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Abstract:
The stability, causality, and hyperbolicity properties were analyzed for the Israel-Stewart theory of
relativistic dissipative fluids formulated in the energy frame. The equilibria of the theory which are
stable for small perturbations were found by constructing a Liapunov functional. The conditions which
guarantee that small perturbations about equilibrium will propagate with velocities less than the speed
of light and will obey a system of hyperbolic differential equations were determined by calculating the
characteristic velocities. It was shown that the stability conditions are equivalent to the causality and
hyperbolicity conditions. The behavior of the theory far from equilibrium was studied by considering
the plane symmetric motions of an inviscid ultrarelativistic Boltzmann gas. The theory was shown to
be hyperbolic for large deviations from equilibrium, and acausality implies instability in this example.

The plane steady shock wave solutions were also studied for the Israel-Stewart theory formulated in the
Eckart frame. The theory was shown to fail to adequately describe the structure of strong shock waves.
Physically acceptable solutions do not exist above a maximum upstream Mach number in any
thermally nonconducting and viscous fluid described by the theory because the solutions become
multiple-valued when the characteristic velocity is exceeded. It was also proven that physically
acceptable solutions do not exist for thermally conducting and viscous fluids above either a maximum
upstream Mach number, or else below a minimum downstream Mach number (or both). These limiting
Mach numbers again correspond to the characteristic velocities of the fluid. Only extremely weak plane
steady shock solutions can be single-valued in the Israel-Stewart theory for the ultrarelativistic
Boltzmann gas or for the degenerate free Fermi gas. 
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ABSTRACT

The stability, causality, and hyperbolicity properties 
were analyzed for the Israel-Stewart theory of relativistic 
dissipative fluids formulated in the energy frame. The 
equilibria of the theory which are stable for small 
perturbations were found by constructing a Liapunov 
functional. The conditions which guarantee that small 
perturbations about equilibrium will propagate with velocities 
less than the speed of light and will obey a system of 
hyperbolic differential equations were determined by 
calculating the characteristic velocities. It was shown that 
the stability conditions are equivalent to the causality and 
hyperbolicity conditions. The behavior of the theory far from 
equilibrium was studied by considering the plane symmetric 
motions of an inviscid ultrarelativistic Boltzmann gas. The 
theory was shown to be hyperbolic for large deviations from 
equilibrium, and acausality implies instability in this 
example.

The plane steady shock wave solutions were also studied 
for the Israel-Stewart theory formulated in the Eckart frame. 
The theory was shown to fail to adequately describe the 
structure of strong shock waves. Physically acceptable 
solutions do not exist above a maximum upstream Mach number 
in any thermally nonconducting and viscous fluid described by 
the theory because the solutions become multiple-valued when 
the characteristic velocity is exceeded. It was also proven 
that physically acceptable solutions do not exist for 
thermally conducting and viscous fluids above either a maximum 
upstream Mach number, or else below a minimum downstream Mach 
number (or both). These limiting Mach numbers again 
correspond to the characteristic velocities of the fluid. 
Only extremely weak plane steady shock solutions can be 
single-valued in the Israel-Stewart theory for the 
ultrarelativistic Boltzmann gas or for the degenerate free 
Fermi gas.
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CHAPTER ONE 

INTRODUCTION

To make progress in the theoretical understanding of many 
physical systems, particularly in nuclear physics and 
relativistic a s t r o p h y s i c s a  phenomenological theory of 
relativistic fluids that includes the effects of dissipation 
(thermal conductivity, bulk and shear viscosity) is often 
needed. The collision of two heavy nuclei moving at 
relativistic velocities (Clare and Strottman 1986), and the 
collapse of a stellar core which results in a supernova 
explosion and the formation of a neutron star are two physical 
systems of this type. These systems typically consist of very 
many particles, several hundred nucleons in the case of heavy 
nuclei collisions, of order a solar mass of nucleons for 
neutron star formation, and consequently it is very hard to 
follow the evolution of each individual particle of the system 
even numerically. Further, the matter in these problems can 
be in a highly excited state, the regime where the details of 
the fundamental interactions between the particles of the 
system are often poorly understood.

Because of these difficulties, use of the fluid 
approximation can be the best approach. Instead of a 
distribution of discrete particles, the matter is modeled as
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a continuous fluid. The hope in this approach is that our 
inability to solve complicated many-body problems and our 
ignorance of the details of the interactions between the 
constituents of the system can be overcome by appealing to 
basic principles, such as conservation of energy and momentum, 
the generality of thermodynamics, and concepts of relativity 
theory.

Unfortunately, the classic theories of relativistic 
dissipative fluids proposed by Eckart (Eckart 1940; Misner, 
Thorne, and Wheeler 1973; Weinberg 1972, pp. 53-57) and by 
Landau and Lifshitz (1959, Sec. 127) are pathological. All 
the equilibrium states in these theories are unstable, 
regardless of the choice of equation of state of the fluid 
(Hiscock and Lindblom 1985) . Further, linear perturbations 
around the equilibrium states can propagate acausally (faster 
than the speed of light) in these theories, and obey 
differential equations of a mixed hyperbolic-parabolic- 
elliptic type (Hiscock and Lindblom 1987). For example, water 
at room temperature and atmospheric pressure is predicted by 
the Eckart theory to be unstable and acausal: there exist 
plane wave perturbations which grow exponentially with a 
timescale of order 10" seconds, and there are also plane 
wave perturbations which propagate at up to IO6 times the 
speed of light. Clearly, these theories are not physically 
acceptable.
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A.n alternative theory that is free of these pathologies 

was developed in the 1970's by Werner Israel and John Stewart 
(Israel 1976; Stewart 1977; Israel and Stewart 1979a, 1979b) 
building on earlier nonrelativistic work by Grad (1949) and 
Muller (1967, 1985). The Israel-Stewart theory has been shown 
to possess stable equilibrium states, perturbations around 
equilibrium propagate with velocities less than the speed of 
light, and obey a hyperbolic system of differential equations 
so that a well-posed initial value problem exists (Hiscock and 
Lindblom 1983, 1988b, 1989) if certain conditions on the 
equation of state and parameters in the theory are satisfied. 
Further, the conditions which guarantee that an equilibrium 
state of a fluid will be stable are equivalent to t^e 
conditions for perturbations to propagate causally and obey 
hyperbolic equations. Thus, at least near equilibrium, the 
Israel-Stewart theory is an acceptable theory of relativistic 
dissipative fluids.

The theory of Israel and Stewart is actually a collection 
of theories, each of which define the fluid four-velocity in 
terms of the fundamental tensors (the stress-energy tensor and 
particle number current vector) in a different way. One 
particular choice is to define the four-velocity to be 
parallel to the particle number current vector (hereafter 
referred to as the Israel-Stewart Eckart frame theory), as is 
done in the Eckart theory. It was for this particular choice 
of four-velocity definition that the conditions that guarantee
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stability were first shown to be equivalent to the causality 
and hyperbolicity conditions near equilibrium (Hiscock and 
Lindblom 1983). Another natural choice is to define the four- 
velocity to be the unique timeIike eigenvector of the stress- 
energy tensor (referred to as the Israel-Stewart energy frame 
theory), as is done in the Landau-Lifshitz theory.

One of the purposes of this dissertation is to study the 
stability, causality, and hyperbolicity properties of the 
Israel-Stewart energy frame theory, both near equilibrium and 
far from equilibrium, in order to better understand how the 
predictions of the theory depend on the choice of four- 
velocity definition.

Chapter 2 is a review of the Israel-Stewart fl,uid theory. 
The stability, causality, and hyperbolicity properties of the 
energy frame theory near equilibrium are examined in Ch. 3 by 
linearizing the equations of motion of the theory about a 
fiducial background equilibrium state. The Liapunov 
functional techniques developed by Hiscock and Lindblom (1983) 
for the study of the linearized Israel-Stewart Eckart frame 
theory are employed to study the stability of the equilibria 
of the linearized energy frame theory. The causality and 
hyperbolicity properties of the linearized energy frame theory 
are studied by calculating the characteristic velocities. The 
stability, causality, and hyperbolicity properties of the 
energy frame theory far from equilibrium are investigated in
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Ch- 4 by examining the plane symmetric motions of an inviscid 
ultrarelativistic Boltzmann gas.

Another purpose of this dissertation is to determine 
whether the Israel-Stewart theory is incapable of describing 
strong shock waves in all fluids.

The plane steady shock Solutions of the Israel-Stewart 
Eckart frame theory for the ultrarelativistic Boltzmann gas 
have been studied by Majorana and Motta (1985). They 
concluded that physically acceptable plane steady shock 
solutions are guaranteed not to exist in the Israel-Stewart 
theory description of the ultrarelativistic Boltzmann gas 
above a certain upstream Mach number. However, it is unclear 
from their work how this breakdown depends on the choice of 
four-velocity definition or on the particular fluid..

The plane steady shock solutions of the Israel-Stewart 
theory are studied in Ch. 5. That analysis applies to any 
fluid described by the Israel-iStewart theory.

Chapter 6 is a summary of this dissertation. I also give 
my opinion of the present state of the theory of relativistic 
dissipative fluids. Units are chosen so that the speed of 
light c = l  throughout.
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CHAPTER TWO

ISRAEL-STEWART FLUID THEORY

This chapter is a review of the Israel-Stewart theory of 
relativistic dissipative fluids. I begin with a brief history 
of the development of the theory.

History of the Israel-Stewart Theory

The Israel-Stewart theory arose out of developments from 
the kinetic theory of simple gases (Boltzmann gas, free Fermi 
and Bose gases). Grad (1949) found a method for the solution 
of the nonrelativistic Boltzmann equation different from the 
usual Chapman-Enskog approach. In the Grad method the
molecular distribution function, which is the argument of the 
Boltzmann equation, is approximated by truncating its Hermite 
expansion after the first few terms. These terms are
identified as the shear stress and heat flux, and a state of 
the fluid is defined by assigning values to two thermodynamic 
variables, the fluid velocity, the heat flux, and the shear 
stress. The Boltzmann equation then yields a closed system 
of hyperbolic differential equations for 13 independent fluid 
variables (there are 14 equations for 14 variables if the 
fluid has nonzero bulk viscosity). Grad argued that his 
method is possibly preferable to the Chapman-Enskog approach.
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particularly for fluid flows which are not quasi-stationary. 
Linear perturbations in Grad's theory propagate with speeds 
of order the adiabatic sound speed.

Grad's approach was extended to relativistic simple gases 
by Stewart (1969, 1971, 1977), Anderson (1970), Marie (1969), 
Kranys (1970), and Israel and Stewart (1979a, 1979b). The 
Grad method predicts that linear perturbations propagate with 
three distinct characteristic velocities in the arbitrarily 
relativistic Boltzmann gas, each of which is less than the 
speed of light, and that these perturbations propagate via 
hyperbolic differential equations. Olson and Hiscock (1989) 
proved that the Grad method also predicts the degenerate and 
arbitrarily relativistic free Fermi gas to be stable for small 
perturbations, and these perturbations propagate causally and 
obey a hyperbolic system of differential equations.

By contrast, perturbations can propagate instantaneously 
in the Navier-Fourier-Stokes theory of nonrelativistic fluids 
because of the parabolic character of Fourier's law for heat 
flow (Landau and Lifshitz 1959, Sec. 51). This is disturbing 
even in a classical theory, since disturbances would be 
expected to propagate with some mean molecular speed. Muller 
(1967) found that the parabolic character of the Navier- 
Fourier-Stokes theory results from the neglect of terms 
quadratic in the heat flux, bulk stress, and shear stress in 
the expression for the entropy. By including these quadratic 
terms, Muller formulated a phenomenological theory of
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nonrelativistic fluids which is consistent with the Grad 
nonrelativistic kinetic theory method.. Israel (1976) extended 
Muller’s theory to relativistic fluids. Israel and Stewart 
(Stewart 1977; Israel and Stewart 1979a, 1979b) showed that 
Israel's relativistic extension of Muller's phenomenological 
theory is consistent with the Grad relativistic kinetic theory 
method.

Hiscock and Lindblom (1983) showed that the Israel- 
Stewart Eckart frame theory (the Israel-Stewart theory that 
has the fluid four-velocity parallel to the particle number 
current) is causal and hyperbolic, not only in the kinetic 
theory of the simple gases where the equations of the theory 
reduce to the equations of the Grad method, but also for a far 
larger class of fluids. They proved that small perturbations 
about equilibrium will propagate causally and obey a 
hyperbolic system of differential equations if and only if the 
equilibrium state satisfies a certain set of inequalities. 
Further, an equilibrium state is guaranteed to be stable if 
this same set of inequalities is satisfied. These stability 
conditions are also useful for developing constraints on 
proposed models for the equation of state of nuclear matter 
(Olson and Hiscock 1989). In Ch. 3 (and also in Olson 
(1990)), I consider the stability, causality, and 
hyperbolicity properties of the Israel-Stewart energy frame 
theory (the Israel-Stewart theory for which the fluid four-
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velocity is an eigenvector of the stress-energy tensor) near 
equilibriumo

In the Israel-Stewart theory, the complete symmetric 
stress-energy tensor Ta*3 and the particle number current Na 
are taken to be independent fields. Thus 14 independent fluid 
variables are necessary to describe the state of a single- 
component fluid away from equilibrium in the Israel-Stewart 
theory, rather than the usual 5 independent variables as in 
the Navier-Fourier-Stokes theory and the pathological Eckart 
and Landau-Lifshitz theories, and also for perfect fluids.

The Israel-Stewart theory reduces to the familiar 
dynamics of classical fluids for linear plane wave fluid 
perturbations which have wavelengths long compared to a 
typical mean-free-path (Hiscock and Lindblom 1987). In this 
limit, 9 of the 14 modes of an Israel-Stewart fluid are 
strongly damped, and the remaining 5 have propagation speeds 
which are relativistic generalizations of the Navier-Fourier- 
Stokes results. In other situations the dynamics of all 14 
degrees of freedom can be important; the Israel-Stewart theory 
has been used to construct a one-fluid model of 
nonrelativistic superfluids that is mathematically equivalent 
to the Landau two-fluid model (Lindblom and Hiscock 1988).

There is some evidence that far from equilibrium the 
Israel-Stewart theory is unstable, acausal, and nonhyperbolic. 
Hiscock and Lindblom (1988a) considered an inviscid 
ultrarelativistic Boltzmann gas with planar symmetry in the
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Israel-Stewart Eckart frame theory, and found that the theory 
predicts this gas to be unstable for very large deviations 
from equilibrium, in the sense that the fluid evolves away 
from equilibrium into the future, and these deviations 
propagate acausally by nonhyperbolic equations. However, this 
collapse of the theory only occurs very far from equilibrium, 
when the magnitude of the heat flux is of order the energy 
density of the fluid in the example considered, far beyond the 
regime of interest for realistic physical applications. In 
Ch. 4 (see also Hiscock and Olson (1989)), I examine the 
behavior of the inviscid Ultrarelativisticv Boltzmann gas in 
the Israel-Stewart energy frame theory far from equilibrium.

It has long been known that the Israel-Stewart theory is 
incapable of describing strong shock waves in the Boltzmann 
gas. Grad (1952) showed that for the nonrelativistic 
Boltzmann gas with zero bulk viscosity, the plane steady shock 
solutions of his kinetic theory method are multiple-valued, 
and hence physically unacceptable, above an upstream Mach 
number of approximately 1.65. Majorana and Motta (1985) found 
that the plane steady shock solutions of the Grad relativistic 
kinetic theory method are similarly physically unacceptable 
above a certain upstream Mach number for the ultrarelativistic 
Boltzmann gas with zero bulk viscosity. I consider in Ch. 5 
(and also in Olson and Hiscock (1990b)) whether this 
breakdown is peculiar to the Boltzmann gas, or. if the Israel-
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Stewart theory is incapable of describing strong shock waves 
in any fluid.

The Israel-Stewart Energy Frame Theory

The fundamental fields that describe a relativistic 
dissipative fluid in the Israel-Stewart theory are the 
particle number current Na and the stress-energy tensor Tab. 
The fluid four-velocity ua is not considered to be a 
fundamental field; different choices of how the four-velocity 
is defined in terms of the particle number current and the 
stress-energy tensor lead to different theories. In the 
energy frame theory the fluid four-velocity is chosen to Jse 
the unique timelike eigenvector of the stress-energy tensor:

TabUb = -pua , (2.1)

where p is the energy density of the fluid, and the four-
velocity is a timelike unit vector (uau = -I). Thus thea
energy flux is always zero in the rest frame of the fluid. 
This section is a review of the Israel-Stewart energy frame 
theory based on the approach used by Olson (1990). The 
Israel-Stewart Eckart frame theory is reviewed in the next 
section.

The equations of motion of the fluid include the 
conservation laws

V Naa. /o (2.2)
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V Tab = O a (2.3)

where is the covariant derivative compatible with the 
metric tensor gab. I will only- consider single-component 
fluids. The generalization to multiple, interacting 
components is straightforward (Israel 1976). The particle 
number current and the stress-energy tensor can then be 
written as

Na = nua + va (2.4)

Tab = puaub + (p+T)qab + Tab (2.5)

where n is the number density of particles, p is the pressure, 
and qab is the projection tensor orthogonal to the fluid four- 
velocity (gabub = 0):

qab a bu u + gab (2 .6 )

The decompositions in Eqs. (2.4) and (2.5) will be unique
provided these fields are constrained as follows:

uav uaT = T = T - Tba = 0 (2.7.)

Deviations from local equilibrium in the fluid are 
described by the three fields t , va, and xab. The scalar 
field T can be interpreted as the bulk stress of the fluid.
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va is the particle diffusion current, and Tab is the trace 
free shear stress tensor.

The value of the entropy per particle s is determined by 
the values of the energy density and the number density and 
the equation of state of the fluid:

s = s(p,n) . (2.8)

All other thermodynamic variables are then defined by the 
first law o£ thermodynamics,

ds = Tn dp ~ dnTn"

The pressure p is

P = -P- Tn2(H) ,
V V P

and the temperature T is

T = E(S)n1 • ,2-11)
The theory is completed by implementing the second law 

of thermodynamics. The total entropy S(E) associated with a 
spacelike surface E is found by integrating the entropy 
current vector field sa over this surface:

S(E) = f sadEJl « Cl

(2.9)

(2.10)

(2.12)
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The second law requires S(S) to be nondecreasing into the 
future, hence

S(S’) - S(S) = J VasadV > 0 (2.13)

for every spacelike surface S ’ to the future of S . In Eg. 
(2.13) the two surface integrals have been converted into a 
volume integral by Gauss’s theorem. Equation (2.13) will 
always be satisfied provided

V3Sa > 0 3. (2.14)

The theory of Landau and Lifshitz (1959, Sec. 127) now results 
if the entropy current is modeled by

saL = snua - Gva (2.15)

The better behaved theory of Israel and Stewart models the 
entropy current by an expansion including all possible terms 
through quadratic order in the deviations from equilibrium:

a _ a = snu - Qv -K >+ V bSxOS
cV  + aIx b T (2.16)

The ’’second-order coefficients" cu and are additional
thermodynamic functions which are necessary to completely
specify the evolution of the fluid. The , which are
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essentially relaxation times, describe the deviation of the 
physical entropy density from the thermodynamic entropy 
density, and the determine the magnitude of the particle 
diffusion - viscous couplings. The functional forms of these 
coefficients can in principle be extracted from experiments, 
or can be calculated from microscopic theory. Relativistic 
kinetic theory can be used to show that they are nonzero for 
simple gases (Israel and Stewart 1979b; Olson and Hiscock 
1989).

The divergence of the entropy current in Eg. (2.16) can 
be computed and simplified with the aid of the conservation 
equations (Egs. (2.2) and (2.3)). The result is

TV a = - s ' 9 JV" - T:’} V a+ V aV  - aoVa
+ £ ™ a(B0 - Y0TvaVa( V ) - V TVaS + B1U VbVa

“0 V  " aIVab + 2TVb(Bl r) ' (I-Y0)TTVa(V)

(I-Y1)TTa Vb(Si - YaV aUbY B2UcVcTab- U1VaVb

+ lTYabVc(B2 A  - Y1TvaVb(^l)) (2.17)

The brackets < > which appear in Eg. (2.17) have the meaning:
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<Aab> = K 0<2bd(Acd+ Adc- K d ^ ^ e f )  - (2-18,

for any second rank tensor A ^ .  The new coefficients y q and 
Y1 appear because of the ambiguity in factoring the cross 
terms in Eg. (2.17) which involve TvaVa (a0/T) and 
VaTabVfo(ai/T). The simplest way to guarantee that Eg. (2.17) 
is consistent with the second law of thermodynamics (Eg. 
(2.14)) is to reguire that

(2.19)

T = -C

+ It t v ^/. cL( B ° A  - (2.20)

v -OTgabFTVbG + B1UcVc^b - " o V  - ai^cffo'

+ ?TV c ( Bl H  - (I-Y0) T ^ b t e )

- (I-Yl)TTbcVc(^l) + Y2VcVtbUc , (2.21)

Tab = -2n<Vaub+ B2UcVcTab - O 1VaVb + |TTabVc^B2

Y1TvaVb^ l J  + Y3^bcVtaUc-1 > (2.22)
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With these definitions the divergence of the entropy current 
takes the form

Vas ;T +
vav

+
TabT5
2r)T (2.23)

and is insured to be nonnegative provided that the three 
thermodynamic functions 5, 0 , and n are required to be 
positive. By taking the Newtonian limit of the theory, these 
functions may be identified as the bulk viscosity g, the 
particle diffusion coefficient 0 (o(p+p)2/n2 may be identified 
as the thermal conductivity), and the shear viscosity r\. The 
terms multiplying Y2 and Y3 in Eqs. (2.21) and (2.22), which 
couple the particle diffusion vector and the shear stress 
tensor to the vorticity of the fluid, are the only additional 
terms which can be added to Eqs. ( 2.20) -( 2.22) which agree 
with the results of kinetic theory and do not change the 
entropy generation equation, Eq. (2.17) (Hiscock and Lindblom 
1983). The expressions for x , va, and tab in the pathological 
Landau-Lifshitz theory (Landau and Lifshitz 1959, Sec. 127) 
result if all the coefficients a-, and are set equal 
to zero.

Equations (2.2), (2.3), and (2.20)-(2.22) form the 
complete set of equations of motion for the Israel-Stewart 
energy frame theory. The theory has 14 degrees of freedom, 
which can be chosen to be t , the three independent components 
of va , the five independent components of xab, the three
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independent components of ua , and two thermodynamic variables. 
There are 14 independent variables, rather than 5 as in the 
Navier-Fourier-Stokes or Landau-Lifshitz theories, because the 
dissipation fields t , va, and Ta*3 obey differential equations 
instead of algebraic equations. The evolution of the fluid 
is completely determined provided that the equation of state,

X

the dissipation coefficients ?, a, n, and the second-order 
coefficients a^, are known thermodynamic functions. 
Gravitational interactions may be .included by adding 
Einstein's equations,

Gab = SuTab , (2.24) 

to this set of equations.
Equilibrium states of the theory are those for which the 

divergence of the entropy current vanishes. By Eq. (2.23), 
this implies that in equilibrium

x = va = xab = O  (2.25)

These conditions and the equations of motion (Eqs. (2.2), 
(2.3), and (2.20)-(2.22)) yield the following additional 
conditions for an equilibrium state:

V ̂ ua= 0 , (2.26) 

qabvbe = 0 (2.27)
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<9a%> = ° ' (2.28)

uaV n - =  0 (2.29)

uaVap = 0  , (2.30)

SabCvbP +■ (PtP)UcVcUb] = 0 (2.31)

Equations (2.29) and (2.30) imply that all other thermodynamic 
variables must also be constant along the fluid flow lines 
because they depend on just two independent thermodynamic 
variables. These are the same equilibrium states as in the 
Landau-Lifshitz theory. . The stability of these equilibrium 
states for small perturbations is studied in Ch. 3, and for 
large perturbations for the particular case of the 
ultrarelativistic Boltzmann gas in Ch. 4.

The notation used in this section differs slightly from 
that used originally by Israel (1976). The equations of 
motion for the Israel-Stewart energy frame theory in the 
notation of Israel (1976) result if the following 
substitutions are made in Eqs. (2.4) and (2.20)-(2.22) : va -> - 
nqa/(p+p), a -» Kn2/(p+p)2, B1 -> B1(Ptp)2Zn2, -» -a^ptpj/n.

The Israel-Stewart Eckart Frame Theory

The only other commonly used Israel-Stewart theory is 
the Eckart frame theory. The plane steady shock solutions of 
the Eckart frame theory are studied in Ch. 5. The review of
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the Eckart frame theory presented in this section is based on 
the approach used by Hiscock and Lindblom (1983, 1988b, 1989).

In the Israel-Stewart Eckart frame theory, just as in 
the energy frame theory, the fluid is described by a conserved 
particle number current and a conserved stress-energy tensor.

OIlid**> (2.32)

VaTab = 0 (2.33)

but the fluid four-velocity is chosen so that the particle
flux is always zero in the rest frame of the fluid.

Na = nua ,

and the stress-energy tensor has the form

(2.34)

Iab = PUaUb + (p+T) qab + qaub + q V  + Tab . (2.35)

Deviations from local equilibrium are described by the bulk
Si 3.I3stress T , the heat flux q , and the shear stress t , which

are constrained to satisfy

A eT  t3X  = A  = Tab " Tba = 0 • (2.36)

The equation of state of the fluid, s = s(p,n), and the first 
law of thermodynamics (Eq. (2.9)), define the pressure p and 
the temperature T by Eqs. (2.10) and (2.11).
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In the pathological Eckart (1940) theory, the entropy 

current is modeled as

sfi .= snua + Bqa , (2.37)hi

while in the better behaved Israel-Stewart Eckart frame 
theory, the entropy current is modeled by an expansion 
including all possible terms up to quadratic order in 
deviations from equilibrium.

snu + Bqc -KB0T' + B + B,

+ a0T T (2.38)

The divergence of the Eckart frame entropy current (Eg. 
(2.38)) is manifestly nonnegative.

V (2.39)

provided the bulk viscosity the thermal conductivity k , 

and the shear viscosity n are positive thermodynamic 
functions, and if B , t , qa , and %a^ are defined by

ZB I
T (2.40)
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t = -s[vaua + B0UaVaT - a0Vaga

- + § ™ a ( B° £)] '

ga = -Klgab[IvbT + UcVcUb + B1UcVc9b - a0VbT

- aIvC ^ b  + 5TV c ( Sl A  - I1-V0In v b( S )

- (I-Y1)TTbcVc(^l) + Y2qCV[buc]] ,

Tab = -2r)<Vaub + B2UcVcTab - a^Vagb + |TTabVc^fi2 j

(2.41)

(2.42)

- Y1TgaVb^-Ij + Y3TcbVtaUcA  . (2.43)

Thus , the. second law of thermodynamics will be satisfied if 
B, T , ga , and Tab are defined by Egs. (2.40) - ( 2.43) . The 
eguations for T , ga, and Tab in the Eckart theory result if 
each of the a^, B^z and Y1 are set equal to zero.

Eguations (2.32)z (2.33)z and (2.41)-(2.43) form the 
complete set of 14 eguations for the 14 independent variables 
of the Israel-Stewart Eckart frame theory. The evolution of 
the fluid is completely determined provided that the equation 
of state, the dissipation coefficients 5, k , t], and the 
second-order coefficients , B^z Y1 are known thermodynamic
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functions. Gravitational interactions may be included by 
adding Einstein's equations (Eg. (2.24)).

Equilibrium states of the theory are those for which the 
divergence of the entropy current vanishes. By Eq. (2.39), 
this implies that in equilibrium

T = qa = Tab = 0 . (2.44)

These conditions and the equations of motion (Eqs. (2.32), 
(2.33), and (2.41) - (2.43)) may be used to show that the 
equilibrium states of the Israel-Stewart Eckart frame theory 
are exactly the same as the equilibria of the Israel-Stewart 
energy frame theory (Eqs. (2.26)-(2.31)). So the definitions 
of the fluid four-velocity in the Israel-Stewart Eckart frame 
and energy frame theories differ only away from equilibrium. 
These are also the equilibrium states of the Eckart theory.
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CHAPTER THREE

THE ENERGY FRAME THEORY IN THE LINEAR REGIME

The Israel-Stewart Eckart frame theory is an acceptable 
theory of relativistic dissipative fluids near equilibrium 
because it has stable equilibria, and small perturbations 
around equilibrium propagate causally and obey hyperbolic 
differential equations (Hiscock and Lindblom 1983). In this 
chapter, I investigate whether or not the Israel-Stewart 
energy frame theory is also a physically acceptable theory 
near equilibrium.

Linearized Energy Frame Theory

The equations of motion for small perturbations around 
the equilibrium states of the energy frame theory are derived 
in this section. These equations will be needed in the 
following sections to study the stability of the equilibria 
of the energy frame theory, and to determine under what 
conditions small perturbations propagate causally via a 
hyperbolic system of differential equations. The difference 
between the nonequilibrium value of a field Q at a given 
spacetime point and the value of this field at the same 
spacetime point in the fiducial equilibrium state will be 
denoted by SQ. Thus the fields Sp, Sn, Sua, St , Sva, Sra*3,



25

and Sgab describe the perturbations of the fluid about its
equilibrium state. A variable without the prefix 6 (e.g. n,

equilibrium state. The fields in the equilibrium state 
satisfy Eqs. (2.26)-(2.31).

I will assume that all perturbation quantities SQ are 
small enough that their evolution is described well by the 
linearized equations of motion. I also assume for simplicity 
that Sg = 0. Hence the linearized equations of motion 
displayed below may only be applied to special-relativistic 
fluids (but the background geometry need not be flat 
spacetime), or to short wavelength perturbations of the fluid. 
The equations of motion (Eqs. (2.2) , (2.3), and (2.20)-(2.22)) 
linearized about an arbitrary equilibrium state are then

P, ua , gab, etc.) refers to the value of that field in the

V3ST',ab 0 (3.1)

STab = (p+p)(6uaub + ua6ub ) + SpuaUb

+ (Sp + ST)qab + Sxab (3.2)

UaV3Sn + V (n6ua ) + V3Sva = 0CL cl ct (3.3)

Sx = VaSua f B0UaVaSx - U0VaSva

(3.4)
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Sva = -OTqa'*3 TV^fe + - O-OV^T -

+ lT6V c ( Bl A  - (I-Y0)MTVb^ )

- (I-Y1)TCTbcVc(^a) + Y26vcV[buo]] , (3.5)

Sxab = -2n<Va6ub + SuaUcVcUb + B2UcVcSxab - O^VaSvb

+ ITSxabVc^j32 - Y1TSvaVb^-Ij + Y36xbcVEauC] >• (3.6)

The derivative V in Eqs. (3.1)-(3.6) is the covariant 
derivative compatible with the background spacetime metric 
gab. The projection tensor appearing in the definition of 
the brackets < > (Eg. (2.18)) is the unperturbed projection 
tensor qab. The perturbation variables satisfy the 
constraints

uaSv = ua6x . = Sxa = Sxab - Sxba = uaSu = O  (3.7)a ab a a

because of the constraints in Eg. (2.7).

The Stability Conditions

The stability of the equilibrium states of the Israel- 
Stewart energy frame theory for small perturbations are
studied in this section by using the Liapunov functional

£■
techniques developed by Hiscock and Lindblom (1983) for the
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analysis of the stability of the equilibria of the linearized 
Israel-Stewart Eckart frame theory. A Liapunov functional, 
a nonincreasing function of time which depends quadratically 
on the perturbation fields, is constructed. When this 
functional is nonnegative for all possible values of the 
perturbation fields the equilibrium state is stable, since in 
this case the functional is bounded below by zero. If the 
functional is negative for some values of the perturbation 
fields, then some of the perturbation fields will evolve 
towards infinity because the functional is unbounded below in 
this case, implying that the equilibrium state is Unstable. 
This reasoning will be made rigorous in what follows.

A Liapunov functional can be constructed for the Israel- 
Stewart energy frame theory from an "energy" current Ea 
defined by

TEa= 6Tab6ub - |(p+p)ua6ub5ub + TSGSva - CqSrSva - C1SxabSvb

+ 1 Bq (St )^ + B1SvbSvb + B26xbcSXj (3.8)

The total energy E(E) associated with a spacelike surface E
is
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E(S) I EadS, (3.9)

The Liapunov functional E(S) will be nonincreasing into the 
future provided

E(S') - E(S) = J VaEa dV < 0 , (3.10)

for every spacelike surface S' to the future of S. Thus the 
Liapunov functional will be a nonincreasing function of time 
as long as the divergence of the energy current is not 
positive. The divergence of Ea in Eg. (3.8) may be calculated 
with the aid of the linearized equations (Eqs. (3.I)-(3.6)). 
The result is

VaEa = -a.

As required, this Liapunov functional is a nonincreasing 
function of time.

This energy current (Eg. (3.8)) was found by modifying 
the expression for the energy current of the Israel-Stewart 
Eckart frame theory found by Hiscock and Lindblom (1983). 
The structure of the two theories is similar enough that it 
is easy to see how to modify their expression to obtain an 
appropriate energy current for the Israel-Stewart energy frame 
theory.

(6t ) Sv ciSv STtawST
2nT < 0 (3.11)
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It is useful to express the Liapunov, functional in terms 

of an energy density:

E(S) = J e ?jr- d^x^ . (3 .12)

The energy density e is defined by

e = TEata/ubtb , (3.13)

where the vector ta is the future-directed unit normal to the 
spacelike surface S . The Liapunov functional E(E) will be 
nonnegative for all possible values of the perturbation fields 
if and only if the energy density e is a nonnegative 
functional of the perturbation fields at all points in the 
fluid.

It is possible to factor the energy density into the form

6 = 5 = fiA l5V (3.14)

The Qa are functions of the thermodynamic variables of the 
■equilibrium state given by

Q1 = (P+P)"1^ )  , (3.15)

Q2 = (P+P) -̂(Is)p(Is)e ' (3A6)
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23 = (p+p) 1̂2(E)Sj - ( 4  + o t ;  + % ^ 2 (3.17)

Q4 = P+P -
2(p+p) B2+ [n B1- 2n(p+p)a1~ (p+p)]X'

2|n B1+ p+pjB2 - ^na1+ ij2X2 , (3.18)

Q5 Bq (3.19)

Qc — 6 (p+p)

? 7n“B1+ p+p (naQ+ 1)“
X'

2(nan + I)i' ^  - ifp±prf3T)3B9 nl T-J U s J r (3.20)

Q-y —
(P+P)

2 (nax+ D 2X2
n Bi+ p + p - ---- go:---- (3.21)

Qg — B2 . (3.22)

The SZa are linearly independent combinations of the 
perturbation fields:

SZ1 = + (p+p)(!?l X3Sua+Cl (h XaSva (3.23)

SZ2 = Ss (3.24)

= X (X3Sua + =X3Sv' ci n a. Z (3.25)
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5zt = ^ b 6ub + H ^ b 6vb ' (3.26)

5Z5 = 5t + j^Xa6ua' 4 Aa6va f (3.27)

sz6 = - PnPxa6',a+ I 5 (xa6ua+ ^ a 5^ ) Z ( 3.28)

a 2(p+p)2B2~ (ptp)(ng^tl)X2
f 5ub t 1SvbSZ? 7 9 2 I2(n"B^tptp)B2- (na^tl) X
I  OU T ^Ov

- ^ r abSvb , (3.29)

SZ^b = 6xabt i-<Xa6ub > - -rl0 Jj ̂ JJ ̂ <Xa6vb > (3.30)

In these equations Xa is the velocity of observers moving
along t relative to the rest frame of the background 
equilibrium state.

X* = q ^ / U c t =  , (3.31)

X is the norm of X (which can be shown to be bounded between 
zero and one), and K is defined as

I
2 p+p

ncV 1 + 2|nal+1) + n(pi (3.32)

and the projection tensor y . is given by
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ab gab _ I (3.33)Y

The requirement that the Liapunov functional be nonnegative 
is then equivalent to the condition that each of the be 
nonnegative.

So Eq. (3.34) must be satisfied for all values of X between 
zero and one (the speed of light) for the equilibrium state 
to be stable. The most restrictive conditions are obtained 
by setting X = I.

The stability conditions (Eg. (3.34)) have several 
interesting consequences. Because of the Q3, Q3z and fig 
conditions, J3q and (3/2)J32 are nonnegative and bounded below

-3_by (ptp) . The fî  and fî  conditions require to be 
nonnegative. The square of the adiabatic sound speed (3p/3p)s 
is bounded between zero and the speed of light because fî  and 
fig are nonnegative. This does not imply that all 
perturbations of stable equilibrium states propagate 
subluminally; perturbations need not propagate with the 
adiabatic sound speed in a fluid theory having dissipation. 
The fig condition is the relativistic Schwarzschild criterion 
for stability against convection (Thorne 1967).

The connection between the sign of the energy functional 
and stability is established by the following theorems. 
Theorem A shows that a nonnegative’ energy functional is a

(3.34)
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sufficient condition for stability.

Theorem A. If the stability conditions (Eg, (3,34)) are 
satisfied, then none of the perturbation variables will grow 
without bound (as measured by a square integral norm).

The proof of Theorem A is identical to the analogous 
theorem proven for the Israel-Stewart Eckart frame theory by 
Hiscock and Lindblom (1983, p. 494).

The following theorem falls somewhat short of showing 
that satisfaction of each of the conditions > O is also a 
necessary condition for stability.

Theorem B . Suppose that the inequalities

O < < I (3.35)

and

(3.36)

are satisfied, and at least one of the stability conditions 
is violated. Suppose also that there do not exist solutions 
to the perturbation equations for which the square integral 
norm£/of"_the perturbation variables Sr, 6va, and Srab evolve 
to zero, but these variables do not evolve to zero everywhere. 
Finally, assume in addition that the perturbation equations
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only yield solutions for which there exists 14 linearly 
independent perturbation fields. Then there exist solutions 
to the perturbation equations which grow without bound.

Theorem B can be proven as follows. Assume that no 
unbounded solutions to the perturbation equations exist. This 
implies that the integral of the divergence of the energy 
current (Eq. (3.11)) must also evolve to zero since the 
Liapunov functional is bounded. It follows that the square 
integral norms of the fields 6t , 6va , and Sra*3 evolve to zero, 
and the energy density (Eq. (3.14)) evolves to

i - j m2(p+p)^3pJc Sp + <P+P)(|^)sAaSu1 + ^ T abSua6u*

+ P+P 
2X2 1̂2(H)J(Xa5ua)2+ '6si2A l3-37)

because the perturbation fields Sr, Sva , Sta^ evolve to zero 
everywhere when their square integral norms do. When Eqs. 
(3.35) and (3.36) are satisfied this energy density is 
nonnegative. Therefore, the Liapunov functional is also 
nonnegative, implying that the energy of all possible 
perturbations is nonnegative because the Liapunov functional 
is a nonincreasing function of time. Thus all of the 
stability conditions > 0 are satisfied because there exists 
14 linearly independent perturbation fields, which proves
Theorem B.
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Theorem B fails to be a complete proof, even for the 

equilibria which have a real and causal adiabatic sound speed 
and are stable against convection (and so satisfy Eqs. (3.35) 
and (3.36)), because it has not been shown that the physically 
interesting solutions to the perturbation equations have.14 
independent fluid variables with 6t , 6va, and Srab evolving 
to zero everywhere when their square integral norms evolve to 
zero. The analogous theorem for the Eckart frame theory 
(Hiscock and Lindblom 1983, p. 494) has exactly the same 
deficiencies (Geroch and Lindblom 1990).

Causality and Hyperbolicity Conditions

This section contains a derivation of the conditions 
which guarantee causal propagation of small perturbations 
around the equilibria of the Israel-Stewart energy frame 
theory. The conditions for the linearized equations of motion 
of the energy frame theory to form a symmetric hyperbolic? 
system are also determined.

The system of equations for the linear perturbations 
(Eqs. (3.1)-(3.6)) has the form

AABaVa6YB + BAb 6YB = O (3.38)

where the components of 6YB are the fourteen perturbation 
fields Sn, Sp, Sua , Sr, Sva , Sxab, and the index A labels one 
of the fourteen equations for the perturbation fields. The 
components of the matrices AABa and BAB are functions of the
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variables of the equilibrium state. The level surfaces of a 
scalar function <p satisfying

are the characteristic surfaces for these equations; the

(Courant and Hilbert 1962, p. 170). The characteristic 
velocities are the slopes of these surfaces; information 
propagates along the characteristic surfaces with these 
velocities.

The characteristic velocities are most easily found by 
solving Eg. (3.39) with the following choice of coordinates. 
At some point in the fluid choose a Cartesian coordinate 
system which is comoving with the fluid and which has the x"*" 
direction along the direction of spatial, variation of <p. Then 
at this point

(3.39)

fields 6YB cannot be freely specified on these surfaces

gab3a3b = - O 0)2 + O 1)2 + O 2)2 + O 3 )2 (3.40)

a (3.41)

and

(3.42)

In this coordinate system the equation for the characteristic 
velocities (Eg. (3.39)) is
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det ( vAAb ° - A ab1 J = O

where v is the characteristic velocity defined by

(3.43)

v = - 3-cp (3.44)

When the set of fourteen perturbation fields is chosen as

6Y~ = (T60, 6t , Su 1 , Sv 1 , Sr11, Su2, Sv2, Sr21,,B

Su3, Sv3, Sr31, Sr22 - Sr33, St 32J (3.45)

the characteristic matrix block diagonalizes:

VAab 0- Aab1
Q 0 0 0  
0 R 0 0  
0 0 R 0
0 0 0 S

(3.46)

Q =

itrices Q, R, and S are defined as

vf 3n"|
< 3 6  Jt KKl 0 -n' -I 0

% vKK6 0 -(P+P) 0 0

0 0 VB0 . -I aO 0
-n -(p+p ) -I v(p+p) 0 -I
-I 0 aO 0 VB1 aI
0 0 0 -I aI |v&.

, (3.47)
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R =

v(p+p) 0 
0 VB1

-I CX1

-I

aI
2vB2

(3.48)

S =
2v B2 0
0 VB2 • (3.49)

Thus the equation for the 
(3.39)) takes the form

characteristic velocities (Eq.

det Q (det R )2 det S = O (3.50)

where the determinants are

det Q 44Av4+ Bv2+ C) [(Hl(M) - (M)IIf)„ (3.51)

det R = v 2 (p+p) JB̂ ti2V2 - ( p+p)a^2- (3.52)

det S = 2(VB2) (3.53)

The coefficients of the quartic in Eq. (3.51) are 

A = (Ptp)B0B1B2 , ' (3.54)

B = - ( p+p) D - ( M p) 6i+ M p ]E - 2F (3.55)
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_ f n PE - F2
Vp+p J J30B2

(3.56)

The functions D z E z and F are defined as

D = 6 Ofi 2 (naQ+ I) 2 Ina1+ I) Ifp+pl^f+ nl T ; U s J r (3.57)

E  =  (2^ ) 2 b O b2 [ ( p + p ) ( l f ) = +  I r  +s -0 3B2
(3.58)

F = - 6O62
na0+ I Zlna1+ I) n(p+p)p T^

+ T U n J , (3.59)

The set of characteristic velocities is found by setting 
each of det Q, det R z and det S to zero. The two 
characteristic velocities found by setting det S to zero both 
vanish. The matrix R has one vanishing characteristic 
velocity, and two nonvanishing characteristic velocities given 
by

v
2(p+p)a1 + B1 

2 ( p+p) B-| B2 (3.60)

These are the transverse characteristic velocities since the 
matrix R describes perturbations tangent to the characteristic 
surfaces, and so transverse to the direction of propagation. 
The matrix Q has two vanishing characteristic velocities, and 
four nonvanishing characteristic velocities which satisfy
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Av. 4 + Bv. 2 + C = O (3.61)L L

These are the longitudinal characteristic velocities.
The conditions for the system of linear perturbation 

equations (Eg. (3.38)) to form a hyperbolic system will now 
be determined. The most common definition of hyperbolicity, 
which requires the characteristic velocities to satisfy 
conditions such as reality, cannot be used because the 
characteristic velocities of the energy frame theory are not 
all distinct. Since the matrices AABa are symmetric, the 
system of perturbation equations forms a symmetric hyperbolic 
system if some linear combination of the A ^ a were positive 
definite. The system of perturbation equations would then 
have a well-posed initial value problem (Courant and Hilbert 
1962, p. 593).

A necessary and sufficient condition for a matrix to be 
positive definite is that the determinant of each leading 
principal submatrix be positive. The matrix AAB® is itself 
positive definite if and only if the following inequalities 
are satisfied:

(3.62)

(3.63)

Bi > 0 / (3.64)
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for each of i = 0,1,2. Thus a sufficient condition for a 
positive definite linear combination of the AA_a to exist is

JD

for each of these inequalities to be satisfied. Equations 
(3.62) and (3.63) also imply that (9p/3T)Q > 0.

Satisfaction of the inequalities in Eqs. (3.62)-(3.64)
is also a necessary condition for a positive definite linear
combination of the AABa to exist. The matrix AAB0 must be
positive definite because only AAB° has nonzero diagonal
elements and none of the other AABa have nonzero off-diagonal
elements in the locations where the off-diagonal elements of 
A 0A B are nonzero. Therefore, the perturbation equations (Eq. 
(3.38)) form a symmetric hyperbolic system if and only if the 
inequalities in Eqs. (3.62)-(3.64) are satisfied. However, 
it is unknown whether or not these are the weakest conditions 
necessary for the theory to be hyperbolic because it has not 
been proven that satisfaction of Eqs. (3.62)-(3.64) are also 
necessary conditions for the theory to be hyperbolic.

Stability is Equivalent to Causality and Hyperbolicity

The connection between stability, causality, and 
hyperbolicity in the Israel-Stewart energy frame theory is 
established in this section. The proofs of the results of 
this section are very similar to the corresponding proofs for 
the Israel-Stewart Eckart frame theory (Hiscock and Lindblom 
1983). In what follows it will be assumed that the stability 
conditions are strictly satisfied, fiA (X2) > 0. One
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relationship is that stability implies causality and 
hyperbolicity; the linear perturbations of a fluid described 
by the Israel-Stewart energy frame theory propagate causally 
(subluminalIy) and obey a symmetric hyperbolic system of 
equations when the stability conditions are strictly 
satisfied.

The proof is as follows. Equations (3.18), (3.21), and 
(3.60) can be used to show

2 Sl4 (I)-Q7 (I)
1 “ VT = Q4(O) Q7 (O) > 0 (3.65)

when Q4 and Q7 are positive. Also Vrp2 > 0, since B1 > 0 and 
B2 > 0 when the stability conditions are strictly satisfied. 
Thus the transverse velocities are real and bounded between 
zero and the speed of light:

0 < Vrp2 < I (3.66)

Recall that the squares of the longitudinal
2characteristic velocities x = vL are the roots of the

quadratic

P(x) = Ax2 + Bx + C (3.67)

The squares of the longitudinal velocities will be real if 
and only if the discriminant is nonnegative. Equations 
(3.54)-(3.59) can be used to show
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B2-4AC = -n P+P
n B^+p+p

(p+p)D +

+
2n B1 
P+P

P+P

2 n

E + 2Î FF+1Jf

(P+P)D - ((FFp) V  pTp]E > O (3.68)

when the stability conditions are satisfied. So, if the 
stability conditions are satisfied, then the squares of the 
longitudinal characteristic velocities are real.

The zeros of the quadratic P(x) can be seen to lie 
between x = 0 and x = I when the stability conditions are 
strictly satisfied from the following quantities:

P(O) - C -  ^ a 1- Ct0 )2 + aI + H  " T n ( I i )

+  ( t e ) ( H ) p ( I s ) s b O b2 +  " ( I s ) s aO + S P+Pf
TnVSpJsJ

+ (H)J B2 + > 0 (3.69)

dP( 0) " B “ (2He) (H) B0B2 " (p+p) (H) b̂ObIb:
-lp+p)^ a02B2 + ^a12B0 )- B1B2 ~ TB0B1  ̂ B (3.70)
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p(i) =

dP( I) 
dx

A + B + C

2A + B =

(p+p)B q B 2 
H2Q6(I)

N 2
(2HeJ aSllls2S*1'15O62

B0B1B2 aS*1' + Em-
[ (p+p)Q6(l) - K(I) ]

> 0 , (3.71)

+ B0B2fi3^1^

> 0 1 . . (3.72)

Thus, the two zeros of P(x) must be real and lie between x = 
.0 and x = l  because P(O) > 0, dP(0)/dx < 0, P(I) > 0, and 
dP(l)/dx > 0:

0 < vT2 < I . (3.73)

Equations (3.69)-(3.72) may be verified from the definitions 
of A, B, and C. The thermodynamic derivatives (3p/3n)s and 
(3T/3s)p are each guaranteed to be positive, and (SGZSs)p is 
negative, as a consequence of the first law of thermodynamics 
and the positivity of and Q2 (see Hiscock and Lindblom 
1983, p. 482).

The hyperbolicity conditions (Eqs. (3.62)-(3.64)) are 
easily seen to be satisfied when the stability conditions are 
strictly satisfied. Therefore, linear perturbations propagate 
causally via a symmetric hyperbolic system of equations when 
the stability criteria are strictly satisfied.

The converse theorem also holds: the Israel-Stewart 
energy frame theory is stable for linear perturbations when
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these perturbations propagate causally and. obey a symmetric 
hyperbolic system of equations (in the sense of Eqs. (3.62)-
(3.64) ). This will be proven by showing that the causality
conditions (in particular Eqs. (3.65), (3.71), and (.3.72))
and the hyperbolicity criteria (Eqs. (3.62)-(3.64)) imply the 
positivity of each of the Qft.

The stability conditions and fig are positive when Eq.
(3.64) is satisfied. The stability conditions Q1 and Q2 may 
be expressed as

-I

'Tl
(3.74)

O _ T2n4('3T'| f3pV
a2 - -FplspJeIapJs (H)t + ̂(H)t (H)n (3.75)

Thus Q1 and Q2 are also positive when the hyperbolicity 
conditions are satisfied.

Equation (3.71) and the positivity of Q^ and fig require
fi3(I) and fig(I) to be nonzero and to have the same sign. This
and Eg. (3.72) require Q3(I). and fig(I) to be positive. This
guarantees the positivity of fig(X2) since fig(X2) > Qg(I) for 

2all X < 1  (see Eq. (3.20)). Further, Q^ is also positive 
because
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2 IrnaD+ I-Vn (Xz) > n (I) = O (I) + -If— 1 — 1 7 7 6 B0V p+p J

+ 652( - F F - )  + - ^ ( D n > ° C

for X < I.
The minima of fig (X2) and Ŝ4(X2) pan be determined 

the following derivatives:

d( X2) c 2
f C 3 f

I---- I
rHI L  + C 2 V  1 I__I--I

I____

(cj- X 2C 2 ) L0 I + c 3 j - j3O -
■r_n_V

na,
p+p + 'r_n_r na^

3-̂ 2 LIP+PJ Cl P+P +

+ (P+P)I °3 " I ( I f ) n ( I t ) s (3

do,
d(X")27 = "2B2

n B1 - n(Ptpja1 2

2In2B1 + p+p)B2 - (na1 + Ij2X2 (3

The quantities C1, C37 and C3 are defined as

cI — K(X ) - ,
Xz (3

c2 = ^  - «6

.76)

from

.77)

.78)

.79)

r (3.80)
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W + P+P (3.81)

When the hyperbolic!ty conditions are satisfied, dfi-̂ /dt X") < 
20 and dfi^/d(X ) < 0 since c^ and C3 are nonnegative in this

2 2case. It follows that the minima of K3 (X ) and £2̂  (X ) in the
2 2 2relevant range of X occur at X' = I. So S3(X ) is positive 

because Q3(I) is positive. The positivity of Q^(I) is seen 
from Eqs. (3.65) and (3.76) and the positivity of Q^(O):

n (Ptp)B1
Q4(O) = --------—  > 0

n 'B1 + p t p
(3.82)

2 2 Therefore Q4(X ) is positive also. Thus each of the Q^(X )
are positive when the causality and hyperbolicity conditions
are satisfied.

Conclusions

I have shown in this chapter that satisfaction of each 
of the stability conditions (Eg. (3.34)) is a sufficient 
condition for the stability of the equilibria of the Israel- 
Stewart energy frame theory for small perturbations. I also 
argued that satisfaction of each of the stability conditions 
may also be a necessary condition for the stability of all 
equilibrium states which have a real adiabatic sound speed and 
are stable against convection. Thus, just as for the Israel- 
Stewart Eckart frame theory (Hiscock and Lindblom 1983), the
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equilibria of the energy frame theory are stable for small 
perturbations if the equilibrium state satisfies a certain set 
of inequalities.

I have also proven in this chapter that small 
perturbations in the Israel-Stewart energy frame theory 
propagate causally and obey hyperbolic differential equations 
if and only if the equilibrium state satisfies the stability 
conditions (Eq. (3.34)). Thus, just as in the Israel-Stewart 
Eckart frame theory (Hiscock and Lindblom 1983), the stability 
conditions are equivalent to the causality and hyperbolicity 
conditions.
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CHAPTER FOUR

THE ENERGY FRAME THEORY IN THE NONLINEAR REGIME

Introduction

The stability, causality, and hyperbolicity properties 
of the Israel-Stewart energy frame theory far from equilibrium 
are studied in this chapter. Unfortunately, it does not seem 
feasible at present to perform a stability analysis that would 
apply genetically to any fluid described by the full nonlinear 
theory, as was done for the linearized theory in Ch. 3, 
because of the complexity of the theory outside the linear 
regime. However information about the nonlinear properties 
of the theory can still be obtained by considering a specific 
example; in this chapter I examine the plane symmetric motions 
of an inviscid Boltzmann gas at ultrarelativistic temperatures 
(kT >> m, where m is the rest mass of a fluid particle).

The Israel-Stewart theories are constructed by assuming 
the entropy current is given by an expansion in the deviations 
from equilibrium which is truncated after the quadratic terms. 
Thus it is not reasonable to expect any of the these theories 
to correctly describe the dynamics of a fluid which is 
extremely far from equilibrium. Also, if the deviations from 
equilibrium are too large, the fundamental variables of the 
theory will not have the properties associated with classical
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fluids. Specifically, an observer with four-velocity I a would 
measure the energy density of the fluid to be

P5 = l3bV b  • (4.D

The stress-energy tensor Tab would violate the weak energy 
condition (Hawking and Ellis 1973) if this observer could 
measure a negative fluid energy density ( <  0). Equation
(2.35) can be used to show that an inviscid fluid described 
by the Eckart frame theory will violate the weak energy 
condition if

P + PV2 - 2|q|vg < 0 . (4.2)

In Eg. (4.2), p is the fluid energy density and p is the
pressure, both measured in the rest frame of the fluid, JqJ
is the magnitude of the heat flux qa (q^ = qaq ), and v isa q
the component of the velocity v of the observer relative to 
the fluid rest frame in the direction of the heat flux. The 
tightest constraint is obtained by setting v -» I (and so also 
v -> 1):

JglP+P > 1
2 (4.3)

The weak energy condition will be violated in the Israel- 
Stewart Eckart frame theory for inviscid fluids having heat 
fluxes which are large enough to satisfy Eq. (4.3). For the
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inviscid ultrarelativistic Boltzmann gas, which has the 
equation of state

P  = ip = nkT ■ , (4.4)

the weak energy condition is violated in the Eckart frame 
theory when |q|/p > 2/3.

Hiscock and Lindblom (1988a) have also studied the plane 
symmetric motions of an inviscid ultrarelativistic Boltzmann 
gas, but in the context of the Israel-Stewart Eckart frame 
theory. They found that the Eckart frame theory is causal and 
hyperbolic only when )q| /p > 0.1303. The theory is also 
unstable when )q|/p > 0.5597 in that if the heat flux is this 
large, the fluid will evolve away from equilibrium rather than 
towards it. (These values are corrections to those found by 
Hiscock and Lindblom (1988a). The values they published were 
obtained using an incorrect value for the second-order 
coefficient B^.) Thus the Eckart frame theory breaks down 
well before the weak energy condition is violated, at least 
for this particular fluid.

For an inviscid fluid described by the Israel-Stewart 
energy frame theory. Eg. (2.5) can be used to show that an 
observer with four-velocity £a would measure the fluid energy 
density to be

p + pvI -V (4.5)
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So the weak energy condition is always satisfied in the 
Israel-Stewart energy frame theory because the velocity v of 
the observer relative to the fluid is always less than the 
speed of light (v < I). But, by Eg. (2.4), the particle 
number current will be spacelike,

NaNa = -n2 + v2 > 0 , (4.6)

if the magnitude JvJ of the particle diffusion current va (v2 
= vava) is greater than the number density of particles as 
measured in the fluid rest frame ()v) > n). Some observers 
could then measure a negative particle number density. Thus, 
the energy frame theory cannot be expected to correctly 
describe the dynamics of any inviscid fluid that is so far 
from equilibrium that JvJ > n.

Acausality Implies Instability for the Inviscid 
Ultrarelativistic Boltzmann Gas with Planar Symmetry

The equations of motion of the Israel-Stewart energy 
frame theory for inviscid fluids are Eqs. (2.2), (2.3), and 
(2.21) with t and t set to zero. For simplicity I will 
assume that the background spacetime is Minkowski space, and 
only the plane symmetric motions of the fluid will be 
considered. Choosing Cartesian coordinates with the x-axis 
aligned with the direction of spatial variation of the fluid, 
the equations of motion then take on a particularly simple 
form if the four-velocity is written in terms of the rapidity
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ua = (coshij;, sin#, 0, 0) . (4.7)

The particle diffusion current va, which must be orthogonal 
to the four-velocity, becomes

va = v(sin#, c o s # , 0, 0) . (4.8)

The equations of motion are then 

c o s #  3 n + s i n #  S n + (nsin# + v c o s# ) 3 . t)ju X t

+ (ncos# + vsin#) dxTj) + s i n #  SfcV + c o s #  3 v = 0 , (4.9)

c o s #  3fcp + s i n #  + (p+p)|"sin# 3 ^

+ c o s #  3 #  | = 0 ,

si n #  3tp + c o s #  3xp + (p+p) I c o s #  3 ^

(4.10)

+ s i n #  3x^j = 0 , (4.11)

+ T^si n #  SfcG + c o s #  3X0 j + B^^cos# SfcV + sin #  3%vj 

+ ■jv^cos# SfcB^+ sin#. 3xB^j + -jB^v^sin# 3 ^

+ c o s #  3x i)j j - 2̂ —^c o s #  3tT + s i n #  = 0 , (4.12)
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where 0 is the thermodynamic potential defined in Eq. (2.19).

Here I examine the dynamics contained in Eqs. (4.9)- 
(4.12) for a Boltzmann gas in the ultrarelativistic limit, for 
which the equation of state is Eq. (4.4), and

where k is Boltzmann's constant, h is Planck’s constant, and 
g is the spin weight of the fluid particles. I also take the 
second-order coefficient B1 to have the value

with X > 0. Setting X — 0 would yield the pathological 
Landau-Lifshitz theory, while X = I  corresponds to the value 
obtained for B1 from relativistic kinetic theory (Israel and 
Stewart 1979b).

The equation of state and the values for B1 and 0 (Eqs. 
(4.4), (4.13), and (4.14)) may be used to write the equations 
of motion (Eqs. ( 4.9) -( 4.12)) as a set of four coupled 
differential equations for four independent fluid variables 
by eliminating B1 , p, T, and 0 in favor of p and n. The 
resulting four equations may be written symbolically in the 
form

(4.13)

0 (4.15)
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where the index A labels one of the four equations of motion.

nonzero only when the spacetime index a takes on the value t 
or x, due to the assumption of planar symmetry.

The set of equations of motion will be hyperbolic if 
there exist four real and distinct characteristic velocities 
for the system (Courant and Hilbert 1962, Ch. VI). The 
characteristic velocities v are the roots of the equation

This equation is most easily solved in the rest frame of the 
fluid, where the rapidity is zero. Equation (4.16) may then 
be written as

and the index B runs over the fluid variables: YB = (p,n,^,v). 
The components of the matrices AABa and BA depend on the fluid 
variables Y5 , but not their derivatives. The matrices AA a are

(4.16)

O (4.17)

Equation (4.17) may be factored:

(4.18)

The characteristic velocities are then given by v = ±(1/3)^^
and

1/2
(4.19)
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So for all values of X > 0, and for arbitrarily large 
deviations from equilibrium v/n, there are always four real 
and distinct characteristic velocities (ignoring the 
exceptional cases where v/n has the precise value needed for 
one of the roots of Eg. (4.19) to be equal to ±(1/3J1^2; there 
are then only three distinct characteristic velocities, and 
a different treatment is needed to establish hyperbolicity). 
The Israel-Stewart energy frame theory, applied to an inviscid 
ultrarelativistic Boltzmann gas with planar symmetry, is then 
always hyperbolic, no matter how large the deviation from 
equilibrium.

Although the energy frame theory is always hyperbolic for 
the special case of the inviscid ultrarelativistic Boltzmann 
gas, it is not causal for arbitrarily large deviations from 
equilibrium. The characteristic velocities will all be less 
than the speed of light for X > 1/5 only if

M / n  < 1) . (4.20)

For the kinetic theory value of B1 (X = I), the energy frame 
theory will predict acausal propagation when }v )/n > 8/5. 
This deviation from equilibrium is considerably larger than 
the critical deviation at which the particle number current 
vector becomes spacelike, ]v]/n > I. Accordingly, this 
acausal behavior does not indicate a significant flaw in the 
theory. By contrast, in the Israel-Stewart Eckart frame 
theory applied to the ultrarelativistic Boltzmann gas, the
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equations of motion are nonhyperboIic for jqj/p > 0.1303, 
while the critical deviation at which the . weak energy 
condition is violated (where one might reasonably expect the 
theory to break down) is significantly larger, jq|/p > 2/3.

Also of interest is the stability of the energy frame 
theory for large deviations from equilibrium. The energy 
frame theory is unstable for inviscid fluids if the deviation 
from equilibrium (measured in a dimensionless fashion as the 
ratio Jv I/n) grows into the future, rather than decreasing 
towards an equilibrium state. It is known that the original 
Eckart and Landau-Lifshitz theories are generically unstable 
even at the level of linear perturbation theory (Hiscock and 
Lindblom 1985), while both the Eckart frame and energy frame 
Israel-Stewart theories are linearly stable if the second- 
order coefficients have values which result in linear 
perturbation equations which are causal and hyperbolic 
(Hiscock and Lindblom 1983; Olson 1990). However, a spatially 
homogeneous mode in the Israel-Stewart Eckart frame theory has 
been shown to be unstable when applied to the 
ultrarelativistic Boltzmann gas if the initial deviation from 
equilibrium is not small, but exceeds |q)/p > 0.5597 (Hiscock 
and Lindblom 1988a).

I will now analyze the dynamics of the spatially 
homogeneous modes of the ultrarelativistic Boltzmann gas in 
the Israel-Stewart energy frame theory. The equations of 
motion are given by Eqs. (4.9)-(4.12) with all x-derivative
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terms set equal to zero. These equations then can be written 
as

- g^(ncoshi|i + vsinh\|j) = 0 ,

gf = ^^pcosh2\|) + psinh2ijjj = 0 

HE = §t Etp+p* cosh^ sinhijj] = 0 

+ TsinhjJ) —  + B1CoshiJj ^  + ^Tv ^-^-^coshijjj = O

(4.21)

(4.22)

(4.23)

(4.24)

Equations (4.21)-(4.23) may be integrated immediately. The 
resulting integration constants are the total number density 
of the fluid N, the total energy density of the fluid E, and 
the total momentum density of the fluid P. Both N and E must 
be positive constants. For the ultrarelativistic Boltzmann 
gas, the integrals of Eqs. (4.22) and (4.23) imply that the 
energy density, pressure, and rapidity are constant for the 
spatially homogeneous modes, p = Pq, p = pQ, and t)j = TJjq. The 
rapidity jJjq and the momentum density P are positive (negative) 
if the fluid flow is in the positive (negative) x direction. 
The number density may then be written as a simple function 
of tJjq and the particle diffusion magnitude:

n = ~ VsinhijJ0 = N________ _
coshTjjy cosbnjjQ + ^sinhijjg

(4.25)
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Note that this number density changes sign for large values 
of v. If n is to be interpreted as the particle number 
density, and hence must be a nonnegative quantity, then the 
strongest constraint on v is obtained by setting tJjq -> ±=°. In 
that case, n will be nonnegative as long as Jvj/n < I, exactly 
the restriction needed to guarantee that the particle number 
current is timeIike. Equations (4.9)-(4.12) may be used to 
produce the following expression for dv/dt;

I dv 
v dt

ncoshiJJn
27 2 2 5Xv — T* (4.26)4okTzl BXcosh sinh ^-coshTjjQsinhxl)q I

The fluid will be stable for the spatially homogeneous modes 
provided the right-hand side of Eq. (4.26) is negative. The 
spatially homogeneous zero momentum mode, the mode with P = 
O (and so also ^  = 0), is always stable; no matter how large 
the initial particle diffusion v, the fluid will decay 
exponentially towards equilibrium. For all values of X > 1/5, 
the right hand side will be negative for all values of tJjq if

Iv I/n < 2(5X_-1) , (4.27)

This condition is exactly the same constraint that must be 
satisfied for the characteristic velocities to be less than 
the speed of light (Eg. (4.20)).

Based on this analysis, it can be concluded that 
acausality implies instability in the Israel-Stewart energy
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frame theory applied to the spatially homogeneous modes of the 
inviscid ultrarelativistic Boltzmann gas. This result is an 
extension of the known connection between stability, 
causality, and hyperbolicity in the linearized Israel-Stewart 
energy frame and Eckaft frame theories (Olson 1990; Hiscock 
and Lindblom 1983). While not as general, since this analysis 
is restricted to a particular equation of state and to 
spatially homogeneous planar motions for the analysis of 
stability, it is nonetheless interesting since it is not 
possible to extend these results to the nonlinear regime for 
the Israel-Stewart Eckart frame theory (Hiscock and Lindblom 
1988a).

Conclusions

In this section I compare what is now known about the 
dynamics of the Israel-Stewart Eckart frame and energy frame 
theories far from equilibrium. Both theories have been 
studied in the inviscid limit for an ultrarelativistic 
Boltzmann gas with planar symmetry. Specializing to the 
kinetic theory value of the second-order coefficient B1 (by 
choosing X = I), the following comparisons can be made. The 
Eckart frame theory is causal (each characteristic velocity 
is less than speed of light) and hyperbolic (the 
characteristic velocities are real and distinct) only if |q)/p 
< 0.1303, while the energy frame theory is hyperbolic for 
arbitrarily large deviations from equilibrium, and is causal
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for JvJ/n < 8/5. Further, the value.of |vj/n for which the 
energy frame theory becomes acausal is considerably larger 
than the value where the particle number current becomes 
spacelike, but the Eckart theory breaks down well before the 
weak energy condition is violated.

The spatially homogeneous zero-momentum mode in the 
Eckart frame theory is stable only if JgJ/p < 0.5597, while 
the zero-momentum mode in the energy frame theory is stable 
for arbitrarily large deviations from equilibrium. In the 
nonlinearized Eckart frame theory no connection has been found 
between stability, causality and hyperbolicity. In the energy 
frame theory acausality implies instability; there is a 
spatially homogeneous mode of the fluid which does become 
unstable precisely when one characteristic velocity exceeds 
the speed of light (at |v|/n = 8/5). Thus the connection 
between causality, hyperbolicity, and stability which was 
proven for the linearized theories (Hiscock and Lindblom 1983; 
Olson 1990) may apply also to the full nonlirxearized Israel- 
Stewart energy frame theory. On the basis of the present 
analysis it can at least be concluded that acausality implies 
instability for the inviscid ultrarelativistic Boltzmann gas 
with planar symmetry in the energy frame theory.

These comparisons are evidence that the Israel-Stewart 
energy frame theory may be less pathological than the Israel- 
Stewart Eckart frame theory far from equilibrium. The energy 
frame theory would thus seem to be the best candidate for use
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in possible applications, such as modeling high-energy 
astrophysical situations such as supernovae, or relativistic 
heavy-ion collisions. However, this conclusion is based on 
the behavior of these theories for just one physical system> 
and for different initial states of the gas because the 
initial numerical values of the components of the particle 
number current and stress-energy tensor in the two theories 
are different.
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CHAPTER FIVE

PLANE STEADY SHOCK WAVES IN ISRAEL-STEWART FLUIDS

Introduction

An important application of the theory of relativistic 
fluids is to shock waves in dissipative fluids. Study of the 
structure of relativistic shock waves may prove helpful for 
the understanding of supernovae, the early universe, and 
heavy-ion collisions. For example, the possible transition 
from the nucleon phase to a quark-gluon plasma in relativistic 
heavy nuclei collisions is believed to be sensitive to the 
width of the shock front (Clare and Strottman 1986).

A remaining fundamental question about the Israel-Stewart
theory is whether it is capable of adequately describing the
structure of strong shock waves. Other authors have suggested
that the Israel-Stewart theory fails to describe strong shock
waves adequately, but these analyses are restricted to
particular kinetic theory limits of the Israel-Stewart theory.

■: ■ ' ■ ' 
Grad (1952) (see also Anile and Majorana 1981) showed that the
plane steady shock solutions of his kinetic theory method,
which are the same as the Israel-Stewart theory solutions when
kinetic theory values are used for the second-order
coefficients, are multiple-valued above an upstream Mach
number of 1.65 for the nonrelativistic Boltzmann gas with zero
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bulk viscosity. Majorana and Motta (1985) found that 
physically acceptable solutions which describe plane steady 
shock waves in an ultrarelativistic Boltzmann gas with zero 
bulk viscosity, with the second-order coefficients taken to 
have their kinetic theory values, do not exist for strong 
shocks.

The purpose of this chapter is to investigate whether the 
Israel-Stewart theory is incapable of describing strong shock 
waves in all fluids, not only in the particular kinetic theory 
limits of the theory considered to date. Some preliminary 
work on this question has also been done by Hiscock and 
Lindblom (unpublished), in particular on the connection 
between the characteristic velocities and the shock strength 
limits.

Plane Steady Shock Solutions

In this section the system of differential equations 
which yield the plane steady shock solutions of th$ Israel- 
Stewart Eckart frame theory of relativistic dissipative fluids 
will be derived. I choose to use the Israel-Stewart Eckart 
frame theory in order to most easily compare with the 
conclusions reached by Grad and by Majorana and Motta. The 
equations of motion for a single-component fluid described by 
the Eckart frame theory are Eqs. (2.32), (2.33), (2.41),
(2.42), and (2.43). Of interest here are the solutions of 
these equations which describe a plane steady shock wave. For
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simplicity I shall assume that the background spacetime is
flat Minkowski space, and the x-axis will be chosen to point
in the direction of the plane symmetric fluid flow. Thus, for
the plane steady solutions, all fluid variables depend on just
the x coordinate. In these coordinates the four-velocity may
be written as ua = (y , yv, 0, 0), where v is the velocity of

2 - 1/2the fluid at x and y = (I - v ) . The constraints in Eg.
(2.36) require the heat flow vector to take the form qa = 
q(yv, y, 0, 0), and imply that there is only one independent 
component of the shear stress tensor which will be taken to 
be t x x = CJy^.

The conservation laws (Eqs. (2.32) and (2.33)) may be 
integrated immediately:

nyv = N ,  (5.1)

(p + p + T + ct)v  + q(I + V ^ ) = E/y2 , (5.2)

2 2 pv + p +. T + a + 2qv = P/y . (5.3)

If the plane steady solutions are to describe a shock wave, 
we must impose the boundary condition that the fluid tends to 
an equilibrium state (t=q=a=0) for x -> ±«>. Further, the fluid 
velocity must be supersonic in front of the shock (velocity 
greater than the adiabatic sound speed Vg,

(5.4)
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in the equilibrium state at x = -«) and subsonic behind the 
shock (velocity less than Vg. in the equilibrium state at x = 
+00). The positive constants N, E, and P in Eqs. (5.1)-(5.3) 
are then determined by picking the values of any two 
thermodynamic variables and a supersonic fluid velocity for 
the equilibrium state at x = -<*>. The shock strength is 
defined by either the upstream Mach number M ,

M v( -°°)
vQ ( -<») '

or by the downstream Mach number M+ ?

(5.5)

= • l5-6)

The limit of a weak shock is M~, M+ -> I. Increasing the value 
of v at x = for a given equilibrium state increases the 
shock strength.

Equation (5.1) implies that all thermodynamic functions 
may be written as functions of v and p. It follows from Eqs. 
(5.2) and (5.3) that g and a may be written as functions of 
v, p, and T :

q = E - (P + p)v , (5.7)

0 = P d  + v2) + v2p - p(p,v) - T - 2vE . (5.8)

Equations (5.7) and (5.8) may be used to show that the plane 
steady solutions of Eqs. (2.41)-(2.43) form a three-
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dimensional autonomous system:

dv T
dx
dp - _ I _gdx Y kT
dr 3a
dx 4 n

(5.9)

where the components of the matrix M are

M n Y  Mx2 B0V

M M 21Y M22 aI aO

Mil? - M32 " 2B2V

(5.10)

M11 = 1 + a0(ptp+T+a+gv ) + %B0%

- |ng(B0)T + n'V'o9(a0)§

M 12 ^ a Ov  + I f (J30 )TV ~ Y0£ ( a 0 )g

M21 = V ' " K W  aI ~ 8i(p+p+T)v
x ^ p x yp

+ f| - 2v2jfiiq + 2^97 2 - |ng(Bi)q 

+ (1-Y0 ) ng(a0 )^ + ( l - Y i ) n g ( O i ) 2  ,

(5.11)

(5.12)

(al + Bx).ov

(5.13)
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- K S j n + ( % J nai " ( ai+ j3i)v2 +

- (l-y0)f(a0)T - ,

= I + §n( ^ )  ^2 + ai (P+P'+T+a+2gv) - 362qY~2v

+ ^ 20 ' fng(B2)CT + ^

%32 = - ? ( s § ) ^ 2V + «1^

(5.14)

(5.15)

. 3,- Y1IIa1Jq + (B2)GV

In Eqs. (5.11)-(5.16), £ (F) and g(F) are defined as
\

f(F) = @ 1 "  I(E)r, -

(5.16)

(5.17)

9(F) )„' B)„ (5.18)

and F is any one of the thermodynamic functions , B1 .
Not all the plane steady shock solutions of Eq. (5.9) 

are physically acceptable. In particular, we require the 
solutions to be finite, continuous, single-valued, and stable. 
(Additional conditions for physically acceptable solutions 
could be imposed, such as uniqueness and structural stability 
(Majorana and Motta 1985), but will not be needed for the 
present work.) When the determinant of M in Eq. (5.9)
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vanishes, the slope of the solution for each fluid variable 
diverges. Thus the solution will be multiple-valued whenever 
det M = O .

A Maximum Upstream Mach Number in Thermally 
Nonconducting, Viscous Fluids ,

I show in this section that physically acceptable plane 
steady shock solutions do not exist above a maximum upstream 
Mach number in the Israel-Stewart Eckart frame theory for any 
thermally nonconducting ( k = 0) fluid. Physically acceptable 
solutions do not exist when the characteristic velocity is 
exceeded. In the next section I consider the extension of 
this result to thermally conducting fluids.

Setting the thermal conductivity k to zero implies, by 
Eg. (2.42), that q = 0. All thermodynamic variables then can 
be written as. functions of v because n and p can by using Eqs. 
(5.1) and (5.7). Thus, for the thermally nonconducting case, 
Eq.. (5.9) reduces to a two-dimensional autonomous system:

dv T
N dx

dr Ii I
-<: |

h

3o
dx 4 Tl

(5.19)

The components of the 2x2 matrix N are

H n T 2 uD O <

N2iY2
-

(5.20)
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N,, = I + B0 - (p+p+T+o)f (JBq) - ng(JBq)

N21 =  1 +  2 (P+P)(|^J + (i§) (t+a) - (p+p +t+c )v ‘

+ B2 - (p+p+T+a)f(B2) - ng(B2)

and its determinant is

det N = Av^ + Bj ,

where

A = B0Bg(PtptTtc)

B - - B 2 - jB0 - tP+P)(|f] BqB2

+ 1R2 (ptp+xta)f(Bq) t ng(Bq) - Bq 1+2(%)J
+ IB0 (p+p+Tta)f(Bg) t ng(fig)

- B. I t 2

(5.21)

(5.22)

(5.23)

(5.24)

a (5.25)
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Solutions of Eq. (5.19) will be multiple-valued whenever 

the determinant in Eg. (5.23) vanishes. Thus, a physically

x. (The determinant in Eg. (5.23) also vanishes for v = 0, 
but this is not a physically acceptable solution because n and 
P diverge for v -> 0 by Egs. (5.1) and (5.7)). In the 
equilibrium states at x = ±°o.

The equilibria of the Israel-Stewart theory are stable, 
in the sense that small perturbations away from equilibrium

equilibrium, if the thermodynamic variables and second-order 
coefficients satisfy a certain set of inequalities. The 
equilibria of the nonconducting Israel-Stewart Eckart frame 
theory for the plane steady shock solutions on a flat 
Minkowski space background satisfy Egsi (2.26)-(2.31). The 
Liapunov functional techniques of Ch. 3 may be used to show 
that these equilibria will be stable if each of the following 
inequalities is satisfied:

acceptable solution will not have v = -B/A for any value of

(5.26)

do not evolve in time to become large departures from

(5.27)

(5.28)
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(5.29)

P+P " 2̂  - 0 (5.30)

(5.31)

*2 ^ ° (5.32)

Equations (5.27) and (5.29) require the square of the

criterion for stability against convection (Thorne 1967). 
Equations (5.29), (5.31), and (5.32) require the value of 
-B/A in equilibrium (Eg. (5.26)) to be bounded between 
(3p/3p)s and the speed of light.

The existence of a maximum Mach number is established by 
the following theorem.

THEOREM A. Physically acceptable plane steady shock solutions 
(i.e. finite, continuous, and single-valued solutions for the 
fluid variables and stable equilibrium states at x = ±°°) do 
not exist in the Israel-Stewart theory of thermally 
nonconducting, viscous fluids above a maximum upstream Mach

adiabatic sound speed to be bounded between zero and the speed 
of light. Equation (5.28) is the relativistic Schwarzschild

number.
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The proof of Theorem A is as follows. Consider all the

finite and continuous shock solutions of Eg. (5.19) which
connect stable equilibrium states at x = -°° and x = +<».

2Suppose also that v (-°°) > ^B/A| _ For a shock solution
V2C+00) <  (  9P/9P)g I x  = +00' 30 V2 (+oo) < -B/A I x _ +oo because
-B/A > (3p/3p)s for stable equilibria. Therefore, for these 
solutions there must be at least one value of x such that v2 
- -B/A because v and -B/A are continuous functions of x. 
These solutions will not be physically acceptable because they 
are multiple-valued. Therefore, physically acceptable plane 
steady shock solutions do not exist above the upstream Mach 
number Mmax"", where

Mmax = 1 + 'P+P)'1 + ' ,5-33)
Note that Eg. (5.33) is not a le&st upper bound for the 
existence of a physically acceptable solution; the solution 
for a particular fluid could become multiple-valued for M- < 
Mmax if there is one value of x fpr which v = -B/A.

Also of interest is. to determine what property of the 
Israel-Stewart theory is responsible for the existence of a 
maximum Mach number. I now show that the plane steady shock 
solutions become multiple-valued when the fluid velocity 
exceeds . the nonzero characteristic velocity of the 
nonconducting Israel-Stewart theory.
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The system of equations for the plane symmetric motions 

of a thermally nonconducting fluid in the Israel-Stewart 
theory (Eqs. (2.32), (2.33), (2.41), and (2.43) with q and 
all y and z derivatives set to zero) has the form

A Y 3-/* + BA = 0 , (5.34)

where the components of YB are the 5 fields p, n, tJj, t , a (the 
rapidity t|i is defined by uu = (cosh t|>, sinh xJj, 0, 0)), and the 
index A labels one of the 5 equations for these fields. The 
components of the matrices AABU and BA do not contain time or 
space derivatives of the YB .

The level surfaces of a scalar function <p(t,x) satisfying

det ( } = 0 (5.35)

are the characteristic surfaces for these equations; the 
fields Y cannot be freely specified on these surfaces 
(Courant and Hilbert 1962, p. 170). The characteristic 
velocities, defined by

v (5.36)

are the slopes of these surfaces. Discontinuities in the 
initial data propagate along the characteristic surfaces with 
these velocities.
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The characteristic velocities are calculated by setting 

the determinant of the matrix vAABt + AABX to zero, where

vAABt + AAb x

0 V n O O

V O . p+p+T+O O O

% Q.

ft) (p+p+T+O)V I I . (5.37)

S-f (Bq )TV ^g(B0)Tv I + ^BqT B0V O

|f(B2)OV |g(B2)av 1 + I v O lS2v

The characteristic velocities are then found to be

|v3  ̂Av2 t B j = 0 , (5.38)

where A and B are defined in Egs. (5.24) and (5.25). The only 
nonzero characteristic velocity is v4* = -B/A, which is the 
same as the condition for the plane steady solutions to be 
multiple-valued.

The nonconducting Israel-Stewart theory fails to 
adequately describe strong shock waves because it is a 
hyperbolic theory with causal characteristic velocities. When 
the shock solution is multiple-valued (a value of x where v2
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- -B/A), information cannot propagate fast enough ahead of 
this point to round off the abrupt shock front because = 
-B/A, the characteristic velocity, is also the velocity with 
which information propagates away from this shock front. So 
the fluid in front of the shock has not responded to the 
impending shock since no information about the shock has yet 
to reach this region. Thus, there is a maximum upstream Mach 
number for plane steady shocks in the Israel-Stewart theory 
as a direct consequence of the causality and hyperbolicity 
properties of the theory.

Maximum Mach Numbers in Thermally Conducting, Viscous Fluids

In this section I show that physically acceptable plane 
steady shock solutions do not exist in the Israel-Stewart 
theory in any thermally conducting, viscous fluid either above 
a maximum upstream Mach number, or below a minimum downstream 
Mach number. When either (or both) of these Mach numbers is 
crossed the solution is assured to be multiple-valued.

The solutions of Eg. (5.9) will be multiple-valued when 
the determinant of the matrix M vanishes. This determinant, 
has the form

det M = -  §^-(av6+ Bv 5+ Cv 4+ Dv 3+ Ev 2+ Fv + gJ . (5.39)

I choose not to display the coefficients of the powers of v 
in Eg. (5.39) because they are very long expressions when the
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dissipation fields T z gdz T ab are nonzero. The solution will 
be multiple-valued when v(x) is one of the roots of the 
polynomial in Eg. (5.39). For the equilibrium states at x = 
±°°z Eg. (5.39) becomes

det M = -  |y2v  ̂Av 4 + Cv2 + E J , (5.40)

where the eguilibrium values (T=ga=Tab=0) of the coefficients 
of the guartic are

A = BqB2 [(P+P)B1 - 1] (5.41)

C -(P+P)^a0 B2+ ^a1 BqJ - (P+P)^3pJ^BqB1B2 - [B2+ ^B0> i

- 2fa.0l2| anB2+ ^a1Bo) + {(̂f)s+ (H)0JBq B2 (5,42)

r(ai - ao) + I p+p'(»p)s(a0 b2 + IaI 6O)
+ T̂ (̂ )n('32 + ̂ o) f 2f(li)s(a0B2 + IaI6O)
- n" (H)0(H)n6O6 (5.43)

The characteristic velocities for thermally conducting, 
viscous fluids can be calculated using the same procedure as 
was used for nonconducting fluids in the previous section.
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The system of equations for the plane symmetric motions of a 
thermally conducting, viscous fluid has the form of Eg. 
(5.34), where in this case the components of YB are the 6 
fields p, n, x, q, a. The characteristic velocities v are 
the roots of

det £ V A ^ t + AAb* J = O . (5.44) 

For thermally conducting and viscous fluids.

+ aV  =
0 V n 0 0 0

V 0 p+p+x+c+2qv 0 I 0

( S t K (p+p+x+o)v+2q I V I

aI a2 1+T60T_a0qv Bqv I P O O

bI b2 (l-a1a)v+̂J31q "ao BfV -a^

cI C2 l+|B2a 0 'aI Ie 2 v
where

IU1 = Ijf(B0)Xv - y0f(a0)q , (5.46)
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a2 = 13O)tv "

^(lf)n+ (yo"1)f(ao)T

I(Ii) + (Y0-1̂(aQ)T:v yP

3C1 = ^f(B2)OV -

gC2 = (B2)CV -

Y0g(a0)q

+ if(B1Jgv + 

+ ^gtB1Jgv +

(Y1-Df(CX1)O 

(Y1-IJgfa1)O

Y1Eta1Jq

Y3̂ gta1Jg

(5.47)

(5.48)

(5.49)

(5.50)

(5.51)

The characteristic equation (Eg. (5.44)) is then

3f~ g ~ 5 ~ 4 “ 3 ~ 2 ~- Av°+ Bv3+ Cv + Dv3+ Evz+ Fv + Gj = O ■ , (5.52)

where each of the coefficients of the polynomial in Eg. (5.52) 
are exactly, the same as the coefficients of the polynomial in 
Eg. (5.39). Just as in the thermally nonconducting case, the 
solution becomes multiple-valued at all values of x where the 
fluid velocity equals one of the characteristic velocities. 
For the equilibrium states at x =±°°, Eg. (5.52) has the form

3 2 
2  ̂ Av4 + Cv2 + E (5.53)

The two roots of the quartic in Eg. (5.53) are the two 
nonzero characteristic velocities for plane symmetric motions 
about an equilibrium state in a thermally conducting, viscous 
fluid in the Israel-Stewart Eckart frame theory. The Liapunov
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functional techniques of Ch. 3 may be used to show (Hiscock
and Lindblom 1983) that these characteristic velocities are
real and less than the speed of light if and only if the
corresponding equilibria are stable.. Label the characteristic
velocities for the equilibrium state at x = -°° by v^~ and v2~
(ordered so that V1 > V2 ) , and the characteristic velocities
for. the equilibrium state at x = +°° by v ^ + and y2+ (with V ^ h 

+> V2 ). ■ These characteristic velocities may be ordered
relative to the adiabatic sound speed Vg at x = ±<» in 9 
distinct ways:

CLASS I:

a. V ~ z V2 < Vg (-oo) ; V 1 , V2 > Vg (+oo).

b. V 1 , V2 < V g (-oo) ; V1 > V g (+oo) > V^.

c. V1 > Vg (—°o) > V 2 ; V 1 , V2 > V g (+oo) .

CLASS 2:

a. V1 £ vg (-oo) > v2; V1 > vg (+oo) > v2.

b. V1 , V2 < V g (-=o) ; V 1 , V2 < V g (+oo).

C . V1 , V2 > Vg (-oo); V1 , V2 > V g (+oo).
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CLASS 3:

a. v- > Vs(-00) > v"; vj, vt < Vg(+00) .

b. v", v" > Vg ( —00) ; v* > Vg (+00) > V*.

c. v"z V2 > vg( -«) ; V^z V^ < Vg(+00) .

We then have the following theorem.

THEOREM B. Physically acceptable plane steady shock solutions 
(i.e. finite, continuous, and single-valued solutions for the 
fluid variables and stable equilibrium states at x = ±°°) do 
not exist in the Israel-Stewart theory for thermally 
conducting, viscous fluids either above a maximum upstream 
Mach number, or below a minimum downstream Mach number.

Theorem B is proven as follows. Consider all the finite 
and continuous shock solutions of Eg. (5.9) which connect 
stable equilibrium states at x = ±°°. The 6 roots of the 
characteristic equation (Eg. (5.52)) are continuous functions 
of x, so there must be at least one continuous curve u^(x) and 
at least one continuous curve U3 (x) such that u^(x) and U2(x) 
are roots of the characteristic equation for all x, û (-°°) = 
vI ' û (t°°) = V1+ or U1 (+co) = v2+, u2(-00) = v2 , and u2(+°°) 
= V^+ or u2(+00) = v2+. A solution that has the fluid velocity
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v(x) = U1(X) or v(x) = u2(x) is multiple-valued at that value 
of x.

For solutions having equilibrium states with 
characteristic velocities in Class la, there is at least one 
value of x where v = U1 because v and U1 are continuous 
functions of x, and because v(-«>) > v (-°°) and v(+°°) < v (+°°)S S
for a shock solution. For solutions having equilibrium states
in Class Ic, there is at least one value of x where v = U2-
Solutions in Class lb have at least one value of x where v =
U1, or at least one value of x where v = u2. In each of these
cases the solution is multiple-valued for all upstream and
downstream Mach numbers. Thus, solutions having equilibrium
states in Class I are not physically acceptable.

When the equilibrium states have characteristic
velocities in Class 2, there can be physically acceptable
solutions. Consider the solutions of Class 2a which have 

+ +U1 (+°°) = V1 and u2(+<») = V2 . Any of these solutions which
_  - falso have v(-°°) > V1 or v(+°°) < V2 will be multiple-valued 

because there is at least one value of x where v = U1 or at 
least one value of x where v = U2. So physically acceptable 
solutions are assured not to exist above the upstream Mach 
number Mm = V1 /v (-<*), and no physically acceptable 
solutions exist below the minimum downstream Mach number MmjLn+ 
= v2+/vs (+°°) . The solutions of Class 2a which have u2(+°°) = 
V 1+ are multiple-valued. Solutions of Class 2b have a minimum 
downstream Mach number Mmj_n+ = v1+/vs (+«>), and solutions of
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Class 2c have a maximum upstream Mach number M =max
v2 /v (-<»). Thus, for solutions having equilibrium states in
Class 2, there are no physically acceptable solutions either
above a maximum upstream Mach number, or below a minimum
downstream Mach number. Note that I have not established the
existence of physically acceptable solutions for weaker
shocks; the solution for a particular fluid could become
physically unacceptable for weaker shocks. I have shown that
stronger shocks, those which have M > Mmax or M+ < M ^  + ,
are guaranteed to be physically unacceptable.

Physically acceptable weak shock solutions do not exist
for solutions having equilibrium states with characteristic
velocities in Class 3. The weak shock solutions of Class 3a,

-  +those which have v (-<*>) < v^ and v(+<») > v^ , are not
physically acceptable because they are multiple-valued. The
solutions of Class 3a which have v(-°°) > v^ are assured to
be multiple-valued for M < v^ Zvg (+<*>). When U2 (t00) = v2 , the
solutions of Class 3a which have v(-°°) < v^ can be physically

+■ +acceptable provided that V2 < v(+°°) < v^ , but become 
multiple-valued when M- > v^ /v (-«>) or when M+ < v2+/vs(+°°).

4. —When u2(+«>) = v^ and v( -°°) < v^ the solution is multiple
valued. So physically acceptable solutions of Class 3a do not 
exist for weak shocks, and do not exist above either a maximum 
upstream Mach number or below a minimum downstream Mach 
number. Similarly, it may be shown that no physically 
acceptable solutions of Class 3b and 3c exist for weak shocks.
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and do not exist either above a maximum upstream Mach number 
or below a minimum downstream Mach number. This completes the 
proof of Theorem B.

So in the thermally conducting case the solutions become 
multiple-valued whenever the fluid velocity crosses any one 
of the characteristic velocities of the fluid. Just as in the 
nonconducting case, this breakdown of the theory is due to the 
fact that the Israel-Stewart theory is hyperbolic with causal 
characteristic velocities. Each characteristic velocity is 
associated with the propagation of information in a particular 
mode of the fluid. When the fluid velocity at x is below N 
of the characteristic velocities, then the solution will in 
general have nonzero support in each of the N corresponding 
modes of the fluid. If the solution for the fluid velocity 
becomes larger than one or more of these N characteristic 
velocities at some other value of x, then these corresponding 
modes.can no longer propagate fast enough to keep up with the 
flow. The result is the solution becomes multiple-valued at 
that point.

Plane Steady Shocks in Simple Gases

The second-order coefficients, the thermodynamic 
functions and have been calculated for the Boltzmann 
gas (Israel and Stewart 1979b) and the degenerate free Fermi 
gas (Olson and Hiscock 1989) using relativistic kinetic 
theory. In this section I use these expressions to show that
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the only physically acceptable plane steady shock solutions 
that can exist in the Israel-Stewart theory for the 
ultrarelativistic Boltzmann gas and the degenerate free Fermi 
gas are extremely weak.

The two nonzero characteristic velocities for plane
symmetric perturbations about equilibrium in the Israel-

2 2Stewart theory are the two roots V1 , V2 of

Av4 + Cv2 + E = O  (5.54) -

The coefficients of this quartic are defined in Eqs. (5.41)-
(5.43). For the Boltzmann gas in the nonrelativistic limit 
(B = m/kT -> co), V12 ~ 5.18B-1 and V32 = 1.35B-1. These 
characteristic velocities are in Class 2a (using the
classification scheme of the previous section) because the

2 -Isquare of the adiabatic sound speed is vg .=. 5/3B ~ 1.67B 
in the nonrelativistic limit. Thus, by Theorem B of the last 
section, there exists a maximum upstream Mach number Mmax = 
1.76, and a minimum downstream Mach number Mmin+ = 0.90. 
Stronger shocks are assured to be multiple-valued, and so 
physically unacceptable.

Grad (1952) considered the plane steady shock solutions 
of his kinetic theory method for the nonrelativistic Boltzmann 
gas, which are the same as the Israel-Stewart theory solutions 
when kinetic theory values are used for the second-order 
coefficients. Grad found these solutions to be multiple
valued above an upstream Mach number of 1.65, rather than 1.76
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as I have found, because he assumed the bulk viscosity to be 
identically zero for this gas. However, the bulk viscosity 
should not be set identically to zero for this gas because it 
is small, but nonzero, at nonzero temperatures (Weinberg 1972, 
p. 57), and a nonzero bulk viscosity has a significant effect 
on the characteristic velocities, and hence a significant 
effect on the maximum shock strength.

In the ultrarelativistic limit (B -» 0), the two nonzero 
characteristic velocities for the Boltzmann gas are

v2I I

v2 I

I O^B2InfiJ 

I O(B2InB) I

(5.55)

(5.56)

The square of the adiabatic sound speed is

=  H 1 - K 6 2 i n i i )! (5.57)

so these characteristic velocities are in Class 2a because 
2 ? 2v^ > vs > v2 . Thus, there is a maximum upstream Mach 

number Mffiax = (9/5 J^ 2 [I - Jo(B2InB)J], and a minimum
downstream Mach number Mjfî n = I - Jo(B^lnB)J. So physically 
acceptable solutions can exist only for extremely weak shocks 
in the ultrarelativistic limit. For example, Mffî n 
|O(10-9)J for B = IO"5.

= I
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Majorana and Motta (1985) also considered the plane 

steady shock solutions of the ultrarelativistic Boltzmann gas. 
They found that physically acceptable solutions exist provided 
a maximum upstream Mach number is not exceeded. (Majorana and 
Motta used wrong expressions for the second-order coefficients 
(X1 and . When the correct expressions (Israel and Stewart 
1979b) are used, = -l/2p and - 3/2p, the maximum 
upstream Mach number is found to be Mmax » 1.32). However, 
they assumed that the fluid has zero bulk viscosity. Although 
it is true that the bulk viscosity vanishes in the 
ultrarelativistic limit (B -» 0), it is nonzero, although 
small, for finite temperatures (Israel 1963; Anderson 1970; 
Stewart 1971). When the bulk viscosity of the 
ultrarelativistic Boltzmann gas is nonzero (which it is for 
finite temperatures), only extremely weak plane steady shock 
solutions are physically acceptable because the solutions are 
multiple-valued when M <

The two nonzero characteristic velocities for plane 
symmetric motions about the equilibrium states of the 
degenerate free Fermi gas (the two roots of Eg. (5.54)) may 
be determined using the expressions for the second-order 
coefficients calculated by Olson and Hiscock (1989). The 
result is

v + O(Bv) (5.58)
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v2 = Vg + O(JBv) (5.59)

where the adiabatic sound speed v is

+ 2v + O(JBv)
3(v f I)

(5.60)

The thermodynamic function v is the non-rest mass part 
chemical potential per unit mass,

mv = - Ts - m ,

of the

(5.61)

and the degenerate limit is JBv >> I. Depending on the sign 
-2of the O(JBv) term in Eg. (5.59), these characteristic

velocities are either in Class 2a or 2c. In either case,
physically acceptable solutions can only exist for extremely
weak shocks in the degenerate free Fermi gas. I have not

_2explicitly calculated this O(JBv) correction because this 
calculation is extremely tedious due to very many 
cancellations in the Sommerfeld expansion.

Conclusions

I have shown that the Israel-Stewart Eckart frame theory 
fails to adequately describe the structure of strong plane 
steady shock waves in any single-component fluid, in that the 
solutions become multiple-valued for strong shocks. In this 
section I consider whether this is a serious pathology of the 
theory.
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A basic requirement of an acceptable theory of 

relativistic dissipative fluids is that it be a hyperbolic 
theory with causal characteristic velocities. In any such 
theory, which includes both the Israel-Stewart Eckart frame 
and energy frame theories, the plane steady shock solutions 
will become multiple-valued when the fluid velocity crosses 
one of the characteristic velocities because ■ the 
characteristic velocities are the speeds with which 
information propagates ahead of a discontinuity. The 
existence of a maximum shock strength, beyond which physically 
acceptable solutions do not exist, is a generic property of 
these theories. Thus, the failure of the Israel-Stewart 
theories to adequately describe strong shock waves should be 
considered a failure of.the fluid approximation, rather than 
a pathology peculiar to the Israel-Stewart theories.

Theories of the Israel-Stewart type are derived by 
truncating an expansion in deviations from equilibrium after 
second order, analogous to the Grad method for the solution 
of the Boltzmann equation (Grad 1949). So the Israel-Stewart 
theory should not be expected to adequately describe very 
strong shock waves because the higher-order terms will be 
important when the fluid is far from equilibrium. At least 
in the case of a nonrelativistic Boltzmann gas with zero bulk 
viscosity, the plane steady shock solutions become multiple
valued precisely when these higher-order terms become 
important (Grad 1952). However, it seems unlikely that the
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neglect of higher-order terras could explain the failure of the 
Israel-Stewart Eckart frame theory to adequately describe 
plane steady shock waves for all but extremely weak shocks in 
the ultrarelativistic Boltzmann gas and the degenerate free 
Fermi gas.

Although a candidate theory of relativistic dissipative 
fluids should perhaps be expected to be capable of at least 
describing weak shocks in these simple gases, the failure of 
the Israel-Stewart Eckart frame theory to do so is not 
necessarily serious. The ultrarelativistic Boltzmann gas is 
not applicable to realistic physical systems because the 
existence of antiparticles, which will be present in large 
numbers at ultrarelativistic temperatures, is ignored in this 
model. Further, there also will be massless particles 
(photons) present which, when appropriate interactions with 
the degenerate free Fermi gas are taken into account, will 
allow for the transmission of information at light speed.

It might also be hoped that physically acceptable plane 
steady shock solutions exist for strong shocks in the Israel- 
Stewart energy frame theory for the ultrarelativistic 
Boltzmann gas and the degenerate free Fermi gas, since there 
is evidence that the energy frame theory is stable, causal, 
and hyperbolic much farther from equilibrium than the Israel- 
Stewart Eckart frame theory (Hiscock and Olson 1989). 
Unfortunately, this is not the case because the Eckart frame 
theory characteristic velocities for these simple gases are
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identical to the energy frame theory characteristic velocities 
when the kinetic theory values are used for the second-order 
coefficients. Thus, physically acceptable plane steady shock 
solutions only exist for extremely weak shocks in both the 
Eckart frame and energy frame theories for these simple gases = 

A separate question is whether or not the Israel-Stewart 
theory is capable of describing discontinuous shock waves„ 
For many applications shock waves are most simply treated by 
piecing together continuous solutions at judiciously chosen 
points. Shock waves are thus modeled as discontinuities in 
the fluid variables at discrete points, rather than regions 
of nonzero extent. This procedure is justified when the 
detailed structure of the shock wave is not important to the 
evolution of the fluid. Discontinuous solutions can be given 
mathematical meaning in theories of divergence type, such as 
the theories developed by Liu, Muller, Ruggeri (1986), and by

' IGeroch and Lindblom (1990). These theories may be more 
appropriate for these applications than the Israel-Stewart 
theories, because the Israel-Stewart theories are not known 
to be of divergence type.
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CHAPTER SIX 

SUMMARY

This chapter begins with a summary of this dissertation. 
I conclude .with my opinion of the present state of the theory 
of relativistic dissipative fluids.

Dissertation Summary

The first part of this dissertation was a study of the 
Israel-Stewart energy frame theory. The energy frame theory 
was reviewed in Ch. 2. In Ch. 3, the behavior of the energy 
frame theory near equilibrium was examined. The stability of 
the equilibrium states of the theory for small perturbations 
was determined by first linearizing the equations of motion. 
A set of stability conditions was derived by constructing a 
Liapunov functional, a nonincreasing function of time which 
is quadratic in the perturbation fields. Satisfaction of 
these stability conditions is a sufficient condition for the 
stability of the energy frame equilibria. A somewhat 
incomplete proof that satisfaction of these stability 
conditions is also a necessary condition for the stability of 
those equilibria that have a real adiabatic sound speed and 
are stable against convection was also given.
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The causality and hyperbolicity properties of the Israel- 

Stewart energy frame theory near equilibrium were also studied 
in Ch. 3. It was found that perturbations can propagate with 
three distinct characteristic velocities in the energy frame 
theory. The conditions which must be satisfied for the 
perturbation equations to form a symmetric hyperbolic system, 
so that a well-posed initial value problem exists, were also 
obtained.

The main conclusion from the analysis of the properties 
of the Israel-Stewart energy frame theory near equilibrium 
performed in Ch. 3 is that the stability conditions are 
equivalent to the causality and hyperbolicity conditions. If 
an equilibrium state of a fluid described by the energy frame 
theory satisfies each of the stability conditions, then small 
perturbations about this equilibrium state will propagate 
subluminally and obey a symmetric hyperbolic system of 
equations. The converse is also true: if the perturbations 
of an equilibrium state propagate causally via a symmetric 
hyperbolic system of equations, then this equilibrium state 
is stable. Thus, just as for the linearized Israel-Stewart 
Eckart frame theory, stability is equivalent to causality and 
hyperbolicity in the linearized Israel-Stewart energy frame 
theory.

The behavior of the Israel-Stewart energy frame theory 
far from equilibrium was examined in Ch. 4 by considering the 
plane symmetric motions of an inviscid ultrarelativistic
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Boltzmann gas. The main conclusion of this chapter was that 
the behavior of the energy frame theory far from equilibrium 
is significantly better than the Israel-Stewart Eckart frame 
theory for this particular fluid. The Eckart frame theory 
becomes acausal and nonhyperbolic, and the spatially 
homogeneous zero momentum mode becomes unstable, well before 
the weak energy condition is violated. Thus the Eckart frame 
theory breaks down well before it might reasonably be expected 
to do so. There is no connection between stability, 
causality, and hyperbolicity in the Eckart frame theory: the 
theory does not become unstable, acausal, and nonhyperbolic 
at the same value of the heat flux.

By contrast, the energy frame theory was shown to be 
hyperbolic for the inviscid ultrarelativistic Boltzmann gas 
for arbitrarily large values of the particle diffusion. In 
addition, the energy frame theory becomes acausal for this 
particular gas only very far from equilibrium, well into the 
regime where the particle number current is spacelike. The 
spatially homogeneous zero momentum mode for the inviscid 
ultrarelativistic Boltzmann gas in the energy frame theory is 
stable for arbitrarily large deviations from equilibrium. 
There is a connection between stability and causality far from 
equilibrium in the energy frame theory. It was shown that 
acausality implies instability in the energy frame theory, at 
least for the case of the inviscid ultrarelativistic Boltzmann 
gas, because there is a spatially homogeneous mode which
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becomes unstable precisely at a value of the particle 
diffusion for which one of the characteristic velocities 
exceeds the speed of light. Thus the energy frame theory does 
not break down before it would be expected to, not until after 
the particle number current becomes spacelike.

The second part of this dissertation was a study of the 
plane steady shock wave solutions of the Israel-Stewart Eckart 
frame theory. The Eckart frame theory was reviewed in Ch. 2. 
The system of differential equations which has solutions that 
describe plane steady shock waves was derived in Ch. 5. 
Physically acceptable solutions were required to be finite, 
continuous, single-valued, and stable. The condition for a 
solution to be single-valued was found.

The Israel-Stewart theory was shown to fail to adequately 
describe the structure of strong shock waves. Physically 
acceptable solutions do not exist above a maximum upstream 
Mach number in any thermally nonconducting, viscous fluid 
described by the Israel-Stewart theory. Solutions describing 
shock waves with upstream Mach numbers larger than this 
maximum are guaranteed to be multiple-valued because the 
characteristic velocity is exceeded; information then cannot 
propagate fast enough ahead of the shock wave to round off the 
abrupt shock front. It was also proven that physically 
acceptable solutions do not exist for thermally conducting, 
viscous fluids above either a maximum upstream Mach number, 
or else below a minimum downstream Mach number. When one of
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these Mach numbers is crossed the solution is assured to be 
multiple-valued, and so not physically acceptable. Again, 
these limiting Mach numbers correspond to the characteristic 
velocities of the fluid.

It was also found in Ch. 5 that the only physically 
acceptable plane steady shock solutions that can exist in the 
Israel-Stewart theory for the ultrarelativistic Boltzmann gas 
are extremely weak shocks. Also, only extremely weak 
physically acceptable plane steady shock solutions can exist 
in the Israel-Stewart theory for the free Fermi gas at any 
temperature, including relativistic temperatures, for which 
the gas is degenerate.

The Theory of Relativistic Dissipative Fluids at Present

I believe the Israel-Stewart energy frame theory should 
be the theory of choice for use in applications to problems 
requiring a phenomenological theory of relativistic fluids 
that includes the effects of dissipation. The older theories 
due to Eckart (1940) and Landau and Lifshitz (1959, Sec. 127) 
are pathological in that the equilibria of these theories are 
generically unstable (Hiscock and Lindblom 1983), and 
perturbations can propagate faster than the speed of light in 
these theories (Hiscock and Lindblom 1987). Although the 
Israel-Stewart Eckart frame and energy frame theories are 
equally well-behaved near equilibrium, since both theories 
have stable equilibria and perturbations about an equilibrium
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state will propagate causally via hyperbolic equations if and 
only if the equilibrium state satisfies the stability 
conditions, the energy frame theory is well-behaved much 
farther from equilibrium than the Eckart frame theory for the 
inviscid ultrarelativistic Boltzmann gas with planar symmetry. 
More work is necessary to determine whether the energy frame 
theory is generically better than the Eckart frame theory far 
from equilibrium.

The failure of the Israel-Stewart theory to adequately 
describe the structure of strong, shock waves is a drawback of 
the theory. However, I believe this will be a property of any 
causal and hyperbolic, and hence physically acceptable, theory 
of relativistic dissipative fluids. Thus the breakdown of the 
theory in this case should be regarded as a failure of the 
fluid approximation, not a failure peculiar to the Israel- 
Stewart theory.

There are a few other theories of relativistic 
dissipative fluids that have been developed recently. A 
phenomenological theory of inviscid fluids developed by Carter 
(1989), the "regular" theory, has been studied for small 
perturbations about equilibrium by Olson and Hiscock (1990a). 
It was found that Carter's theory when linearized is 
equivalent to the inviscid limit of the linearized Israel- 
Stewart Eckart frame theory for a particular choice of the 
second-order coefficients B1 and Yj* The functional forms of 
these second-order coefficients are derivable from the
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equation of state of the fluid in Carter's theory, unlike in 
the Israel-Stewart theory where these functions are not 
derivable from the equation of state, but are separately 
chosen thermodynamic functions. Thus Carter’s theory would 
seem to have a distinct practical advantage over the Israel- 
Stewart theory. Unfortunately, the particular functional 
forms chosen for these second-order coefficients in Carter's 
theory leads to unacceptable behavior for the simple gases. 
Carter's theory predicts that both the nonrelativistic 
Boltzmann gas and the degenerate free Fermi gas (at all 
temperatures for which the gas can be considered degenerate) 
are unstable and acausal (Olson and Hiscock 1990a). For 
example, argon at atmospheric pressure and room temperature, 
treated as a nonrelativistic Boltzmann gas, is predicted by 
Carter’s theory to have perturbations propagating at around 
3.6 times the speed of light. By contrast, the Israel-Stewart 
theory predicts these gases to be stable and causal. 
Consequently, I do not believe Carter’s theory to be a 
generally acceptable alternative to the inviscid Israel- 
Stewart theory.

Another class of relativistic dissipative fluid theories 
are the theories of divergence type (Liu, Mulldr, Ruggeri 
1986; Geroch and Lindblom 1990). As I noted in Ch. 5, these 
theories may prove to be better-suited to the study of 
discontinuous shock waves. Some members of this class of 
theories are stable and causal near equilibrium. The main
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difficulty I see with the application of these theories is 
that the dynamical variables used to describe a fluid in these 
theories are not easily interpreted in terms of the usual 
variables of classical fluid mechanics (a fluid energy 
density, heat flux, etc.). Perhaps after further study the 
theories of divergence type will be found to be better for 
applications than the Israel-Stewart theories. But, at 
present I believe the Israel-Stewart energy frame theory is 
the best choice.
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