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Abstract:
This research is an investigation of alternative policies for cull cow disposal. The alternatives
considered are selling cows immediately after they are culled or holding and feeding for various rates
of gain. It is hypothesized that Montana ranchers could increase their expected returns by holding and
feeding cull cows.

An analysis of Montana cow prices indicates that seasonal variation is statistically significant. Prices
are seasonally low in November and December. Sales of cows are seasonally high in these months.

Dynamic programming is used to compare alternative disposal policies. State variables in the dynamic
programming model are cow prices and weights. Price transitions are stochastic. Transition
probabilities are calculated from a single-equation price prediction model. Independent variables for
the prediction equation are one lagged price, a trend variable, and dummy variables that account for
seasonal variation. Expected immediate costs for holding cows include feed costs. Linear programming
is used to calculate least cost rations for six rates of gain for six weights of cows in three weather
periods.

Results of the dynamic programming model indicate that Montana ranchers can increase expected
returns by holding and feeding cull cows. Returns are increased most for cows that are culled in
November when prices are seasonally low. Returns are relatively larger if grade increases are possible
and relatively smaller if the cost of capital is high. However, grade changes are not necessary for cow
feeding to increase returns and even with a high capital cost cow feeding can increase expected
returns. 
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ABSTRACT

This research is an investigation of alternative policies for 
cull cow disposal. The alternatives considered are selling cows 
immediately after they are culled or holding and feeding for 
various rates of gain. It is hypothesized that Montana ranchers 
could increase their expected returns by holding and feeding cull 
cows.

An analysis of Montana cow prices indicates that seasonal 
variation is statistically significant. Prices are seasonally low 
in November and December. Sales of cows are seasonally high in these 
months.

Dynamic programming is used to compare alternative disposal 
policies. State variables in the dynamic programming model are cow 
prices and weights. Price transitions are stochastic. Transition 
probabilities are calculated from a single-equation price prediction 
model. Independent variables for the prediction equation are one 
lagged price, a trend variable, and dummy variables that account 
for seasonal variation. Expected immediate costs for holding cows 
include feed costs. Linear programming is used to calculate least 
cost rations for six rates of gain for six weights of cows in three 
weather periods.

Results of the dynamic programming model indicate that Montana 
ranchers can increase expected returns by holding and feeding cull 
cows. Returns are increased most for cows that are culled in 
November when prices are seasonally low. Returns are relatively 
larger if grade increases are possible and relatively smaller if the 
cost of capital is high. However, grade changes are not necessary 
for cow feeding to increase returns and even with a high capital 
cost cow feeding can increase expected returns.



Chapter I

INTRODUCTION

Problem Statement and Objectives

Cattle production is a major industry in Montana. Cattlemen 

followed closely behind the first trappers and miners and were the 

first to develop large areas of the state. The art, culture, and 

economic development of Montana have been and continue to be heavily 

influenced by the cattle industry.

Recent statistics show the present importance of the industry.

From 1970 through 1974 cattle and calves contributed an average of 

44 percent of the cash receipts to Montana agriculture. Agriculture 

contributes about 44 percent of the output of major Montana industries 

(Montana Department of Agriculture and Statistical Reporting Service - 

USDA:13,18). Thus, nearly 20 percent of the value of Montana industrial 

output is derived from cattle and calves!

Many problems of beef cattle production have been resolved in 

the transition from open range to ova implants and CB radios. But 

the problem of deriving a profit, or at least a living, from the 

ranching operation persists.

Maximizing profit from a ranching business requires that all 

ranch output be marketed efficiently. Cow-calf range operations are 

the major sector of the Montana cattle industry. The primary product
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of these operations is feeder steers and heifers. An important joint 

product is cull cows. In 1976 1,888,000, or 60 percent, of the total 

3,150,000 cattle in Montana were beef cows and replacements (Montana 

Department of Agriculture and Statistical Reporting Service - USDA:72). 

According to Brownson (1976a:I), Montana ranchers typically cull 10 to 

15 percent of their beef cows each year depending on breeding programs, 

range condidtions, and feed and cattle prices. Revenue from cull cows 

provides a significant portion of the total revenue for many ranching 

operations. This revenue contributes substantially to the total 

receipts of the Montana cattle industry.

Alternative strategies for disposing of feeder calves have been 

studied in Montana (Brownson and Wicks 1972; Bucher 1972; Brownson 

and Kropf 1974). In spite of their relative importance, cull cow 

disposal strategies have received little attention.

The present practice of many Montana ranchers is to cull and 

sell cows at specific times, especially at weaning time in the fall. 

Previous studies have found evidence of seasonal variation in cow 

prices, with lowest prices being received in late autumn (Ensminger 

1968:861; Kearl 1973:XX15-XX17). It appears that many cattlemen 

consequently dispose of their culls when the price is lowest. Addi

tional study of the cow disposal problem may show that there are 

increased returns available from alternative disposal plans.
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A rancher who has decided to cull cows from his breeding herd 

has available a range of alternative disposal plans: selling the

cows immediately; holding them in hope of higher prices while feeding 

a maintenance ration; or feeding higher energy rations to increase 

the weight and grade of the cows. If he decides to hold the cows he 

cannot be sure in advance of his returns. Future price changes, 

sickness and death losses, rates of gain, and grade changes will all 

influence returns. The exact values of these variables are unknown 

at the time the rancher must decide whether to hold the cows.

Increased returns may be available to Montana ranchers who hold 

their cull cows for price and/or weight increases. Additional infor

mation about the variables affecting returns and rigorous comparison 

of the available alternatives will place ranchers in a better position 

to maximize the returns from their cull cows. The purposes of this 

study are to identify the variables that have a major impact on 

determining the returns to holding and feeding cows, and to develop a 

framework for choosing among the available disposal alternatives.

More specifically the objectives of this study are:

1) to generally describe cull cow marketing in Montana;

2) to determine whether there is significant seasonal variation 

in Montana cow prices;

3) to estimate the weight changes that can be expected from
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feeding cull cows various rations;

4) to determine least-cost rations to achieve desired weight 

changes on cull cows;

5) to estimate a cow-price prediction model; and

6) to determine optimal policies for disposing of cull cows 

using information provided by attainment of Objectives 

3, 4, and 5.

Procedure

In Chapter 2 cull cow marketing in Montana is generally de

scribed. Montana cow prices are examined for evidence of seasonal 

variation. Chapter 3 discusses the nature of the cow disposal 

problem. It is shown that the choice among disposal alternatives is 

an example of decision making under uncertainty, and that profit- 

maximizing strategies can be determined using the mathematical 

technique of dynamic programming. Chapter 4 is concerned with 

rations for feeding cull cows. Least cost rations that provide the 

nutrient requirements for body maintenance and weight gain are 

calculated by linear programming. The subject of Chapter 5 is 

prediction of cow prices. A single-equation model that predicts cow 

price as a function of past cow prices is presented. In Chapter 6 

the dynamic programming model is formulated and the resulting optimal
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strategies are presented and discussed. In Chapter 7 the research is 

summarized and conclusions are drawn. Suggestions for extensions 

of the research are made.



Chapter 2

CULL COW MARKETING IN MONTANA

Cull cows are produced jointly with feeder steers and heifers 

on the cow-calf operations that constitute the major sector of the 

Montana livestock industry. Brood cows are capital assets of ranching 

firms. A profit-maximizing producer will invest his capital in 

assets with the highest expected rates of return. He will cull a 

cow when the present value of expected future returns from the cow 

is lower than the present value of expected future returns from an 

equal investment in some other asset (Henderson and Quandt 1971: 

309-329).

The expected return from a cow depends on her productivity and 

on economic conditions in the cow-calf industry. Low-producing cows 

are most likely to be culled. Low productivity can be caused by 

unsoundness, disease, late calving, or rebreeding problems. Depending 

on expected profitability a rancher may choose to increase or decrease 

his investment in cows. He can do this by changing the number of 

cows he culls. Thus, the number of cows that are culled will vary 

depending on economic conditions in the cattle industry.

In Montana most cull cows are sold through local auction yards 

(Brownson 1976c). Table 2-1 shows annual sales of cows through 

Montana auction yards. There is considerable year-to-year fluctuation
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Table 2-1 

Montana Cow Sales

Number of Cows
Sold Through Number of cows

Auction Markets* In Montana**

Cows Sold Through 
Auction Markets as a 
Percentage of Cows 

In Montana

1967 225,734 1,536,000 14.69
1968 234,383 1,576,000 14.87
1969 242,679 1,604,000 15.12
1970 209,812 1,599,000 13:12
1971 234,045 1,631,000 14.34
1972 253,732 1,683,000 15.07
1973 281,828 1,717,000 16.41
1974 300,027 1,775,000 16.90
1975 349,519 1,720,000 20.32
1976 273,894 1,640,000 16.70

*From Montana Department of Livestock Brands Enforcement Division 
(1977). Number of market-clearing, Montana originating beef and 
dairy cows inspected at 18 Montana auction markets.

**From Montana Department of Agriculture and Statistical Reporting 
Service - USDA (1976:72). Sum of dairy and beef cows in Montana 
on January I. Classification changed: prior to 1970 includes cows
2 years and older; 1970-1976 includes cows and heifers that have 
calved. I
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in the number of cows sold. The number of cows sold is usually 

greatest in late fall and early winter. This seasonal increase in 

cow supply would lead one to expect a seasonal decrease in cow prices. 

The number of cows sold as a percentage of cows in the State may show 

that culling rates are higher than the 10 to 15 percent stated by 

Brownson (1976a).

Seasonal price fluctuations are not necessarily the result of 

market imperfections. Prices of many agricultural products vary in 

regular patterns through the year. Price is determined by the inter

action of supply and demand. If either or both of these functions 

shift in certain seasons the result will be seasonal variation in 

prices.

Supply of Cows

Many agricultural products can be produced only in specific 

seasons, or are produced out-of-season only at a high cost. The 

cost of a product at time of marketing will be the cost of produc

tion which includes the cost of storage. In competitive markets 

supply is determined by costs. Therefore, if products are produced 

at different costs in different seasons and storage costs are 

significant, there will be seasonal fluctuations in supply.

In many regions of the United States beef cows are bred to 

calve in the spring. In these regions range grass is usually the
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least expensive feed available. Spring calving allows cattle to 

consume abundant high-quality grass in the seasons when their 

nutrient requirements are highest.

Under the system of spring calving ranchers are most likely to 

cull cows in certain seasons. Many old, poor-producing, or open 

cows are culled in late autumn when calves are weaned. Some cows are 

culled after losing their calves in the spring. If cows remain on 

ranches, the holding costs include feed, facilities, death loss, labor, 

and interest. These "storage" costs are probably significant. Thus, 

seasonal fluctuations in cull cow supply would be expected.

Demand for Cows

Becker (1971:45-47) has presented a revised approach to consumer 

choices that treats market goods as inputs that consumers combine to 

produce certain commodities. For example, production of a picnic
I

requires low-quality meat products and good weather. These inputs 

are complimentary. Following conventional production theory if the 

price of good weather increases (as in the winter) the derived demand 

for low-quality meat products will decrease. Given seasonal changes 

in American cooking and eating habits, seasonal fluctuations in the 

demand for low-quality meat products would be' expected.

Demand for cull cows is derived from demand for low-quality 

meat products. The demand -for cull cows will depend on the price
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of substitutes for cow beef. These substitutes include steers and 

heifers, bulls, imported beef, pork, chicken, and other meat 

sources. However, if cull cows provide a significant proportion 

of the total supply of low quality meat, seasonal changes in demand 

for such meat will result in seasonal changes in demand for cull 

cows.

While it is possible for simultaneous changes in supply of and 

demand for cull cows to offset each other exactly, this is unlikely. 

It is more likely that seasonal variations in supply and demand are 

manifested in seasonal price changes.

Grade-Price Differences

One cull cow of a given weight is not necessarily a perfect 

substitute for another. Fairly large differences usually exist 

between the per-unit live weight prices of cows of different grades. 

Alternative explanations for these price differences might be 

offered.

One explanation is that although beef from all cows is of 

approximately equal quality, different grades of cows yield dif

ferent amounts of product per unit live weight. Evidence supporting 

this argument is the observation that only a small fraction of cow 

carcasses produced in the United States are graded; live-animal 

grade appears to be of much more interest than carcass grade. If
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this explanation of grade-price differences is correct, the dif

ferences should be fairly predictable and seasonal variation in 

the differences would not be expected.

A second explanation of grade-price differences is that cows of 

different grades yield beef of different qualities, i.e., beef that 

is used in different ways. If this explanation is correct, and 

if demands for and supplies of the various qualities of beef are 

subject to different seasonal variations, seasonal variations in the 

grade-price differences would be expected. Some cull cows are 

probably repurchased by other ranchers for breeding stock. Seasonality 

of demand for breeders could also help explain seasonality of grade- 

price differences. ■

Analysis of Seasonal Variation in Montana

Theoretical considerations suggest that seasonal variation might 

exist. Analysis of past prices to determine a "normal" seasonal 

variation can be difficult. Seasonality may be affected by other 

types of price variation: trends, cycles, and short-term variations.

The seasonal pattern may well change over time due to changes in
I

the parameters that determine seasonal supply and demand.

A commonly used method for analyzing seasonal variation is 

construction of coefficients of seasonal variation. Implicit in 

the construction of these indices is the assumption that the
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structural parameters of seasonal variation have not changed during 

the time period being analyzed. Essentially a coefficient of 

seasonal variation is the average ratio of the seasonal price to 

the annual price. A ratio of the seasonal price to a centered 

moving average annual price is calculated for each observation in 

the data set. Then, for each season, the ratios for all the years 

analyzed are averaged. These seasonal averages are adjusted so 

that they average one to obtain the final coefficients. Foofe and 

Fox (1952) provide detailed instructions for calculating coefficients 

of seasonal variation. They also propose a test for the existence 

of statistically significant seasonal variation. The test is based 

on analysis of variances and the statistic calculated is:

VM
dfi F 
VI ~ ‘at ,At
df2

Where:

VM is variation between means of months;

VI is total variation - variation between means of months - 
variation between means of years; and

df. are appropriate degrees of freedom, x
Montana dataware analyzed for the existence of seasonal 

variation. Indices of seasonal variation were constructed for 

monthly observations of:

i
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1) Commercial cow price;

2) Utility cow price;

3) Canner cow price;

4) Cutter cow price;

5) Commercial-utility price difference;

6) Utility-canner price difference;

7) Canner-cutter price difference;

8) Number of Montana-originating cows sold through Montana 

auction yards.

The prices used were those reported for the Billings, Montana 

markets (USDA Agricultural Marketing Service, Livestock Division). 

F-statistics were calculated to test the significance of seasonal 

variation in each data set. The price indices were constructed 

using 15 years of data: December 1960 through November 1975. The

index of numbers sold was constructed using nine years of data:

July 1967 through June 1976. The results of this analysis are 

presented in Table 2.-2.

Conclusions and Implications of Seasonality

Seasonal variation is statistically significant in cow prices 

and the number of cows sold. Seasonal variation is also significant 

for two of the price differences between grades. It is not Signifi^ 

cant for the difference between commercial and utility prices. The



Table 2-2

Indices of Seasonal Variation

Commercial- Utility- Canner- Cows sold
Commercial Utility Canner Cutter Utility Canner Cutter in Montana

Month Cow Price Cow Price Cow Price Cow Price Difference Difference Difference Auction Markets

January .9600 .9563 .9427 .9247 - 4.5475 1.1369 1.0942 1.1861
February 1.0069 1.0061 .9956 .9797 - 8.7642 1.1326 1.1486 .7892
March 1.0458 1.0454 1.0436 1.0301 - 3.8134 1.0693 1.1899 .6803
April 1.0497 1.0520 1.0528 1.0509 4.8680 1.0749 1.1093 .6306
May 1.0499 1.0601 1.0675 1.0655 - 2.3182 .9768 1.1365 .7622
June 1.0353 1.0487 1.0640 1.0775 - 2.5915 .7825 .9102 .9733
July 1.0138 1.0220 1.0393 1.0563 - 2.4223 .7535 .8829 .9117
August 1.0250 1.0129 1.0412 1.0579 - 7.1314 .9056 .8787 .6899
September 1.0144 1.0174 1.0127 1.0244 - 7.6943 1.0272 .8812 .6671
October .9631 .9566 .9425 .9487 50.9942 1.0394 .8523 1.2488
November .9052 .8967 .8884 .8886 - .9503 .9941 .9007 1.9541
December .9308 .9258 .9097 .8957 - 3.6290 1.1073 1.0153 1.5068

Calculated
F-Statistic 3.96* 5.07* 7.10* 7.55* 1.51 2.45* 3.99* 58.62*

♦Significant at 95 percent confidence level
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price difference between commercial and utility grades of cows is 

usually small and occasionally becomes negative.

Highest prices are received for all grades of cows in May or 

June. Lowest prices for all grades of cows are received in November. 

Sales of cull cows in Montana reach a seasonal peak in November 

and a seasonal low in April. There is more seasonal variation in 

prices of lower-grade cows. The coefficients indicate that the 

difference between yearly maximum and minimum prices ranges from 

14 percent for commercial cows to 19 percent for cutter cows.
I

Montana cattlemen have historically marketed large numbers 

of cows in November and December. Prices are historically low in 

these months and move upward from December through May. There is 

a possibility that returns might be increased by holding cows for 

price increases. This possibility will be explored in the following

chapters.



Chapter 3

METHODOLOGY FOR DECISION MAKING UNDER UNCERTAINTY

In this chapter a methodology for choosing the cow disposal 

strategy that maximizes returns is developed. The choice is an 

example of decision making under uncertainty. It is shown that 

dynamic programming is appropriate for choosing the return-maximizing 

strategy. The concepts and solution technique of dynamic programming 

are discussed. The cow disposal problem is formulated in a dynamic 

programming context. Data needed to obtain a dynamic programming 

solution are identified.

The Cow Disposal Problem

Once a rancher has decided to remove cows from his breeding herd 

he can either sell them immediately or hold them for sale at some 

later time. If he holds the cows, he must decide among the various
I

rations he can feed during the holding period.

The rancher’s choice among these disposal alternatives is an 

example of decision making under uncertainty. At the time he must 

make a decision he does not know the precise ramifications of any 

decision he might make. Price changes, rates of gain, grade changes, 

and death loss can greatly affect the returns from holding cows. All 

these variables add to uncertainty, for they cannot be perfectly
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predicted in advance.

Decision Making Under "Uncertainty

There is an element of uncertainty involved with almost every 

decision. Sometimes the uncertainty is so small that it can be 

disregarded. Such decisions can be treated as deterministic. The 

choice among cow disposal alternatives seems to be a case where 

uncertainty has a profound effect. Statistical decision theory has 

been developed to aid in decision making when uncertainty is important.

Statistical decision theory provides a framework for organizing 

decision problems to facilitate mathematical solution. Most decision 

problems can be specified in terms of a standard set of components. 

General solution techniques have been developed to solve problems that 

are specified in terms of the standard components. Components of a 

statistical decision problem are described below.

Alternatives. In a statistical decision problem there are a 

number of alternatives or actions that the decision maker can make. 

Obviously if there were no alternatives there would be no decision 

problem.

States:of Nature. States of nature describe the uncertain or 

random elements of the decision problem. The state of nature that 

will occur is unknown when a decision is made.
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Outcomes or Consequences. The outcome or consequence depends 

on the alternative chosen and on the state of nature that occurs.

For a given alternative and state of nature there is a unique outcome.

Stages. Decision problems are partitioned into stages depending 

on how many decisions must be made. Each stage is a point where 

decisions must be made.

Decision rules. A decision rule tells the decision maker which 

alternative to choose given the information he has about the decision 

process. This information may include the states of nature observed 

and decisions made in previous stages.

Policies. A policy is a set of decision rules, one for each 

stage of the process. For any decision problem there will be a number 

of possible policies.

Choice Criterion. A choice criterion is used to choose the 

optimal policy. Choice criterion often used in economic problems 

include cost minimization, profit maximization, and maximization of 

expected utility.

Prior Information. Sometimes a decision maker has prior informa^- 

tion about the state of nature that will occur. This information is 

expressed as a probability distribution of the random variable state of 

nature. The probability distribution might be constructed from past
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observations of the relative frequency of various states of nature. 

Probability distributions might also reflect the subjective belief 

of the decision maker about the probability of occurrence of the 

various states of nature.

Cow Culling: A Multi-stage Decision Problem

Decision problems are classed as either single-stage or multi

stage, depending on how many decisions are to be made. If all 

decisions can be made at once the problem is called single-stage. 

Deterministic problems are always single-stage, even though they 

appear to involve a sequence of decisions. If a decision maker knows 

what the outcome of a decision will be, he has all the information

necessary to determine the best solution at the next step of the
\

sequence. If uncertainty is important it will generally be best to 

delay decisions as long as possible. This allows results of previous 

decisions and states of nature to be observed and acted upon. Thus, 

in a multi-stage problem a decision is made, then an outcome or state 

of nature observed, then another decision made, and so on depending 

on how many stages are involved. Sometimes the number of stages will

depend on the decisions made or the states of nature that occur*.
I

If a rancher chooses to hold cows, he has a multi-stage decision 

problem. The stages are time periods. In each time period after the
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cows are removed from the breeding herd he must make a choice between 

selling or holding for another period. If he chooses to hold the 

cows he must decide how much to feed them during the period. During 

a period while the rancher holds cows, he may observe market price 

changes, changes in the weight and grade of his cows, and sickness 

and death losses. His observations of the state of nature that occurs 

may affect his decision at the next stage. The states of nature, are . 

jointly distributed over time. Thus an observation of a state of 

nature is information about the state of nature that will.occur in 

the next stage. At each stage the rancher is receiving new information 

relevant to his decision problem. On the basis of this new information 

he may decide to sell the cows, or if he decides to continue holding, 

he may change the ration he feeds.

Dynamic Programming

The problem of. maximizing returns from cull cows cannot be solved 

by the techniques of differential calculus or linear programming.

These solution techniques cannot consider the risk or uncertainty that 

is an important part of the cow disposal problem. A direct approach 

to the problem would be to calculate expected returns for each possible 

policy. The policy that yielded the highest expected returns would 

be optimal. But even simple multistage decision problems can involve 

a large number of possible.policies. The direct approach easily
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becomes a computational nightmare. Simulation techniques can be 

used to account for the random elements of the decision to hold cows 

and the multiple decisions involved. But a simulated return can only 

be calculated for a pre-specified policy so again all possible 

policies must be considered (or at least all policies that are not 

unreasonable on a priori grounds). Also, the simulated return can be 

different from the expected return: this may result in the wrong

policy being picked as optimal.

The mathematical technique of dynamic programming can be used to 

determine the optimal policy for multi-stage decision problems. Dyna

mic programming solutions are not subject to the statistical error of 

simulation solutions. The dynamic programming solution is robust. In 

the process of determining an optimal policy for a given initial state 

at the first stage an optimal policy is also determined for any initial 

state at any stage of the process (Burt and Allison 1963:122). Dynamic 

programming is computationally efficient. All possible policies do 

not have to be considered. Components of a dynamic programming problem 

are described below.

Stages. At each stage a decision is made. Often stages are 

defined as time periods.

States. The state describes the condition of the decision 

process. The state is defined by values of state variables. The 

number of possible state's may vary across stages.
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Decision Alternatives. There is a set of decision alternatives 

which may vary across stages and/or states. The decision made in 

a state or stage will act to change the state of the process in the. 

next stages. The change may be deterministic or it may follow a 

probability distribution.

Dynamic programming problems must be formulated to meet the 

Markov requirement of dynamic programming (Burt and Allison 1963:122). 

This requirement is that the optimal decision in a stage must depend 

only on the state in that stage and not on the state in previous 

stages. The series of previous decisions that led a process to a 

certain state, therefore, is of no consequence in making the optimal 

decision for that state and stage. Usually the Markov ' requirement 

can be met by the use of additional state variables. Suppose, for 

instance, that an optimal decision in a stage depends on the state 

in that stage and on the state in the previous stage. The Markov 

requirement can be met by the introduction of a state variable that 

in stage S describes the state of the process in stage S-l.

Dynamic programming problems are solved working backwards from 

the final stage toward the' initial stage. The backwards solution 

technique follows from application of the principle of optimality. 

According to Bellman (1957) an optimal policy has the property that
i

whatever the initial state and initial decision, the remaining
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decisions must constitute an optimal policy with regard to the sSate 

resulting from the first decision.

The solution technique first requires that the optimal decision 

be determined for each state at the last stage of the process. Next 

the optimal decision is determined for each state at the next-to-the- 

Iast stage under the assumption that a previously determined optimal 

decision will be made in the last stage. The process continues until 

the initial stage is reached. At each stage and state the optimal 

decision is picked subject to the condition that an optimal sequence 

of decisions will be made in the following stages.

Mathematically the optimal policy is determined by solution of 

the recurrence relation:

V.(n)

where:

ViCn)

K 

n

q-jNn)

3

Maximum or 
Minimum over 

K
q^(n) + 3 ^  PijkCn) Vj (n-ljj

is the total value of an n-stage process when the process 
begins in state i and an optimal policy is used.

is the set of decision alternatives.

is the stage, counting from the final stage where n=l.

is the expected immediate returns for the ith state, kth 
decision alternative, and nth stage.

is the discount factor when time preference is important.

is the transition probability for being in the jth state 
in stage n-1 given the process is in the ith state and
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the kth decision is made in stage n.

V.(n-l) is the total value of a n-1 stage process where an 
 ̂ optimal policy is used and the intial state of the

process is j .

V (0) is the terminal value for being in the jth state at 
 ̂ the end of the decision process.

M is the number of possible states in stage n-1.

A Dynamic Programming Example

A very simple example should clarify some concepts of dynamic 

programming. Consider the problem diagrammed in Table 3-1.

Table 3-1

A Dynamic Programming Example
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The problem is to choose the path from line AA' to BE' that 

maximizes the sum of the numbers along the paths. All movement must 

be monotonic to the right. Dynamic programming is suitable for 

solution of this problem.

In the dynamic programming context horizonal lines will define 

states and vertical lines will define stages. For states I and 2 

there are two decision alternatives: movement may be horizontal or

diagonal. For state 3 there is no alternative: the only allowable

movement is horizontal. For this problem state transitions are 

deterministic. Discounting is irrelevant so B equals one. Terminal

values, V.(0), are all 0.
3 :

Define k = I as the decision to move horizontally and k = 2 as 

the decision to move diagonally. The recurrence relation is first 

solved for stage I, state I: I

k = I: 6 + 1 ( 1 x 0 + 0 x 0 + 0 x 0) = 6
V (I) = Maximum of

k = 2: 8 + 1 ( O x O  + l x O  + O x O )  = 8 

In stage I, state I, the optimal decision is k = 2 and the value of

the process is V^(I) = 8. By similar calculation Vg(I) = 9 ancl

V3(I) =7.

Next the recurrence relation is solved for states in stage 2:

k = I: 2 + 1 (I x 8 + 0 x 9 + 0 x 7) j= 10
V (2) = Maximum of
1 k = 2: 10 + I (0 x 8 + I x 9 + 0 x 7); = 19

In stage 2, state I, the optimal decision is k = 2 and the value of
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the process V^(2) = 19. Similarly V2(2) = 15 and (2) = 13.

The optimal policy if the initial state is I is to first choose 

k = 2, then in the next stage choose k = I for a total value of 19.

If the initial state is 2, the optimal policy is to choose k = I at 

both stages for a total value of. 15. If the initial state is 3S the 

optimal (and only possible) policy is to choose k = I at both stages 

for a total value of 13.

Dynamic Programming of the Cow-Disposal Problem

Dynamic programming can be used to find an optimal policy for 

the multi-stage problem of disposing of cull cows. The components of 

the problem in the dynamic programming context used for this study are 

discussed below.

Stages. The stages for this problem are time periods. Thirty- 

day (monthly) periods will be used for the analysis. The initial 

month of the decision process (terminal month of the dynamic program) 

will be November. November is the month when the most cull cows are 

marketed in Montana. Once a rancher has decided to move a cow from 

his breeding herd, he is unlikely to keep her past the beginning of 

the next culling season. Thus, 12 stages will provide the relevant 

information.

States. Many state variables would be needed to exactly 

describe the condition of this decision process. The rancher is
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interested in variables that affect the present value of his cows and 

variables that might affect the value in future periods. The value 

of a slaughter cow sold on hoof is her live weight times market price. 

There are different market prices for different grades of cows. 

Slaughter cattle grades are based on conformation and quality (USDA 

Agricultural Marketing Service 1973:3). Conformation is evaluated 

by either the fullness of muscling and fatness combined in relation 

to skeletal size or on muscular development only in relation to 

skeletal size. Quality is evaluated primarily by amount and distri

bution of finish, firmness and fullness of muscling, and physical 

characteristics that are associated with age. Except for finish or 

fatness, the determinants of grade would not be expected to change 

during the feeding period. Mature cows do not gain muscling but gain 

weight by getting fatter. Ceteris paribus a fatter cow will grade 

higher. Thus the grade of a cow depends on her weight and on other 

factors that are constants.

The relationship between weight and grade of cull cows has not 

been experimentally determined. For this study profit-maximizing 

strategies will initially be determined under the assumption that 

cows will not change grade during the feeding period. To test the 

sensitivity of the results to grade changes, profit-maximizing 

strategies will also be determined under the assumption that cows will 

grade commercial if they weigh more than 450 kg, utility if they
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weigh 400-4cSO kg , and canner if they weigh less than 400 kg. Different 

per-unit prices are paid for cows of different grades. However, these 

prices move roughly together. Prices for utility and canner grade cows 

can be related to the commercial price by linear transformations.

There are probably state variables that affect rates of gain 

and sickness and death losses. Unfortunately these are not easily 

identifiable by the rancher or the researcher. Thus, for this study, 

rates of gain and sickness and death losses are assumed to be constant. 

A rancher probably would not hold all his culls. Some cows are culled 

because they are in poor health. Cows in poor health will probably 

be sold immediately because expected rates of gain are low or expected 

death loss is high. Therefore, the results of this study do not 

apply to cows in poor health.

Two state variables, cow weight and commercial cow price,,I
will adequately describe the condition of the decision process under 

the assumptions that have been stated. Cow weight and cow price are 

both continuous variables that will be divided into discrete units 

for this study. The total number of states will be the number of 

discrete cow weights times the number of discrete cow prices plus 

one. The additional state is for the condition that cows are 

already sold.

Decision Alternatives. For any stage after a decision to sell 

cows has been made there are no alternatives. When the cows are
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gone, the decision process is terminated. Otherwise one possible 

decision at any stage is to sell the cows. Alternatively, one of 

an infinite number of different rations could be fed. Of a subset 

of rations that produce equal rates of gain a profit-maximizing 

rancher will choose the least-cost ration. Thus it is sufficient 

to specify rates of gain as decision alternatives. For this study 

six possible rates of gain were selected as decision alternatives. 

These span the range from no gain to the maximum gain that is ■ 

practically attainable.

Expected Immediate Returns. The expected immediate cost from a 

decision to hold cows for a period will be the cost of feed plus a 

lot charge to cover cost of labor and facilities. Expected immediate 

returns from a decision to sell will be the market value of the cow. 

This market value will be a function of the market price and the 

weight of the cow.

The Discount Factor. The appropriate value for g, the discount 

factor, is I/(1+r) where r is the cost of capital. Sickness and 

death loss can be regarded as a cost of capital. If a cow dies the 

loss is equal to her capital value. The cost of sickness that 

results in loss of weight or lack of gain is also related to the 

value of the cow. Even veterinary costs will be related to cow value, 

for a rancher is more willing to incur veterinary costs for a more 

valuable animal. A second cost of capital is opportunity value.
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The opportunity value is the amount the capital would return to the 

best alternative to holding cull cows.

State Transitions. It was assumed that state transitions for 

cow weight are deterministic. Thus if a cow is fed a least-cost 

ration calculated to achieve a given rate of gain, she gains at that 

rate with probability one. State transitions for cow price are 

stochastic. The transition probabilities can be calculated using 

a price prediction model. Because of the seasonal nature of cow 

prices, transition probabilities change each time period. 1

Terminal Values. Terminal values are market values of cows held 

an entire twelve months. If cows are sold during any decision period 

the terminal value is zero.

The dynamic programming solution to the problem formulated here 

will show optimal decisions for disposing, of cull cows when the 

objective is maximizing the expected discounted value of revenue from 

selling cows less costs of holding cows. ' The optimal policy for any 

initial, cow weight will be. part of the solution. Thus the solution 

shows what initial cow weight will result in the highest return and 

what disposal policy is optimal for any weight cows a rancher might 

have.

Maximization of net revenue is not the choice criterion that 

every rancher would use when picking a cow disposal policy. For
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instance, some ranchers might want to minimize labor. Maximization 

of net revenue was picked as being the most reasonable of the choice 

criteria that might be used.

Choice Criteria

Von Neuman and Morganstern (1947) show that if a decision maker

conforms to a set of axioms, it is possible to predict his actions in
!

uncertain situations. Simply stated, the axioms insure that the 

decision maker can preference-order all the possible outcomes and that 

the preference ordering has the property of transitivity. For any 

outcome w (that is not the most preferred or the least preferred), he 

can express probabilities a and 1-a so that the event a u + (I - a) v 

(where u is the most-preferred outcome and v is the least preferred 

outcome) is equally preferred to w. The value a for each outcome 

allows the construction of an index that shows the relative prefer

ability of each outcome to the most and least preferred outcome u 

and v. The resulting utility function is unique up to a linear 

transformation.

Using the Von Neuman and Morganstern axioms, it can be shown 

that the decision maker will act to maximize his expected utility 

in an uncertain situation. This result is crucial to research, for 

it allows the researcher to choose from among a set of alternatives 

that alternative which will reflect the true preference of a
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decision maker.

Empirical utility functions can be constructed for specific 

decision makers. However, these empirical functions have limited 

usefulness. A utility function constructed for one decision maker 

will probably not reflect the preferences of other decision makers. 

Also, because preferences change over time, a utility function 

constructed in one time period might not indicate the true preferences 

in another time period.

In certain cases maximization of expected utility is equivalent 

to maximization of expected monetary values. For these cases utility 

must be a function of monetary values only. Non-monetary utilities 

and disutilities are ignored or considered insignificant. The utility 

function is unique up to a) linear transformation. Thus, if utility 

is a linear function of monetary value maximizing monetary value is 

equivalent to maximizing utility. In cases where a project is 

repeated many times, maximizing monetary value will also maximize 

utility even if utility is not a linear function of monetary value.

In these cases, any deviation from the expected profit eventually 

will be offset by a deviation in the opposite direction. Long-run 

average profit and expected profit are equivalent.

Summary

In this chapter a methodology for choosing among cow disposal
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plans has been developed. A solution by the dynamic programming 

model presented requires the generation of certain data. Costs of 

rations to produce specified rates of gain must be calculated. Cow 

rations are the subject of Chapter 4. Calculation of transition 

probabilities for the commercial cow price requires that a price- 

prediction model be developed. Price prediction models are discussed 

in Chapter 5.



Chapter 4

LEAST 1̂ OW)RATIONS FOR COW FEEDING

A rancher who is trying to decide whether or not to hold his 

cull cows is very interested in feed costs. The cost of feed will 

probably be the major cost associated with holding cull cows. Unless 

feed costs are minimized, the rancher cannot receive the highest net 

returns from price, weight, or grade increases.

A suitable ration for cow feeding, must contain adequate amounts 

of nutrients essential to animal health and production. Animal 

nutritionists have identified the nutrients most important in cattle 

feeding. They have determined quantities of nutrients required by 

various classes of cattle. Nutritionists also have analyzed common 

feedstuffs to determine their nutritional values for feeding cattle.

Linear Programming .

The mathematical technique of linear programming is suitable for 

determining a combination of feed ingredients that will meet a given 

set of nutrient requirements at minimum cost (Agrawal and Heady 

1972). Mathematical programming problems have three quantitative 

components:

1) An objective function

2) Alternative methods or activities for attaining the objective

3) Resource constraints or other restrictions
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In the linear programming framework all the above components must 

be linear. The general format of a linear programming problem is:

Maximize or
Minimize Z = C'X

Subject to AX ̂  B
and X 0

where:

A is an mxn matrix of technical coefficents;

C is an nxl vector of prices or other weights in the 
objective function;

X is an nxl vector of the unknown levels of the activities 
or processes; and

B is an mxl vector of resource or other constraints.

In a least cost ration problem the objective is to minimize Z, the 

total cost of the ration. The elements of C are per-unit costs of 

the feed ingredients being considered. Elements in A are amounts 

of each nutrient provided per unit of feed ingredient. The minimum 

nutrient requirements, B, must either be met or exceeded. The 

unknowns, X, are amounts of each feed ingredient to be used and 

each must be greater than or equal to zero.

Nutrient Requirements of Cull Cows

Minimum nutrient requirements for maintenance and gain of cull 

cows have not been experimentally determined. For this study it 

was assumed that cull cow requirements for total protein, digestible
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protein, calcium, and phosphorus are the same as those for dry- 

pregnant mature cows in the middle third of pregnancy. The require

ments used are from the National Academy of Sciences (1976:26-27).

The requirements for net energy for maintenance (NE^) are 

derived from a formula developed by Lofgren and Garrett (1968):
n, o. 75NEm = O.077W * where W is body weight in kilograms.

The Lofgren and Garrett net energy for maintenance value does 

not allow for cow activity or for extra energy required in severe 

weather. Brownson (1976b) indicates that the digestible energy 

requirement for a cow to walk one mile is 0.00232W, where W is 

cow weight in kilograms. For this study, it was assumed that cows 

will walk one-half mile per day.

Under the severe weather conditions of Montana winters energy 

requirements for maintenance may be higher than those calculated 

by Lofgren and Garrett. The amount of extra energy required will 

depend on the age, body condition, and cold acclimitization of the 

cattle as well as wind, temperature, rain, and mud conditions.

BrownsOn (1975) shows a method for estimating extra energy required 

in cold weather. Requirements probably do not increase until 

temperature drops below 30° F. At Billings, Montana the average 

monthly temperature is 29.4° F in December, 23.0° in January and 

25.8° F in February (U.S. Department of Commerce Weather Bureau 1965). 

These average temperatures were used as a basis for increasing energy
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requirements for the .months. ..of January and February.

Increased energy requirements on cold days are not offset by 

reduced energy requirements on warm days. Thus, use of average 

temperatures may result in an understatement of the additional 

energy required. It should be recognized, therefore, that feed 

costs may be higher than calculated here during periods of severe 

weather. These severe weather conditions may occur in any month.

Lofgren and Garrett (1968) determined that for^heifers the net 

energy requirement for gain (NE^) can be expressed as (0.05603 

g + 0.01265 g^) (W^* ̂ )  where g is gain in kilograms and W is body 

weight in kilograms. Cows have completed their body growth so their 

energy requirements for gain would probably be most like that of very 

heavy heifers. Thus the value 500 was used for W for all weights of 

cows. This implies that energy requirements for gain in cows are not 

a function of cow weight. The Lofgren and Garrett formula was 

calculated for growth-stimulant treated animals (National Research 

Council 1976:4). Cows have completed their growth so stimulants are 

not effective. Growth stimulants usually increase gains 8 to 12 

percent (National Research Council 1976:4). For this reason, the 

net energy for gain requirements were increased by 10 percent. The 

formula used to calculate net energy for gain requirements is:

NEg = (0.05603g + 0.01265g2)(5000,75)(1.10)



where:

. 38

NEg is in MCAL/day, and

g is daily gain in kg.

For this study it was assumed that the cows being considered 

would weigh 450 kg in "normal", range condition. Cows would be 

heavier or lighter because of differences in fleshiness, not because 

of differences in frame size.

Feed consumption by cows is probably more closely related to 

frame size than to actual body weight. Thus the National Research 

Council (1976:26-27) minimum dry matter requirement for 450 kg cows 

was used for all cow weights.

The maximum amount of feed a cow will consume varies with body 

size, type of diet, age, body condition, and weather. Maximum feed 

consumption is important because it limits the ability of the cow 

to utilize low quality feeds and produce high rates of gain. The 

maximum feed capacity has not been experimentally established. Values 

used for this study are estimates by persons familiar with cow feeding 

in Montana. For normal weather conditions, dry matter consumption 

was limited to 11.2 kg/day. For the cold weather months of January 

and February, the dry matter limits were 12.375 kg/day and 11.812 

kg/day respectivelyBecause of the low palatability of barley straw 

its consumption was limited to 11.2 kg/day.

Feeding of urea imposes two additional restrictions on the diet.
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Non-protein nitrogen expressed as urea-equivalent should not provide 

more than 25 percent of the total nitrogen in cow diets. Because 

non-protein nitrogen can be toxic, it should not exceed one percent 

of the diet dry matter (National Research Council 1976:6).

The nutrient requirements used for this study are summarized, 

in Tables 4-1, 4-2, and 4-3.

The feedstuffs considered for the least cost rations are listed 

in Table 4-4 along with their feeding values and the costs used.

These feedstuffs are all commonly available and used for cattle 

feeding in Montana. A feedstuff that is used for fattening cull cows 

in some parts of Montana, sugar-beet tops, was not considered because 

of lack of good'information about its feeding value and market price. 

The costs used were representative for Montana for the late summer 

of 1976.' ■
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Linear Programming Results

Linear programming was used to calculate 126 least-cost rations. 

A separate ration was calculated for each of six weights of cows 

for seven rates of gain for three weather periods. The least-cost 

rations calculated are described in Appendix I. Per-day costs of 

feed are summarized in Tables 4-5, 4-6, and 4-7. Feeds costs of 

gain were calculated by dividing the daily feed cost by the rate of 

gain produced. Feed costs of gain are summarized in Tables 4-8,



40

Daily Nutrient Requirements for Cull Cows

Table 4-1

Nutrient
350
770

400
880

Cow Weight 
(KG)
(LB)

450 500
990 1100

550
1210

600
1320

Net Energy for Main
tenance (MCAL) 6.23 6.89 7.52 8.14 8.75 9.33

Digestible Energy for 
Activity (MCAL) 0.406 0.464 0.522 O.jdO 0.638 0.696

Total Protein (KG) 0.32 0.36 0.39 0.42 0.45 0.49
Digestable Protein (KG)0.15 0.17 0.19 0.20 0.22 0.23
Vitamin A (1000 IU) 15 17 19 20 22 23
Calcium (G) 10 11 12 13 14 15
Phosphorus (G) 10 11 12 13 14 15
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Energy Requirements for Gain in Cull Cows

Table 4-2

Daily Gain (KG) 0.00 0.25 0.50 0.75 1.00 1.25 1.50

Net Energy 
for Gain (MCAL) 0.00 1.72 3.63 5.72 7.99 10.44 13.09

Additional

Table 4-3

Energy Required for Cold-Weather 
MCAL Digestible Energy per Day

Months

350 400

Cow Weight 
(KG)
(LB)

450 500 550 600
Month 770 880 990 1100 1210 1320

January 3.05 3.05 2.44 2.44 2.44
I

2.44

February 1.22 1.22 1.22 .61 .61 .61



Table 4-4

Feedstuff Nutrient Values and Costs 
Feed Values on Dry-Matter Basis 

Costs on As-Fed basis

NE
mcalTkg

NEg
MCAL/KG

DE
MCAL/KG

DIG PROT 
%

TOT PROT 
%

CAL
%

PHOS
%

VITA A 
IU/KG

DRY MATTER 
%

COST

Alfalfa Hay
S-C Early Bloom 1.33 0.73 2.73 15.0 19.2 1.43 0.26 69320 92.7 $40/ton

Brome Hay S-C 1.10 0.35 2.28 5.0 11.8 0.39 0.25 13200 89.7 $40/ton
Barley Straw 1.01 0.14 1.81 0.5 4.1 0.34 0.09 88.2 $15/ton
Barley Grain 2.13 1.40 3.66 9.8 13.0 0.09 0.47 89.0 $5.50/cwt
Wheat Grain Hard Red Winter 2.16 1.42 3.87 11.4 14.6 0.06 0.57 89.1 $6.00/cwt
Oats Grain 1.73 1.14 3.35 9.9 13.2 0.11 0.39 89.0 $6.00/cwt
Corn Silage

40% dry matter
1.56 0.99 3.26 4.7 8.1 0.27 0.20 — 40.0 $14.00/ton

Soybean Oil Meal 50% 1.93 1.29 3.57 43.8 51.5 0.36 0.75 — 89.0 $10.25/ewt
Dicalcium Phosphate — — — — — 23.13 18.65 — 96.0 $14.25/cvt
Monosodium Phosphate — — — — — — 22.46 96.7 $25.00/cwt
Limestone — — — — — 33.84 0.02 100.0 $1.95/cwt
Vitamin A Supplement — — — — — — — 100000 100.0 $100/cwt
Dried Beet Pulp w/ Molasses 2.03 1.34 3.26 6.5 9.9 0.61 0.11 92.0 $6.50/cwt
Urea — — 281.0 281.0 — — — 100.0 $12.70/cwt

Nutrient values are from the National Research Council (1976:38-39) and Montana Cooperative Extension Service (1973). 
Vitamin A calculated from carotine: IU Vitamin A = mg. carotine x 400.
DE calculated from ME: DE(Meal./kg.) = ME(Meal./kg.) X 1.22
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Per-Day Cost of Feeding Cows 
Under Normal Weather Conditions 

$/Day

Table 4-5

Rate of Gain 
KG/Day 
LB/Day

350
770

400
880

Cow Weight 
(KG)
(LBS)

450 500
990 1100

550
1210

600
1320

0.00
0.00 0.150 0.158 0.173 0.187 0.201 0.214

0.25
0.55 0.192 0.207 0.222 0.236 0.250 0.263

0.50
1.10 0.264 0.277 0.291 0.315 0.339 0.361

0.75
1.65 0.359 0.385 0.409 0.433 0.532 0.627

1.00
2.20 0.666 0.779 0.891 0.999 1.113 1.221

1.25
2.75 1.300 1.423 1.541 NP* NF NF

1.50
3.20 NF NF NF NF NF NF

*Not Feasible
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Per-Day Cost of Feeding Cows 
In January - $/Day

Table 4-6

Rate of Gain 
KG/Day 
LB/Day

350
770

400
880

Cow Weight 
(KG)
(LBS)

450 500
990 1100

550
1210

600
1320

0.00
0.00 0.168 0.183 0.193 0.207 0.222 0.234

0.25
0.55 0.222 0.236 Q 244 0.258 0.272 0.285

0.50
1.10 0.295 0.308 0.316 0.336 0.360 0.382

0.75
1.65 0.391 0.416 0.431 0.454 0.478 0.570

1.00
2.20 0.654 0.762 0.824 0.961 1.041 1.148

1.25
2.75 1.278 1.401 1.468 1.615 1.729 NF*

1.50
3.20 NF NF NF NF NF NF

*Not Feasible
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Per-Day Cost of Feeding Cows 
In February - $/Day

Table 4-7

Rate of Gain 
KG/Day 
LB/Day

350
770

400
880

Cow Weight 
(KG)
(LBS)

450 500
990 1100

550
1210

600
1320

0.00
0.00 0.152 0.167 0.183 0.196 0.206 0.219

0.25
0.55 0.203 0.218 0.233 0.247 0.255 0.268

0.50
1.10 0.276 0.290 0.303 0.325 0.338 0.361

0.75
1.65 0.369 0.395 0.420 0.443 0.457 0.548

1.00
2.20 0.632 0.741 0.852 0.933 1.020 1.127

1.25
2.75 1.257 1.381 1.499 1.583 NF* NF

1.50
3.20 NF NF NF NF NF NF

*Not Feasible
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Given the feedstuffs considered and the dry-matter consumption 

limits, rates of gain of 1.50 kg/day and more cannot be achieved.

Heavier cows require more nutrients for maintenance. For a given 

feed-consumption limit the maximum possible gain of a heavy cow 

will be less than that of a light cow. Under the consumption limits 

imposed for normal weather conditions cows weighing 500 kg. and 

more cannot gain 1,25 kg/day. The higher consumption limits used 

for January allow cows weighing up through 550 kg to gain 1.25 kg/ 

day. The consumption limits used for February allow cows weighing 

up through 500 kg to gain 1.25 kg/day.

Rations for cows being fed for weight maintenance or low rates

of gain contain large amounts of barley straw. The'NE^ value of straw

is about 90 percent of NE^ value of brome hay and 70 percent the

NE value of alfalfa hay. The NE value of straw is less than 40 m g
percent of alfalfa hay. In rations to produce higher rates of gain, 

straw is replaced by higher-energy corn silage as the major constituent. 

Rations to produce very high rates of gain are composed largely of 

the concentrates barley and wheat.

Wheat is included in some rations even though it is considerably 

more expensive than barley. Wheat is used because of its combination 

of higher protein and slightly higher energy. All of the rations 

contain a small amount of alfalfa hay, which provides vitamin A and

4-9, and 4-10.
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Table 4-8

Feed Cost of Gain for Cull Cows in Normal Weather
$/KG
$/LB

Rate of Gain Cow Weight
KG/Day (KG)
LB/Day (LBS)

350 400 450 500 550 600
770 880 990 1100 1210 1320

0.25 .768 .828 .888 .944 1.000 1.052
0.55 .349 .376 .404 .429 .454 .478

0.50 .528 .554 .582 .630 .678 .722
1.10 .240 .252 .264 .286 .308 .328

0.75 .478 .513 .545 .577 .709 .836
1.65 .218 .233 .248 .262 .322 .380

1.00 .666 .779 .891 .999 1.113 1.221
2.20 .303 .354 .405 .454 .506 .555

1.25
2.75

1.040
.473

1.138
.517

1.233
.560 NF* NF NF

1.50
3.20 NF NF NF NF NF NF

*Not Feasible
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Feed Cost of

Table 

Gain For

4-9

Cull Cows in January

Rate of Gain 
KG/Day 
LB/Day

350
770

400
880

Cow Weight 
(KG)
(LBS)

450 500
990 1100

550
1210

600
1320

0.25 .888 .944 .976 1.032 1.088 1.140
0.55 .404 .429 .444 .469 .495 .518

0.50 .590 .616 .632 .672 .720 .764
1.10 .268 .280 .287 .305 .327 .347

0.75 .521 .555 .574 .605 .637 .760
1.65 .236 .252 .261 .275 .290 .345

1.00 .654 .762 .824 .961 1.041 1.148
2.20 .297 .346 .375 .437 .473 .522

1.25 1.022 1.121 1.174 1.292 1.383 NF*2.75 .465 .509 .534 .587 .629

1.50
3.20 NF NF NF NF NF NF

*Not Feasible
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Feed Cost of Gain for Cull Cows in February

Table 4-10

Rate of Gain Cow Weight
KG/Day (KG)
LB/Day (LBS)

350 400 450 500 550 600
770 880 990 1100 1210 1320

0.25 .812 .872 .932 .988 1.020 1.072
0.55 .369 .396 .424 .449 .464 .487

0.50 .552 .580 .606 .650 .676 .722
1.10 .251 .264 .275 .295 .307 .328

0.75 .492 .527 .560 .591 .609 .731
1.65 .224 .239 .255 .268 .277 .332

1.00 .632 .741 .852 .993 1.020 1.127
2.20 .287 .336 .387 .451 .464 .512

1.25 1.006 1.105 1.199 1.266 NF* NF2.75 .457 .502 .545 .576

1.50 NF NF NF NF NF NF3.20

*Not Feasible
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inexpensive protein. The cheapest gains are achieved by light cows 

being fed mostly corn silage.

Summary

In this chapter least-cost rations to achieve alternative rates 

of gain for cows of various weights have been calculated. Rations 

have been calculated for normal weather conditions. Different rations 

have been calculated for the months of January and February when 

cold stress increases nutrient requirements. The costs of these 

rations will be used in calculation of expected immediate costs for 

decisions to hold and feed cows. These expected immediate costs 

are an important element of the dynamic programming model formulated 

in Chapter 6.



Chapter 5

PRICE PREDICTION

This chapter will discuss the general problem and theory of price 

prediction. The general multiplicative seasonal time series model 

proposed by Box and Jenkins (1976) was used in ah attempt to predict 

cow prices. The multiplicative seasonal model was discarded in favor

of a linear model that uses dummy variables to account for seasonal
!

variation.

An important variable about which a cowman is uncertain is 

price. Price changes can have dramatic effects on returns, but prices 

are difficult to predict in advance. In statistical decision theory, 

price can be treated as completely random and optimal policies 

obtained: that is, policies that are optimal under the assumption

that price is random. But, according to economic theory, price is 

hot random. And to the degree that a rancher can predict prices, he ■ 

can make better decisions and increase his long-run profit. (See 

Appendix B.)

Prediction Methods

Price is determined in the marketplace through the interaction 

of the forces of supply and demand. The demand for cull cowsi is 

derived from consumer demand for low quality beef. Hence, cow 

demand is a function of. consumer tastes and incomes, and prices of
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cow substitutes including pork, imported beef, and other classes of 

domestic beef. Cows are supplied through culling of beef herds. 

Ranchers tend to cull more cows when prospects are poor. Thus, 

supply of cull cows is a function of the number of cows in herds, 

and expected production costs.

One method of predicting cow prices is through construction of 

a model that explicitly accounts for the determinants of supply and 

demand. The simultaneous determination of price and quantity requires 

that such a model be composed of multiple equations. Some deter

minants of the cow price, prices of substitute classes of cattle for 

instance, have to be determined endogenously. To predict cow prices 

with a structural model predictions of other parameter values must 

often be supplied. Thus, the structural model only succeeds in 

transforming the prediction problem.

An alternative approach is to predict the future cow price from 

observations of past prices. In this time-series approach the 

sequence of observations is viewed as a realization of jointly dis

tributed random variables. Knowledge of the joint distribution 

function allows the construction of conditional distribution 

functions for future observations of the variable. In practice, the 

joint distribution function is not estimated. Instead, an attempt 

is made to determine the mechanism that generated the observations. 

Then, the mechanism is used to generate conditional probabilities for
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future observations (Nelson 1973:18-19).

Box-Jenkins Time Series Models

Methods for time-series analysis suggested by Box and Jenkins

(1976) were applied to the problem of predicting cow prices. All the

models considered were of the general class of discrete linear

stochastic processes, such that each observation z is expressed in

the form Zfc = ct + + ‘ ' where “ and are

fixed parameters and the p are a time series of identically and

independently distributed random disturbances of mean zero and 
2variance . In calculation of the parameters of such models an 

assumption of stationarity is made. This assumption is that the joint 

distribution is invariant.with regard to a displacement in time. In 

cases where the assumption of stationarity is thought not to be valid, 

stationarity might be achieved through transformations of the obser

vations. Transformations used are various degrees of differencing and 

the taking of natural logs.

Box and Jenkins models use two types of terms to express the 

in terms of a minimal number of parameters. The number of terms 

can be reduced by setting ^  equal to zero for i>q. The remaining 

terms are called moving average terms because the variable z^ is the 

weighted average of the disturbances Ufc . . . ^t_q- The general 

discrete linear relationship can also be expressed in the form
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Zfc = 7T1zt_^ + 7T2Zt-2" * " +  ̂ where it ̂  and 6 are functions

and a. When = 0 for i>p, the remaining terms are called auto

regressive terms because each is essentially a regression equation

on the terms zt-1 z^ . Practical models may include both t-p
autoregressive and moving average terms.

Seasonal variation can be considered in the time-series framework 

by inclusion of additional autoregressive and moving-average terms.

Let s be the number of seasons. Then ẑ_ can be expressed as a function

of the moving-average terms A  ̂ g + A y  or the auto- Q t-Qs
regressive terms F. z +I t-s . F z  . Box and Jenkins have P t-Ps
proposed a general multiplicative seasonal model that assumes obser

vations are both serially and seasonally correlated. The general form 

of this model is :

(I - F1B0 - . -FpBSP)(l - (J)1B

= (I - A1B - . . 

where:

B=t - =t-i :

. -AqBsq)(I - B1B -

=t_k : (i - » >=t

- (J) BpH l  - BS)D(1-B)dzt

. -0 B4)yt + 6q t

si k. 2
Zt - V k  : (1~6 ) zt

= (z - Z ) - (z - z  ) ; D is the degree of seasonal t t k. t-k t zk
differencing; and d is the degree of consecutive differencing. 

Confused readers are referred to Nelson (1973).

The best specification for a Box-Jenkins time-series model is
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determined by experimentation. Knowledge of the market structure and 

estimated autocorrelation and partial autocorrelation functions 

provides some information about proper values of p, q, P, Q, D, and 

d. However, several alternative sets of values often must be tried to 

find the specification that best fits the data.

Several alternative Box-Jenkins models were specified: Values

for the parameters tiere estimated by a maximum likelihood routine.

For each model a standard error was calculated. The standard error 

is the square root of the sum of squared residuals divided by the 

appropriate degrees of freedom. The models were estimated using 197 

monthly observations (January 1960 - May 1976) of the average commer

cial cow price at Billings, Montana. The estimated models are 

summarized in Appendix C.

Linear Time Series Models

The smallest standard error obtained from a Box-Jenkins model was 

1.05. Smaller standard errors Were obtained from some simple linear 

models. These models used lagged prices as independent variables. 

Multiplicative and/or additive dummy variables were used to account 

for seasonal variation. Each model included a time-trend variable. 

Ordinary least squares was used to obtain parameter estimates. ■

The estimates were made using 185 monthly observations (January 1961- 

May 1976) of the average commercial cow price at Billings, Montana.
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The estimated models are summarized in Appendix D.

The smallest standard error (0.82) was obtained with a model 

that used twelve lagged prices as independent variables. A larger 

standard error (0.93) was obtained with a model that used only one 

lagged price. In the dynamic programming framework that was used for 

this study, each lagged price is a state variable. As the number of 

state variables increases, the computational effort required increases 

exponentially. Therefore, the price prediction model selected for use 

in this study considers only one lagged price even though somewhat 

more precise predictions might be obtained through consideration of 

more lagged prices.

For this study the average monthly commercial cow price at Billings, 

Montana is predicted from the equation:

P = 1.453 + 0.9237 P1. , - 3.167 AD1 - 2.200 AD0 t t-i I z
(17.94)* (-2.37) (-1.73)

+ 0.3290 AD3 - 1.910 AD, - 0.6561 ADc 4 j
(0.27) (-1.49) (-0.52)

- 0.7280 AD6 - 2.017 AD7 - 4.387 ADg
(-0.56) (-1.53) (-3.40)

+ 1.732 AD - 0.4255 AD10- 1.126 AD11
(1.43) (-0.33) (-0.86)

+ 0.1929 MD1 + 0.1608 MD^ + 0.0105 MD3 
(2.74) (2.45) (0.17)
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+0.1007 MD4 + 0.0253 MD5 + 0.0135 MD^ 
(1.59) (0.41) (0.21)

+ 0.0720 MD? + 0.2257 MDg - 0.1091 MDg 
(1.09) (3.47) (-1.80)

- 0.0390 MDiq- 0.0139 MD11+ 0.0035 IR 
(-0.60) (-0.21) ' (1.72)

*Values in parenthesis are t values 

Where:

P is cow price in month t;

P 1 is cow price in month t-1;

AD1 is an additive dummy equal to I in month i and 0 otherwise

MD1 is a multiplicative dummy equal to P^_1 in month i and
0 otherwise; and

TR is a time trend equal to I in January 1960, 2 in February 
1960, etc.

Summary

In this chapter a model for predicting the price of commercial 

grade cows at Billings, Montana has been estimated. This price- 

prediction model will be used to. calculate transition probabilities 

for the dynamic programming model formulated in Chapter 6.



Chapter 6

FORMULATION AND RESULTS OF THE 
DYNAMIC PROGRAMMING MODEL

In this chapter the specific formulation of the dynamic program

ming model is described. The model determines the cull cow disposal 

decisions that will maximize expected returns. These decisions are 

presented and discussed. Certain assumptions of the original model 

are changed. Decisions that maximize expected returns under the 

changed assumptions are presented and discussed.

The Model

The dynamic programming model is conveniently discussed in 

terms of its components.

Stages. Twelve stages, each representing a one month time 

period, were used. . The initial month for the dynamic program was 

October. Thus, the model determined optimal decisions for cull cow 

disposal in any month from November through the following October. 

These decisions are optimal subject to the condition that the cows 

must be sold on or before the beginning of the second Novembei.

States. The two state variables were commercial cow price and 

cow weight. Cow prices within the range $10.00 to $30.00 per cwt. 

were considered. Price was divided into discrete $0.25 units. Thus 

there were 81 possible prices: 10.00, 10.25, . . . , 29.75, 30.00.
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Thirty-four possible weights were considered: 350.0 kg, 357.5 kg, . .

. . , 590.0 kg, 597.5 kg. A state was defined by a weight and a 

price. In state one, for example, the condition of the process was 

that cow weight was 350.0 kg and commercial cow price was $10.00/cwt. 

There were 2754 (81 times 34) such states. An additional state, 2755, 

described the state of the process when cows were already sold.

Decision Alternatives. Seven decision alternatives were con

sidered in states where cow weight was 437.5 kg or less. These alter

natives were:

1) Sell the cows;

2) Feed the least-cost ration to maintain cow weight;

3) Feed the least-cost ration to produce gain of 0.25 kg/day;

4) Feed the least-cost ration to produce gain of 0.50 kg/day;

5) Feed the least-cost ration to produce gain of 0.75 kg/day;

6) Feed the least-cost ration to produce gain of 1.00 kg/day; and

7) Feed the least-cost ration to produce gain of 1.25 kg/day.

For cows weighing more than 437.5 kg only the first six decision

alternatives were considered regardless of weather. The linear 

programming results in Chapter 4 indicate that in normal weather cows 

weighing 500 kg or more cannot gain 1.25 kg/day. Since these results 

were interpolated over 50 kg ranges, cows weighing 475 kg or more 

cannot gain 1.25 kg/day. Cows weighing more than 437.5 kg could not 

sustain an average daily gain of 1.25 kg for a month without
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exceeding 475 kg.

Once cows are sold, the decision process is ended. Thus, for 

state 2755 there were no alternatives; once the process was in state 

2755 it remained there.

Discount Factor. Initially it was assumed that the sum of sick

ness and death loss and opportunity value of capital was nine percent 

annually. Thus the value of the monthly discount factor, g, was 

l/[l + (0.09/12)1 or 0.9926.

Expected Immediate Returns. The expected immediate cost of a 

decision to hold cows for a month was the cost of feed plus a lot 

charge of $1.50. The lot charge accounts for facility use and labor 

costs of holding cows. The cost of feed to obtain a given rate of 

gain varies with cow weight and with weather conditions. Least-cost 

rations were determined for cows weighing 350, 400, 450, 500, 550, 

and 600 kg for each of three weather periods: January, February, and

normal. Costs of feed for these weights of cows were interpolated 

to cover 50 kg ranges: thus, the cost of feed determined for 450 kg 

cows was used for cows weighing 425 to 475 kg. In some cases the rate 

of gain was such that cow weight would change from one 50 kg range 

to another during a month. If so, the different costs were used for 

appropriate portions of the month.

Initially it was assumed that cows would not change grade during 

the feeding period. In this case, the expected immediate return from
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any decision to sell was. simply price times weight for any given 

state.

Transition Probabilities. The transition probability for going 

from state i (described by a price and a weight) to state j is the 

probability of the price change times the probability of the weight 

change. Weight changes were assumed to be deterministic^ The 

probability of. a given weight change is zero or one depending on the 

feeding decision made.

The probability of a price change is calculated from the price- 

prediction equation estimated in Chapter 3. The equation is of the

form Pfc ■= Bq + 31Pt_1 + ^ ad1 + • • • + ^ adH  + ^iim0I + • • • + ^ 3 ^ 1 1 

+ 32 + pt. For a specified month the non-zero additive dummy, AIX , 

and the trend variable, TR, act to shift the intercept. The non-zero 

multiplicative dummy, MIX , acts to shift the slope. Thus for a given 

month i the prediction equation reduces to Pfc = + B^Pfc  ̂+ Pt.

It is assumed that the error term, ^t, is distributed normally with 

mean zero and variance equal to the square of the standard error of

the estimate of the regression equation. For the prediction model
2estimated'the variance is 0.928 . From the distribution of ^t it is

possible to construct a probability distribution for Pfc given Pt_^:
2

Pt I? N((*j+ &i^t I* SE ). From this distribution the probability

that P = X  given that ?t_^ = Y can be calculated.

For this analysis price fluctuations in the range of $15.00 to
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$25.00/cwt. were considered. States of the dynamic programming model 

were limited to prices in the range $10.00 to $30.00 per cwt. For 

some there are positive probabilities of P outside this range.

To satisfy the requirement that probabilities sum to one the pro

bability that P is less than $10.00 must be added to the probability 

that Pfc equals $10.00. The probability that P is greater than 

$30.00 is added to the probability that P equals $30.00. These 

operations will violate the original assumption of P distributed 

normally if the mean of P is within four standard deviations ($3.71) 

of either end of the price range considered. The effects of the 

violation would be minimal for states where price ranges from 

$15.00 to $25.00. Thus only the results from this latter,price 

range are presented.

Terminal Values. The terminal value for any state (except the 

state where cows have already been sold) is the value of the cow in 

that state. Terminal values are computed the same as immediate 

retufAs from selling cows: price times weight. In the state where

cows have already been sold the terminal value is zero.

Results of the Original Model

For each stage (month) and state (price and weight) the dynamic 

programming results show the decision that will maximize expected 

returns. The decisions hold for cows that are being culled in the
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month as well as cows that were culled in previous months and have 

been held and fed. Expected returns are maximized subject to the 

condition that optimal decisions will be made in the following 

stages. Optimal decisions depend on prices, but price changes are 

random. Thus, it is not possible to determine at the beginning of 

a feeding period what decisions will be made in subsequent months.

The rations that are fed and the date when cows are sold will depend 

on price changes that occur. The probability distribution for price 

changes is known, and this distribution is used in calculating the 

expected returns. For each stage and state the discounted expected 

returns for an optimal policy are also shown. These are the present 

values of expected returns from selling a cow less costs of feed, 

labor, and facilities for holding the cow until she is sold provided 

that the optimal decision is made each month. The discounted expected 

returns do not consider costs that have been incurred in previous 

months. The expected immediate returns calculated for April, for 

example, do not consider the sunk costs incurred before April.

Results were obtained for 2755 states in each of '12 months. Due 

to the volume of the output, results are presented here for only 30 

selected states in each month. In most cases the results for states 

presented can be accurately interpolated to cover states that are not 

presented.

Table 6-1 shows, for selected prices and weights, the returns



64

Returns from Selling Cows Immediately 
Under assumption of no grade changes

Table 6-1

Cow Price 
$/Cwt.

Cow Weight (Kg)

350.0 402.5 447.5 500.0 552.5 597.5

15.00 115.50 132.82 147.68 165.00 182.32 197.18

17.50 134.75 154.96 172.29 192.50 212.71 230.04

20.00 154.00 177.10 196.90 220.00 243.10 262.90

22.50 173.25 199.24 221.51 247.50 273.49 295.76

25.00 192.50 221.38 246.12 275.00 303.87 328.62
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from selling cows immediately under the assumption of no grade changes. 

These returns hold for any month. Table 6-2 presents the dynamic 

programming results. For each month optimal disposal decisions are 

shown for selected prices and weights. Results are not presented for 

the months of September and October. In these months it would always 

be optimal to sell cows immediately and returns are as shown in Table 

6-1.
An example will help clarify the use of the tables. Suppose 

that in the month of November a rancher has cull cows that weigh 

402.5 kg and suppose that the cow price is $20.00/cwt. From Table 

6-1, he determines that these cows would return $177.10 per head if 

sold immediately. From Table 6-2 for November, he determines that the 

return-maximizing decision is to hold the cows and feed the least- 

cost ration for 0.75 kg daily gain (decision alternative 5). By 

holding the cows he can expect a discounted return over costs of 

$213.94 - $177.10, or $36.84. In December the cows will weigh 402.5 

+ (0.75) 30 or 425.0 kg. Suppose that.the price has increased to 

$22.50/cwt. Optimal decisions for 425.0 kg cows are not presented so 

the decision for 402.5 or 447.5 kg cows would be used: again to

hold and feed for 0.75 kg daily gain. Suppose that instead of 

increasing the price had decreased to $17.50/cwt. Then the optimal 

decision would be to hold and feed for 0.50 kg daily gain.

To continue the example, suppose that the rancher has held culls
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Optimal Decisions for Cow Disposal and 
Expected Returns for Optimal Policies

Under assumption of nine percent annual cost of capital and no grade 
increases. Upper figure is optimal decision: I, sell immediately;
2, feed for 0.00 kg/day gain; 3, feed for 0.25 kg/day gain; 4, feed 
for 0.50 kg/day gain; 5, feed for 0.75 kg/day gain; 6, feed for 1.00 
kg/day gain; 7, feed for 1.25 kg/day gain. Lower figure is the ex
pected return from following an optimal policy.

Table 6-2

Month of NovemberCow Price Cow Weight (Kg)
$/Cwt ---------------------------------

350.0 402.5 447.5 500.0 552.5 597.5

4 4 4 4 3 2
15.00 137.75 157.62 174.39 193.89 211.92 220.74

5 4 4 4 3
I
2

17.50 164.40 185.57 204.12 226.49 245.73 254.59

5 5 5 4 3 2
20.00 190.74 213.94 234.38 259.39 279.39 288.38

5 5 5 4 3 2
22.50 212.80 239.79 262.85 289.89 311.15 321.65

5 5 5 5 4 2
25.00 226.25 256.67 282.43 311.63 338.04 350.49
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Table 6-2 Continued

Month of December

Cow Price 
$/Cwt

Cow Weight (Kg)

350.0 402.5 447.5 500.0 552.5 597.5

4 4 4 4 3 2
15.00 130.94 150.71 167.04 186.05 204.46 214.65

5 4 4 4 3 2
17.50 158.77 179.98 198.35 220.44 241.19 251.56

5 5 4 4 3 2
20.00 188.02 210.42 230.68 255.75 278.12 288.50

5 5 5 5 3 2
22.50 212.50 238.76 261.73 290.29 313.77 325.03

5 5 5 5 4 2
25.00 227.11 258.07 284.40 315.85 343.41 359.36
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Table 6-2 Continued

Cow Price 
$/Cwt

Month of January 
Cow Weight (Kg)

350.0 402.5 447.5 500.0 552.5 597.5

4 4 4 4 3 2
15.00 128.34 147.94 164.31 183.13 201.98 213.66

5 4 4 4 4 2
17.50 151.92 173.25 191.49 213.12 234.93 246.93

5 4 4 5 4 2
20.00 177.94 200.33 219.99 243.83 268.27 280.28

5 5 5 5 4 2
22.50 202.48 226.71 248.61 275.03 301.56 313.58

5 5 5 5 4 2
25.00 220.65 249.04 274.54 303.97 332.52 346.23
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Table 6-2

Cow Price 
$/Cwt

15.00

17.50

20.00

22.50 

25.00

Continued

Month of February 
Cow Weight (Kg)

350.0 402.5 447.5 500.0 552.5 597.5

4 4 4 4 4 2
123.81 142.78 158.74 176.86 195.50 208.06

5 4 4 4 4 2
144.01 164.94 182.94 203.74 224.91 238.84

5 5 4 4 4 2
166.47 188.86 208.00 231.13 255.02 269.81

5 5 4 5 5 2
190.16 214.29 234.47 258.80 285.31 300.80

5 5 5 5 5 2
210.97 237.34 259.50 286.59 315.85 331.74
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Table 6-2 Continued

Month of March 
Cow Weight (Kg)

Cow Price ______________________________________
$/Cwt

350.0 402.5 447.5 500.0 552.5 597.5

4 4 4 4 3 2
15.00 116.59 134.46 149.75 166.94 184.49 197.34

5 4 4 4 4 2
17.50 136.70 157.23 174.91 194.84 214.85 230.08

5 4 4 4 4 2
20.00 158.55 180.82 200.37 223.03 246.12 263.48

5 5 4 5 4 2
22.50 183.16 207.55 227.90 252.20 277.84 296.90

5 5 5 5 4 2
25.00 206.81 233.88 255.44 281.77 309.58 330.31



71
Table 6-2 Continued

Month of April 
Cow Weight (Kg)

Cow Price ______________________________________
$/Cwt

350.0 402.5 447.5 500.0 552.5 597.5

4 4 4 4 3 2
15.00 116.56 134.29 149.40 166.80 184.28 198.30

5 4 4 4 4 I
17.50 135.60 155.92 173.36 193.48 213.60 230.04

5 5 4 4 I I
20.00 155.34 177.82 197.40 220.17 243.10 262.90

5 5 4 5 I I
22.50 178.10 202.47 223.45 247.55 273.49 295.76

5 5 5 5 I I
25.00 201.45 228.52 251.15 277.04 303.87 328.62
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Table 6-2 Continued

Month of May 
Cow Weight (Kg)

Cow Price
$/ Cwt 350.0 402.5 447.5 500.0 552.5 597.5

I I I I I I
15.00 115.50 132.83 147.68 165.00 182.32 197.18

I I I I I I
17.50 134.75 154.96 172.29 192.50 212.71 230.04

I I I I I I
20.00 154.00 177.10 196.90 220.00 243.10 262.90

5 5 5 I I I
22.50 177.15 201.92 223.13 247.50 273.49 295.76

5 5 5 5 4 I
25.00 201.06 228.83 252.61 278.90 306.38 328.62
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Table 6-2 Continued

Month of June 
Cow Weight (Kg)

Cow Price
$/Cwt 350.0 402.5 447.5 500.0 552.5 597.5

I I I I I I
15.00 115.50 132.82 147.68 165.00 182.32 197.18

I I I I I I
17.50 134.75 154.96 172.29 192.50 212.71 230.04

5 I I I I I
20.00 154.59 177.10 196.90 220.00 243.10 262.90

5 5 5 4 4 I
22.50 179.05 204.61 226.60 251.92 277.53 295.76

5 5 5 5 4 2
25.00 203.51 232.32 257.09 285.18 313.60 330.08
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Table 6-2 Continued

Month of July 
Cow Weight (Kg)

Cow Price
$/Cwt 350.0 402.5 447.5 500.0 552.5 597.5

I I 4 I I I
15.00 115.50 132.82 147.85 165.00 182.32 197.18

I I 4 I I I
17.50 134.75 154.96 172.35 192.50 212.71 230.04

5 5 4 4 4 2
20. 00 157.23 180.34 200.23 223.40 256.57 263.97

5 5 5 5 4 2
22.50 180.61 207.01 229.59 256.05 282.18 301.46

5 5 5 5 4 2
25.00 203.98 233.68 259.08 288.84 317.78 338.95
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Table 6-2 Continued

Month of August 
Cow Weight (Kg)

Cow Price
$/Cwt 350.0 402.5 447.5 500.0 552.5 597.5

4 4 4 4 3 2
15.00 119.64 137.81 153.30 171.14 189.00 203.23

5 4 4 4 4 I
17.50 136.00 156.38 173.87 194.04 214.22 230.04

I I I I I I
20. 00 154.00 177.10 196.90 220.00 243.10 262.90

I I I I I I
22.50 173.25 199.24 221.51 247.50 273.49 295.76

I I I I I I
25.00 192.50 221.38 246.12 275.00 303.87 328.62
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until April, or that he decides to cull cows from his breeding herd 

in April. For cows weighing 552.5 kg the optimal decision would be 

to sell at prices of $20.00/cwt. and more. At a price of $17.50 

the return-maximizing policy is to hold and feed for 0.50 kg daily 

gain. The expected return from the optimal policy (which does not 

consider sunk costs incurred before April) is $213.60. From Table 

6-1, the return from selling the cows immediately is $212.71. Thus, 

for 552.5 kg cows at a price of $17.50 in April, holding and feeding 

will increase expected returns by only $213.60 - $212.71, or $0.89 

per head. However, this expected return from holding is in addition 

to all costs of holding.

It is apparent from Table 6-2 that generalization is difficult. 

Under the assumptions of no grade increases and nine percent annual 

cost of capital, expected returns could be increased by holding and 

feeding cows in the months November through March, regardless of 

price level and cow weight. The optimal feeding decision, however, 

does depend on price and weight. From April through August, expected 

returns could be increased by holding and feeding at some prices 

and weights. From May to July, holding light and intermediate weight 

cows would increase expected returns when prices are relatively high. 

In August, expected returns would increase only at the lowest price 

levels. In September and October, returns would not be increased by
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holding cows.

Increases in expected returns would be substantial in some 

cases. At a price of $25.00/cwt. if a 350 kg cow was culled in 

November and sold immediately, the return would be $192.50. But if 

this same cow were held and fed according to an optimal policy the 

expected return would be.$226.25. This represents.an increase, over 

all costs, of $33.75. For cows culled after November, increases in 

expected returns would be smaller. A 350 kg cow culled in February 

at price $25.00 has an expected return from holding and feeding of 

$210.97. This represents an increase of $18.47 over the .return from 

selling immediately.

Feeding periods would be quite long. In most instances, cows 

culled in November would be sold in April or May, a feeding period of 

five or six months.

Changes in the Cost of Capital

In some cases, increased expected returns from holding and 

feeding cows are quite small. In April, the expected returns for 

holding and feeding 500.00 kg cows when the price is $25.00 are

^This result is subject to the restriction that cows must be sold by 
the end of October. If cows could be held for the higher prices 
expected after November, holding and feeding might increase returns 
in September and October.
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$277.04. These cows would return $275.00 if sold immediately. This

\
suggests that optimal decisions might be sensitive to the cost of 

capital. To test the sensitivity of the results to the cost of 

capital, optimal decisions and expected returns were obtained under 

the assumption that the annual cost of capital is 21 percent. This 

might represent an annual interest rate of 9 percent and death.loss of 

12 percent, or some.equivalent combination of interest and death 

losses. For r = 0.21 the monthly discount factor, 0, is I/Jl.+ 

(0.21/12)] or 0.9828.

Under this assumption, the results from selling immediately remain 

as shown on Table 6-1. Optimal decisions and the expected returns 

from optimal policies are presented in Table 6-3. Results are not 

presented for the months of September and October. In these months 

the optimal decision is always to sell immediately and returns are as 

shown in Table 6-1.

With 21 percent annual cost of capital, expected returns would be

decreased for holding and feeding cows. However, holding and feeding

would still increase expected returns over selling immediately in some .
•' ■ ,

instances. At a price of $25.00/cwt. holding and feeding a 350 kg cow 

culled in November according to an optimal policy would increase 

returns by $24.18 vs $33.75. under the nine percent cost of capital 

assumption. Again, generalization from the tables is. difficult. With 

the higher cost of capital the feeding period would generally be
I
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Optimal Decisions for Cow Disposal and 
Expected Returns for Optimal Policies

Under assumptions of 21 percent annual cost of capital 
and no grade changes.

Upper figure is optimal decision: I, sell immediately; 2 feed for
0.00 kg/day gain; 3, feed for 0.25 kg/day gain; 4, feed for 0.50 
kg/day gain; 5, feed for 0.75 kg/day gain; 6, feed for 1.00 kg/day 
gain; 7, feed for 1.25 kg/day gain. Low figure is expected returns 
from following an optimal policy.

Table 6-3

Month of November

Cow Price 
$/ Cwt

Cow Weight (Kg)

350.0 402.5 447.5 500.0 552.5 597.5

4 4 4 4 3 2
15.00 128.48 148.18 164.35 182.90 200.73 210.86

5 4 4 4 3 2
17.50 152.43 174.18 192.56 213.86 232.73 243.03

5 5 4 4 4 2
20.00 177.10 201.12 221.13 245.12 264.83 276.22

5 5 5 4 4 2
22.50 200.00 226.84 249.15 275.22 298.45 310.47

5 5 5 5 4 2
25.00 216.68 246.31 271.41 299.87 327.44 340.06



80
Table 6-3 Continued

Cow Price 
$/Cwt

Month of December 
Cow Weight (Kg)

350.0 402.5 447.5 500.0 552.5 597.5

4 4 4 4 3 2
15.00 124.05 143.21 159.23 177.67 195.88 207.58

5 4 4 4 4 2
17.50 149.19 170.81 189.38 210.70 230.96i 242.87

5 5 4 4 3 2
20. 00 175.22 199.53 220.27 244.53 266.33 278.78

5 5 5 5 4 2
22.50 200.36 227.73 250.46 277.98 301.60 316.69

5 5 5 5 4 2
25.00 219.32 249.97 275.96 306.68 334.98 352.04

I
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Table 6-3 Continued

Month of January 
Cow Weight (Kg)

Cow Price 
$/ Cwt 350.0 402.5 447.5 500.0 552.5 597.5

15.00
4

123.44
4

142.40
4

158.77
4

177.28
3

195.92
2

209.05

17. 50
5

145.15
4

166.44
4

185.04
4

206.21
4

227.44
2

241.21

20.00
5

167.74
5

191.46
5

212.06
5

235.84
4

259.70
2

273.39

22.50
5

190.32
5

216.87
5

239.90
5

266.12
4

292.01
2

306.96

25.00
5

211.23
5

240.53
5

265.95
5

294.84
4

322.87
2

341.95
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Table 6-3 Continued

Month of February 
Cow Weight (Kg)

Cow Price 
$/Cwt 350.0 402.5 447.5 500.0 552.5 597.5

15.00
4

120.93
4

139.31
4

155.04
4

173.17
4

191.57
2

205.89

17.50
5

139.94
4

160.77
4

178.85
4

199.39
4

220.31
2

236.06

20.00
5

159.88
5

182.97
4

203.12
4

226.24
4

249.67
2

266.23

22.50
5

179.96
5

205.67
5

227.76
5

253.18
5

279.28
2

296.40

25.00
5

200.01
5

228.39
5

252.76
5

280.47
5

309.23
I

328.62

i
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Table 6-3 Continued

Month of March

Cow Price 
$/Cwt

Cow Weight (Kg)

350.0 402.5 447.5 500.0 552.5 597.5

I I I I I I
15.00 115.50 132.83 147.68 165.00 182.32 197.18

I I I I I I
17.50 134.75 154.96 172.29 192.50 212.71 230.04

5 5 4 4 4 I
20.00 155.26 178.09 197.78 220.67 243.56 262.90

5 5 5 5 4 I
22.50 175.89 201.63 223.64 249.44 274.98 295.76

5 5 5 5 4 I
25.00 196.51 225.16 249.66 278.37 306.41 328.62
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Table 6-3 Continued

Month of April 
Cow Weight (Kg)

Cow Price 
$/Cwt 350.0 402.5 447.5 500.0 552.5 597.5

15.00
I

115.50
4

132.86
4

147.82
4

165.04
3

182.37
I

197.18

17.50
I

134.75
I

154.96
I

172.29
I

192.50
I

212.71
I

230.04

20.00
I

154.00
I

177.10
I

196.90
I

220.00
I

243.10
I

262.90

22.50
I

173.25
I

199.24
I

221.51
I

247.50
I

273.49
I

295.76

25.00
5

192.53
I

221.38
I

246.12
I

275.00
I

303.87
I

328.62

i
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Table 6-3 Continued

Cow Price 
$/Cwt

Month of 
Cow Weight

May
(Kg)

350.0 402.5 447.5 500.0 552.5 597.5

I I I I I I
15.00 115.50 132.82 147.68 165.00 182.32 197.18

I I I I I I
17.50 134.75 154.96 172.29 192.50 212.71 230.04

I I I I I I
20.00 154.00 177.10 196.90 220.00 243.10 262.90

I I I I I I
22.50 173.25 199.24 221.51 247.50 273.49 295.76

5 I I I I I
25.00 194.43 221.38 246.12 275.00 303.87 328.62
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Table 6-3 Continued

Cow Price 
$/Cwt

Month of 
Cow Weight

June
(Kg)

350.0 402.5 447.5 500.0 552.5 597.5

I I I I I I
15.00 115.50 132.82 147.68 165.00 182.32 197.18

I I I I I I
17.50 134.75 154.96 172.29 192.50 212.71 230.04

I I I I I I
20. 00 154.00 177.10 196.90 220.00 243.10 262.90

5 5 5 I I I
22.50 175.17 200.20 221.74 247.50 273.49 295.76

5 5 5 5 4 I
25.00 199.14 227.36 251.63 279.18 307.09 328.62
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Table 6-3 Continued

Cow Price 
$/ Cwt

Month of 
Cow Weight

July
(Kg)

350.0 402.5 447.5 500.0 552.5 597.5

I I I I I I
15.00 115.50 132.82 147.68 165.00 182.32 197.18

I I I I I I
17.50 134.75 154.96 172.29 192.50 212.71 230.04

5 5 4 4 4 I
20. 00 155.56 178.43 198.15 221.08 244.02 262.90

5 5 5 5 4 2
22.50 178.70 204.84 227.19 253.38 279.27 298.40

5 5 5 5 4 2
25.00 201.85 231.24 256.39 285.85 314.53 335.53

I I
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Table 6-3 Continued

Month of August

Cow Price 
$/Cwt

Cow Weight (Kg)

350.0 402.5 447.5 500.0 552.5 597.5

4 4 4 4 3 2
15.00 118.36 136.35 151.68 169.34 187.05 201.26

I I I I I I
17.50 134.75 154.96 172.29 192.50 212.71 230.04

I I I I I I
20.00 154.00 177.10 196.90 220.00 243.10 262.90

I I I I I I
22.50 173.25 199.24 221.51 247.50 273.49 295.76

I I I I I I
25.00 192.50 221.38 246.12 275.00 303.87 328.62
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shorter. Most cows would be sold in March or April. After April, 

holding and feeding would increase expected returns in few cases, 

generally for lightweight cows.

Grade Changes

Higher grades of slaughter cows yield higher market prices. For 

a given cow, grade will generally increase as weight increases. Thus,
I ' .

grade increases may affect the expected returns from feeding cull 

cows. Unfortunately, the grade increases that, might be expected are 

unknown.

To test the sensitivity of the dynamic programming results to 

grade changes, an alternative method of calculating expected immediate 

returns for selling and terminal values was used. It was assumed 

that, cows weighing less than 400 kg would grade canner, cows weighing 

400 to 447.5 kg would grade utility, and cows weighing 450 kg or more 

would grade commercial.

The technique of ordinary least squares (Kmenta 1971:206-208) was 

used to calculate coefficients for determining utility and canner 

prices from the commercial price. Data used was 197 observations of

monthly average cow prices at Billings, Montana for the period January
I ' 1

1960 through May 1976. The estimated equations are:

I) PJ utility -I.Oil + 1.038P . ,
(11.74)^0mmercial I
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R2 = 0,986 SE = 0.708

2) Pcanner = -1.1219 + 0.9703P
(86.3) commercial

R2 = 0.956 SE = 1.09

^Values in parenthesis■are t-values.

Thus, the expected immediate returns from decisions to sell cows and

1) (Weight) • (-1.1219 + 0.9703 » Price) for cows weighing less 

than 400 kg;

2) (Weight) • (-1.011 + 1.038 • Price) for cows weighting 400 to 

447.5 kg; and,

3) (Weight) • (Price) for cows weighing 450 kg or more.

Table 6-4 shows the returns that would result for selling cows

immediately at selected commercial cow prices and cow weights under 

the assumption of grade changes at specified weights. Table 6.5 shows 

optimal decisions and expected returns under the assumptions of grade 

changes and nine percent annual cost of capital. Results are not shown 

for the months of September and October. For the weights and prices 

presented returns would be maximized by selling immediately in these 

months.
I

For cows capable of changing grade, expected returns for holding 

and feeding would be increased under the grade changes assumption.

This is particularly true of cows that would change from canner to

terminal values are calculated as:
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Returns from Selling Cows Immediately 
Under Assumption of grade changes

Table 6-4

Commercial 
Cow Price 
$/Cwt

Cow Weight (Kg)

350.0 402.5 447.5 500.0 552.5 597.5

15.00 102.68 128.92 143.33 165.00 182.32 197.18

17.50 121.36 151.90 168.88 192.50 212.71 230.04

20.00 140.03 174.87 194.43 220.00 243.10 262.90

22.50 158.72 197.86 219.98 247.50 273.49 295.76

25.00 177.40 220.83 245.52 275.00 303.87 328.62



92

Optimal Decisions for Cow Disposal and 
Expected Returns for Optimal Policies

Under assumptions of nine percent annual cost of capital 
and grade changes at certain weights

Upper figure is optimal decision: I, sell immediately; 2, feed for
0.00 kg/day gain; 3, feed for 0.25 kg/day gain; 4, feed for 0.50 kg/day 
gain; 5, feed for 0.75 kg/day gain; 6, feed for 1.00 kg/day gain; 7, 
feed for 1.25 kg/day gain. Lower figure is expected return from follow
ing an optimal policy.

Table 6-5

Cow Price

Month of November 
Cow weight (Kg)

$/cwt 350.0 402.5 447.5 500.0 552.5 597.5

>
15.00

5
137.64

4
157.62

4
174.40

4
193.89

3
211.92

2
220.74

17.50
5

164.40
4

185.57
4

204.13
4

226.49
3

245.73
2

254.60

20.00
5

190.75
5

213.94
5

234.38
4

259.39
3

279.39
2

288.38

22.50
5

212.97
5

239.80
5

262.86
4

289.89
3

311.15
2

321.65

25.00
5

226.96
5

256.72
5

282.43
5

311.63
4

338.04
2

350.49
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Table 6-5 Continued

Month of December

Cow Price 
$/Cwt

Cow Weight (Kg)

350.0 402.5 447.5 500.0 552.5 597.5

5 4 4 4 3 2
15.00 130.10 150.72 167.04 186.05 204.46 214.65

5 4 4 4 3 2
17.50 158.68 179.98 198.35 220.44 241.19 251.56

5 5 4 4 3 2
20.00 188.04 210.42 230.68 255.75 278.12 288.50

5 5 5 5 3 2
22.50 212.84 238.77 261.73 290.29 313.77 325.03

5 5 5 5 4 2
25.00 227.69 258.56 284.40 315.85 343.41 362.00
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Table 6-5 Continued

Month of January

Cow Price 
$/Cwt

Cow weight (Kg)

350.0 402.5 447.5 500.0 552.5 597.5

4 4 4 4 3 2
15.00 126.18 147.94 164.31 183.13 201.99 213.66

5 4 4 4 4 2
17.50 151.15 173.25 191.49 213.12 234.93 246.93

5 4 4 5 4 2
20.00 177.86 200.33 219.99 243.84 268.27 280.28

5 5 5 5 4 2
22.50 202.55 226.71 248.61 275.03 301.56 313.58

5 5 5 5 4 2
25.00 221.17 249.14 274.54 303.97 332.52 346.23
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Table 6-5 Continued

Month of February

Cow Price 
$/Cwt

Cow Weight (Kg)

350.0 402.5 447.5 500.0 552.5 597.5

5 5 4 4 4 2
15.00 120.98 142.32 158.74 176.86 195.50 208.06

5 5 4 4 4 2
17.50 142.56 164.82 182.94 203.74 224.91 238.84

5 5 4 4 4 2
20.00 166.18 188.86 208.00 231.13 255.02 269.81

5 5 4 5 5 2
22.50 190.15 214.29 234.37 258.80 285.31 300.80

5 5 5 5 5 2
25.00 211.03 237.41 259.50 286.59 315.85 331.74
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Table 6-5 Continued

Month of March

Cow Price 
$/Cwt

Cow Weight (Kg)

350.0 402.5 447.5 500.0 552.5 597.5

5 5 4 4 3 2
15. 00 111.79 132.36 149.75 166.94 184.49 197.34

5 5 4 4 4 2
17.50 133.51 155.12 174.91 194.84 214.85 230.08

5 5 4 4 4 2
20.00 157.85 180.08 200.37 223.03 246.12 263.48

5 5 4 5 4 2
22.50 183.14 207.52 227.90 252.20 277.84 296.90

5 5 5 5 4 2
25.00 206.83 233.89 255.44 281.77 309.58 330.31
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Table 6-5 Continued

Month of April

Cow Price 
$/Cwt

Cow Weight (kg)

350.0 402.5 447.5 500.0 552.5 597.5

5 4 4 4 3 2
15.00 109.03 130.55 149.40 166.80 184.28 198.30

5 4 4 4 4 I
17.50 129.94 153.01 173.36 193.48 213.60 230.04

5 4 4 4 I I
20.00 152.88 176.48 197.40 220.17 243-10 262.90

5 5 4 5 I I
22.50 177.31 202.43 223.45 247.55 273.49 295.76

5 5 5 5 I I
25.00 201.55 228.52 251.15 277.04 303.87 328.62
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Table 6-5 Continued

Cow Price 
$/Cwt

Month of 
Cow Weight

May
(Kg)

350.0 402.5 447.5 500.0 552.5 597.5

4 I 4 I I I
15.00 106.91 128.92 146.92 165.00 182.32 197.18

5 I 4 I I I
17.50 127.76 151.90 170.59 192.50 212.71 230.04

5 5 4 I I I
20.00 151.35 175.12 194.99 220.00 243.10 262.90

5 5 5 I I I
22.50 176.24 201.92 223.13 247.50 273.49 295.76

5 5 5 5 4 I
25.00 201.06 228.83 252.61 278.90 306.38 328.62
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Table 6-5 Continued

Cow Price 
$/Cwt

Month of 
Cow Weight

June
(Kg)

350.0 402.5 447.5 500.0 552.5 597.5

5 I I I I I
15.00 107.13 128.91 143.33 165.00 182.32 197.18

5 I I I I I
17.50 128.09 151.90 168.88 192.50 212.71 230.04

5 5 4 I I I
20.00 149.40 175.33 196.75 220.00 243.10 262.90

6 5 5 4 4 I
22.50 172.16 203.60 226.60 251.92 277.53 295.76

6 5 5 5 4 2
25.00 198.02 232.36 257.09 285.18 313.60 330.08
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Table 6-5 Continued

Cow Price 
$/Cwt

Month of 
Cow Weight

July
(Kg)

350.0 402.5 447.5 • 500.0 552.5 597.5

5 4 4 I I I
15.00 105.33 129.05 147.85 165.00 182.32 197.18

6 4 4 I I I
17.50 124.68 152.07 172.35 192.50 212.71 230.04

6 5 4 4 4 2
20.00 145.88 178.31 200.23 223.40 246.57 263.97

6 5 5 5 4 2
22.50 167.07 205.99 229.59 256.05 282.18 301.46

6 5 5 5 4 2
25.00 188.27 233.67 259.08 288.84 317.78 338.95
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Table 6-5 Continued

Cow Price 
$/Cwt

Month of August 
Cow Weight (Kg)

350.0 402.5 447.5 500.0 552.5 597.5

4 4 4 4 3 2
15.00 106.09 134.20 153.29 171.14 189.00 203.34

4 4 4 4 4 I
17.50 121.84 153.47 173.87 194.04 214.22 230.04

I I 4 I I I
20.00 140.04 174.88 194.43 220.0 243.10 262.90

I I I I I I
22.50 158.72 197.86 219.98 247.50 273.49 295.76

I I I I I I
25.00 177.40 220.83 245.52 275.00 303.87 328.62

i



102
utility grade, where the price differential is greatest. For a 350.0 

kg cow culled in November at a commercial price of $25.00/,cwt. the 

return from selling immediately would be $177.40. For an optimal 

holding and feeding policy, the expected return from this cow would 

be $226.96. The expected increase in returns over all costs is 

$49.56.

The possibility of grade changes makes holding and feeding optimal 

in some cases where without grade changes returns would be maximized 

by selling immediately. This is true for 350.0 kg cows at prices of 

$15.00 to $20.00/cwt. in May. It is also true for cows weighing 

380-395 kg in September and October regardless of price (results for 

these weights of cows are not presented in the tables). This is the 

only case where the model determined that expected returns could be 

increased by holding and feeding in September or October. In other 

cases the assumption of grade changes does not change the optimal 

decisions. An example is for 350.0 kg cows at prices of $17.50 to 

$25.00/cwt. in November and December.

Summary

In this chapter the dynamic programming model was described in 

terms of its numeric components. Results obtained with the model 

under three sets of assumptions were presented. Initially it ;was 

assumed that there would be no grade changes and that the annual cost
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of capital would be nine percent. Under these assumptions expected 

returns would be increased by holding and.feeding cull cows from 

November at least through March. Second, it was assumed that there 

would be no grade changes and that the annual cost of capital would 

be 21 percent. Under these assumptions holding.and feeding could 

still increase returns from cull cows. However, expected returns 

would be relatively smaller than if the cost of capital was nine 

percent. Third, it was assumed that there would be grade changes at 

specified weights and that the cost of capital would be nine percent. 

Grade changes from cow feeding would increase returns relative to . 

holding and feeding without grade changes.



CHAPTER 7

SUMMARY AND-CONCLUSIONS

Chapter 7 begins with a summary of this research on cull cow 

marketing. Conclusions that can be drawn from the work are presented. 

Some limitations of the study and their implications are discussed. 

Finally, suggestions for extensions of this research are made;

Summary

Cull cows are an important product of the cow-calf ranching 

operations that make up the major sector of the Montana livestock 

industry. Montana ranchers probably cull 10 to 15 percent of their 

beef cows each year. Based on the 1976 estimate of 1,614,000 beef 

cows in the state (Montana Department of Agriculture and Statistical 

Reporting Service- USDA . 1976) between 160,000 and 240,000 cull cows 

will be produced. Revenue from the sale of cull cows is a substantial 

contribution to the income of individual ranchers and the state as 

a whole.

Production processes prevalent in Montana result in a large 

proportion of cull cows being sold in the months of November and 

December. An analysis of cow prices showed that seasonal variation 

is statistically significant and that the lowest monthly prices are 

received in November and December.
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The existence of significant seasonal variation suggests that 

returns might be increased for ranchers who hold their culls for the 

higher prices that can be expected after November. Ranchers might 

also increase returns by feeding culls high energy rations to increase 

cow weight and grade. Thus, there are a number of cow disposal . 

policies available to ranchers.

The problem of choosing an optimal cow-disposal policy was shown 

to be a multi-stage decision problem under conditions of uncertainty. 

Dynamic programming was identified as an appropriate technique for 

choosing the disposal policy that maximizes expected returns.

In the dynamic programming model, at the beginning of each month 

after cows have been culled, one of seven decision alternatives may be 

chosen. Cows may either be sold or held and fed the least-cost ration 

to produce 0.00, 0.25, 0.50, 0.75, 1.00, or 1.25 kg of gain per day 

(except that cows weighing more than 437.5 kg are assumed to be 

incapable of gaining 1.25 kg/day). For any weight of cow and any 

level of cow prices, the model determined the optimal decision. The 

alternative chosen was optimal assuming that an optimal sequence of 

decisions would be made in following months.

The dynamic programming model considered several variables that 

affect the expected returns from alternative cow disposal policies. 

These variables were:

I) price changes;

I
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2) weight increases;

3) grade increases;

4) sickness and death losses;

5) cost of capital;

6) cost of feed; and

7) cost of labor and facilities.
iPrice Changes. Changes in the level of cow prices were assumed 

to be stochastic: that is, prices were assumed to change from month

to month according to a probability distribution. The probability, 

distribution for price changes was based on a regression model that 

predicted price in month t as a function of price the previous month, 

a trend variable, and dummy variables to account for seasonal variation. 

Average monthly commercial cow prices at Billings, Montana were used 

for the regression analysis. The form of the probability distribution 

for price in month t is:

Pt̂  N(a. + B1P ^ 1, SE2)

where:

a. is a constant for month i; 

is a constant for month i;

P  ̂is price in month t-1; and
2 1 SE is the square of the standard error of the estimate

of the regression equation that determined the values
of a. and B.'.I I

Price increases that occur with grade increases were assumed to



107

be deterministic. Prices for other grades of cows are generally lower 

than the price of commercial grade cows. Equations to estimate theI
prices of canner and utility grade cows from the price of commercial 

grade cows were estimated by linear regression. These equations were 

of the form:

where:
Pi + eiPj

is the price of cows of grade i;

a^ is a constant for cow grade i.;

is a constant for cow grade i; and

P .' is the price of commercial grade cows.
J, .. . ' 1

Weight Increases. Weight increases were assumed to be determin

istic; for a given ration fed to a given weight cow the expected 

weight gain would be attained with probability one. The weight gains 

expected from feeding alternative rations were determined from 

published studies of the nutrient requirements of beef cattle and 

the nutrient values of feeds (Lofgren and Garrett 1968; National 

Research Council 1976). It was assumed that once cows reached a 

weight of 597.5 kg no further gain was possible.

Grade'Increases. The grade increases that can be expected from 

feeding cull cows are unknown. However, grade increases are expected 

to have a substantial impact on returns from cow feeding. Initially, 

optimal strategies were determined under the assumption that cows
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would not change grades. To test the sensitivity of the results to 

increases in grade, optimal strategies were also calculated under 

•the assumption that:

1) cows weighing less than 400 kg grade canner;

2) cows weighing 400 to 447.5 kg grade utility; and

3) cows weighing 450 kg or more grade commercial.

Sickness and Death Losses and Costs of Capital. It was shown

that sickness and death losses can be regarded as a cost of capital. 

Another cost of capital is opportunity value, the return that could 

be realized by investing capital in the best alternative besides cull . 

cows. To test the sensitivity of results to the cost of capital 

optimal policies were obtained under two assumptions: ?

1) that the annual cost of capital is 9 percent, and i

2) that the annual cost of capital is 21 percent. ,

Cost of Feed. Least-cost rations to achieve six alternative 

rates of gain for six different cow weights in three different weather 

periods were calculated by linear programming. Thus, the cost of 

feeding depends on cow weight, weight' gain desired, and the season of 

the year. It was assumed that prices of feed ingredients were 

constant and equal to prices that existed in Montana in the late 

summer of 1976.

Cost of Labor and Facilities. The cost for labor and use of 

facilities to hold and feed cows was assumed to be constant and equal
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to $1.50 per animal per month.

Conclusions

The dynamic programming results indicate that Montana ranchers 

could increase expected returns by holding and feeding cull cows. The 

greatest potential increases are realized from holding cows culled in 

November when prices are seasonally low. Expected returns could be 

increased by holding and feeding all cull cows in November through 

January even if the cost of capital was high and grade increases were 

not considered. After January, holding and feeding cows would 

increase expected returns in some cases. Increases in expected returns 

depend on cow prices, cow weights, cost of capital, and grade 

increases.

Given the costs used for feed ingredients, labor, facilities use, 

and capital, the cost of gain always exceeds $25 per cwt. Even though 

cow prices above $25 per cwt. were not considered, expected returns 

could be increased by holding and feeding cows. This is because 

price increases apply to the whole weight of the cow, not just weight 

that is gained during the feeding period. .The fact that the cost of 

gain is greater than the value of the gain does not imply that weight 

increases are not important or not desirable. Weight increases may 

result in grade increases that will increase the value of cows. Also, 

to some degree, the cost of holding cows can be offset by the value of
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gain produced. Thus, the proper criterion for choosing a cull cow 

ration is to minimize the difference between the cost of the ration 

and the expected value of weight and grade increases produced by 

the ration.

The historical pattern of seasonal variation indicates that cow 

prices can be expected to increase in each month from November through 

May. Changes in this seasonal pattern would affect the returns from 

holding and feeding cows. The large numbers of.culls that are 

typically sold in the fall contribute to seasonal price variation. If 

many ranchers adopted the practice of holding and feeding cows, fewer 

cows would be sold in the fall and seasonal variation would be reduced. 

Reduced seasonal variation would reduce expected returns for holding 

and feeding cull cows through the fall and winter.

The dynamic programming results indicate that the optimal rate of 

gain for cull cows is usually 0.50 or 0.75 kg per day. Least-cost 

rations to produce these rates of gain consist largely of corn silage. 

The sensitivity of the results to costs and availability of feed 

ingredients has not been tested. However, if corn silage was not 

available, the returns from holding and feeding cows would be reduced 

to some degree. This suggests that areas of Montana where corn 

silage is produced might have a comparative advantage in' holding and 

feeding cull cows.
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Limitations of the Model and 
Suggestions for Further Research

The dynamic programming model determines optimal decisions subject 

to the information that is provided. Better information about any ■ 

parameter that affects returns will lead to better decisions.

A parameter with a major impact on returns is cow price. In many 

cases, increased returns from holding and feeding cows depend on price 

increases. To the extent that price can be predicted, returns can be 

increased. Thus, additional study of cow prices and price prediction 

is warranted.

Grade changes affect optimal cow disposal policies. Presently, 

little is known about the relationship between cow feeding and grade 

changes. An investigation of the grade changes that might result 

from cow feeding is suggested as a fruitful area for further research.

Nutrient requirements for gain of cull cows have not been 

determined experimentally. Cow feeding trials could provide better 

information about the nutrient requirements and expected performance 

of cull cows under Montana conditions.

For this study the cost of feed ingredients was assumed to be 

constant. Of course, the cost of feed ingredients fluctuates over 

time. Additional study to determine the sensitivity of results to 

changes in feed prices would be useful.

In Montana most cull cows are marketed through local auction

/
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yards. Implications of changes in the structure of the cow marketing 

system are not investigated here. Neither are all causes of seasonal 

variation. However, if seasonal variation is a symptom of market 

imperfection, returns to Montana ranchers might be increased through 

development of a more efficient marketing system. Investigation of 

alternative marketing systems might be a rewarding area for additional
r

research.

' I Ii
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Appendix A

Ingredients in kilograms per day 
Costs in dollars per day

Rations for 350 kg Cows in Normal Weather

Least-Cost Rations for Cow Feeding

Rate of Gain (kg/day):
Ingredient 0.00 0.25 . 0.50 0.75 1.00 1.25

Alfalfa Hay .60 .23 .23 .23 .23 .23

Barley Straw 6.92 7.00 7.25 4.24

Barley Grain 2.68 5.12

Wheat Grain 4.32

Corn Silage 4.18 8.68 18.11 21.49 6.43

Dical.
Phosphate .017 .003

Urea .013 .004

Cost Per Day .150 .192 .264 .359 0.303 1.300
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Rations for 400 kg. Cows in Normal Weather

Ingredient 0.00
Rate of. Gain 

0.25 0.50
(kg/day): 

0.75 1.00 1.25

Alfalfa Hay .71 .26 .26 .26 .26 .26

Barley Straw 7.01 7.74 8.03

Barley Grain 2.78 3.28 5.44

Wheat Grain .63 5.30

Corn Silage 4.16 8.63 21.25 18.69 3.47

Dical.
Phosphate .021 .005

Urea .015 .008

Cost Per day .158 .207 .277 .385 .779 1.423

I
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Rations for 450 kg. Cows in Normal Weather

Ingredient 0.00

Rate of Gain 

0.25 0.50

(kg/day): 

0.75 1.00 1.25

Alfalfa Hay 0.81 0.30 0.30 0.30 0.30 0.30

Barley Straw 7.62 8.45 8.18 1.39

Barley Grain 3.56 5.74

Wheat Grain 1.52 6.24

Corn Silage 4.15 9.29 24.25 16.01 . 64

Dical. 
Phosphate .022 .007

Urea .017 .013

Cost Per Day .173 .222 .291 .409 .891 1.541
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Rations for 500 kg. Cows in Normal Weather

Rate of Gain (kg/day):
Ingredient 0.00 0.25 0.50 0.75 1.00

Alfalfa Hay .84 .31 .31 .31 .31

Barley Straw 8.30 9.15 6.82 .03

Barley Grain 3.88

Wheat Grain 2.34

Corn Silage 4.16 12.25 27.21 13.43

Dical. Phosphate .024 .009

Urea .018 .015

Cost Per Day .187 .236 .315 .433 .999
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Rations for 550 kg. Cows in Normal Weather

Ingredient
Rate

0.00
of Gain 
0.25

(kg/day):
0.50 0.75 1.00

Alfalfa Hay .93 .34 .34 .34 .34

Barley Straw 8.89 9.83 5.47 1.13

Barley Grain 4.17

Wheat Grain 3.25

Corn Silage 4.15 15.15 24.69 10.70

Dical. Phosphate .026 .011

Urea .020 .019

Cost Per Day 2.01 .250 .339 .532 1.113
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Rations for 600 kg. Cows in Normal Weather

Rate of Gain (kg/day):
Ingredient 0.00 0.25 0.50 0.75 1.00

Alfalfa Hay .97 .36 .36 .36 .36

Barley Straw 9.43 10.28 4.19 2.23

Barley Grain 4.48

Wheat Grain 4.07

Corn Silage 4.43 17.94 22.22 8.12

Dical. Phosphate .028 .013

Urea .020 .020

Cost Per Day .214 .263 .361 .627 1.221

I

I
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Rations for 350 kg. Cows in January Weather

Ingredient 0.00
Rate of Gain 

0.25 0.50
(kg/dav): 

0.75 1.00 1.25

Alfalfa Hay .33 .23 .23 .23 .23 .23

Barley Straw 7.00 8.79 9.16 5.01

Barley Grain 2.02 5.20

Wheat Grain 3.56

Corn Silage 2.01 4.30 8.68 19.36 25.89 10.88

Dical. 
Phosphate .011

Urea .013

Cost Per Day .168 .222 .295 .391 .654 1.278
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Rations for 400 kg. Cows in January Weather

Rate of Gain (kg/day):
Ingredient 0.00 0.25 0.50 0.75 1.00 1.25

Alfalfa Hay .44 .26 .26 .26 .26 .26

Barley Straw 7.74 9.52 9.74 3.55

Barley Grain 3.27 5.52

Wheat Grain 4.54

Corn Silage 1.84 4.30 8.82 22.49 23.05 7.92

Dical. 
Phosphate .013

Urea .015 .005

Cost Per Day .184 .236 .308 .417 .762 1.401
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Rations for 450 kg. Cows in January Weather

Ingredient 0.00
Rate of Gain 

0.25 0.50
(kg/day): 

0.75 1.00 1.25

Alfalfa Hay .64 .30 .30 .30 .30 .30

Barley Straw 8.45 9.83 9.31 2.77

Barley Grain 3.49 5.65

Wheat Grain .43 51.0

Corn Silage 1.03 4.30 9.71 24.14 21.51 6.30

Dical.
Phosphate .016

Urea .017 .010

Cost Per Day .193 .244 .316 .431 .824 1.468
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Rations for 500 kg. Cows in January Weather

Ingredient 0.00
Rate

0.25
of Gain (kg/day): 

0.50 0.75 1.00 1.25

Alfalfa Hay .68 .31 .31 .31 .31 .31

Barley Straw 9.14 10.54 8.20 1.41

Barley Grain 3.83 6.02

Wheat Grain 1.75 6.50

Corn Silage 1.00 4.30 12.15 27.12 16.38 .922

Dical.
Phosphate .018 .002

Urea .018 .012

Cost Per Day .207 .258 .336 .454 .961 1.615

I
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Rations for 550 kg. Cows in January Weather

Rate of Gain (kg/day):
Ingredient 0.00 0. 25 0.50 0.75 1.00 1.25

Alfalfa Hay .79 .34 .34 .34 .34 .34

Barley Straw 9.83 11.20 6.84 .06

Barley Grain 4.08 6.38

Wheat Grain 2.13 7.12

Corn Silage .83 4.32 15.04 30.02 16.33 .07

Dical.
Phosphate .020 .004

Urea .020 .016

Cost Per Day .222 .272 .360 .478 1.041 1.729
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Rations for 600 kg. Cows in January Weather

Rate of Gain (kg/day):

Ingredient 0.00 0.25 0.50 0.75 1.00

Alfalfa Hay .83 .36 .36 .36 .36

Barley Straw 10.48 11.20 5.56

Barley Brain 1.05 4.39

Wheat Grain 2.94

Corn Silage .80 5.13 17.83 27.78 13.78

Dical. Phosphate .022 .006

Urea .020 .013

Cost Per Day .234 .285 .382 .570 1.148
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Rations for 350 kg. Cows in February Weather

Ingredient 0.00
Rate c 

0.25
>f Gain (kg/day): 

0.50 0.75 1.00 1.25

Alfalfa Hay .60 .23 .23 .23 .23 .23

Barley Straw 7.00 7.65 8.02 5.01

Barley Grain 2.02 5.06

Wheat Grain 3.70

Corn Silage .09 4.30 8.68 17.95 24.48 9.48

Dical.
Phosphate .016

Urea .013 .002

Cost Per Day .152 .203 .276 .369 .632 1.257
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Rations for 400 kg. Cows in February Weather

Rate of Gain (kg/day):
Ingredient 0.00 0.25 0.50 0.75 1.00 1.25

Alfalfa Hay .70 .26 .26 .26 .26 .26

Barley Straw 7. 70 8.38 8.79 3.55

Barley Grain 3.23 5.38

Wheat Grain .03 4.68

Com Silage 4.30 8.63 21.08 21.65 6.52

Dical.
Phosphate .018 .001

Urea .015 .006

Cost Per Day .167 .218 .290 .395 .741 1.381
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Rations for 450 kg. Cows in February Weather

Ingredient 0. 00
Rate c 

0.25
if Gain (kg/day): 

0.50 0.75 1.00 1.25

Alfalfa Hay .79 .30 .30 .30 .30 .30

Barley Straw 8.31 9.07 8.83 2.16

Barley Grain 3.51 5.68

Wlieat Grain .92 5.61

Corn Silage 4.30 9.36 24.08 18.97 3.69

Dical.
Phosphate .019 .003

Urea .017 .011

Cost Per Day .183 .233 .303 .420 .852 1.499

I
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Rations for 500 kg. Cows in February Weather

Rate of Gain (kg/day):
Ingredient 0.00 0.25 0.50 0.75 1.00 1.25

Alfalfa Hay .82 .31 .31 .31 .31 .31

Barley Straw 9.00 9.78 7.59 .80

Barley Grain 3.81 5.99

Wheat Grain 1.26 5.98

Corn Silage 4.30 12.08 27.05 18.93 3.56

Dical. 
Phosphate .021 .006

Urea .018 .013

Cost Per Day .196 .247 .325 .443 .933 1.583

I

I
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Returns for 550 kg. Cows in February Weather

Ingredient 0.00
Rate of 
0.25

Gain (ke/dav): 
0.50 0.75 1.00

Alfalfa Hay .92 .34 .34 .34 .34

Barley Straw 9.24 10.07 6.85 .06

Barley Grain 3.94

Wheat Grain 2.27

Corn Silage 4.30 13.64 28.61 14.93

Dical. Phosphate .024 .009

Urea .020 .018

Cost Per Day .206 .255 .338 .457 1.020

I
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Ingredient

Alfalfa Hay 

Barley Straw 

Barley Grain 

Wheat Grain 

Corn Silage 

Dical. Phosphate 

Urea

Cost Per Day

Returns for 600 kg. Cows in February Weather

Rate of Gain (kg/day):
0.00 0.25 0.50 0.75 1.00

.96 .36

9.87 10.73

4.30

.027 .012

.020 .020

.219 .268

.36 .36 .36

5.57

1.05 4.25

3.08

16.43 26.37 12.38

.361 .549 1.128
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Appendix B

The Value of Reducing Uncertainty

Suppose a decisionmaker faces a quadratic cost function 
2c = B^qt + B2qt where B3 is positive. Let the price he will receive 

consist of a portion known in advance, P, and two random elements not 

known in advance. These random elements, u^ and v^, are distributed 

independently and each have mean 0. The price recieved in period t 

is P + Uj. + Vfc.

The decision maker will maximize profit by setting expected 

price equal to marginal cost. Thus he will produce where P = B^ +

ZB^qt' The quantity produced will be qt' P - B.I.

If the decision maker could predict ut in advance he would produce 

where P + ut = B^ + 2Q̂ q̂ _. The quantity produced would be

P + U - B 1

The change in profit in period t if Ufc can be predicted is 

(P + ut + Vt)(qt" - qt') - [(B^qt" + B ^ " 2) - ( B ^ ' +  B ^ ' 2)]

(P + ut + V fc) (p +  u t ~ B !

- B„ ((P + ut - Bi)' (P - Bl)

F - V  - B1 (p + Ut - B1 - p - bI) 
on 1 2B2 2B2

(p + \  - »i
-]
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- B„ (--—--+ Ut ) = + -- + V t  _ V t  _ p Ut
o 2 2

, V t v _  V  , V t
2B2 4B2 "  4B2 2B2

2 2 U. U.v U u. V
The expected change in profit is E V -  + ~ V  = EC7V )  + E V - ^ )AB2 2B2
Var(Ufc)

Recall that because ufc and V fc are distributed independently 

E(utvt) = E(ufc) . E(vfc) = 0.

Var ufc = E ̂ ufc2 -^E(ufc)j 2 "J = E(ufc2).

The change in profit is not necessarily positive. However, the 

expected change in profit is positive and will be larger the greater 

the variance of the predicted element ufc.

If the decision maker could also predict Vfc, he could gain still 

more profit. He would produce where P + ufc + vfc = B^ + 2B2qfc. The 

quantity produced would be

P + Ut + - B,

The additional profit gain would be

(P +  U t +  VtX q t'" - qt") - [(Blflt"'

B7flr"2)]- (? + u + Vf) (? + \  + Vt - B1 -
2B0

Vt'"2) - ‘Vt" -
P + Ut - B
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P + u -  B1
- Bl <

P + u - B 2-  c— 4— )

) - B2 I (-[■P + ut + vt - B̂  2

](p - “t + V  - Bi < ^ >  -
2P v^ - 2B„v + 2u v + v 2

B2 <— $-----Y ----- -— - )

p vt ^ utvt ^ vt+ ZTZ-- +
—  2 2 B v  P v B v  u v  v v I t ___ t i t  t t t + t

2B2 ' 2B2 ’ 2B2 2B2 2B2 2B2 2B2
2v Var vt

The expected change in profit is E(—— ) = — — ---
4B2 4B2

4B2 ' 4B2

If price can be completely predicted, the change in profit is 

necessarily positive. The expected change in profit is positive and 

will be larger the larger the variance of Vfc.
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SEASONAL MULTIPLICATIVE AUTOREGRESSIVE-INTEGRATED- 
MOVING-AVERAGE TIME SERIES MODELS FOR PREDICTION 
OF THE COMMERCIAL COW PRICE AT BILLINGS, MONTANA

A. Autoregressive Models on the Twelfth Difference

1. (1-01B-02B2- . . .  - O15B15)(I-B12)Zt = ut

O1 = 1.080 02 = -0.095 03 = -0.012 0^ = -0.110 0^ = 0.326 

06 = 0.002 0? = -0.135 0g = -0.160 0g = 0.021 0^^ = -0.020 

O11 = 0.227 012 = -0.779 013 = 0.489 014 = 0.204 0 ^  = -0.142 

RSE = 1.06

2. (1-01B-02B5-03B6-04B12-05B13)(I-B12)Zt = Ufc

O1 = 0.938 02 = 0.2106 03 = -0.146 04 = -0.581 0 = 0.439

RSE = 1.15

B. Multiplicative Autoregressive Model on the Twelfth Difference

(I-T1B12 - T2B24) (1-0^) (I-B12)Zt = ut 

T1 = -0.871 T2 = -0.741 01 = 0.972 

RSE = 1.17

C. Autoregressive-Integrated-Moving-Average Model on the Twelfth 
Difference

(1-01B-02B6-03B12-04B13)(I-B12)Zt = (I-Q1B4-O2B5 - 03B6-Q4B12)ut 

01 - 0.102 02 = -0.027 03 = -0.364 04 = 0.266 

Q1 = 0.122 Q2 = 0.276 Q3 = -0.333 Q4 = 0.476 

RSE = 1.06

Appendix C



D . Autoregressive-Integrated-Moving-Average Model on the First 
Difference

(1-01B15)(I-B)Zt = (I-G1B-G2B11-G3B12)Ut
01 = -0.243 G1 = -0.286 G3 = -0.257 G3 = -0.291
RSE = 1.11

E. Autoregressive-Moving-Average Model on Undifferenced Data

(l-01B)zt = (I-G1B-G2B12)Ufc + 6
01 = 0.973 G1 = -0.272 G3 = -0.182 6 = 23.244

RSE = 1.14

136
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!
LINEAR MODELS FOR PREDICTION' OF THE 

COMMERCIAL COW PRICE AT BILLINGS, MONTANA

Description of Variables:

P is cow price in month t;

P 1 is cow price in month t-1; t—J.

AlX is an additive dummy, equal to I in month i and 0 

otherwise; , |

MEL is a multiplicative dummy equal to P in month i 

and 0 otherwise; and

TR is a time trend equal to I in January 1960, 2 in 

February 1960, etc.

Values in parenthesis are t-values. I

Appendix D

I

I

i
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A. One lagged price, eleven additive dummies, and trend are indepen

dent variables.

P = 0.6957 + 0.9573P + 0.4006AD + 0.8687AD + 0.4756AD
(44.23)C-± (1.05) 1 (2.28) 1 (1.24) 3

+ O.1299AD, - 0.2197AD - 0.5242AD, - 0.6035AD, + 0.1292ADo
(0.33) 4 (-0.57) (-1.34) 6 (-1.55) 7 (0.33) 8

- 0.6027AD - 1.287AD - 1.431AD + 0.0050TR
(-1.54) y (-3.31)1U (-3.70)11 (2.18)

R2 = 0.969 SE = 1.06

B. One lagged price, eleven multiplicative dummies, and trend are

independent variables.

P = 0.4212 + 0.9707P + 0.0317MD + 0.0522MD + 0.0198MD,
(36.63r 1 (1.67) 1 (2.80) 1 (1.08) 3

+ 0.0103MD - 0.OlOSMDr - 0.247MD, - 0.245MD + 0.0201MD- 
(0.57) 4 (-0.58) (-1.34)* (-1.32)7 (1.08) 8

- 0.04OlMD - 0.0634MD - 0.0798MD + 0.0045TR
(-2.18) y (-3.42) iU (-3.75) 11 (2.09)

R2 = 0.972 SE = 1.00

C. One lagged price, eleven additive dummies, eleven multiplicative

dummies, and trend are independent variables.

P = 1.453 + 0.9237P - 3.167AD - 2.200AD + 0.3290AD.
(17.94)t~1 (-2.37)1 (-1.73) (0.27) 3

- 1.910AD, - 0.6561AD - 0.7280AD - 2.017AD7 - 4.387AD. 
(-1.49; (-0.52) 3 (-0.56) b (-1.53)7 (-3.40)8

+ 1.732AD - 0.4255AD - 1.126AD + 0.1929MD.
(1.43) y (-0.33) 1U (-0.86)11 (2.74) ,

I
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+ 0.1608MD + 0.0105MD + 0.1007MD + 0.0253MD
(2.45) (0.17) (1.59) 4 (0.41) 5

+ 0.0135MD + 0.0720MD + 0.2257MD - 0.1091MD
(0.21) 6 (1.09) (3.47) 8 (-1.80) 9

- 0.0390MD „ - 0.0139MD + 0.0035TR
(-0.60) 1U (-0.21) 11 (1.72)

R2 = 0.978 SE = 0.928

D. Twelve lagged prices, eleven additive dummies, and trend are 

independent variables.

= 1.763 + 1.053P . - 0.0143P. „ - 0.0621P 0 - 0.1792P ,
(13.48^-1 (-0.12) (-O1S D t"3 (-1.46)t"4

+ 0.2807P , + 0.1278P , - 0.3752P^ _ + 0.0651P, Q
(2.28) t-5 (1.06) t_6 (-3.14)t-7 (0.54) t_8

+ 0.0528P Q + 0.0239P 1f1 + 0.0960P. .. - 0.1817P,
(0.43) (0.20) t'10 (0.79) t"11 (-2.22)t"12

+ 0.0656AD + 0.2520AD + 0.1995AD + 0.2279AD,
(0.17) 1 (0.60) Z (0.47) (0.53) 4

- 0.247IADc. - 0.8884AD, - 0.9871AD - 0.1236AD
(-0.55) 3 (-2.02) 6 (-2.31) (-0.29)

- 0.6606AD - 1.340AD - 1.663AD + 0.0102TR
(-1.54) 9 (-3.30)1U (-4.60)11 (4.18)

R2 = 0.977 SE = 0.945

E . Twelve lagged prices, eleven multiplicative dummies, and trend 

are independent variables.

P_ = 1.268 + I.044P . + 0.0242P . - 0.0302Pfc . - 0.2045P .
t (12.I O ^ 1 (0.21) ( - 0 . 2 5 ) (-1.71)t_4
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+ 0.3171P + 0.0830P . - 0.3488P _ + 0.0350P 0
(2.64) (0.70) 6 (-2.97)^-' (0.30) t-8

+ 0.0989P -
(0.84)

0.0478P + 0.0536P __
(-0.40)t-1° (0.46) t-11

0.IOegp1. 
(-1.32) ̂ 12

+ 0.0127MD + 0.0206MD- + 0.0069MD + 0.0103MD. - 0.0216MD
(0.64) 1 (0.95) Z (0.31) J (0.47) 4 (-0.94) 5

- 0.0484MD, - 0.0526MD - 0.0027MD,, - 0.0540MD- - 0.0784MD1A
(-2.16) (-2.38) ' (-0.12) 8 (-2.47) 9 (-3.80) 10

- 0.0896MD + 0.0097TR
(-4.91) 11 (4.13)

R2 = 0.979 SE = 0.896

F. Twelve lagged prices, eleven additive dummies, eleven multiplicative

dummies, and trend are independent variables.

P. = 1.740 + I.IlSP1. . - 0.0281P . - 0.1300P „ - 0.0886P . 
t * (H.07f-1 (-0.22)t-2 (-!.ODt"3 (-0.70)t_4

+ 0.2701P , - 0.0740P , - 0.1653P. , + 0.0203P^ D 
(2.20) t"5 (-0.61)t_6 (-1.41)t-7 (0.18)

+ 0.0572P - 0.0439P + 0.1156P^ „„ - 0.1499P^ ..
(0.52) ^ 9 (-0.39)t_10 (1.05) ^ 11 (-1.96)t^12

- 1.787AD - 1.663AD. + 0.8627AD. - 1.163AD, - 0.2825AD,.
(-1•34)1 (-1.33) (0.73) J (-0.91)4 (-0.23) 5

- 0.3162AD, - 0.9406AD - 4.028ADR + 2.535AD + 0.1702AD
(-0.26) 0 (-0.73) (-3.26)° (2.19) 9 (0.13) 10

- 1.220AD + 0.0956MD + 0.0986MD. - 0.0394MD. + 0.0509MD.
(-0.91)11 (1.32) 1 (1.44) (-0.61) J (0.75) 4

- 0.0142MD - 0.0306MD, - 0.0073MD + 0.1892MD - 0.1644MD
(-0.21) 5 (-0.48) 6 (-0.11) (2.86) (-2.65) 9
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- 0.0828MD -
(-1.18) 10

R2 = 0.984 SE =

0.0214MD + 0.0086TR
(-0.30) 11 (3.91)

0.822
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