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Abstract:
Shot peening is a viable method for the forming of aircraft wing skins to aerodynamic contours.
Presently, geometric methods used to calculate peening intensity patterns are approximate. These
methods are based on simplifying assumptions which are not valid for complex contours. The scope of
the work presented in this thesis is to develop a more accurate method of predicting peening intensity
patterns.

The finite element is used to model the effects of shot peening. Inversion of the equations to determine
an exact solution for the peening intensity pattern is impossible. An approximate solution is found
through numerical methods taking into account contour accuracy and peening intensity magnitudes.

The resulting procedure produces accurate and reasonable results for the test cases presented,
(computer simulations). Verification of the procedure will be completed when the system is field tested
on an actual wing skin. 
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ABSTRACT

Shot peening is a viable method for the forming of aircraft wing skins to 
aerodynamic contours. Presently, geometric methods used to calculate peening intensity 
patterns are approximate. These methods are based on simplifying assumptions which are 
not valid for complex contours. The scope of the work presented in this thesis is to 
develop a more accurate method of predicting peening intensity patterns.

The finite element is used to model the effects of shot peening. Inversion of the 
equations to determine an exact solution for the peening intensity pattern is impossible. 
An approximate solution is found through numerical methods taking into account contour 
accuracy and peening intensity magnitudes.

The resulting procedure produces accurate and reasonable results for the test cases 
presented, (computer simulations). Verification of the procedure will be completed when 
the system is field tested on an actual wing skin.
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CHAPTER I

INTRODUCTION

Shot peening is a process whereby the surface of a metal part is treated by 

repeatedly impacting it with small particles or shot. The treated part has improved 

resistance to fatigue and to stress corrosion cracking as well as a hardened surface. These 

beneficial effects of shot peening are well documented and the process has been widely 

used for many years to extend the useful life and reliability o f metal parts. [1-3]
if-

More recently shot peening has become increasingly important as a metal forming 

process. The process, known as peen forming, has the same beneficial effects mentioned 

above. In addition, if applied to a part o f relatively low stiffness such as a thin plate, peen 

forming has the effect of changing the shape of the part. The metal forming aspect of the 

shot peening process, specifically applied to aircraft wing skins, is the topic of this 

investigation.

In practice, shot peening is accomplished by forcing a stream of spherical particles, 

usually gjass, cast iron, or steel, to strike the surface of a part at high velocity. The shot 

particles can be propelled through a nozzle by compressed air or thrown radially from the 

hub o f a rotating hollow wheel with radial partitions. In some applications the shot 

particles are simply allowed to fall onto the part under the influence o f gravity. Depending 

on the equipment, the shot velocity is controlled by varying the air pressure, wheel speed, 

or the height from which the shot particles fall. In wheel-type machines the shot velocity
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is almost entirely dependent on wheel speed. This allows for more precise process control 

than with air-type machines. Also, relatively high shot velocities can be achieved without
I

the necessity o f dropping the shot particles from excessive heights. Typical shot velocities 

range from 100 to 250 ft/sec (30.5 to 76.2 m/sec). Shot sizes typically range from 0.023 

inches (0.058 cm) to 0.125 inches (0.318 cm) in diameter. [4]

Mechanics of a Single Shot Impact

Each shot particle leaves a small spherical indentation after impact indicating that 

the surface of the material has undergone local plastic deformation. The plastic 

deformation of the material in the immediate vicinity of the impact is the mechanism by 

which shot peening is effective. Thus shot peening is usually only applied to ductile 

materials.

After a ductile material has been plastically deformed and all external loads are 

removed, it does not return to its original shape. The material is said to have a permanent 

"set" or plastic strain) Plastic deformation due to a single shot particle impact is a local 

effect and therefore the plastic strain is also local. Deformations are required to be 

continuous at the boundary between the plastically deformed zone and the surrounding 

elastic material. This causes strains in the elastic material. The elastic and plastic strains 

in the plastically deformed zone and the purely elastic strains in the surrounding elastic 

zone generate stresses that remain present after the shot particle has rebounded from the 

surface. Stresses that are present in a material that is not under the influence of any 

external loadings, including those produced by inertial and thermal effects, are called 

residual stresses. [11]
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The plastically deformed zone

extends radially in all directions around the v

indentation and into the material to a PLASTICALLY T SHOT PARTICLE

for plastic yielding. [11,14] Ai-Hassani, [6],

depth, hp, as shown in Figure I. The 

shape of the plastically deformed zone is

given in references [6,7] and is based on a

the Tresca maximum shear stress criteria

Hertz analysis of an elastic half-space using

states that experiments have shown a Figure , p|astica||y Deformed Zone.

similar shape to that of the Hertz analysis.

The depth of the plastically deformed zone depends on the size, density, hardness, 

speed, and angle of incidence of the shot particle, and on the properties of the material 

being peened. When dynamical aspects are considered, hp is given by

where p is the shot density, V is the shot velocity, R is the shot radius, and Y is the 

material yield stress. [6] Typically, the value of hp is much less than both the diameter of 

the shot particle and the part thickness. Assuming an angle of incidence of 90 degrees 

and the following values for R, p, V, and Y, equation (I) yields a value of hp equal to 

0.047 inches (0.119 cm).

R = 0.0625 in (0.1588 cm)

p = 487 lb/ft3 (76.5 kN/m3) (steel)

V = 137.5 ft/sec (41.9 m/sec)

Y = 60 ksi (0.414 GPa) (aluminum)

hp = 2.322R(pV2/3Y)1/4 ( I )
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SHOT PARTICLE

References [1,2] present a general overview of the effect of these variables and process 

limitations. References [6,7] present a detailed analysis of the development of the plastic 

zone due to a single shot impact.

When a shot particle impacts the 

surface of the part, the material is 

compressed in the direction normal to the 

surface and stretched in the direction 

tangent to the surface. The tangential 

stretching places surface material in 

tension. As the elastic limits are exceeded, 

the material is forced to flow plastically in 

the direction tangent to the surface as

shown in Figure 2. The plastic flow of the Fjgure 2 Material Flow Due to Impact, 

surface material is resisted by the

underlying elastic material. Upon rebound of the shot particle, the stress in the plastically 

deformed zone reverses, leaving it in a state of residual compression. Static equilibrium is 

maintained as the surrounding elastic material is left in a state of residual tension. [1,2,6,7]

Macroscopic Effects

When the part has been peened uniformly over the entire surface, the result is a 

uniform layer of surface material that has been plastically deformed. The layer of surface 

material is in a state of residual compression while the underlying elastic material is in a 

state of residual tension. [1,6,7] The residual stress distribution becomes a function of the
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depth only. Furthermore, the stress is invariant under rotations in the plane tangent to the 

surface.

At this point another process variable, that of percent coverage, may be introduced. 

Shot peening may be applied to a part in a uniform manner with unaffected areas between 

individual shot impacts. Percent coverage is defined as the percentage of total surface area 

that has been indented by individual shot particles. Percent coverage of a surface can be 

controlled by varying the time of exposure to the shot stream. The effects of percent 

coverage and methods of measurement are discussed in references [!,2,7,8].

Percent coverage and shot velocity are the two most easily controlled process 

variables. This allows for the precise control of peening intensity necessary to achieve a 

desired contour.

The stress due to shot peening has 

the effect of producing a net bending 

moment and net normal force on the cross 

section. Relatively stiff parts, (thick 

sections), will not show an appreciable 

deformation due to these forces. Parts of 

relatively low stiffness, (thin sections), 

however, will deform significantly. [6,7]

Figure 3 shows a residual stress distribution

PEEKED SURFACE

COKPRESSIO:

PEEKED SURFACE
typical of a plate that has been peened 

uniformly on both sides with the same 

intensity. [2]

Figure 3. Residual Stress Distribution in a 
Uniformly Peened Plate.
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The residual stress distribution o f Figure 3 is based on several simplifying 

assumptions. The actual stress will vary in the plane tangent to the surface near individual 

shot particle impacts, especially if the coverage is less than 100%. Invariance of the stress 

under rotations in the plane tangent to the surface is due to the radial symmetry o f the 

shot particles and an assumed 90 degree angle of incidence of the shot stream. Angles of 

incidence of individual shot particles will not, in general, be 90 degrees however. Collisions 

with shot particles rebounding from the surface will cause the angle o f incidence to vary 

for individual shot particles. The fact that the normal stress on a free edge is zero implies 

that the residual stress distribution of Figure 3 is not valid near sharp edges or comers. 

This investigation is primarily concerned with the very thin plates used in the manufacture 

of commercial aircraft wing skins. Edge effects, as well as stresses in the direction normal 

to the plate, are therefore assumed to have a negligible effect on the overall deformation 

of the plate.

The assumptions of the preceding paragraph are accepted in this work allowing the 

residual stress at a specific point on the plate to be described by a scalar function of the 

depth. Other standard assumptions made in thin plate and shell theory such as "Straight 

lines normal to the neutral surface remain straight." are accepted as valid on a macroscopic 

scale as well. [12,13]

The author of references [6,7] questions the validity of these assumptions. Quoting 

Al-Hassani, [7] pp. 10:

There has been a tendency in the shot peening literature to interpret 
the residual stress in the component as if it were the result of a stretching 
action, uniformly and instantaneously distributed over the surface followed 
by an elastic unloading action again distributed uniformly over the entire 
length of the specimen. Consequently, simple beam and plate bending 
theories are then used to explain the general features o f the process. In 
addition to the neglect of the history of the residual stresses, such a concept
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relies on a major assumption that plane sections in the plate remain plane.
Due to the very local nature of the plastic deformation, the last assumption 
seriously departs from physical reality. However, such concepts are quite 
efficient when used in interpreting arc height variation due to the removal 
of top surface layers.

In this work local variations in the stress field, angle of incidence, and distortion of lines 

normal to the neutral surface are assumed to average out on a macroscopic scale. The 

justification of this is that regions of local variation, even if they are on the order of the 

diameter of the shot particle, are negligibly small in relation to the size of the plates 

considered. This is the same type of assumption made for all inhomogeneous materials 

such as concrete or crystalline metals if they are to be treated as a continuum. Effects of 

local variations are therefore neglected in the overall behavior of the part.

A thin plate that is uniformly 

peened on one side only, will be deformed 

in two ways. The plate will assume a 

curved shape due to the net bending 

moment on the cross section with the 

convex side of the plate oriented in the 

direction opposite the direction of the shot 

stream as shown in Figure 4. The resulting 

curvature in peened specimens is seen to be somewhat uniform. In fact, reference [4] 

assumes the curvature to be constant thus providing an additional indication that local 

variations do not affect the large scale behavior of the plate.

In addition to curvature development, the overall length and width of the plate 

increase. This increase in dimension is termed "growth" in the aircraft industry. Growth 

is the same physical quantity as the average in-plane strain in the plate. The two effects

SHOT STSEAH

V

SPECIMEH

Figure 4. Curvature Development and 
Growth Due to Shot Peening.
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of growth and curvature are used to quantify the shot peening process.

The commonly accepted method for quantifying the shot peening process is called 

the Almen* test. The Almen test is performed on a. small flat strip of spring steel of 

standard size and hardness by peening the strip uniformly on one side to saturation. 

During the test the specimen develops a convex curvature (See Figure 4). Saturation is 

said to have been reached when the arc height has attained a maximum value. The arc 

height, measured at saturation, has become a standard of measurement referred to as the 

"Almen arc height peening intensity." Details of the design and use of Almen gauges and 

test strips are given in Military Specification MIL-S-13165 [16] and in an SAE standard 

[17]. Reference [1] also describes the Almen test in some detail.

Several attempts have been made to relate the Almen peening intensity to the 

residual stress distribution and to the thickness of the plastically deformed layer, hp. [6,7,9] 

Al-Hassani, [6], points out that the depth of the plastic layer is not uniquely determined 

by the saturation arc height of a peened Almen strip. The residual stress distribution is 

therefore not uniquely determined by the Almen peening intensity. The Almen test also 

does not quantify growth in any way.

Application to Commercial Aircraft Wing Skins

In the manufacture of commercial aircraft wing skins, large thin plates of aluminum 

are routinely peen formed to fit complex aerodynamic contours. Depending on the part, 

the alloy is usually 2024-T3 or 7075-T6. The plates generally have complicated boundaries

1. Named after John Otto Almen who, as a scientist with General Motors in the 1920’s, 
invented the Almen test to provide a standard with which to measure the effects of shot peening.
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and variable thickness. Thicknesses of 0.125 inches (0.318 cm) are typical but can vary 

anywhere from 0.08 inches (0.20 cm) to 0.5 inches (1.3 cm). Wing skins may vary in length 

from less than 30 feet (9.1 m) to more than 80 feet (24.4 m). The width may vary from 

approximately 3.5 feet (1.1 m) to 7 feet (2.1 m). [5] To achieve the desired contour the 

plate is shot peened in various nonuniform patterns that depend on the desired contour, 

the thickness variation, and the material properties of the plate. The peen forming process 

causes the plate to warp out-of-plane thereby producing the desired contour.

OVERALL GROWTH

Figure 5. Fanning and Overall Growth.

In addition to out-of-plane displacements, peen forming produces in-plane 

displacements that must be considered. Two effects caused by in-plane displacements, 

known as overall growth and fanning, can have a substantial effect on the final shape of 

the wing skin. [5] The cumulative growth of the material from one end of the wing skin 

to the other can produce a substantial overall lengthening of the wing skin. Reference [5] 

suggests 0.25 inches in fifty feet (0.635 cm in 15.25 m) as typical. The magnitude of this 

typical value is confirmed in the results of this work. Overall growth of the wing skin in 

the chordwise direction is negligible due to the small width of the panels. Fanning is also 

caused by growth of the material but produces an angular rotation of part of the wing skin
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as shown in Figure 5. Overall growth and fanning can cause certain features of the wing 

skin, such as stiffeners and holes, to move in the plane of the wing skin. These effects can 

also produce substantial distortion of the wing skin boundary. It is therefore desirable to 

control in-plane motions as well as the contour.

The peen forming process, as practiced at the Boeing Commercial Airplane 

Company, is applied in three stages with sanding and checking operations between stages. 

The three stages are spanwise peening, chordwise peening, and compression peening.

First the machined plate is passed through the spanwise peening machine. Spanwise 

peening is more intense than either chordwise or compression peening and is applied to 

both sides. As a result, the primary effect o f spanwise peening is growth of the plate. 

Growth alone will not be effective in contour development in an initially flat plate. 

Curvature o f the plate is necessary for growth to produce out-of-plane displacements.

The second stage of the process, chordwise peening, is primarily used for 

development o f curvature of the plate. Chordwise peening is on the order of five times 

less intense than spanwise peening. Experimental work done at Boeing indicates that the 

growth due to chordwise peening is negligible. Since growth due to chordwise peening is 

neglected, the curvature is produced by peening only one side of the plate. The resultant 

bending moment on the cross section is therefore maximized. Also indicated was that when 

chordwise peening was applied in regions where spanwise peening had previously been 

applied, the additional peening had little effect on the deflection o f the plate. Thus 

spanwise peening is applied with greater intensity on one side than the other to develop 

curvature in addition to growth. In regions where spanwise peening has not been applied 

curvature development is achieved with chordwise peening.
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The third stage of the process, compression peening, is primarily a surface treatment 

to improve resistance to fatigue and corrosion. As such, it is applied uniformly to both 

sides o f the plate. Compression peening is not intended for contour development although 

it does have a small effect on the final shape.

Successful peen forming of a wing skin depends on determining the relationship 

between an unknown shot peening intensity distribution or peening pattern, and ,the known 

plate geometry, material properties, and contour geometry. It appears that most work to 

date has been experimental in nature. Except for reference [10], very little has been found 

to indicate that numerical techniques such as the finite element method have been used to 

analyze the peen forming process. A  method for calculating the surface force needed to 

achieve a given contour and a relationship between surface force and peening intensities 

is presented in reference [10]. Of all the references listed, this one has an objective similar 

to that o f this work. The author of reference [10] has chosen the finite difference method 

for solving the differential equations that govern plate bending. The finite difference 

method is difficult to apply to complex geometries, boundary conditions, and contours. In 

addition, the method o f determining peening patterns presented in reference [10] appears 

to involve peening on only one side o f the plate. Also, in-plane displacements are not 

considered. It is strongly believed that the finite element approach is more easily applied 

to problems o f a general nature.

Current methods o f predicting peening patterns are approximate and depend to a 

large extent on the skill and experience of the peening equipment operator. These 

approximate methods are adequate for symmetric contours with relatively mild curvatures. 

Peening patterns necessary for highly curved or twisted contours, however, are not predicted 

well by current methods. In addition, it is known that substantially different peening
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patterns may be used to produce the same contoured shape.

It is the purpose of this investigation to further the understanding of the peen 

forming process as applied to the large thin plates used in aircraft wing skins. A  finite 

element approach is taken toward modeling the peen forming process. A  general method 

of determining the optimal shot peening intensity pattern required to produce an arbitrary 

aerodynamic contour while controlling in-plane displacements is presented.

12
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CHAPTER II

STRESS DISTRIBUTION ON THE CROSS SECTION

Residual stresses are also called self-equilibrating stresses because they are in static 

equilibrium with no external loads applied. Shot peening is a dynamic process and induces 

stresses in the material which are not in equilibrium initially. Static equilibrium is achieved 

after stresses due to the displacement of the material are sufficient to balance those caused

by the peening action. Taking into account 

invariance of the in-plane stress as stated 

in Chapter I, there is only one independent 

stress component left to consider and it 

can be expressed as a scalar function of 

the depth and position on the plate. At 

this point a coordinate system is defined 

for the plate such that the x and y 

coordinates are in the plane of the plate 

and the z coordinate indicates the depth as 

shown in Figure 6. Figure 6 also shows a 

typical residual stress distribution for a thin 

plate uniformly peened on the top surface. 

[6,7] Qualitatively, the stress distribution

assumptions of thin plate theory and the

PEEKED SURFACE Z = O

TENSIONCOMPRESSION

I ,

Figure 6. Typical Residual Stress in a Thin 
Plate.
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of Figure 6 is generally accepted as correct and is supported by extensive experimental 

evidence. If the plate is not uniformly peened then Figure 6 represents the z variation of 

the residual stress at a specific point on the plate. In the discussion that follows, the 

stresses are considered to be the stresses evaluated at a specific point, (x,y). They are 

therefore expressed as functions of z only.

It is assumed that the residual stress, a(z), can be decomposed into three 

components as follows:

o ( z )  =  a§(z) +  CTp(z) +  ctb (z). (2)

<7§(z) is the initial nonequilibrium stress due to shot peening. crp(z) is an equilibrating 

elastic stress due to uniform stretching of the plate, ctq(z) is an equilibrating elastic stress 

due to pure bending of the plate. It is further assumed that cr§(z) is applied to the plate 

uniformly and instantaneously thereby neglecting the local nature o f the plastic deformation. 

The assumption of uniformity of the initial stress is valid if the plate dimensions are much 

larger than the regions of local variation.

Effects of Nonlinear Material Behavior

The assumption of no distortion o f the cross section places restrictions on the form 

that the strain distribution can take. For plane stress, assuming ctx =  ay =  a, Hooke’s law 

for an elastic material reduces to

a(z) =  E(z)e(z)/(l-i/) (3)

where e is the strain, E is the modulus o f elasticity, and u is Poisson’s Ratio. Determining 

the stress distribution through the entire thickness therefore requires knowledge of the 

material properties of both the elastic and plastic layers. If nonlinear material behavior



such as strain hardening of the plastic layer is accounted for, the elastic stress distributions, 

CTp(z) and <7g(z), are necessarily nonlinear.

As an illustration of this, let Poisson’s ratio be constant through the entire thickness 

and consider the modulus of elasticity to be a function of z given by:

E(z) = E [l+k(l-z/hp)] 0 3  z < hp (4)

E(z) = E hp 3 z 3 h

where k is a strain hardening constant. This function is not intended to represent the 

effects of shot peening. It is intended only as an illustration of the effect of strain 

hardening of the plastic layer on the stress distribution when the condition of no distortion 

of the cross section is enforced. E(z) is a piecewise linear function as shown in Figure 7.

Piecewise Linear Modulus of Elasticity: k=0.4 hp/h=0.2

Depth (z/h)
Figure 7. Piecewise Linear Modulus of Elasticity.

The stress distribution, ap(z), corresponds to a constant strain through the thickness.

0 < z < hp

Combining equations (3) and (4) gives 

£7p(z) = E c[l+k(l-z /hp)]/(l-i/) (5)
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In terms o f the resultant force on the cross section, F, 

£rp(z) =  -2F[l+k(l-z/hp)]/(hpk+2h)

CTp(z) =  -2F/(hpk+2h) 

where h is the plate thickness and

0 < z < hr

hp < z < h

-L:hCTp(Z) dz.

ctjj(z) corresponds to a linearly varying strain distribution with zero strain at the neutral 

axis. This can be written as

*B(Z) =  E e[l+k(l-z/hp)](Zn-z)/(l-i/)

*b(z) = Ee(Zn-Z)ZC1-!/).

In terms of the resultant moment on the cross section, M, 

aB(z) =  -36M(hpk+2h)[l+k(l-z/hp)](zn-z)/a 

CTg(z) =  -36M(hpk+2h)(zn-z)/a

where

0 3  z 3  h,

hp ^ z ^ h

0 s  z ^ hr

hp < z < h

I:B(Z) (2H z) dz ( 10)

( 11)a =  hpk(hp+ 6hph- 12hph2+ 12h3) +  6h4 

and Zn is the z coordinate of the neutral axis. Zn is determined by requiring that ctb (z) 

represent pure bending. Pure bending requires that ctb (z) produce zero net force on the 

cross section or

h
ctb (z) dz. ( 12)

Equation (12) yields

Zn =  (hpk+3h2)/(3hpk+6h). (13)
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The elastic stresses given by equations (6) and (9) are clearly nonlinear. The normalized 

stresses, <7p(z)(l-i/)/E€ and crB(z)(l-«/)/Eeh, are plotted in Figures 8 and 9.

Normalized In-plane Stress: k=0.4 hp/h=0.2

Depth (z/h )
Figure 8. Normalized In-plane Stress for Piecewise Linear Modulus of Elasticity.

Normalized Bending Stress: k=0.4 hp/h=0.2

Depth (z/h)
Figure 9. Normalized Bending Stress for Piecewise Linear Modulus of Elasticity.

The elastic unloading of the plate is a complicated nonlinear function of hp and the 

strain hardening constant, k. Figures 8 and 9 indicate however that nonlinear material 

behavior of the cross section can be neglected if hp is small compared to the thickness or
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if the strain hardening constant is small. This assumption may produce inaccuracies if the 

peening intensity and material properties are such that hp and strain hardening become 

significant. Such a condition is unlikely to exist in the peen forming o f aircraft wing skins.

Net Effect of the Initial Stress Distribution

Assuming constant material properties through the entire thickness, (k=0 in the 

above example), equation (13) yields Zn = W l  and equations (6) and (9) give the following 

forms for ap(z) and ctb (z):

opCz) =  -F/h (14)

aB(z) =  -12M(h/2-z)/h3. (15)

The residual stress becomes

a(z) =  CTs(z) - F/h - 12M(h/2-z)/h3. (16)

Neglecting body forces, the equilibrium equations for the cross section are

O

O

h
ct(z) dz

O

h
ct(z) (h/2-z) dz. 

O

(17)

(18)

These equations must be satisfied at every point on the plate. Substituting equation (2) 

into equations (17) and (18), the equilibrium equations become

O

O

Ij
Ij

[CT8(Z) + Op(Z) +  CT8 (Z)] dz

[CT8(Z) +  CTp(Z) + CTB(z)](h/2-z) dz.

(19)

(20)

Now substituting equations (7), (10), and (12) into equations (19) and (20), and noting that
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a constant stress has zero moment about the neutral axis, Zn 

equations become

r h

= h/2, the equilibrium

0 = as (z) dz - F
J o
f h

(21)

0 = crg(z)(h/2-z) dz - M.
J o

(22)

Equations (21) and (22) indicate that the net effect of shot peening can be represented by 

the two stress resultants. The resultant force, F, corresponds to a simple stretching action 

and the resultant moment, M, corresponds to a simple bending action. If the peening is 

nonuniform so that erg is a function of x and y then F and M are also functions o f x and 

y. Note that the sign convention requires a positive bending moment for tension on the 

top surface, z=0, (See Figure 6).

Mathematical Forms for the Initial Stress Distribution

Unfortunately, an analytical form for the initial stress, as (z), is not known at 

present. References [6,7] present two formulations of the initial stress distribution. Each 

is discussed and some problems associated with each are addressed.

Spherical Cavitv Model

Al-Hassani proposes the following initial stress distribution based on an analogy 

with the residual stress distribution in a spherical cavity model. [6,7]
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as (z) = Y{1 - 21n[(hp+R)/(z+R)] - (23)

2[l-(hp+R)3/(h+R )3]/3} 0 25 z < hp

as (z) = 2Y{[(h+R)3/(z+R)3]/2+l}[(hp+R)3/(h+R )3]/3 hp < z < h 

where R is the shot radius and Y is the yield stress of the material. The normalized initial 

stress, <7§(z)/Y, is plotted in Figure 10 for hp equal to 0.0, 0.05, ..., 0.3.

Initial Stress Distribution: R/h = 0.3125

Depth (z/h )
Figure 10. Initial Stress Based on Spherical Cavity Model.

Figure 10 illustrates two problems with this formulation of ag(z). First, for small 

values of hp, as (z) is tensile throughout the entire thickness. In fact, the limiting case of 

hp = 0 has a substantial tensile stress through the entire thickness when none should be 

present Second, it is assumed that a§(z) is due to shot peening alone with no elastic 

deformation having taken place. By definition, the elastic region is stress free if no elastic 

deformation is present. Figure 10 indicates a tensile stress throughout the elastic region. 

If Hooke’s law is applied to get the strain and the strain is then integrated to get the 

deformation, it follows that equation (23) implies the presence of an initial deformation 

in the elastic region. Furthermore, the deformation of the cross section is nonuniform.
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Reference [6] performs the integrations for F and M in equations (21) and (22), 

however errors exist in the tabulated results. The correct results are

F = Y{2Rln(l+hp/R) + (-9hp+R)/6 + (3h-R)[(hp+R )3/(h+R )3]/6} (24)

M = Y{R(h+R)ln(l+hp/R) + hp(2hp-5h-6R)/6 +

(hp+R)(h-hp)(h2-3hhp-2hpR)/[12(h+R)2]}. (25)

The stress resultants, F/Yh and MATi2, are plotted as functions of hp in Figures 11 and 12.

Figures 11 and 12 also indicate the previously mentioned problems when hp is small. 

In particular, the resultant force plotted in Figure 11 is tensile for all values of hp less than 

h/2. This means that the equilibrating stress is compressive, causing the part to shrink. 

Likewise, Figure 12 indicates that for values of hp less than about O.lTh the resultant 

moment is positive. The equilibrating moment is therefore negative causing the part to arc 

in the same direction as that of the shot stream. Both predictions are contrary to 

experimental evidence.

In-Plane Force: R/h = 0,3125

- 0.01

- 0.02

- 0 .0 3

Plastic Zone Thickness (hp/h) 
Figure 11. Normalized In-plane Stress Resultant.



Bending Moment: R/h = 0.3125

Plastic Zone Thickness (hp/h)  
Figure 12. Normalized Bending Stress Resultant.

Thick Section Empirical Model

Another form for the initial stress distribution presented in references [6,7] is 

proposed by Flavanot and Nikulari. It is an empirical relation based on the peening of very 

thick sections. Deflection of thick sections due to shot peening is negligible. The residual 

stress therefore does not include a substantial elastic stress component. ct§(z) is given by 

as (z) = -E c mcos {(ff/2)[(z-ahp)/( I -a)hp]}/(I -»/) 0 < Z < hp (26)

<7S(z) = 0  hp < z < h

where

em = 0.9Y(Ta)1/2/Ecos{(W2)[a/(Ta)]} (27)

ahp = depth of the maximum compressive residual stress.

For soft materials such as aluminum the maximum compressive residual stress occurs at the 

surface. This requires that ahp and therefore a equal zero. [6,7] a s (z) becomes

0 < z < hpcts (z) = -0.9Y cos[(n/2)(z/hp)]/( I -i/) (28)
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The normalized initial stress, as (z)/Y, is plotted in Figure 13 for hp equal to 0.0, 0.05, ..., 

0.3.

Initial Stress Distribution: R/h = 0.3125

Depth (z/h )
Figure 13. Initial Stress Based on Thick Section Empirical Model.

The stress distribution of Figure 13 indicates compression throughout the plastic 

layer and zero stress in the elastic layer. This formulation is intuitively more appealing 

than that of the spherical cavity model for several reasons. There is no initial deformation 

of the elastic layer. The stress in the plastic layer is compressive for all values o f hp. 

Finally, in the limiting case of hp = 0 the entire cross section is stress free. The maximum 

compressive stress is, however, substantially greater than the yield stress of the material. 

This result seems reasonable for a strain hardening material. References [1,2] however, 

state that the maximum compressive stress in the plastic layer is typically on the order of 

one half the yield strength of the material although no data is presented.

Equations (21) and (22) give the stress resultants

F =  -1.8Yhp/[ir( I -i/)] (29)

M =  0.9Yhp(2irhp-4hp-)rh)/[7r2( I -«/)]. (30)
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The normalized stress resultants, F/Yh and M/Yh^, are plotted as a function of hp in 

Figures 14 and 15.

In-Plane Force: R/h = 0.3125

Plastic Zone Thickness (hp/h)  
Figure 14. Normalized In-plane Stress Resultant.

Bending Moment: R/h = 0,3125

Plastic Zone Thickness (hp/h) 
Figure 15. Normalized Bending Stress Resultant.

Both figures indicate negative stress resultants for all values o f hp. The equilibrating 

stresses are therefore positive corresponding to experimental results. Figure 15 also reveals 

another aspect of the shot peening process. The magnitude of the resultant moment on
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the cross section increases to a maximum value as hp increases to about 0.7h. The 

magnitude of the resultant moment then begins to decrease. Maximum peening intensity, 

therefore, does not necessarily correspond to maximum bending. Figure 14, however, 

indicates that maximum peening intensity does correspond to maximum growth.

Residual Stress Distribution: R/h = 0.3125

Depth (z/h)
Figure 16. Residual Stress Based on Thick Section Empirical Model.

The residual stress, a(z)/Y,  is plotted in Figure 16 for hp equal to 0.0, 0.05,..., 0.3. 

Reference [7] states that plots of the residual stress distribution using the above formulation 

agree remarkably well with experiment although no plots are presented. Figure 16 indicates 

that for increasing values of hp the maximum compressive residual stress decreases. This 

is a consequence of the fact that both elastic stresses are positive at the peened surface. 

When these positive stresses are added to the negative initial stress the magnitude of the 

residual stress is reduced. Reference [9] presents experimental data indicating that the 

maximum residual compressive stress increases with increasing air pressure. Since the air 

pressure in an air-type machine is directly related to the velocity of the shot, and in light 

of equation (I), this formulation presents a contradiction.



26

This discrepancy may be attributed to the fact that the stress and deflection history 

of the part has been ignored. In reality, the stress due to shot peening, as (z) develops 

gradually in the presence of elastic stresses and deformations. References [1,2] state that 

the stress state of the part, as well as restraints on the parts movement during peening, can 

have a substantial effect on the resulting maximum compressive residual stress. This 

phenomenon can be explained by considering how the material yields. - During the impact 

of a shot particle, the surface material yields in tension in the plane tangent to the surface. 

If tensile elastic stresses are present, the surface material will yield sooner allowing more 

plastic deformation to take place. If the elastic stresses are compressive, less plastic 

deformation will result. Since the maximum compressive residual stress is related to the 

amount of plastic deformation that has taken place, the presence o f restraints necessarily 

has an effect on the resulting stress distribution.

Conclusions

The spherical cavity formulation for ag(z) is not consistent with known effects of 

shot peening and experimental results. The discrepancies indicate that the current level of 

knowledge of the residual stress in a shot peened part is inadequate for quantitative analysis 

of the peen forming process. It is not within the scope of this work to address this 

problem and no attempt will be made to do so. Instead, empirical equations will be relied 

upon to provide the relationship between Almen peening intensity and the quantity of 

growth and curvature produced.

The thick section empirical model provides a more reasonable formulation o f the 

residual stress distribution. This model does, however, predict larger maximum stresses than 

references [1,2]. This contradiction casts doubt on the validity o f both the model and the



statements made in references [1,2].

In this work, empirical relations provided by The Boeing Company will be used. 

The equations are very specific and apply only to thin specimens o f certain alloys used in 

wing skins. As such, these equations do not provide a general formulation for the stress
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distribution.
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CHAPTER III

DEFLECTION CALCULATIONS

Before the peening pattern necessary to produce a given contour can be determined 

it is necessary to understand the response of a plate to an arbitrary peening pattern. The 

plates considered in this work generally have arbitrary boundaries, thickness variation, and 

desired contour. Furthermore, the thickness and desired contour are usually expressed in 

terms o f numerical data rather than a continuous function. A  numerical approach to the 

problem is therefore required.

The overall analysis method used in this work is the finite element method. There 

are several advantages of the finite element method over other numerical methods such as 

the finite difference method. The finite element method is widely used for structural 

analysis problems, including thin plate and shell structures. The method can be easily 

applied to problems with complex geometries and boundary conditions such as those 

associated with wing skins. Finally, there are many finite element software packages that 

are readily available. A  number of these are in the public domain and can be modified 

fairly easily to model the peen forming process.

The finite element method is approximate as are all numerical methods. The 

differential equations that govern the response of a mechanical system to stimuli are 

reduced to a system of algebraic equations. The resulting equations relate a set o f nodal 

loads, (stimuli), to a set of nodal displacements, (response). In matrix form the basic finite



element equation is written

{F} =  [K] {d} (31)

where

{FJnxl — vector of nodal loads 

IdJnxI =  vector of nodal displacements 

[Kjnxn =  matrix of stiffness coefficients 

n = 6  times the number of nodal points.

After constraints sufficient to prevent rigid body motion are applied, equation (31) can be 

solved for the displacements, {d}, in terms of the loading, {F}. The effects of gravity are 

not considered in this work so {F} does not include those effects.

Since the residual stress in the plate is self-equilibrating, and gravitational effects 

are not considered, the plate cannot exert a force on the supports if the supports are 

statically determinate. To ensure that no forces are exerted on the plate by the supports, 

the constraints are required to be statically determinant. This requirement guarantees that 

the response o f the plate is due solely to effects o f shot peening. With a set of statically 

determinate supports, there cannot be any unknown forces in equation (31). This requires 

that every force in the load vector, {F}, be related to peening intensities.

Elastic Response in Terms of Peening Intensity

Following the development of Chapter II, the stress resultants o f ag(z) are given 

by equations (21) and (22), respectively. The elastic response o f the cross section is then 

given by equations (14) and (15). The fact that <7§(z) is not known is not important if the 

two stress resultants, F and M, can be related directly to peening intensities.

29
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Results of extensive experiments previously conducted at Boeing Airplane Company 

were made available for use in this work. The tests were conducted to determine the 

response of thin aluminum strips to the effects of shot peening. Response was considered 

to be the two quantities, growth, and radius of curvature. Each test strip had dimensions 

18 x 3 inches (45.7 x 7.6 cm) and was of constant thickness. Specimens of a variety of 

alloys and thicknesses were uniformly peened for various values o f the process variables. 

The resulting growth and radius of curvature of each specimen was then measured. In 

these tests, process variables included shot velocity, shot size, and percent coverage. The 

result was a data base from which empirical equations could be derived. The equations 

relate Almen peening intensities to growth, radius of curvature, and thickness o f the 

specimen. Each of the empirical relations derived is specific to a particular alloy, shot size, 

and percent coverage. The equations are not listed in this work and will be genetically 

referred to as

growth =  e =  g(ig,h) (32)

radius =  r =  r(ir,h) ' (33)

where ig and ir are Almen peening intensities and h is the specimen thickness. Once the 

growth and radius are known, the stress resultants can be calculated.

The membrane stress resultant, F, is determined by substituting equations (3) and 

(32) into equation (14) yielding

F =  -Ehg(ig,h)/(l-i/). (34)

The bending stress resultant, M, is determined by using the standard plate bending 

equations

Mx =  -D (wxx+I/Wyy)

My =  -D(wyy+ 1/wxx)

(35)

(36)
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Mxy =  -D(I-Iz)Wxy

where

Jz )  (h/2-z) dzMx - - C tx 
J o

My = - [  <7y(z) (h/2-z) dz
Jo

Mxy =  - [ CTxy(Z) (h/2-z) dz
J o

D  = Eh3/[12(l-i/2)].

(37)

(38)

(39)

(40)

(41)

D is the plate flexural rigidity. Mx and My are the bending stress resultants about the x 

and y axes, respectively. Mxy is the shear stress resultant. Wxx, Wyy, and Wxy are the 

second partial derivatives o f the out-of-plane displacement, w, taken with respect to the x 

and y coordinates. Equations (35), (36), and (37) relate the bending and shear stress 

resultants to the second partial derivatives of the displacement assuming all second order 

effects are negligible. Effects of nonlinear material behavior are also assumed to be 

negligible. z

Second Order Effects

If equations (35), (36), and (37) are to be used to relate radius of curvature to M 

as given by equations (15) and (33), the question of whether the empirically determined 

radius o f curvature includes second order effects must be addressed. Second order effects 

may include such variables as rolling direction, residual stresses in the specimen, and 

orientation of the specimen with respect to the shot stream. If second order effects are 

significant, the response of the specimen may not be due solely to effects of shot peening.
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The empirical relations will then reflect effects other than those due to shot peening. The 

calculated elastic response of the specimen may then be inaccurate.

In Chapter II, for uniform peening, it was assumed that the stress was invariant 

under rotations in the x-y plane. This requires ctx(z) = <7y(z) and Crxy(Z) = 0. Equations 

(38), (39), and (40) then give Mx =  My =  M and Mxy =  0. These are substituted into 

equations (35), (36), and (37) resulting in the requirements that

Wxx =  Wyy (42)

wXy =  0- (43)

For small slopes the second derivatives in equation (42) are approximately equal to the 

reciprocals o f the radii of curvature. Equation (42) then requires

Tx =  Ty- (44)

This result is substantiated by experimental results presented in reference [4]. These 

experiments were also conducted at The Boeing Company. A  number of specimens of 

constant thickness were uniformly peened and the radii of curvature in the two principle 

directions, x and y, were measured. Results indicated that specimens with length to width 

ratios greater than four had essentially the same curvature in both principle directions. 

Also indicated was that these specimens were insensitive to orientation with respect to the 

rolling direction of the plate. Specimens of L/W less than two showed significant 

differences in radii of curvature indicating that second order effects were present. The 

specimens used in developing equations (32) and (33) had L/W equal to six. The 

assumption that second order effects are not included in equations (32) and (33) is 

therefore accepted in this work. In addition, no mention is made of twisting in any 

uniformly peened specimens so the assumption of no second order twisting effects is 

accepted as well.
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Having assumed small slopes and that significant second order effects are not 

present in equation (33), M can now be related to the radius of curvature, r. Substituting 

equation (41) into equation (35) and letting Mx = M and Wxx =  Wyjr = l/r(iph) gives M 

as

M =  -Eh3/[12(l-l/)r(ir,h)]. (45)

Substituting equations (34) and (45) into equations (14) and (15) gives the elastic response 

of the specimens directly in terms of Almen peening intensities:

^f (Z) =  Eg(ig,h)/(l-i/) (46)

O8 (Z) = E(h/2-z)/[( l-i/)r(ir,h)]. (47)

Equations (46) and (47) contain the empirically derived values of growth and radius of 

curvature. Effects o f nonlinear material behavior of the cross section and the stress history 

of the specimen are therefore included. The main assumption inherent in these equations 

is that significant second order effects were not present in the data used to develop 

equations (32) and (33).

Finite Element Modeling of Shot Peening

At this point an analogy between the effects of shot peening a test specimen and 

the response of a test specimen to thermal loading may be drawn. Equation (46) 

represents a uniform in-plane expansion .for a particular Almen peening intensity. This is 

analogous to a uniform thermal expansion brought about by a uniform temperature increase 

in the specimen. Likewise, equation (47) represents a uniform bending for a particular 

Almen peening intensity. This loading is analogous to a uniform bending brought about 

by a uniform temperature gradient through the thickness of the specimen. The loading due
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to shot peening can therefore be modeled as a thermal loading. Denoting ^p(O) and ^g(O) 

by CTpg and cxgQ, the Almen peening intensities can be thought of as analogous to thermal 

"stress intensities." In terms of growth, radius of curvature, and material properties, the 

stress intensities are

aFO = Eg(ig,h)/(l-i/) (48)

aB0 = Eh/[2(l-i/)r(iph)]. (49)

Each element has one stress intensity related to expansion and one related to bending. 

Thermal problems of this nature are routinely solved using the finite element method.

The remaining problem of 

determining the components of {F} is 

reduced to integrating equations (46) and 

(47) over the element volume to get the 

element nodal loads, and through the 

assembly process, calculating the 

components of {F}. Figure 17 shows the 

element nodal loads for the two cases of growth and bending. The nodal loads are also 

referred to as nodal equivalent loads. They are the set of nodal loads having an effect 

equivalent to that of the shot peening effect.

Effects of the Assembly Process

The method for calculating the elements of {F} outlined in the preceding 

paragraphs is intuitively appealing because the element nodal equivalent loads are directly 

related to Almen peening intensities. The element forces are simply summed according to 

Newton’s second law during assembly to get the structure nodal equivalent loads. The

I_____ , _____L

NODAL FORCES NODAL MOMENTS
STRETCHING BENDING

( P t e p  ■ P b o t ) ( P t o f  K sP b e t )

Figure 17. Nodal Equivalent Loads Due to 
Shot Peening.
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assembly process however, in addition to enforcing static equilibrium at the nodes, also 

enforces compatibility o f displacements at the nodes. The compatibility requirement 

represents a constraint on the deflections of the model that was not present during the 

development o f equations (32) and (33). This raises the question whether equations (32) 

and (33) apply to the peening of large plates.

Equations (32) and (33), as well as the results presented in reference [4], are based 

on the peening of unrestrained specimens. The element nodal equivalent loads are 

therefore equivalent to unrestrained peening o f the element. In reality, only a relatively 

small region o f a wing skin is being peened at any one time. This region is elastically 

restrained by the surrounding material during the process. In the assembled finite element 

model each nodal degree of freedom has a stiffness coefficient that is a combination o f the 

stiffness of all of the surrounding elements. In a mathematical sense, a particular element 

in the model is therefore elastically restrained at the nodes by the surrounding elements. 

This suggests that nodal equivalent loads based on equations (32) and (33) cannot be 

directly transferred to the assembled structure. In this work equations (32) and (33) are 

assumed to apply recognizing that this may introduce some error into the analysis for 

contours requiring excessive growth or curvature. The claim that the stress and deflection 

history o f the specimen is accurately represented also can no longer be made.

In addition to the above simplifications, an assumption regarding the element 

thicknesses must be made. Equations (32) and (33) are based on the peening of specimens 

of constant thickness. Wing skins however, are of variable thickness. Proper use of 

equations (32) and (33) would require that the elements be of constant thickness. This, 

however, would lead to less accurate modeling of the plate stiffness. In a typical wing 

skin the thickness variation is small except near some of the boundaries where the skin is
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joined to an adjacent skin. In this work, the elements used are of variable thickness to 

more accurately model the plate stiffness. It is assumed that the slight variation in 

thickness over a single element will have a negligible effect on the nodal equivalent loads. 

A  refined finite element mesh will not only improve the accuracy o f the stiffness matrix but 

will also reduce the error incurred in using elements of variable thickness since the 

thickness variation over smaller elements is reduced.

Nonlinear Considerations

The stiffness matrix, [K], and load vector, {F}, in equation (31) are functions o f the 

deflection of the plate. This makes equation (31) nonlinear. To perform the most accurate 

analysis, the actual geometry should be updated as the plate deforms during the simulated 

peening process. To do this requires knowledge of the peening pattern as well as the 

sequences in which peening is applied. In practice, the process is completed in stages as 

explained in Chapter I. In addition, each stage of the process involves numerous passes 

through the peening machines with different regions being peened on each pass. A  

nonlinear analysis o f the deflection is only possible given a specific peening pattern and 

peening history. Since the ultimate goal is to determine the peening pattern necessary to 

produce a given final geometry, a nonlinear analysis becomes intractable.

In performing a linear analysis of a structure, the stiffness, [K], and the load vector, 

{F}, are calculated only once. These calculations are usually based on the initial geometry 

of the structure. It is assumed that the structure undergoes small deflections so that the 

stiffness and load vector do not change significantly as the structure deforms. The initial 

geometry is used because the deformed geometry is generally not known. In the peening 

problem, however, the desired final geometry is known allowing the plate stiffness to be
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calculated in the final configuration. Experience correlating results in which [K] and {F} 

were based on both initial, (flat), and final contour geometries indicates the final geometry 

can be used to get a reasonable approximation of the plate stiffness for the entire history 

of the peening process. Experience with wing skins indicates that the stiffness is not very 

sensitive to changes in geometry however, the load vector is. If the undeformed or . flat 

configuration is used to calculate the load vector, serious errors can arise. This is best 

seen by considering the effects of a uniform in-plane stress resultant as shown in Figure 17. 

If the skin is considered to be flat then the nodal equivalent loads are parallel to the plane 

of the plate. This results in in-plane displacements with no out-of-plane motion. If the 

skin is deformed, however, there is a component o f the in-plane force in the z-direction. 

This allows out-of-plane motion to take place. Since the growth effect o f shot peening is 

known to produce substantial out-of-plane displacements, the final configuration is used for 

stiffness and load vector calculations.

Software

The software used for this work is a linear finite element analysis program based 

on the SAP (Structural Analysis Program) series of programs developed at the University 

of California at Berkeley, specifically, SAP5 version 2. [18] The software was developed 

by tailoring SAP for the shot peening problem. With only minor exception, the original 

SAP code was unchanged. The software was streamlined by taking out all the dynamic 

analysis capabilities and all the element types except the plate/shell element. The solution 

routines were also streamlined to accommodate problems requiring a large number of load

cases.
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CHAPTER IV

PEENING INTENSITY PATTERN CALCULATIONS

Presently, the method used at the Boeing Company for calculating the peening 

intensity distribution required to produce a given contour is approximate. The method is 

geometric in nature and is based on simplifying assumptions which are not valid for complex 

contours. The objective of this work, therefore, is to develop a new technique for 

calculation o f peening intensities which will be valid for general contoured shapes. In this 

chapter a summary of the geometric method currently used at Boeing is presented and 

some theoretical problems are identified. An alternate method based on the finite element 

method is then proposed.

Geometric Method

Equations (32) and (33) can be inverted to give the Almen peening intensities in 

terms o f growth, radius of curvature, and thickness. The resulting equations are

ig =  ig(e,h) (50)

ir =  ir(r,h). (51)

The thickness, h, o f the plate at any point is given in the design specifications. The 

problem of determining the Almen peening intensities is therefore reduced to calculating 

the desired growth and radius of curvature at each point on the wing skin. The desired
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growth and radius of curvature are determined geometrically from the desired contour data. 

These quantities are then substituted into equations (50) and (51) for the Almen intensities.

Figure 18 shows a saddle shaped 

contour typical of that desired for many 

aircraft wing skins. In the discussion that 

follows, h denotes the chord height as 

shown rather than the thickness of the 

plate. Rs and Rc are the radii of 

curvature in the spanwise and chordwise 

directions, respectively. The center of the 

plate where Rs is measured is defined to 

be the "neutral axis." The chord height, h, 

is measured vertically downward from the neutral axis. Note that the contour of Figure 18 

is symmetric in the sense that the normal direction to the surface at the neutral axis is 

always in the same plane, i.e. the contour is not twisted about the neutral axis. The 

geometric quantities Rc, Rs, and h at any point on the wing skin can be determined 

numerically from the x, y, and z coordinates contained in the desired contour data. The 

quantities of growth, e, and radius of curvature, r, are calculated from Rc, Rs, and h.

Theoretical Problems with 
the Geometric Method

Four sources of error are identified which are believed to be the major causes of 

inaccuracy in the geometric method. These are the measurements of Rs which affect the 

calculation of 6, arbitrary definition of the neutral axis, neglect of coupling between the

Figure 18. General Saddle Contour 
Geometry.
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effects of the chordwise and spanwise peening stages, and improper application of equations 

(50) and (51) to the wing skin.

Calculation of c. The amount of 

growth necessary at a given point on the 

contour is calculated as shown in Figure 

19. L is the length of a material Tiber" 

measured along the curve of the neutral 

axis and aL is the amount of elongation 

that is required at some point away from 

the neutral axis in the chordwise direction.

The rationale is that in the undeformed
Figure 19. Calculation o f Required Growth - 

configuration the length of both lines is Geometric Method.

the same. After deformation the lines become curves on the contour. The growth of the 

material along the neutral axis is assumed to be zero while the growth of the material at 

points away from the neutral axis is given by

e = g =  aL/L (52)

For e  small, these curves are approximated by circular arcs and can be written

L =  RsG (53)

where 0 is the angle subtended by the arc as shown. The growth can now be calculated 

by substituting equation (53) into equation (52) and expanding the result.

=  A(RsG)Z(RsG) 

g =  (QARs + RsAGV(RsG)

g = AlVL (52)
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g =  (SARs + RsAey(RsS)

=  ARsZRs + A0/0.

At any particular cross section 0 is constant so the term A0/0 is zero, 

reduces to

g = ARsZRs.

If Rs is always measured in the direction normal to the plate at the neutral 

is just the chord height, h. Equation (55) becomes 

e =  g =  IVRs

which is the equation used to calculate the desired growth.

There are some implicit assumptions being made in this calculation, 

radius is always measured at the neutral axis.

^actual Rs ^ r S R s h- 

The actual spanwise radius at a point must

be measured in the direction normal to the 

surface at that point as shown in Figure 

20. In that case, the chord height, h, does 

not enter into the calculation of required 

growth.

(54)

Equation (54)

(55)

axis then ARs

(56)

The spanwise 

The actual radius is assumed to be

(57)

Figure 20. Actual Spanwise Radius at a 
Point Away from the Neutral Axis.

Definition of the Neutral Axis. Secondly, there is an assumption that the neutral 

axis follows a straight path down the center of the contour. Noting the definition of h, and 

in light of equation (56), it is seen that by defining a neutral axis, the strain along the
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neutral axis must be zero. This is a geometric restriction on the strain field in the plate

that is completely arbitrary. A  strain field calculated using this method may not satisfy the 

governing differential equations for the plate. In fact, they are not considered at all. Also, 

only growth in the spanwise direction is considered.

The fact the governing differential equations are not considered in this method does 

not mean that they will not be satisfied. Since a wing sldn is an actual physical system, the 

actual strain field must satisfy the governing equations. The actual strain field produced 

however, may be different than that calculated using the geometric method.

In addition to the existence of a neutral axis, the orientation of the neutral axis has 

an effect on the results. The chord height depends only on the chordwise curvature and 

the distance from the neutral axis. The calculated growth requirement is therefore based 

only on the spanwise and chordwise curvatures. For a general two dimensional surface the 

curvature has three independent components. In addition to the curvature in both the 

spanwise and chordwise directions, there is a component of curvature related to the twist 

about the neutral axis. This is seen by considering the second derivative of a function of 

two variables, z =  f(x,y). The second derivative o f f(x,y), denoted by D ^)f, is a linear 

mapping that can be represented by a 2x2 matrix of the second partial derivatives.

If the spanwise and chordwise directions are x and y, respectively, then assuming small 

slopes, the radii of curvature are given by

D<2)f =  f f (58)

Ixx = IZRs

£yy =  1/RC-

(59)

The component, f̂ y, is not considered in this method.
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As an illustration of the error that 

can occur by neglecting Exy, consider the 

spiral contour shown in Figure 21. This 

surface is given by z = f(x,y) =  xy. The 

three independent components of the 

second derivative are

f*x = 0

^y =  1

fW =  0'

Equations (59) then require the radii of curvature, Rs and Rc, to be infinite, the same as 

a flat plate. The contour generated with f(x,y) = xy has no chordwise or spanwise 

curvature, only a twist. The geometric method does not predict any peening for this 

contour because there is an implicit assumption of zero twist. As a consequence, the 

geometric method applied to a twisted contour gives inaccurate results.

Now consider the same contour 

given above expressed in a u-v coordinate 

system that is rotated by an angle e  in 

relation to the x-y coordinate system as 

shown in Figure 22. The transformation 

equations from u-v coordinates to x-y 

coordinates are

x = u cose - v sine

igure 22. Rotated Coordinate System.

Figure 21. Twisted Contour.

y = u sine + v cose.

(60)

(61)
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The function f(x,y) =  xy becomes 

f°(u,v) =  f(x(u,v),y(u,v))

=  (u cose.- v sine) (u sine +  v cose)

f*(u,v) =  (u2 - V2) sin(2e)/2 +  uv cos(2e). (62)

The three independent components of the second derivative are

C  = sin(2e) (63)

f’uv =  cos(2e)

f*w =  -sin(2e).

If, for example, e  =  tt/4, then equations (63) give

f*uu =  I (64)

C  =  -i.

If the neutral axis is then chosen so that it is parallel to the u direction, the spanwise radii 

of curvature, Rs and Rc, become I and -I, respectively, with no twist present. The radii 

of curvature and the necessary growth are thus dependent on the choice of coordinate 

system. This is clearly impossible for a physical system.

Coupling Between Chordwise and Snanwise Peening. Calculation of r for use in 

equation (51) is equally arbitrary. Since the chordwise peening stage is thought to have the 

greatest effect on chordwise curvature development, the radius o f curvature, r, is taken to 

be the radius of curvature in the chordwise direction, Rc. This neglects any effect of the 

chordwise peening stage on the development o f curvature in the spanwise direction. Effects 

of spanwise peening on curvature development in the chordwise direction are also 

neglected.
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Application of Empirical Equations. Finally, the use of equations (32) and (33) and 

their inverses, equations (50) and (51), are based on the uniform peening of unrestrained 

specimens. They do not necessarily apply to the wing sltin which is peened in a nonuniform 

manner. In addition to the problems discussed in Chapter III regarding equations (32) and 

(33), using a geometric method such as the one just described introduces another source 

of error.

The peening intensity distribution is BOUNDARY
not required to be continuous over the 

entire plate. In fact, due to limited 

machine precision and the fact that 

nonuniform peening is applied, the peening

REGION I
X

REGION 2
m X

Figure 23. Boundary between Regions of 
intensity distribution is only piecewise Different Peening Intensity.

continuous. Figure 23 shows the boundary

between two regions of a plate that have been peened with different intensities. The 

arrows on each side of the boundary indicate paths of integration. The slope and 

displacement of the surface are required to be continuous in every direction at the 

boundary between the two regions. On each side of the boundary, in the direction parallel 

to it, the radius of curvature and the growth can be integrated to get the slope and 

displacement, respectively. As the two paths are taken to be arbitrarily close to the 

boundary, continuity requires the growth on each side of the boundary to be equal. The 

two radii of curvature are likewise required to be equal. If these quantities are then used 

in equations (50) and (51) and assuming constant thickness across the boundary, the 

resulting peening intensities must be equal. The assumption that the two regions are 

peened with different intensities therefore leads to a contradiction. The fallacy lies in
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assuming that the growth and radius of curvature found at some point on a nonuniformly 

peened contour are the same as the growth and radius o f curvature found on an 

unrestrained peening specimen that has been peened with the same intensity. Due to the 

restraining effect of adjacent regions, they are not. Equations (32), (33), (50), and (51) are 

therefore used improperly with the geometric method.

Although there may be other sources of inaccuracy in the method, the most 

prominent ones have been illustrated.

Practical Considerations

A  final note on accuracy involves machine precision. This is a practical rather than 

a theoretical problem that will have an impact regardless of the method used to determine 

the peening pattern. The chordwise peening machine can be precisely controlled to within 

an 18" x 18" square grid and its heads are stationary. The spanwise peening machine can 

peen 18" x 3" regions precisely and has moveable heads. These limitations in machine 

precision will limit the accuracy of the contour. It is possible that the required degree of 

accuracy for some contours may require more precise application o f shot peening than is 

possible using currently available machines.

Finite Element Based Method

To avoid the problems outlined in the previous section with the empirical relations, 

equations (32), (33), (50), and (51), the method of calculating nodal equivalent loads 

presented in Chapter HI is adopted. The approximations discussed in Chapter m  remain, 

however the empirical relations are no longer applied to nonuniformly peened regions.
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For simplicity in the discussion that follows, the initial stress intensities, <7py and 

agQ, will be referred to simply as stress intensities.

If the displacement vector, {d}, can be expressed in terms o f the stress intensities 

in each element then equations (49) and (50) are readily inverted to get the necessary 

growth and radius o f curvature.

c =  <7pq(1-i/)/E (65)

r =  Eh/2(l-i/)<7BQ (66)

Equations (65) and (66) represent the growth and radius of curvature that develop in an 

unrestrained element due to the stress intensities, CTp0 and CTg0. The values of growth and 

radius of curvature are then based on the stresses in the elements rather than the geometry 

of the contour. The governing differential equations will then be satisfied to within the 

finite element approximation. Once the required growth and radius o f curvature for each 

element are obtained, equations (50) and (51) are used to calculate the two Almen peening 

intensities for each element.

Displacements Due to Stress Intensities

The displacement of the plate in terms of the load vector is found by inverting 

equation (32).

{d} =  [K]"1 {F} (67)

Since equation (32) was assumed to be linear, the load vector, {F}, can be decomposed into 

a combination of separate load cases. In the peening problem each load case is taken to 

be the set o f nodal equivalent loads corresponding to each stress intensity set equal to one 

with the rest set to zero. These form a linearly independent set o f load cases from which 

all possible peening patterns may be constructed. The displacement vector, {d}, can then
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be written as a linear combination of displacement cases, each due to a separate load case., 

The displacement cases are also linearly independent.

The total displacement can be written in matrix form,

{d} =  [D ]W  (68)

where {a} is the vector o f stress intensities and [D] is a linear operator that maps the stress 

intensities into displacements. Each column of [D] represents a displacement case due to 

a single unit stress intensity and is calculated by the finite element method outlined in 

Chapter III. After all load cases and corresponding displacements are calculated, all of 

the elements o f [D] are known. Note that the number of columns o f [D] is equal to two 

times the number of elements in the finite element model and the number of rows o f [D] 

is equal to six times the number of nodes. This is a consequence o f the constraints placed 

on the individual load cases. Since the initial stresses, (both bending and membrane), are 

assumed to be invariant under rotations in the x-y plane, the load cases are restricted to 

those that are equivalent to this type of stress field. Therefore, for each element, only two 

independent stress intensities, one bending and one membrane, may be specified. This 

results in only two independent load cases per element. Each node has six degrees of 

freedom yielding six independent displacement components for each node. Assuming all 

of the displacements are given, equation (68) becomes an equation relating m known 

quantities (displacements) to n unknown quantities (stress intensities) where m equals six 

times the number o f nodes and n equals two times the number o f elements. The value of 

m is greater than that o f n for all finite element meshes. Equation (68) is therefore 

noninvertible. This means that an arbitrary set of displacements, {dy}, may not satisfy 

equation (68) which implies that an arbitrary contoured shape, in general, cannot be 

produced by shot peening. An approximate solution is therefore desired.
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Approximate Solution

Given an arbitrary set of desired displacements, {dg}, a set o f displacements, {d}, 

can be found that approximate {d0} by minimizing the difference {d} - {dg}. A  scalar 

error function, f({d},{dg}), is defined as the square of the length o f the vector {d} - {dg}. 

The error function can be written in matrix form as

f  =  ({d}-{dg})T ({d}-{dg}). (69)

Substituting equation (68) into equation (69) gives

f  =  ([D]{a}-{dg})T ([D]{a}-{dg}). (70)

To find the set o f stress intensities corresponding to a minimum value o f f, the derivative 

of f  with respect to the stress intensities is set equal to zero. The derivative of f  is

d fidW  = 2[D]T([D]{a}-{dg}). (71)

Setting equation (71) equal to zero yields the following equation for the stress intensities. 

[A ]W  =  {b} - (72)

where

[A] =  [D]t [D]

{b> =  [DJ7 (Cl0).

The coefficient matrix, [A], is symmetric and positive definite. Equation (72) therefore has 

a unique solution given by

{a} =  [A r1M .  (73)

The second derivative o f f  is

d2fid{a}2 =  2[D]T[D] =  2[A]. (74)

Since [A] is positive definite, {a} represents a local minimum of f.

Substituting equation (73) into equation (68) and noting that {b} =  [D]T{dg}, a set 

of displacements may be calculated that approximate the set of desired displacements in the
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' sense that the length o f the vector {d} - {dg} is a minimum.

{d> =  P lfA l-1P f f d 0) (75)

Constraints on the Stress Intensities

The stress intensities given by equation (73) may not be realistic if their magnitudes 

exceed the capabilities of the peening machines. Also, the initial membrane stress 

intensities must be greater than zero since shot peening cannot have the effect of negative 

growth in an element. To allow for the possibility o f enforcing a constraint on the 

magnitude o f the stresses, an additional term is added to the error function that reflects 

their magnitudes. The modified error function, f*, is

f" =  ( P ) W - { d g } f  (P K a M d 0J) +  ([P ]{a»T ( P l M )  (76>

where [P] is a diagonal ram matrix of penalty factors. Each element of [P] corresponds to 

one element o f {a}. Determination of the elements of [P] is discussed below.

Setting the derivative of f* equal to zero gives the following equation, 

([A]+[P]2){a} =  {b> (77)

where [A] and {b} are the same as in equation (72). Although the additional term in the 

coefficient matrix o f equation (77) changes the solution, it does not change the fact that 

a unique solution exists and it represents a minimum value o f f .

Decomposition o f the Error Function

The vector of approximate displacements given by equation (68) is a full set of 

displacements for each node in the finite element model. This includes displacements in 

the x, y, and z coordinate directions and rotations about the x, y, and z coordinate axes. 

As a practical matter, it may be desired to approximate {dg} more closely for one degree
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of freedom than another. For example, the aerodynamic contour of an aircraft wing must 

meet very close tolerances in the z direction at every node. In the x, (spanwise), and y, 

(chordwise), directions there are usually no specific requirements although it may be 

desireable to minimize the effects of overall growth and fanning to some degree. The 

rotational degrees o f freedom about the x,y, and z axes are not usually specified.

To allow for the possibility of treating each degree of freedom differently, {dg} and 

[D] are decomposed into six parts, each corresponding to one degree o f freedom. Each 

part is scaled by an appropriate factor thereby scaling the corresponding degree of 

approximation. The modified desired displacement vector and displacement matrix are

{do*} = M < y  + tydy} + y d , }  + y ( d „ }  + kq,(dg,} + krz(<W (78)

[D ] =  IcxIPx] +  ky[Dy] +  IezIPz] +  IerxPDlx] +  IeryIPiy] +  IerzIPrz]. (79)

Therefore, by equation (68),

{d*} =  Iex(DxH a) +  Iey(DyH a) +  Iez(D J fa ) +  (80)

^rxIPrxKaJ "*■ IcIyIPryHa) ^rzIPrzl

Substituting these into equation (76) and noting that all of the products of displacement 

matrices [DJt  [Dj] are zero if i is not equal to j, the expression for f* becomes

f* =  k,2({d1[} . p x]{«})T (Idx) - P xH o)) +  (81)

ky2((dy) - P y](o})T (Idy) - P yH ,) )  +  

kz2({dz} -P J < o })T ({dz} - P J { o } )  +  

y 7 ( { d nt} - p rx]{o})'r (Idlx) - P lxK o)) +

kly2({dly} -p v H|'})T (((Ily) -P v Ko)) +

krz2({drz} - P n ]{»))T (Idn ) - P nJ(O)) +

kp2a pi , ‘' » T ((pK^))

where k_ is a scale factor that may be applied to the matrix o f penalty factors, [P].
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Differentiating f* with respect to the stress intensities and setting the result equal 

to zero gives the following expression for {a}.

[A]{a> =  {b} (82)

where now

[A] =  k ,2[E yT[Dx] +  ky2[Dy]T[Dy] +  Icz2PDJt P J  +

V t D r x f P y  + V l DrylTlD-yl + +

kp2[P]T[P]

and

{b} =  Icx2P J 1 Mx) +  ky2P y ]T{dy) f  k ^ P j ^ d j  +

^ P n cF W rc) + + krZ2[DrzlT(drz)'

To ensure the existence o f a unique solution to equation (82), the matrix o f penalty factors, 

[P], is required to be positive definite and kp is required to be nonzero. The solution 

corresponds to a minimum value of the modified error function, f*, which represents the 

sum of a scaled error term for each degree of freedom and a scaled stress intensity 

magnitude term. This solution therefore reflects a compromise between the degree of 

accuracy desired for each displacement degree of freedom and the magnitudes of the stress 

intensities.

The relative accuracy of approximation of each degree of freedom can be controlled 

with the six parameters, Icx, Icy, Icz, Ierx, Icjry, and krz. The magnitudes of the stress 

intensities can be controlled with the parameter kp and the matrix o f penalty factors, [P]. 

A  large value o f the scale factor for one degree of freedom relative to the others will result 

in increased accuracy for that degree of freedom relative to the others. If the scale factor 

for one degree of freedom is specified as zero, that degree of freedom is effectively 

removed from consideration. The displacements corresponding to that degree of freedom
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are still included in the finite element model but are simply allowed to assume values 

corresponding to a minimum value of the strain energy in the plate. Likewise, a large value 

of kp or a large value o f one of the components of [P] will tend to reduce the accuracy 

of the contour and minimize the corresponding stress intensity magnitude.

As mentioned above, the rotational displacements are not usually specified and the 

z displacements are always specified. The parameters Icnp and Icrz may then be taken 

to be zero and the parameter Iez is set equal to one. In addition, it is assumed that if 

desired displacements in the x and y directions are to be specified, they will be specified 

as zero to minimize the effects of fanning and overall growth. The vectors {d%} and {dy} 

are therefore taken to be zero.

Equation (81) becomes »

(* =  kx2([DxK »})T ([Dx] {<7 }) +  ky2([Dy]{»))T ([DyHo)) +  (83)

({dz)-[DzH<,»T ( { d J -I D J M ) +  Icp2( M M )T  ([P]{o}).

Equation (82) becomes

[A ]M  =  {b} (84)

where

[A] = Icx2IDxIt P x] + ky2P y]TPy] + p / p j  + kp2[P]T[P]

(b ) =  P zJt (CIz).

The peening intensity pattern therefore depends on the desired contour through the 

matrices, [D], and {dy}, and on the specified parameters, k%, ky, and kp. The matrix of 

penalty factors must still be calculated.
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Calculation o f [PI

Each component o f [P] is a penalty factor that corresponds to one component of 

{<?}. The function of the Pi are to include in the value o f f* the term, (kpajPj)2. When 

the minimum of f* is calculated, aj is minimized to some degree as well. A  stress intensity 

will need to have a larger penalty factor applied if its magnitude exceeds the capabilities 

of the peening machines. The Pi are therefore functions o f the CTi making equation (84) 

nonlinear. The functional form of the Pi is not known. It is known, however, that if the 

in-plane stress intensities are negative or if the upper bound on any o f the stress intensities 

is exceeded then the corresponding Pi are too small and must be increased. An iterative 

solution is therefore required.

For the first iteration the Pi are set to very small numbers chosen so that f* is 

dominated by the contour error terms. Equation (84) is then solved for a set o f stress 

intensities. The in-plane stress intensities are checked for negative values and the 

corresponding penalty factors are incremented by a small amount if necessary. The stress 

intensities are then substituted into equations (65) and (66) to get the radius of curvature 

and required growth for each element. Equations (50) and (51) are then used to get the 

Almen intensities. The Almen intensities are checked against upper bounds and the 

corresponding penalty factor is incremented if necessary. The stress intensities are then 

recalculated with the updated penalty factors and the process is repeated. The iterative 

process is said to have converged when the norm of the vector o f stress intensities has 

stabilized. Experience indicates that the stress intensity norm can fluctuate somewhat. The 

norm is therefore required to remain within tolerance for several iterations. The procedure 

is summarized in Figure 24.
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FINITE ELEMENT PROGRAM 
CALCULATE [D]

CALCULATE PEEKING 
INTENSITIES

CALCULATE STRESS
INTENSITIES

CALCULATE INITIAL
PENALTY FACTORS

CONVERGED?

OUTPUT

BOUNDS EXCEEDED7

UPDATE PENALTY FACTORS

Figure 24. Iterative Procedure for Calculating Peening Intensities.
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CHAPTER V

RESULTS

In this chapter three example problems are presented and discussed. The example 

problems have been chosen so that the effect o f various contour definitions on the peening 

pattern can be observed. The first two examples are relatively simple shapes. Example 3 

is more complex and is discussed in somewhat more detail. Effects of variation o f the 

penalty scale factor are discussed. The developed system is then applied to a wing skin that 

is currently in production at The Boeing Company.

Example Problems

In the discussion that follows, all distances, displacements, and contour error values 

are assumed to have units of inches.

All three examples simulate peening the same flat rectangular plate to achieve 

different desired contours. The problems, therefore, all use the same finite element model 

with one exception. Since the stiffness of the plate is calculated in the final configuration, 

each example plate will have different nodal z coordinates according to the desired contour 

definition. The finite element portion of the analysis, calculation o f the elements o f [D], 

must therefore be done separately for each problem. This is true even though the plates 

are identical in their undeformed configuration.
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The example mesh is shown in Figure 25. The plate dimensions are 400 x 40 x 0.2. 

The model is comprised of 125 4-node quadrilateral thin plate/shell elements and 156 

equally spaced nodes. Each element has dimension 16 x 8 x 0.2. Each element also has 

the same material properties. Poisson’s ratio for aluminum, i/ = 0.3, is used in all three 

examples.

UNDEFORMED SHAPE

VIEW ROTATION ANGS(XYpZ): OX) 0J0 OX) 

VIEWING DISTANCE- 1600XXX)

Figure 25. Finite Element Mesh.

Figure 25 also shows the orientation of the global coordinate axes. The origin of the 

coordinate system is at the lower left hand comer of the plate.

Solution of the peening problem requires that the model be given a set of statically 

determinate supports. The upper left, lower left, and lower right comer nodes, (x,y) =  

(0,40), (0,0), and (400,0), are constrained in the z direction. These constraints prevent 

translation in the z direction and rotation about the x and y axes. The lower left and lower 

right comer nodes, (x,y) =  (0,0) and (400,0), are constrained in the y direction. This
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prevents translation in the y direction and rotation about the z axis. Finally, the lower left 

comer node, (x,y) =  (0,0), is constrained in the x direction preventing translation in the 

x direction.

Input to the minimization portion of the analysis consists o f a tolerance, values of 

the scale factors Icx, ky, and kp, and the previously calculated elements of [D]. Since only 

the z value is specified for the example contours, Iex and ky are set to zero. This allows 

for maximum accuracy in the contour to be achieved. Fanning and overall growth are not 

restricted. Values for the tolerance and the penalty scale factor are generally chosen by 

trial and error for each contour to give the best results. In the following examples, 

however, the same value is used for each so that only the desired contour is varied. The 

tolerance is set to 0.0005 and the penalty scale factor, kp, is set to 0.2 for all three 

examples.

Example I - Twisted Contour

In this example, a twisted contour similar to that of Figure 21 is examined. A  

constant multiplier is used to limit the desired contour to the realm of small deflections. 

This example was chosen to contrast the results of the finite element based method with 

those o f the geometric method currently in use at The Boeing Company. The geometric 

method predicts zero required growth and zero required curvature for the entire plate.

The desired contour is given by the function

f(x,y) =  0.00075xy. (85)

Note that this function satisfies the boundary conditions required by the three constraints 

in the z direction. The maximum deflection of 12 occurs at the upper right comer node, 

(x,y) =  (400,40). The desired contour is shown in Figure 26.
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Figure 26 and all of the figures to follow show both a three dimensional mesh plot 

and a two dimensional plot of contour lines in the x-y plane. The contour line spacing is 

1/4 that of the increments shown on the vertical axis.

L,
3
O-t-J

400

Figure 26. Twisted Contour, (not to scale).

The resulting required growth, required curvature, and contour error are shown in 

Figures 27, 28, and 29 respectively. Note that the scales on the x and y axes are not the 

same for all of the figures. This is because the data is given at different points for required 

growth and curvature than for desired contour and contour error. Required growth and 

curvature represent element data. Therefore the data values are given at the element 

centroid. These quantities are not to be confused with the actual strain in the plate or with 

the actual curvature of the desired contour. They are the values of growth and curvature 

used in equations (50) and (51) to determine Almen intensities for each element. Likewise, 

desired contour and contour error represent nodal data and are given at the nodes.
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With the input parameters listed previously, the procedure required 56 iterations to 

converge.

- 4 . 0 -

- 8 .0 -

- 16.0

Figure 27. Required Growth for Twisted Contour, (not to scale).

Figure 27 is a plot of the required growth. The distribution of required growth is 

nearly uniform along the length of the plate. Some slight edge effect is apparent near the 

ends. The distribution across the width of the plate is seen to have increasing values 

toward the edges and is relatively constant in the center. The values of required growth 

in the center are very small negative numbers which may be neglected. The maximum and 

minimum values are 5.402 x IO"4 and -8.880 x IO'6. For aluminum these values correspond 

to in-plane stresses of 7.717 ksi (53.21 MPa) and -0.1269 ksi (-0.8750 MPa), respectively. 

These results contradict those of the geometric method. The finite element based method 

predicts nonzero growth where the geometric method predicts zero growth. Furthermore, 

the predicted growth distribution seems reasonable for this contour.
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Figure 28. Required Curvature for Twisted Contour, (not to scale).

The required curvature, 1/r, is plotted in Figure 28. The required curvature 

distribution also seems reasonable. The majority of the elements in the plate have 

essentially zero required curvature. Elements near the ends show a nonzero required 

curvature due to edge effects. The contour plot indicates that the edge effects propagate 

along the entire length of the plate although greatly diminished away from the ends. Since 

the desired contour has zero curvature in the x and y directions, it is not unreasonable to 

expect that most of the elements should have essentially zero required curvature. This 

distribution is in agreement with the geometric method except near the ends where edge 

effects become significant. The maximum and minimum values of required curvature are 

5.773 x IO'4 and -5.768 x IO"4 occurring at the ends of the plate. The maximum value 

corresponds to a bending stress of 0.8247 ksi (5.686 MPa).

Finally, Figure 29 is a plot of the contour error, [Dz]{ct} - {dz}. There is increased 

deviation from the desired contour near the ends of the plate and a higher degree of
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accuracy toward the center. Again, edge effects are seen to propagate along the length 

of the plate. The maximum deviation from the contour of 1.910 x 10'^ occurs at the point 

of maximum deflection, (x,y) = (400,40).

OQg,

~ 0 . 0 l  -

Figure 29. Contour Error - Twisted Contour, (not to scale).

Example 2 - Spherical Contour

For this example, a simple spherical contour is chosen. In contrast to the contour 

of Example I, it is symmetric with no twist present. The desired contour is given by the 

function

f(x,y) =  [r2 - (X-X0)2 -(y-y0)2]1/2 + Z0 ^

where r is the radius of curvature of the sphere and (xq̂ q.Zq) is the coordinate of the 

center of the sphere. The center of the sphere has coordinates (x,y,z) = (200,20,-2521). 

The contour has a constant curvature of 3.954 x IO"4. The maximum deflection o f 8 occurs



63

at the center of the plate, (x,y) = (200,20). This function also satisfies the boundary 

conditions required by the constraints in the z direction. The desired contour is plotted in 

Figure 30.

Figure 30. Spherical Contour, (not to scale).

Figures 31,32, and 33 show the required growth, curvature, and the contour error, 

respectively. The solution for the spherical contour required 37 iterations to converge, 

somewhat less than that of the twisted contour.

The results for the spherical contour are also reasonable. The required growth 

distribution is symmetric and uniform along the length of the plate except at the ends. The 

required growth increases sharply from essentially zero at the edges to the maximum value 

in the center. The extreme values of required growth are 9.912 x 10'5 and -1.366 x IO'6. 

These values correspond to in-plane stresses of 1.416 ksi (9.763 MPa) and -1.951 x 10'^ ksi 

(-0.1346 Mpa), respectively.
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Figure 31. Required Growth for Spherical Contour, (not to scale).

Figure 32. Required Curvature for Spherical Contour, (not to scale).
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The required curvature is seen to have very little variation as may be expected for 

a contour with constant curvature. Some edge effects are present, however, causing slight

corresponding to a bending stress of 0.6057 ksi (4.176 MPa).

The actual displacements are very close to the desired contour. Again, edge effects 

are apparent in the plot of contour error shown in Figure 33. The maximum deviation is 

6.372 x 10* .̂ This is more accurate than the twisted contour by two orders of magnitude.

Figure 33. Contour Error - Spherical Contour, (not to scale).

Example 3 - Gull Wing Contour

This example was chosen to illustrate one of the advantages of the finite element 

based method. The geometric method is used to determine a rough peening pattern for 

a desired contour. The peening pattern is then refined by experienced engineers and

variation near the edges. The maximum value of required curvature is 4.240 x IO"4

o

-too
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technicians to give the best results. For a new design, like the gull wing contour, the 

experience does not yet exist to refine the peening pattern or estimate the accuracy of the 

final contour. The finite element based method is advantageous in that it provides an error 

estimate along with the peening pattern.

The gull wing contour is given by the function

f(x,y) = 4sin(jrx/200) + sin(xy/40). (87)

It is dome shaped on the left half of the plate, 0 < x < 200, and saddle shaped on the 

right half, 200 < x < 400 as shown in Figure 34. The maximum deflection of 5 occurs at 

the center of the dome shaped region, (x,y) =  (100,20). The contour satisfies the boundary 

conditions required by the constraints in the z direction.

- 1 6  -

Figure 34. Gull Wing Contour, (not to scale).
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Figures 35, 36, and 37 show the required growth, curvature, and the contour error, 

respectively. The solution required 73 iterations to converge, substantially more than either 

of the previous examples.

Figure 35. Required Growth for Gull Wing Contour, (not to scale).

The results for growth are reasonable. On the left half o f the plate, where the 

contour is convex upward, the distribution is qualitatively similar to that of the spherical 

contour. The distribution on the right half is similar to required growth distributions known 

to produce the saddle shaped contours of existing aircraft wing skins. The maximum value 

of growth, 2.299 x IO'3, occurs at the center of the left half of the plate where the dome 

shaped region has its peak. The minimum value, -2.922 x IO'5, occurs on the edge of the 

left half, (x,y) = (100,40). The corresponding in-plane stresses are 32.84 ksi (226.5 MPa) 

and -0.4174 ksi (-2.878 MPa), respectively.
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Since the gull wing shape is fairly complex, and to the author’s knowledge has never 

been formed by shot peening, it is difficult to tell whether the required curvature 

distribution is reasonable or not. The required curvature is seen to be positive for every 

element. This is due to the fact that the curvature in the y direction is positive everywhere 

on the contour. This is shown to be true in the discussion of Figures 38 and 39 that 

follow. The maximum value of the required curvature is 5.997 x IO'3. The corresponding 

bending stress is 8.567 ksi (59.07 MPa).

Figure 36. Required Curvature for Gull Wing Contour, (not to scale).

Figure 37 shows the contour error for the gull wing. Deviation from the desired 

contour is prevalent along both edges of the plate. To a slightly lesser degree, deviations 

are present at the center of the dome shaped region of the contour and at the center of 

the saddle shaped region. The maximum deviation of 4.339 x 10 3 occurs at the edge of 

the saddle shaped region.



69

Figure 37. Contour Error - Gull Wing Contour, (not to scale).

The gull wing contour also illustrates the interdependence of growth and curvature 

effects. The Final displacement can be decomposed into two parts that represent the effects 

of in-plane stress intensities and bending stress intensities separately.

The displacement due to in-plane stress only is plotted in Figure 38. The contour 

lines indicate that this component of the displacement is primarily a function of x. There 

is very little variation in the y direction. The x variation in the displacement follows a sine 

wave shape similar to the first term of equation (87). The magnitude of the displacement, 

however, is much greater than equation (87) predicts. The maximum deflection due to in

plane stress is -8.136.

The deflection that arises from bending stress only is shown in Figure 39. This 

component of the deflection contains nearly all of the y variation of the desired contour. 

In the x direction the displacements are opposite to those of the desired contour. When 

added to the displacements of Figure 38, the approximate desired contour is achieved.
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Figure 38. Gull Wing Contour - Deflection Due to In-plane Stress, (not to scale).

- 12 -

- 1 6 -

• Figure 39. Gull Wing Contour - Deflection Due to Bending Stress, (not to scale).
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Figures 38 and 39 show that the separate stages of the shot peening process cannot 

be considered independently. The curvature in the spanwise direction that is caused by 

chordwise peening must be compensated for by appropriate spanwise peening. It is only 

by considering the interdependence of the two effects that the optimal peening pattern can 

be determined. These figures also indicate that the required curvature distribution is' 

reasonable. Since chordwise peening is the major contributor to chordwise curvature 

development, it must be positive for the entire plate.

Variation of the Penalty Scale Factor

The value of the penalty scale factor, kp, has a dramatic effect on the accuracy of 

the final contour and on the number of iterations required for convergence. Two measures 

of the accuracy are used to illustrate this effect, the deviation norm and the maximum 

deviation. The norm of the deviation from the desired contour is given by

e„ =  [ ( P J W - M z>)T([Dz]M -{ d z})]1/2. . (88)

The maximum deviation is

emax =  max I ([D J fa } - { d j^ j .  (89)

en and emax are plotted as functions of kp in Figure 40. Figure 41 shows the variation in 

the number o f iterations required for convergence. The deviation from the desired contour 

continues to decrease with decreasing penalty scale factor while the number of iterations 

required for convergence reaches a stable value. These results indicate that the desired 

contour can be matched almost exactly at every node without increasing the computation 

time excessively. The data in Figures 40 and 41 was generated using the gull wing contour 

with Icx and ky equal to zero and the tolerance set to 0.0005.
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Solid = Deviation Norm; Dashed = Maximum Deviation

Penalty Scale Factor

Figure 40. Deviation Norm and Maximum Deviation for 
Gull Wing Contour.

Penalty Scale Factor

Figure 41. Required Iterations for Gull Wing Contour.
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As the penalty factor is decreased the solution changes slightly. The required 

growth distribution remains nearly the same for all values of kp less than one. The overall 

character of the solution for required curvature also remains the same. Oscillations from 

one element to the next, however, are present throughout the entire plate. The required 

curvature is plotted in Figure 42 for kp equal to 0.00001. The corresponding required 

growth is essentially the same as in Figure 35.

O-OOO-

- 0.004  -

- 0.010

Figure 42. Required Curvature for Gull Wing Contour, kp =  0.00001.

The accuracy obtained for this value of kp is on the order of 10'10. The desired 

contour, however, was specified to only five significant digits. Round off error in the 

contour definition, is believed to be the cause of the oscillatory behavior of the required 

curvature solution. The solution for required growth seems to be relatively insensitive to

these effects.
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Application

It was decided to apply the finite element based method to a wing skin that is 

currently in production at The Boeing Company for the purpose of comparing the results 

of the finite, element based method to those of the geometric method. Desired contour and 

thickness data for the Boeing 767 upper surface wing panel number two was obtained from 

Boeing and used to generate input data files for the analysis. The geometric method works 

fairly well for this wing skin, producing a final contour very close to the desired contour.

In determining the accuracy of the geometric method, the finished wing skin is 

placed on a checking fixture. Effects of gravity, referred to as draping in the aircraft 

industry, are therefore included. Draping tends to force the plate to assume the shape of 

the checking fixture thus reducing any error caused by inaccurate peening. This allows for 

wide variation in peening patterns that all produce acceptable results. Acceptable results 

have been obtained when the gaps between the fixture and the wing skin are less than a 

specified tolerance. If the gaps are over tolerance, 0.060 inches (0.152 cm) in this 

particular application, the wing skin must be reworked.

Draping effects are not included in the finite element based results. Meaningful 

comparison of results of the two methods is therefore qualitative in nature. Quantitative 

results are presented primarily for order of magnitude comparison.

The wing skin being considered is over 700 inches (1778 cm) long and 60 inches 

(152 cm) wide at the inboard end. The thickness varies from 0.16 to 0.28 inches (0.406 to 

0.711 cm). The finite element model has 204 elements and 252 nodes. The finite element 

mesh and thickness variation are shown in Figures 43 and 44, respectively.
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Figure 43. Finite Element Mesh - 767 Upper Panel No. 2.

- 0 .2 -
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Figure 44. Thickness Variation.
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Except for the finite element mesh in Figure 43, all of the plots shown are similar 

to those of the examples. The x, (spanwise), axis is scaled from 100 to 900 inches (254 to 

2286 cm) and the y, (chordwise), axis is scaled from 90 to 170 inches (229 to 432 cm). The 

three dimensional mesh plots show data that has been interpolated onto a rectangular 

equally spaced grid. Since the wing is tapered, the plots show a level plane where there 

is no data. The contour plots, in general, show a densely packed group of contour lines 

around the edge of the wing skin. These contour lines simply mark the transition from 

regions where data is present to the level plane where there is none. They do not 

represent actual data.

—4 -
/ / / / / / /

- 1 2 -

- 1 6 -

Figure 45. 767 Upper Panel No. 2 Contour, (not to scale).

Figure 45 shows the desired contour for the wing skin. Toward the inboard end, 

the desired contour has a moderate amount of curvature in the x, (spanwise), direction.
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The curvature decreases toward the outboard end and the wing skin is relatively flat 

towards the tip. In the chordwise direction, there is a fairly mild curvature along the entire 

length of the panel with slightly more curvature toward the leading edge. Although not 

readily apparent in Figure 45, this contour has a slight component of twist.

The results to follow are based on input parameters k% =  ky =  0.0, kp =  0.2 and 

the tolerance set to 0.0005.

Figures 46 and 47 show the required growth calculated by the Gnite element based 

method and the geometric method, respectively. In Figure 47 the level plane of no data 

extends well onto the wing skin. This is because the growth in these regions is considered 

negligible and is set to zero.

In regions where data from the geometric method is present, agreement is good 

in a qualitative sense. Both methods predict required growth on the inboard half o f the 

plate toward the edges. Along the leading edge, (x large), the required growth is larger 

in magnitude and extends farther along the length of the wing skin than along the trailing 

edge. The required growth in the center o f the inboard end is essentially zero for both 

methods. In the regions where the geometric method predicts negligible required growth, 

the finite element based method predicts relatively small amounts o f required growth.

Agreement in order of magnitude o f required growth is good although actual values 

differ substantially. The geometric method predicts a maximum value of 8.7 x 10 . The 

minimum value is zero. These correspond to maximum and minimum in-plane stresses of 

12.43 ksi (85.70 MPa) and zero. The Gnite element based method predicts maximum and 

minimum values of required growth of 1.519 x IO"3 and -4.102 x IO*5 corresponding to in

plane stresses o f 21.7 ksi (149.6 MPa) and -0.586 ksi (-4.041 MPa). The maximum values 

of growth predicted by the two methods differ by a factor of almost two.
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ire 46. Required Growth Calculated by the Finite Element Based Method.

16.0 i

—  8.0 -

- 16.0 -

- 32.0

Figure 47. Required Growth Calculated by the Geometric Method.
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The larger magnitudes calculated by the finite element based method may be 

partially explained by the presence of a slight twist in the desired contour. The effect of 

the twist would be to superimpose a required growth distribution similar to that of Figure 

27 onto the growth distribution of Figure 46 thus increasing the magnitude of required 

growth along the edges. Another cause of the differences may be the opposing effects of 

spanwise and chordwise peening seen in Example 3. These effects are, in fact, present in 

this contour. The maximum deflection due to in-plane stress only is -18.4 inches (46.74 cm) 

while the maximum desired deflection is only -7.4 inches (-18.80 cm).

Figures 48 and 49 show the required curvature calculated by the two methods. The 

finite element based method predicts a moderate amount o f required curvature over most 

of the wing skin with a few small regions of negative required curvature. The geometric 

method simply reflects the chordwise curvature of the desired contour. This requires 

substantially more chordwise peening over the entire plate than the finite element based 

method predicts. The maximum value of required curvature predicted by the finite element 

based method is 7.562 x IO*3 in*1 (2.977 x IO*3 cm'1). The maximum required curvature 

given by the geometric method is 1.023 x IO"3 in"1 (4.028 x IO*3 cm*1). A  partial 

explanation for the discrepancies may be that the displacements due only to in-plane stress 

does contribute slightly to chordwise curvature development.

The maximum deviation from ,the desired contour is 7.153 x IO*2 inches (0.1817 cm) 

and occurs along the inboard edge of the wing skin. An indication o f how much fanning 

and overall growth has taken place is given by the maximum in-plane displacements. The 

maximum x displacement is 0.3321 inches (0.8435 cm) and occurs on the inboard edge of 

the wing skin. The maximum y displacement is 0.8037 inches (2.041 cm) and occurs along 

the leading edge.
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Figure 48. Required Curvature Calculated by the Finite Element Based Method.
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Figure 49. Required Curvature Calculated by the Geometric Method.
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Error Induced by Negative Required Growth

All o f the desired contours analyzed thus far have resulted in some small amount 

of negative required growth in some region of the plate. Since actual in-plane stress 

intensities must be nonnegative, the error estimates given in the preceding section may be 

inaccurate. A  better estimate of contour error may be found by substituting a modified 

vector of stress intensities, {<7 *}, with no negative in-plane components, into equation (68). 

The desired z displacements are then subtracted from the result to get the contour error 

vector, {dz*} - {dz}.

Since the size of the maximum negative required growth is two orders of magnitude 

smaller than the maximum required growth, it is tempting to simply neglect the negative 

in-plane stress intensities. If the negative in-plane components o f {a} are set to zero then 

the maximum deviation from the desired contour is 0.3628 inches (0.9215 cm). This is an 

order o f magnitude increase in the estimated error.

Alternatively, consider eliminating all negative in-plane components of W  by letting 

{o*} be given by

{<7*}j = {ct}j - min{<7}j (90)

where min{a}j is the largest negative component of {a}j. The subscripted I indicates that 

only the in^plane components of {a} are modified. The modified stress intensities reflect 

a uniform required growth, large enough to cancel every negative value, applied to every 

element. The maximum deviation using this method is 7.144 x IO"2 inches (0.1815 cm), 

nearly the same as if the negative required growth amounts were allowed to remain. This 

result implies that the final contour is more sensitive to the derivative of the required 

growth distribution rather than the distribution itself. In fact, a substantial uniform required 

growth can be applied to the entire plate without producing excessive error.
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Rather than increasing the error estimate, the modified stress intensities given by 

equation (90) actually decrease the estimated maximum deviation slightly. The norm of the 

estimated deviation decreases slightly, as well. With negative in-plane stress intensities 

allowed, equation (88) gives en =  0.17760 inches (0.45110 cm). Using the modified stress 

intensities o f equation (90), en =  0.17756 inches (0.45100 cm). This behavior is a reflection 

of the competition between contour accuracy and stress intensity magnitudes. When 

negative in-plane stress intensities are allowed, the value o f f  given by equation (83) is 

3.197 x IO'2. The modified stress intensities give a value o f 3.704 x IO"2 for f  . The 

modified stress intensities, therefore, result in a more accurate contour but do not 

correspond to a minimum of f*.

The results of this section indicate that "negligibly small" negative required growth 

amounts should not be neglected. Less additional contour error is introduced by applying 

a uniform required growth to every element sufficient to eliminate all negative values than 

results from simply neglecting negative values. The total contour error is actually reduced 

slightly using this method. This behavior was seen in the 767 wing as well as in all three 

example problems presented. Care must be taken that the values in the modified stress 

intensity vector do not exceed the capabilities of the peening machines. In all cases, the 

additional required growth is small enough so that the stress intensities remain within 

bounds.

The maximum deviation of 7.144 x IO"2 inches (0.1815 cm) is not within the 

specified tolerance of 0.06 inches (0.152 cm). It is assumed that draping effects will force 

the plate to within tolerance. It would be possible to obtain greater accuracy by reducing 

the penalty factor, however this may cause instability in the solution for required curvature. 

It is noted that the second largest deviation from the desired contour is 2.955 x IO'2 inches
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(7.607 x IO'2 cm), less than half of the maximum deviation and well within specified 

tolerance. Such a large deviation at a single node may indicate some round off, 

interpolation, or keypunching error in the desired contour data or thickness data at that

node.
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CHAPTER VI 

SUMMARY

The shot peening process causes the surface material o f treated parts to yield 

plastically. Plastic deformation of the surface, in turn, gives rise to residual stresses and 

strains. In accordance with Newton’s second law, the stress field is in equilibrium with no 

external loads applied. The residual stress in the surface layer is compressive while the 

underlying elastic material is in tension. In parts of relatively low stiffness the strains 

caused by shot peening can result in significant deformation.

At present, knowledge of residual stress distributions in shot peened parts is 

qualitative in nature. Two proposed mathematical models, one analytical and one empirical, 

are examined in this work. These models assume knowledge o f the depth of the plastically 

deformed layer and give erroneous results for some values of the depth. It is concluded 

that mathematical models of the stress distribution are not adequate for quantitative 

analysis. Empirical equations specific to uniformly peened specimens of thin aluminum 

plates are therefore relied upon to provide the necessary relationships between Almen 

peening intensities and the deformation of the specimen.

Aircraft wing skins fall into the category of thin plates. Consequently, thin plate 

theories are used to describe the behavior o f the plate. Nonlinear material behavior such 

as strain hardening is assumed to be negligible. In addition, desired aerodynamic contours 

are limited to the realm of small slopes and deflections. ,
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Thin plates, uniformly shot peened over their entire surface, deform in two ways. 

The length and width o f the plate increase and the surface develops a curvature, convex 

in the direction opposite that of the shot stream. These effects are analogous to the effects 

of thermal loading, producing both in-plane stretching and bending deformations. The 

loading due to shot peening is analogous to the loading produced by a uniform temperature 

increase in the case of in-plane stretching and a temperature gradient through the thickness 

to produce the bending effect. Thermal problems of this type are routinely analyzed using 

the finite element method.

Several assumptions regarding the application of the empirical relations to individual 

finite elements are made. The empirical equations are based on the peening of 

unrestrained specimens o f constant thickness whereas small regions within the larger plate 

are restrained by the surrounding material and vary in thickness. These facts are assumed 

to have negligible effect on the results. Also assumed is that no second order effects are 

reflected in the empirical equations.

The stress history o f individual elements is neglected allowing the residual stress to 

be decomposed into three parts. These are the stress due to shot peening, stress due to 

in-plane stretching, and stress due to bending. The elastic stresses in the individual element 

are directly related to the deformation that takes place. The component of stress due 

solely to shot peening is effectively removed from the analysis as the empirical equations 

relate deformations directly to peening intensities.

Response of a thin plate to shot peening is readily determined using the thermal 

analogy with the finite element method. A  set of nodal loads equivalent to the effects of 

shot peening are calculated and, through the assembly process, are applied directly to the 

finite element model. Calculation of the plate stiffness is done in the final desired
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configuration. This is necessary to allow the in-plane stresses to cause out-of-plane 

displacements.

Aircraft wing skins are formed by shot peening large, very thin, flat plates in various 

patterns and intensities to produce an aerodynamic contour. Peen forming of a wing skin 

depends on determining the peening pattern and intensities from the plate geometry and 

contour geometry. Current methods of predicting peening patterns are geometric in nature 

and do not consider the governing differential equations of the plate. Resulting peening 

patterns are therefore approximate. In some cases the contour produced by these 

approximate peening patterns does not meet design specifications. In addition, two side 

effects due to in-plane displacements are not considered. Fanning and overall growth may 

produce unacceptably large in-plane displacements. A  method o f determining a peening 

pattern to produce a more accurate contour while at the same time controlling fanning and 

overall growth is therefore required.

Direct solution of the finite element based problem is not possible since the number 

of dependent variables, (nodal displacements), is not the same as the number of 

independent variables, (peening intensities). An approximate solution is arrived at by 

minimizing the norm of the difference between actual displacements and desired 

displacements. Control of fanning and overall growth is achieved by the introduction o f  

degree o f  freedom scale factors. The magnitudes of the peening intensities are restricted 

by the introduction o f penalty factors. The penalty factors are dependent on the desired 

contour, however the form of the dependence is not known. In this study they are 

determined through an iterative procedure.

The developed system was tested on three example problems and one application. 

The tests were chosen to highlight the differences and similarities between the finite
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element based method and the geometric method. For the three examples the system 

produced reasonable results. Contour accuracy was quite good with maximum deviations 

at least one order of magnitude smaller than the plate thickness. Edge effects were seen 

to be significant as well.

Example 3, the gull wing contour was used to illustrate several interesting results. 

Displacements due to in-plane and bending stresses were examined separately. The two 

effects o f shot peening, in this case, produced offsetting deflections that combined to form 

the desired contour. Effects o f the penalty scale factor on contour accuracy were also 

examined. With decreasing penalty scale factor, nearly unlimited accuracy was possible, 

without increasing computation time. The required curvature distribution showed some 

instability however. This is thought to be due to round off error in the contour definition.

The system was applied to a wing sldn currently in production, the Boeing 767 

upper wing panel #2 . This is a wing skin for which the geometric method is adequate. 

Results o f the finite element based method compare favorably to those o f the geometric 

method.

AU of the results seen to date require some elements to have a smaU negative in

plane stress intensity. Such values are not possible to achieve with the shot peening 

process. Adding a uniform in-plane stress to the entire wing sldn, sufficient to remove all 

negative values, results in less additional contour error than simply neglecting the negative 

values.

The method presented in this thesis involves backsubstituting two load cases per 

element into the finite element equation and storing them. The set o f equations solved at 

every iteration has two times the number o f elements equations.. Refinement o f the finite 

element mesh quickly overwhelms computer resources. More accurate modeling o f the load
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cases will not only increase the accuracy o f the analysis but decrease the number o f load 

cases as w ell Mesh refinement will then be possible with no increase in computation time 

or storage required except for decomposition o f the stiffness matrix.

In this work, results were presented in the form of required curvature and growth. 

Peening machines however, do not directly produce curvature and growth. Empirical 

relations are necessary for calculating peening intensities from these quantities. Process 

variables are then related to peening intensities through another set o f empirical equations. 

The empirical equations currently available are extremely specific and have limited ranges 

of validity. A  better understanding o f the relationship between the residual stress 

distribution, or the quantities of growth and curvature, and process variables is needed.

At the time of this writing, peening patterns predicted by the method proposed in 

this work have not yet been applied to an actual wing skin. The method needs to be field 

tested to verify the validity o f the assumptions made, or at least to verify that effects of 

draping are sufficient to negate errors introduced by the assumptions.
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