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Abstract:
Biofilms can be found in many natural and industrial systems. Their effects can be beneficial or
damaging, therefore a need to control these complex ecological systems emerges. This thesis describes
a computer model for biofilm accumulation in pipeline systems. First, from an initial conceptual model
a mathematical model is derived using the conservation of mass principle. The resulting equations are
non-linear, coupled, partial differential equations. A numerical method, using a finite volume approach,
is developed to solve the system of equations in time and space. Since the geometry of the system
changes due to biofilm accumulation, the grid must adjust itself to the changing geometry. A general
three-point integration formula is used to advance the solution in time. Since the formula is nonlinear in
the unknowns, Newton’s Method is used to solve the discretized equations at every time step. Initial
experiments and results are described to show the validity of the developed computer model. The
behavior of the model is analyzed as selected numeric parameters are varied. The results are promising,
though future work has to determine the predictive capacity of the model by comparing its output to
real measurements. 
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A B S T R A C T

Biofilms can be found in many natural and industrial systems. Their effects can be 
beneficial or damaging, therefore a need to control these complex ecological systems 
emerges. This thesis describes a computer model for biofilm accumulation in pipeline 
systems. First, from an initial conceptual model a mathematical model is derived 
using the conservation of mass principle. The resulting equations are non-linear, 
coupled, partial differential equations. A numerical method, using a finite volume 
approach, is developed to solve the system of equations in time and space. Since the 
geometry of the system changes due to biofilm accumulation, the grid must adjust 
itself to the changing geometry. A general three-point integration formula is used 
to advance the solution in time. Since the formula is nonlinear in the unknowns, 
Newton’s Method is used to solve the discretized equations at every time step. Initial 
experiments and results are described to show the validity of the developed computer 
model. The behavior of the model is analyzed as selected numeric parameters are 
varied. The results are promising, though future work has to determine the predictive 
capacity of the model by comparing its output to real measurements.
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C H A P T E R  I 

IN T R O D U C T IO N

This thesis describes a computer model for biofilm processes in a pipeline. A 

biofilm is a layer of fixed biomass composed of microbial organisms and organic poly

mers of microbial origin attached to a solid surface (substratum). In the vernacular, 

a biofilm might be called slime or sludge. Simple — typically laboratory developed 

— biofilms consist of a single species, while naturally occurring biofilms can contain 

a number of different microorganisms. These species are subject to different interac

tions, such as symbiosis, competition for common substrates, etc. A very important 

characteristic of these complex ecological systems is that they can have a significant 

impact on the surrounding environment, e.g., by introducing corrosion on a metal 

surface. Biofilms occur in nature without human interaction, or can artificially be 

introduced to industrial or natural systems. Table I gives a few examples of systems 

where biofilms can and do exist, and also lists some of their effects. These examples 

show that some biofilms can serve beneficial purposes, while others can cause exten

sive damage in the natural or industrial environment. Understanding the processes 

and interactions occurring in these systems, and formulating conceptual and mathe

matical models enable us to control biofilm processes, and thus reduce their negative
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and enhance their positive effects.

A detailed conceptual description of biofilms is required in order to be able to 

come up with a suitable mathematical model. It is important to distinguish between 

biofilms and biofilm systems. A biofilm system consists of five compartments [3]:

o Substratum. The solid surface where the microorganisms attach.
" \

o Base film. Structured accumulation of cells.

o Surface film. Provides the transition between the base film and the bulk com

partment.

o Bulk liquid. The flow.regime of this compartment determines mass and heat 

transfer between the liquid and the film.

o Gas. Provides aeration or removal of gaseous reaction products.

The biofilm is the combination of the base film and the surface film. A very 

important characteristic of a biofilm is that a certain (typically large) portion of its 

volume consists of the continuous liquid medium (liquid phase). For example, in 

Characklis et al. [5] the data reported suggests that their Pseudomonas Aeruginosa 

biofilm was 90% water.

Components of biofilm systems are cells, organic and inorganic products, substrates 

(growth limiting nutrients), and other nutrients. Interactions and processes between
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Process Effects
Biofilm in heat exchangers Increased heat transfer resistance
Biofilm in porous media (soil) Increased fluid resistance
Corrosion due to microbial processes Reduced equipment lifetime 
Biofilm in water distribution systems Health risks 
Biofilm on teeth and gums Health risk (cavities)
Extraction of toxics from water Reduced pollutant load

Table I: Effects of biofilm processes in different systems 

these components are transport (advection, diffusion), transfer (cell attachment and 

detachment, interfacial diffusion), and transformation (chemical reactions).

Geometric configuration is another very important characteristic of a given system. 

Two widely studied geometries are Continuous Flow Stirred Tank Reactors (CFSTR) 

and Plug Flow Reactors (PFR). CFSTRs are well mixed tanks where a continuous 

flow of reactants is present, and the well mixed bulk is constantly removed to sus

tain a constant bulk volume. Constituent concentrations in the bulk are constant 

throughout the CFSTR. PFRs are idealized models of pipelines, where the reactants 

enter the pipe at the inlet, and products leave the pipe at the outlet. Constituent 

concentrations can vary from inlet to outlet in the PFR.

Previous mathematical models for multispecies biofilms in CFSTR geometries [10], 

[4] have been based on the conservation of mass principle. Apart from geometry 

specific assumptions, many conceptual and mathematical formulations for CFSTR 

systems can be applied to PFR systems.

Models for biofilm processes can serve a variety of purposes. The purpose could



4

Mathematical model

Conceptual model

Computer model

Numerical model

Figure I: The modeling process

be to predict the concentrations of certain components, or thickness of the formed 

biofilm. Besides prediction, these models can be used to describe experimental results 

and to explain the modelers’ conceptual understanding of the process . Simulation 

programs, such as BIOSIM [10], make use of a set of computational units. Each 

unit is essentially a CFSTR. Two units can be connected in series to simulate other 

geometries, such as a pipeline.

Previous work on pipelines focused on determining the growth of biofilm on pipewalls 

and its effect on heat resistance [2]. That model assumes a uniform film consisting of 

a single species only. It is also assumed that only a single reaction is present in the 

system and its rate can be expressed using Monod kinetics (to be discussed later).

The goal of this thesis is to describe a computer model for biofilm accumulation in 

pipelines. The organization follows the basic steps of modeling shown in Figure I.
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In Chapter 2 I give a detailed overview and mathematical formulation of biofilm 

processes in pipelines. Chapter 3 contains the governing equations that are based 

on the conservation of mass principle. Chapter 4 explains the numerical methods 

applied to solve the coupled, non-linear, partial differential equations resulting from 

the governing equations. Finally, Chapter 5 presents computer simulation runs of 

different systems.
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C H A P T E R  2

B IO F IL M  P R O C E S S E S  IN  P IP E L IN E S

Many industrial and natural biofilm system geometries can efficiently be mod

eled by the plug flow reactor. Examples, among many others, include natural streams, 

heat exchangers, oil pipes, water distribution and waste water systems. A common 

characteristic of these systems is that there exists a significant advective motion of the 

liquid medium (bulk compartment) that carries all reactants and products to down

stream locations. In fact, this and the existence of radial concentration gradients in 

the bulk compartment are the only differences between biofilm systems in PFRs and 

in CFSTRs.

Components

The systems of our concern typically contain the following components: substrates 

(and nutrients), cells, particles, abiotic components, products, and biocides. For 

modeling purposes, these components can be divided into two classes:'

o Soluble components, and
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o Particulate components1.

In the bulk compartment both classes of components can be described by their concen-. 

trations (units: ML~Z). The liquid phase in the biofilm compartment could contain 

all the above components, but the following simplifying assumption is made: The 

liquid phase in the film compartment does not contain any particulate components. 

There are many ways the concentration (or the mass) of particulates in the film can 

be defined: (I) X ' biofilm particulate mass per unit substratum area (units: ML~2)] 

(2) X  biofilm particulate mass per unit biofilm volume (units: M L~Z)\ (3) X "  biofilm 

particulate mass per unit reactor volume (units: ML~3). Most laboratory measure

ment methods determine the mass of the particulates in the film using one of the 

above units. However, it is easy to convert between these units using the relationship 

X(y:,t) = X '(x, Z)/Tf(x,Z), where Ti?(x,t) is the thickness of the film at location 

x =  [x,y,z]T and time t. Note that T f(x ,t)  is defined as the distance between the 

surface of the substratum and the surface of the film-liquid interface at point x. Since 

x has to lie on the surface of the substratum, it has to satisfy

9(x) =  0, (I)

where g(-) defines the surface of the substratum.

In our approach we make use of the second measure, which can be written as

X i -  £i(x,f)p;(x,£), (2)

1Cells and certain products (extracellular polymers)
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where Xi is the “concentration” of the ith  particulate component in the film, e,- is 

the fraction of biofilm volume occupied by the ith component (void fraction), and Qi 

is the specific gravity or density of the same component. In general both e and q 

can be functions of time t and spatial position x. If we assume that the density of 

a particulate component is constant (regardless of its position in the film), then (2) 

becomes

Xi{yL,t) = Si(yL,t)Qi. (3)

In other words, if the density (specific gravity) of particulate component i is a known 

constant, then by determining £,-(x, t) the concentration of particulate i in the film 

can be calculated.

The unknown material concentrations can be described as a vector:
/  Qs \

Q =

V  Qp /
where the elements of Q are as follows. 

In the bulk,

(4)

Qs = [Qsi] = £iCi, i = 1 ,2 ,.., Nsub and (5)

Qp — [Qpt] = SfC;, I  =  1, 2, N p a r t ,  (6)

where £; =  I and Ci is the concentration of component i. 

In the film,

Qs — [Qst] — &iCi, i — 1,2,.., N sub and CO
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Qp — [Qpt] — ^iQit i  — I) 2, N part I (8)

where e/ is the liquid volume fraction of the biofilm. Note that X ^iort Si +  £/ =  I,

thus only Npart — I particulate void fractions (e,-) are free parameters.

Reactions

The components described in the previous section interact with each other via 

biochemical reactions. These reactions can be described by their stoichiometric and 

kinetic coefficients. The stoichiometric equations describe the material balance of a 

certain reaction, while the kinetic equations determine the rate of the reaction.

The Stoichiometry Matrix

In biofilm systems many biochemical reactions can occur at the same time, such as 

“growth” reactions for each microorganism and reactions among chemicals (oxidiza

tion, reduction). Many components can and do participate in every reaction, thus 

the stoichiometric equation for the ith  reaction has the following form:

Components on the left hand side of the arrow are consumed and components on the 

right hand side are produced. If the left hand side coefficients are negated, then the 

conservation of mass principle leads to

+  ••• +  &i,kPk CKi.fc+lRfc+l + ... +  Oi JlP i . (9)

+ ... +  Cti^Mpk + ai,fc+iMpk+1 +  ... +  CtijMpl — 0, ( 1 0 )
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where Mpi is the molar weight of component P,-. If the above equation is written for 

all reactions, then the following matrix equation can be obtained:

where a  is the stoichiometry matrix, and M  is the molar weight vector of the compo

nents present in the reactions. The dimensions of a. are Nrxn x (Nsub +  Npart), where 

Nrxn is the number of reactions present in the system, and M  is a column vector of 

(Nsub +  Npart) entries.

Reaction Kinetics

The net rate of production of all components can be expressed in terms of the stoi

chiometry matrix and the reaction rate vector:

ctM =  0 (H)

w  =  Ct7Y, ( 12)

where

r = [ri,r2>...,ix „ ]T (13)

and r,- is the reaction rate of reaction i.

The rate of a given reaction depends on the participating components:

7Vpart+7Vsub,
Vi =  n  R i,i(c i) (14)

j=i

where is the reaction kinetic expression of component j  in reaction i, and Cj is 

the concentration of component j  (soluble or particulate). The model utilizes four
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types of reaction kinetics, each having a single numerical parameter (K ij) , as follows.

o Zero order

o First order

o Monod

o Inhibition

R i i j  =  K itj

RiJ = K ijGj 

=

(15)

(16)

(17)

(18)

If component k does not participate in reaction i, then its reaction kinetic expression 

is zero order with K{tk =  L A  typical reaction rate equation for a single particulate, 

single substrate reaction is

r ,a
CSub

""'/C.i + C V
(19)

where [Imax is the maximum growth rate of the cell, and K sub is the so called half 

saturation coefficient of the substrate in that reaction.
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Detachment and Attachment

Biofilm accumulation on solid surfaces is the net result of many physical and 

chemical processes, including

o Adsorption. Cells attach to the substratum surface. This can be reversible or 

irreversible.

o Desorption. Absorbed cells can leave the substratum, and enter the bulk com

partment.

o Attachment. Cells in the bulk compartment attach to an already existent 

biofilm.

o Detachment. A single cell or a group of cells leave the biofilm.

In our model we assume the existence of an initial layer of biofilm, thus adsorption 

and desorption are not included in the model.

Attachment and adsorption are very similar processes, with the exception that in 

attachment cells are captured by the film, while in adsorption the capturing medium 

is the substratum.

Detachment can be either erosion or sloughing. Erosion refers to a continuous loss 

of a small amount of biofilm, while sloughing means rapid, massive loss of biomass.
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The model utilizes a net detachment expression,

net detachment = detachment — attachment.

This expression describes the net flux of particulate mass leaving the biofilm surface. 

It is also important to note that this process is assumed to be present at the interface 

only, which might not be a correct assumption. In biofilm research the important 

parameters that determine the magnitude of detachment/ attachment is an open re

search topic. The model assumes the interfacial flux of particulate mass is a quadratic 

function of the biofilm thickness,

Rdet — UgTy +  a \ L f  + Uo- (20)

Positive flux means detachment, while negative flux means attachment.

Advection and Diffusion

In a pipeline system advection moves, components in the flow direction, and the 

growth of the biofilm imposes an advective motion on the particles in the film.

The streamwise flow can be turbulent or laminar, which determines the velocity 

profiles in the pipe, as well as the diffusion coefficients.

Diffusion occurs both in the radial and axial direction. The axial diffusion is 

typically orders of magnitude smaller than the advection in the same direction, thus
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it can be omitted. Diffusion in the radial direction is a very important phenomenon. 

It transfers soluble and particulate components to and from the center of the pipe and 

into the film. The rate of diffusion is determined by the flow regime. In laminar flow 

the diffusion coefficient of a given component in the pipe is equal to the molecular 

diffusion of the component, while in turbulent flow conditions the diffusion coefficient 

varies from the eddy diffusion to the molecular one as particles move from the center 

of the pipe towards the wall of the pipe. An empirical formula for determining the 

eddy diffusivity is given in [I].
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C H A P T E R  3

G O V E R N IN G  E Q U A T IO N S

The governing equations for both the bulk liquid and biofilm compartments are 

based on the conservation of mass principle,

accumulation rate + transport = production:

Using the notation introduced in the previous sections,

f t  J J I v  Q *  + / ,(S  -  s.)» dS -  I I J v  W  dy, . (21)

where S represents the inviscid (convective) and S„ represents the viscous fluxes, W  

is the vector of source terms (reactions), V  is any arbitrary volume in the system, S  

is the surrounding surface of volume element V, and n is the normal of the infinites

imal surface dS. In the bulk compartment Q is the vector of concentrations of all 

components (TVsuI substrates and Npari particulates). In the film compartment,

Z S1C1 \

Q  _  e I ^ N sub

£ iQ i+ N ,uh

\ ^Npart QNpart-I-̂ N3Ub j
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The reason for including only TVpart — I particulate components in Q is due to the 

constraint .-Z-
Npart
Y .  £i +  Si
t=l

I. (23)

The size of all vectors in the biofilm compartment is Nsub + Npart — I. Now the form of 

S and Sy has to be determined. The vector of inyiscid fluxes in the bulk compartment 

is the following:
Z eiCi (u — uv) ^

S =  ^ , . , ( U - U v )
£/CjvSU(,+i (n — uv)

\  £z C1JVsu^Arpart (u — Uv ) y

where Ci is the concentration of substrates and particulates, u is the imposed velocity 

profile, and uv is the velocity with which the control surface S  is moving. Thus u —uv 

is the velocity of the liquid relative to the coordinate system. The direction of the 

flow is in the axial (x) direction. The shape of the imposed velocity profile depends 

on the flow regime. In laminar flow a parabolic profile is assumed:

<25>

where R is the radius of the pipe, t/g is the thickness of the biofilm, y is the coordinate 

in the radial direction, u(j/) is the magnitude of the velocity, and Um ax  is calculated 

from the flowrate using

Umax ~  2-̂ -, (26)



17

where q is the flowrate and A  is the area of the cross-section. In the case of turbulent 

flow, the velocity profile is given by

u{y) V - V B

R - y s r,

where

tUjTnax
q in l)(n  +  2)
A  2 ^ and

(27)

(28)

n = n(Re) ~  7.

The vector of viscous fluxes in the bulk compartment, in accordance with Pick’s 

law is
Z D i V C i  \

DNsubV  CN3ub 
DNsub-\-lVC/Nsub±\ (29)

V D N lub+Npart ^ N , ub+Npart J
where D1- is the diffusion coefficient of component i. The coefficient Di is the function 

of the flow regime (laminar or turbulent) and the spatial coordinates; i.e.

Di — Di{Re, x, ?/,, z), (30)

where Re is the Reynolds number. For laminar flow conditions D; is equal to the 

molecular diffusion of component i, while under turbulent conditions Di varies from a 

large turbulent diffusion coefficient in the bulk to molecular diffusion in the boundary
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layer. The inviscid and viscous fluxes in the film compartment are different from 

those in the bulk,

 ̂ —S/C^Uy ^

-S zC1TV3u6Uv
e i £ i ( u s — Uv )

and

\  5ATpart - i  QNpart - i  (us — Uv)

(  Df iV C 1 \

Sv
D FNsubV  CNaub 

0 
0

V o  /

(31)

where us is the solid velocity of the particulates. The vectors S and Sy reflect the 

assumptions that (a) soluble components do not get displaced as the solid phases 

move and (b) particulate components do not diffuse inside the film compartment. 

Since the diffusional resistance inside the film is typically greater than that in the 

bulk, different diffusion coefficients are used {DFi). These coefficients are calculated 

from the molecular ones using an appropriate constant Dbb and the formula

D Fi =  DbbDi. (32)

In the above vectors the value of us is unknown. This can be determined if we write 

the governing equations for the Npart particulates, divide them by g, and sum them
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using a fixed volume (uv = 0)

W N sub+i d V \ , (33)

or in differential form (using Gauss’ theorem)

V ul
1 - £i h t  n

(34)

To determine the magnitude and direction of us these equations are not sufficient. 

However, the biofilm growth is assumed to be one dimensional, perpendicular to the 

pipe wall. Thus, the previous equation can be simplified as

dus I WN!ub+i'
dy 1 - e ,  y  Si

(35)

This equation can be solved with the initial condition U5 =  0 at the solid wall.'

To solve the governing equations described above, appropriate boundary conditions 

are needed. At the solid wall the fluxes are zero, since we assume that no corrosion 

exists. Due to the axisymmetry of the problem, at the centerline the boundary 

condition is

dQ
dn

= 0. (36)
axis

The inlet conditions are specified, while the outlet conditions are extrapolated from 

the interior solutions.

The last problem to consider is the treatment of the bulk liquid-biofilm interface. 

This interface moves in time as the film grows/shrinks. Using the control surface
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ideas mentioned earlier, describing the interface behavior is fairly straightforward. 

Two coinciding volume elements, one in the bulk and one in the film compartment, 

can be separated by the interface at all times. This means that the volumes will move 

and deform in time to follow the interface movement. Characklis et al. [4] derives 

the interface boundary condition,

[(S -  Su) • ni]s  •- [(S -  Su) • ni]F =  (Rf • ni), (37)

where Rp  denotes the surface production of components, n / is the normal to the 

interface, and indices B and F mean bulk and film, respectively. There are three 

special cases: (a) soluble components, (b) particulates in the bulk at the interface, 

and (c) particulates in the film. Since there is no surface production of substrates at 

the interface, and the advective velocity is also 0, the following boundary condition 

holds for substrates,

— uv • ni{eiCi)B — [Di^Ci • ni]s =  —uv • nj^/C^F — [A-VC1- • nj]F. (38)

The expression for the particulate components in the bulk compartment (no film 

contributions) is

(u — uv) • ni(£;C{)s -  [AVC; • ni-js =  [(Ri)F • n i] . (39)
I

The boundary condition for the particulates in the film has a similar form (no bulk 

contributions and no diffusion in the film),

-  (us -  uv) • Ui(^igi)F =  [(Ri)^ • n i]. (40)
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This boundary condition applies to all but one particulate component. The last 

equation can be used to determine uv at the interface (uv)/. After some algebra,

(uv)/ =  us + I (R,)f

l ~ £i Qi
(41)

This final result gives us an expression for the change in biofilm thickness Lp,  since

(42)

where (uv)i is the magnitude of the interface velocity.

This system of equations is well-posed, and using a numerical technique to be 

described in the following section, allows the investigation of important biofilm pro

cesses.
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C H A P T E R  4

N U M E R IC A L  T E C H N IQ U E

The general form of the governing equations and the boundary conditions are 

discretized and advanced in time using the finite volume approach. The physical 

space is divided into a (large) number of control volumes (see Fig. 2, and the volume 

averaged values of Q are determined in each control volume. Since the problem at 

hand is axisymmetric, and a structured grid is used, a general indexing scheme can 

be utilized. Two indices will suffice to describe axisymmetric domains, where the 

first index (i) spans the “columns” of the domain, and the second index (j) spans 

the “rows”. “Rows” are approximately aligned with the direction of the flow (axial 

direction), and “columns” go from the centerline to the pipe wall (radial direction). 

The discretized version of the governing equation for volume (i , j)  is

S(QiiVii)
dt + [(S -  Sy)i+i/2j  • ni+1/2,jS'i+i/2 j— 

(S -  S„);_i/2j  • n i-i/2,jSi-i/2,j +

(S — Sy)ij +1/2 • n ij +1/2<S'ij+i/2  —

(S -  S„);j_i/2 • ttiJ-1/2-Srtj-IZ2 = (43)
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Figure 2: The discretized spatial domain, 

where Qtj- and W tj are the volume averaged values of Q and W ,

q » = 4 / / I e w  (44)

v f ^ i J I k w d v - (45)

Similarly, n,±1/2,j and n t J ± 1 /2  are the surface normals of the four surfaces enclosing 

volume element Vij, and the surface averaged fluxes for the four surfaces are

(S -  S„)j±1/!ii = I  (S -  S„)dS, (46)

-ŝ L j s - s ^ d s -(47)

To simplify the notation, the flux and source terms are grouped into a residual, and
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thus ( 43) has the form:

+  Rvz =  o,

where

RtJ — [(S — S„);+i/2J • n;+1/2j5'i+i/2j — 

(S -  Sy)t-_1/2J • n^_i/2j^-i/2j +  

(S — S1,),-j+1/2 • Hij +1/2Srij -̂IZ2 —

(s -  Su)ij_ i / 2 • n jj_ 1z2 5 'i j- i /2  -  W y 1Kj.

(48)

(49)

Equation ( 48) is advanced in time using a general three point integration formula

18]:
(I +  VQA(Qy)S -  VA(Qy)%-i

-  .  A,„

where A(-) is the forward difference operator, defined as

(50)

A(-) =  t-)"*1 -  (•) (51)

and Vj?  ̂ are parameters that determine the integration scheme to be used. For 

example, ip = 9 = 0 corresponds to the classical forward Euler integration formula, 

ip — 0 and 6 = 1  results in the backward Euler scheme. For 6 = 0 the integration can 

be performed without any difficulty, since the unknowns Qn+1. are present on the left 

hand side only. For 6 ^ 0  both the left and the right hand side contain the unknowns 

Qn+1, and thus the equation becomes nonlinear. In this paper we choose Newton’s
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Method to linearize the equations and find the solution using a number of iterative 

steps. In order to apply Newton’s Method, the equation has to have the form of 

f (x )  =  0. This form for ( 50) is

L(Qn+1) (! +  VQA(Qy)Fi -M (Q V )-T i
A t n -  [(* -  i)RJ- -  O R + ] =  o. (52)

The linear scheme is then

Lr(Qp )AQp = -L (Q p ), (53)

where P  is the iteration index. Thus Q-p^  =  Qn, and Qp_+0° =  Qn+1. The expression 

of L is complicated by the fact that the volume elements change in time. The model 

utilizes the Geometric Conservation Law [6 ],[II]:

J W )  =

QS

p, _  i f +1(Q5 -  Q?j) i>. V T 1A t Q r 1)

I +lp
(o - 1 ) 6 5  -  m g '

I + ip Atn
I  fz « - ---- « P

+

I + 'ip [(» -  1)R5 -  D-Rfj (54)

where Rji is the “geometric residual”

Rij =  - u u • n t + l /2 J - S i+ l /2 j  — Uv • n j_ ! /2J ‘S'i—I / 2 ,j +  

uv • njii+i/25ij+i/2 — uv • njii_i/2S'jj_i/2 (55)

To determine the first derivative of T(Q) we make the simplifying assumption that the 

geometric residual does not depend on the vector of unknowns Qp . This significantly 

reduces the complexity. Although the assumption is not true, the dependence is very
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slight. Using this assumption,

(56)

where

— (D -  D„);+i /2j  • n i+1/2J-S';+i/2J —

( D  -  D t, ) i _ i / 2 J  • I l i - I y 2J S r1-I Z 2J  +

( D  — D ^ - j + i / a  • n i j + i / 2 S ' i j + i / 2  —

(57)

In the above equations I  is the identity matrix, and D and Dv are the inviscid and 

viscous Jacobians, respectively. The indices of the Jacobians denote that the matrices 

multiply vectors AQ at the same locations, e.g. D i+i/2j  multiplies AQi+1/2j .

Our next task is to determine the surface averaged values of A Q . This can be done 

by extrapolating the volume averaged values to the surfaces. Two extrapolations 

exist, one from the “right” (positive) and one from the “left” (negative) [1 2 ]; that is,

where Z is a generic index for i or j ,  depending on the direction of the interpolation. 

Values of (j) and k determine the order and type of the interpolation formula. If ^ =  O 

is selected, then the resulting extrapolation formula, is first-order upwind,

Q ẑ i /2  - Q i T  ^[(1 ±  k)(Qz — Qz-i) +  (I zF k)(Qz+i — Qz)], (58)

(59)
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Other parameter choices result in second-order upwind, second order central dif

ferences and third-order upwind-biased extrapolation [7], For simplicity first-order 

upwind extrapolations are used in this paper.

Using the left and right extrapolation values, the inviscid fluxes (using general 

index I) are given by

Sjt41/, • n,+1/,  =  uWA ±  IuW^I QT 1/2| (60)

where u is component of the relative velocity normal to the surface Z +  1 / 2

Uz+l/2 — (u — u ti)f+l/2  • n Z+l/2- (61)

To determine u at the surfaces, the same extrapolation formulas can be used as 

described in eq. 58. Note that in the biofilm, u s and uy are known at the surfaces, so 

the trivial extrapolation (Oj+i^ — (,)z+i/2  =  (")f+i/2  can be used. A similar expression 

can be derived for the inviscid Jacobians, yielding

• Df+i/2^kQf+i/2  — D/j_i/2  AQ/ +  D /+1/2AQ/+i , (62)

where the first-order extrapolation formula for AQ/+i / 2 has been utilized, and the 

generalized Jacobian matrix D =  D n  has been introduced.

The viscous fluxes can be determined from the directional derivative of the con

centration, thus for component k it has the form

dCk 
cZnz+1/2

(Sy)*: =  (T)fc)i+i/2nz+i /2  - VCt =  {Dk)i+\ir (63)
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Diffusion coefficient {Dk)i+i/ 2  is determined as the average of the diffusion coefficients 

of the volumes that share the surface under consideration. The above equation can 

be simplified, if we ..assume that the axial diffusion is insignificant,

=  ( S t )j+1/2|V ,|,.+1/2^ i  , (64)
t in i + i / 2  O r)  j + 1 /2

where r) represents the generalized curvilinear coordinate in the j  direction. The com

ponents of the above equation can easily be determined from known concentrations 

and volume elements from the relationships

' ^  / .7+1/2

|V ? / | i + l /2  =

— (Ck)j+i — (Cfc)j-and 

f i j + l / 2

0.5(kj +  ^ + i)
(65)

In words, |Vt/| is determined as the ratio of the surface of interest and the volumes 

sharing that surface. Similarly to the inviscid Jacobians, the viscous Jacobians can 

be written as the sum of “positive” and “negative” contributions,

(Du)j+i/2AQj+i/2 — (Du)^ 1Z2AQj +  (Dv)j+i/2AQj+i, (66)

where

(Du)^tIj2 =  zF-Djj-Ij21Vf/1j±i/2 j  I- (67)

The source term and its Jacobian remain to be specified. The form of the source 

term is given in equation (12). The Jacobian can be calculated in a straightforward 

manner using (12) and (14) - (18).
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Substituting .the expressions for fluxes, source terms and their Jacobians into (53) 

results in a set of coupled linear equations for AQp. These equations written for AQp 

in volume (i ,j)  will have contributions from itself, and also from volumes (z +  I, j) , 

(i — l , i ) ,  ( i , j  — I), ( i , j  +  I). However, after a closer inspection of the contribution 

of (i + l , j )  we can conclude that it is zero for positive flow velocities. Thus we can 

perform a marching algorithm, meaning that we solve the equations for volumes in 

the zth column, and then repeat the procedure for the next column. The next column 

is z +  I for positive flow fields (which is typically the case), and z — I for negative 

flows. Further simplification of the equations results from the marching algorithm. 

The contribution of (z —l , j )  is zero, since the previous column already converged, thus 

AQt--Ij =  0. As a result, at every column a block-tridiagonal system of equations 

has to be solved. The block-size is Nsub +  Arpari in the bulk, and Nsub + Npart — I in 

the film. Recursive techniques, such as the block Thomas algorithm ([8 ]) can be used 

effectively to solve this system of equations.

The two remaining quantities that have to be determined are u s and Uu . If we 

assume that the streamwise direction is perpendicular to the normal of the solid wall, 

a discretized version of ( 33) is

r „ xcn r_. „ xci _  1 ( 1̂ t WNsub+k
[ws(eas • n)S%j_ ^ /2  Ns (e"» ' n P J ij-IA  " i f ,  I / A .

i c z X fc=i cfc
(68)

where eUg is the unit vector of us. This equation can be solved for us starting from 

the wall, where it is 0 , and incrementally determine its value for each surface S'ij+1/2
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to the interface. After determining the value of us at the interface, (u„)/ can be 

determined using the value of R f.

At this point all values are known at time n, so the next step is to determine the 

movement of the grid. The grid is allowed to move in the j  direction (normal to 

the wall) only. Knowing the interface velocity (u„)j, the velocities of the surfaces 

the full domain can be determined. The velocity uv linearly varies from 

the full value at the interface to zero at the wall and at the centerline. The velocity 

determined this way gives the velocity of the centroids of the surfaces, thus a further 

computational step is needed to determine the vertex velocities. The actual displace

ment of the vertices is determined by multiplying the vertex velocity with the time 

step. A very simple way of calculating the vertex velocities is

ui+iJ+i/2  =  u;j+ i /2  + 2 (u jj+ 1 /2  -  (uv)i+1/2tj+1/ 2), and

U0,,3+1/2 = (u„)l/2J+l/2 , (69)

where u iiJ+i / 2 is the vertex velocity of the “left” end of surface Si+1/2,j+i/2 , u t-+1j + 1 / 2 

is the vertex velocity of the “right” end of the same surface, and (uy)i+1/2j +i /2  is 

the known centroid velocity of the same surface. The velocity of the very first vertex 

has to be determined using the second part of the equation, or some other additional 

information. The disadvantage of the above method of determining the velocity of 

the first vertex is that this way a “jagged” grid can be produced, if the growth of the 

film is uneven (Figure 3).
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Figure 3: Grid resulting from uneven growth 

Grid Generation

There are a few general heuristics that can be employed in generating an appro

priate grid. First of all, we would like to resolve soluble profiles in the biofilm, and 

since its thickness is in the 1 0 - 1 0 0  micron range, a fine grid (few micron spacing) is 

necessary. On the other hand, the profiles of soluble and particulate components in 

the bulk are not expected to change significantly far from the film. Near the film we 

would like to have similar resolution to that in the film, and these two requirements 

call for a variable sized grid in the bulk. In this model the initial grid in the bulk is 

given by

Tn =  Arotfn-1, (70)

where rn is the spacing between the n — 1 st and nth grid in the bulk, A r0 is the given 

distance of the first grid from the bulk/film interface, and q is the quotient of the 

geometric series. Parameters Ar0, tf and the number of grids in the bulk (NTad) have
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to satisfy

R  -  Lf(O) = 2  rn, (71)
71=1

where R  is the radius of the pipe, and Lf(O) is the given initial thickness of the film. 

Using these equations one can use one of three methods:

1. q and Nrad are given. In this case Aro is unknown, and can be expressed as:

A r0 = ( R - L l ( O ) ) ^ J  (72)

2 . q and Aro are given. The unknown is NTad, and can be found using a search:

M-ad+l r̂ad
E  r .  <  ^/(O) <  E r .  (73)
n=l n=l

Since Nrad is an integer valued number, it is not guaranteed that equality can 

be satisfied. Thus this method is not recommended.

3. Ar0 and Nrad are given. In order to determine a suitable q a nonlinear equation 

has to be solved, thus Newton’s Method can be used.

The advantage of option I is that a fairly smooth volume change can be guaranteed in 

the bulk (q Rj I). The disadvantage is that there might be a sudden change in volumes 

at the film/liquid interface. On the other hand, option 3 would allow smooth change 

at the interface, but can result in a very coarse grid in the bulk. Unfortunately, option 

two would be the best, but its inaccuracy cannot be tolerated. A fourth option could 

use option two to determine Nrad, and then use option one or option three to refine
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'Film/bulk interface

Figure 4: Section of the grid looking from the inlet

A r0 or <7, respectively. Present implementation employs the third option. Once r„ is 

calculated, we can determine the vertex coordinates using

r+ = rn_i + rne+ and

r„ = rn_x +  rne- , (74)

where e+ and e-  are the two unit vectors of the pipe section (see Figure 4). Given 

the vertices of a surface, fairly simple techniques can be used to estimate the area 

vector. If r,i,r,2 , r,3 ,r t4 are the vertices of surface i in clockwise order, then

Si ~  [(r,-4 -  r,-2) x (r,3 -  r.i)] /2 (75)

gives an estimate of the area vector. Note that in general four points do not lie 

on a plane, and that is the reason this equation is only an estimate for the area. 

However, present implementation forces the four vertices to lie on a plane, and thus 

the equation is precise.
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Finally, a control volume is calculated as the sum of volumes of six pentahedrons 

%  =  ;  E  [(S ?+ • (c ? + -  c,v ) +  (S t ; -■ (Cflj -  c‘ - ) j  , (76)
°  k= x,y ,z

where Sfj is the surface closing the volume from the positive/negative direction of 

axis &, e.g Sf+ =  Si+i/2j  and SfJ = S ;j_ i/2, c ;j is the center of volume ( i j )  and is 

calculated as the average of the eight vertex vectors, and cfj is the center of surface

b*,i •
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C H A P T E R  5 

R E S U L T S

In this section a number of simulation runs are described and analyzed. The 

emphasis of this section is to show the behavior of the numerical technique as control 

parameters — such as the number of iterations at each time step, the size of the time 

step, etc.— are changed. Further research will determine the predictive capacity of 

the mathematical model (model evaluation).

In order to be able to perform the analysis, a “standard” experiment has to be 

defined, and all the other experiments are compared to this standard one. The im

portant parameters of this standard are the following:

Length =  2m; Diameter ■ 4 • IO- 3  m; Flowrate =  1.4 • IO- 6  ẑ -;

£i =  0.8; Dbb — 0.9;

Nsub =  I (fldit)i Npart — I (pse)]

Dglu =  6  • IO- 9 ẑ ;  Dpse = 1.2 • 10" 9 8pse = 107000 

L /(0 ) =  1 0 //; C9Ju(O) = 2 0  Epse = 0 .2 ;

R f =  5 - IO4 L^

^!,glu 1.78; Rl,glu =  f9giu(l'0 T Qglu) ;

a I1Pse — Ij R l,pse  ~  10 ^Qpse m3 s j
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Curve a (inlet)

Curve b (outlet)

Time [days]

Figure 5: Standard experiment. Lj  versus time

Nrad = 10; Nfiim = 10; Naxiai = 10;

At = 43 s = 5 • IO- 4  d;

/c =  l; </> = 0 ; ip = 0; 0  =  1 ,

where Njum is the number of grids in the film, Araria/ is the number of grids in the 

axial direction. The geometry of the pipe and the flowrate result in a Reynolds num

ber less than 2 1 0 0 ; thus laminar flow regime and molecular diffusion is assumed in 

the pipe. The average velocity in the pipe is v = 0.111 m/s.  The length of an axial 

section is 2  m/(jVarta/ -  I) = 0.2222m. Figures 5 and 6  show the simulation results 

of this system. On Figure 5 the time evolution of the film thickness (T/(i))is shown. 

Curve a shows the thickness at the middle of the first axial section (0.11111m), while 

curve b shows that in the middle of the last axial section (1.88889m). It is easy to 

see that steady state is reached by the end of the first simulated day. In fact, another
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irve b (average glu)
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Figure 6 : Standard experiment. Axial profiles

run was also performed with 6  days of simulated time, and the thickness of the film 

did not change more than 1%. Figure 6  shows the steady state profiles of thickness 

and glucose concentration as the function of axial distance from the inlet. Curve a 

shows that the thickness of the film decreases as the distance increases. The reason 

for this can easily be explained by looking at the other two curves. Curve b shows the 

average concentration of the only substrate, while curve c shows the concentration of 

the same component at the interface in the bulk. Since the only source of glu is at 

the inlet, it gets consumed as the liquid moves in the pipe, thus less and less “food” 

is available for growth down the pipe. An interesting phenomenon can also be seen 

on curves b and c. There is a large difference between the average and the interface 

concentrations, due to diffusional resistance. Since the flow regime is laminar, the 

diffusion coefficients are very small, and the diffusional distance is the entire radius
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of the pipe. These results attest to the face validity of the model.

Size of the Time Step

The present version of the program uses fixed, user supplied time steps for 

integration. Thus, it is important to see how the system’s accuracy changes as the 

time step is changed.

In this section results of two experiments are analyzed. The first experiment (runI) 

used a time step of 8.64s, while the second one (run2) used 4.32s for time step. It is 

important to put these time step values into perspective. The so called CFL-numbers 

are widely used to determine the stability of a system of linear or nonlinear partial 

differential equations. Three CFL numbers can be defined in this system of equations 

[8]:

C FLadv =
At  v

CFLdiff =
A t D
(A s):'

CFL reac
A t

ftmax

where CFLadv is the inviscid CFL number, CFLdiff is the viscous CFL number, 

CFLreac is the reactive CFL number, A x  is the characteristic spatial resolution,
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Pmax is the coefficient of the first order reaction rate expression. Typically, explicit 

integration systems are stable if CFL is less than I. Implicit systems are usually 

unconditionally stable, if the partial differential equations are linear. However, if one 

wants to resolve a phenomenon (advection, diffusion or reaction) very accurately in 

time, than that CFL number has to be kept at a value less than I. For nonlinear 

systems, such as this model, the CFL number can be greater than one, but in certain 

cases the algorithm might become unstable. In that case the time step has to be 

reduced. After this brief description of the CFL numbers, these numbers for the

“standard” version are (at t =  0 ):

C F L adv,axial ~  21.7

C F Ladv,rad ia l ^  0.23 

CFLdiff & 2.7 -IO5 

CFLreap Rj 4.6 • IO5

It is clear that only the radial advection (biofilm growth) is resolved in time, while the 

other phenomena are very sparsely sampled. Also, CFLdiff and CFLreac are much 

greater than I, thus instabilities could occur. In fact, when a time step of 86.4 s was 

used, the system became unstable.

Figures 7 - 9  summarize the obtained results. On Figure 7, curve a shows the 

time evolution of thickness at the inlet, obtained by the standard run. The curve 

marked (b — a) shows the relative difference between the run I and the “standard”. 

The last curve (c — a) shows the relative difference between run2 and the standard.
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Figure 7: Difference between the standard and runl and run2 (Lf)
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■0  F  oc

Axial distance [m]

Figure 8: Difference between the standard and runl and run2 (C ^er)
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Standard (a)

Axial distance [m]

Figure 9: Difference between the standard and run I and run2 [Cx̂ r*)

Some observations can be made.

• The difference approaches 0 as time progresses. The reason for this is that as 

the system approaches steady state, the performed Newton iterations at each 

time step are just refining the solution, since the time derivatives are almost 0.

• The maximum difference shown is 0.3%. However, it is not to say that this 

is the maximum difference between the runs. At the very first time steps one 

can expect even larger relative differences. (These graphs show the thickness at 

every 4320 seconds, thus the initial events are missing.) Since the thickness of 

the film is very small near the initial state, even larger relative differences can 

still mean very small absolute differences.

Figure 8 shows the axial profile and the relative differences of the average concen-
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tration of glu at it = Iday. Curve a shows the profile obtained by the standard run. 

Curves (b — a) and (c — a) represent the relative difference between the standard and 

runl and run2, respectively. Here we can see that the relative difference increases as 

the distance from the inlet increases. The explanation of this phenomenon is that the 

marching algorithm described in the previous section propagates the concentration 

values downstream. It is important to point out that the relative differences are very 

small, about 0.0005%, and their sign changes as the distance increases.

Figure 9 shows the concentration of glu at the interface in the bulk. Here similar 

observations can be made, with two exceptions: (I) The difference is constantly 

increasing if we do not consider the very first point; (2) the relative difference is an 

order of magnitude larger. The explanation of the latter observation is that reactions 

and diffusion is more rapid near the interface, thus one would expect less time accuracy 

as At increases.

Number of Iterations

Another numerical parameter in the algorithm is the number of iterations per

formed at each time step. One could check for convergence using some arbitrary 

convergence criterion, or perform a certain constant number of iterations, and then 

check if the result is acceptable. If not, then the time step is reduced, and the process 

is repeated. In the present implementation of the model the number of iterations is
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mn3 inlet
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run3 & run4 outlet
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Figure 10: Difference between the standard and run3 and run4 (Lj)

fixed. The following graphs (Figure 10 and Figure 11) illustrate the obtained results 

(runs run3 and run4). The standard setup performs 10 iterations per time step, while 

run3 and run4 execute 5 and 2, respectively.

Figure 10 shows the relative difference between the thickness values at the inlet 

and the outlet as the function of time. The curves show the following:

• Up until 0.4 days the differences between thickness at the inlet and the outlet for 

both runs run3 and run4 are negligible. The explanation of this is the following. 

The Newton’s iterations are used to determine the concentrations and volume 

fractions only. The grid (and thus the thickness of the film) is updated once 

per time step. This means that the difference in thickness has to come from 

the difference in reaction rates at a given time. The reaction rates depend on
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Figure 11: Difference between the standard and run3 and run4 (concentrations) 

the concentration of glu only, since the concentration of pse is constant in the 

film. While the film is not too thick, the depletion of glu is not significant. 

Furthermore, the dependence of the reaction rate on the concentration of glu 

follows Monod kinetics, which means that for large glu concentrations small 

changes in concentration result in even smaller changes in reaction rate, because

_  ______ 1 ^1 ,glu______  J

d Q g l u  ( K l , g l u  +  Q g l u ) 2

Q g l u  K \ , g l u -

As a result, the displacement of the grid is almost identical for the three cases.

• After 0.4 days the relative difference in inlet thickness becomes more significant. 

This phenomenon follows from the above explained observation. Since the film
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becomes thicker as time progresses, the depletion of glu becomes more signifi

cant (see Figure ■ 6), and thus the reaction rate becomes more sensitive to the 

concentration: ...

dR\ ,glu
if Qglu — Kl,glw (77)

dQglu K\,glu

Since the concentration of glu is greater than K\,giu at the inlet, the above 

approximation is not too accurate. Note that the relative difference at the inlet 

is smaller for run3 (5 iterations) than for run4 (2 iterations), which means that 

the iterations do reduce the error.

o The outlet thicknesses for all runs are almost identical. The explanation for 

this is very interesting. Due to the consumption of glu in the earlier sections of 

the pipe, the concentration of glu is much smaller at the outlet, even after only 

a few time steps. This means, however, that for practical purposes the Monod 

kinetic expression becomes linear, and thus only one Newton iteration would 

suffice to advance the integration.

Figure 11 supports the statements made above. It is obvious that the largest differ

ences are near the inlet, which is the result of the “more” nonlinear behavior of the 

Monod kinetic expression. Near the outlet all concentrations are almost identical.
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Figure 12: Difference between the standard and run5 (Ly) 

Size of the Grid

Two runs were performed to test the effect of change in the size of the grid. 

The first run (run5) had more grid points in the bulk (Nrad = 20), while the other 

run (run6) had more grids in the axial direction (Naxiai = 19). In order to keep the 

advective CFL number unchanged in the axial direction, the length of the pipe was 

also doubled (4m).

More Radial Grids

Figures 12 and 13 show the obtained results. Figure 12 shows a very interesting 

behavior. The relative difference between the thickness values as time progressed 

is not monotone. The difference for the inlet is about 0.2% at the beginning, then
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Figure 13: Difference between the standard and run5 (concentrations)

it is reduced to 0.13% at about 0.2 days, and it increases to 0.32% at I day. A 

similar, but not that emphasized, non-monotonic behavior can be observed on the 

outlet thickness. Here the minimum difference is reached at 0.1 days (0.25%), then 

the maximum difference is found at 0.5 days (0.46 %), and the final difference is 0.43% 

at I day.

Figure 13 shows the relative differences of the average concentration of glu and its 

concentration at the interface in the bulk. The average concentration of run5 differs 

from that of the standard by at most 0.42%, while the interface concentration differs 

by about 0.9%. The reason for this is the more accurate resolution of diffusion and 

velocity in the bulk.
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Figure 14: L/ as a function of time at the inlet, middle and outlet 

More Axial Grids

Figures 14 to 17 show a few results of run6. Since the length of the pipe and the 

number of axial sections were doubled, the overall axial resolution did not change. 

This means that C F Laxiai,adv remained the same, also. It also means that the middle 

of the new pipe coincides with the end of the standard pipe. Figure 14 shows the 

time evolution of the thickness at three points in the pipe : (I) inlet, (2) middle, 

same as outlet of standard, and (3) outlet. Figure 15 displays the axial profile of 

thickness at I day. Both of these graphs are very similar in shape to Figure 5. More 

interesting observations can be made on Figures 16 and 17. Figure 16 shows the 

relative difference of the inlet and outlet thickness between run6 and the standard 

as a function of time. Note that the outlet of the standard pipe is the middle of the 

longer pipe. Again, a non-monotonic behavior can be seen at the inlet. However,
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Axial distance [m]

Figure 15: L/ as a function of axial distance, at t =  Iday

0.1 0.20.30.4 0.5 0.6 0.7 0.8 0.9 1
Time [day]

Figure 16: Differences in L/ as a function of time (inlet and middle)
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Figure 17: Average and interface concentrations versus axial distance

this difference (0.04%) is much less than the relative difference between the outlet 

thicknesses (0.14%). An explanation for this larger difference lies in the method of grid 

movement. Present implementation of the model uses a slightly different approach to 

update the grid than is described in the previous section. Instead of moving the first 

(inlet) surface horizontally, the last (outlet) surface is kept horizontal. The reason 

for this is that (a) the grid is updated only once per time step, thus there is no need 

to update the front of the grid before the rest is updated; (b) as Figures 6 and 15 

show, the gradient of the thickness is less towards the outlet, than the inlet. Thus, 

the outlet interface of the shorter pipe was kept horizontal, while in the longer pipe 

this interface is in the middle, and thus tilted. This change of geometry changes the 

effective areas of the grid surfaces, so the solid velocity (u$) and detachment changes,

as well.



51

The average and interface concentration of glu and pse can be observed on Figure 

17. These concentration values are shown as the function of axial distance at I 

day. As expected, both the average and interface concentration of glu decreases as 

the distance from the inlet increases. The shape of the average pse curve is also as 

expected. On the other hand, the interface concentration of pse is unexpected. There 

is a slight increase near the inlet of the pipe, and then the concentration slightly, but 

continuously drops to the end of the pipe.

To explain this, one has to examine what really happens near the interface. Let us 

consider a volume element at the interface in the bulk. There is a flux of pse into the 

volume element from the film, which is a function of the thickness. Diffusion transfers 

some to the next volume element, and some (insignificant) is produced by the bio

chemical reaction. The last process to consider is advection in the axial direction. 

Since the flow is laminar, near the interface the velocity of the liquid is very low. 

So, at the inlet there is no “incoming” pse through advection, but some (little) is 

moved to the next axial section. In the next section detachment is somewhat less, 

since the film is less thick, but the sum of the advected and detached pse exceeds 

the amount detached in the previous section. After a certain distance, however, the 

detachment becomes much less, thus the sum of advected and detached pse is less 

than the amount in the previous section. This explains the initial increase and then 

decrease in concentration near the interface. Related to this issue, but not significant
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Figure 18: L/ as a function of time (standard and run?)

in the presented case, is the fact that axial advection is near 0 at the interface. This 

means that the residence time of particulates (here pse) is much greater than would 

be expected from the average velocity. Thus, if the concentration of particulates is 

large (comparable to the film), then this layer of liquid can act as a biofilm.

Effect of Initial Thickness

Figure 18 shows the result of run?, where the initial thickness of the film was 

changed from 10/z to 5/z. The inlet and outlet thickness values as functions of time 

are shown for both the standard run and run?. As expected, run? reaches the same 

steady state thickness values, but the the time evolution lags behind that of the

standard run.
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Time Complexity

In order to determine the time complexity, a sketch of the algorithm is useful: 

begin

initialize system 

t — to

while t < tend 

begin

calculate velocities 

calculate grid velocity 

move grid

for all axial positions 

begin

while not converge 

begin

calculate Jacobians 

calculate fluxes 

build tridiagonal matrix 

solve system (Block-Thomas) 

update solution

check convergence
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end

end

t = t At 

end 

end

The size of the system is determined by the following parameters: number of 

components (c =  Npart +  Nsub), number of reactions (r =  Nrxn) total number of 

radial grids (n =  Nrad +  Nfnni), number of axial grids (m = Naxtat), number of 

iterations (Ntter) and number of time steps to be performed (Nstep = (tend — to)/A t). 

For simplicity a constant time step is assumed. Since there are (n — l)(m — I) = 

0(nm)  volumes, calculating velocities takes 0(nm)  time. The same time (0(nm)) 

is needed to calculate the grid velocities, since 0(m)  time is needed to calculate 

the interface velocities, and (m — l)(n — 2) =  0(nm)  faces have to be moved. At 

every axial section there are 0(n) surfaces, and for each surface 4 (two viscous and 

two inviscid) Jacobians of dimensions c X c are calculated, the time requirement is 

40(n)c2 =  0(nc2). The same is true for fluxes, with the exception that instead 

of c2 only c entries exist, thus it takes 0(nc) time only. To calculate the reaction 

terms W , 0(nr2c) operations are needed (see eq. 11). To calculate the source term 

Jacobian, 0(nr2c3) operations are necessary. In order to solve the block-tridiagonal
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system 0(nc3) operations are required [8]. This is a huge improvement on 0((nc)3) 

complexity required if full Gauss elimination is used. Thus the overall complexity 

reads:

T = O  (Nstep \0(nm)  +  (m -  I)Niter (0{nc2) +  0 (n r2c3) +  0{nc) +  0(nc3))])

(78)

which reduces to

T  =  O (Nstep NiterTnnr2C3). (79)

In words, the complexity is a linear function of the grid size and time step size, 

quadratic in the number of reactions, and cubic in the number of components.

Parallelization Issues

Typical systems usually have 2 to 5 components, but could have hundreds or thou

sands of radial and axial grids. This might be essential for pipes of length in the 

range of kilometers. While the number of components in the model is determined by 

the system to be simulated, the granularity of the grid is in the hands of the user. 

However, large m and n values can significantly increase the required solution time.

An obvious possibility to reduce the time complexity is to use m  processors, each 

solving a separate axial section. Since the equations are decoupled in the axial direc

tion, and the equations have the same structure, an SIMD machine with m  processors
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could perform the same task in

T  =  0 (N StepNiternr2 (?) (80)

time.

A more complicated solution could use mn  processors. Since at every axial sec

tion there is a block-tridiagonal matrix with n blocks, instead of using an inherently 

sequential, recursive method, an iterative method could be used to solve the tridiago

nal system [9]. If k iterations are required for convergence, then the time complexity 

becomes

T  — O (Nstep Niterkr2 c3). (81)

It is hoped that fc <C n. A further complication with this approach is that the domain 

is not homogeneous in the radial direction: (I) The number of variables is less in the 

film compartment, (2 ) at the film/bulk interface and at the wall boundary conditions 

have to be handled. These complications make this method less suitable for massively 

parallel SIMD computers. Another possible method to solve tridiagonal systems is 

given in [13]

Other methods, that use different solving techniques could also be used, e.g. do

main decomposition.

For further discussion on parallelization issues, see [13] and [14].
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C H A P T E R  6

C O N C L U S IO N S  A N D  F U R T H E R  W O R K

This thesis gave an overview on biofilm systems, and issues involved in biofilm ac

cumulation modeling. The focus was on biofilm systems in a given geometry, cylindri

cal pipelines. A mathematical formulation of components and processes were derived. 

The major processes included in the model are diffusion, advection, bio-chemical reac

tions, interfacial transfer processes. Based on these processes the governing equations 

were derived based on the conservation of mass principle. The resulting equations 

are coupled, nonlinear, partial differential equations.

A numerical method based on the finite volume approach was developed. An 

advantage of the method is that it allows change in the grid as the system evolves 

in time. To correctly solve the discretized equations in this moving grid environment 

the Geometric Conservation Law had to be used.

Finally, several examples were analyzed to determine the numerical behavior of the 

developed algorithm. These examples showed that the model produces acceptable 

results, and pointed out some interesting, unexpected phenomena.

In the future several tasks should or could be performed to improve the performance 

of the numerical method. The simplest improvements are to include variable time
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steps and more sophisticated convergence checks. The model could be extended to 

include axial diffusion, as well. This would mean that the nonlinear solver should 

include the entire pipe, rather than a single section only. Of less importance is to 

extend the two dimensional (axisymmetric) geometry to three dimensions.

The algorithm to move the grid could be improved to avoid “jaggedness” mentioned 

earlier. For example, a better method could determine the first vertex velocity as the 

function of all centroid velocities, to minimize a certain parameter of the resulting 

grid (e.g. “jaggedness”).

Further research has to evaluate the model against real-world data. Extensive work 

will be required to determine how the model performs in different geometries, flow 

regimes, and biological-chemical environments. Other research efforts should focus 

on determining the most important (sensitive) parameters. Finally, but not last, the 

model has to be updated regularly to include new knowledge and insight obtained 

about processes already modeled, or include newly found ones.
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