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Abstract:
In this dissertation, we present a simple scheme for construction of a low noise continuous wave blue
light source by frequency doubling a Fabry-Perot diode laser in a potassium niobate crystal inside a
bow tie ring cavity. By feeding back the ring cavity transmission into the diode laser after reflection off
a grating, the diode laser operates in single mode and is frequency locked to the cavity resonance.
Using a simple analytic form of the beam parameters for the ring cavity, the optimum cavity
configuration is found for a high degree of mode matching between the diode laser output beam and the
ring cavity. The wavelength of the blue output is tunable from 484-488nm, has a narrow linewidth of
1.25MHz, and has a continuous tuning range of more than 10GHz. The output power of the blue light
is 18mW with intensity fluctuations less than 0.02dB. The blue light is a near diffraction limited
Gaussian TEM00 mode with M2≈ Numerical simulation of the SHG is carried out by using the Fourier
space method, and the experimental results are in good agreement with the simulation. 
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ABSTRACT

In this dissertation, we present a simple scheme for construction of a low noise 
continuous wave blue light source by frequency doubling a Fabry-Perot diode laser in a 
potassium niobate crystal inside a bow tie ring cavity. By feeding back the ring cavity 
transmission into the diode laser after reflection off a grating, the diode laser operates in 
single mode and is frequency locked to the cavity resonance. Using a simple analytic 
form of the beam parameters for the ring cavity, the optimum cavity configuration is 
found for a high degree of mode matching between the diode laser output beam and the 
ring cavity. The wavelength of the blue output is tunable from 484-488nm, has a narrow 
linewidth of 1.25MHz, and has a continuous tuning range of more than 10GHz. The 
output power of the blue light is 18mW with intensity fluctuations less than 0.02dB. The 
blue light is a near diffraction limited Gaussian TEMqo mode with M 2 - I .  Numerical 
simulation of the SHG is carried out by using the Fourier space method, and the 
experimental results are in good agreement with the simulation.
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CHAPTER-1 

INTRODUCTION

Existing laser sources, such as semiconductor lasers, gas lasers, dye lasers and 

solid-state lasers, cover a wide range wavelengths. But many practical demands from 

physical, chemical and biophysical research, medical diagnostics and therapies, and 

environmental monitoring, require tunable coherent light sources in new spectral regions 

not accessible to these lasers. Examples include lithography and grating writing in the 

deep ultraviolet (UV) region, data storage and color display in the blue region, and 

ranging and pollutant detection in the infrared region. Thus it is a matter of practical 

importance to widen the range of wavelengths generated by the existing laser sources.

For these applications, the desired features of the light sources usually include: high 

power, single frequency operation, narrow: linewidth, low noise, good beam quality, 

tunability, compactness, low cost, diode pumping, all-solid-state construction for easy 

maintenance, and often continuous wave (CW) operation.

Significant progress has been made in the development of nonlinear optical 

materials for frequency conversion in recent years; a variety of new crystals with large 

nonlinear coefficients, large size and good optical quality are commercially available. 

Light sources based on nonlinear frequency conversion using these nonlinear materials to 

generate the desired wavelength have become practical and can meet those requirements, 

and even are replacing some of the existing gas lasers that are inefficient and large.
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In addition, using nonlinear frequency conversion can also generate squeezed light. 

Squeezed state of light is a nonclassical state for which the variation in one of the two 

quadrature-phase amplitudes of the electromagnetic field is less than that of the vacuum 

state of the field. Therefore squeezed light is in some sense quieter than the light in the 

vacuum state and hence can be employed to improve measurement precision beyond the 

standard quantum'limits1.

Nonlinear frequency conversion

The basic principles of nonlinear frequency conversion are well known1: when an 

electromagnetic field propagates through a medium, the polarization of the medium can 

be written as a power series of the input field E

P = S0X m ■ E + s0Z (2) ■ E 2 + £0Z O) -E3+... 1.1

where f 0is the electric permeability of vacuum, Z (}\ z (2) and %(3) are the linear, second

order and third order susceptibility, and the corresponding terms are the linear, second 

and third order polarization, etc. As an example, suppose that if two light beams, one at 

frequency CO1 and another at CO2, are propagating in the medium. The second order 

polarization can be written as:

•P(2) = £oZ{1) + ^ E 2e~i0ht + c c f  1.2

We can see that the second order polarization will have frequencies at Ico1, Ico2,

CO1 -  CO2 and ^+CO2. Radiation at new frequencies will be generated. This second order , 

term leads to the second harmonic generation (SHG), sum frequency generation,
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difference frequency generation and optical parametric generation (OPG). The third order 

term produces frequency tripling, phase conjugation and four-wave mixing, etc.

The linear susceptibility ^ (1) is usually in the range of 1-10, z (2) in IO42-IO'10 

m/V, and in 10 21~10 19 Vn2PV2 2 To observe the nonlinear polarization, very intense 

light, such as that from a laser is required. Note that the absolute value of the second 

order susceptibility y 2)is about 9 orders of magnitude higher than that of the third order 

susceptibility %(3). Thus many of the practical nonlinear frequency conversion light 

sources are based on the second order effect, with the two most important categories 

being SHG and OPG.

Phase-matching

To observe a significant amount of generated light, phase matching is of vital 

importance. This can be explained as the following: inside the nonlinear medium, all of 

the induced polarization generated by the fundamental wave along its path will add 

coherently, and at the output of the medium, if all the waves are in phase, constructive 

interference will occur, and the maximum effect is achieved. On the contrary, if the phase 

of the generated wave adds destructively, the intensity will be diminished. A simple plane 

wave analysis of this nonlinear process will show that the power of the generated wave 

is1:

sin2(A&L/2)
(AtL/2)2
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where phase matching Ak = Jc1 -jTk2- ^ c o  = OJx ±co2), with kx, k2 being the wave vectors 

of the input waves, &3 the generated wave, and L the length of the nonlinear medium. In 

general, because of the dispersion of the medium, the optical wave at different 

frequencies will propagate with different phase velocities, so A k ^ O .

One method to achieve phase matching is to utilize the birefringence of the 

anisotropic crystal. In the anisotropic medium, the index of refraction for a wave at a 

given frequency depends on the direction of propagation its as well as the polarization 

direction. Thus if the waves have different polarization directions, it is often possible to 

find a propagation direction along which phase matching is achieved.

The second method is called Quasi-phase matching (QPM)3. With no phase 

matching, maximum amplitude of the generated wave is reached after a distance 

ZcoftWhere Ak ■ Icoh = J t . After this distance, known as coherence length, the amplitude 

starts to decrease because of destructive interference. But if the crystal orientation is 

altered, and the sign of the nonlinear coefficient is reversed, so that the next component 

of the generated wave is added with an additional Jt phase shift, then the constructive 

addition continues and the generated wave continues to grow. The technique for creating 

this kind of periodical domain inversion is known as periodic poling. The advantages of 

the QPM method are that phase matching can be achieved at any wavelength within the 

transparency range of the nonlinear material by choosing the correct period of the domain 

inversion, and that the largest nonlinear coefficient can be utilized. These periodically 

polled materials have been widely used for generating infrared light. But for generating 

the visible light, the domain periods required are typically between 4 pm and 7 pm,
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which are much smaller than that for the infrared, and are more difficult to fabricate 

repeatedly4. Thus for visible light generation, periodically polled nonlinear materials are 

still currently under development, so bulk crystals are still the main choice.

Continuous wave second harmonic generation

Second harmonic generation is the simplest and most familiar nonlinear interaction. 

The first experiment “that ushered in the field of nonlinear optics”1 was done in 1961 by 

Franken et al.5. The early experiments were done with pulsed lasers, and the pulsed SHG 

could yield very high conversion efficiency (close to 100%) and a high average power6, 

due to the high peak power of the pulsed laser.

For CW operation, single-pass conversion efficiency is relatively low because of 

the lack of high power. Resonant enhancement by an optical cavity can be used to 

improve the efficiency. The high circulating fundamental light plus the small beam size 

created by the cavity configuration can result in a high focused intensity, and therefore a 

high conversion efficiency. If the nonlinear crystal is placed into the same cavity with the 

laser gain medium, this method is called intracavity frequency doubling. Many 

commercial green light sources at 532nm use this method, with high efficiency over 60% 

and high CW power (over IOW is not uncommon).

To double a monolithic laser, such as a diode laser, the nonlinear crystal is placed 

in an external cavity, which is known as extracavity frequency doubling. The conversion 

efficiency of doubling solid-state lasers or gas lasers can reach more than 80%. For 

example, the highest conversion efficiency is 89% for doubling the Nd:YAG laser at
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1.06 jum , and the output power of the second harmonic (SH) light more than is IW7. 

Solid-state lasers, such as the Nd: YAG usually have relatively high powers with good 

spatial and spectral properties. The overall conversion efficiency of the laser is relatively 

low, usually within a few percents, and the wavelength tuning is limited.

, Direct frequency doubling a diode laser is more attractive and can benefit from 

many of the desired characteristics of the diode laser. These benefits include: high 

efficiency, compact size, low cost, a large wavelength tuning range, etc. The efficiency of 

direct frequency doubling a diode laser is lower than that of doubling a solid-state laser; 

for example, the conversion efficiency is about 40% using a monolithic cavity8. Using a 

master oscillation passive amplification (MOPA) laser, which has a much higher output 

power, the efficiency can reach 58% with IW of harmonic light9. In Table-1, some CW 

SHG experiments are listed; the conversion efficiencies are calculated with coupled 

fundamental power. The optical-optical efficiencies,, which are calculated with the total 

output pump power, are lower. One of the reasons for the lowered conversion efficiency 

is that because of the elliptical output beam shape of laser diode, mode matching to the 

external resonant cavity is usually low. Using an anamorphic prism pair to change the 

ellipticity and other optics costs additional loss of the pump light.

For efficient SHG, the diode laser must be single longitudinal mode with a narrow 

linewidth, such as a distributed Bragg deflector (DBR) laser, a distributed feedback 

(DFB) laser or an external-cavity diode laser (ECDL). However, these are relatively' 

expensive and sometimes difficult to obtain in the desired wavelength range, especially 

with high powers. As an alternative, high power Fabry-Perot diode lasers are much less
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expensive and easily obtainable, although these lasers are usually multimode and the 

linewidth of the individual modes is large (several tens to hundreds megahertz). The 

difficulty becomes how to achieve stable single mode operation and a narrow linewidth 

without losing a significant amount of the output power. One approach to narrow the 

linewidth is passive locking, in which the transmission from an external high-finesse 

cavity is fed back to the diode laser10. When the frequency of the of single-mode free- 

running diode laser is close to the cavity resonance, the laser frequency will jump to the 

resonance and the linewidth is also reduced by up to three orders of magnitude. For a 

multimode laser, to obtain single mode operation, the transmission of the external 

resonant cavity is fed back into the laser after reflecting off a grating. Besides the diode 

laser operating in a single mode, the diode laser self-locks to the ring cavity resonance.

This thesis will describe a blue light source by frequency doubling a Fabry-Perot 

diode laser in an external ring cavity using both cavity and grating feedback11,12.

Overview of the thesis

This thesis is organized in four chapters. In this first chapter we have presented a 

short background of SHG. The external resonant cavity plays a significant role in SHG, 

and the efficiency depends on the mode matching, so the mode matching between the 

diode laser and the ring cavity is discussed in Chapter-2. In Chapter-3, the SHG is 

calculated using the Fourier-space method. Chapter-4 describes our blue light source by 

frequency doubling an infrared diode laser, and the experimental results are compared 

with the simulation in Chapter-3.



Table -1.1 CW SHG Experiments

Wavelength
(mn) Pump & Power Nonlinear Crystal Cavity SH Power Conversion

efficiency Reference

473 NdrYAG LlW KNbO3S mm Semi-monlithic SOOmW >81% 13

.5 3 2 Miniature NdrYAG 
1.64 W

MgOrLiNbO3 
7.5 mm Semi-monlithic 1.1 W 89% 7

• 532 NdrYAG 175 mW MgOrLiNbO3
7.5mm

Standing wave 
monolithic 130 mW 82% 14

532 Ar+ laser I W MgOrLiNbO3 
7.5 mm Ring 0.5 W 70% 15

540 NdrYAG 0.7W KTP IOmm Ring 560 mW 85% 16

266 Intracavity doubled 
NdrYVOrf SOOmW BBO 12mm Ring IOOmW 22% 17

532 ■ NdrYAG 6.5 W Periodically poled 
LiNbOs 53mm Single pass 2.7 W 42% 18

427 External-cavity diode 
laser 70 mW . KNbO3 9mm Ring 7.8 mW 34% 19

429 AR- coated Diode 
laser 80mW KNbO3 6mm Monolithic ring 14 mW 20% 20

428 Single mode diode 
160 mW KNbO3 6mm Monolithic ring 41 mW 40% 8

465 MOPA 4W LBO 4 mm Ring IW 58% 9
390 External-cavity 

tapered diode IW BBO 18mm ring 233 mW 39% 21

. 403 MOPA 400mW LBO 16mm . Ring 98 mW 25% 22

486 MOPA 740mW KNbO3 6.5mm Ring 156 mW 40% 23

532 CC-DFB 350mW KTP IOmm Ring 120 mW 34% 24

421 Single mode diode 
I OOmW KNBO3 5mm Ring 6.7mW 11% 25

392 External-cavity 
tapered diode IW BBO 5mm Ring I OOmW 20% 26
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CHAPTER 2

BOW TIE RING CAVITY DESIGN

Bow tie ring cavities are often chosen for the external resonant field enhancement 

in extracavity frequency conversion experiments. The ring cavity, illustrated in Figure- 

2.2.1, consists of two plane mirrors Ml and M2, and two curved mirrors M3 and M4. The 

stable cavity mode has two beam waists: a smaller beam waist located in the center 

between the two spherical mirrors, where the nonlinear crystal is placed, and a larger 

elliptical beam waist located between the two plane mirrors. Typically the diode laser 

output is focused into the larger elliptical beam waist for mode matching.

Figure-2.1 The bow tie ring cavity is formed by two plane mirrors (M l and M2) and 

two spherical mirrors (M3 and M4). The incident angles on the cavity mirrors are 9 , 

the distance between the two spherical mirrors (M3-M4) is L , and the distance between 

the two spherical mirrors via plane mirrors (M 4-M I-M2-M3) is P .

The ring cavity has two main advantages. First, there is no direct reflection from 

the cavity optics back towards the diode laser so that destructive optical feedback can be
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avoided. Second, a uni-directional traveling harmonic wave is produced inside the cavity, 

which is convenient for output coupling.

To maximize the efficiency of the frequency doubling, knowledge of the exact 

beam waist size and location inside the crystal is necessary27. Such analysis is usually 

carried out using the ABCD law and the self-consistency postulate28,29.

Usually the bow tie ring cavity will be symmetric, with 9 being the incident angle 

of the beam on the curved mirrors, and R the radius of the curved mirrors. As illustrated 

- in Figure-2.1, the distance between the two curved mirrors is L , while the distance 

between the two curved mirrors via the two plane mirrors is P . Thus the total cavity path 

length is L + P . The complex beam parameter q(z) at position z in the cavity is 

determined by the ABCD law for the resonator and the self-consistency postulate2,3:

where A, B, C and D are the components of the ABCD matrix that describes one 

complete round-trip inside the cavity. The roots of the resulting quadratic equation of 

Equation-2.1 are:

Without the crystal inside the ring cavity, the ABCD matrix for a point at distance 

Z1 from M4, can be expressed as:

Mode in a bow tie ring cavity

_ A(z)q(z) + B(z) 
C(z)q(z) + D(z)

2.1

2.2
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A B 
C D

Ie2- I e i 2Z1+P) +ZvP / / ( z ,  +Z2+ P )-  /Xzl (2z2 + P) + Z2P]+ Z1Z2P
/ /  / /

P ~ 2Ie Ie2- I e i 2Z2 +P) +Z2P
2.3

where Z2 = L - Z 1, and f e represents the effective focal length for the horizontal plane 

I x or that for the vertical plane /  .

At the beam waist, —— is a pure imaginary number, so
9 (z) .

D = A.  Using the

expression for D and A from Equation-2.3, yields Z1 =Z2, which means the beam waist 

is at the center between the two curved mirrors. This is consistent with the symmetry of 

the cavity. With Z1=Z2 = L H , the beam radius CO is:

= A' I 4!e2(L + P ) - 2 f e-L-(L + 2P) + t fP
f - 2 / . 2.4

It is well known that a spherical mirror used at oblique incidence focuses vertical 

plane ray bundles at a different location than horizontal plane ray bundles. This is 

manifested in two different effective focal lengths /  and/^ , where30

Zc = /co s  <9

w ith / = R /2 .
K

With equation-2.4 and 2.5, the beam waists for the horizontal plane and the vertical 

plane are:

J
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M
!-TC

l-2-cosd  
p — 2-cos.d

• [2 • (/ + p )-cosd - l -p \ 2.6a

2 A JL
2 -TU

l-cosd — 2 
cos0-(p-cosd-2)

• [2 • (/ + /?)-/•/7 -COŜ ]

Here Z = — and p 
' /

P
/ ’

so that L and P are normalized to /  .

2.6b

By using Gaussian beam propagation through a thin lens, we found that the second 

beam waists for the horizontal and vertical planes are located at the center of the plane 

mirrors, and the sizes are:

2 = /p  ^ C0— •[2-(Z + p)-cos^-Z-p] 
2-ju V Z-2-cosP

2.7a

^ • I-— ^ c0s^— ----- [2-(Z + p)-Z-p-cosP]
2-flr vcos^-(/-cosP-2)

2.7b

Comparison of Equations 2.6 and 2.7 reveals that the result is just the exchange of 

Z and p ; this is also consistent with the structure of the cavity. In Figure-2.2 we plot the 

calculated beam waists in the ring cavity as a function of mirror separation p  and Z. We 

can see from the plot that CO0x and CO0y are generally smaller than COox and COoy , and the 

large beam waist is elliptical. By choosing the parameters Z, p  and 6 , we can make the

small beam waist circular. The sizes of the cavity beam waist are proportional to 4 r  as 

shown in Equation 2.6 and 2.7.
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Figure-2.2 The calculated beam waists in the ring cavity as a function of mirror 

separation p  and I using equation 2.6 and 2.7. The parameters used here are: 

wavelength A = \flm , radius of M3 and M4 R =  20mm and angle of incidence 

9 -  22.5°. (a) As a function of I , with p  =  9.0 . (b) As a function of p  , with 1 - 2 . 2  . 

The stability region will be discussed in the next section.
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Stability region and mode spot size stability of the ring cavity

From equations 2.6 and 2.7, we find that p , I and# are confined to the stability 

region, which is:

2 <i < 2/?cos# 
cos# p -2 co s#

and by the usual structure of a bow tie ring cavity, we also have

I < pcos(2#)

2.8

2.9

In Figure-2.3, using equations 2.8 and 2.9, we plot the stability region for p and I . 

The shaded region is the stability region. When designing a bow tie ring cavity, one can 

use equation 2.8 to make sure p, I and# are in the stability region.

Figure-2.3 The stability region of a bow tie ring cavity, (a) #  =  22.5°, (b) #  = 15°.The 

shaded region is determined by equation (8) and (9). A smaller folding angle has a 

larger stability region.

Also when we choose the parameters p, I and # , it is important that the cavity is

not near the edge of the stability region, because near the edge, the beam size is critical to
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small variations of the parameters. As in reference [28], the mode spot size stability can 

be calculated using:

where CO is the beam waist size, either , ry0j,, or <yoy , and x  is one of the 

parameters, either p, Zor 6. From the derivatives for CÔx , <y0),, coQX and 6>oy and Figure- 

2.2, it is easy to see that when p and I are in the center of the stability region, the 

changes are small, and the most critical parameter is the distance I .

Mode with the crystal

If a crystal is placed between the two spherical mirrors, the effective length 

between the two spherical mirrors is changed. In addition, the crystal will need to be 

rotated to achieve phase matching (see Appendix C). Since we will rotate the crystal in 

the horizontal plane, the tilted crystal will act differently on the horizontal and the 

vertical ray bundles. Thus the effective distances which the rays propagate in the 

horizontal and the vertical plane are different31, and are given by:

The derivation of equation 2.11 is given in Appendix A. Keren is the refractive index of

Tthe crystal, <j) is the incident angle on the crystal, t — —, and T is the length of the

I da>
CO d x

2.10

f -ZX2 C l - S i n 2 (Z))

Czx2 - S i n 2 (Z))372
2.11

/
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crystal. Note that dx and dy are still normalized to the focal length /  as before. Thus the

effective distances between the two spherical mirrors in the horizontal plane and the 

vertical plane are:

Therefore the beam waist sizes with the tilted crystal can be obtained by replacing 

I in equations 2.6a and 2.7a with Ix and also by replacing I in equations 2.6b and 2.7b by

Iy. The location of the larger beam will always remain at the center between the plane

mirrors, and that of the smaller beam waist will locate at the center of the crystal when 

the crystal is placed halfway between the spherical mirrors. When the crystal is moved 

from the halfway point between the spherical mirrors, the location of the smaller beam 

waist will also move away from the center of the crystal. The smaller beam waist should 

be located at center of the crystal to maximize the nonlinear conversion efficiency, 

especially for a tightly focused beam.

As shown in Figure-2.4, if the crystal is placed a distance A from the center 

between the two curved mirrors, the beam waist will locate at a distance x from the 

center of the crystal. It is easy to show that if A < d e/2 ,  where de represent either dx or 

dy, the beam waist will locate inside the crystal, and

2.12

2.13

I
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with t2 =  t J l - s i n 2 <p + 0==
-Jn2 - s i n 2^

If A > /  2 , the beam  waist will locate outside the crystal and

Jt = A + - -  
2

&
2

— x

2.14

Figure-2.4 If the crystal is placed a distance A from the center between the two curved 

mirrors, the beam waist will locate at a distance x  from the center of the crystal. When 

A < CZe, /  2 ,  the beam waist will locate inside the crystal, and A > c/e / 2 , the beam 

waist will locate outside the crystal.

Because the effective distances betw een the tw o spherical m irrors in the horizontal

plane and the vertical plane have changed, the stability region becom es:

2 , , 2 p c o s #
------ < /,. Iy <— -------- 2.15
c o s# p - 2 c o s #
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Mode matching between the diode laser and the ring cavity

From Equations 2.6 and 2.7 and Figure-2.2, it is easy to show that the beam waist 

between the two plane mirrors is larger and elliptically shaped. The output beam of a 

diode laser usually has an elliptical Gaussian shape, so the focused beam waist will also 

be elliptical. To mode match the diode laser output beam to the external cavity, an 

anamorphic prism is often used to reduce the ellipticity. But the anamorphic prism will 

introduce insertion loss and unwanted back reflection into the laser, which can cause 

instability of the diode laser. A better way to efficiently mode match the diode output into 

the ring cavity is to adjust the parameters of the ring cavity so that the sizes of the larger 

elliptical beam waist of the ring cavity are the same as those of the focused diode laser 

output beam in both the vertical and horizontal plane. And at the same time, the smaller 

beam waist can be circular for efficient SHG.

Assume that the beam waists are (o\ and ofy at the output of the diode laser for the 

horizontal and the vertical plane. If two lenses, with focal length Z1 and f 2 respectively, 

are used to focus the beam into the ring cavity, illustrated in Figure-2.5, the separation of

the two lenses is f l—— —+f 2, with d the distance between the first lens LI and the

diode laser, it is easy to show that when d - f l »   ̂ ; the focused beam waist sizes
/I

after lens L2 are:

COi = ^  f i  d - f j i - x , y 2.16
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The beam waist location is f 2 behind lens L2. Thus the ellipticity of the focused output 

beam is the same as that of the diode laser, and the size depends on . The

astigmatism of the diode laser will slightly change this result, which shall be considered. 

In the experiment it is usually necessary to keep the distance from the diode laser to the 

output focus short; thus a larger d and shorter /, and f 2 are favored.

—  f2 f2 f 1 d / ( d - f 1 ) d -

L2 LI LD

Figure-2.5 Focus the diode laser output by two spherical lenses. The lens LI is d from

the diode laser, the focused beam is /, —- — behind the LI and f 2 behind L2.
d ~ f i

The ellipticity of the diode laser can vary with device design, and is usually in the 

range between 2-3. To change the ellipticity of the large beam waist, we could change I , 

p and the incident angle 0. It is more desirable to vary 0 and keep I and p in the region 

where the beam waists change slowly with I and p , as discussed in the previous section.

As an example, in Figure-2.6 we plot the solutions where the large beam waist has 

an ellipticity of 1:2.7, and the smaller beam waist is kept circular. Because we have two 

equations,

Q)0Y / o)0X = 2.7 

=1
2.17
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there will exist a set o f  solution I and p  for each incident angle 0.

.. . • p

—  20

14 16 10 20 22 24 2E

Angle of Incidence (Degree)
(a)

-----  small waist
----- large waist

.5" 100

Angle of Incidence (Degree)
(b)
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-- — I / <2̂0 ■ dcDox / 9/
—  — I /  tVoy • 9<2̂ oy /  9/

U) O

Angle of Incidence (Degree)
(c)

j3 -0 05
'-H- -

"S -0 15

- — \! Wox dâ x! £f>
* — I /

-0 25

-0 35

Angle of Incidence (Degree)
(d)

Figure-2.6 The solution for the large beam waist size with an ellipticity of 1:2.7, and the 

small beam is circular with different incident angle G. (a) The solution of I and p . (b)

Horizontal beam waist size COox and CO0x . The mode spot size stability calculated using 

Equation 2.10(c) for CO0x, CO0y, COox and COoy with / .(d) CO0x, CO0y, COox and COoy 

with p  .
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Figure-2.6 (a) plots the solution of I and p as a function of incident angles 0. At 

each angle, the beam waist sizes are also determined. The horizontal beam waist size 

COox and coQx are plotted in Figure-2.6 (b). The vertical beam waist size of COqy and coQy,

which are also determined by Equation-2.16 are omitted for simplicity. The mode spot 

size stability for both beam waists in both horizontal and vertical planes are calculated 

using Equation 2.10. In Figure-2.6 (c) the mode spot size stability with respect to the 

distance I are plotted. In Figure-2.6 (d) the mode spot size stability with respect to the 

distance p  are plotted. The parameters in our calculation are: X = Xpm, R = 20mm.

We can see from (c) and (d) that the mode spot size stabilities with p  are one order 

of magnitude smaller than those with I . Therefore our primary concern is for the mode 

stability with I . Looking at Figure-2.6 (c) it is clear that a larger folding angle is 

preferred for smaller mode size stability values. We chose to operate with an incident 

angle 0=22.5°. This choice has several benefits. First, the mode spot size stabilities for I 

are low. Second, the value of p  is also reduced, which shortens the total cavity length, 

and increases the free spectral range (FSR) of the cavity.

From these plots, we can see that by adjusting the parameters of the ring cavity we 

can obtain the desired ellipticity and can match the output of the diode laser to the cavity 

mode without an anamorphic prism. In addition, by a judicial choice of 0,  other benefits 

of good mode stability and larger FSR can be obtained.
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Cavity tuning for large frequency scanning range

In the experiments, the resonance of the external bow tie ring cavity needs to be 

changed continuously. This tuning is usually accomplished by moving one of the mirrors, 

thus changing the total length of the cavity. But this movement will increase the 

misalignment of the resonator due to the change of the beam path, as illustrated in Figure-

2.7 (a), and cause a reduction of the finesse and the enhancement. This will cause another 

problem in our experiment, which an extra grating is utilized to provide filtered optical 

feedback. As the beam path inside the cavity changes, the feedback phase, the center 

wavelength and shape of the grating feedback can also be changed. Thus the system will 

lose locking.

Figure-2.7 Cavity tuning of a bow tie ring cavity, (a) If only M2 is moved, a 

misalignment will occur, (b) if M l and M2 is moved simultaneously upward, there will 

be no misalignment.

Instead, if we move the two plane mirrors simultaneously, as illustrated in Figure-

2.7 (b), there will be no misalignment of the beam by changing the length of the cavity. It 

is easy to show that when the Ml and M2 move a distance h upward, the total cavity 

length change will be:

(a) (b)
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Ac = 2h
l + “

cos 20
I

tan 26 H-------
tan 6

2.16

!
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CHAPTER 3

SHG CALCULATION USING THE FOURIER-SPACE METHOD

Though the SHG is the simplest nonlinear process, the interaction can be complex.

Obtaining accurate results of the SHG is difficult because there are many effects that will

complicate the calculation. These effects include the following:

a) The fundamental beam is usually tightly focused to a small diameter in order to 

increase its intensity and hence to achieve a higher efficiency. Therefore the intensity 

profile is not uniform but has a Gaussian or other complex distribution. Thus the 

intensity profile and diffraction effects cannot be ignored.

b) When birefringence is utilized to achieve phase matching inside the birefringent 

medium, the wave vectors of the fundamental and the SH wave are in the same 

direction, but the Poynting vectors of the corresponding fields are not. Thus the beams 

will separate from each other as they travel through the medium, and the nonlinear 

process is diminished. This effect, known as “Poynting vector walk-off’, will be an 

important factor and will limit the efficiency of the SHG and affect the waveform of 

the SH wave.

c) With the availability of high power lasers, the large enhancements of the external 

cavities, and the availability of large nonlinear coefficient crystals with relatively large 

sizes, the conversion efficiency can be high. Therefore the effect of beam depletion

has to be considered.



26

d) Because each plane-wave component of the waves has different refractive index in the 

birefringent nonlinear medium, phase matching cannot be achieved simultaneously for 

all the plane-wave components. Thus the phase matching condition can be much 

different from that given by the simple plane-wave analysis.

Besides calculating the conversion efficiency, we need to know the transverse beam 

profile of the generated SH wave, and to evaluate the beam quality when the effects 

mentioned above can complicate the waveforms of both waves.

When some of the above mentioned effects could be ignored, analytic results can 

be obtained. For example, the plane-wave model for calculating the SHG is valid when 

the diffraction and the walk-off can be ignored. Boyd and Kleiman calculated the SHG 

process including walk-off and1 diffraction of the fundamental wave but the depletion is 

ignored33. These calculations concentrate on the conversion, but the beam profiles for the 

SH wave were not calculated.

To include all these effects and to calculate the beam profile, numerical methods 

are necessary. Several computation methods have been proposed34,35,36,37. One numerical 

method is the Fourier-space method36,37, first proposed by Sheng and Siegman. Arisholm 

extended this method to the biaxial crystal. In this method, the electromagnetic waves are 

decomposed into the plane-wave eigenmodes of the birefringence crystal, and then the 

coupled nonlinear differential equations for the slowly varying amplitudes of each plane- 

wave are solved. The walk-off and the phase mismatch of the different plane-wave 

components are associated with the birefringence of the crystal. Thus by including the 

exact refractive index associated with each plane-wave, these effects are included in the
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coupled differential equation. But in their papers, REF[36] and [37], the coupled 

differential equations for the SHG are not exact and phase mismatching is not discussed. 

It is known that for the SHG with focused Gaussian beams, the maximum conversion 

efficiency does not occur at the phase matching condition Ak = 0, but at a Ak larger than 

zero.

First we will give a rigorous derivation of the coupled differential wave equations 

for the SHG. Then the procedures to solve the equations by Runge-Kutta method and 

simulation of the SHG are described, and the results are given.

e is the polarization unit vector of the electromagnetic field. E(x, y, z) is slowly-varying 

along the z -direction, and can be transformed using the two dimensional Fourier 

transformation36,38:

wavelength in free space, and n(kx,ky) the refractive index, which is dependent on the

Mathematical development

The electromagnetic field propagating in thez -direction can be written as:

E(x, y, z, f) = ( % ,  y, z ) g - ' ^  +cc) 3.1

3.2
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direction of propagation and polarization, and k -nlTi/A,, with n the refractive index for 

a plane wave propagation in the z -direction.

Starting from the Maxwell’s wave equations in nonmagnetic media:

V % , y, z,f) -  V(V - E(x, y.z.f)) -  A,  ̂̂  ^
at at

E is the electromagnetic wave inside the crystal consisting of the fundamental wave and 

the SH wave:

E(x, y,z,f) = (x, +cc) ) 3.4

where kx = — n " , k2 = — n2co, A is the wavelength of the fundamental wave, na and
X X

nlta are the refractive index inside the crystal at the fundamental and the SH frequency.

To achieve the phase-matching condition, the fundamental wave and the SH wave 

will have orthogonal polarizations. Thus e is either one of the two eigenmodes 

polarization directions for the wave propagating in the z -direction. Thus the vector 

nature of the electromagnetic waves can be simplified as discussed in Appendix-B.

In Equation 3.3, the linear polarizations are:

pLj O. y, z , t )=^ jpLj y-z)e
-i (a) jt-kjz)

+  c c )

^  (x, y,z) = — ,z)g
\Z7V)

3.5
i[kJZ(.kx ,ky ) - k j ] z  _ ^ i ( k xx+kxy)

with y' =1 and 2 for the fundamental wave and the SH wave respectively.
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The nonlinear polarizations are: Pnlj = CjPnlj , with j  = \ and 2. Because of the phase

matching, only the nonlinear polarization along the electromagnetic field needs to be 

considered. For the fundamental wave:

PNu 0 > Z) = 2£QdeffE1 (x, y,z)E2 (x, y, z)

' Ĝejf
I

(2^-)'
^ d k xdkyel{kx,ky,z)e i(kxx+kxy)

(2^)'
^ d k xdkye2(kx,ky,z)e : [ t 2 z % , t y ) - A 2 ] z  ' ^ i ( k xx+kxy)

3.6

= ^ 2  J \ dK dkyPNLl ( K . ky . Z)® _ g i (kxx+kxy)

(S) denotes convolution6, and deff is the effective nonlinear coefficient, discussed in

Appendix-C.

And similarly for the SH wave:

Pnli <X y,z) = £odeff{E' %)]
r i

-  S Qd eff
fikiz(kx ,ky)-ki]z Uk^(.+kxy) 3.7

i\k2Z(.kx ,ky ) -k1\z i(kxx+kxy)7 ^ 2  J \ dkxdkyPNL2 ( K . ̂ »Z)g

Plugging Equation-3.6 and -3.7 into Equation-3.3, and using the slowly varying 

amplitude approximation, we found the coupled differential equations for the two beams:
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3.8

A7T
where Afc = 2fc,- k 2 =— [na,(kx = 0,fcy = 0 ) - n2w(kx =0,ky = 0)].

Because of the small walk-off angle the longitudinal components of the 

electromagnetic waves are ignored as discussed in Appendix-B

As discussed in REF[5], one doesn’t need to assume which one of the fundamental 

and the SH waves is e -wave and o -wave (or fast -wave and slow -wave); the 

birefringence properties of the waves are included with the dependence of the refractive 

index on the propagation direction, i.e. n = n(kx,ky) .

For the wavelength near 91 Onm at room temperature, the phase matching condition 

is achieved when the fundamental beam is propagating in the X-Y plane and the 

polarization direction is also in the X-Y plane. The polarization of the generated SH wave 

is in the Z-direction. This configuration gives the maximum effective nonlinear 

coefficient dcff and the smallest walk-off near 91 Onm at room temperature. The walk-off 

is in the horizontal plane and walk-off angle is p  =0.0094. The walk-off is discussed in

Numerical simulation of SHG in a KNbCb crystal
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Appendix B. The properties of the KNbO3 crystal and phase matching are given in 

Appendix-C.

Assume that the fundamental wave is an elliptic Gaussian beam, and the beam 

waist is located at a distance Iw x and Iw y from the front surface of the crystal for the

horizontal and the vertical plane, as illustrated in Figure-3.1. The initial input beams are 

that the fundamental wave at the front surface of the crystal is:

£,(x,y,z = 0):
V 1 +  zC  V  +  zC

exp 3.9

with = I (Z - Iwj)Zbi , the confocal parameter bj = Zc1̂y0,2, and CO0 , the radius of the 

beam waist, i = x,y  for the horizontal and the vertical plane,. The initial input for the SH 

wave is

E2(x,y,z = O) = O 3.10

V e r t i c a l H or i zon t a l

Lw,x

Figure-3.1 The input fundamental wave and the nonlinear crystal. The crystal length is Lc, the 

input elliptical Gaussian fundamental wave has beam waists of ty0 rand CO0 y for the horizontal 

and the vertical plane, located at Iwx and Iw y behind the crystal’s front surface respectively.
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In the following simulations, we will assume a>0 x = OJ0 y = CO0 and Iwx=Iwy= Iw- 

for simplicity. For each of the waves, usually the transverse field at position z is 

represented by a 256X256 matrix with CO0ZS resolution..The z -direction is usually sliced 

to 16 sections, within each section, the wave Equation-3.8 is solved by the fifth-order 

Runge-Kutta method39.' At end of each section, with the SH wave E 2a calculated, the

E 2l0is then fitted to the Gaussian distribution:

t v — v I 2
3.11

with cox(z) and CO (z) the beam waist in the horizontal and the vertical plane, x , y the

= E0 exp 2 , 2 /A), (Z) Oy W

peak position and E0 the amplitude.

We can use a smaller matrix to represent the transverse electromagnetic field when 

the fundamental wave has a larger beam waist. For example, a 128X128 matrix with 

CO0 / 6  resolution can be used for a fundamental beam with a waist size of over 20 /Mn .

The number of slices in z -direction is determined by the interaction strength of the SHG. 

A good indication of the strength is the interaction length40, defined as

L _ nA 3.12

For a plane wave fundamental light with amplitude E0, 58% conversion efficiency will be 

reached over this interaction length. Although the conversion efficiency is lower for the 

Gaussian beams, Lwi is still a good indication of by the interaction strength. With the
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crystal length Lc > Lnl , more slices are necessary to maintain the accuracy. The typical 

calculation time is about 10 minutes in a Pentium PC using MATLAB.

A few methods are used to check the accuracy of the calculation. The total power 

of the fundamental and the SH at the output is compared with that at the input. Without 

absorption, this should be constant. The difference is usually within IO'8

As in REF[4], for a plane wave input, the calculated conversion efficiency is 

compared with the theory1. When the input fundamental is a plane wave, the conversion 

efficiency is given by:

77(LC) = Ianh2(LcZZm ) 3.12

0 1 2 3 4 5

o Claculted 
—  tanh2(lc/LNL)

£  0 .6 -

LAnl

m
I

o

Figure-3.2 Conversion efficiency of the calculated and theory of a plane wave model, 

the error is within IO"5.

The results of the simulation are shown in Figure-3.3.2. The error is within 10"5 for 

16 slices of the crystal. As we can see from Figure-3.3.2, the error increases for longer
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crystal length. Smaller steps or adaptive-steps are necessary to increase the accuracy, but 

also will require more time for the computation.

Phase mismatching and the SH power

Figure-3.3 A positive phase mismatching is needed for maximum conversion of focused 

Gaussian beams, (a) collinear SHG, when Zc2 = 2&,, maximum SH is reached, (b) non-

collinear SHG, when k? = Zq + k\ , maximum SH is reached, which requires Zq > ~  .

For the SHG with focused Gaussian beams, the maximum conversion is achieved 

with a positive phase mismatch Ak >0. Boyd explained that this is caused by the phase 

shift of ft radians the beam experiences in passing through the focus2. But it easy to 

show that if the focus is outside the crystal, a positive phase mismatch AZ: > 0 is still 

needed for the maximum conversion. An alternative explanation would be that because 

each wave consists of plane-wave components of different directions, both collinear and 

non-collinear interactions occur for the SHG, as illustrated in Figure-3.3. For the 

collinear SHG, when Ak = Ik i - k 2 = 0, the maximum conversion is achieved. For the
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non-collinear SHG, the maximum conversion is achieved when (&,+&,') • &2 = \k2\.

Because +&,' < 2\k\ I, a positive M  ; ■2k\-k2 >0 is required.

REF[41] discussed the phase mismatching of the SHG with focused Gaussian 

beams. They assumed that the fundamental and the SH wave were both Gaussian beams, 

which is valid when the walk-off and the depletion can be ignored. The walk-off can 

affect the SH transverse beam shape, and make the Gaussian beam assumption less 

accurate, especially for tightly focused beams. We plot the beam sizes of the SH wave 

inside the crystal in Figure-3.4 (a). It can be seen that the behavior of the SH wave 

deviates from the Gaussian beam propagation in the horizontal plane, which is the walk- 

off plane.

SH
Fundamental

2 0 0 -

1.6
Position in crystal (mm)

Vertical
Horizontal

Position in crystal (mm)

Figure-3.4 (a) The beam waists of the SH wave inside the crystal for the horizontal and 

the vertical directions; the walk-off is along the horizontal plane, (b) The peak positions 

of the fundamental and SH wave inside the crystal in the horizontal plane.

In Figure-3.4 (b), the peak positions of the fundamental and the SH wave in the

crystal are plotted. The fundamental wave moves a distance of 30.18 /Mn  in the 3.2mm
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crystal length, and this is consistent with the calculated walk-off angle of p  =0.0094. 

This can also be used to check the accuracy of the simulation.

In the experiments, the optimum A& is determined by finding the maximum SH 

power. Thus to make a comparison of the experiment with the calculation, the phase 

mismatching has to be considered. In Figure-3.5 (a), the optimum phase mismatch Hk is 

plotted with the input fundamental beam waist sizes for a crystal length of 3.2mm, and

L L 2>L
the beam waists are located at Iw =0,-^-, , and Lc. As can be expected, at

larger beam waists, the optimum phase mismatching A& will go to zero, and a smaller 

beam waist will require a larger phase mismatching. When the beam waists deviate from 

the crystal center, the optimum Afc is still bigger than zero.

-# ...L0M

o 05

Fundamental beam  waist (pm)

12.4
19.6
30
sincz(AkLc/2)

Phase mismatch Ak (mm-1)

(a) (b)
Figure-3.5 (a) The optimum phase mismatching Afc vs. input beam waist for a 3.2mm

crystal with the beam waist location at Iw and Lc. (b) The

normalized SH power with phase mismatching Afc for different fundamental beam 
waists.
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In Figure-3.5 (b) the normalized SH power with Ak for different beam waist sizes 

is plotted, and the sine2 (AkLc /2) function of the plane wave model is also plotted for 

comparison. We can see that for smaller beam waists the shapes of the Plaj -A k  curves 

are different from that of the sine2 (A^Le /2) function, and at large Ak the'SH power 

goes to zero slowly instead of oscillating like the sinc2(AfcLc /2) function. The 

bandwidth of Ak for the SHG with a focused Gaussian beam is also larger than that of the 

sine2 (AkLc / 2) function. Thus the spectral, angular and temperature bandwidth will be 

larger than those predicted by the plane wave model. It is easy to show that for a 

fundamental beam with 12.4 jum waist size, those bandwidths will be 79% bigger, and for 

that with 19.6 fjm waist size, 35% bigger, than those given by the plane wave model. 

When the beam waist is not located at the center of the crystal these numbers will be 

changed too.

hi the experiments, to achieve the maximum conversion efficiency with a nonlinear 

crystal of a IengthLc, we need to find the optimum beam waist size. In Figure-3.6, the SH 

power is plotted with the input fundamental beam waist sizes for a crystal length of 

3.2mm, and the fundamental power is 3.6W. A maximum SH power is achieved when 

COq =10.9 |lm and the waist is at the center of the crystal, which is slightly bigger than the

value of COq =10.3 pm predicted by the Boyd-Kleinman theory. The optimum beam waist
/

also depends on the waist location as shown in Figure-3.6. Also we can see that the 

location of the beam waist can greatly affect the conversion efficiency. Thus it is 

necessary to find the dependence of the SH powers on the beam waist location.
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F u n d am e n ta l b e a m  w ais t (urn)

Figure-3.6 The SH power vs. input beam waist size. The crystal length is 3.2 mm, the 

beam waist location is at the center of the crystal, and the fundamental power is 3.6 W.

A maximum SH power is achieved when CO0 =10.9 pm.

In Figure-3.7, the SH power is plotted with the beam waist location for the waist

sizes of 12.4 and 19.6 /zm . As can be expected, the maximum SH power is achieved

when the beam waist is at the center of the crystal.

- - 12.4 nm 
-----19.6 urn

Beam waist Position

Figure-3.7 SH power vs. beam waist location of the fundamental wave for beam waist 

size of 12.4 and 19.6 /Mn
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In the external resonant cavity, the beam waist location is determined by the 

position of the crystal inside the cavity, thus we need to find the SH power’s dependence 

on the position of the crystal. According to Equation-2.11 in Chapter 2, the beam waist

location from the center of the crystal is A , and for small incident angle (f) ,

x ~ nA . Thus for a 12.4 /Jm input beam waist, a positioning accuracy of better than 0.7 

mm is required for a 3.2 mm long crystal to have a conversion efficiency within 50% of 

the peak value. From the above plot we can see that although the SH power of a 

12.4 /Jm beam waist is about 43% higher than that of 19.6 /Jm, the SH power is very 

sensitive to the position of the crystal. This is one of the important factors that need to be 

considered when we design a SHG system.

Beam profile and the beam quality of the SH wave

Once the electromagnetic field at the output of the crystal surface E02J  is known, the

far field pattern, astigmatism and the beam propagation factor M  2 can be calculated. The 

far field pattern of the SH light can be calculated using the Fraunhofer’s diffraction 

equation6:

U (x,y)-
iAz I  I v ( I v ) exp

4%
dgdi] 3.14

where U (x, y) is the far field distribution, V(^,/l) is the field distribution on the crystal

output surface, and z is the distance between crystal surface and the observation plane. 

Thus the far field pattern is:
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3.15

IT..3T ...........

walk-off
- ..  'I........ ... : ....  ... ...

Figure-3.8 Far-field pattern of the SH wave. Because the walk-off direction is in the
horizontal plane, inside the crystal the SH field will spread wider in the horizontal than 
in the vertical plane. Thus in the far field, the beam waist in the horizontal plane is

shorter than that the vertical plane, (a) Beam waist IO0 = 12.4/Vm . The ellipticity is

1:1.68, and the Gaussian fit for the horizontal plane is 98.3% (b) Beam waist <y0 = 19.6 

fjm . The ellipticity is 1:1.34, and the Gaussian fit for the horizontal plane is 99.5%.

In Figure-3.8, the far field patterns of the SH wave are plotted. The fundamental 

beam waists are 12.4//m and 19.6 /m . , located at the center of the crystal. We can see

that because of the beam walk-off, even when the fundamental wave has a circular beam 

shape, the SH wave can have an elliptical beam shape. The fit coefficients of the 

Gaussian fittings are more than 98% in both cases. We also find that the location of the 

fundamental beam waist only slightly affects the ellipticity and the fitting of the far-field
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distribution. Thus the far-field distribution of the SH wave can be considered as a good 

Gaussian distribution.

To calculated the beam propagation factor M 25 we need to focus the beam, and 

measure the beam diameter at different positions including at the beam waist, then fit 

these data points to the Gaussian beam propagation equation42:

and M 2 is the beam propagation factor.

This process is simulated by the following procedure: Because the output properties 

of the SH wave is completely determined by the electromagnetic field at the crystal 

output surface E 2J , the field E 2J  can also be considered as generated in an isotropic

medium with a refractive index of n2co. The beam is then propagated from a beam waist 

with the effective waist sizes of cô xF and 0)%FyF for the horizontal and the vertical plane,

and the beam propagation factor Af2 can be calculated. The field E02J  is back-propagated 

toward its beam waist. The electromagnetic field at different positions and the waists 

<o(z) for the horizontal and the vertical planes are then calculated. CO0, M 1 and zd are 

then calculated by fitting co{z) to Equation-3.16.

3.16

with the Rayleigh range

3.17
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Figure-3.9 The propagation factor M 2 of the SH wave for different input beam waist

L L 3L
sizes, (a) the beam waist locations are Iw = 0 , - p - ^ - , —^ a n d  Lc , (b) the beam waists 

are at the center of the crystal.

The M 2 param eters for the horizontal and the vertical planes are shown in Figure- 

3.9 for different beam  w aist sizes and beam  waist locations. As can be expected, the M 2 

param eters in the vertical plane are I. If the beam  w aists are located at the center o f the 

crystal, the M 2 param eters in the horizontal plane are only degraded slightly, the values 

are in the range betw een 1 .0-1 .04 , the SH w aves are basically close to perfect Gaussian 

beams. The M 2 param eters are more easily degraded by the deviation o f  the beam  waist 

location form  the center o f the crystal, as can be seen from  Figure-3.9 (a).

The effective beam  w aist sizes for the horizontal and the vertical direction are 

plotted for different input w aist sizes in Figure-3.10 (a). W e can see that the effective 

beam  w aist sizes in the w alk-off plane are m uch bigger than those in non w alk-off plane. 

This is consistent w ith the far-field pattern plotted in Figure-3.8, w here the beam  waist in



43

the horizontal plane is shorter than that the vertical plane. From Figure-3.10 (b), we can 

see that when the beam waist is at the center of the crystal, only a slight astigmatism is 

generated.

■ Vertical 
•  Horizontal 

------- Oi0Zsq rt(2)

fundamenatl wave input beam waist (pm)

I
I»

5

■ Vertical 
•  Horizontal

fundam enatl w ave input beam  waist (pm)

(a) (b)

Figure-3.10 (a) The effective beam waist sizes of the SH wave in the horizontal and the 

vertical planes with the fundamental beam waist sizes, (b) The astigmatism of the SH 

wave.

The profiles of the SH beams at the focus are also good Gaussian profiles when the 

fundamental beam waists are at the center of the crystal. Only when the locations move 

away from the center of the crystal, are the profiles degraded. This can be observed from

Figure-3.11 (a), where the beam profiles are plotted for a beam waist located at Iw

for a beam waist of 12.4 and 19.6 îm , and the fit coefficients of the Gaussian fitting are

88.3% and 95% in the horizontal plane.
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Figure-3.11 The profiles of the SH beams at the focus with the fundamental waist 

3
located at Iw = —Lc (a) for fundamental beam waist of 12.4 /Um and (b) 19.6 /um

Discussion and Conclusion

From the simulations we find that behavior of the SHG with focused Gaussian 

beams in a birefringent medium are much different from those predicted by the analysis 

with some effects being ignored. When designing a SHG system, we must be careful 

using the results from these analyses. The beam quality of the SH wave, which is a 

consideration for many applications, is not degraded when the beam waist is located at 

the center of the crystal, only the ellipticity is changed. The location of the beam waist, 

which is often ignored in many analyses, could seriously degrade the beam quality and 

reduce the conversion efficiency especially for tightly focused beams.
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Though the beam depletion effect has been considered, the simulations we 

presented so far are in the low conversion efficiency region. At high conversion 

efficiency, the results can be much different.
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CHAPTER 4

CONSTRUCTION OF A BLUE LIGHT SOURCE BY SHG

The initial motivation of our experiment came from the need to construct a blue 

light source in the 484nm-488nm region for spectroscopy. The requirements include: a 

few milliwatts of output power, low intensity and frequency noise, good frequency 

stability, diffraction-limited spatial mode, and a large mode-hop free scanning range of 

over 10GHz. Compact blue light sources are of great interest for a number of 

applications. Because the blue light has a shorter wavelength compared with red and 

infrared light, a smaller spot size can be achieved. Thus higher density in data storage and 

higher resolution in high-end printing can be reached. In color displays, red, green and 

blue are the basic colors, of which red can be generated by diode lasers at around 620nm 

and green by frequency doubled Nd: YAG lasers, but low cost stable blue lasers are still 

under development. In medical diagnostics, lasers at 488nm are the light sources used in 

the flow cytometer analysis. Semiconductor lasers operating at such wavelengths are the 

ideal choices because they could be efficient and have potentially low cost. However 

current blue-emitting Ga-N based diode lasers are limited in wavelength (390nm-420nm), 

power (<10mW) and lifetime. Frequency doubling an infrared diode laser provides a 

good alternative and offers several advantages to other types of light sources at this blue 

region. As discussed in the Chapter I, these advantages include: high efficiency, high 

available power, large wavelength tuning range, good reliability, compactness, and low

cost.
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Experimental setup and apparatus

Figure-4.1 Experimental setup. The bow tie ring cavity is formed by M l, M2, M3 and 

M4. The reflection off the KNbO3 crystal is reflected back by the grating-mirror (M5) 

to provide the feedback for single mode operation and frequency locking. LD, laser 

diode; L's, lenses; M's mirrors; PZT, piezoelectric transducer.

The experimental setup is shown in Figure-4.1. The fundamental light is provided 

by a commercial high power 970nm InGaAs Fabry-Perot diode laser (SDL-6530-J1)
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without any special preparation. The threshold current is 18mA, and the maximum output 

power is 200mW at a 250mA injection current.

The spectrum of the diode laser is shown in Figure-4.2 (a) for the diode laser with 

an injection current of 240mA.The FWHM of the main mode is about 1.3GHz measured 

using a Fabry-Perot interferometer with a free spectral range (FSR) of 38GHz and a 

finesse of 61 as shown in Figure-4.2 (b). The measured frequency tuning of the diode 

laser by current is 1.65GHz/mA. The emitting dimensions are 3 jJm x I f jm . Because the 

spatial mode matching to the external cavity is important, the output beam waist and the 

astigmatism of the diode laser were carefully measured. The measured beam waists are 

0.78 /m. and 1.9 jJm for the direction vertical to the junction and parallel to the junction, 

with an astigmatism of 6.7 fjm . The direction of the polarization is along the junction, 

and the extinction ration ratio is 100:1 as specified by the manufacturer.

The doubling nonlinear crystal is a 3.2 mm long b-cut KNbO3 crystal, which has a 

relatively large nonlinear coefficient (see Appendix C). Near 970nm, non-critical phase 

matching, which means the beam propagates along the principle axis and the temperature 

of the crystal is changed to meet the phase matching condition, requires cooling the 

crystal to about -16°C. Thus we chose to use critical phase matching, which means the 

angle of the crystal is changed to meet the phase matching condition. The angle of 

incidence on the crystal is about 40° at 25°C, and the walk-off angle p  between the 

fundamental light and the generated blue is calculated to be 9.4 mrad. The effective 

nonlinear coefficient is <7e#=12.5pm/V.
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The diode is placed so that the polarization of the output beam is in the horizontal 

plane. As discussed in chapter 2, we used two lenses, LI ( /  =4.5mm 0.55 NA) and L2 

( /  =38.6mm) separated by 400mm to focus the output beam into the large beam waist 

and correct the astigmatism of the diode laser. By finely adjusting the position of the lens

LI, we have a focus in both the vertical and horizontal direction located about 510 mm
\

behind the second lens; the beam waist is 69//m for the horizontal and 194 jJm for the 

vertical directions, respectively.

The external cavity is a bow tie ring cavity, and the radius of the spherical mirrors 

is 25mm. The first plane mirror (Ml) has a reflectance of 97% at 970nm, and all other 

three mirrors are high reflectors with reflectance greater than 99.3% at 970nm. The 

transmission loss of the SH output mirror M4 is measured to be 30% at 485nm. Of course 

a higher transmission is desired to reduce the SH loss. The KNbO3 nonlinear crystal 

antireflection coated for 968-976nm is placed at the midpoint between the two spherical 

mirrors, where the smaller beam waist is located. The temperature of the crystal is 

stabilized to within 0.1K using a TEC.

The distance between the two spherical mirrors is 31.2mm, and the distance 

between the two spherical mirrors via the plane mirrors is 111mm. The incident angle on 

all four mirrors is 22.5°. Using Equations 2.6 and 2.7, we calculated that the large 

elliptical beam waist is 69 fjm (horizontal) and 194 fim (vertical) between the plane 

mirrors for efficient mode matching the diode output, and a small circular beam waist of 

19.6/Mn inside the crystal. This 19.6/m beam waist is bigger than the optimal beam 

waist size for a 3.2 mm long crystal, which is 10.9 /Mn from the simulation in Chapter 3. It
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is determined by the radius of the spherical mirrors as we can see from Equations 2.6 and

2.7. The total optical length of the ring cavity is 145mm, which gives a free spectral 

range (FSR) of 2.07GHz,

The reflectance of the coated KNbO3 crystal surface was measured to be 0.48% at 

40° incidence at 970nm. The absorption loss at 970nm inside the crystal is about 0.3%, 

estimated from the given values of the manufacture. Without, the SHG, the power 

enhancement factor# and the finesse F of the cavity can be calculated using the 

equations:

( I - V f l1( I - L ) J
4.1

!-[A 1(I -L )F 2

Wherefl1 is the reflectance of the input mirror Ml, andL describes all linear losses in the 

cavity exclusive of that of the input mirror. Using the above numbers, the calculated 

power enhancement of the cavity is about 36, and the finesse of the cavity is about 107. 

Thus the linewidth of the external cavity is 19.3MHz. Compared with the linewidth of the 

diode laser, which isl.3GHz, and the spectrum in Figure-4.2 (b), which has a small side 

mode suppression ratio of less than IOdB, we will have to significantly narrow the 

linewidth of the diode laser and make the diode laser operate in single mode to achieve 

efficient SHG.
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Passive locking

In order to achieve stable fundamental build up inside the external cavity, the 

frequency of the diode laser has to be stabilized to the resonance of the external cavity. A 

passive locking method is applied in our experiment to lock the diode laser to the cavity 

resonance. Passive locking43,44’45,46 sends back the transmission of an external cavity into 

the diode laser. Thus when the frequency of the diode laser is near the cavity resonance, it 

will automatically jump to the resonance and lock to this frequency. At the same time, the 

frequency noise can be greatly lowered, reducing the linewidth of the diode laser 

considerably, hi the experiment, the reflectance from the first surface of the KNbOg 

crystal is collimated with a /  =50mm lens. After reflecting off the grating-mirror (M5), it 

goes back into the cavity and is then fed back to 'the diode laser. The grating (I inch 

long, 600 groove/mm) works in the Littman configuration with the third order light being 

reflected back with an efficiency of about 50%. Because our laser has a relatively wide 

spectral range and a side-mode suppression ratio of only about I OdB, this additional 

grating has to be used. Without using this grating feedback scheme, the counter 

propagating fundamental light inside the cavity created by the scattering from the crystal 

is fed back to the diode, causing the laser to operate multimode with chaotic behavior.

The feedback level to the diode laser can be calculated by measuring the backward 

leakage power after mirror M6, and the coupling efficiency back to the diode laser is 

estimated to be about 50%. Thus the feedback into the diode laser is on the order of 10'3. 

Generally to achieve optical locking, only a small amount of feedback is necessary, for 

example, 10'6 of the output power. In our experiment a higher feedback level is necessary
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primarily for two reasons: First, the feedback from the crystal surface is estimated to be 

on the order of IO"4, so the grating feedback must be significantly higher to suppress this 

feedback. Second, the locking range depends on the feedback power ratio47; that is, the 

higher the feedback level, the larger the locking range. Thus with higher feedback, we 

can achieve optical locking without fine control of the external cavity length. We only 

need to adjust the angle of the mirror M5 to make sure the feedback from the grating 

(FWHM ~6.8GHz) falls on one of the diode longitudinal modes.

With the feedback from the grating dominating other feedback, the diode laser 

operates in a single mode. The spectrum with feedback is also shown in Figure-4.2(a).

We can see that the spectrum narrows and the side mode suppression ratio increases to 

greater than 40 dB. Because optical locking is sensitive to the phase of the feedback light, 

external perturbations will cause instability of the diode laser. Secondly, because the 

spacing of the external cavity resonances is 2GHz and the FWHM of the grating is 

6.8GHz, external perturbations can also cause the laser frequency to hop between 

different cavity resonances. For long-term stable operation and to be able to scan the laser 

frequency, the optical path length between the diode laser and the feedback mirror (M5) 

has to be actively controlled. To control the phase (/) of the feedback phase, a 

piezoelectric transducer, labeled (PZT) Q, is mounted on mirror M5. Modulating the path 

length at 5.9kHz and monitoring the transmitted fundamental light by a lock-in amplifier 

generates the error signal. This error signal is fed back to the (PZT) (j) via a servo 

amplifier for active control of the feedback phase.
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Figure-4.2 The spectrum of the laser diode, (a) Measured using an optical spectrum 

analyzer with a resolution bandwidth is 0.08nm. Note that with grating feedback the 

spectrum narrows and the side mode suppression ratio increases to greater than 40 dB. 

The peak wavelength can be tuned by adjusting the angle of mirror M5. (b) The 

spectrum of the laser diode without feedback measured using a scanning Fabry-Perot 

interferometer with a free spectral range (FSR) of 38GHz and a Finesse of 61.
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Experimental results

As we have discussed in Chapter 2, to achieve efficient mode matching between the 

diode laser and the external build-up ring cavity, the beam waist sizes of the focused 

diode laser output beam must be the same as those of the larger elliptical beam waist of 

the ring cavity in both the vertical and horizontal planes. To verify this, we slightly 

misalign the cavity, so that the individual transmission of the beam inside the cavity 

through mirror M2 is separated. We observe the beam profiles of the multiple 

transmissions using a charge-coupled detector; (CCD) camera. By careful adjustment of 

the position of lens LI, the beam profiles will closely resemble each other, an indication 

of good mode matching. The beam profile of a portion of the transmission is shown in 

Figure-4.3 (a). The beam profile of the transmission when the cavity is aligned is also 

shown in Fighre-3 (b), and for comparison the beam profile of first transmission is also 

shown. The mode-matching factor m is calculated using48:

m =
V

+ a / + # / .

where (Dx , Qjy ,(Dcx and COcy are the beam waist sizes of the Gaussian fit for the first

transmission and the cavity transmission in the horizontal and vertical directions 

measured in Figure-4.3 (b). The calculated mode-matching factor is about 80%. We 

didn’t achieve a higher mode matching because of the error in the measured beam waist 

size of the diode laser, and its dependence on temperature and injection current.
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(a)

Figure-4.3 (a) The beam profile of a portion of the transmissions when the cavity is 

slightly misaligned. (b)The beam profile of the transmission when the cavity is aligned. 

For comparison the beam profile of first transmission is also plotted.

Other factors affecting the mode matching are the positioning of the lenses and the 

cavity, misalignment of the cavity, and that the output beam of the diode laser is not 

perfectly Gaussian. Still compared with other experiments that achieved a mode matching 

factor of 60%-70%49'50, our setup improves the mode matching with simplicity. A large
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mode-matching factor is important for high conversion efficiency as well as for the 

stability of the system, since the stability of the diode laser with feedback depends greatly 

on the waveform of the feedback light.51

With 192mW of diode output power, the available power before the cavity is about 

183mW. On resonance, the circulating fundamental power inside the cavity is about 

3.5W. This is calculated by measuring the cavity leakage through mirror M2. Thus the 

enhancement of the fundamental light is about 24. About 40% of the infrared input power 

is reflected at input mirror Ml due to reflectivity mismatch. The enhancement could be 

further improved by selecting the optimum transmission T1 of the input coupler by using 

equation52:

' T1 = L /2 + ̂ L2/4 + EmOtP1 4.3

where L describes all linear losses in the cavity exclusive of T1, Enl = P2 /P12 is the single 

pass nonlinear conversion efficiency, m is the mode matching factor, and P1 is the 

fundamental input power. This optimization comes from matching the loss in the cavity 

and the nonlinear conversion to the reflectivity needed for maximum coupling to the 

cavity.

The maximum blue output is 18.45 mW measured after M6. Considering reflection 

of the crystal, the spherical mirror and the high reflector M6, we estimate 35% of the blue 

light generated is lost giving 28.3mW of blue generated. The calculated blue light 

generated with the pump power inside the cavity is plotted in Figure-4.5. The simple 

quadratic fit gives us a nonlinear conversion efficiency Pwl =0.23%/W. Using the
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simulation in Chapter 3, we obtained a theoretical nonlinear conversion efficiency of 

0.26%/W. This discrepancy is caused mainly by inaccurate estimation the loss by the 

reflection of mirrors (M6 and M4) and the KNbO3 crystal surface. The second reason is 

the loss of the SH wave inside the crystal is not considered in the numerical simulation. 

The quality of the nonlinear crystal can also differ from the ideal one, thus the conversion 

efficiency can be lowered.
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Figure-4.4 The calculated blue light generated with the pump power inside the cavity.

The theoretical fit is the simple quadratic growth expected from SHG theory for low 

conversion efficiency. The solid line is the result from the simulation.

The system is mounted on a thick aluminum plate and covered with an aluminum 

box to prevent airflow to improve the stability. The blue output power over a 30-minute 

time period is shown in Figure-4.5, with a peak-to-peak fluctuation of less than 0.02dB. 

For the longer-term stability, the fluctuation increases due to the temperature of the room, 

which causes the length of the ring cavity to change. When the change is too big for the
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(PZT) (/) to correct, a mode hop can occur, and the continuous operation is interrupted. 

Because the frequency response bandwidth of the (PZT) (/) is small, mechanic shock can 

also disrupt stable operation.

IO3 IO4
Frequency (Hz)

Figure-4.5 The output blue light power fluctuation for 30 minutes and the relative 

intensity noise (RIN) of the blue light and the RIN of a red-filtered halogen lamp. The 

noise of the red-filtered halogen lamp above shot noise level is mainly caused by 

M f  noise.

To measure the intensity noise, the blue output light is focused on a detector (New 

Focus 1621); the photocurrent noise is amplified by 40dB and measured by a spectrum 

analyzer. With 4.5mW of blue light, the detector current is 1.01mA. The noise of a red- 

filtered halogen lamp (a source of classical light) is also measured by the detector with a 

1.01mA photocurrent. The relative intensity noise (RIN) of the blue light shown in 

Figure-4.5 is calculated using:



59

a#V = 3 ( /) -1 0 1 o g (7 o /Z o )-4 0  4.4

where 5 ( /) is  the measured power spectral density of the photocurrent by the spectrum 

analyzer, and Z0 is the impedance of the spectrum analyzer. The shot noise ratio 

calculated is -155dB using equation:

BINlh,, =IOlog10̂ -  ' 4.5
* DC

where q is the electron charge, I dc is the photocurrent.

The highest peak of the blue light noise is the modulation frequency at 5.9kHz. At 

high frequency the blue light intensity noise is about IOdB above the shot noise level.

The intensity noise is sensitive to the diode operating current. When the diode laser 

current deviates from the optimum value by about 0.3mA, the diode laser will not lock to 

the exact peak of the cavity resonance, and we observe a much higher noise at the 

modulation frequency and an increased low frequency noise. As the current deviation 

increases, the system will completely lose stable locking, and the diode laser operation is 

multimode with chaotic behavior.

To measure the spatial quality of the output blue light, the output blue light is 

focused with a lens ( /  = 123 mm) that is placed 140 mm behind the center of the crystal 

to generate a larger beam focus (-200 /M n). The beam intensity profile is measured with a 

beam profiler, and the beam waists of the horizontal and vertical plane with change of 

axial position z , are plotted in Figure-4.5 (a). The data is then fitted with the Gaussian 

beam propagation equation 3.16.
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Figure-4.6 (a) Beam diameters of the horizontal and vertical plane with change of axial 

position z , the solid lines are least-square fit. The measured beam quality parameter 

M  2 is 1.071 and 1.068 for horizontal and vertical plane, (b) Beam profile of the output 

blue light at some arbitrary distance. The Gaussian fit for the horizontal and vertical 

plane is 97% and 96%.

The result of the fitting is also plotted in Figure-4.6 (a), and the beam waist is

98.7 ± 4.7 /zm and 88.9 ±5.0 (Mn for horizontal and vertical respectively, with an
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astigmatism of 40.2 mm . This slight ellipticity is expected from the simulation in Chapter 

3, which the walk-off effect causes the effective beam waist in the horizontal plane to be 

larger than that in the vertical plane. The measured beam quality parameter M 2 is

1.07 ± 0.05 and 1.07 ± 0.06 for the horizontal and the vertical plane. Thus the output 

blue light is a near diffraction limited Gaussian TEM0O mode. In Figure-4.6 (b), the 

captured beam profile of the output blue light at some arbitrary distance is shown, and 

this is the far-field pattern. The fitting coefficient of the Gaussian fit for the horizontal 

and vertical plane is 97% and 96%, and the ellipticity is 1:1.12. Compared with the 

simulations in Chapter 3, the fitting coefficient of the Gaussian fit and the beam quality 

parameter M 2 are close to the simulation result.

To measure the frequency noise of the blue light, we use an F-P interferometer as 

an optical frequency discriminator to convert the FM noise into AM noise, and then 

measured with a photo detector and a spectrum analyzer. The interferometer has a free 

spectral range (FSR) of 1.5GHz and a finesse of 44. The single-sided frequency noise 

power spectrum Sm  ( / )  is shown in Figure-4.7 (a). The highest peak is the modulation 

frequency of 5.9kHz; the peaks around IkHz are the acoustic and mechanical vibrations. 

The linewidth of the blue light can be found by calculating the intensity spectrum 7(v) 

numerically, using the following equation53

I (v)  = 4 • Re drexp[i27r(v0 -  v )t]

4.6
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where V0 is the laser frequency.

Frequency(Hz)

(a)
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Lorentzian Fit
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Figure-4.7 The single-sided frequency noise power spectrum of the blue light. The 

highest peak is the modulation frequency at 5.9kHz.Calculated field spectrum of the 

blue light, and the resulting linewidth is 1.25MHz. The dashed line is Lorentzian fit.

The calculated intensity spectrum is shown in Figure-4.7 (b), and the resulting 

linewidth is 1.25MHz. The fundamental light with feedback should have the similar 

linewidth. This linewidth is considerably narrower than that of the original laser. This
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gives a linewidth reduction factor on the order of IO3. Thus this cavity and feedback can 

be used to reduce the laser linewidth and suppress the frequency noise.

To control the cavity length, a piezoelectric transducer, which we labeled (PZT)c is 

attached the cavity mirror Ml. Thus by continuously changing the cavity length, we can 

tune the resonance frequency of the cavity. It is easy to show the change of the resonance 

frequency dv oi the ring cavity by change of the length dl is given by:

dv = —FSR
A

dl 4.7

To achieve a larger continuous frequency scanning range, the resonance frequency of the 

cavity, the feedback phase and the injection current of the diode laser need to be changed 

synchronously. This is done by finding the exact ratio of the applied voltage on (PZT)c, 

(PZT) (p and the diode modulation.

-------- F requency Deviation

Time (A. U.)

Figure-4.8 Measured frequency ramping of the fundament light by a wavemeter. The 

scanning range is about 5.5GHz, corresponding to I IGHz in blue.
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We apply a sawtooth voltage across the (PZT)c, and the frequency of the 

fundamental light is monitored by a wavemeter (Burleigh WA-1500). The frequency 

change with time is shown in Figure-4.8, and we can see that the scanning range is about 

5.5GHz, corresponding to I IGHz for the blue output. The output power of the blue light 

changes slightly, because of the large acceptance bandwidth of the critical phase matched 

nonlinear generation (about 60GHz for 3.2mm long crystal).

The second experiment

BLUE OUTPUT

M6(HR@970nm)

LOCK-IN
AMP

f-  9.6kHz
- rA M5

I

I
(PZT)* W GRATING

Figure-4.9 The setup for the second experiment.

From the simulation in Chapter 3, we find that the optimum beam waist is 10.9 

[Mn for the 3.2mm long KNbOj crystal. Thus a second ring cavity was built with the
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radius of the concave mirrors being R =15mm. The input mirror Ml has a reflectance of 

98% at 970nm, and all other three mirrors are high reflectors with reflectance greater than 

99.9% at 970nm. The distance between the two spherical mirrors is 18mm, and the 

distance between the two spherical mirrors via the plane mirrors is 89.5mm. The incident 

angle on all four mirrors is still 22.5°.The calculated beam waist inside the crystal is 

llA/Um , this will give us a SH power of 47.6 mW calculated from Chapter 3 if the 

enhancement remains the same. The setup is similar to the first experiment, and is shown 

in Figure-4.9. The maximum fundamental power inside the cavity is 3.6mW, and the 

maximum blue light measured after the high reflector M6 is 14mW. The far-field beam 

profile is shown in Figure-4.10. The ellipticity is 1.80:1, which is close to the simulation 

in Chapter 3. The transmission loss through M4 is about 40%, thus the blue light 

generated inside the cavity is about 28mW. This is about 42% less than that predicted by 

the simulation.

Figure-4.10 Far-field beam profile of the blue light. The ellipticity is measured to be 
1:1.80.
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To find out the reason, we took a photograph of the cavity with the beam trace of 

the fundamental light when the cavity is best aligned. Then the photo is overlapped with 

the designing AutoCAD plot, as shown in Figure-4.11. It is easily seen that the real beam 

path does not follow the designed path, which can be caused by the machining error of ■ 

the cavity and positioning error of the optics. Thus the distance between the two spherical 

mirrors is not the desired length L , and the angle on the spherical mirrors is slightly 

different from the desired 9. Consequently the mode matching between the diode laser 

and the ring cavity can be degraded, and the smaller beam waist size inside the cavity is 

not what we have expected. More importantly, because the beam path is not what we 

have designed, the crystal is not at the midpoint between the two spherical mirrors along 

the real beam path, and the beam waist is not at the center of the crystal. As discussed in 

Chapter 3, the SH power with a small fundamental beam waist is easily degraded by this 

deviation of the beam waist location from the center of the crystal. Measured from the 

photo, the crystal is about 0.4mm off the midpoint between the two spherical mirrors 

along the beam path. Using the equation 2.13 and the simulation in Chapter 3, the 

calculated SH power is about 35mW.

In this second experiment, we use smaller 1/2 inch mirrors instead of I inch mirrors 

compared with the first cavity, and the overall size of the second cavity is about half of 

the first one. Thus at least twice the machining tolerance is required. For higher SH 

power, we need to increase the enhancement of the cavity, which is about 25. The loss of 

the fundamental light by the crystal (surface reflection and absorption, total about 1.3%) 

is a big factor limiting the enhancement and need to be reduced. We also need to reduce
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the reflection of the SH light by mirror M4, which causes more than 30% loss in both 

experiments.

Figure-4.11 The real beam path and the designed beam path. Because of the machining 

and positioning error, the beam path when the cavity is best aligned can differ from the 

design.
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CHAPTER 5 

SUMMARY

In this thesis, we describe a simple scheme for development of a low noise CW 

blue light source by efficiently frequency doubling a Fabry-Perot diode laser. The 

optical-optical conversion efficiency is 9.6%. The blue light has low intensity noise, 

narrow linewidth and excellent spatial quality. The good mode matching between the 

diode laser and the external cavity is important to the conversion efficiency as well as to 

the low noise. Using curved mirrors with a smaller radius in the external ring cavity to 

decrease the beam waist size can improve the conversion efficiency, but at the same time 

higher mechanical precision is required, especially the positioning of the nonlinear 

crystal. From the numerical simulation of the SHG by the Fourier space method, we find 

that the positioning of the nonlinear crystal is the one critical factor for the conversion 

efficiency and the quality of the SH beam. Higher conversion efficiency can be achieved 

if the enhancement of the cavity is increased by reducing the loss in the cavity.
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APPENDIX A

EFFECTIVE CAVITY DISTANCE WITH A TILTED CRYSTAL
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In this Appendix we will calculate the effective distance as paraxial rays propagates 

through the crystal. This will be needed to calculate how a Gaussian beam will propagate 

through the crystal. First we will review the calculation through a non-rotated crystal, 

which is a standard calculation given in many textbooks. Then we will calculate the case 

for a rotated crystal.

Figure-A. I The length of the crystal is T , and the refractive index is n . The transfer 
matrix is given by Equation A.2.

As illustrated in Figure-A. I, the central ray of the beam is normally incident at 

point A on the crystal of length T and refractive index n , and exits at point B . The 

paraxial beam with an angle x' enters the crystal at point A and exits the crystal at point 

C . Thus the paraxial ray appears to be propagating from a distance de. From Figure-A.I, 

it is easy to show that using Snell’s law for small angle x ':

I Ze-y

BC T(x'/n) T A. I
x' x' n

thus the transfer matrix for the crystal without rotation is given by1,2:

A.2
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If a G aussian beam  propagates through the crystal, the diam eter and radius change o f the 

beam  will be the sam e as those when the beam  propagates an effective distance Cle = T In 

in free space. This is the standard result that can be found in tex tbook1,3.

(b)

Figure-A. 2 The beam is propagating in the z — direction, and incident on the crystal 

with angle (p. (a) is the top view for horizontal plane. The paraxial ray has angle x' at

point A in free space, xn' in the crystal, and x' at point C in free space. d x is the 

effective distance for the horizontal plane, (b) is the side view for the vertical plane. d y 

is the effective distance for the vertical plane.
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Now we consider the case of a rotated crystal. As illustrated in Figure-A.2, a beam 

is now incident on the crystal with an angle (f) in the horizontal (x z ) plane; (a) is the top

view of the horizontal plane and (b) is the side view of the vertical plane. dx and dy are

the effective distances in the vertical and the horizontal plane. From Figure-A.2 (a), the 

distance the central ray of the beam propagates is AB . For the paraxial beam in the 

vertical plane (Figure-A:2 (b)), the effective distance can be calculated using Equation 

A.I. However the distance that the central ray propagates through the crystal is AB which 

is given by:

AS = T Tn
COS(Z)' ^jn2 -s in 2 <j)

Thus using Equation A.I, the effective distance in the vertical plane is:

AB _ T ' 
n ^jn2 - s in 2 <f>

A.3

A.4

In the horizontal plane (Figure-A.2 (a)) the effective distance is given by:

_ DC _  SGcos(Z)

From Figure-A.2 (a), we also find that for small angle x ' :

BC = T\t3.n(tf>'+xn') -  tan ̂ '] = - 7 - 7 * . ^  .
cos (Z) . n -sin  (Z)

and thus

A.5

A. 6

=
COS(Z)

^n2-Sin2(Z)
x' A.7



79

Therefore the effective distance in the horizontal plane is

_ Trc2(I-S inV ) A
'  (tt2-s in 2

Thus we get the effective distance dx and dy in Equation 2.11 .This result is the same as

that given by REF[4] derived by Gaussian beam propagation, but the details of their 

derivation are not given.

Finally, the effective distance between the two curved mirrors, as illustrated in 

Figure-A.3, can be calculated using:

Thus we obtain Equation 2.12. We also can see that the effective distance between the 

two curved mirrors is independent of the position of the crystal.

L — CA + d, + BE) — L - T  '+d A.9

where de represent either dxor d y. It is easy to show that

A.10

—  L —

M4

Figure-A. 3 The effective distance between the two curved mirrors.
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APPENDIX B

PLANE WAVE IN ANISTROPIC MEDIA
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In a linear anisotropic dielectric medium, the linear polarization is:

D = eE B.l

E is the electric permittivity tensor. In the principle dielectric coordinate system s can be
'

written as:

E =

'n'x
0
0

0
0

For a monochromatic plane wave traveling in an arbitrary direction k in an 

anisotropic crystal, with k = sin<9c o s + sin0 sin<f)Y + cos6Z , the Maxwell’s equations 

are:

k x H  = —aD k D = O

k x E  = (Dju0H k ,H  = 0

Thus k is perpendicular to both D and H . H is perpendicular to k , D and E . k , 

D and E are in the same plane. We could write E = Et +El , where Et is the transverse 

component perpendicular to k , and El is the longitudinal component parallel to k . Thus 

D is parallel to E7, with

D = n2(k)ET

where the refractive index n(k) satisfies the equation1,5:

sin2^cos2 -̂Tz2(I) + sin2 0 sin2 ^ ■ n2(k) + cos2 6 -n2(k) _
ZZ2 ( ^ ) - Z Z 2 ZZ2 ( ^ ) - Z Z 2 ZZ2 ( ^ ) - Z Z 2

BA

B.5
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This equation has two solutions, n(k) = na and nh , corresponding to two eigenmodes with 

electric fileds Ea and Eh which have orthogonal displacement direction Da and Dh.

z

Figure-B.l For a plane wave traveling in direction k , the two eigenmodes displacement 

direction Da and Dfe are orthogonal, and the refractive index are nu and nh . XYZ are 

the principal axes.

For each of the eigenmode electric field E , the wave equation can be written:

V 1 Et - ( O 2n 0£0n2(k)Er =0 B.6

thus the longitudinal component El is dropped from the wave equation, and the vector

wave equation becomes a scalar wave equation.
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The walk-off angle p  is the angle between the wave vector k and the Poynting 

vector S = ^ E x H * .  From the fact that (DxH)II(E7XH)IIk , vjz have:

E1tan p  = —  B.7
E7

D
M E

-k 

S

Figure-B.2 Relations of S ,k , D , E and H . H is perpendicular to S ,k ,D  and E , the 

angle between S and k is the walk-off angle p  .

For most of the anisotropic crystals, the difference between the principal index nx, 

ny and nz are small, and it is easy to show that the walk-off angle is small. Thus the

longitudinal component El is much smaller than the transverse component E7, and we 

can use E to replace E7 in Equation B.6.

In uniaxial crystals, nx =ny = n0 and nz =ne. It is easy to show that the two 

eigenmodes displacement directions are:

Da = -cos#  cos -cos#  sin + sin 6!Z B.8

with the refractive index na = ne that can be calculated using:
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sin2 (9 cos2# I
^ r + -

Thus the refractive index varies with the propagating angle 6 , the beam with polarization 

direction of Da is known as extraordinary wave (e -wave).

The second displacement direction is

1 Db =sin (Z)Z-cos B.10

with the refractive index nb - n 0. Thus the refractive index is constant regardless of the 

propagating direction., this wave is known as ordinary wave (o -wave).

' For the e -wave, the electromagnetic field E will has both a transverse component 

Et and a longitudinal component El . The walk-off angle is:

p  ~ tan p  =
Et

(ne -  ftp) tan # _ (72 - 1) tan # 
n2 tan2 # + n2 tan2# + / 2

B .ll

H■ with 7=  —  .',
n O

Only the magnitude of p  is considered in B .ll. The direction of the walk-off is 

always toward the axis that has a bigger principle refractive index.

For the o -wave, the electromagnetic field E will only have transverse - 

component Et , and will behave as propagating in an isotropic media with a refractive

index n„



85

x

o p t ic a l  axis

Figure-B.3 Gaussian beam propagation in a uniaxial crystal.

As illustrated in Figure-B.3, if a one-dimension Gaussian beam is incident on a 

uniaxial crystal with angle d between the propagation direction and the optical axis Z, 

the direction of E is such that only the e -wave is produced in the crystal, the 

electromagnetic field at the front surface is:

E(x,z = - lw ) E0 exp B 12

with £x = 2lw Ibx. The confocal parameter bi = k0OJ0 x2, and the Fourier transformation is

e(kx,Z = - Iw ) = E0Jninco0 exp B.13

Thus inside the crystal the electromagnetic filed is:

E{x,z) = ~  ~\dkxe,k'x - e ( k x,z = - lw )expfi-(z + lw)^k02n2(kx) - k x 
2n J n \

B.14

with n = fK
- J s i n ^ + ^ c o s ^

from Equation B.9.
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and n(kx) -  n(z?—— ) = n(z?)
kQn dd e=i}

kr n ( l - p ^ ~ )

t(,M 2k0n

We have:

P _i[tonz+*o('1-1)U
E(x,z)=  -----F = ^ e x p

n V1 + Zf
[ x - ^ z  + ZJ]2

®0,/(1 + I’O
B.15

with ^  ^ , and b = kQna>0 x2. Thus.the beam waist will located at

z = (re-l)Zw instead of z = 0. The peak of the Gaussian beam moves along x = p{z + Zw) 

instead of x = 0. These facts can also be used to check the numerical simulation.

/

\
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APPENDIX C

POTASSIUM NIOBATE (KNBO3) CRYSTAL
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The properties of the Potassium Niobate (KNbO3) crystal has been discussed in 

REF[6] and [7].We follow their notations.

Z (c)

L ig h t

>  Y(Io)

Figure-C.l The crystal coordinate system of the KNbO3 crystal. The principle 

X  (a) ,Y  (b) and Z (c) axes are labeled according to nh >na >nc.

The dispersion relations of the principle refractive index are:

^4.8355 + 0.12839 - 0.025379 /I2
/I2-0.056342

J4.9873 + 0.15149
- 0.028775 A2

Z2-0.064143

nc =  /44208 + - ^ 10044 - 0.019592 • Z2
c V A2 -0.054084

The temperature dependent dispersion relations can be found in REF[6]

The nonlinear susceptibility tensor is:

' 0 0 0 0 Ai 0'
d  = 0 0 0 Az 0 0

v Ai Az A 3 0 0 A
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The nonlinear coefficients at /l=1064nm are:

J 31=-ILPpnW 
J 32 =-13.7pnW 
J 33 =-20.6pm/V

CS

For the SHG near 970nm, the fundamental light will propagate in X-Y plane and 

the polarization will also be in the X-Y plane. The wave vector is k = X  cos ̂ +  F sin tp),

and the fundamental electromagnetic field is E m  = E (0J\ X s i n F cos(p). The

nonlinear polarizations are defined as:

p ( 2 o )  _  ^ i(iu) 2

0
0

v J 31 sin2 (9 + J 32 cos2 (9/
CA

p ( ® )  _

2J31 sin (pEw  E(<v) r(2<y)

2J 32 cos ̂ Em E(n>)* 77 (2«)

( j31 cos2 + J 32 sin2 (p)E(a,)2 + J 33E (2a ,)2

C.5

The effective nonlinear coefficient is defined by:

Pm -S2=CllitE C.6

The effective nonlinear coefficient deff for SHG near 970nm is

deff = J 31 sin2 ^7+J32COS2 cp C.7

The phase matching conditions had been discussed in REF[6], for convenience, the 

phase matching condition at 968nm-976nm is plotted in Figure-C.2. (a) is the temperature 

dependence of the wavelength at (p = 12° . (b) is (p dependence of the wavelength at

22°C.
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Wavelength (nm) Wavelength (nm)

Figure-C.2 The phase matching condition at 968nm-976nm. (a)Temperature with 

wavelength at (p — 12a . (b) ^w ith  wavelength at 22°C.

Thus to achieve phase matching condition at 968nm-976nm, we can use a b-cut8 

crystal with the angle of incidence of the beam about 40°.

X /

^  Y(b)

Figure-C.3 Coordinate system of the simulation and the crystal principle axes.

The xyz coordinate system of the SHG simulation is defined so that the z -axis is

along the direction of the beam propagation A:, the x -axis is in the X-Y plane, and the y - 

axis is along Z, as illustrated in Figure-C.2. The walk-off direction is toward Y(b)-axis, 

e.g. +% direction.
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APPENDIX D

SIMULATION PROGRAMS
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The following are the MATLAB programs we used in the simulation, and can be down 

loaded from: http://www.physics.montana.edu/students/xsun/program/

Phase matching of KNbO3:
angles.m
n.m .z
newave.m 
transcon.m

criticalT.m 
nKNb03.m 
nwn2w.m

deffq.m

Curve fitting:
fitgauss.m 
fitgauss_01.m 
fitgauss_02.m 
fgauss.m

fitgaussian.m' 
fitgaussian_0I.m 
fitgaussian_02 .m 
fgaussian.m

waist2.m 
waists .m 
maxpostion.m

SHG Calculation:
Gaussian.m 
Dangle.m 
SHGcal.m 
SHGincrease.m 
dEdz.m

Efphase .in.
E2fphase.m

dP2w.m 
M2_wO.m 
mDdk.m 
MDdk fit.in

http://www.physics.montana.edu/students/xsun/program/


MDdk_wO.m 
P2w_Dk.m 
P2w_lw.m 
P2w_w0.m 
Ptop2w.m

Cavity mode calculation:
ringw.m 
ringwd.m 
ringsil.m 
findrat.m
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