of the network being maximum at a given
instant of time.

In the example, the solution of the

problem is considered with constraints modified or
omitted in order to illustrate the effects of each
constraint,

This results in building of the final

solution in steps, and at each step the effects of
adding another constraint can be anticipated.

4.2

EXAMPLE I
The problem to be considered in this example is:

Given the network of Figure 4.1, determine the input
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current waveform u(t ) such that the current through
the inductor and the voltage across the inductor are
"close" to their specified'values when.the input is
subject to the magnitude bounds
a < u(t) < b
If

(4.1)

and Xg. are the desired values of voltage across

and current through the inductor, a performance criterion
of interest is the integral squared error; that is, it
is desired to minimize the performance criterion
T
J = i;[(x^(t)
o
where T is free.

xld) 2 + (x2 (t)

x2d)2] dt

At the terminal time,

(4.2)'

and %g are

required to equal their desired values.
Since the network of Figure 4.1 is the same as the
network of Figure 2.6 with an infinite R-^ and

equal

to zero, the state equations for this example can be
obtained from Equation 2,77 as

(4.3)

In order to keep the equations simple, the values of
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L, C, and x2d are taken as unity,

as zero, and the

magnitude bounds are arbitrarily chosen as two.
The problem is then to find the input current u,
subject to
|u| < 2

(4.4)

which when applied to the network represented by the
state equations
•
I

M

0

-I

U

xI
+

.
0

CM 1

cm

X

__ I

I

0

(4.5)

minimizes the performance criterion'

J = if [xf + (x9 - I) ] dt
o

(4.6)

where T is free.
The Hamiltonian for the problem is, from Equations
3.4? a n d -3.50
H

-P1X2 + P1U + P2X1 - K x 2

(4.71

where P and'X satisfy the canonical Equations 3*51 and
3.52
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= -Xg + U

Xg

(4.8a)

X1

(4.8b)

(4.8c)

Pl = -P 2 + x I

and
P1 + Xg

I

(4,8d)

with the initial and terminal conditions on X given respec
tively as
X1 (O)

0

I
O
<M
X I

0

(4.9)

and
X1 (T)

0

_x2 <T >_

I

(4.10)

and from the transversality relation of Equation 3.11,
the terminal- condition on P is free. Since the per
formance criterion of Equation 4.6 is to be'mini
mized, the optimal u must maximize the Hamiltonian,
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this is accomplished if

u* (t ) =

I

2 if

> 0

-2 if P1 < G

provided that P1 ^ 0 on an interval of time.

(4.11)

If it is

possible to maintain P1 = 0 on an interval of time, the
possibility of a singular segment of u arises. Refer
ring to the state equations for the network under con
sideration, it is noted that b o t h a n d ^ in the A
matrix are zero; this leads to Q11, as defined in
Equation 3.77, being zero and the development leading
to the equations of the singular trajectory of Chapter
3 cannot be used.

It should be noted that the singularity

of Q11 also precludes the use of the sufficiency test
of Appendix C .

-

In order to study the possibility of a singular
segment in this example, the method of Paraev (39)
outlined in Section 3•3 will be used, Here P1 corresponds
to the switching function ^"(X,P ,t ) . With reference to
the canonical equations, Equation 4.8, it is seen that
in order for P1 and P1 to be zero on an interval of time,
the following conditions must exist

Pg = =1

(4.12)
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and
v- = 2 x 2 - I.

(4.13)

Since the terminal time is free, the Hamiltonian
of Equation 4.7 is zero along an optimal trajectory.
By substituting Equation 4.12 into Equation 4.7, the
equations defining the singular trajectories in the
X ^ 1X2 plane are obtained

*2 = 1 " xI

(4.14a)

and
X2 = I + X1

Combining Equations 4.13 and

(4.14b)

.14 gives the input u. on

each of these trajectories as
u = l -

2x^

(4.15a)

2x^

(4.15b)

and
u = l +

Substitution of Equation 4..15 into Equation 4.8a leads to

0

(4.16a)'
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and

xI " xI F 0

-

(4.16b)

The first defines a stable trajectory terminating at
(X^1X2 ) = (0,1), and the second defines an unstable
trajectory leading away from (x^.x?) = (0,1).

These

results are in accord with Equation 3.100 and the
subsequent discussion in Section 3•7•

These trajectories

are shown in Figure 4.2 along with the direction of
motion and the input .signal that results in the trajectories.
The start of the stable trajectories and the termination
of the unstable trajectories correspond to the input
waveform satisfying its magnitude bounds with an equality;
that is, Iu| is equal to 2.

Thus the trajectories in ■

Figure 4.2 represent the portion of the singular tra
jectories that can be used when the magnitude constraint
of Equation 4.4 is in effect.
It is obvious that the singular trajectory of '
interest for this example is that of Equation 4.14a,
and the corresponding input along this singular trajectory
is that of Equation:4.15a.

Combining the solution of

Equation■4.16a with Equations 4.12, 4,l4a, and 4.15a,
yields expressions for all of the variables of the problem ■
on the singular trajectory.
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- (t-t, )
■Is

(t ) = X1 (I1 )G

(4.17a)

- (t-t
"2s

(t) = I - X1 (I1 )G

(4.17b)

- (t-t.. )
(t) = X1 (t1 )G

u g (t) = I - 2x1(t1 )6

(4.17c)

— (t—t
I'

(4.171)

pls(t) = O

(4.17g )

and evaluating the Hamiltonian along the singular tra
jectory, it is found that
H(t - t1 ) •= 0

as required for a free•terminal time problem.

(4.17f)

In the

above t .> t1 where t1 is the time, the singular trajectory
is initiated.
Since all the variables of the problem are specified
on the singular trajectory, the process of piecing,
together the complete solution can be started by back
ward , or reverse time, integration from.the singular
trajectory. ■ The transition matrix for the system of
Equation ;4.8 is
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cos t

-sin t

0

0

sin t

cos t

0

0

0(t)
t CO.s t

-t sin t

cos t

-sin t

t sin t

t cos t

sin t

cos t

(4.18)

and by defining the 1 x 4 vectors Y(t)' = [x]_»x2 ’pI ’p2^
and U

= [u.O.O,- l], the forward time solution of Equation

4.-8 can be written as

■

t,
Yft^) = 0(t^ - t^iYft^) + ;^0(ti - T ) u m

dT

(4.19)

.tO
The trajectories in the X^tXg plane for u at its maximum
and minimum value are circles centered at plus and minus
U^ax with direction of motion counter clockwise.

The

reverse time solution is obtained by solving Equation
4.19 for Y(t o ) and using the characteristic of the
transition matrix (67), 0 ^ (t^ - t^) = 0(t - t^), to
give

tI
Y(t^) = 0(t^ - t_,)Y(tJ - ;^0(t
0

0

-L

r

,

0

0

-y)U(T) d?
.

'

(4.20)
.

Using Equation 4.20, the reverse time trajectories
leaving the singular' trajectory at t = t_ with u 53 Zn
I
max'
can be obtained; some of these are shown in Figure 4.3.
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It is noted from Figure 4.3 that only one of the reverse
time trajectories for u = +2 passes through the initial
conditions for the problem at hand; that is, the origin
of the

Zg plane,

This trajectory intercepts the

singular trajectory at the point x^(t^) = 0,8229,
Xg(t^) = 0.1771 and passes through the origin after an
elapsed time of t^ - tQ = 0.4241.

The values of the

costate variables when this trajectory is at the origin
are from Equation 4.20,
P1 Cto ) = [u - I - X1 Ct1 K t 1 - 'to)]cos(t1 - tQ) +

+ [ C u - x2 (t1 ))(t1 - tQ ) + p2 (t1 )]sin Ct1 - to) +

- u + I = 0.250
P 2 C t o )'=

[Cu -

X 2 Ct1 ) ) Ct1 - t Q ) +

(4.21)
P 2 Ct 1 ) ] c o s ( t 1 - t o ) +

+ [X1 Ct1)Ct1 - tQ) - u t l]sin(t1 - t'o ) = 1,187
(4.22)
and the value of P1 on the interval tQ < t < t1 is greater
than zero so that the choice of the upper bound for u is
correct.

Evaluation of the Hamiltonian of Equation 4.7

at time tQ requires that P1 Ct ) be 0.250 which verifies
the result of Equation 4.21, and upon substitution of
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Equation 4.19 with initial conditions
O

x I ttO 1

O

x Z ttO 1

K t o)
0.25

Ct

1.187

O

I
y
M

p I ttO 1

(fc.23 )

and u = +2 into the Hamiltonian, it is found that the
Hamiltonian is zero as required.
The input waveform that satisfies all the necessary
conditions for an optimum is, assuming t

to be zero,2

2 if t < t1 = 0.4241
u(t) =<
-(t-tn )
I - "T.645Se

if t > I1 = 0.4241

(4.24)

and the resulting state trajectories are
2 sin t if t < t

I

X1 Ct)
(0.8229e

-(t-t^)
^ if t > t

I

(4.25)
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2(1 - c o s t )

If t < t
I

x2 (t) =<
I - 0.8229e

The trajectories of u,

If t > t
I

(4.26)

, and x^ are shown in Figure 4.4.

That the singular trajectory for this example is an
optimal solution may be established by considering the
problem from a variational calculus approach.

From

Equation C .I .3, the functional to be minimized is

J = /1C K x 2 - D 2 + ix2 + p (X - AX - Bu)] dt
t
O

(4.27)

and .from Equation 0.2.18, the second variation is

(4.28)
o
On the singular trajectory, Equations 4.14a and 4,l6a
are in effect so the variation of x^ and x_ can be written
as
Sx1 = -Sx1

(4.29)

•and
Sx2 = -Sx1 '

(4.30)
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Combining Equations 4.28, 4.29, and 4.3"0 gives the second
variation of the performance criterion as

62J = !/1C(Sx1 )2 + (Sx1 )2] dt
V

(4.31)

Referring to Equation C.2.25, since the coefficient of
both Sx1 and Sx^ in Equation 4.31 are positive, the
functional of Equation 4.27 has a minimum along the
singular trajectory.

Thus the singular solution between

two points on the singular trajectory is the optimum
solution between these two points; and in this problem,
once the singular trajectory is intercepted, it cannot
be abandoned.

As pointed out in Equations 4.17, all the

variables of the problem are known along the singular
trajectory, and corresponding to each point on the
singular trajectory, there is a unique reverse time
trajectory for both plus and minus ^max' The trajectory
leaving the singular trajectory at the point (X1 ,Xg) =
(0,8229,0.1771). and passing through the origin is the
only trajectory between these two points satisfying the
necessary conditions, so it is an optimal segment.

Thus

the optimality of the complete solution is established.

4.3

VARIATIONS OF EXAMPLE I
As is often the case after solving a particular

optimal signal design problem for a given network, the
solution can be generalized to account for different
initial conditions and the effect of varying parameters.
In Example I, the solution obtained was for zero
initial conditions on the state variables.

The solution

trajectory was obtained by flooding the state space with
reverse time trajectories from the singular trajectory;.
the reverse time trajectory that passed through the
specified initial conditions was chosen as a possible
segment of the solution.

In a similar manner, the

solution for quite general initial conditions can be
obtained by completely flooding the state space and
designating the switching boundaries; that is, designating
the curves in the state space at which the input signal
switches between its upper and lower bound as determined
by the sign of the' costate variable p^.

In Figure 4.5».

the switching boundaries are .shown along with the state
variable trajectories for the upper and lower bound on
the input signal.

If, for example, the initial conditions

of interest are (x-^Xg) =■ (2,2), the solution is u = -2 on
the segment AS, u = +2 on the segment BC, and then the
singular trajectory is followed on the segment 'CD,

Thus
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the optimal input waveform can almost be obtained byinspection.
Throughout Example I , the terminal time was con
sidered free; it is interesting to consider the effect
upon the solution when it is desired to arrive at the
terminal state in a fixed amount of time, or while the per
formance criterion is penalized by expended time, and
still minimize the integral squared error of the state
variables.

The case of penalizing the performance

criterion with expended time leads to the new performance
criterion
T
J = / { l O ^ + U 2,.- I)2] +

where

dt

"

(4.32)

is a weighting factor that represents the relative

importance of time in the performance criterion and is a
known constant. As .will become apparent, both cases lead
to the same necessary conditions, but the interpretation
of these necessary .conditions differs.
If the performance criterion of Equation 4.32 is
used, the Hamiltonian for the problem is

H = -P1X2 + P1U

+ P2X1 - K x 2 - D 2 - ix2 - E1

(4.33)

and the canonical equations' remain the same as. those of
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Equation 4.8.

Recalling that along the singular tra

jectory P1 = 0 and P2 = X1 , the Hamiltonian becomes

H = Ix1 - K x 2 - I)2 - E1

(4.34)

In this case, although the performance criterion is being
penalized with time,' the terminal time is free so the
Hamiltonian is zero along an optimal trajectory. This
leads to the equation,

of the singular trajectory

x2 = I + (x2 - Z k 1 ) 3

(4.35)

If the terminal time for the problem is specified,
the Hamiltonian is the same as Equation 4.7j however, the
Hamiltonian for a fixed terminal time problem is equal
to a constant along an optimal trajectory, Thus the
equation of the singular trajectory is

X2 =■ I + (x2 - 2k2 )2

(4.36)

where k2 is-an unknown. The trajectories of these
equations are shown in Figure 4,6 for various values of k;
the trajectories are terminated such that the magnitude
bound on u is not exceeded, The equations for the state
variables and the input on the singular trajectories of
interest are
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xls(t) = J z k cosh(t + c^)

(4.37)

x2s(t) = J Z k sinh(t + c^) + Cg

(4.38)

u s(t) = 2x2s(t) - ,1

(4.39)

where c^.and C2 are constants depending on the value of
x^ and x2 when the singular trajectory is initiated.
The interpretation of the singular trajectories
is-a's follows: ' Assume, as in Example I , the initial
conditions on X are zero.

If the performance criterion is

being penalized by expended time, the value of the weight
ing constant kj determines which singular trajectory is
available for use.

For Ic1 equal to zero, reference to

Figure 4.6 shows that the solution is the same as obtained
in Example I ; as k1 is increased, the solution becomes
the sequence

u

S

if

t2

< t <
< t <

fc2
-p

^-2 if

H
-P

£
Il

' + 2 'if 0 < t < t,

where t1 is the time. the singular trajectory is inter
cepted, tg is the time the singular trajectory is aban
doned, and t^ is the time the solution reaches 0,1;

14 O

a sketch of what the trajectories might be for k_, =
is shown in Figure 4.?.

When

is equal to or greater

than one, the weighting of time in the performance
measure is such that.the solution becomes that of a
minimum time problem, and the solution sequence becomes
+2 if 0 < t < t-,
—

u

—

I

<
k

-2 if t, < t < tQ
1

-

(4.41)

2

where t^ indicates the time the switching function p^
changes sign, and tg is the time at which the solution
reachs O',I .
On the other hand, if the terminal time is fixed, the
constant kg is unknown.

For large values of terminal

time, the solution approximates that of Example I.

As

the terminal time is reduced, the solution is of the
same form as Equation 4.40; the singular trajectory used
is selected so the terminal time constraint is satisfied.
And finally, with reduction of the terminal time, the
solution becomes bang-bang.
Another variation of Example I is to consider
unsymmetrical magnitude bounds on the input waveform.
The effect of this, as expected, is to change the points
at which the singular, trajectories are terminated.
for example, the magnitude bounds for Example I are

If -

l4l
O < 'u < 2

(4.42)

the resulting singular trajectories and form of the
solution are shown in Figure 4.8.
The above variations on Example I by no means
exhaust the possibilities but indicate that once an
optimal solution is obtained for a given network and
performance criterion, the solutions to related problems
for that network can be obtained.

4.4

EXAMPLE II
The second example is concerned with the problem of

determining the energy-constrained, magnitude-bounded
input current waveform that when applied to the network
of Figure 4.9, results in the voltage across the output
capacitor being maximum at a given instant of time.
The state equations' for the network are first
determined.

The element matrices for the network of

Figure 4.9 are

R

a

and

0
0

0

0

R
0

0
(■4.43)
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%

O

0

(4.44)

'5

The fundamental loop matrix is

[I

F]

I

0

0

-I

0

0

I

0

°.

-1

0

0

I

-I

I

(4.45)

and with only resistive chords and capacitive tree
"branches
F = R

(4.46)

RC

The matrices necessary to write the state equation are

c"4
0

(4.4?)

0

0“

0

H2

0

0

0

" V
(Fi=

= r •
9
Vi
L

=

o

from Equations 2.21 through 2,2?

(4.48)
• rI

V =

+ G3

and from Equation

V)
O

3

S5

~G
=
1F
1RC

G2 +

(4.49)

I
C4

0
BU =

'c"4

u

0

i—
c-5j

0

o-

(4.50)

Since the state variables are the voltages across
and.

the use of Equations 2.16 through 2.18 allows

writing the state equation as
-(

TT
xI

'

)

»3
■ c'4

c-z,

I

i

xI

c:4
+

^3

X2
0

u

- (Gg + Gj )

c'5

. c'5

■

2

0

(4.51)

or for notational purposes

H
H
d
I

a12

xI

H
CM
oj
___I

X1

~a22

X2

b

=
X2

0

(4.52)

where, taking the element values of Figure 4.9 into
account, a ^
and b = 3/4.

= 5/4,

= 3/4, a ^ = 1/4, a ^ = 7/4,

Equation 4.51', it should be observed,

would have resulted from writing two node equations
since in this network there are no capacitive loops or
inductive cut-sets. The relation representing a total
input energy constraint is, from Equation 2,57

1#
E t = / X TBU dt
o

(4.53)

and after the appropriate substitution becomes

Erp = / X1U dt
o

(4.54)

The problem is then to determine the input current
waveform "u(t ) subject to the magnitude bounds
a < u(t) < b

(4.55)

and the input energy constraint

Erp = I X 1 U
o

(4.56)

dt

that when-applied to the network represented by Equation
4.51 with zero initial conditions results in

Xg(t)

being

maximum at a specified terminal time T ; that is, maximize
the performance criterion J = X2 (T)

(4.57)

Augmenting the performance criterion of Equation 4.57 with
the energy constraint of Equation 4.56, the augmented
performance criterion to be maximized is
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T

J = X2 (T) -

f hx^u

at

(4.58)

Following the partitioning scheme of Equations
3•59 through 3-64, the Hamiltonian for the problem,
from Equation 3«66, is

'pIaIlxI + Plal2X2 + P2a21Xl ' P2a22X2 + ^pIb + hxI^u
(4.59)
and with the terminal time fixed, the Hamiltonian is
equal to a constant along an optimal trajectory.

The

canonical equations are

"I

'a IlxI + a l2X2 + bu

(4.6 Oa)

=2 = a 21Xl

a22X2

(4.60b)

Pi = ■

a21P2 ' hu

(4.60c)

-

and

P2 = “ai2Pi + a22P2

(4.60d)

with zero initial conditions on X, and since X(T) is
free, the terminal conditions on the costate variables
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are, from Equation 3.55«
P 1 (T)

'

Il

I__ I

ct

X
v>

Ja
I— I

Il

0

t=T

(4.61)

-I

In- order to maximize the performance criterion, the
optimal u(t ) must be chosen so as to minimize the
Hamiltonian, and is
b if p*b + hx* < 0
u * (t ) =
(a if p*b + hx^ > 0

(4;62)

The equations on the singular trajectory are given by
Equation 3 •7'^» 3 •?6, and 3.81, and for this problem are

(4.63)

Is
2ha
2i

u

s

=

ha 9
ls

(4.64)

ba21 2s

(aIl + a22 ^
aIl '

2s

2h p2sJ

(4.65)

But for this problem, Equation 3-78 can be solved for
Pgg allowing u^ to be expressed "in terms of the state
variables as

14?

(aH
us

+ a22)

aIlb

(ailX ls ™ a i2X 2s^

(4.66)

Substitution of Equation 4.66 into 4.60 gives the equiv
alent of Equation 3.86; that is, the differential equation
describing the singular trajectory

a22

W
CM

■*

xIs

a21

^12*22
aIl

~a22

xIs

X2s

(4.6?)

I

I

and from Equation 3.84, the equation of the singular
trajectory in the state space is
bka 2
21
"Is

2 2
halla22X2

l21

(4.68)

where y is a real constant determined by circuit elements
and is defined as

Y M l

-

(4.69)
11 22

and k is a constant representing the value of the
Hamiltonian along the optimal trajectory and is to be
determined.
If Equations 4.63 and 4.64 are combined with
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Equation 4.66, the result is the input on the singular
trajectory in terms of the costate variables

u

s

(aIl + a22)
(aIlpIs ™ a21P2s)'
haIl

(4.?0)

The differential equations of the- costate variables on
the singular trajectory become
•
pIs

a 22

p2s

"a12

a22a21
aIl

a 22

Pls

(4.71)

P2s

and the equation of the singular trajectory in the
costate space

hka
C l ± (Y2 -

Is

12
2 p2 )I]PC
ba.,a~
11“22P2

(4.72)

The above equations, when solved, produce the
optimal input current waveform for maximizing the
output voltage at the terminal time.

The method of

this example will be not to solve these equations
directly, but to build toward the final solution in
steps.

By considering three cases, with each successive

case including another constraint, the effect of the
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constraints is illustrated, and insight into optimal
processes is enhanced.

The first case considered will

be that of a free terminal time problem with an input
energy constraint but no magnitude constraint on the
input,

In the second case considered, the only change

will be that of fixing the terminal time.

And in the

third case, the magnitude bounds are included.

In

passing, it should be noted that in this example if
there is no energy constraint, .that is, h of Equation
4.58 is zero, the costate equations are independent
of the input u.

These homogeneous costate equations

have a unique solution determined by the boundary
conditions of Equation 4.6l,

Since there is no way for

the input to maintain p^(t) zero, there is no possibility
of a singular solution, and the solution is bang-bang
on the solution interval.

4.5

EXAMPLE II, CASE I
As noted, above, this case considers the problem of

Example II with magnitude bounds on the input removed
and with the terminal time free. Under these conditions,
the equations representing the necessary conditions are
considerably simplified; that is, with the terminal time
free, the Hamiltonian

is equal to zero along an optimal

trajectory,, and Equations 4.68 and 4.72 reduce to

150

2s

(4.73)

and

(4.?4)

These equations represent the singular trajectories in
the state and costate spaces respectively; the singular
trajectories for the state'space are shown in Figure 4.10.
Substitution of Equations 4.73 and 4.74 into Equations
4.67 and 4.71 gives the canonical equation on the singular
trajectory as

(4.75)

%2s

Y*22^2s

(4.76)

and

(4.77)

(4.78)

In this problem, the trajectories of interest are those

151
moving away from the origin■of the state space; the sign
of Y in the above equations has been chosen appropriately,
Because all the variables on the singular trajectory
can be expressed in terms of X1 , Equation 4.75 defines
the singular trajectory.

The expression for the input

on the singular trajectory is found from Equation 4.66
to be

•

b(aii + a22^xls

(4.79)

and from Equations 4.63 smi 4.64, the costate variables
in terms of Xn are
Is

pIs = V xIs

(it.80)

pZs = - B ^ (1 + Y ^ ls

(4-81)

From Equation 4.75, it is seen that the only solution
on the singular trajectory passing through the specified
initial condition X1 (O) = O i s the solution x ^ t ) iden
tically zero, and Equations 4.80 and 4.81 indicate that
the terminal conditions of Equation 4.6l prescribed for
the costate variables cannot be satisfied if the solution
is on the singular trajectory. This,inability to satisfy
boundary requirements is not unusual in problems where
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magnitude bounds are not included since without magnitude
bounds on the input, the solution typically contains
impulses (I).

In an attempt to find a solution which

satisfies the boundary requirement, assume for the time
being that the solution is started on the singular
trajectory; the equation for

is the solution of

Equation 4.75» that is

ya?p(t-t )
X1 Ct) = x1 (to )e

(4.82)

where x^(t^) is the starting condition on the singular
trajectory at time tQ .

Since all the variables of.the

problem are expressed in terms of x^ on the singular
trajectory, the other variables are all characterized
by increasing exponentials, and as noted before, the '
terminal conditions on 'P can never be satisfied on the
singular trajectory.

However, considering the original

canonical equations for the costate variables, if at
some point on the singular trajectory p_ passes through
its terminal condition, namely minus one, and if at
this time u is an appropriately weighted impulse, .p^can be driven to zero, and p^ will remain at minus one.
The possibility of terminating the solution in this
manner will be investigated.

Let the time that the

-
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solution is to be terminated'be designated as T; the
value of xn at time T is
X
Ya22(T-to )
Xis(T)

(4.83)

xls(to )e

From Equation 4.81, P^(T) is given by
ha
P2s(T) = ->™^(1 +
21

ya
uIs

(T-t )

o'

(4.84)

In order for Pgg(T).to be minus one, h must be
-Ya 22(T-to)
h =

baBle
sIXrffV V lsIto )

'(4.85)

and upon substitution of' aquations 4.83 and 4.85 into
4.80, Pls(T) is

-a

Pls(T)

21
Lqqd ,t VT

(4.86)

The solutions of Equations 4.60c and 4.60d for t > T have
the form

P1 (I) = ^ 1 (t - -Tjp1 (T) + ^ 12 (t - TJp2 (T) +
t
- / -VJf11 (t - r)hu(T) dr T
'

(4.8?)

154

p2 (t) = ^ 21U

- Tjp1 (T) + V 22^t -

t )p 2 (t

)+

t
- / " % % ( % -TJhu(Y) d T

(4.88)

where then's are partitionings of the transition matrix
for Equations 4.60c and 4.60d.

If the- input, u, at time

T is an impulse of the form
-a

21

yj6(t
11 nr+"

- T), and since "^q(O)

I and

(0) = 0,

it is easily seen that

Pn (T+J

21
P^(T) + _
U
11 + Y )

and
P2 (T + ) = P2 (T) = -I

(4.89)

■
.

(4.90)

where P1 (T+) implies the value of P1 just after the time
T . Thus by- the appropriate choice of the parameter h
and the weighting of the terminating impulse, the terminal
boundary conditions bn the costate variables can be
satisfied from any point on the singular trajectory, An
interesting result is obtained if the effect of the impulse
on.X1 is considered.

The solution .of Equations 4.60a
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and 4,60b for

is of the form

x1 (t) = ^11(t - Tjx1 (T) + 012(t - T j x 2 (T) +

t
+ J_ 011(t -TJbu(Y) dT

(4.91)

so that applying the impulse for u at time T gives

21

X 1 (Tt)

ha11(l t Y )

(4.92)

and substitution of the value for h in this gives
X1 (Tt) = O'.

So the same' impulse that allows the terminal

conditions on P to be satisfied drives, the variable X1
to zero at the termination of the solution.
Since the terminating impulse removes the charge
from .the input capacitor, the total energy used during
the solution is written as
T
2
Et = / X1U dt - Ic4X1 (T)^

(4.93)

"o
Substituting the expressions for X1 and u in the above
equation and solving the result for time gives

T

_1_
2
2ya -ln(
2 t —
22
*ll=l(to)

a11

2 ) t to

(4.94)

Considering Equation 4.94, for a given network and given
available energy, the closer the desired initial condi
tions, (x-^jXg) = (0,0), are approached the greater the
terminating time of the solution.

In the limit, as

*l(t ) becomes arbitrarily close to zero, the time
required for the solution becomes infinite.
Thus for a given x.(t ), the solution satisfying
the necessary conditions is to apply

u(t)

Yta11 + a22)
Ya22(t_t^)
Z1 (^)G
b

on the interval t
4.94.

(4.95)

< t'< T, where T is given by Equation

And at t = T, apply

ya_ (T-t )
u(t) = -xq(4o)e
6(t - T)

(4.96)

and this solution, as X1 Cty) approachs zero, approachs
the solution for. Case I .
It is interesting to note that the solution above
is analogous to the matched filter solution of communica
tion theory; that is, if the energy constraint of Equation
4.56 were
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the resulting costate equations, Equations ^.60c and
4.60d, are independent of u, and the optimal u Is given
by

(4.98)

If h(t) represents the impulse response of the network,
the solution of the costate equations gives
P1 Ct) = -h(T - t)

where T is the terminal time.

(4.99)
In order to satisfy the

terminal condition on the costate variables, it is
necessary to let the terminal time approach infinity.
Thus u is the matched filter input weighted so that the
energy constraint is satisfied.

;

The solution for Case I brings to the fore the
problem of accounting for the input energy when the
constraint is that of Equation 4.56.

Mathematically,

Equation 4.93. accounts for the total input energy; however,
there exists .few if any useful sources that can accept
energy from the network and store this energy for future
use. Thus in the process of solving energy constrained
problems, care must be taken to assure agreement with
physical reality.

■
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4.6

EXAMPLE II. CASE II
For this case, the problem of Example II is considered

with an input energy constraint, terminal time fixed, but
still no magnitude bound on the input. For a fixed
terminal time problem, the equation of the singular
trajectory in the,state space is from Equation 4.68
,

"Is

C l ± <Y‘
21

2

,

ba21k

)*]x2s

(4.100)

alla22X2h

The trajectories of Equation 4.100 that are of interest,
that is, the trajectories in the first quadrant and
moving away from the origin of the state space, are
.shown with ^ as a parameter in Figure 4.11.

Inspection

of the singular trajectories reveals that the form of
the solution could be as follows:

With a positive

impulse applied at zero time, x-^ could be "set" so that
the singular trajectory that meets both energy and time
requirements is initiated; at the terminal■time, a negative
impulse causing the terminal conditions on P to be
satisfied would then be applied.
Pursuing the above tentative solution form, the
manipulation can be considerably simplified by assuming
a specific energy constraint and terminal time.

Let the
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energy available from the source be fixed at 0.26
joules and the terminal time be specified at 2 seconds.
After substitution of the element values from Figure 4.9,
the state variable canonical equations on the singular
trajectory, Equation 4.67, become

x

2s

7
4

21
""20

"Is

l '
4

7 ■
"4

"2s

(4.101)

The transition matrix for this equation is

I.. 0228e1,6'^3t _ o.0228e-1,6333t

0s(t)

0.0747(el'6733t _ e-l.'6,733t)
_0.3137(el'6733t _ e-1.6733t)

-0.0228e1,6733t + 1 ,o228e~1,6733t

(4,102)

If the singular trajectory is started with initial condi-.
tions X^(O) = X 10 and Xg(O) = 0 in accord with initiating
the solution with a positive Impulse,

the value of the

state variables at any time along the singular trajectory
is given by

'
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= ( 1 . 0 2 2 8 e l'6 7 3 3 t _ o.0228e~-'-'6733t)

(4.103a)

and .
%2s(t) = 0.0747(el'^733t _ g-1.6733t)^^

(4.103b)

Substitution of Equations 4.103a and 4.103b into Equation
4.66 gives the input on the singular’trajectory as
Ug = (3.9119el"^3t +.

(4.104)

The total energy supplied by the source on the entire
solution is the .energy of the initial impulse plus the
energy used traversing the singular trajectory minus the
energy removed by the terminating impulse, or

2T = H

2
1IO + f x1 (t)u(t) dt -

(2)2

(4.105)

Substituting Equations 4.103a and 4.104 into the above
and solving for

x -^q

gives the value of

x ^q

which should

initiate the singular .trajectory to satisfy both time
and energy criterion. This is

= 0.0254, and the

singular trajectory followed corresponds to ^ = -0.00108.
If h has the value 0.1044, then

(2) is equal to minus

one,, and the application of an impulse of weight -O..98
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at the terminal time gives P1 (2+) the value zero. This
impulse removes the charge from

at the termination

of the solution as in Case I .
Recapitulating, the input waveform is
0.033846(t)
u=s

i.09945e1

,

+ 0.002l4e-1

i 0 < t < 2

-0.986(t - 2)

(4.'106)

If this is the only solution.satisfying the necessary
conditions, then it is' the optimal solution.

In Figure

4.11, isochrones for t = i and t = 2 are shownj all
singular trajectories initiated with initial condition
^x1 (O),Xg(O)I = [x10,0] intercept these isochrones at
these respective times.

The energy expended.along each

of these trajectories at this time is proportional to
2
X1Q*so that for a given energy expenditure and given
time, there is only one singular trajectory that can
satisfy both time and energy criterion.
.The optimal input waveform.and resulting state
variable waveforms are shown in Figure 4.12.

' 4.7

EXAMPLE II, CASE ITI
Here the problem of Example II is considered with

all the constraints included and. with terminal time
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fixed. Again the terminal time will be fixed at two
seconds, and the total available energy is 0.26 joules.
The magnitude bounds on the input will be taken as
0 < u(t) < I

(4.107)

The singular trajectories for this case are those of
Case II truncated so that the magnitude.bound is not
violated; these are shown in-Figure 4.13.
Building on the results obtained from Case II, the
solution with magnitude bounds included is expected to.
be a best approximation of the idealized solution to the
problem given by Equation -4.106.

Referring to Equation

4.106 and Figure 4.12, the anticipated form of the
solution with input bounded in magnitude is as follows:
Segment I

To approximate the initial impulse,
the’input is u = Ufflax = I on the
interval" 0 = t

< t < t, where t, is
o —
— I
I
the time the required singular trajectory
is intercepted.
Segment 2

The input is changed to u = u

s

=

4xn - 2.4x0 on the interval
Is
2s
tn
I < t —< t0
c where t0
2 is the time at.
which the singular trajectory is
abandoned.
Segment 3

The input is held at u = Uffla = I oh

the interval t? < t < t

where t

is the time when the available energy
is expended.
Segment 4

To approximate the terminating impulse,
u =

= 0 is applied on the interval

t_ < t < T = 2,
3 .
The solution for the problem is obtained by the
flooding techniquehowever,- by using insight gained
from Case II, the flooding is selective in that only
trajectories of the form given in the above sequence
that satisfy the necessary conditions are considered.
For computational reference, the transition matrices
for the differential equations of inter'est are given,
The transition matrix for Equations 4.60 a and b, the
state equations, is

0x (t) =
(4.108)

Equations 4.60 c and d, the costate equations, have
the transition matrix
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3=t , I 2t
4e + 4e

I t
I 2t
4e " 4e’

3 t
3 2t
- 4e
4

I t ^ 3 2t
4e + 4e

0p (t) =
(4.109)

The transition matrix for the equations of the singular
trajectory, Equation 4.101, is given by Equation 4.102.
An example of one method of constructing the flood
paths is outlined by the computational procedure given
below.

Assume that the solution is following a particular
''

singular trajectory; that is, assume a value of

Ir

Equation 4.68 defines the trajectory in the state space,
and the costate variables at each point along the
trajectory are given in terms of the state variables by
Equations 4.63 and 4.64; that is

4v
3 Is

(4.110)

(4. H l j

When the singular trajectory is abandoned to start
segment number 3, the equations for the state and co
state variables on the third segment are respectively
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t
x(t) = 0 x (t - t j ) X s (tj) + J 0 x (t -

-r)(°) Cir

(4.112)

-^)(o) dT

(4.113)

b

and

P ft )
- T

P ciCtq)
=

t

^ ' - / 0p(t -

V
since u = Umax = I.

.

The solution follows the above

trajectories until the switching function passes’through
zero at time t^; that is, until

H p l (V

= -Bx l (:fc4 )

(4.114)

At this time, the fourth segment is initiated, and the
equations the system follow are, with u = Uffl^n = 0
x(t)’ = 0x (t - t^)X(t^)

(4.115)

and
I
PCtlj,)
f-P(t) = 0p (t - t^)—

(4.116)

Since the terminal condition on the costate variables
are pp (T) = 0 and Pg(T) = -I, the solution follows
Equations 4.115 and 4.116 until p^('T) = 0; at this time
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the solution is terminated, and the value of the parameter
h is selected such that the terminal condition on p (T) is
satisfied.

The constant k is now known. With the terminal

conditions on the costate variable satisfied, the remaining
necessary condition is that the Hamiltonian be equal
to the constant k along an optimal trajectory, particularly,
at the terminal time the Hamiltonian of Equation U-.59
reduces to

+ QXg(T) = k

'

(4.11?)

Thus for each point on the singular trajectory that admits
to the above outlined sequence of arcs that satisfy the
necessary conditions, there is a flood path leaving the
singular trajectory.■
In a general problem, the first segment of the solution
would normally be selected from reverse time flood paths
from the singular trajectory. However, since consideration
is being given only to a solution form that approximates
the idealized solution of Case II, the first segment
is obtained by simply applying u = U ^

= I until the

state trajectory intercepts the singular trajectory of
interest.

With zero initial conditions on the state

variables, the state trajectory on the first segment 'is
given by

'

16?
t

,

x(t) = ; 0 (t - T)(D) a ?

O %
and

(4.118)

^

is the time this intercepts the singular tra

jectory . The costate equations are now solved backwards
from P(t^) for the value of the costate .variables at zero
time to give

\

,
P(O) = 0p(-t^)P(t^) + hr0p(-T)(^) dT

(4.119)

Recalling that the Hamiltonian must equal the constant k,
the value of p^(0) obtained from Equation 4.119 must be
the same as.that obtained by setting the Hamiltonian
of Equation 4.59 equal to k at zero time; that is,

P 1 (O)

gk

(4,120)

The results of this construction procedure are illustrated
in Figure 4.14 for the singular trajectory defined by
= -0,0019 and in Figure 4.15 for the singular trajectory
defined by

-0.02.

The particular flood paths shown

have been chosen such that the terminal value of the
state variable

is the same for corresponding flood

paths; that is, the terminal value of the path marked
a in Figure 4,14 is the same as that marked a"*" in Figure
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4.15.
Inspection of Figures 4.14 and 4.15 does not clearly
indicate how to utilize the flood paths in selecting the
optimal solution; however, the figures do indicate how
the singular trajectories influence the solution.

Con

sidering either Figure 4.14 or 4.15, it is noted that the
point at which the singular trajectory is abandoned
determines the remainder of the solution sequence. The
longer the singular arc is used, or equivalently the
larger

, the shorter the time of the complete solution.

Upon comparing corresponding solutions, it is seen that
the larger value of ^ requires more time but less .energy
t o 'reach a given terminal state; that is, the utilization
of energy becomes more efficient as ^ approachs zero.
The flood path information.can be organized into a
convenient graphical aid in the following manner.. For
a given singular trajectory, compute the flood paths
and note the terminal time and energy versus the point
at which the singular trajectory is abandoned,

If this

is done for several of the singular trajectories and
data plotted with the energy as the ordinate and the
terminal time as the .abscissathe set of curves of
Figure 4.16 results.

The curves parameterized by ^

indicate the singular trajectories used, and those
labeled with

•indicate the value of x^ at which the

I
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singular trajectory was abandoned'.

For given terminal

time and energy constraint, the parameter■value of the
singular trajectory and the value of

when the singular

trajectory must be abandoned are easily estimated.

For

example, with a terminal time of 2 seconds and an
energy constraint of 0,26 joules, the value of %
should be slightly greater than -0.0019 and the value
of
0,17.

when the singular arc is abandoned slightly over
After several iterations, the time and energy

constraints were found to be satisfied if the singular
trajectory corresponding to ^ = -0.001811 is used and
abandoned at x^ = 0.17135*
The input signal that results is
I if 0 < t < t1 = 0.047
u
u(t)

<

s

if t_, < t < t 0 = 0,996
I
— 2
'

I if tg. < t < t^ = 1 .7048
(4.121)

0 if t., < t < T = 2

where u

is given by
-1.6733(t-t^)

1.6733(t-t1 )
u g = 0.133995e

+ 0.002798e
(4.122)

Application of the input signal of Equation 4.121 results
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in X2 (I.9998) = 0.04378 with the energy expended by the
source equal to 0.2599 joules which for practical purposes
is close enough to the desired values of T = 2 sec and
E=

0,26 joules.

The value of h which allows the

terminal conditions on P to be satisfied is h = 0.0824-5,
and this results in k being equal to -0,0001493,

Back

ward integration from the singular trajectory gives the
initial conditions on the costate variable as
P1 (O)

-0.000198

CM

!(.I
O

^ I

-0.03468

(4.123)

Substitution of the state and costate trajectories into the
Hamiltonian results in the Hamiltonian being equal to
-0.0001485 on the first segment, -0.0001493 on the
second segment, -0.OOOI567 on the third segment, and
-0.0001468 on the last segment; which, considering the
computational accuracy, will be considered constant over
the solution interval.
Since all the necessary' conditions for the problem
are satisfied by the solution given by Equation 4.121,
this solution is a candidate for the optimal solution.
Upon consideration of Figure 4,16, it is argued' thatthis is the unique optimal input .signal since, for any
given terminal time and energy constraint, there- i s .only
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one combination of singular trajectory and point of
abandonment of that singular trajectory that produce
the given terminal time and energy.

The optimal input

signal and resulting optimal state trajectories for
this problem are shown in Figure 4,17,

4.8

CONCLUSIONS
In this chapter, two examples illustrating the state

space approach to optimal signal design for linear lumpedelement time-invariant networks were considered.

The .

first example was used to demonstrate that the conditions
of Chapter 3 that are sufficient to arrive at the rela
tions describing the singular trajectory and subsequent
demonstration that the singular trajectory is optimum
are not necessary conditions.

The second example■

illustrated the application of the technique developed, in
Chapters 2 and 3 to the problem of determining the optimal
energy-constrained., magnitude -bounded input that when
applied to a given network results in the output of the
network being maximum at a predetermined terminal time.
Both examples illustrate that when enough information
is available to solve the particular problem at hand,
the solution to other related problems is easily
accomplished..

In the first example, it was. shown that

the solution for quite general initial conditions

1?2
followed from the particular solution, and that the
solution to the problem originally stated served as a
convenient guide when attacking the problem where the
terminal time was either fixed or weighted in the per
formance criterion.

In the second example, when enough

data was at hand to indicate how the optimal solution
should be selected, the solution to the problem for any
terminal time and energy constraint was equally available,
Also apparent in the second example is that by .interpreting
the Lagrange multiplier h differently, the solution of
two different but related problems is contained in the
original solution; that is to say, as:the problem was
stated, the solution satisfies an input energy constraint,
but by interpreting h as a weighting factor, the solution
becomes that of a minimum energy problem.
The second example also illustrates a solution
approach.

When confronted with the necessary conditions

that must be satisfied, the form of the solution is
seldom evident; however, by considering an idealized
problem, or series of idealized problems, resulting
from removing or modifying the constraints,. the form ■
of. the optimal solution may become known.

With this

information, the optimal solution may be. selected with
r

an economy of computation.'
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I

Network used in Example I .
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Figure 4.2

Singular trajectories for Example I.

175

Iih
H-K

— U —

Il\
> Ir

I,I,|
.II

Figure 4.3

I—

-

Reverse time flood paths leaving the
singular trajectory of Example I.
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Optimal input signal and resulting
state variable trajectories for Example I .
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Switching boundary and state trajectories
for Example I .
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k = O

u = +2

kLM

P

Figure 4.6

P II-J-

Singular trajectories for Example I
when the performance measure is penal
ized by expended time or when the terminal
time T is fixed.
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Figure 4.8

Singular trajectories and form of solu
tion for Example I when the magnitude
"bounds on the input are unsymmetrlcal.
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2 T

Figure 4.9

Network used in Example II. A normal
tree for the network is shown with
branches oriented and the fundamental
loops shown.
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Figure 4.10

Singular trajectories for Example II,
Case I . Terminal time free, input
energy constraint but no magnitude
bound.
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Singular trajectories for Example II,
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Solution for Example TI, Case II.
Energy constrained, fixed time but
no magnitude bounds.
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Singular trajectories for Example II
Case III
constrained f ixed
terminal time, and magnitude "bound
0 < u < I.
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Representative flood paths for the
singular trajectory defined by
k/h = -0.02. The solution segment times
are indicated, and the energy required
on each path is shown.
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from use of various singular trajectories.
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CHAPTER 5

SUMMRY AND SUGGESTED FUTURE
RESEARCH
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cI.I

SUMMARY OF ESSENTIAL VALUES OF THE THESIS RESEARCH
A unified approach to optimal input signal design for

lumped-element r. linear time-invariant networks is presented
in this thesis, Unlike previous works in optimal input
signal design that required tailoring the mathematical
representation of the network and the optimization ■
theory to the performance criterion and constraints- of
a particular problem, the method presented in this thesis
yields, for quite general performance criterion and con
straining relationship, a set of necessary conditions that
when.satisfied, produce candidates for the optimal input
signal.

The optimization theory used, Pontryagin1s

maximum principle, has proven.its worth in optimal
control theory when used in conjunction with the state
space representation of control systems; upon representing
networks by state variable equations, the mathematical
model of the network becomes compatible with the
optimization theory,
In Chapter 2, the topologically-based procedure
for representing a network by state variable equations
is given.

Representation of networks by state variable

equations is advantageous in that an existing body of
theory is available to apply; the state variable
representation "fits" well with the optimization theory,

192
but probably of most importance is the correspondence
of state variables to measurable quantities within the
network.

This latter feature is pertinent to

the derivation of relationships that realistically
represent the energy absorption of-the network.

These

derived energy relationships are expressed in terms of
the state variables and matrices that are fundamental
to the state' variable representation of the network.
When the derived energy relations are used to represent
physical constraints on the available energy, the
properties that the matrices composing the energy relations
possess materially aid the development resulting in
the necessary conditions for an optimal solution.
Pontryagin's maximum principle is applied to the
optimal signal design problem in Chapter 3 ■’ -A generalized
augmented performance criterion is introduced, and the
necessary conditions for an optimal solution are given.
The possibility of singular segments of an optimal
solution is studied, and sufficient conditions for the
optimality of the singular.trajectories are given.

These

sufficient' conditions include conditions-that were
assumed in order to arrive at the necessary conditions.
It is further shown that in general the optimal energyconstrained, magnitude-bounded'input waveform consists

193
of both bang-bang and singular segments.

That the

sufficient conditions mentioned above are not necessary
is shown by a counter example in Chapter 4.

A second

example is used to illustrate the application of the
advocated procedure and use of its resulting necessary
conditions.

5.2

ASPECTS- MERITING ADDITIONAL STUDY
Topics worthy of further investigation are divided

into two categoriesi those that will clarify and enhance
the present work and those that will lead to new theory
or extend existing theory.
In the. first category, the following three areas
are brought to attention. The counter example of
Chapter 4 illustrates that singular trajectories can
exist even when the sufficient conditions presented
are not satisfied.

whether or not a singular segment

is part of the solution depends on a combination of
factors, namely, performance criterion, energy constraint,
and network topology.

An investigation of the network '

topology, in combination with performance criteria and
energy constraint, that will allow or inhibit singular
solution for optimal signal design problems would be
of value.
The second area concerns partially singular solutions.
I

'

■ '

-

The necessary conditions arrived at in this work for the
singular trajectory are for the totally singular condition;
that is, for the multiple input case, all the inputs
follow a. singular trajectory on some interval of the
solution.

Although the partially singular case was

alluded to, determining which inputs follow singular
trajectories and which inputs follow bang-bang trajectories
on what intervals of time is an area of worth-while
research.
The third area concerns the implementation of the '
necessary conditions.

The examples considered in Chapter

4 resulted In necessary conditions consisting of only
second order equations.

For these relatively simple

problems, graphical, representation of the information
pertaining to the singular trajectories helped signi
ficantly in selecting and piecing together the bangbang and singular segments into the optimal input
signal.

For more complicated'problems with multiple

inputs and higher-order equations for necessary condi
tions, graphical techniques are not available; brute
force computational schemes are. feasible but probably
not practical due to the multiplicity of trajectories
encountered.

Computational algorithms for economically,

generating candidates for the optimal solution are
needed.
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The avenues of investigation that could possibly
extend existing theory or initiate new theory are now
given,

In order to derive the energy relations used as

constraints in this dissertation, restrictions, were
placed on the source generators..

By counter example,

all these restrictions are not necessary.

In this work,

the restrictions are of little consequence due to the
manner of formulating the optimal design problem.

However,

to make the.theory pertaining to state-space representation
of linear lumped-element time-invariant networks complete,
more versatile expressions for energy and power are
needed.

Investigation of the topological basis of state-

space network representation may relax at least some of
the restrictions placed- on the sources.
The investigation of optimal signal design for
time-varying networks is a second area of interest.
The method presented in Chapter 2 for representing the
network by state variable equations would be much the
same for the time-varying case; that is, since the
network topology remains the same, the form of the
constitutional matrices of the state differential
equation would be similar.

The major change would

occur in Equations 2.14- and 2.15, and these changes will modify the resulting equations.

The application

of Fontryagin1s maximum principle will result in
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roughly equivalent necessary conditions with time-varying
parameters, but satisfying the necessary conditions will
be accordingly more difficult.
Extension of the method of this dissertation to
encompass optimal signal design- of spatially distributed
parameter systems is a third aspect meriting additional
study..

See Pierre (41) and Kolb (jO) for comprehensive '

literature review and bibliography of the subject.

Most

of the analysis of distributed-parameter systems has
used some form of an approximate model of the system;
these approximations take the form of

I)

"lumping" the

spatial 'variable so the partial differential equations are
reduced to ordinary differential equations,

2)

trans

forming the partial differential- equations and approx
imating in the S domain of the Laplace variable and
numerical approximation techniques,

3)

The most appealing

technique for an electrical engineer is.the first
mentioned because of the analogy- of the electrical
transmission line to some diffusion systems.

If the

network transmission line model of a distributed para
meter process is used, the techniques of Chapter 2 can
be applied directly resulting In a state variable repre
sentation of thd process.

It appears that the performance

criteria normally used, for distributed-parameter opti
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mization problems can be reformulated so as to be compat
ible with the state variable representation without sacri
ficing their usefulness.

Application of Pontryagin1s •

maximum principle should then illustrate that the optimal
solution consists of a combination of bang-bang and
singular segments.

The fact' that the distributed process

is being approximated by an ntlfl order system of differential
equations introduces errors, and at the present time, there
is no general way of determining the error introduced.
The use of the state variable representation yields
a state differential equation in which A is a symmetric
tridiagonal matrix with all off diagonal entries equal
and all entries along the main diagonal equal except
"fch.
the first and the n , and they are equal to each other.
Frame (16) presents a method of machine computation
for finding the eigenvalues and eigenvectors' of a symmetric
tridiagonal matrix without computing the coefficients
of the characteristic polynomial, so improving the
approximation by use of a high order system of state
equations could be computationally feasible.

The

special form of the A matrix encountered here should
allow improved computational methods and possibly for
some cases a method of estimating the error introduced
by the approximation.

APPENDIX A

DEFINITION OF TERMS OF NETWORK TOPOLOGY
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The following definitions of terras are based on
"Standards on Circuits: Definitions of Terras in Network
Topology," (63., 28).
Branch

A portion of a network consisting of an element;

a line segment of a graph plus its two nodes (vertices).
Chord

A branch not appearing in a network tree.

Connected s A network is connected if there exists at
least one path, composed of branches of the network,
between every pair of nodes of the network.
Connectivity

The number of parts of a network that are

not connected, the number of separate parts.
Cut-set' A set of branches of a network (or its graph)
such that the cutting of all the branches of the set
increases the number of separate parts of the network,
but the cutting of all the branches but one does not.
Forest

In a, nonconnected network, each of the separate

parts is defined connected, so each will contain a tree;
the collection of these trees is called a forest,
Fundamental cut-set m a t r i x 'A matrix defining the
fundamental cut-sets of a network,. The N - I

rows of Jl>

correspond to the tree branch elements defining the
network cut-sets, and the

columns correspond to the

network branch elements. The i

row of i/v lists the

network branch elements, and their orientation, that
th
appear in the fundamental cut-set. defined by the I

•
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tree branch element.

Plus one indicates'the branch

element is oriented out of the cut-set; minus one
indicates the branch element is oriented into the cut
set, and zero indicates the element does not appear in
the cut-set.
Fundamental cut-sets

Kirchhoff’s current law equations

written for the generalized nodes of the fundamental
cut-sets are a minimal system of equations character
izing the network.
Fundamental loop matrix
mental loops of a network.

A matrix defining the funda
The M rows of

correspond to

the chord elements defining the network loops, and the
B-J3 columns correspond to the network branch elements.

The

ith row of (S lists the network branch elements, and
their orientation, that appear in the fundamental loop
defined by the

chord element.

The loops are oriented

in the direction of the orientation of the defining chord.
In the matrix £8, an entry of plus one indicates the
branch element, is oriented in the direction of the loop;
minus one indicates the branch element is oriented
opposing the loop, and zero indicates the branch element
is not in-the loop.
Fundamental loops

Kirchhoff1s voltage law equations

written for the fundamental loops are a minimal system
of equations characterizing the network.

Graph

A diagram of a network in which each element is

replaced by a line segment connecting two nodes.
Loop

A set of branches forming.a closed path in a

network, provided that if any branch is omitted from- the
set, the remaining branches of the set do not form a
closed path.
Node

A terminal of any branch of a network or. a terminal

common to two or more branches of a network.
Separate parts
Tree

The parts which are not connected,

A connected graph containing all the nodes of a

network graph but no loops.

APPENDIX B

MATRICES
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B .I

MATRIX INVERSE ■
The inverse of the matrix
R

a

F.
RG

M =
-F-RG

G

is considered.

As defined in Chapter 2, R

CL

is a diagonal

matrix of resistive chord elements, and if there are p

diagonal matrix of conductance entries corresponding to
the q resistive tree branches; Fr g expresses the relations
between the resistive chords and the resistive tree
branches, hence is a p x q matrix.
Before considering the inversion, the following
identity will be shown valid.
(B.1.2)

Using the defining relations for &

and

of Equations

2.23 and 2.24, respectively, the identity of Equation
B.1,2 can be written as
(B.1.3)

The matrices involved are seen to be conformable, and
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Gfl'and

are the inverses of

and R 1 respectively,

so Equation B .I .3 reduces to an exact identity:

fRG + FRGGaFRGRf3FRG “ FRG + FRGGaFRGRgFRG

(B.1.4)

B e c a u s e a n d ^ are positive definite, their inverses
exist, and the identity of Equation B.1.2 may be written as

^ ' lFRGGa = e Pp RG^'1

-

(B.1.5a)'

Using the symmetric property of ffl and

shown in Section

B.2 and the symmetry of G^ and R , Equation B ,I .5a may
also be written as
-I
^ 1p RGeP

(B.l.5b)

GaFRG'%

Now for the inverse of the matrix of Equation B.1.1.
It is well known (40) that if the matrix M has both a left
inverse N and a right inverse P, M is nonsingular and
N = P = M

nIl

. The left inverse is found from

n12

Ra

fRG

I

0

0

I

=
I
n21

n22_ _“f r g

Gp _

(B.1.6)

which is equivalent to

nIiaa - n12FRG

(B.l.?a).
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nIIfBG + n12Gp =-°- o r n I2 = -nllPBGRf
(B.1.7c)

n21Ha - n22FBG = ° ’ or n21 = n22FBC-Ga
and

n21FRG + n 22G3

(B.1.7d)

1

The solution of the set of Equations B.l.y gives the. left
inverse

(B + FRGRpFRG^
a

(Ge + FRGGaFRG ^

~(Ra +

FRGGa

f RGr Pf RG^

f RGrP

(GP + FRGGaFRG)
(B.1.8)

provided that (Ea + Pr g R p Peg)'1 and (Gg + Pr g Gc Fh g )'1

exist; but these are (nT1 a n d ^ -1. With the identities of
Equation B .1.5, Equation B.1.8 may be written as
<& -I

-I
■Ga^RG^

N =
-I
h Pf RG^

The right inverse of M may be obtained from

( B .1. 9)
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Ba

■ FRG

P11

P12

P21

P22

I'

O’

0

I

I

-FRG

Gp

(B.1.10)

which gives the four equations

RaPll + FRGP21 = I

(B.l.lla)

Ba P12 + FRGP22 = 0; pI2 = _GaFRGp22

(B.l.llb)

-f RGpII + GpP21 = ° ; P21 =
and

' (B .1 .He)

r Pf RGpH

-

(B.l.lld)

“FRGP12 + GgPgg = I
The solution of this set of equations results in

<Ha + V

e

PpHG r l

EpW

+ V

' W

V

+ V

g

0V

*"1

P =
b Sf BG*

(Gg + FRGGaFRG)
(B.1.12)

By identifying (R^ + FggRgF^^)"^ with
(G
as

+

f Qg g cc^q q )

^ with^f

and

Equation B.1.12 can be written

. -VW si'1
P

(B.1.13)

e Pf BG61"1

The left inverse and right inverse both exist and are
seen to be equal; hence, M is nonsingular and

^

1

- V

rc8

'1

M"1 =
V

rg ^

1

(B.1.14)
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B .2

SYMMETRY OF MATRICES

AND^f

Consideration is given here to the matrices

(R/

which are defined in Equations 2.23 and 2.24 to
be
^ r= Ha +

f RGr PfRG

(B.2.1)

and

S

+ tiGVHG

.

(B -2 -2 >

In the above, Ra is a p x p diagonal matrix, R^ is a
q x q diagonal matrix; the inverses of Rq, arid R^ , Ga and
G g , are then p x p and q x q diagonal matrices respectively,
and F^g is a p x q matrix relating resistive chords' to
resistive tree branches.
Consider a general diagonal q x q matrix R given by

(B.2.3)

and a general p x q matrix F given by
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fIl

f12 1*lfIq

f21
•

^22

e

•

1

*
#
•

•

(B.2.4)

e

fpq

so that the q x p matrix F is

I— I

i—I
<H

f 21* ‘

f 12
•
••

^22
»

O1
—I

I

• cH

'•

Pl

*
-

v

.f

'•

•

(B.2.3)

f

The q x p matrix resulting from the product RF is
I— i
H
Ch
I— I
f-l

RF =

r I f 21* * 'r I f Pl

r 2f 12

r 2 f 2 2 1 ' ,r2 f p2

fq^lq

V2q'"Vrq

(B.2.6)

and the p x p matrix resulting from the product FRF "becomes

FRF =

^ 1fIkrkfIk

P
E
E flkrkf2k •'' k5 1fikrkfpk
k=l

^ 1fZkrkfIk

k!l^^2k

^ 1fPkr kfIk

P
•
P i
J:/pk='kf2k " " ^ ^ p k ^ k f p k

^/2k^pk
(B.2.7)
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J-'et a _

be a typical element of the matrix resulting from
T

the -product FRF; then a. . can be written as
IJ

Lij

^ 1fIkrI-TfJk5

j

I' 2,

P

(B.2.8)

Then

(B.2.9)

With a^^ = a ^ ,

the matrix FRF is symmetric, and from this

the conclusion that

^

Ra +

f RGr PfRG

(B.2.10)

is symmetric follows because the sum of two symmetricmatrices is symmetric.
is also symmetric.

The same argument shows that

211

B ,3

SCALAR FBODUCT IDENTITY
Consider the scalar product

a = X MX

(B.3.1)

where a is a scalar, X .is any n vector,' and M is an
n x n matrix having the special form
0

#

^

(B.3.2)

0

in which JY is a p x q submatrix of constants-, and the zero
matrices are square.

It is noted that'M = -M, and according

to Perlis (40), this defines a skew-symmetric matrix.
Since a is a scalar, transposing Equation B.3.1 should have
no effect.
a '= (X MX)' = X MX = X (-M)X = -a
The only solution of the above is for a to be zero.

(B.3.3)
Thus,

it is concluded that.

Oi
■0
for any X.

X=O
(B.3 A )

APPENDIX C

CALCULUS OF VARIATIONS AMD SUFFICIENCY
CONDITIONS FOR A STRONG MAXIMUM
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C,1

AN ALTERNATE SET OF NECESSARY CONDITIONS
During the -interval on "which the solution of the

optimal signal design problem is- singular, the input
signal vector U given by Equation 3*81 is continuous so
long as the magnitude bounds given by Equation 3.49 are
not violated.

.If these magnitude bounds are temporarily

removed, classical calculus of variations may be applied
to the problem.

The functional to be extremized is from

Chapter 3

jO

t,
,
/1Cfm (D0X) - hX PBU] dt
tO

(C.1.1)

and the network equations that must be satisfied are
X = AX + BU

(C.1.2)

The problem is to move from a known X(t ) to a given
X(t^) where t^ is free. The performance functional of
Equation C.1,1 is augmented by the constraint of Equation
C.1.2 to obtain

J = A c f m (DoX) - hX PBU + P (X - AX - BU)] dt

(C.1.3)

tO
where P is. an n x I vector of time-dependent Lagrange
multipliers (44).

By defining the new (2n + r) x I vector
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variable
.

y =

X

X

p ,'7*

p

U

U

(C.1.4)

Equation C .1.3 is recognized to be of the form

tI
J = / F(y,y) dt
t

(c. i. 5)

From classical calculus of variations, the necessary condi
tion stemming from the first variation being zero on an
optimal trajectory results in the Euler-Lagrange equations

V / - |t V / = o

( c. i . 6)

By use of the definition of y in Equation G.1.4, this
system may be written as

X - AX
T

T

-

EU.
I

- B P X - B P
or

0

P

-hPBU - A P
'

d.
"dt

0
0

=

0
0

(C.1.7)
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X = AX + BU

(C.1.8)

P =-AP-

(c.1 .9 )

hPBU + V7
vx fm

B P + hB P X

= O

(C.1.10)

In a free terminal time problem, the transversality condi
tion

(C.1.11)

reduces to ,

[F - y(t)'w.F]. = [f (D x) - P AX - (P B + hX rB)U].
o
^2
III O
-

= O

(C.1.12)
It is noted that the Euler-Lagrange equations are pre
cisely the canonical equations of Pontryagin1s maximum
principle plus the equation defining the singular
solution for the maximum principle, and the transversality
condition reduces to the Hamiltonian evaluated at the'
terminal time.

Upon manipulation of Equations C.1.8,

C.1.9, and C.1.10, these may be reduced to the differ-.
ential equations, Equation 3*86, that define the singular
solution in Chapter 3, and the same expression, that of
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Equation 3•Si, is obtained for U.

The purpose of this

appendix, however, is to obtain an alternate,' but equiv
alent, system of equations describing the singular
solution that is more- readily manipulated into the
desired form.
To this end, a new n x I vector of variables is
defined
X = P + hTX .

(C.1.13)

Upon substitution of this into Equations C .I .9 and C.1,10,
a new set of equations is obtained,
X = AX + BU

X=-AX

-

(C.1.14)

+ h[PA + (TA)' ]X + V xfm

(C.l.15)

with the condition
B X = O

,

(C.1.16)

Recall from Equation. 2.18 that-

PA

(C.l.17)
With this, the n x n matrix Q is defined as
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-y

o

O

-;g

2Q = PA + ■(PA)'
(C.1.18)

By use of the same partitioning 'scheme, as in Chapter 3»

Il

A 21X +

Il

H^>

O

Il
■<M

A u * + AigS: 4■ 'bU

.19)

(C.l,,20)

A 22^

™ A 21^ + 2hQ1

H

the above equation■set becomes

+ -ZhQ12X

I
-Aig^ _ A 22X- + 2hQ21x 4 ZhQ22X + V - f m

(C.l,,21)

zV

Il

(C.l,,22)

and
t Zv

b Jl = 0

(C.1.23)

Because b is nonsingular, the- unique solution of Equation
C.1.23 is
A

X = 0

(C.1.24)

and since this must hold over any interval on which the
solution exists, the condition

^L = 0

(C.1.25)
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must also apply.

Substitution of the conditions of

Equation C ,1.24 and C ,I .25 into the set of Equations
0,1,19 through 0,1.22 gives

A 21X = 2hQ11x + 2hQ12x

(0,1,26)

x

(0.1.27)

(A22 - A 21Q11Q12)x +. 2hA21QllA 21X

and
A?

X

2h(Q:

Q21Q11Q12^X + ^ x fm + ^“A 22 + Q21Q11A 21^X
(0.1.28)

Equations 0,1,27 and 0.1.28 are part of the reduced
necessary conditions for an optimum solution.

They are

equivalent to the necessary conditions of Equation 3.86
which represent the possible singular solution of the
problem; however, the equations here are in a form which
may be used to investigate if sufficiency conditions for
an optimal solution are satisfied.
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C ,2

THE SECOND VARIATION AND'SUFFICIENT CONDITIONS FOR
AN OPTIMUM
Again consider' the functional to be extremized

J = AF'(y,y) dt
t

(C.2.1)

where y is defined by Equation G ,1 A, and F(y,y ) is
identified with that of Equation C ,I .3•

Since the

sufficient condition criteria of classical calculus of
variations centers around the second variation of the
performance functional, the second variation of J, given
2
by 6 J , will be presented and molded into a workable
form.

6

The second variation is given by (18) ,

A,
i f ± (6y Fy / y + 26y Fy^Gy + Gy F^Gy) dt

where the

Pyy = [ % y j ]

(C.2.2)

is the (2n + r) x (2n + r) matrix defined by

'

^

J = I'

Similar definitions hold for F

Zn + r

(C.2.3)

yy and Fy h

In view of the form of y , F

yy

may be written as
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U x

F

xp

FXU

FPX

FPP

Fpu

FU X

Fup

FUU

(C.2.4)

The function f here assumes the form

F = fm (Dox) - hX PBU + r (X - AX - BU)

and therefore

-hPB

-hB P
and F

. yy

are written as

(C.2.5)
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With these results, the second-variation 6

of Equation

C.2.2 reduces to

6 J =

t

,tL

I

f

-A

-A
-hB r

0
t

SX

0

-B

SP

-B

. 0

SU

I

6P 6U ]

I

-hPB

0

0

t

+ 2[6X 6P 6U ]

I
0

O
0

6X

6P

O
0

-h

> dt

6U

(0 .2 .9 )

and after simplification,

'62J = i A o X f
%

6X + 5P (6X - A6'X - B6U) - h6X rB6U] d t

*==

(0 .2 .10 )

Because of the state equation
X = G(XpU)

■

• (0.2.11)

the variations 6X and SU are related by

X + 6SX = G (X + €5X,U + €6U)

(0.2.12)

A Taylor’s series expansion of the right-hand member of .
0.2,12 gives
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X + 6SX -=G + €Gx6X + €G^6U + (fie2 )

(C.2.13)

and for sufficiently small I£| ,•

6X = A6X + B6U
is obtained.

(0.2.14)
Substitution of this into Equation C .2.10

yields

62J = iftex f
tO

6X - h6X PfiX + hfix'PAfiX) at

(C.2.15)

■

in which the center term is an exact differential
h6X rsx = Hd(SXTGX)
2
dt

(C.2.16)

Thus-,

S2J = - ^SX P6X

t,
t, - ,
,
-L + i/-L(6X f
6X + h6X PASX) dt
t
t
mxx
O
O

(0.2.I?)

If it is assumed that the solution moves from a given
point on the singular trajectory to a second given point
on the singular trajectory, both SXft^) and 6X(t^) are
zero, Using this and the definition of Q in Equation
0.1.18 and the fact that the output variables are formed
from a subset of the last n - r state variables x, the

22]
second variation may be written as
?
6 J = if"l U

x

f

6x + h6X Q6X) dt

(C.2.18)

According to Gelfand and Fomin (18),' a sufficient
condition for the functional J to have a maximum’for
X = X * , is that the first variation 6J vanish for
2
X = X* and the second variation 6 J be negative definite
for X = X * .

On the solution interval, Equations C.1,21,

Q12

/<
X

0

0

^21

>4.

i

C.1,22, and 0.1.24 apply; these are rewritten as

+

2h
^21

^21

I

X

^22

t

(0.2.19)

In order to solve this for X*, the specific form of f
must be known.
The first case considered is that where

fm (Y)

I

D oX

= W1 X

(0,2.20)

where Q, is a k x I vector, D q is k x (n - r) matrix so
that W is a (n - r) x I vector of constants.

It is noted

that this is the problem defined by Equation 3•33i smd
by taking W as the zero vector, this problem reduces to
the problem defined by Equation 3*32.

Since fID-A/A/ in this
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case is zero, t,he second variation becomes

Q6X at

6

(C.2 .21)

'tO
and Equation C.2.19’is rewritten as

I

O

S
-

A 21

X

A 22

X

0

1 Q-1

™ SHq"1

" 2h^

I

X

¥

(C.2 .22)

provided Q is nonsingular. The variation of X is then

6$

°

1
A 21

6X

~ Ih q 1

(C.2 .23)

G'X

CM*

6x

Formally, the inverse of Q according to (45) is
r—

-I •
Q11

^12

^21

^22

Q11

+

Q11Q12^Q22

~

Q21Q11Q12 ^

°'

21Q11

(Q2 2 Q21Q11Q12) 1q 21Q11

9U

q I2 ^Q22

“ Q21Q11Q12^

(^22." ^21^11^12)

(C.2 .24)
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—1

where

and (Q22

Q9
Q1
9) 1 are assumed, for the
21 11 12
time being, to exist. Combined use of Equations C .2.21,

C.2.23, and C.2.24 gives, after some manipulating, the
second variation in.its final form

6

Jh A

■+

cs T

(Q22

Q21Q11°-12^

(Q22 - Q21Q11Q12^

5X +

^A 22 " Q21Q11A 21^6X.+

+ 6T(a 22 - A 2iQn Qi 2 ^ Q22 - Q21Q11Q12^6X + :

+

6X (A 22

-

A 21Q h Q 1 2 ^ 0-22

Q 2 1 ^ A 2l)*X +

~

Q 21Q 11Q 12 ^

^A 22

+

(C.2.25)

A 2lQl^A 2lG%] at

The three conditions that form a necessary and
sufficient set for the functional of Equation C .I .I , with
f^(BqSc ) of Equation C.2,20 and the second variation
given by C .2.2-5, to have a strong local maximum are from
Morse (35)

I)

condition, and

the Legendre condition,
3)

2)

the Jacobi

the Weierstrass condition.

Both the

Legendre and Weierstrass conditions are concerned with
the dominant term (18) of Equation C.2,25; that is,
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6%'(Q22

Q21Q11Q12 ^

6^'

If the (n - r) x (n - r) matrix. (Q22 - Q21Q11Q12 ^"'1
is negative definite, the. Legendre and the Weierstrass
conditions are satisfied.

The Jacobi condition for the

second variation of Equation C.2.25 is shown by'Rohrer
and Sobral (49) to be satisfied if the (n - r ) x

(n - r)

matrix

[(A 22 " A 21Q11Q1 2 ^ Q22

Q210-11Q12 ^

+ A

is negative semidefinite.

(A 22

-I i
21QllA 21

Q21Q11A 21^ +

]

It is interesting to note that

if the Legendre and Weierstrass conditions are satisfied,
the assumptions made to arrive at Equation C.2.22 and
C.2.24 are valid; if the matrix in question is singular,
then no information about sufficiency is obtained.
As a second case for the performance criteria,.the
problem of minimizing the mean-square error will be
considered.

Thus, consider

fm (X) = (Y - Ia )b(Y - Yd ) = (x - Xd )' D b D 0(S) - Sd )
(C.2.26)

22?

or .
Im (Y) = (z - xd )’ W (x - xd )

(C.2.2.7)

where W is an (n - r) x (n - r) matrix of constants.
This is the performance criteria given "by Equation 3.35,
and if %d is taken as zero, corresponds to the performance
criteria of Equation 3*3^»

For this performance criteria,

Equation C .2.2.3 becomes

—I
—I

I

J

6x

Q12

O

A 21"

I
___

-I
- I
2h
I

"^"22

(C.2.28)

I

1

H
CM
O’

0

Mt
I___

___

^22a

where the submatrix Qg2 is augmented by the symmetric
(n - r) x (n - r) matrix — (W + W ); that is

Q 22a

«22 + Zh(W + 'W >

(C.2.29)

The second variation for this performance criteria is

62J = &A[6%(W + W )6x + h6X Q6X] dt

(C.2.30)

tO
Substitution of Equation C.2.28 into the second variation
of Equation C .2.30 unfortunately leads to an extremely
messy result; however, the form is- the same- as in
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Equation C.2.25, so for a specific problem sufficiency
conditions may be investigated by the' previously given
procedure.
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GLOSSARY UF SYMBOLS
■ The following is a list of principal symbols appearing
in the work.

For convenience, the symbols are arranged

in alphabetical order; each symbol is followed by a brief
description.

The location of its first use is given by

(page and equation number), and the location of its formal
definition, where necessary, is given by (= page and
equation number).

(N -I) x

A

fundamental cut-set matrix

(page 30, Equation 2,11), (= page 199)*
A

n x n state equation matrix of constants,
state matrix of network J r (page 12, Equation
1 .6 ).

A

11

r x r submatrix of A consisting of elements at
the intersection of the first r rows and columns
of A (page 98, Equation J . 6 2 ).
r x (n - r) submatrix of A consisting of
elements at the intersection of the first r rows
and last n - r columns of A (page 98, Equation
3.63)..
(n - r) x r submatrix of A consisting of
elements at the intersection of the last
n - r rows and first r columns of A. (page 98).
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(n ~ r) x (n - r) submatrix of A consisting of
elements at the intersection of the last
n - r rows and columns of A (page 98) .
lower-magnitude bound on U^ (page 12, Equation
1 . 8) .
68

M x B. fundamental loop matrix (page 30,
Equation 2.10), (= page 200).

B

n x r matrix of constants, driving matrix of
state equation of network

(page 12, Equation

1 . 6).
&

scalar representing the number of capacitive
branches of a network

(page 25).

scalar representing the number of inductive
branches of a network JP (page-25).
scalar representing the number of resistive
branches of a network i/f (page 25).
"b

scalar representing the total number of
branches of a network t/T (page 25, Equation 2.6).

b

r x r nonsingular submatrix of B consisting
of elements at the intersection of the first r
rows and columns of B (page 97, Equation 3.61),
,-I
r x r submatrix of /6
consisting of elements
at the intersection of the first r rows and
columns of

(page 87, Equation 3.31)»
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(n - r) x (n - r) submatrix, of

consisting

of elements at the intersection of last n - r
rows and columns of/d-1 (page 87, Equation 3.31)
upper- magnitude bound on u

(page 12,

Equation 1.8),

Jt

(N ~

) x (N - Sgj) positive definite symmetric

matrix whose entries have dimension of capaci
tance (page 33, Equation 2.18), (= page 34,
Equation 2.21).
C
a

(3g< - N + Sg<) x (Sg/ - N + Sgj) positive definite
diagonal matrix of chord capacitive elements
(page 32, Equation 2.14).
(N - S/) x (N - Sgf) positive definite diagonal
matrix of tree branch capacitive elements
(page 32, Equation 2.14),

P

n x n positive definite symmetric matrix, the
upper left submatrix i s , and the lower right
submatrix is

(page 43, Equation 2.5),

■(= page 43).
Hn

r x r submatrix of P consisting of the elements
at the intersection of the first r rows and
columns of P (page 98, Equation 3-64),

D

k x n matrix of constants, the output matrix of
the state equation (page 22, Equation 2.3b).

241

D

o

k x (n - r) matrix of.constants, the output
matrix for the.optimization problem (page 98,
Equation 3•65)•

D[X(t)]

k x I vector function giving the output vector
in terms of the state variables (page 22,
Equation 2,2),

Vx

operator representing gradient of X (page 94,
Equation 3.52), (= page 95, Equation 3«53).

6J

scalar representing the first variation of
the functional J (page 223).
scalar representing the second variation of
the functional J. (page' 219, Equation C.2.2).

6X

n x I vector representing a variation of X
(page 224, Equation C.2.23).

6X

n x I vector representing a variation of X
(page 221, Equation C .2,9).

6y

(2n + r) x I vector representing a variation of

E

y (page 215, Equation 0,1,11).
*th
H x I vector whose i
component is the
th
algebraic sum of voltage sources in the i

ES

fundamental loop (page '30', Equation 2.10) .
"th
(B^ - N + Sej)' x I subvector of E whose i
entry is the algebraic sum of voltage generators
in the

fundamental loop, (page J Q f Equation
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2 .10 ),
E
R

(B^ + Ng - SgO-x I subvector of E whose
entry is the algebraic sum of voltage generators
in the ( -

N +

+ i^n.) fundamental loop

(page 30, Equation 2.10).
E

L

(B^ -

+ SjO x I subvector of E whose i^^ entry

is the algebraic sum of voltage generators in
the (Bgi + B^zj, - N +

+ i

) fundamental loop

(page 3° j Equation 2.10).
jLC

scalar representing instantaneous stored energy
in reactive elements of ^

(page 37» Equation

2 . 28 ) .
EB

scalar representing energy dissipated in
over an interval of time (page 44, Equation
2.54) .

E

T

scalar representing total energy absorbed by t/f^
over an interval of time (page 44, Equation
2.55) .

jI

constant representing total available energy
from the r inputs (page 13).
constant representing total allowable energy■
dissipation in t/f'(page 13).

3

forest of the network d p formed from of'
(page 26), (= page 199).
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F

M x (N - I) matrix giving the topological
relationship between chord and tree branch
variables (page 30, Equation 2,10).

F SC

(Bd - N H - 3g<) x (N - Sgi)- submatrix of F giving
the topological relation of capacitive chords
and capacitive tree branches (page 31, Equation
2 . 12 ) .

%C

(B^ - S g + NJj) x (N - S^) submatrix of F giving
the topological relation of resistive chords
and capacitive tree branches (page 31» Equation
2 .12 ).

pRG

(B^ - Sgj +

) x (Sg/ - NJO submatrix of F giving

the topological relation of resistive chords
and resistive tree branches (page 31» Equation
2 ,12).
LC

(Eg, - Njj + Sj£) x (N - S^) submatrix of F giving
the topological relation of inductive chords
and capacitive tree branches (page 31» Equation
2 .12 ).

LP

(Bg - Njj' + SJ;) x (Njj - Sjj) submatrix of F giving
the topological relation of inductive chords
and inductive tree branches (page 31» Equation
2 .12 ).

F (y ,y )

augmented performance criterion used in
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variational approach (page 214, Equation C ,1,5)
(Sn + r ) x (Sn t r) matrix, F
[F
I i,
yy
y^y,-'
(Sn + r) (page S19, Equation
J- = .I, 2,
C.2,2).
(Y)

performance criterion function (page IS,
Equation 1,7).

fm
xx

n x n matrix, f„
= [f
I i,
xx
x.x .
•
i 3
J =. I, 2, *••, n (page S20, Equation 0.2.6).

J

(Sg - Ng) x (S^t - N^) positive definite
symmetric matrix whose entries have the dimen
sion of conductance (page 33» Equation 2.19),
(- page 34-, Equation 2.24),

G

a

(B^ - Sgi + NJj) x (B^ - Sgi + N^) positive
definite diagonal matrix of chord conductance
elements, G

= P4~ (page 33, Equation 2,19) •

(Sgi - Ng) x (Sgl - il^) positive definite
diagonal matrix of tree branch conductance
elements, G^ = E“
G(X,U)

(page 33', Equation 2,19).

n x I vector function' of X,U representing
right hand side of state differential equation
(page 22, Equation 2.1).

G0 (X)

n x I vector function representing the right
hand side of state differential equation when
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the input appears linearly in state equation

S1 Cx,U)

(page ?5 > Equation 3*15).
"t
i ' component of the n x I vector G(X1U)
(page 72, Equation 3.4).

Y

real scalar constant (page 147, Equation 4.68),
(- page 147, Equation 4.69).

Oi

(N-S^Ox

(Sg + S - Sg,^) matrix with dimen

sionless entries (page 33, Equation 2.18),
(- page 35» Equation 2.27),
H(XjP 1Ujt)

scalar function, represents the Hamiltonian
function (page 73, Equation 3.7).
scalar constant (page 93, Equation 3*^7)•
identity matrix (page 30, Equation 2,10).
x I vector of branch currents (page 29,
Equation 2.9).

Ia"

(B1 - N + Sjp x I subvector of

consisting of

chord current (page 29, Equation 2.9).
i

(N - S£) x I subvector of

consisting of

tree branch currents (page 29, Equation 2.9).
1S

(Bg - N +

S^) x I subvector of

consisting

of chord capacitor currents (page 29, Equation
2.9).
ig

-(B^+

) x I subvector of

consisting

of chord resistor currents (page 29, Equation

(Bj® - NJ + ^) x I subvector of

consisting of

chord inductor currents (page 29, Equation
2.9).
(N - Sg,) x I subvector of

consisting of

tree branch capacitor currents (page 29,
Equation 2.9)•
(Sgt - NJ) x I subvector of

consisting of

tree branch resistor currents (page 29,
Equation 2.9).
(NJ - SJ) x I subvector of

consisting of tree

branch inductor currents (page 29, Equation 2.9)
(N - I) x I vector whose i^*1 component is the
algebraic sum of source, currents appearing in
the i ‘ fundamental cut-set (page- J O , Equation
2 .11 ).
(N - Sgi) x I subvector of J whose ith entry is
the algebraic sum of current sources in the ith
fundamental cut-set (page 30, Equation 2.11).
th
(Sgj - N J ) x I subvector of J whose i
entry is
the algebraic sum of source currents in the
(N -

I itla) fundamental cut-set (page JO,

Equation 2 , 1 1 ) . '
(NJ - S$) x I subvector of J whose i ' entry is

the algebraic sum of source currents in the
(N - N£ + i^^) fundamental cut-set (page 30,
Equation 2.11).
J(U)

scalar performance criterion (page Tl,
Equation 3.I).

J

m

m = I , 2, 3,

scalar performance criterion

(page 12, Equation I.?).
J

mq

-

m, q = I, 2, 3, 4 scalar augmented performance
criterion; that is, performance criterion with
energy constraint included (page 90, Equation
3'39), (- page 93, Equation 3.4?),

%%[%(?)]

scalar function of X(T) representing final
value criterion (page 90, Equation 3.39).'

WX(T)]

m, q - I, 2, 3, 4 scalar function of X(T)representing final value criterion augmented
with contribution from q

energy constraint

(page 93, Equation 3.47).
&

(B^ + S -

^) x (B^ + S -

S^^) positive definite

symmetric matrix whose entries have dimension of
inductance (page 33, Equation 2.18), (= page 3^,
Equation 2.22),
L(X,U,t)

scalar function of variables, termed loss or
pay-off function, appears under integral of
performance criterion J (page 71, Equation 3*1)>
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scalar loss function when U appears linearly
in performance criterion (page 75, Equation
3.14).
L

oca

(Bjg -

'
+ sD

x

+ %) symmetric matrix

of chord inductance elements (page 32, Equation
2 .1 $).
L

(Njoi ~ S|) x (NSj - S^) symmetric matrix of tree
branch inductance elements (page 32, Equation
2 .1$).

L

aP

' .

(B^ - Ng - ^) x (N ^ ■- S*p) matrix of mutual
inductance between chord and tree branch
inductive elements (page 32, Equation 3.1$).

L

Pd

(l<jS - Sg) x (B^pi -

- SjjjO matrix of mutual

inductance between tree branch and chord
inductive elements (page 32, Equation 2,1$).
A

(n - r) x (n - r) diagonal matrix of eigenvalues
X^, I

1 , 2, ••«., (n - r) of the matrix 3-

(page 107. Equation 3.97).

xi

i^k eigenvalue of matrix 3 (page I0 7 Equation3.97).

X

n x I vector of time-varying Lagrange multipliers
used in variational approach (= page 216,
Equation 0,1,13),
r -x I subvector of X consisting of first r

24.9

entries of X (page 217, Equation C.1,21),
(n - r) x I subvector of X consisting of last

H

n ™ r entries of X (page 217, Equation C.1.2).
K

scalar representing the number of independent
loops of a network ^ (page 25, Equation 2.7a).
scalar representing the number of independent

%

loops of a network

(page 26., Equation 2.7b).

scalar representing the number of independent

mS

loops of a n e t w o r k ( p a g e 26).
M

r x (n - r) matrix of constants (page 102,
Equation 3.82).
.symbol representing lumped parameter linear
passive network (page 12).
networks formed from JlT by open circuiting
elements not listed in subscripts (page 26),
networks formed fromVF by short circuiting
elements not listed in subscripts (page 26).

N

■

number of nodes of a network

(page 25,

Equation 2,79) •
number of nodes of
number of nodes o
W

(page 26).
f

^page 26),'

r x (n - r ) matrix of constants (page 102,
Equation 3.83).
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k x I weighting vector (page 87, Equations

3.32 and 3.33).
k x k weighting matrix (page 88, Equations
3.34 and 3.35).
ith entry' inO 1 (page 8?).
<p(t)

scalar function representing the instantaneous
power dissipated in J T (page 38, Equation 2.32)„

p(t)

n x I costate vector (page 731 Equation 3•7)»
(- page 731 Equation 3 -9)•

P1 Ct)

the

entry in costate vector P(t) (= page

73, Equation 3-9)•
r x I subvector of P containing the first r .
entries■of P (page 99« Equation 3»66).
/V
P

(n - r ) x I subvector of P containing the last
(n - r) entries of P (page 99» Equation 3.66),
r x I vector p when the solution is following
the singular trajectory (page 100, Equation
3.74).

/V

(n - r) x I vector p when the solution is
following the singular trajectory (page 101,
Equation 3*76).
member of the Hamiltonian that is a function of
only X and P when U- appears linearly in state
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equation and performance criterion (page 75,
Equation 3.16), (= page 75, Equation 3.17).
'Q

n x n matrix of constants defined by
'ICr1A + (PA) ] (= page 217, Equation €.1,18).

Q 11

r x r matrix of constants consisting of entries
at intersection of first r rows and columns of
Q (= page 101, Equation 3.77).

Q 12

r x (n - r) matrix of constants consisting of
entries at the intersection of first r rows
and last n - r columns of Q (= page 101,
Equation 3.78),

CR,

• (B^ + Ng - Se,) x (3^ +

'
- S^) positive

definite symmetric matrix whose entries have the
dimension of resistance (page 33, Equation
2.19), (- page 34, Equation 2.23),
R

a-

(B^ + NS - Sg,) x (S^i+■

- SgC) positive definite

diagonal matrix of chord resistance elements
(page 32, Equation. 2.13).
RP

(Sgc - NjjU x (Sy - N^) positive definite diagonal
matrix of tree branch resistance elements
(page 32 , Equation- 2,13) «

R

3

2 (n - r) x '2(n - r) transformation matrix
= T“^ (= page 108, Equation 3.99).

2^2

R 1 1 ’R 1 2 ’-

(n - r) x (n - r) submatrix of

(page 108,

^2 1 ^ 2 2

Equation 3*99).

S

scalar- representing the connectivity Ofjjr; that
is, the number of separate parts of q f (page 25,
Equation 2.7a).
number of separate parts of ^

(page 22 ) ,

number of separate parts oft/^*/^^ (page 22 ),
s

2 (n - r) x 2(n - r) matrix representing state
equation matrix on singular trajectory (page
106, Equation 3 »95)CM CM
H
CM
CO CO

s Il ’

(n - r) x (n - r) submatrices of S (page 104,

S 2 1 ’

Equation 3.8?) .

O

order of complexity of jf^, number of dynamically
independent variables necessary to represent Sr,
number of state variables n (page 28, Equation
2 . 8).
tree of network

(page 26), (- page 201),

tree of n e t w o r k Jfipj (page 26).
scalar representing terminal time (page 12),
1I-tZ

respectively

x n and

x r transformation

matrices (page 39, Equation 2,34).
2(n - r) x 2(n - r) transformation matrix
(page 107, Equation-3„97).
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(n - r) x ■(n - r ) submatrices of T

(page IO?,

T11,T125
T21’T22

Equation 3*98).

t

scalar independent variable time.(page 6).

t

o

scalar representing initial time (page 12,
Equation l.?’).

U

set of admissible functions that contains the
input signal U (page 72, Equation 3.6),

u

r x I vector of input signal sources (page 12,
Equation 1.6).

U

s

r x I vector U when the singular trajectory is
followed (page 101, Equation 3.81).
I

component of U (page 12).
x I vector of branch voltages (page 29,

Equation 2.9),
v

a

(B-J3 - N + 5&) x I subvector of

consisting of

chord element voltages (page 29, Equation 2,9)»
v

(N - Sjs) x I subvector of Vq consisting of tree
branch element voltages (page 29, Equation 2,9).

vS

(B^ - N i- Sg,) x I subvector of Vj3 consisting of
chord capacitor voltages (page 29, Equation 2.9)
Njgf - 5U) x I subvector of

consisting of

chord resistor voltages (page 29, Equation 2,9)»
vL

(Bgi - Njs + S|) x I subvector of ^ consisting of
chord inductor voltages (page 29, Equation 2.9)»
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(N - Sg/) x I siibvector of Y consisting of tree
branch capacitor voltages (page 29, Equation
2.9).
vG

(Sg? - NJO x I subvector of Y consisting of tree .
branch resistor voltages (page 29, Equation 2.9),

vn

(N^ - SjO x I subvector of

consisting of tree

branch inductor voltages (page 29, Equation 2.9),

w2

(n ~ r) x I vector

(= page.105,

Equation 3,92).
(n - r) x (n - r) matrix W

=

(= page

104, Equation 3 . 8 9 ) .
'4

(n - r) x (n - r) matrix

=

d’
^ i4P q

(page

105, Equation 3*93) ••
Wd

(n - r) x I .constant vector representing constant
forcing function of state equation on singular
trajectory (page 106, Equation 3.94).

X
xi '

n x I state vector (page 11, Equation 1,5).
i"th. component of state vector X (page 10,
Equation 1,4).
r x I vector consisting of first r entries in
X (page 9.7, Equation 3.59).

A/

X.

-

(n - r ) x I vector consisting of last (n - r)
entries in X (page 97, Equation 3,50) ,
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A/

Zx

XS

desired value of x (page 105,- Equation 3.93).
r x I vector x when the singular trajectory is
followed (page 100, Equation 3•7^)•

X

S

(n - r) x- I vector x when the singular trajectory
is followed (page 101, Equation 3•?6).
r x I vector representing the switching function
when U appears linearly in state equation and .
performance criterion (page 75» Equation 3.16).'
itn entry in <^(X,P, t ) (page 76, Equation 3.20) .
(N - Sgt) x (N - Sg) positive semi-definite
symmetric matrix whose entries have dimension
of conductance (page 33» Equation 2.1), (= page
3^-,. Equation 2.25).
k x I vector of output variables (page 12,

Y

.Equation 1 .7),
Y

d-

k x I vector representing the desired value of
Y (page 88, Equation 3-35)•

y

)
.ii;
(2n + r) x I vector of variables y = (X P U )
(- page 21k, Equation C.l_.4).

%

■ (B^ + S -

S ^ ) x (B^ + S - Sg,^) positive semi-.

definite symmetric matrix whose entries have the
dimension of resistance (page 33» Equation
2.18), (= page 35» Equation 2.26).
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