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Abstract:
The goal of this thesis is the solution of constrained minimization problems that originate in
applications from image reconstruction. These applications include microscopy, medical imaging and,
our particular application, astronomical imaging. Constraints arise from the fact that the objects we are
imaging are photon densities, or light intensities, and are therefore nonnegative. These minimization
problems are ill-conditioned, and, since high resolution images are desired, are large-scale.
Consequently, efficient numerical techniques are required. We minimize both quadratic and strictly
convex functions. Existing algorithms are implemented for the quadratic minimization problem, and
ideas from these algorithms are extended to the problem of minimizing the convex function. A detailed
analysis and numerical study of these algorithms is presented. 
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. ABSTRACT

The goal of this thesis is the solution of constrained minimization problems that 
originate in applications from image reconstruction. These applications include mi
croscopy, medical imaging and, our particular application, astronomical imaging. 
Constraints arise from the fact that the objects we are imaging are photon densi
ties, or light intensities, and are therefore nonnegative. These minimization problems 
are ill-conditioned, and, since high resolution images are desired, are large-scale. Con
sequently, efficient numerical techniques are required. We minimize both quadratic 
and strictly convex functions. Existing algorithms are implemented for the quadratic 
minimization problem, and ideas from these algorithms are extended to the problem 
of minimizing the convex function. A detailed analysis and numerical study of these 
algorithms is presented.
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CHAPTER I

INTRODUCTION

The goal of this thesis is the solution of constrained minimization problems that 

originate in applications from image reconstruction. These applications include mi

croscopy, medical imaging and, our particular application, atmospheric imaging.

Problem 1.1 is referred to as a constrained minimization problem. We restrict our 

attention to a class of functions J  arising in two-dimensional image reconstruction.

Our particular imaging application arises in atmospheric optics. As light prop

agates through the atmosphere, light rays are bent due to random variations in the 

index of diffraction caused by atmospheric turbulence. This causes blurring of images 

Of an astronomical object captured with a ground-based telescope [38].

A model for data obtained from a linear, translation-invariant optical imaging 

system is

We want to find a vector x in a constraint set Q C Rjv that minimizes a function 

J  mapping R7Tto R. We express this problem mathematically as

(1.1)

Two Dimensional Image Formation

did J  J a i x t -  x, Hj -  VIfm J x 1 Vldxdij + (1.2)



i =  I , . . .  , nx, j  = I , . . . ny. Here /true denotes the true image, or object. Ztrue is 

an energy density, or photon density, and hence, is nonnegative, s is called the point 

spread function (PSF) and is the response of the imaging system to a point light 

source. In our application, s quantifies the blurring effects of the atmosphere and is 

nonnegative, d is called the (discrete, noisy, blurred) image. 77 represents noise in the 

collection of the image d.

For computational purposes, we discretize the integral in (1.2) to obtain

dJi,j "  'y y +  TJjj.. (1-3)
i' j'

With lexicographical ordering [42, p. 81] of index pairs this yields the model

d =  Sfftrue T)i (1'4)

where d, ftme, and r] are (nx •ny) x l  vectors, and S  is the (nx ■ ny) x {nx • ny) blurring 

matrix. Our goal is accurate, efficient estimation of ftrue.

Since s is nonnegative,

Sff > O for all f  > 0, (1.5)

where f  > O means / ,  > 0 for all i. S  is block Toeplitz with Tbeplitz blocks (BTTB) 

[42, Chapter 5]. In most imaging applications, S is highly ill-conditioned. Further

more, for high resolution images, S is large, e.g., a 1024 x 1024 pixel image gives 

1,048,576 unknowns, in which case S has approximately IO12 entries.

Due to the ill-conditioning of the matrix S, the pseudo inverse [42] estimate SM 

for ftrue is unstable with respect to perturbations in the data vector d. We therefore

2
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use a stabilization technique known as Tikhonov regularization [42]. Computing the 

regularized estimate for ftrue in (1.4) requires the minimization of a function of the 

form

Ja(f) =  l(Sf; d) +  ^ f r Lf. (1.6)

We incorporate the knowledge that Etrue is nonnegative by minimizing Ja subject 

to the constraint f  > 0.

The quadratic | f TLf, where L is a symmetric positive semidefinite matrix, is 

known as the regularization functional. In addition to having a Stabilizing effect on 

the minimization of (1.6), the regularization term allows for the incorporation of prior 

information about the true image / true. For example, if we know that Jtrue is smooth, 

taking L to be the negative of the discrete Laplacian operator [42, p. 84] will penalize 

vectors f  with large discretized gradients. Another common choice of L  is the identity 

matrix / , which yields the discretized L2 regularization functional | f Tf.

The nonnegative real number a  is known as the regularization parameter. Typi

cally, as o; —>• 0, the minimization of Ja becomes increasingly ill-conditioned. On the 

other hand, if a  becomes too large, the regularization term will dominate in (1.6), 

and the minimization of Ja, though stable, will result in poor estimations of ftrue. The 

choice of the parameter a  is therefore an important step in determining a suitable 

Ja. See [42, Chapter 7],

£ is called the fit-to-data function and allows for the incorporation of prior infor

mation about the statistics of the noise vector rj. In atmospheric imaging applications
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[38], each component of d in (1.4) is modeled as a realization of a random variable

di ~  Poisson ([5ftrUe]i) +  Normal(0, a2). (1.7)

By this we mean that di is the sum of a Poisson random variable with mean and 

variance [Sftrue].* and a normally distributed, or Gaussian, random variable with mean 

0 and variance cr2 [2]. We assume that these two random variables are independent. 

We also assume that d* is independent of dj for all i ^  j . In this setting, the 

components of the noise vector rj in (1.4) are realizations of random variables with 

components

%  —  d i  [ S f t r u e j i -

We will consider two choices of the function I. The first, is appropriate if the 

Gaussian noise term in (1.7) is dominant, and the variance cr2 is constant with respect 

to i. In this case we take

< S fld ) =  IlS f- d i l l .  (1.8)

This is proportional to the log likelihood function [42] for the model (1.4) when 

the components of d are independent and identically distributed Gaussian random 

variables with mean 0 and variance u2. We will refer to this choice of I  as the least 

squares fit-to-data function. The resulting Ja is quadratic.

If, on the other hand, the PoisSon noise term in (1.7) dominates, we can incorpo

rate this information by choosing I  to be the log likelihood function for the model (1.4)
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when the components of d are independent Poisson random variables with Poisson

parameter [Sftrueli, which is given by

<(Sf; d) =  log([Sf]i), (1.9)
i i ■ ■ ' ■ ■ ■

Unfortunately, this choice of £ is undefined for f  > 0 such that [Sf]j — 0 for some 

index i. To overcome this difficulty, we replace (1.9) by

£(Sf] d) =  ^ ( [U f j i + .cr2) -  ^ d i Iog(ISf)i + a2), (1.10)

where <t? is the variance of the Gaussian random variable in equation (1.7). We can 

statistically justify this choice of £ by noting that it is the log likelihood function for 

the model (1.4) when each component of d is modeled as a realization of a random 

variable

■ dj ~  Poisson ([5'ftrue]i +  Cr2) , (1.11)

which has the same variance as the random variable d, given in equation (1.7). We 

replace our image vector d in (1.10) by max(d, 0). This is consistent with (1.11) , since 

any realization of a Poisson random variable is nonnegative, and has two important 

consequences. First, it guarantees that I i and hence, the Ja resulting from (1.6), is 

convex on {f G Rn | f  > 0}, Strict convexity for J01 follows if the null spaces of L and 

5  intersect only at {0}. Secondly, Ja is Lipschitz continuous on {f G Rivr | f  > 0}. 

The minimization problems we wish to solve are then expressed as

min Jfl (f),
f>0 ( 1. 12)
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where I  in (1.6) is given either by (1.8) or (1.10). This problem is in the form of (1.1) 

with J  replaced by Ja, x  replaced by f , and f! =  {f G Rn | f  > 0}.

In certain atmospheric optics applications, the PSF s in (1.2) is unknown, but 

can be parameterized in terms of a function known as the phase, which we will denote 

by 4>. The phase, or wavefront aberration, quantifies the deviation from planarity of 

the wavefront of light that has propagated through the atmosphere. We assume that 

the dependence of the PSF s on <̂> is given by

where T  denotes the 2-D Fourier transform, % =  V—I, and p is the pupil, or aperture, 

function. See [38] for conditions which justify this assumption. We further assume

where the region A  represents the aperture and is an annulus in the case of imaging 

with large astronomical telescopes. Discretizing the integral in (1.2) and taking into 

account that corresponding to each image d there is a (discretized) true phase 

we obtain the matrix-vector equation

The Test Problem with Unknown Phase

(1.13)

(x,y) G A, 
otherwise,

d  — 'S '[0 true]ftrue +  Tj. (1-14)

This reduces to (1.4) for the case when 0 true, and hence, s, is known.
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Conventional Phase-Diversity Imaging

unknown unknown
turbulence beam splitter

focal-plane 
" image

known
defocus

diversity image

Figure I. A Conventional Phase Diversity Imaging Setup.

When the vectors 0 true and ftrue are both unknown then (1.14) is underdetermined. 

We overcome this difficulty by applying a technique called phase diversity [22]. A 

second image with a known phase perturbation 6 is collected and is modeled by

d' =  S^true +  0] ftrue +  V (1.15)

See Figure I for an illustration. Using least squares fit-to-data functions (see equation 

(1.8)), and quadratic regularization terms for both the object and the phase we get

•/a,7(f> </>) = gll'S'Mf ~ d ||2 + - ||S [0  + 6]i — d '||2 +  — fTI/f +  (1.16)

As in (1.6), L is symmetric positive semidefinite and incorporates prior smoothness 

information about f . M  is also symmetric positive semidefinite and incorporates prior

smoothness information about 4>. a  and 7 are positive regularization parameters.
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In (1.16), <j> Is not a constrained variable. We therefore minimize Jctj7 over

Q - { ( f »  GR2iv | f  > 0 } .  -

The associated minimization problem is then expressed as

. (m bn 4 ,7( f » .  (1.17)

This minimization problem is of the form of problem (Li), With J  replaced by Jctj7, 

x  replaced by (f, 0), and Riv replaced by R2iv. If one ignores the nonnegativity 

constraint On the vector f, (1.17) becomes an unconstrained minimization problem. 

In [43, 19] this problem is explored.

Unfortunately, the dependence of S  on 0  is nonlinear. This results in a nonconvcx 

function Jctj7. Furthermore, there are twice as many unknowns with the addition of 

the unknown phase. Consequently, problem (1.17), which we will not attempt to 

solve in this thesis, is much more difficult to solve than is (1.12), and requires more 

robust algorithms.

Another important consideration in constrained minimization is degeneracy. This 

property is discussed in Chapter 2. The solutions of the minimization problems which 

we will consider are not degenerate, but they are very nearly degenerate. This further 

increases the difficulty of solving these problems.
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Each of the minimization problems presented above is known as a bound con

strained minimization problem. Such problems have been studied extensively and 

present themselves in a large number of applications [32, 23]. Various techniques 

have been developed for solving these problems.

The gradient projection method for minimizing a continuously differentiable func

tion J  : Riv —>■ R over a closed subset O of Mn was introduced in 1964 by Goldstein 

[20, 21] and independently one year later by Levitin and Polyak [25]. Seminal work 

was done in the study of the convergence properties of this algorithm by Bertsekas

[5]. This work was extended by Calamai and More [10]. Unfortunately, the gradient 

projection algorithm is very slow to converge for ill-conditioned problems.

Active set methods attempt to incorporate Hessian information via the reduced 

Hessian (see Chapter 2). An active set Newton algorithm for nonlinear bound con

strained minimization was developed by Bertsekas [6]. Active set strategies have 

yielded many successful algorithms for bound constrained quadratic minimization 

[18]. Unfortunately, these algorithms tend not to perform well for large-scale, ill- 

conditioned bound constrained problems.

Several Of the most effective and robust algorithms for bound constrained mini

mization can be viewed as two stage algorithms, which combine a constraint identi

fication stage with a subspace minimization stage. Such algorithms include a bound
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constrained variant of the limited memory BFGS algorithm [32] known as LBFGS- 

B [9, 45] and the bound constrained Newton trust region algorithm TRON [26] for 

general nonlinear functions, and the gradient projection conjugate gradient (GPCG) 

algorithm [30] and Friedlander and Martinez’s GPCG modification [14] for quadratic 

functions.

Contrasting the previous three approaches, interior point algorithihs create a se

quence of approximations to a solution of a constrained minimization problem which 

lie in the interior of the constraint region. Examples of interior point methods in

clude Byrd, Hribar, and Nocedal’s KNITRO [8] and MATLAB’s large-scale bound 

constrained minimizer, which is based on the work of Coleman and Li [11, 12].

In Chapter 2 of this thesis we present mathematical preliminaries. These will 

include a general theory for lower bound constrained minimization, including the 

necessary and sufficient conditions for a solution to (1,1). We will also present the 

gradient projection algorithm of Bertsekas [5] and the Corresponding convergence 

theory. We will present a general two stage algorithm of the form of that found in 

Calamai and More [10] and prove that convergence for this algorithm is guaranteed 

for a strictly convex function. We finish the chapter with a presentation of three 

unconstrained minimization algorithms: the conjugate gradient (CG) algorithm for 

quadratic minimization, and the limited memory BFGS and Newton-CG-trust region 

algorithms for the minimization of general nonlinear functions.



In Chapter 3 we present in detail two algorithms for lower bound constrained 

quadratic programming. The first is based on. the work of More and Toreldo [30], 

while the second is based on the work of Friedlander and Martinez [14]. We conclude 

the chapter with a numerical implementation and comparison of these two methods 

on four different imaging test problems.

In Chapter 4 we extend the results of Chapters 2 and 3 to convex lower bound 

constrained minimization. We present an algorithm for the solution of this problem. 

Convergence follows from results is Chapter 2. We conclude the chapter with a nu

merical implementation and comparison of methods on several imaging test problems.

11
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CHAPTER 2

MATHEMATICAL PRELIMINARIES

In this chapter we introduce notation and develop the mathematical tools that 

will be used in the sequel.

Preliminary Notation and Definitions

We will denote a vector in Rn by x =  (A1, .. .  ,%#). The ith standard unit vector 

Bi G Rn is defined by [e^  =  A1, where Aj = I ii i — j  and is zero otherwise. The 

Euclidean inner product of x and y in Rn is defined by (x, y) =  XliIi xiVh and the 

associated Euclidean norm of x is then given by ||x|| =  (x, x).

Rmxn denotes the set of M x IV matrices with real-valued entries. A matrix 

A  E RNxN is symmetric if A =  At . A  is positive definite if for every p /  0 in 

Rn  , (Ap, p) > 0, while A is positive semidefinite if (Ap, p) > 0 for all p  in Rn . 

In the sequel we will use the acronym SPD for symmetric and positive definite. For 

A E RMxN, the spectral norm of A is given by

PU = V  ̂ max (ATA),

where Xmax(B) denotes the absolute value of the largest eigenvalue of the symmetric 

matrix B. This is also known as the I2 operator norm (see [24]).
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By J  : Rjv — IR'we mean that J  is a real valued function of 'N variables, and, 

unless otherwise stated, we will assume that J  is smooth, i.e. J  is sufficiently differ

entiable.

We define the gradient of J  at x by

gradj(x)=( E (x)" :' ' ^ (x)) ■

The Hessian of J  at x, denoted Hess J(x), is the N x N  matrix with entries

7)2J

. [HessJfx)h  =  s 5 ^ tx)-

Definition 2.1. If h  : Rjv -> Rm then h is Lipschitz continuous if there exists a 

positive real number 7 such that

||h(x) — h(y)|| < 7 l | x - y | |

for every x and y in Risr

Definition 2.2. Let J  : Rjv -> R. J  is convex if.

J (Ax+ (I — A)y) < AJ(x) +  (I — A)J(y) (2.1)

whenever x, y G Rjv and A G (0,1). If the inequality in (2.1) is strict whenever x  Wy 

then J  is said to be strictly Convex.

We will now concentrate on the problem of finding a minimizer x* of a function 

J  : R^ —> R subject to the constraint that x* G C Rjv.
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Definition 2.3. Let Q be a proper subset of Ejxr. Q will be known as the feasible set, 

and any x G fl will be known as a feasible point.

Definition 2.4. x* G f l i s  a local constrained minimizer for J  provided that there 

exists a S > 0 such that

J(x*) < J(x) whenever x G f2 and ||x — x*| | < 5. (2.2)

If (2.2) holds for S = op then x* is a global constrained minimizer for J. x* is a strict 

local constrained minimizer for J  if the inequality in (2.2) is strict whenever x /  x*.

Remark 2.5. We indicate (2.2) by

x* =  argminJ(x).

Such an x* is then said to be a solution to the problem

nun J  (x). (2.3)

We now introduce the notion of a convex set, and characterize smooth, convex 

functions defined on convex sets.

Definition 2.6. C C Ejv is convex if Ax +  (I — A)y G C whenever x, y  G C and 

0 < A < I.

The following theorem can be found in Luenberger [27].



Theorem 2.7. Let J  be a C1 function defined on a convex set 0. Then J  is convex 

if and only if for all x, y  G O

-7(y) > J W  -I- (grad J ( x ) , y -  x ) . (2.4)

P roof. First suppose J  is convex. Then for all a  G [0,1],

J(ozy+  (I -  q;)x) < a;/(y) +  (I -  a) J (x).

This implies that

J (y ) > J ( x ) + J (x  + a ( y - x ) ) - J ( x ) .
Olr

Letting a  —>■ 0 yields (2.4). "

Now suppose (2.4) holds. Fix xi, X2 G. f2 and a  G [0,1]. Setting x — ax i +  (I — 

a )x 2 and alternatively y =  X 1 and y =  x2, we get
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J(X1) > J (x) +  (grad J(X)1X1 -  x) (2,5)

J(X2) > J(x) +  (grad J(x ), x2 — x ) . (2.6)

Multiplying (2.5) by a  and (2.6) by (I — a) and adding yields

a J (X 1) +  (I -  a )J (x 2) > J ( x ) .+ (grad J (x), QiX1 +  (I -  a )x2 -  x ) . 

Substituting x =  Ozx1 +  (I -  a;)X2 then gives

CkJ(X1) +  (I -  a) J(X2) > J (a x1 +  (I — a)x2), 

and hence, J  is convex. □
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The notion of coercivity allows us to prove the existence of a global minimizer for 

a smooth function J. Strict convexity then guarantees uniqueness.

D efinition 2.8. J  : Eiv —> R is coercive if given any L E R there exists an M > 0 

such that if ||x|| > M  then J(x) > L.

T heorem  2.9. Let J  : Ejv —> E be smooth and coercive. Then there exists a global 

constrained minimizer x* of J  on a closed set 0.

PROOF. Let x0 E f2. By coercivity, there exists an M > O such that whenever 

||x || > M, J(x) > J (x 0). Let B =  {x E Ejv I ||x|| < M}. Then B n f i  is nonempty 

and is closed and bounded, and hence compact. The continuity of J  therefore implies 

that there exists x* E B A fi at which J  attains its minimum on B A fi. Existence 

follows Since arg min J(x) =  arg rmn^ J(x). □

T heorem  2.10. If J  : Ejv —> R is strictly convex and a global constrained minimizer 

exists for J  on a convex set fi, it is unique.

P roof. Suppose that x* is a global constrained minimizer for J  on fi. If J(x) =  

J(x*) with x ^  x* then J( |x*  +  |x )  < |J(x*) +  |J (x )  =  J(x*), with |x* +  |x  E fi, 

which is a contradiction. Hence x* is unique. □

D efinition 2.11. The projection of x E Ejv onto a closed and convex set C is given 

by

Bc(X) argmin ||y — x ||2. 
yei



. ■ 1 7  '

In order to prove that Vc is continuous we will need the following lemma, which 

will also prove useful in the sequel. We follow the exposition of Zarantonello [44].

Lem m a 2.12.

(x -  Pc(x),Pc(x) -  y) > O for all y 6 C. (2.7)

P roof. By definition,

||x -  'Pc(x)H < ||x -  y || for all y  G C. 1 (2.8)

Consequently,

O < | | x - y [ J 2 -  I | x -  P c(X)H2

-  | |(x -  Pc(x)) +  (Pc(x) -  y )||2 -  ||x -  Pe(x)| |2 

=  2 (x — Pc(x),Pc(x) — y) +  ||Pc(x) — y|[2.

Now replace y by y ' =  ty +  (I -  t)Pc(x), where t G [0,1]. Since y ' G C

0 < 2t (x -  Pc(x), Pc(x) -  y) + 12||Pc(x) -  y ||2

for t  G [0,1]. By first dividing by t  and then letting t —> 0, (2.7) follows. □

Theorem 2.13. If C is a nonempty, closed and convex set, then Pc : Mn —*■ Rjv is 

well-defined and continuous.

PROOF. Let x0 G Riv, and define J  : Rjv —> R by J (y) =  | |y —x0||2. In order to prove 

that Pc is well-defined, it suffices to show that there exists a unique y* =  argmin J (y).yec
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Fix yo G C not equal to x0. Then inf J(y) =  inf J(y), where B =  C D {y G
yec y e s

Eiv ■ I |jy -  X 0 1j < jjyo -  x0||}. B  is nonempty, closed, and bounded and is therefore 

compact. The continuity of J  therefore implies that there exists y* =  argmin J(y). 

To prove uniqueness, suppose y =  argmin J(y). Let ||x0 -  y*|| =  77 =  ||x0 -  y ||. By
yEC

the parallelogram inequality ||y* -  y ||2 =  ||(y* -  X 0) -  (y -■ x0) ||2 =  2||y* -  X 0 1|2 +  

2I |y -  xO112 -  11 (y* -  X0) + (y -  X0) 112 =  4?72 -  4| I!(y* +  y) -  x0112. But |(y* +  y) G C, 

so |j|(y* +  y) -  Xoll2 > rj2. Hence |]y* - y | |  < 0, implying ||y* -  y || =  0, so y* =  y. 

We now prove that Vc is continuous. Choose x and x' in RN\ Replacing y in

(2.7) by 'Pc(x') we get

(x -  7>c(x), Po(x) -  PcK )) > 0. (2.9)

Interchanging x and x' in inequality (2.9) gives

(3 /  -  7>c(x'),T c ^ ) -  TcW ) > 0. (2.10)

Adding (2.9) and (2.10) gives

(x — Tc(x) — (x' — Tc(Xz)),T c(x) — Pd*'))  > 0, (2.11)

or, equivalently, .

’ ||Tc(x) -  Te(X7)II2 < ( X - X 71Tc(X) —Tc(x7) ) . (2.12)

The Cauchy-Schwartz inequality then gives us that Tc is continuous. □

We now to problem (2.3).



D efinition 2.14. (2.3) is known as a bound constrained minimization problem if

O =  {x E Rjv \ Li < X i < Ui for each i = l , . .. \ N},  (2.13)

where LirUi E R satisfy —oo < Li < Ui < oo for each i.

D efinition 2.15. (2.3) is known as a lower bound constrained minimization problem

,
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O =  {x E Rjv I Li < X i for each i =  I , . . .  , N}, ■ (2.14)

where Li E R U {-oo}.

R em ark  2.16. The inequality Li < Xi in (2.14) is called the 0 1 constraint.

R em ark  2.17. The feasible set O defined by (2.14) or (2.13) is closed and convex, 

and, therefore, Vn is well-defined and continuous.

R em ark  2.18. In the sequel, unless otherwise stated, Li will be defined by equation

(2.14).

D efinition 2.19. Given any feasible point x, the i th constraint is active if Xi =  Li 

and is inactive if X i >  Li. The active set of indices at x is given by

A(x) =  {i I Xi = Li],

and the inactive set by

J(x) — {i I Xi > Li].
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Necessary and Sufficient Conditions for a Local Minimizer

T heorem  2.20. (First-Order Necessary Conditions) Let J  G C1(Rjv̂ R). If x* is a 

.solution of (2.3) then

BJ
—  (x*) > 0 if i G A(x*), and (2.15)

BT
^ (X * )  =  0 if i e x(x*). (2.16)

P roof. First, consider 4> G C1(RjR). From elementary calculus, if 0 =  arg mint>o

then ^7(O) > 0, while if 0 =  argmin (j)(t) for some 5 > 0, then ^7(O) ■= 0. Now
i > - 6

define J(x* +  te,), where e, is the i th standard unit vector. By the chain rule,

^7(O) =  (ei, grad J(x*)) =  J^(x*). If i  G A(x*) then 0 =  arg min and (2.15) 

holds. On the other hand, if i G J(x*) then 0 =  arg min </>(*) for some 5 > 0 and
■ t > - 5

(2.16) holds. Cl

The first-order necessary conditions (2T5) and (2.16) could also have been derived 

from the Karush-Kuhn-Tucker (KKT) conditions [32, Theorem 12.1]. The KKT 

conditions provide the first-order necessary conditions for a broad class of constrained 

optimization problems, of which (2.3) is a special case. The following Corollary gives 

an alternate formulation of the first-order necessary conditions.

Corollary 2.21. Let J  £ C1 (RivjR). If x* is a solution of (2.3) then

(grad /(x*),x* - y )  < 0 (2.17)

for all y G O.
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P roof. If x* solves (2.3) then (2.17) follows from (2.15) and (2.16) of Theorem

2 .20 . , □

Theorem 2.22. Let J  e C1(Kjv1E) be strictly convex. Then x is a (local) solution 

of (2.3) if and only if x is the unique global constrained minimizer for J  on f2.

P roof. Suppose that x  is a  solution of (2.3). Then, by Corollary 2.21, (2.17) holds. 

Theorem 2.7 then tells us that J(y) — J(x) > 0 for all y G f2. So x is a global 

Constrained minimizer of J  on 0. Uniqueness follows from Theorem 2.10. The reverse 

implication is obvious. ■ □

Definition 2.23. If x  G O satisfies equations (2.15) and (2.16) then x is a stationary 

point for problem (2.3). If, in addition, the inequality in (2.15) is strict for each 

i G A(x) then x is a nondegenerate stationary point for problem (2.3), while if 

(x) = 0  for some i G A(x) then x is a degenerate stationary point for problem

(2.3).

Proposition 2.24. Let x G Kjv. Then P o (x) has components '

[Pft(x)]j =  max(z;, Li) for z =  I , . . .  , N.

P roof. Let x G Rjv and y  — P n(x). Theny =  argmin J(y), where J(y) =  | |y - x | |2. 

Furthermore,

(2.18)
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If « G A(y), then % =  Li. But by (2.15) and (2.18), & > X i . Similarly, if z G J(y ), 

then Vi > Li. But by (2.16) and (2.18), % =  X i . Iii either case, Hi =  m ax(^, Li). □

D efinition 2.25. The projected gradient of J  at x G O is given by

i „ *  e w  2 " (2.19)

We can now restate the first-order necessary conditions in terms of the projected

gradient.

T heorem  2.26. x* is a stationary point for problem (2.3) if and only if 

grad-p. J(x*) =  0.:

P roof. This follows immediately from (2.15), (2.16), and (2.19). □

The next theorem uses the projected gradient to characterize the global minimizer 

of a class of convex functions, and follows immediately from Theorems 2.22 and 2.26.

Theorem  2.27. Let J  : Rn R  be a smooth, strictly convex function. Then 

gradp J(x) =  0 if and only if x  is the unique global constrained minimizer of J  on 0.

In order to determine second-order necessary conditions we will first consider the 

case in which A(x*) is empty.

Lem m a 2.28. Let J  G C2(Ejv) and suppose x* is a solution of (2.3) at which no 

constraints are active. Then Hess J(x*) is positive semidefinite.

P roof. Suppose Hess J(x*) is not positive semidefinite. Then there exists a p  with 

j|p|j =  I such that p r Hess J(x*)p < 0. Since at x* no constraints are active, there
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exists a neighborhood of x* which is contained inside of 0. Therefore, since J  is 

twice continuously differentiable at x*, by Taylor’s Theorem J(x* +  o-p) =  J(x*) +  

a  (p, grad J(x*)) +  ^  (p, Hess J(x*)p) +  0 ( a 3) as o: 0. By (2.16), grad J(x*) — 0.

Thus (p, Hess J(x*)p) +  0 ( o i3) — J(x* +  ap) -  J(x*)„ Since (p, Hess J(x*)p) < 0, 

there exists a Qj0 > 0 such that x* +  Qz0p G O and ^  (p, Hess J(x*)p) +  O(QZq) < 0. 

Thus J(x* +  Qz0p )  — J;(x*) < 0 and x* is not a solution of (2.3). □

We now consider the case where A(x*) is not empty. Let x  =  (£, 77), where, after 

possibly reordering indices, £ corresponds to those indices that are inactive at x* and 

77 to those that are active. Let x* =  (£* ,7 7* ) and define J(£) — J(£,r}*). Then 

is an unconstrained local minimizer of J, and hence, by Lemma 2.28, Hess J(£*) 

is positive semidefinite. We can make no conclusions about second-order derivative 

information with respect to the active indices. We therefore restrict our attention 

to the submatrix of HeSs J(x*) corresponding to Hess J(£*). In order to make this 

precise, we introduce the reduced Hessian.

D efinition 2.29. The reduced Hessian of J  is the N x N  matrix with entries

H e s s s  J ( X ) i j  =  {  ' I "  6  ^
I  4),

(2.20)

We can now state the second order necessary conditions for a solution to problem

(2.3).

Theorem  2.30. (Second-Order Necessary Conditions) Let J  G C2(JHn ) and suppose 

x* is a solution of problem (2.3). Then Hess# J(x) is positive semidefinite.
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P roof. If x* has no active indices, Hess# J(x*) =  Hess J(x*) is positive semidefinite 

by Lemma 2.28. Otherwise, x* has M  < N  active indices. Define J  as in the 

discussion preceding Definition 2.29. Then Hess J(x*) is a positive semidefinite (N —

Hess J(x*) 0
0 I mxm

M) x (N — M)  matrix. Consequently, the N x N  matrix 

positive semidefinite. Furthermore, it is equivalent to Hess# J(x) with respect to a 

reordering of indices, which implies that Hess# J(x) is also positive semidefinite. □ 

As in the case of the first-order necessary conditions, the second-order necessary 

conditions could also have been derived in terms of the KKT conditions [32, Theorem

12.5] . The same can be said for the second-order sufficient conditions [32, Theorem

12.6] , which we will present next.

T heorem  2.31. (Second-Order Sufficient Conditions) Let x* be a nondegenerate sta

tionary point for problem (2.3), and suppose that Hess# J(x*) is positive definite. 

Then x* is a strict local constrained minimizer for J  on 0.

P roof. Choose any nonzero p G Rn  such that x* - H p e f l  for t  small and positive. 

Then Pi > O whenever i G A(x*). Define <j>(t) — J(x* +  tp) for all t  such that 

x* +  tp  G 0. It suffices to show that (j) has a local minimum at f =  0. By Taylor’s 

theorem, <j>{b) = J(x*) +  tpTgrad J(x*) +  ^ p r Hess J(x*)p +  0 ( t3) for small t. First, 

suppose there exists 5 > 0 such that x* -H p  G Q for all t  G (-5,8). Then % =  0 

whenever i G A(x*). On the other hand, since x* is a stationary point of (2.3), 

whenever i G X(x*) ^-(x*) =  0 . Hence <p' (0 )  = pr grad J(x*) =  0 . Furthermore,
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(j)'(O) =  pr Hess J(x*)p =  Pr HesSfl J(x*)p > 0, since Hessfl J(x*) is positive definite. 

Thus (j) has a local minimum at t — 0. In the other case, ,Pi. > 0 for some i 6 A(x*), 

and, since x* is a nondegenerate stationary point of (2.3), (x*) > 0 whenever

i G A(x*), while (x*) =  0 whenever i 6 J(x*). Hence </>'(0) =  pr grad J(x*) =  

XfleA(x)PiI^(x*) > 0- Since x +  ip ^ f2 for t  < 0, this implies that (f) has a local 

minimum at t = 0. □

The second-order sufficient conditions are not necessary. To see this, consider 

J(x) = x4 on Q = [—1, oo). Then x* =  0 is a global minimizer of J  on f l  The second- 

order necessary conditions for J  are satisfied at x*, while, since Hess J(x) =  12a;2 is 

zero at x*, the second-order sufficient conditions are not satisfied.

The Gradient Projection Algorithm

The gradient projection algorithm can be viewed as a generalization of the method 

of steepest descent [32] for unconstrained optimization. In this section we follow the 

exposition of Bertsekas [?]: The gradient projection algorithm generates a sequence 

{x&} as follows:

A lgorithm  I. (Gradient Projection Algorithm)

(0) Select initial guess x0, and set & =  0.

(1) Compute Pa, =  -grad J(x&).

(2) Compute =  argmin J(%(x& +  ApaJ).
. A>0

(3) Set x&+i =  % (x* +  XkPk)-
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(4) If termination criteria are met, STOP.

(5) Otherwise, update k := k + 1 and return to (I).

Remark 2.32. Motivated by Theorem 2.26, our objective is to create a sequence 

{xfc} such that grad-p J(x&) -4- 0. We can take our termination criterion in Step (4) 

of Algorithm I to be

11 grad-p J(Xfe)I I < t,

where r  > 0 is a given stopping tolerance. .

Remark 2.33. Step (2) above is known as a projected line search. Typically it cannot 

be solved exactly, but, as we will see, this is not necessary. We begin by defining the 

function : R —> R by

<MA) =  J(xfe(A)), (2.21)

where

Xfe(A) := Po (xfe +  Apfe)

and Pfe - —grad J(Xfe)i The goal of our algorithm is, given an approximate solution 

Xfe of problem (2.3) and a search direction p fc, to generate a Xk which satisfies the 

sufficient decrease condition

flPk(Xk) < ^t(O) — T“ ||xfe — Xfe(Afe)II2, (2.22)

where // 6 (0, |) .  Typically, fj, is set to IO-4 [23].



For the remainder of this chapter, we will assume that the Hess J(x) is positive 

definite for every x € 0, and that there exists Amin and Amaa, such that
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O < Xmin 5= A(x). < Xmax (2.23)

for every eigenvalue A(x) of Hess J(x) and for every x e f l

We now present an iterative (approximate) line search algorithm that will be used 

in the sequel. It is based on the line search algorithm found in More and Toreldo 

(30). First, we choose our initial approximation X0k of Xk to be the minimizer of the 

quadratic Taylor approximation of

• . v  „
%(A) —  <̂ A:(0) T - A^(O) +  — ^(0).

In other words, take

AS =
-  (grad J (x fc),gradp J(x fc))

(Hess J (xfc)gradp J  (Xfc), grad-p J (xfc) ) ' (2.24)

Then, given a Afc that does not satisfy (2.22), we compute X1k 1 by first defining 

X1k 1 to be the minimizer of the quadratic function qk that satisfies f̂c(O) =  ^fc(O), 

4 (0) =  <(0), and gfc(A|) =  ^fc(A).). Then

X1k 1 =f median  ̂ \i v+l YZ Aki Ak > ~A^100 (2.25)

The line search algorithm is then given follows:
■ ' , . ■ ■

A lgorithm  2. (Line Search Algorithm)

(0) Compute Afc as in (2.24), and set % =  0.



28

(1) If X\ satisfies (2.22), set A& =  X1k and STOP.

(2) Otherwise, compute Aj^1 by equation (2.25).

(3) Update i : = i  + l  and return to (I).

A natural question arises. Will the above algorithm identify a suitable A& in a 

finite number of iterations? The answer is yes, but to prove this fact we will first 

prove two lemmas.

Lem m a 2.34. Define x(A) =  % (x  — Agrad J(x)). Then for every x, y  G O and 

A > 0 we have .

A (grad J(x ),y  -  x(A)) > (x -  x(A), y  -  x(A)). . (2.26)

P roof. By Lemma 2.12, with x replaced by x — Agrad J(x) and C — f2,

(x -  Agrad J (x) -  x(A), y -  x(A)) < 0,

for all X and y in 0 , which is equivalent to (2.26). . D

Lemma 2.35. Assume that grad J  is Lipschitz continuous with Lipschitz constant 

L. Then, for any x £ f2, the sufficient decrease condition (2.22) holds for all A such 

that .

0 < A <
2(1 — ju)

L (2.27)
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P roof. Let x(A) be as in the last lemma, and let be defined by equatin (2.21). 

Then, for any A > 0 and x G 0, since x(A) is continuous and piecewise differentiable,

fM1) -  ^(O) =  Jr(X(A))-J(X)

— (grad J(x),x(A) — x) —

/•l -:
/ (grad J[x — t(x -  x(A))] -  grad J(x), x(A) -  x) dt 

Jo

< — ||x -  x(A)||2 +  J  L\ |i(x — x(A)) 11 • I |x — x(A) |\dt

T  + y j  I Ix -  xWiI2

^ y I I x - X ( A ) I f .

Inequality (2.22) then follows immediately from (2.27). □

We can now prove the theorem that tells us our line search algorithm will even

tually generate an acceptable step length A&.

T heorem  2.36. Suppose that grad J  is Lipschitz continuous. Then, in Algorithm 2, 

there exists an N  such that Af satisfies the sufficient decrease condition (2.22).

P roof. Let L  be the Lipschitz constant of grad J. There exists an N  such that 

X\/2N < . Furthermore, (2) of Algorithm 2 tells us that Af < A°/27V. The

result then follows from Lemma 2.35. □

We can now prove the main result of this section, which gives us a  necessary 

condition for the convergence of Algorithm I. But first, we will need to prove a 

lemma.
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Lem m a 2.37. Let A& — be the output from Algorithm 2 at iteration k of Algo

rithm I. Then

min j  — , (I -  ^ ) / (50 ■ L ) \  < Xk < (2.28)
I  ^max J ^m in

for every k.

P roof. Equation (2.24) can be written

o' . I
(Hess J(-Xk) dk, dk)''

where Cijfc =  gradp J(Xfc)ZIIgrad7, J(Xfe)I|. 'Then

(2.29)
''■max ''■min

which gives us the upper bound in (2.28). The lower bound in (2.29) together with 

Lemma 2.35 and (2) of Algorithm 2 gives us the lower bound in (2.28). . □

Theorem  2.38. Assume that J  is Lipschitz continuous with Lipschitz constant L. 

Let {xfc} be a sequence generated by the gradient projection algorithm using an 

inexact line search satisfying (2.22). Then every limit point of {xfc} is a stationary 

point for problem (2.3), In particular, if xfc -» x then x is a stationary point of (2,3).

P roof. Since our line search algorithm is.guaranteed to generate an acceptable Afc, 

Algorithm I is well defined. If {xfc} generated by Algorithm I stops at a stationary 

point we are done. Otherwise, suppose {xfc}fce£ is a subsequence which converges 

to a vector x. Since {J(xfc)} is monotone decreasing, J (x fc) —>• J(x). By (2.22),
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HXfc — Xfc+ i | | 2 . <  [ J (Xfc )  ^  J ( x f c + i ) ] .  By Lemma 2.37,: the Afc1S are bounded, above.

Hence,

||xfc — .Xfc+i|| —>■ 0.

Now, using Lemma 2.34, for any k G K and y G Q,

(2.30)

(grad J(xfc), x fc -  y) =  (grad J(Xfc), xfc+1 -  y) +  (grad J (x fc), xfc -  x fc+i)

< . t -  (xfc -  x fc+i, Xfc+! -  y) +  (grad J (xfc) ,x fc -  xfc+i) 
Afc

<  | |Xfc - X f c + i | |  . — -  +  grad J (xfc) .

Lemma 2.37 tells us that the Afc1S are bounded below. Also, grad J (x fc) is bounded for 

k G /C- Hence, taking limits as A; —>■ oo and using (2.30), we have (grad J (x), x — y) < 

0, for all y G f2. Thus x is a stationary point (see Corollary 2.21). □

R em ark  2.39. Equation (2.26) suggests an alternate choice of sufficient decrease
-

condition. Replacing (2.22) by

f̂c(Afc) < ^fc(O)- / i  (grad J(x fc},Xfc-Xfc(Afc)) .(2.31)

results in a stronger condition, since if Afc satisfies (2.31) then by (2.26) it also satisfies 

(2.22). Given our assumption regarding the eigenvalues of Hess J(x) found in Remark 

2.33, ,Theorem 2.38 holds with the sufficient decrease condition (2.22) replaced by 

(2.31) as long as the Afc1S are bounded away from zero, or a certain curvature condition 

is satisfied for each Afc (see [10]).
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The gradient projection algorithm also has a very powerful identification property, 

which is given in the corollary following the next theorem.

Theorem  2.40. Let J  G C1(MivjM), and let {x&} be an arbitrary sequence in f2 

which converges to a nondegenerate stationary point x* for problem (2.3) . If grad-p J(Xfc) 

0 then A(xfc) — A(x*) for all k  sufficiently large. The active set A is defined in Defi

nition 2.19.

P roof. We begin by proving that A(xfc) C A(x*) for k large enough. Let 8 = 

min ILj — x*\. Then for every x G f2 such that ||x -  x*j| < 5, A(x) c  A(x*).. 

There exists Ni such that for all k  > JV1.,, ||xfc — x*|| < 5. Hence, for all k > W1, 

A(xfc) c  A(x*).

To show that A(x*) C A(xfc) for k large enough, we begin by choosing i  G A(x*). 

Since x* is nondegenerate, (x*) > 0. On the other hand, by Cauchy Schwartz, 

(grad-p J (xfc), e j  < ||gradp J(x fc)|| —> 0. Thus there exists an W2̂  such that for 

all k > W2,*, g ( x fc) > (x*) > 0 and Ifgradp J (x fc)|| < |g ( x * ) .  It follows

immediately that [gradp J(x fc)]j =  0 for all L > W2,*. Hence, i G A(xfc) for all k > N2 i 

(see Definition .2.25). Doing this for each i G A(x*) and setting W2 =  max (W2,*),
ieA(x*)

we get that for all k > N2, A(x*) C A(xfc).

Finally, let W — Hiax(Wl jW2). Then for all k > N,  A(xfc) == A(x*), which
'

completes the proof. □
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The previous theorem does not specify how {x&} is generated, The identifica

tion property of the gradient projection algorithm given in the following corollary is 

therefore independent of which sufficient decrease condition, (2.22) or (2.31), is used.

C orollary  2.41. Let J  E C1 (RjvjR) and suppose that the iterates {xj,} generated 

by the gradient projection algorithm using an inexact line search satisfying (2.22) or 

(2.31) converge to a nondegenerate local minimizer x*. Then A ( ^ k) = A(x*) for all 

k sufficiently large.

P roof. The continuity of grad J  and Vcl imply that grady J  is continuous (see 

Definition 2.25). Thus grad?, J(x&) —> grad?, J(x*) =  0. The result then follows 

from the previous theorem. □

Two Stage Algorithms

A natural question arises following the theoretical results in the previous section: 

How does this algorithm perform on real problems? This question is easily answered 

by an appeal to Corollary 2.41. In finitely many iterations the gradient projection 

algorithm identifies the optimal face .F(x*), Once this occurs the algorithm reduces 

to the method of steepest descent, which can be a very slowly converging algorithm. 

On the other hand, the low cost per iteration and the identification properties of the 

gradient projection algorithm are desirable. This gives some motivation for the two 

stage algorithm introduced in [10],.which combines a first stage in which the gradient 

projection algorithm is used to identify a face J 7, with a second stage in which a fast
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converging unconstrained algorithm is used together with a projected line search to 

explore JF further. We give the outline in the following algorithm.

A lgorithm  3. (Two Stage Algorithm)

Stage Q: Select X 0 , and set A; =  0.

Stage I: Compute x ^  with initial guess x& using at least one gradient 

projection iteration with inexact line search Algorithm 2.

Stage 2: Compute x&+i G Cl such that J (x fe+1) <  J (X ^ 1).

Update k := k + 1 and return to Stage I.

R em ark  2.42. If at each iteration in Stage 2 we choose x&+i =  X ^ 1 then Algorithm 

3 is Algorithm I. Hence, given the convergence theory that was developed above 

for the gradient projection algorithm, it is not surprising that the convergence result 

analogous to Theorem 2.38 can be proven for Algorithm 3. If J  is convex and coercive, 

we can prove an even stronger result.

T heorem  2.43. Assume that J  is Lipschitz continuous. Let {x&} be a sequence 

generated by Algorithm 3. Then every limit point of {x&} is a stationary point for 

problem (2.3). In particular, if x*, x  then x  is a stationary point of (2.3).

P roof . In the proof of Theorem 2.38, replace x fc+1 by the first gradient projection 

iterate computed in Stage I and A& by the corresponding line search parameter value. 

The remainder of the proof goes through unchanged. □
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C orollary 2.44. Let J R n —>■ R' be a smooth, strictly convex, coercive function 

that is Lipschitz continuous. If {x&} is the sequence generated by Algorithm 3, then 

{xfc} converges to the unique global constrained minimizer x*.

P roof. First, by Theorems 2.9 and 2.10, the global constrained minimizer x* ex

ists and is unique. Assume that we stop Algorithm 3 if it identifies x*, Le., if 

gradp J(xfc) =  0 for some k. Then, if the sequence {x&} generated by Algorithm 

3 is finite, it must terminate at x*. Otherwise, Algorithm 3 generates an infinite 

■sequence {x&}. Since J  is coercive and {J(x&)} is a nonincreasihg sequence, {x&} 

is bounded. Hence, it has a convergent subsequence, which, by Theorems 2.43 and 

2.22, must converge to x*, and thus {J(x&)} converges to J(x*). Now, by Taylor’s 

Theorem [32, Theorem 2.1], given p 6 Rjv,

t  ’ ■'
J (x* +  p) =  J(x*) +  (grad J (x*) ,p> +  -  (Hess J (x* +  tp)p, p>, 

for some t 6 (0,1). Letting p =  xfc — x* yields

I .
J (xk) - J (x*) =  (grad J(x*) ,xk - x * )  + -  (Hess J(x* + t (xk -  x*))(xk - x * ) , x k -  x*) 

> ^ (Hess J(x* + t(xk -  x*))(xk -  x*),xk -  x*)

where Amin is defined by equation (2.23). The first inequality follows from Corol

lary 2.21. Since {J(x&)} converges to J(x*), the above inequality shows that {x&}

converges to x*. □



R em ark  2.45. As in the ease of the gradient projection algorithm, we can replace 

the sufficient decrease condition (2.22) by (2.31), and Theorem 2.43 and will hold 

as long as the A&'s are either bounded away from zero, or a curvature condition is 

satisfied for each A&. This fact is proven in [10]. The result of Corollary 2.44 will also 

hold, as its proof does not depend upon which sufficient decrease condition is used.

Algorithm 3 also has the same identification properties as does the gradient projec

tion algorithm, regardless of whether (2.22) or (2.31) is used as the Sufficient decrease 

condition. The proof of the following theorem is the same as that of Corollary 2.41.

T heorem  2.46. Let J  G C1(Rn 7M) and suppose that the iterates {x&} generated by 

Algorithm 3 converge to a nondegenerate local minimizer x*. Then v4(x&) =  A(x*) 

for all k sufficiently large.

We now need to determine what algorithms we will use in Stage 2 of Algorithm 

3. We begin with the conjugate gradient algorithm.

Unconstrained Minimization

If  x* is a solution of (2.3), once A(x*) is identified, problem (2.3) reduces to the 

unconstrained minimization problem

niin /(£). (2.32)

where J  and £ are defined in the paragraph following the proof of Lemma 2.28. We 

can then use techniques for unconstrained optimization to solve (2.32).

36
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We begin our discussion of Unconstrained optimization techniques for finding a 

solution of problem (2,32) with a special case.

The Conjugate Gradient Algorithm 

D efinition 2.47. If J  : Kjv —> R is defined by

J (x) =  ^ (x, Ax) -  (x, b) +  c, ; (2.33)

where A € Rjvxjv, b  e Rjv and c E R,- then J  is a quadratic function.

R em ark  2.48. Without loss of generality we may assume that A  is symmetric [35, p. 

144]. Furthermore, if A is positive definite, the unique global constrained minimizer 

is given by x* =  A_1b, which can be obtained by solving grad J(x) =  0.

The conjugate gradient algorithm (CG) is an iterative algorithm that minimizes 

(2.33), or equivalently, solves Ax =  b, where A is SPD.

A lgorithm  4. (Conjugate Gradient Method for Quadratic Minimization)

v := 0;

X0 := initial guess

go := Ax0 — b; % initial gradient 

P o  : =  — g o ;  % initial search direction

So = I lgoll2; 

begin CG iterations 

hy -=  Ap17;
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Tv := ^/(Pt/ihjy); % line search parameter 

Xy+i := X1, +  TyPy; % update approximate solution

gy+1 := gy +  Tyhy; % update gradient

^+i -  llg^+ill2; ,

/?y Sv -̂I/5V',

Py+i := —gy+i +  Pvpv] % update search direction 

z/ := v + I; 

end CG iterations

. We next provide a characterization of the CG iterates Xy. See {39] or [1] for 

details.

Definition 2.49. The utk Krylov subspace generated by an SPD matrix A  and a 

vector v G Era is given by

Sv (A, v) =f span(v, A v , ,  Azz- 1V)

=  {p(A)v I p e  IF -1},

where Iiv~l denotes the set of polynomials of degree less than or equal to v — I.

Definition 2.50. For an SPD matrix A, the A-norm of a vector x G Ejv is defined 

by ||x |i24 =  xTAx.

Theorem 2.51. For v = 1 , 2 , ,  the CG iterates xy satisfy

Xy =  arg min ||x -  x*||A. (2.34)
x 6 x 0+<S1,(A,go) .
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The corresponding iterative solution errors ey =  Xy — x* satisfy

||ey||A =  min||g(A)eo||A, (2.35)

where tt̂  denotes the set of polynomials q(t) of degree less than or equal to z/ for 

which (?(0) — I.

Corollary' 2.52. If A  G Rivxiv is SPD and has to distinct eigenvalues (note that 

TO < N), then for any b G Rn and any initial guess x0 G Rn, the conjugate gradient 

algorithm will yield the exact solution to the system Ax =  b in at most to iterations.

R em ark  2.53. In the case where Xq =  0, CG generates a sequence of polynomial 

approximations py(A) to A-1. If b is nondegenerate (i.e., the projections onto each of 

the eigenspaces are nonzero) then after at most to iterations, Py(Ai) =  !/Aj for each 

eigenvalue Aj of A, and py(A) =  A""1.

Using a particular scaled Chebyshev polynomial p G Trjz in (2.35) [1], one can 

compute the iterative error bound

(2.36)

where cond(A) is the condition number of A and is given by cond(A) — ||A|| ||A“1:j|. 

Hence, a small condition number implies a rapid rate of CG convergence.

We can accelerate CG by transforming the system Ax - b into a system Ax 

I) on which CG has a faster rate of convergence. We do this via preconditioning. 

Preconditioning is a change of variables from x to x by a nonsingular matrix Cf, i.e.,
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x  =  Cx. Under this change of variables, the quadratic function J  given in Definition 

2.47 is expressed as

J(x) = ^x^(C-^AC-^x -  (C^b)^x. (2.37)

If we use CG to minimize J  under this change of variables, the convergence rate will 

depend on the condition number of C- t AC-1 rather than on the condition number of 

A. Hence, if we choose C so that the condition number of C- t A C -1 is smaller than 

that of A, CG will converge more rapidly. We can also obtain more rapid convergence 

if the eigenvalues of C - t AC-1 are clustered. See the discussion following Theorem 

5.1 in [32].

To implement the preconditioned conjugate gradient (PCG) method, we apply 

CG to the problem of minimizing J  in terms of x. We then reexpress all of the 

equations in Algorithm 4 in terms of x  by using the change of variables equation 

x =  Cx. The resulting algorithm is given by Algorithm 5.3 in [32], which does not 

use the matrix C explicitly. Instead it uses the matrix M  =  Ct C . M  is known as 

the preconditioning matrix. M  = I  corresponds to no preconditioning, in which case 

PCG and CG are equivalent algorithms.

The algorithm presented next uses PCG as a tool for the unconstrained mini

mization of general nonlinear functions.
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The Newton-CG-Trust Region Method

As one might expect, the problem of minimizing a general nonlinear function 

is much more difficult than is quadratic minimization. Two well known methods 

for general nonlinear minimization are the method of steepest descent and Newton’s 

method (see [32]) . If certain conditions are satisfied, the method of steepest descent 

is a globally convergent algorithm. Unfortunately, as we have already mentioned, 

the Steepest descent method tends to be very slow in converging. On the other 

hand, Newton’s method has a locally quadratic convergence rate, but is not globally 

convergent. Even if the cost function is convex, the Newton iterates may fail to 

converge. See [13, p. 24] for an illustration. Two approaches are typically used to 

globalize Newton’s method. The first is a line search (see [32]), and the second is a 

trust region strategy [13, 32]. The key idea is to form at each iteration v a quadratic 

approximation to J{xv +  s),

mv{s) =  J{xv) +g^s  + ^ st HvS, (2.38)

where g v — grad J ( X 1)  and H v = Hess J ( X 1) .  Then solve the constrained minimiza

tion problem

Ininmy(S) subject to ||s|[y < Ay, (2.39)

where I j • ||y is a matrix norm which may depend on the Newton iteration %/, and Ay 

is a positive parameter called the trust region radius. This parameter is adjusted at 

each iteration ^ in a manner which guarantees that (i) my(s) accurately approximates
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J(xv + s) within the trust region {s | Ijsjj1, < Az,); and (ii) the constrained minimizer 

Sz, for (2.38)-(2.39) yields a new approximation xu+i = x„ + sv which sufficiently 

decreases J  in order to guarantee convergence to a minimizer. See [32, Algorithm 4.1] 

for a specific example.

Problem (2.38)-(2.39) has no closed-form solution, and obtaining a highly accurate 

approximation can be very expensive. For large-scale problems, a very effective ap

proximate solution technique for subproblem (2.39) is the Steihaug-Toint algorithm. 

The key idea is to apply conjugate gradient (CG) iterations to minimize or

equivalently, to solve the linear system Hus =  —g„. If the initial guess s„,o is zero and 

Hw is SPD, the CG iterates swj  monotonically increase in norm and monotonically 

decrease mw(s) [40]. Eventually, either the boundary of the trust, region is crossed 

or the minimizer is attained. If Hw is indefinite, a check for negative curvature is 

added. If <^jHwdw>j < 0, where dWj  denotes the j th CG search direction, then one 

moves in this direction from the current CG iterate until the trust region boundary 

is crossed, and the CG iteration is terminated. As mentioned in the previous section, 

preconditioning can be incorporated to accelerate CG converge. In this case the trust

region is determined by the vector norm induced by the SPD preconditioning matrix 

' -

(2.40)11*11«, -  V ? 5 > .
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Given gradient g =  grad J(xu), Hessian H = Hess J(Xv)r preconditioning matrix 

M  = Mv and trust region radius A =  A vr to approximately solve the trust region 

subproblem (2.38)-(2.39):

Algorithm 5. (The Steihaug-Toint Truncated (preconditioned) CG Algorithm)

so := 0;

r0 :==. gv; % Initial CG residual 

yQ := M ^ r 0; % Apply preconditioner

do := —yo] % Initial CG search direction

0;

Begin CG iterations

Kj := (Hj H d f  '

If Kj < 0, % Check for indefinite H

Tj := positive root of |Isj- +  Tdj WM =  A;

Sj+i := Sj + Tjdjr % Move to boundary 

Stop.

End if

If I Isj- +  OijdjWM > A, % Boundary crossed 

' Tj  := positive root of Ijsj- +  Td^ \M — A;

Sjj-I := Sj + Tjdj] . % Backtrack to boundary

Stop.
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End if

Sj+i Sj + Qijdj] % Update solution 

rj+i '■= Tj + OtjHdj-, % Update CG residual 

Pj+i := M ^ 1Tj-U; % Apply preconditioner 

0j+i:=rj+1yj+1/rjyj-,

dj+i := —fj+i +  fij+idj] % Update CG search direction 

j  := j  + 1] 

end CG iterations

We will refer to the resulting algorithm as the Newton-CG-trust region (NCGTR) 

method. NCGTR is globally convergent (see [32, Section 4.3]).

The BFGS Method

Quasi-Newton methods with line search globalization provide an alternative means 

of solving unconstrained minimization, problems. The following algorithm gives the 

general form of a quasi-Newton method with a line search.

Algorithm 6. (Quasi-Newton Method with Line Search)

u  : =  0 ; , . .

x0 := initial guess for minimizer;

. H0 initial Hessian approximation; 

g o  grad J (x 0); % initial gradient

begin quasi-Newton iterations
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Piz+i := —H~1gv; % compute quasi-Newton step

Tiz+i := argminT>o J(x i/+  rpiz+i) ; % line search

X1,+! := Xz, +  Tiz+iP i,+!.; % update approximate solution 

■ gj,+! := grad J(x z,+i); ' % new gradient

Hu+i := updated Hessian approximation; 

y :— v -I-1;

end quasi-Newton iterations

The choice at each iteration of the Hessian approximation Hv determines the 

particular quasi-Newton method. If Hv =  Hess J(Xzy) for each v then Algorithm 6 

is Newton’s method with a line search, which has a locally quadratic convergence 

rate (see [32, Theorem 3.7]). If Hv — I  for each v then Algorithm 6 is the steepest 

descent method, which has a linear convergence rate (see [32, Theorem 3.3]). We 

seek a quasi-Newton method which balances the low cost per iteration of the steepest 

descent method with the fast local convergence of Newton’s method. .

Many recursive formulas exist for the Hessian approximation Hv (see [32, Chapter 

8]). The BFGS recursion is perhaps the most popular. To implement the BFGS 

recursion, given an approximation Hv to Hess J{x.v), one first computes Sz, =  Xz,+!-Xzy 

and y v — grad J(xjy+i) — grad J(Xzy). One then computes an approximation to 

Hess J(Xzyll),

Hv+1 =  Hv HvSvHtvHv | y vy v 
(JIzySzy, Szy) (yi/; Szy) (2.41)
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If Hu is symmetric positive definite and (yv, s„) > 0, then Hu+i will also be symmetric 

positive definite. This fact is important in our computation of p y+i at each iteration 

in Algorithm 6.

We will refer to Algorithm 6 with Hessian update (2.41) as the BFGS method. 

It is important to note that, as with the steepest descent method, the BFGS method 

requires only function and gradient information. Consequently, the BFGS method 

has a lower cost per iteration than does Newton’s method. On the other hand, 

information from previous iterations is carried along. The result is that the BFGS 

method has a faster rate of convergence than does the steepest descent method, as is 

demonstrated in the following theorem [32, Theorem 8.6].

T heorem  2.54. Suppose J  £ C2 and that the BFGS method generates a sequence 

{x&} that converges to a minimizer x* at which Hess J(x*) is Lipschitz continuous.
OO .

Suppose also that | |x& — x* 11 < oo. Then x& converges to x* at a superlinear rate.
k=l

BFGS has a limited memory variant [32, p. 224], which requires no explicit 

matrix storage for the approximate Hessian matrix. It is based on the recursion for 

the inverse,

-E ti. (y„,s„)y \  (y„, s„)
+ SySu

(yr,Sr)
(2.42)

Given g G Era, computation of H ^ g  requires a sequence of inner products involving 

g and the SzZs and y /s , together with the application of Hq1. If H0 is SPD and the 

“curvature condition” y ^su > O holds for each u, then each of the Hu S is also SPD.
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“Limited memory” means that at most n  vector pairs ((Sz,, y „ ),. . .  , yz,_n+1)}

are stored and at most n steps of the recursion are taken, i.e., if v > n, apply the 

recursion (2.42) for zv, zv—I , . . .  ,P—n, and set H~}n equal to an SPD matrix M "1. We 

will refer to Mu as the preconditioning matrix. In standard implementations, Mu is 

taken to be a multiple of the identity [32]. Choices of Mu based on structure of the cost 

function J  can also be taken. We will refer to Algorithm 6 with this limited memory 

Hessian update as the L-BFGS method. The L-BFGS method is particularly useful 

for solving large problems in which. matrix storage is an issue, and despite modest 

storage requirements the resulting algorithm often yields an acceptable, albeit linear, 

rate of convergence.
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CHAPTER 3

LOWER BOUND CONSTRAINED QUADRATIC PROGRAMMING

In this chapter we will concentrate on methods for finding the solution of

nun J(x) (3.1)

when J  is quadratic (see Definition 2.47). This problem is known as a lower bound 

constrained quadratic program. The gradient and Hessian of J  are given by grad J (x) =  

Ax — b and Hess J(x) =  A, respectively. We will assume that A is SPD. Then J  

is strictly convex and coercive. The next theorem then follows immediately from 

Theorems 2.9 and 2.27.

Theorem  3.1. Let J  be a quadratic function with a positive definite Hessian matrix 

A. Then (3.1) has a unique global solution x*, and grad-p J(x) =  0 if and only if 

x  =  x*.

R em ark  3.2. One consequence of this theorem is that if {x&} C fHs a sequence such 

that gradp J(x&) —> 0 then {xfc} converges to the global solution x* of problem (3.1). 

This is a very powerful result. In general, even if we know that {x&} converges to 

some x G O with grad-p J(x fc) -> 0, there is no guarantee that x  is a local constrained 

minimizer. For this to be true Hess# J(x): must be positive semidefinite (see Theorem 

2.30), which does not guarantee that x  is the unique global constrained minimizer of

J.
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R em ark  3.3. Once A(x*) is determined, (3.1) becomes an unconstrained quadratic 

minimization problem, and hence, to find the global constrained minimizer, we only- 

need to solve a linear system. Finding the exact solution of a large linear system 

is often not practical. If this is the case, and the corresponding matrix is SPD, CG 

provides an excellent means for finding an approximate solution. This, together with 

Algorithm 3, motivate the two stage algorithms for large-scale bound constrained 

quadratic programming presented in this chapter.

The Gradient Projection-Conjugate Gradient Algorithm

The Gradient Projection Conjugate Gradient algorithm (GPCGj, is an algorithm 

developed for the minimization of large-scale bound constrained quadratic programs 

[30] . It follows the general framework of the two stage algorithm given by Algorithm 

3. The idea behind GPCG is to use the identification properties of the gradient 

projection algorithm to determine a face

J 7(Xfc) =f {x G O I [xfc]j =  Li for i G A(xfc) and [xfc]2 > Li otherwise} (3.2)

suitable for further exploration, together with the CG iteration to aid in finding an 

approximate minimum of J  on J7(Xfc):.

Given an approximation xfe to the global minimizer x* of (3.1), GPCG generates 

Xfc+1 in the following way: First, we set y0 =  xfc and generate a sequence {y^} of 

gradient projection iterates using Algorithm 2. We terminate the iteration as soon
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as either

J (Yj-i) -  J ( j j )  < 7 max{ J(yj_i) -  J(J i) |;i =  I , . . .  , j} ,  (3.3)

where 0 < 7 < I, or

A(Yj) “  A(yj- i).  (3.4)

We then replace x& by yJfc, where jk is the first index in which either (3.3) or (3.4) 

are satisfied. Typically we take 7 =  f [30]. If (3.3) holds, the Implication is that 

the gradient projection algorithm is not making sufficient progress. When (3.4) holds 

the implication is that we are near the optimal face Jr(x*), since, unless close to a 

solution to (3.1), gradient projection iterations tend to produce changes in the active 

Set. In either case, we use CG to explore the face J7(Xk) further.

CG creates a new sequence of iterates {dj} which, in a finite number of steps, 

converges to a solution of the reduced system

Hesss  J(Xfc)d =  b, (3.5)

where bj =  b, for i 6 X(Xk) and is zero otherwise. We terminate CG if (3.3) holds, 

where J j =f x k +  dj  for each j . In this case, we typically take 7 =  ^  [30]. Again, the 

implication here is that GG is not making sufficient progress. We then let Pfc =  d^ , 

where jk is the first index that satisfies (3.3) and perform an inexact line search to 

find Afc. Then Xfc+1 := Va(xk +  AfcPfc). At this point we compute the binding set

# ( x fc+i) =  {* e  J t(x fc + i )  J (x fc+ i) >  0 } .
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Based on the observation that if x  G J 7(x*) then S(x) =  A(x) [30], we return to CG 

if B(-Xk+i) =  A(xfc+1). Otherwise, we return to the gradient projection stage of the 

algorithm. The basic outline of GPCG is then given as follows:

A lgorithm  7. (GPCG Algorithm)

Step 0: Select initial guess x q , and set k = 0.

Step I: Given Xfc-

(1) Do Algorithm I with y0 — x& until either (3.3) or (3.4) are satisfied.

(2) Return x& G- y j k .

Step 2: Given x fc.

(I) Do CG iterations on the reduced system (3.5) until (3.3) is satisfied.

. (2) Set P a, =  djk and perform a line search. Return Xfc+1.

Step 3: Given xfc+1.

(1) If the stopping criteria is satisfied, STOP.

(2) If B(xfc+i) =  A(xfc+1), update k := k + 1 and return to Step 2.

(3) Otherwise, update k := k + 1 and return to Step I.

R em ark  3.4. If at Step 3, (2) we decide to return to Step 2, we do one of two things. 

If A(xfc+i) =  A(xfc) then the reduced system (3.5) has not changed, in which case we 

continue where we had left off in the previous CG iteration. Otherwise, we restart 

CG. In both cases, we set j  =  I in (3.3).
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R em ark  3.5. The line search algorithm used in GPGG, and that given in [30], is 

very similar to the quadratic backtracking line search given by Algorithm 2. First, 

we define

/?i =  arg lub{!3 > 0 | x  +  /3p E f2}, (3.6)

where Iub denotes the least upper bound. Then, if x  +  /3p G f2 for all /3, Pi = oo. x  

and p are determined by where the line search is being performed within Algorithm 

7. In Step I, x  .= yj and p =  -grad?, J(Jj)- In Step 2, x =  x& and p =  p fc. In either 

case, we begin by computing

o _  -  (grad J(x),p )
(Hess J (x )p ,p )' I"" ̂

Then, given a X1 that does not satisfy (2.31), we compute A*+1 by first defining 

Az+1 to be the minimizer of the quadratic function Qk that satisfies %(0) =  Pk(O), 

Qk(O) = P1k(O), and %(A|) =  Pk(Xl). Then

A2+1 =f median

The line search algorithm is then given follows:

I
100 (3:8)

A lgorithm  8. (GPCG Line Search Algorithm)

(0) Compute A0 as in (3.7), and set i  = 0.

(1) If A< < A ,

Case I: i = 0. Set A =  A0 and STOP. 

Case 2: i > 0. Set A =  Pi and STOP.
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(2) Otherwise, if A* satisfies (2.31), set X = X1 and STOP.

(3) Otherwise, compute A*+1 by equation (3.8). .

(4) Update i : = i  + l  and return to (I).

We now prove that Algorithm 8 will generate a suitable A in a finite number of 

iterations.

Theorem  3.6. In Algorithm 8, there exists an N  such that such that Xn  satisfies 

the sufficient decrease condition (2.31).

P roof. Given x and p within either Step I or Step 2 of Algorithm 7> define 0(A) =  

J(x)+A (grad J(x), p)+4r (Hess J(x)p, p ) . Given our assumptions on J,  Hess J(x) =  

A  for all x, where A  is SPD. Hence 0 is a Strictly convex quadratic function of A. De

fine I(A) =  J(x) + 1 (grad J (x ) , p ) . It is not difficult to show that (grad J(x ),p ) < 0, 

and that £ intersects 0 at A — 0 and A =  A0. Then, since 0 is strictly convex, 

0(A) < £(X) for all A G [0, A0]. Hence, if A0 < /S1 then A == A0 satisfies sufficient de

crease condition (2.31) with /U= | .  Otherwise, A0 > /S1, and by the argument given 

in the proof of Theorem 2.36, there exists and N  such that Xn < (3i < Xn-1. Hence, 

either there exists an i < N  such that A =  A* satisfies the sufficient decrease condi

tion (2.31) with / i  G (0, |) ,  or Algorithm 8 returns A =  /S1, which satisfies sufficient 

decrease condition (2.31) with H = \- □

R em ark  3.7. Theorem 3.6 tells us that Algorithm 7 is well-defined. Furthermore, 

Algorithm 7 is a two stage algorithm of the form of Algorithm 3, and hence, since
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J  is convex and coercive, the result of Corollary 2.44 holds. The fact that J  is also 

quadratic allows for the even stronger result given in the next theorem, a proof of 

which can be found in [30].

T heorem  3.8. Let J  be a strictly convex quadratic function, and suppose that x* is 

the (nondegenerate) solution of problem (3.1). Then Algorithm 7 terminates at the 

solution x* in a finite number of iterations.

R em ark  3.9. Since the global solution x* is nondegenerate, GPCG must identify the 

optimal face JF(x*) before it terminates. Therefore the asymptotic convergence rate 

of GPCG will be driven by the convergence rate of CG (see Theorems 2.52 and 2.36).

R em ark  3.10. We have implemented several slight variants of Algorithm 7, but any
r  ' "  . . .

improvements in performance that resulted were, negligible.

We now present the Friedlander-Martinez (FM) modification of GPCG presented 

in [14]. We begin by defining two new vectors.

D efinition 3.11. Let J  : Ziv —> R be smooth. We define the internal gradient of J  

at x  by

The GPCG-FM Algorithm,

[grad; J(x)]i = grad J(x)i, i e  %(x)
0, otherwise,

and the chopped gradient of J  at x  by

grad J(X)i, i e A(x) and grad J(x), > 0 
0, _ otherwise.



We can think of gradf J(x) as the exit gradient, because it is nonzero only for 

those indices i for which x — a ( x ) B i O for all a > 0.

GPGG-FM is similar to GPCG in that it combines gradient projection and CG 

iterations, though it does this in a very different way. In the first stage of GPCG-FM, 

given an approximate solution x k to (3.1), a gradient projection step is taken only if

Iigradf J(Xfe)II < Hgradf J(xk)\\2/2Dk, (3.9)

where Dk is a scalar. If (3.9) holds, the implication is that the “internal gradient” 

gradf J(xfe). is “small” compared to the “exit gradient” gradf J(xk), and, hence, 

we ought to leave the current face Jr(Xfc). We leave J7(Xfc) by computing Afc via an 

inexact line search. Then xfc+1 := Vn(xk -  Afcgrad J (x fc)), We continue with the 

gradient projection iterations until (3.9) no longer holds.

In the second stage of GPCG-FM, given xfc we apply CG to the reduced system 

(3.5). If A; =  0 or J7(Xfc) ^  J 7fc-I, we have a new reduced system and we restart CG. 

Then p fc =  —gradj J (x fc). Otherwise, our linear system is the same as that of the 

previous iteration. We therefore compute the next CG direction p fc =  —gradj J (x fc) +  

PkPk-i, where Pk = ||gradf J(x fc)|^ /||g rad ; J(xk_i)\\2, and p fc_i is the previous CG 

search direction. We then compute

A0 =  argmin J(x fc +  Apfc) =
. A>° . (Apfc, p fc)

55
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If x% +  AoPfc E 12 we set A* = Ag. Otherwise, we compute A* > 0 via an inexact line 

search. Then Xfc+i := Vntx-k +  AfcPfc). The basic outline of GPCG-FM is then given 

as follows:

Algorithm 9. (GPCG-FM Algorithm)

Step 0: Select initial guess x0, and set k — 0.

Step I: Given x*.

(I) If (3.9) holds then perform a line search. Return x&+i. Go to Step 3. 

Step 2: Given Xfc, ■

(1) Compute CG direction p*.

Case I: k = 0 or JF(x,J ^  f  (xfc_i). Then p,s =  -g rad ; J(xfc).

Case_2i Otherwise, Pfc = -grad;/(xfc) + /?fcpfc_i.

(2) Compute A0 =  argmin J (x fc -f Apfc).
A>0

Case I: Xfc +  A0Pfc E f2. Then Afc =  A0.

Case 2: Otherwise, perform a line search. Return Afc.

(3) Set Xfc+1 =  P n(xfc +  AfcPfc). Update £>fc\

Step 3: Given Xfc+;.

(1) If the stopping criteria is satisfied, STOP.

(2) Otherwise, update k := A: +  I and return to Step I.

Remark 3.12. It is worth commenting on the difference between how GPCG and 

GPCG-FM use both the gradient projection and CG iterations. As far as the gra

dient projection iteration is concerned, there is marked difference. GPCG uses the



57

gradient projection iteration both as means of identifying the optimal face JF(x*) and 

of decreasing the value of the objective function J. GPCG-FM, on the other hand, 

uses gradient projection iterations primarily as a means of leaving the current face. 

Consequently, GPCG tends to take many more gradient projection steps than does 

GPCG-FM.

There is also a marked difference in the way in which CG is used. In GPCG, 

given a particular reduced system (3.5), CG is allowed to iterate outside of f2 as long 

as a sufficient decrease in function value is occurring at each iteration. In contrast, 

in GPCG-FM, the CG iteration is stopped as soon as a CG iterate lies outside of f2.

We have explored the question: Which algorithm uses GG and the gradient projec

tion algorithm most effectively? We have done this by mixing the gradient projection 

stages of both algorithms with the CG stages and have found that, for our application, 

GPCG-s use of both the gradient projection algorithm and of CG is more effective. 

On the other hand, GPCG-FM, in its full complexity, allows for both a degenerate 

solution x* and a symmetric positive semidefinite matrix A  [14].

R em ark  3.13. In [14] the quadratic backtracking line search given in Algorithm 8 is 

used, with changes made only in the sufficient decrease condition (2.31). In Step I, 

replace (2.31) by

-Ab(A) <  <^(0) -■ [|grad7 J ( x k) \ \ D k, (3.10)
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while in Step 2, we replace (2.31) with

4  W  < 4 (0 ). (3.11)

In [14], an additional modification is made to the the line search to handle the case 

when the global minimizer x* is degenerate. Since in our application x* is a nondegen

erate stationary point, we will not include this modification in the current discussion. 

Also, in [14] , the case is considered in which the Hessian matrix A  is symmetric pos

itive semidefinite. As was stated earlier, we are restricting our attention to the case 

where A  is SPD. The result is that Step 2, (2) of Algorithm 9 is a simplification 

of what is used in [14]. In any case, Algorithm 9 is the algorithm presented in [14] 

restricted to the case where A is SPD and the global constrained minimizer x* is 

nondegenerate.

R em ark  3.14. The update of D& takes place within Step 2 of Algorithm 9. First, in 

Step 0 we fix T > 0. The update of D& is then given as follows:

Step 2 of Algorithm 9: Given x&.

(I) If A =  0 or J7(Xk) ^  J7(Xk^ 1) then A J max = 0.

(3) Compute A J k = J(x&_i) -  J(xk) and A J max = max{AJk, A J max). 

Case I: A J k < .1 * A Jmax. Then Dk+i =  max{r, .1 * Dk).

Case 2: Otherwise, Dk+i =  Dk.

R em ark  3.15. The convergence result for GPCG-FM found in [14, Section 3.] re

duces to Theorem 3.8 for Algorithm 9, given the simplifications discussed in Remark



3.13. Note that GPCG-FM is not a two stage algorithm of the form of Algorithm 

3, since the sufficient decrease condition (3.10) is used during gradient projection 

iteration.

59

Other Possibilities

A natural question arises following the analysis of the previous two algorithms. 

Namely, why not use an algorithm other than CG to solve the reduced system (3.5) 

in Stage 2? Theorem 2.51 tells us that CG is optimal, but at each CG iteration a 

Hessian vector multiplication is required. If this computation is either prohibitively 

expensive or has to be estimated, then it may be that CG is not the optimal choice.

In [16], Algorithm 9 is modified so that the Barzilai-Borwein algorithm [36] re

places CG for the unconstrained subspace minimization in Step 2. Step I and Step 3 

remain unchanged. This method needs only gradient evaluations and has been shown 

to be super linear Iy convergent for a class of problems [15]. Numerical experiments 

have shown that though this algorithm converges for our particular problem, it is not 

competitive with the CG based algorithms discussed in this chapter. This is most 

likely due to the fact that we can compute Hessian vector multiplications exactly and 

with a relatively low cost.

At the end of Chapter 2 we mentioned the preconditioned CG algorithm, which 

can be a much faster converging algorithm than is CG. A logical question, then, is: 

Can we use preconditioned CG in place of CG in the above algorithms? In [3] diagonal
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preconditioners are explored. Unfortunately, diagonal preconditioners have proven to 

be ineffective when used on our problem. In [33] a strategy for preconditioning is 

used in which information from CG iterations within one iteration is saved and is 

then used to build ,a preconditioner for CG during the next iteration. But, because 

of changes in the active set from iteration to iteration, this has not proven to be an 

effective strategy. On the other hand, we know that the algorithms above eventually 

identify the optimal face. Once this occurs, this preconditioning strategy can be 

applied. When implemented, for our test problems, this strategy did not prove to 

be effective either. We have tried other preconditioning strategies, but to this point 

none have proven effective enough to be worth mentioning.

Numerical Results

In this section we solve the minimization problem (1.12) , which is given by

. min Ja (f), (3.12)

where Ja is given by

« f )  =  i | [ S f - d | | 2 +  | l | f ! |2 (3,13)

Here d and f are (nx • ny) x I vectors, and S  is the (nx • ny) x (nx • ny) BTTB matrix 

S  from the image formation model (1.4). In this chapter, nx = ny — 128. Since 

the matrix S  is BTTB the multiplication of a vector by S  can be computed using 

two-dimensional fast fourier transforms (FFTs) with order (nx • ny) log(nx • ny) cost.
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Furthermore, to store S  we only need to store an (nx • ny) x I vector [42, Chapter 5]. 

In contrast, if S  is an arbitrary (nx • Uy) x (nx ■ ny) matrix, (nx ■ ny)2 entries must 

be stored and matrix-vector multiplication cost is order (nx • ny)2. We restrict our 

attention to the discrete L2 regularization functional | | j f | |2.

We can rewrite equation (3.13) as

/„(£) =  I  (f, A f > - ( f ,b )  + c , ' (3.14)

where (•, •) denotes the Euclidean inner product, A = S*S +  al ,  b =  S*d, and 

c — dTd. It is not difficult to show that the eigenvalues of A  are bounded away from 

zero by the positive regularization parameter a, and hence, A  is positive definite. 

Problem (3.12)-(3.13) is therefore of the form of (3.1), and hence, we can apply 

GPCG and GPCG-FM.

We use four different data sets. Each of these data sets is synthetically generated 

using the matrix-vector model (1.4). As was stated in Chapter I, the matrix S  in

(3.14) depends on the PSF, which in turn depends upon the phase 4>. The phase and 

corresponding PSF used to generate our data is displayed in Figure 2. We use two 

synthetically generated true images Itrue. The first is a binary star, and the second 

is a satellite. Because of the assumption made regarding the noise in the collection 

of the image d, which is characterized in equation (1.7), we can vary the intensity of 

ftrue in order to change the percentage of noise in the corresponding collected image 

d. We generate data with both one percent and ten percent noise. The percent noise
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Phase Function Point Spread Function s

35

0 0 0 0

Figure 2. Phase and Corresponding PSF. To the left is a mesh plot of the discrete 
phase (fitrue• To the right is a mesh plot of the center 32 x 32 pixels of the corresponding

where E  is the expected value [2]. Figure 3 contains plots of the true binary star and 

the corresponding data with one percent noise. The plot of the binary star data with 

ten percent noise looks very similar to that with one percent noise. In Figure 4 is a 

plot of the true satellite image and the corresponding data with one percent noise. 

The plot of the satellite data with ten percent noise appears much less smooth than 

that with one percent noise.

Let fQ be the global constrained minimizer of problem (3.12). We choose the 

regularization parameter a  to approximately minimize ||fa — Ftrue11. For the binary

PSF.

is given by

(3.15)
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Figure 3. Binary Star Object and Image Data. To the left is the upper left hand 
64 x 64 pixels of the true image. To the right is the corresponding data with one 
percent noise.

Figure 4. Satellite Object and Image Data. To the left is the upper left hand 64 x 64 
pixels of the true image. To the right is the corresponding data with one percent 
noise.
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star data, a = 8 x IO-8 for one percent noise and a  =  5 x IO-8 for ten percent noise. 

For the satellite data, a = S x  ICT6 for one percent noise and a  =  3 x IO-4 for ten 

percent noise. One would expect that less noise in the data would correspond to a 

smaller regularization parameter. The fact that this is not the case for the binary 

star data can be explained by the fact that the noise is predominantly Poisson, and in 

order to obtain a lower noise level we increase the intensity of binary star object. This 

corresponds to an increase in regularization parameter as well. The result is that the 

regularization parameter for the binary star data with one percent noise is smaller, 

relatively speaking, than the regularization parameter with ten percent noise. The 

difference in intensities between the true satellite images has the same effect.

As was noted, a smaller noise level requires a smaller, at least in relative terms, 

regularization parameter, which results in a more ill-conditioned, and hence, a more 

difficult minimization problem. On the other hand, given that there is less noise and 

that the regularization parameter is smaller, more information is available, and hence, 

we can expect that the corresponding reconstruction to be better.

Figures 5-6 contain plots of highly accurate numerical approximations of the 

global minimizer fa obtained from an implementation of GPCG for each data set 

with the . choices of the parameter a  given above. The large differences in scaling 

between both the binary star images and two satellite images is due to the change 

in scaling of the true objects mentioned above. Note that the images with higher 

intensity correspond to the lower noise level.
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Figure 5. Binary Star Data Reconstructions. On the left is a mesh plot of the 
upper left 64 x 64 pixels of the reconstruction corresponding to the data with one 
percent noise. On the right is a mesh plot of the the upper left 64 x 64 pixels of the 
reconstruction corresponding to the data with ten percent noise. Notice the difference 
in scaling between these two images.

Figure 6. Satellite Data Reconstructions. On the left is a mesh plot of the upper left 
64 x 64 pixels of the reconstruction corresponding to the data with one percent noise. 
On the right is a mesh plot of the the upper left 64 x 64 pixels of the reconstruction 
corresponding to the data with ten percent noise. Notice the difference in scaling 
between these two images.
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Figure 7. Solution Error Plots for Binary Star Data with Quadratic Cost Function. 
The solid line denotes the GPCG iterates. The dashed line denoted the GPCG-FM 
iterates. The plot on the left shows results for one percent noise. The plot on the 
right shows results for ten percent noise.

We now compare the performance of GPCG and GPCG-FM (see Algorithms 

7 and 9 respectively) for solving (3.12)-(3.13). Since the cost of implementing our 

algorithms is dominated by the number of FFTs used during implementation, each 

of the convergence plots found in Figures 7-10 gives a measure of error versus the 

cumulative FFT count. We define the relative (iterative) solution error to be

|ffc -  fttru e

1Uue

and the (iterative) regularized solution error to be

| | f fc — fo i l

Ilfall ’

(3.16)

(3.17)

where the choices of a, which depend upon the data set being used, are given above.
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Relative iterative solution error versus FFT count. Relative iterative solution error versus FFT count.

Total FFTs Total FFTs

Figure 8. Regularized Solution Error Plots for Binary Star Data with Quadratic Cost 
Function. The solid line denotes the GPCG iterates. The dashed line denoted the 
GPCG-FM iterates. The plot on the left shows results for one percent noise. The 
plot on the right shows results for ten percent noise.

Il v  V *  fJl versus FFT count. || ffc-  Im IMI IeiieII versus FFT count.

Total FFTs Total FFTs

Figure 9. Solution Error Plots for Satellite Data with Quadratic Cost Function. 
The solid line denotes the GPCG iterates. The dashed line denoted the GPCG-FM 
iterates. The plot on the left shows results for one percent noise. The plot on the 
right shows results for ten percent noise.
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Figure 10. Regularized Solution Error Plots for Satellite Data with Quadratic Cost 
Function. The solid line denotes the GPCG iterates. The dashed line denoted the 
GPCG-FM iterates. The plot on the left shows results for one percent noise. The 
plot on the right shows results for ten percent noise.

In each figure, the convergence plots corresponding to either the binary star or 

satellite true image for both one and ten percent noise levels are set beside one an

other. These figures show that, as was expected, for either choice of true image, the 

minimization problem is more expensive to solve for the data with one percent noise, 

and the resulting solution error is lower. We can also see that in all four examples, 

when the solution error has stabilized, the regularized solution error is far from con

verging. This suggests that in terms of reconstruction quality, it is not necessary to 

run a minimization algorithm to convergence in order to receive a relatively good

reconstruction of the true image.
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We notice that GPCG is superior to GPCG-FM for each of the four minimization 

problems presented. A natural question is: Why? GPCG and GPCG-FM are similar 

in that they are both algorithms that have the general framework of Algorithm 3. 

Furthermore, both algorithms use the gradient projection algorithm in stage I and 

CG in stage 2. As mentioned in Remark 3.12, the ways in which the two algorithms 

use CG and the gradient projection algorithm are very different. By mixing stage 

I and stage 2 of GPCG and GPCG-FM and implementing the resulting algorithms 

on several test problems we have come to the conclusion that GPCG uses both the 

gradient projection algorithm and the CG algorithm in a more efficient way than does 

GPCG-FM. And, naturally, this results in GPCG being a better algorithm for this 

particular application. We expect to be able to improve the performance of GPCG 

by using parallel programming techniques [28].

As can be seen in Figure 11, none of the global constrained minimizers of the 

functions corresponding to the four data sets under consideration is degenerate (see 

Definition 2.23), but all are very nearly degenerate. The nearer to degenerate is a 

minimizer the more difficult is the corresponding minimization problem. Figure 11 

also shows us that as the noise level increases from one to ten percent, the global min

imizers are nearer to degenerate. Consequently, the increase in difficultly in solving 

the minimization problem as the noise level decreases is not due to the corresponding 

solution being nearer to degenerate.
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-3 -2 •3 -2

Figure 11. Distribution of Gradient Components for Quadratic Cost Function. The 
horizontal axis shows the Iog10 of the size of the gradient components corresponding 
to the active indices. Note that the data has been binned. The vertical axis shows 
the number of occurrences for each size. The left hand plot corresponds to the binary 
star data. The right hand plot corresponds to the satellite data. The solid line 
corresponds to the data with one percent noise. The dashed line corresponds to the 
data with ten percent noise.

We note that the test problems with the binary star data are more difficult to solve 

than those with the satellite data at the corresponding error levels. We conjecture 

that this is due in large part to the fact that at the optimal face J 7(D), a much larger 

number of constraints are active for the binary star data than for the satellite data. 

Consequently, determining the optimal face is much more difficult in the case of the 

binary star. This conjecture is supported by our computational experience. With the 

satellite data we observed that the active set stabilized much earlier in the iterations

than it did with the binary star data. On the other hand, once the optimal face is
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determined the resulting linear system is much smaller in the case of the binary star, 

and hence, CG ought to converge more quickly.

Finally, when generating our data we used MATLAB’s random number generator 

with the initial state set to 0 to add Gaussian noise. We tested the numerical perfor

mance of the above algorithms on data that was generated with different initial states 

and found that at the ten percent noise level the performance of the the algorithms 

was nearly identitical in terms of convergence history and in overall cost. At the one 

percent noise level, when the minimization problem becomes more unstable and regr- 

ularization parameters are smaller, the convergence history was quantitatively very 

similar, but the overall cost differed with different initial states.
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CHAPTER 4

LOWER BOUND CONSTRAINED CONVEX PROGRAMMING

In this chapter we present algorithms for solving

m inJ(x) (4.1)xen

when J  is strictly convex (see Definition 2.2) and coercive (see Definition 2,8), and 

f2 =  {f G Rjv I f  > 0}. This class of functions is important to us for several reasons. 

First, the coercivity of J  guarantees the existence of a global constrained minimizer 

x* of J  on 12 (see Theorem 2.9). Secondly, the strict Convexity of J  guarantees 

that x* is the unique local constrained minimizer of J  on 12 (see Theorem 2.22). 

Hence, if two different algorithms generate sequences that drive grad-p J  to zero, 

we know that both, sequences converge to the same stationary point. On the other 

hand, if J  has more than one local minimizer, two different algorithms may generate 

sequences that drive grad-p J  to zero, but that converge to different stationary points. 

Consequently, by restricting our attention to strictly convex and coercive functions 

J , we can better compare algorithms. Finally, and perhaps most importantly for 

us, convex minimization is important in imaging applications [42]. We will make 

the further assumption that the eigenvalues of the Hessian of J  have the boundness 

property given by equation (2.23), and that J  is Lipschitz continuous. The function 

(1.6)-(1.10) we wish to minimize has these properties as well.
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Convex Gradient Projection-Conjugate Gradient

Convex Gradient Projection-Conjugate Gradient (C-GPCG) is very similar to 

GPCG in that it combines the gradient projection method and CG. Given an ap

proximation x& to the solution of problem (4.1), we begin by taking one projected 

gradient iteration via Algorithm 2 to get X ^ 1. Given the assumptions that we have 

made about the function J, Algorithm 2 is well defined (see Theorem 2.36). We then 

use CG to create a sequence of iterates {dj}, with initial guess do =  0, that converges 

in a finite number of steps to a minimizer of the quadratic model

Q k(d) =  ^ (Hess# J (xjg^d, d) +  (d, grad, J ( x g j ) . . (4.2)

Here grad, J  is given in Definition 3.11 and Hess# J  is given in Definition 2.29.

We terminate CG if

3 '■= CGmoa,, (4.3)

where CGm02, is an upper bound on the number of CG iterations set in Step 0; or if

IN! < !NI - min (.SiViiroH) , (4.4)

where r,- = Hess# J (X ^ 1)H, +  grad, J (x ^ j )  is the gradient of qk at d^; or if

Q k ( d j - i )  ~  Q k ( A j )  <  j m a x { q k ( d i ^ )  -  Qk ( A i )  | ? =  I , . . .  , j } .  (4.5)

We take 7 =  |  in (4.5). Note the similarities between (4.5) and equation (3.3), which 

is used as a stopping tolerance for CG in GPCG..If (4.5) holds, the implication is



74

that CG is not making sufficient progress. We then let P ^ 1 =  djk, where jk is the 

first index that satisfies one of (4.3), (4.4), or (4.5), and we perform an inexact line 

search using Algorithm 2 to find AjfJp1. We then set x&+i =  Vq (xjf^ +  A P ^ 1). 

C-GPCG is then given as follows:

A lgorithm  10. (C-GPCG)

Step 0: Select initial guess xq, and set k — 0.

Step I: Given x&.

(I) Take one projected gradient step using Algorithm 2. Return X ^ 1.

Step 2: Given X^f1.

(1) Do CG iterations to minimize the quadratic (4.2) until (4.3), (4.4), 

or (4.5) is satisfied. Return djk.

(2) Do a projected line search with P^f1 =  djk. Set x fe+1 =  X ^ 1 +  A^f1 P^f1. 

Step 3: Given x fe+1.

(1) If the stopping criteria is satisfied, STOP,

(2) Otherwise, update k := k + 1 and return to Step.I.

R em ark  4.1. Recall that in the GPCG algorithm (see Algorithm 7) more than one 

gradient projection step, was allowed in Step I, while in Step I of Algorithm 10 only 

one gradient projection iteration is taken. For our applications this is cost effective.

R em ark  4.2. We will use Algorithm 2 to perform the line search in (2) of Step 2, 

only with a different sufficient decrease condition. In (I) of Algorithm 2 we replace



(2.22) with , ;

^ i ( ^ i ) < ^ i ( 0 ) ,  . ( 4 '6 )

where

0fc+i(A) =  J  (^(x®+! +  Axg11)) .

We now must prove that Algorithm 2 with this modification generates a suitable 

in finitely many iterations. Since J  is strictly convex, Hess J (x), and hence 

Hessfl J(x), is SPD for all X E O [27]. It is not difficult to show then that if djk is 

generated by applying GG to minimize (4.2), (grad J (X ^ 1), djfc) < 0. Then since

J(^k+i + M J  ' J (Xfcfi) +  A (grad J ( x ^ J ,  djk) +  o(A),
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there exists aA > 0 such that J (x ^ )  +  Adjfc) < J (X ^ 1) for all 0 < A < <5, and hence, 

by the arguments in the proof of Theorem 2.36, Algorithm 2 generates a suitable A ^ 1 

in finitely many iterations. Step 2 is therefore well defined and, consequently, so is 

Algorithm 10.

R em ark  4.3. (Convergence) This algorithm clearly fits the general framework of Al

gorithm 3. Also, since we are restricting our attention to strictly convex, coercive 

functions that are Lipschitz continuous, by Corollary 2.44, Algorithm 10 generates a 

sequence which converges to the unique global constrained minimizer x*. Further

more, by Theorem 2.46, Algorithm 10 identifies the optimal J r(x*) in finitely many 

iterations.
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R em ark  4.4. Since CG is used in C-GPCG, the question of preconditioning naturally 

arises. Unfortunately, changes in the active set from iteration to iteration make 

preconditioning difficult. Nonetheless, computational experience as well as theoretical 

results (see Remark 4.3) show that in later iterations the active set stabilizes. Once 

this occurs, preconditioning strategies are more likely to be effective.

One possibility is to use limited memory BFGS matrices in a fashion similar to 

that suggested in [33] as preconditioners for CG. We do this by saving the vectors 

s f 3 := X ^ 1 —xfc and y ^ p := grad J(XjTjp1)-g rad  J(x&) after (I) of Step I, and s%G 

x fc+i -  -Xgp1 and y GG := grad J(x&+i) -  grad J(Xgp1) after (3) of Step 2. We then use 

L-BFGS recursion (2.42) to compute the preconditioning step within preconditioned 

CG at each iteration. This requires that (sGP, y GP) > 0 and {sGG, y GG) > 0 hold for 

every k. Note that

(skP,y k P) = (SfcP,grad J(Xgp1) -  grad J (xk))

=  (sr,H essJ(x&  +  t s r ) s r >

> 0

The second equality follows from the mean value theorem for the function h(t) =  

(sjjfp , grad J(xk +  tsGP)) for some t E (0,1). The last inequality follows from the 

fact that since J  is strictly convex, Hess J  is positive definite [27]. The proof that 

(sGG, y GG) > 0 is the same.
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R em ark  4.5. We explored a modification to Algorithm 10 in which CG was replaced 

in Step 2 with the BFGS algorithm (see Algorithm 6). This algorithm, though effec

tive for certain applications, was not effective on our test problems.

Numerical Results

In this section we solve

min JG(f), (4.7)t>0

where Jd was introduced in Chapter I and is given by

. Jq(f) =  +  °~2) — y i  lk IogQfffh +  o'2) +  (4.8)

As in the previous chapter, d and f  are (nx-ny) x I vectors and S  is the (Ux-Uy) x (nx-ny) 

BTTB matrix S  from the image formation model (1.4) (see previous chapter for 

details). We take L  to be either the identity matrix or the negative of the discrete 

Laplacian matrix with Neumann boundary conditions. In Chapter I, we established 

that J0, is convex and Lipschitz continuous on Q =  {f G Rn | f  > 0}, and is strictly 

convex provided that the null spaces of the matrices L  and S  intersect only at {0}. 

This trivially holds for L = L  For L  equal to the negative Laplatian, we note that 

L  has a one dimensional subspace consisting of the constant vectors. Then, since the 

S  we use for our applications does not annihilate constant vectors, the null spaces 

of S  and L intersect only at {0}. Consequently, for either choice of L i Ja is strictly 

convex. We also know that the eigenvalues of Hess J  have the bound property given
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by equation (2.23). Hence, we can apply Algorithm 10 to solve problem (4.7), and 

the results stated in Remark 4.3 will hold.

We use the same four data sets that were used in Chapter 3 (see Figures 2-4). 

The phase and PSF used to generate our data is displayed in Figure 2. We define the 

percent noise by (3.15).

Let fQ be the global constrained minimizer of problem (4.7). We choose the 

regularization parameter a  to approximately minimize |[fa — ^ rueIl- For the binary 

star data with identity regularization, o; =  4 x IO-12 for one percent noise and a  =  

2 x IO-9 for ten percent noise. For the binary star data with Laplacian regularization, 

a  ■= I x HT12 for one percent noise and oz =  4 x IO-10 for ten percent noise. For 

the satellite data with identity regularization, o; =  I x IO-9 for one percent noise and 

ck =  2 x IO-6 for ten percent noise. For the satellite data with Laplacian regularization, 

oz =  3 x IO""10 for one percent noise and ck =  I x IO-6 for ten percent noise. Note that 

the regularization parameter sizes corresponding to each data set are smaller than in 

the quadratic case (see Chapter 3).

The reconstructions corresponding to identity regularization are nearly indistin

guishable from those found in Figures 5 and 6 of Chapter 3. Taking L to be the 

negative Laplacian penalizes vectors f  with large discretized gradients, while L = I  

does not. Consequently, we might expect the corresponding reconstructions to. be 

different. Figures 12 and 13 show highly accurate reconstructions for L equal to the 

negative Laplacian. We see little difference between the binary star reconstructions
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Figure 12. Binary Star Data Reconstructions with Negative Laplacian Regularization. 
On the left is a mesh plot of the upper left 64 x 64 pixels of the reconstruction 
corresponding to the data with one percent noise. On the right is a mesh plot of the 
the upper left 64 x 64 pixels of the reconstruction corresponding to the data with ten 
percent noise. Notice the difference in scaling between these two images.

and those found in Figure 5. This may be due to the fact that the true image has very 

few nonzero elements and that the regularization parameters are small enough that 

vectors f  with large discretized gradients see little penalization. A small value of a 

may also account for the fact that we see little difference between the reconstruction 

of the satellite data with one percent noise and the analogous reconstruction in Figure

6. This observation is supported by the fact that the reconstruction of the satellite 

data with ten percent noise, where a  is substantially larger, is somewhat smoother 

than that found in Figure 6.

We now compare the performance of C-GPCG, preconditioned C-GPCG, the 

bound constrained variant of the limited memory BFGS algorithm [32] known as
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0 0

Figure 13. Satellite Data Reconstructions with Negative Laplacian Regularization. 
On the left is a mesh plot of the upper left 64 x 64 pixels of the reconstruction 
corresponding to the data with one percent noise. On the right is a mesh plot of the 
the upper left 64 x 64 pixels of the reconstruction corresponding to the data with ten 
percent noise. Notice the difference in scaling between these two images.

LBFGS-B [9, 45], and the interior point method KNITRO [8]. Preliminary numerical 

comparisons have shown that MATLAB’s large-scale bound constrained minimizer 

[11, 12] performs poorly on our applications, and hence, we do not include it in the 

comparisons. We also found that though KNITRO performs substantially better 

than MATLAB’s minimizer, it is not competitive with LBFGS-B or either of the 

methods presented in this chapter for solving our test problems. We therefore include 

KNlTRO only in the comparisons with the binary star data with ten percent noise. 

For the sake of simplicity, in each of Figures 14-19 we save five BFGS vectors for the 

preconditioning matrix in preconditioned C-GPCG, and we save ten BFGS vectors 

for LBFGS-B'. These appear to be the best choices for overall performance. Our
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experience shows that though a slightly larger or smaller number of saved vectors 

yields minor improvements in performance for a particular test problem, it is not 

enough of an improvement to warrant changes in the numbers of saved vectors with 

each test problem. We set GGmax =  10 in both C-GPCG and preconditioned C- 

GPCG for each data set, with the exception of the binary star with one percent 

noise, in which GGmax =  20.

In each test case, negative Laplacian regularization seems to make little difference 

in terms of minimizing both the solution error and the computational cost. This is in 

addition to the fact that the corresponding reconstructions varied only slightly from 

those gotten with identity regularization. This may be due to the fact that neither 

true image is smooth. We conclude that negative Laplacian regularization is not 

appropriate for these particular test problems. We therefore only include plots with 

negative Laplacian regularization for the binary star data.

The convergence plots we present in Figures 14-19 are analogous to those found 

in Chapter 3. These figures show that for either choice of true image, the minimiza

tion problem is more expensive to solve for the data with one percent noise, and the 

resulting solution error is lower. We can also see that in each test problem, when 

the solution error has stabilized, the regularized solution error is far from converging. 

Hence, in terms of reconstruction quality, it is not necessary to iterate these minimiza

tion algorithms to convergence in order to receive a relatively good reconstruction of
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F ig u r e  14. S o lu t io n  E rror for C o n v ex  C o st F u n c tio n  w ith  I d e n t ity  R e g u la r iz a tio n  w ith  
B in a r y  S ta r  D a ta . T h e  p lo t  on  th e  le ft sh o w s r e su lts  for o n e  p ercen t n o ise . T h e  p lo t  
o n  th e  r ig h t sh o w s r e su lts  for te n  p ercen t n o ise . T h e  so lid  lin e  d e n o te s  p r e c o n d it io n e d  
C -G P C G . T h e  d a sh d o t lin e  d e n o te s  C -G P C G  w ith o u t  p r e c o n d it io n in g . T h e  d a sh ed  
lin e  d e n o te s  L B F G S -B . T h e  lin e  w ith  c irc les  in  th e  r ig h t-h a n d  p lo t  d e n o te s  K N I T R O .

10000 12000 14000 16000 18000 10000

F ig u r e  15. R e g u la r iz e d  S o lu tio n  E rror for C o n v ex  C o st F u n c tio n  w ith  I d e n t ity  R e g u 
la r iz a tio n  w ith  B in a r y  S ta r  D a ta . T h e  p lo t  o n  th e  le ft  sh o w s r e su lts  for o n e  p ercen t  
n o ise . T h e  p lo t  on  th e  r ig h t sh o w s re su lts  for te n  p ercen t n o ise . T h e  so lid  lin e  d e n o te s  
p r e c o n d it io n e d  C -G P C G . T h e  d a sh d o t lin e  d e n o te s  C -G P C G  w ith o u t  p r e c o n d it io n 
in g . T h e  d a sh e d  lin e  d e n o te s  L B F G S -B . T h e  lin e  w ith  c irc les  in  th e  r ig h t-h a n d  p lo t  
d e n o te s  K N I T R O .
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10000

F ig u re  16. S o lu t io n  E rror for C o n v ex  C o st F u n c tio n  w ith  N e g a t iv e  L a p la c ia n  R e g u 
la r iz a t io n  w ith  B in a r y  S ta r  D a ta . T h e  p lo t  o n  th e  le ft  sh o w s r e su lts  for o n e  p ercen t  
n o ise . T h e  p lo t  o n  th e  r ig h t sh o w s re su lts  for te n  p ercen t n o ise . T h e  so lid  lin e  d e n o te s  
p r e c o n d it io n e d  C -G P C G . T h e  d a sh d o t lin e  d e n o te s  C -G P C G  w ith o u t  p r e c o n d it io n 
in g . T h e  d a sh e d  lin e  d e n o te s  L B F G S -B . T h e  lin e  w ith  c irc les  in  th e  r ig h t-h a n d  p lo t  
d e n o te s  K N I T R O .

10000

F ig u r e  17. R e g u la r ized  S o lu tio n  Error for C o n v ex  C o st F u n c tio n  w ith  N e g a t iv e  L a p la -  
c ia n  R e g u la r iz a tio n  w ith  B in a r y  S ta r  D a ta . T h e  p lo t  on  th e  le ft  sh o w s r e su lts  for o n e  
p e r c e n t n o ise . T h e  p lo t  o n  th e  r ig h t sh o w s re su lts  for te n  p e r c e n t n o ise . T h e  so lid  
lin e  d e n o te s  p r e c o n d it io n e d  C -G P C G . T h e  d a sh d o t lin e  d e n o te s  C -G P C G  w ith o u t  
p r e c o n d it io n in g . T h e  d a sh ed  lin e  d e n o te s  L B F G S -B . T h e  lin e  w ith  c irc le s  in  th e  
r ig h t-h a n d  p lo t  d e n o te s  K N IT R O .
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Figure 18. Solution Error for Convex Cost Function with Identity Regularization 
with Satellite Data. The plot on the left shows results for one percent noise. The plot 
on the right shows results for ten percent noise. The solid line denotes preconditioned 
C-GPCG. The dashdot line denotes C-GPCG without preconditioning. The dashed 
line denotes LBFGS-B.

1000

Figure 19. Solution Error for Convex Cost Function with Identity Regularization 
with Satellite Data. The plot on the left shows results for one percent noise. The plot 
on the right shows results for ten percent noise. The solid line denotes preconditioned 
C-GPCG. The dashdot line denotes C-GPCG without preconditioning. The dashed 
line denotes LBFGS-B..
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the true image. These findings are consistent with what we saw for quadratic Ja (see 

Chapter 3).

With the exception of the solution error plots for the satellite data with ten per

cent noise found in Figures 19, in which C-GPCG without preconditioning minimizes 

the solution error with the least amount of cost, preconditioned C-GPCG is the supe

rior algorithm. This can be seen most clearly in each of the regularized solution error 

plots and in the solution error plots for the binary star data with one percent noise. 

It seems that as the problems become more difficult, preconditioned C-GPCG is less 

effective. In our numerical simulations, we noticed that for the more difficult prob

lems, the active at the solution is identified, or nearly so, long before the algorithm 

converges. Once this occurs, preconditioning strategies begin to work well. For the 

easier problems, the algorithms converge almost immediately after the active set at 

the solution is identified. Consequently, the preconditioning strategies are not given 

a chance to work.

It is natural to ask whether, for these test problems, it is better to minimize the 

quadratic function, as was done in Chapter 3, or the convex function presented in this 

section. Comparing Figures 14-19 with Figures 7-10 we see that although using J01 

defined by (4.8) yields slightly more accurate reconstructions, the cost in solving the 

minimization problem is much higher, and this is true for each test case. Minimizing 

the quadratic function using GPCG is therefore recommended.
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Figure . 20. Distribution of Gradient Components for Convex Cost Function with 
Identity Regularization. The horizontal axis shows the Iog10 of the size of the gradient 
components corresponding to the active indices. Note that the data has been binned. 
The vertical axis shows the number of occurrences for each size. The left hand plot 
corresponds to the binary star data. The right hand plot corresponds to the satellite 
data. The solid line corresponds to the data with one percent noise. The dashed line 
corresponds to the data with ten percent noise.

Figure 20 shows that none of the global constrained minimizers of the functions 

corresponding to the four data sets under consideration is degenerate (see Definition 

2.23), but all are very nearly degenerate. We also see that the plots are very simi

lar for different noise levels. Consequently, the increase in difficultly in solving the 

minimization problems as the noise level decreases is not due to the corresponding 

solutions being nearer to degenerate. Furthermore, if we compare Figure 20 with the 

degeneracy plots for the quadratic function given in Figure 11 (see Chapter 3) we 

see very similar plots. Thus, we conclude that the increase in difficulty in solving
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the minimization problems in this section versus those in Chapter 3 is not due to 

corresponding solutions being nearer to degenerate.

Finally, we note that, just as in the quadratic case, the test problems with the 

binary star data are more difficult to solve than those with the satellite data at the 

corresponding error levels. Our conjecture as to why this is the case can be found at

the end of Chapter 3.
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CHAPTER 5 

CONCLUSION

We have developed a two stage algorithm for minimizing a strictly convex func

tion, and have shown that it is competitive with other existing algorithms. We have 

also shown that preconditioning strategies will work for bound constrained minimiza

tion problems.

The algorithm presented in Chapter 4 can be extended to the problem of minimiz

ing nonconvex functions over a constraint space, and similar two stage algorithms are 

possible. We would like to implement a two stage algorithm for solving the minimiza

tion problem given by (1.17). We have developed a convergent two stage algorithm 

for this problem, but work still needs to be done. In particular, preconditioning 

strategies similar to those used in Chapter 4 need to be explored.

In this thesis we have concentrated on solving what are known as variational 

regularization problems [42]. An alternative approach is to use what are known as 

iterative regularization algorithms, which use iteration count as a regularization pa

rameter [42]. A comparison between these two approaches needs to be done. Prelimi- 

nary results seem to suggest that the algorithms we have implemented and developed 

are competitive with the iterative regularization algorithms in terms of the cost of

implementation.
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