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Abstract:
In many real life applications involving geometries, a problem may arise if any two objects are
intersecting where they should not be. This thesis presents a solution to this problem. The particular
application that has been looked into is BNCT_Rtpe which is a tool for planning the treatment of
certain types of inoperable brain tumors. In it a 3-D representation of the brain is formed based on the
physician’s interaction with planar images of the brain, originally produced from medical imaging
modalities. All the bodies are modeled as closed B-Spline surfaces. For successful working of all the
tools in the system, none of the bodies in this representation should intersect. In this thesis seven
heuristics have been presented to isolatef any two given closed B-Spline surfaces. The heuristic is
based on marking the regions of intersection and then finding a vector based on these regions of
intersection along which one of the surfaces should be moved so as to minimally separate it from the
other surface. The last heuristic successfully minimally isolates any two given surfaces without
destroying their relative orientation in space. All the methods preserve original shapes and differ
primarily in the direction and magnitude of the movement of the surfaces. Future work includes
truncation of the surfaces midway between the regions of intersection. 
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A B ST R A C T

In many real life applications involving geometries, a problem may arise 
if any two objects are intersecting where they should not be. This thesis 
presents a solution to this problem. The particular application that has been 
looked into is BNCTJRtpe which is a tool for planning the treatment of 
certain types of inoperable brain tumors. In it a 3-D representation of the 
brain is formed based on the physician’s interaction with planar images of the 
brain, originally produced from medical imaging modalities. All the bodies 
are modeled as closed B-Spline surfaces. For successful working of all the 
tools in the system, none of the bodies in this representation should intersect. 
In this thesis seven heuristics have been presented to isolate! any two given 
closed B-Spline surfaces. The heuristic is based on marking the regions of 
intersection and then finding a vector based on these regions of intersection 
along which one of the surfaces should be moved so as to minimally separate it 
from the other surface. The last heuristic successfully minimally isolates any 
two given surfaces without destroying their relative orientation in space. All 
■ the methods preserve original shapes and differ primarily in the direction and 
magnitude of the movement of the surfaces. Future work includes truncation 
of the surfaces midway between the regions of intersection.
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IN TR O D U C TIO N

In many practical applications, complex geometries are represented with 
the help of Non-Uniform Rational B-Splihe functions or other similar math
ematical functions. A problem may arise if any two objects in this represen
tation are intersecting where they should not be. The particular application 
in which this problem was encountered is BNCT-Rtpe [15].

The most malignant brain tumors are not well treated by any currently 
accepted procedure. Boron Neutron Capture Therapy [7] is an idealized form 
of cancer therapy providing a mechanism to destroy cancerous cells without 
injuring adjacent normal cells. Neutron Capture Therapy was first proposed 
in 1932, but the next sixty years were required for the necessary technologies 
to evolve.

BNCTJRtpe is a tool for planning this treatment. The physician is pro
vided with several images of a given patient, originally produced from medical 
imaging modalities such as CT-SCAN, MRI etc. A 3-D representation of the 
brain is formed, based on the physician’s interaction with the planar images. 
The brain along with all the anatomical objects inside it are modeled as 
B-Spline surfaces [15]. This project brought up the problem of interfering 
surfaces, because for successful working of all the tools in the system (in 
particular, an existing Monte Carlo model of neutron transport), none of the 
bodies in this representation should intersect. These heuristics have been de
signed as a general tool for minimally moving the interfering bodies (closed 
B-Spline surfaces), while maintaining their relative orientation in space, so 
as to just isolate them. The vector along which the surfaces are to be moved 
depends on the regions of intersection which may be easily found by using 
any of the common bounding box techniques [I, 6, 8, 9, 11, 12, 13, 14]..
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REVIEW  OF B-SPLIN E SURFACES

B-Splines are well known for their excellent geometric properties and 
characteristics and are very well suited for curve and surface design and 
representation.

o They are able to exactly represent complex geometric shapes.

o By manipulating the control points, they provide the flexibility to de
sign a large variety of shapes.

o B-Splines are invariant with respect to affine transformations.

o B-Splines have a clear geometric interpretation, making them particu
larly useful for designers.

o Provide the ability to model imbedded flat regions and lines of sharp 
discontinuities.

o Provide the ability to make localized changes in the shapes.

B-Spline surfaces are defined as the set of points obtained by evaluating 
equation I [I, 3, 4, 5, 6, 10, 11] for all values of u and v between some Umin, 
Vmin and Umax and Vmax-

71+1 771+1

Q{u,v) =  Y j Y j ( I )
i=l j=l
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nr.. _  (« -  Xi)Ni'k- i (u )  , ($i+fc -  M)JVi+i lfc_i(u)
v̂ilfcW -  X ^ 1 - S i +  xi+k- x i+1

M  A v ) -  (v ~  ^ ) ^ - i ( ^ )  , (yj+i ~  v )M j+lti -1(v)
M 3A v ) -  y w - i - V j  +  y j + i - V j + i

Nitk(u) and M jti(v) are the B-Spline basis functions in the biparametric 
u and v directions respectively, x; and yj are the elements of knot vectors 
and B ij are the vertices of a defining polygon net.
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H EURISTICS FOR ISOLATION

We present the six heuristics, which are also the steps in which the final 
heuristic evolved. Given any two closed B-Spline surfaces SI and S2, where 
Q(a,b) and P (l,m ) are the sets of points defining SI  and S2 respectively,

Q{ai &) — {Q{a) QiaJ )̂v> Q{a) b)z)}
P(l,m) = (P(l,m)x,P(l ,m)y,P(l ,m)z),

a is the number of points in the u parametric direction and b is the number 
of points in the v parametric direction. I and m  are similarly defined for S'2. 
Our aim is to find a vector

M  — iM (x) +  jM (y)  +  kM (z)

such that, when it is added to one of the surfaces, it gets isolated from the 
other surface. After having moved one of the surfaces, we check again for 
intersection and if they are still intersecting, follow the same procedure for 
isolation. This procedure is repeated until they get isolated. Once they are 
isolated, one of the surfaces can be moved back along the same vector such 
that the two surfaces are just separated by some distance e. These heuristics 
preserve the shapes of the surfaces 51 and 52.

M axim um  D istance

Given two closed surfaces, find the maximum distance between the two 
surfaces. Le., find

IMLax =  max[|<2(a, b) -  P(Z, m)|]
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Figure I: Maximum Distance Between the Two Surfaces

for all a, b, I, m. Also if Qmax(a,b) and Pmax(l,m) are the points on the 
boundaries of the two surfaces corresponding to |M |moz, then

M ($) =  [Qmax(ai )̂]x [Fmax(Z, m)]x,

■ZV/(y) =  [Qmax{aj Z>)]y [-Pmoi(Z) 7n)]y> and 

M (z) =  [QmaxiaJ Z,)]z [Pmax(Z) 77l)]z,

where

Q{a,b) = ([Q(a,b)]x,[Q(a,b)]y,[Q(a,b)]z) and 

P(Z, m) = ([P(ZjTTx)Ia., [P(Z) m)]v,[P(Z,m)]2).

Surface 51 crosses over to the other side of surface 52. So the result is not 
at all acceptable(Figure I), as the relative orientation of the surfaces might 
change to a considerable extent.
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M axim um  D istance in th e R egion o f Intersection

Here, the search for the maximum magnitude vector is limited to the re
gions of intersection. If Rl(n) and R2(p) represent the set of points in the 
regions of intersections, on the first and second surface boundaries respec
tively, then

IMUoe = max[\Rl(n) -  R2(p)\]

for all n, p. Here,

M  i* m v xM (x) + j  -kmvyM (y) + k * m v zM (z),

M(x)  = j Rl-max R^max (p)x 11

M(y)  =  \R̂ -max{PJ')y R^mdx (p)y|> ^ud 

M(z)  =  IfZlmaE( )̂Z fZ2max(p)z|-

-Rlmax(n) and fZ2max(p) are the points on the boundaries of the two surfaces 
corresponding to |M|ma® an^

R^-max(jl) ~  (fZlmax(^)Ej R^-max{?l)yi fZlmax(^)z)j 

fZ2max(p) — (fZ2max(p)x) fZ2max(p)yj fZ2max(p)z)-

mvx,mvy,mvz have the values I or -I. The rule here is that a surface is 
moved in the direction in which it extends more than the other surface. So 
if SI extends in the negative x direction more than S2, then mvx = -I else 
mvx = I etc. If minxl = min[ Q(a, 6)$], maxxl =  max[Q(o, b)x] and minx2 
and maxx2 are similarly defined for S2, then:

if minxl > maxx2 mvx = I
else if maxxl < minx2 mvx =  -I 
else if maxxl > maxx2 mvx = I 
else if minxl > minx2 mvx =  I 
else Hivx =  -I

An example is shown in Figure 2.
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S2 S2

Figure 2: Maximum Distance in the Regions Of Intersections
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Perpendicular Vector

The first method does not take into account the relative orientation of 
the two surfaces in the space and hence does not give a good direction of 
movement. The two surfaces are distributed around the region formed by 
joining the endpoints of two consecutive lines of intersection. So, a better 
direction of movement would be the approximate perpendicular to this re
gion. If there are several regions of intersection, move perpendicular to the 
one corresponding to the region that contains I-Mjmaav Again,

M  - i* m v xM (x) +  j  ■kTnVyM{y) +  k'km vzM{z).

We again find |Mjmax =  max\\Rl{n) — R2(p)\] for all n,p. Let 3$ represent 
the region of intersection corresponding to | Mjmax and let Lx and Lx+\ be 
the lines of intersection flanking %. If V l  and V2 are the two vectors formed 
by joining the opposite endpoints of the lines Lx and Lx+i (Figure 3), we can 
easily find a unit vector V  = iVx + jVy +  W z, approximately perpendicular

to 9R as
V l  x V2 
\V1 x V2\

(2)

We may want to move along V  or - V . Let 0 be the angle between V  and 
Mmax where Mmax is the vector corresponding to |M|max-

y  if -90  < 6 < 90
—V  otherwise 

Then, mvx =  Vx,m vy =  Vy,m vz = Vz. Also, if

Mmax =  iM Xtmax + j Myimax + kMZimax, and 

max-dist = max[| M r,m a x  I, | M y  ,m ax |, I M r ,m a x  I])

then
M(x)  = M(y)  = M(z)  =  max-dist.

(3)
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Figure 3: Finding Approximate Perpendicular Vector to 3f? 

An example is shown in Figure 4.

W eighted Average Perpendicular Vector

A better measure of the relative distribution of the two surfaces in the 
space may be obtained by looking at all the regions of intersection [2]. 
So number the regions of intersection such that the region containing the 
maximum distance vector is numbered I and the other regions are sequen
tially numbered I, 2 etc. (Figure 5), going away in both the directions 
(left and right) from region I. K1I1 K,2 , •••) K.nr, H i, Vl,2 , Vl.nh K,i are 
the unit vectors (Figure 5) perpendicular to the regions 36r,2>5Rr,w, 
%U,%(,2 ,...,#W ,%c,i respectively (see equation 2), nr is the number of re
gions of intersection on the right side of region I and nl is the number of
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Figure 4: The Perpendicular Vector Method

regions of intersection on the left side of region I. All the unit vectors should 
be modified by multiplying them by -I, wherever necessary, as explained in 
equation 3. So, the final unit vector V  is then given by:

n, _ 5Z: mvr,i + E?l2 f W j  + Kll
nr + nl + I

The function f can easily be found by experimenting with different func
tions. For most of the cases, f(i) = 1 /vT + T  works very well.

Center o f Mass

If the surfaces are evenly distributed around the regions of intersection,
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SI

Figure 5: Weighted Average of Perpendicular Vectors

an easy way to find a good direction of movement is to find their centers of 
mass and move along the line joining them (Figure 6). I iV  = iVx +jVy + kVz 
is the unit vector along this line, then mvx =  Vx, mvy = Vy, and mvz — Vz. 
M(x), M(y) and M(z) would be calculated as defined in the Perpendicular 
Vector method for isolation.

W eighted Average o f CM and the W eighted  
A verage Perpendicular Vector

Surfaces will not be evenly distributed around the regions of intersection 
in many cases. But we can still combine the above two methods by taking the 
weighted average of the two vectors (directions) calculated using the above 
two methods to get an improved direction of movement. So the final vector 
V  would be given as:

V
V'

M
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S2 S2

Figure 6: The Center of Mass Method 

V 1 =  aVl +  bV2,

where V l  and V2 are the directions of movement as calculated in methods 
4 and 5 respectively and a and b are the weights of the two vectors that we 
want to consider for our final direction of movement. M(x), M(y) and M(z) 
would be calculated as explained in the third method.
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RESULTS

Six different heuristics have been presented in this thesis. I have not 
yet developed an analytical method for the performance analysis of these 
methods and there is no existing method for measuring the performance of 
such heuristics. Infact, it would take another thesis to actually develop and 
implement a measure of performance. So the results presented here are based 
on the visual observations of the test runs.

Visual observations of the test runs show that the sixth heuristic is the 
most efficient one. The weighted average of perpendicular vectors method is 
superior to the other four methods in most of the cases. In the cases where 
the two surfaces are very evenly distributed around the regions of intersec
tions, the center of mass method performs slightly better than the weighted 
average of perpendicular vectors method. The first three methods do not 
take into account the distribution of all the regions of intersection and their 
relative distribution around the areas of intersections. So they do not work 
well in most of the cases, although the cases where direction of movement 
largely depends upon the area of intersection containing the maximum dis
tance vector, the perpendicular vector method performs satisfactorily. The 
last method accounts for all the regions of intersection and the relative dis
tribution of the two surfaces, by taking a partial weight of the direction 
vector obtained in the center of mass method, and so works successfully and 
performs better than all the other methods in all the cases.
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