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ABSTRACT

The purpose dhis research was to explotke evolutiorof prospective
elementaryeacher8 competencies (i n pr acexkamhetse, know
relationships that ocr betweerknowledye, attitude and practicegnddevelop an idea
of how certain prospectivdementaryteachers grow and progress in their enactment of
two of the Common Core Staadls for Mathematical Practice, persevering in problem
solving and constructing viable arguments. This was conducted as a case #tedy of
first two of three inquirybasedmathematical content courses for elementary teachers.
Both qualitative and quantitative data was collected from a cohort of students moving
through the curriculum over the course of a year. Results showed there was an increase
in prospectiveelemeatr y t eacher sé mat hemati cal knowl e
time, but no change in their procedural knowledge or attitude sdBoestive, linear
relationships existed between all of the paise comparisons between mathematical
knowledge for teachingrocedural knowledge, and attitudes toward mathematics.
Overall, students grew in theability to problem solveandconstruct viable argumenis
mathematics while moving through the curriculumith a few exceptions. Three factors
contributedtostieint sé | earning in the curriculum: t
studentthe atmosphere and attitued® students in the clasandthe nature of the
content and questiomskedn the curriculum Another important consideration which
arose from the da analysis was the opportunities the curriculum allowed for the practice
of written versus verbal explanations, and what was formally assessed. Designers of
teacher education programs using a similar curriculum should evaluate the importance of
written versus verbal explanations in the goals of the course, and appropriately assess the
students.
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1. STATEMENT OF THE PROBLEM

Introduction

The purpose dhis research wato exploraghe evolutiorof prospective
elementaryeacher8competenciefin practies, knowledge, and attitudesxamine the
relationships that ocr betweerknowledye, attitude and practicegnddevelop an idea
of how certain prospectivelementaryeachers grow and progress in their enactment of
two of the Common Core Standards Ktathematical PracticeCSMP). This was
conducted as a case studyttwé first twoof threeinquiry-basednathematical content
courses for elementary teachefgis study informs those who seek to improve teaching
guality through attention teeacher edeation programs and the students they seWih
the widespread adoption of thef@monCore State Standards (CCSS)t is an important
step indevelopng a better undstanding of th&€ CSMPand how those are brought to
life for prospective teachetisrough fidoingd mathematics.

In 2008, the National Council of Teachers of Mathemdh&STM) held a
research agenda conference that was focused on linking research to prdwtice.
organization identified severgquestions to guidmathematics education resgar The
first question of interest wa®Vhat should be the goals of professional learning, and how
we will measure attainment of the goals in terms of teacher groahfaugh, Herbel
Eisenmann, Ramirez, Knuth, Kranendonk, & Quander, 20089). Arbagh et al.
(2008)indicated that for researchdosanswer this questn, the field shouldidevelop a
more elaborated trajectory of teactiergolution of their competencies (e.g. knowledge,

beliefs, dispositions, and practices), beginning from one erteafdntinuum when
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teachers enter teacher preparation programs to the other end of the continuum when
teachers establish themselves as effective teacher le§olet8). This research project
examiredthe beginning of the continuum, when gpective elemeary teachers were
taking their first two mathematics content coursese 3écond question of interest was
AWhat relationships exist among procedural knowledge, conceptual knowledge, and
mathematical thinkig?o (p. 53). This question was alsgaminedn this studywith
regard to prospective elementary teachers.

Improving teaching quality is seen as one of the best paths to improving student
achierement (@nferenceBoard of theMathematicabciences2012;National
Commission on Mathematics and Science, 2000). The U.S. Department of Eduadtion a
the National Science Foundation have funded projects to improve teaaraent
knowledge as there has been increased attention to its ability to raise student achievement
(Ball, Hill, & Bass 20(b; Matthews Rech, & Grandgenet2010). Two modes of
improving teaching cality are professional development and teacher education programs
(NCMS, 2000)./According to the National Science BodNiSB), updating current
teacher knowledge is essential, and improving teacher preparation programs is crucial to
developing worleclass mathematics instruction in the United Sta{@®SB as cited in
Mizell & Cates, 2004, p. 1)This study supports these goals by focusing attention on an
inquiry-based approach to mathematics content in teacher education programs.

To better understanti¢ progression of prospective teacbemnpetencies,
teachereducators shouldxamine in more detgirospective teachéggsompetencie§n
terms of kiowledge, attituds, and practicé# the beginning of their college education,

the relationships betwealifferent components of their competencaesl how they
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developthroughout different course®ast research has shown preservice teathers
funderstanding of mathematics [to be] rule bound and compartmendgligadt] 1990, p.
453). The mathematics ases offered to prospective elementary teachers should aim
toward developing in them a deeper understanding of the mathematics content they will
be teaching (Beckmaret al., 2004; Ball & Forzani, 2010) from the perspective of a
teacher (CBMS, 2012). Aocding to Ball (1990), teachers need to have absolute
knowledgeof mathematics (concepts, procedures, underlying principles, meanings, and
connections) as well as knowledgigoutmathematics (the nature of mathematics and
how it is done).

In order to teeh mathematics, teachers need both common and specialized
mathematics subject matter knowledge wliidquires a conceptual understanding of the
relevant mathematical concepts and procedures as well as awareness and understanding
of interconnections betwadhen® (Hourigan & GDonoghue, 2013, p. 37). Teachers
need to possess a deep understanding of the content they will teach and understand their
studentéthought process in order to convey the material in a way that will promote
meaningful learning (Bal Forzani, 2010). In order for the mathematics courses
offered to prospective elementary teachers to try and meet all of these demands and fix
the problems of poor achievemt and attitudes, researcheeed to better understand the

interplay between knowdge, attitudes, and practices.

Content and Standards

When examining these relationships, researcmesd to consider what content

and demands new teachers will face. An obstacle onceifasedkinghe improvement
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of teacher education programasvthe lack of a common-K2 curriculum (Ball &

Forzani, 2010). With the implementation of the Common Core State Standards of
Mathematics (CCSSM) in the fortfour states that have adopted them, mathematics
teacher educatoshould be able to continue Witnore consistency.

Teacher educatorseed to prepare prospective teachers to not only be aware of
the CCSSMbut to havea deep understanding of therfiLike their students, teachers
need to have the varieties of expertise described in these stan(@B¥S, 2012, p. 1).
Teachers not onlgeed tounderstand the standards, bl#o need to fosteéhelearning
andpracticeof themwith their future students. The CCSS#lefine what students
should understand and be able to do in their study of mathenfetidag a student to
understand something means asking a teacher to assess whether the student has
understood @ (CCSS, 2011). This is not an easy tasdpecially when a teacher does$ no
understand the standard or does kreow what understanding of tkeandard looks like.
Teacher educators should be cognizz this and allow prospectiteachers the
opportunities to develop their understandings and sophistication in mathematics while
exposing them to the CCSSM during their mathematics content sourse

An important dinension of the CCSSM is the inclusionbmfth Content &andards
and Standards for Mathematical Practice. The Standards for Mathematical Practice
describe whafidoingd mathematics should look like whereas the content standards
describewha students should know and understand (CCSS, 2011). For this reason itis
important for teacher edators to make sure prospectigachers have not only adequate
procedural and content knowledge that align with the CC3fsivllso adequate

exposure ath opportunity to work on and develop their mathematical practices.
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Examining the content standards and deciding what concepts need to be taught to
prospective teachers is straifgittvard while deciding how to enable and allow for
growth in their enactmemtf the Mathematical Practices is more difficult. It is also more
difficult to assess attainment of sophisticated mathematical practice because it is not
necessarily a measurable attribute like attainment of the ability to add two digit numbers.
It is nanetheless still imprtant to learn more about how prospective teaatnens

develop and grow in their enactment of the Math@ahbPractices

Problem Statement

Teacher education programs should foster growth in prospective té&achers
competencies (knowtlge, practices, and attitudes) in order to prepare them to enter the
field of teaching.Giventhe inconsistenciesf teacher education progracourse load
requirementscross the countrfNCMS, 2000, it is important for researelnsin
mathematics educatn to explorghe effectdifferentcomponents afeacher education
programshaveon prospective teachélgarning and growthSome programs only
require prospective elementary teachers to take a general mathematics content course
while others require ggialized content courses. The number of mathematics content
courses requires also variddall & Forzani (2010) and BurtgrDaane, and Giesen
(2008) call for more research to be done in order to establish characteristics of effective
teacher education programs atetermine associated outcomes. Teacher educators need
to ensure that graduates of teacher education programs exit with expertise (National
Counci l on Teacher Quality, 2008) . AAlI Tl owi

unethical. We must buildsystem for ensuring that new teachers have the requisite
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professional skills and know hoWist o use th
researchwill help eacher educatofsetterunderstandhe ability of inquirybased
mathematics content courses ftemeentary teachets foster growth irprospective
mathematicseacher8competencies Thisgives a basis fochanges antmprovements
to be maddo similar programsandprovides rationalefor creatingmore consistencies
between teacher education progsaaaross the nation.

Themathematicgurricdum for prospective teacheshouldbe focused around
the CCSSM as they aceirrently being implemented in forfgur states. The CCSSM
include both @ntent Standards and Standards for Mathematicattite(CCIVIP),
which teachers need to understand and be able to implement in their classrooms. Teacher
education programs need to be aware df amderstanttiow prospective elementary
teachers grow and develop in their mathematical knowledge and pradtie®sako
need to ensure prospective elementary teachers develop these practices through their
cour s ewo r kikelheircstaderstse teach@rs need to have the varieties of expertise
described in these standavd€BMS, 2012, p. 1). Teachers not onlsed tounderstand
the standards, baldso need to fostehelearning angracticeof themwith their future
studentsso teacher educators must train and develop prospective teachers accordingly.

Mathematics content cousstr elementary teachers, as paradeacher
education program, should also foster growth in prospective teécbarpetencieand
build opportunities for the studeritslearn about and practice th€ESM It is
important to pay attention to thelationship between attitudes and cogmitin the
prospective teacher popul ati on, as teacher

their practices in the classroom, how they teach mathematics, and the curriculum they



.
i mpl ement (Mizell & Cates, 2 @tddgsarein Teacher
inval uabl e vari abl e sClatkdiCarlo, & Gichriest 2008,9r ni n g o
40). Many researchers claim that the body of mathematics education research could be
strengthened if attention was paid to the relationship between affect and cognitio
(McLeod, 1992 as cited in Philip, 2007; Zan, Brown, Evans, & Hannula 2006)also
important to consider theslationship letween procedural and conceptual knowledge
Abecause it seems to hold the key to many
understood more about the acquisition of these kinds of knowledge and the interplay
between them in mathematical performance, we surely could unlock some doors that
have wuntil now hidden signif iHezen&lLefeveear ni ng
1986 p. 22).

The concept of an inquitgased curriculum, where prospective teachergjiaen
the opportunity to practice doing mathematics through productive struggle, seems to lend
itself to fostering growth in the learning and practice of mathematfiohiave evidence
that this approach is appropriate, howeweathematics education research needs to
explore the competencies of prospective elementary teachers as they move through this

type of curriculum.

ResearclQuestions

This study andhefollowing questions wer@esigned to provide evidence about
the evolution of prospective elementary teadhepmpetencies. @npetencies
addressed in this studycluded procedural knowledge, mathematical knowledge for

teachingattitudes toward mathematj@denat¢ment of the mathematical practices of
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persevering in problem solving and constructing viable arguments. The evolution of
these ompetencies wasxamined in the first two of three mathematics content courses
for teachers at a university in the Mountaind/elesigned téoster growth in these
competenciesThe questions that guided this research were:

1. How do certain prospectivddementary teachepogress in their enactment of
the mathematical practices of persevering in problem solving and constructing
viable argumentas they movéhrough inquirybased mathematics content
course®

2. What relationship (if any) exists between prospective elementary te@chers
procedural knowledge and mathematical knowledge for teaching, and how
does this relationship changeer timeas they move through inquityased
mathematics content cour8es

3. How do prospective elementary teaclhattitudes toward mathematics
associate with their procedural knowledge and their mathematical knowledge
for teaching, and how does this ra@aship change over tings they move

through inquirybased mathematics content coupses

Definition of Terms

Curriculumi s defined as t he intineplernentanqitile t he t ea
course materiallnquiry-based curriculunis one in which the texirovides
mat hemati cal tasks and activities for the
role is that of a facilitator rather than lectur@he focus is placed omhy mathematical

concepts are true rather than ju$iatthe algorithms are drowto compute.
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Progressis defined as a noun of movement over time ratherahaarb
describing individual s competenci es.
Competenciem this study include procedural knowledge (basic algebra skills),
mathematical knowledge for teaching, attitudegai@ mathematics, and the
Mathematical Practices of Persevering in Problem Solving and Constructing Viable

Arguments.

Significance of the Study

This study will inform teacher educators abthé development gdrospective
elementary teachdssompetencie and the relationships between them as they move
througha series omathematics content courses for elementary teachers using an-nquiry
based curriculumlt will further illuminate whether this type of inquityased curriculum
is effective at fosteringr owt h i n prospective el ementary
offer suggestions for improving the curriculum. Tescriptions and discussions in this
study will allow tacher educators using a similar curriculurmtke appropriate
comparisons to theirven situation and use the resultantiake informed decisiongabout
and improvements to their own curriculum.

This research study widlhed light onto how prospective elementary teachers
develop competency in the MathematiPedctices of persevering ingislem solving and
constructing viable argumenf€CSS, 2011) Qualitatively &kaminingprospective
elementary teachdyase ofMathematical Practicdsegnsto paint a picture of hothey
are developed (or natfiroughan inquirybased curriculum of matheatics content

courses for elementary teachei$e results of this part of the study will be relevant to
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teacher educatarssho caruse this information to better prepam@spective teachem
developing and latemplemening the CCSMP.

This study willalsoexplorethe underlying relationships thatight exist between
prospective elementary teach@sowledge, dttudes and practices|f such
relationshipsexist, then teacher educators need to be aware of this. Perhaps a certain
curriculum or progran is very good at fosterg growth in onespecific competenclput
notanother. If teeher educators better understdine relationship between the two
competencieghey may be able to use this knowletlgéheir advantage by focusing on
the relationshigpetween theompetencieand making necessary adjustments to the
curriculum These adjustments to the curriculum may result iccatipetencis
flourishing rather than just one or twé-or exampleif the programfocusesmore on
building sophisticated pctices with students, the praecgal and content knowledge may
follow suit.

This study will show whether or not prospective elementary teachers are given
opportunity to practice Adoingo mat hematic
for Mathematical Ractice in inquirybased mathematics content courses. Ultimately it is
very important for prospective elementary teachers to develop the Mathematical Practices
that they wil!/ i n turn have Ltikethdirestadergsyr wi t h
teachers need to have the varieties of expertise described in these ste(@EWS,

2012, p. 1). Teachers not omged tounderstand the standards, blgo need to foster
thelearning angracticeof themwith their future students. The CCSS#liefine what
students should understand and be able to do in their study of mathematics. Asking a

student to understand something means asking a teacher to assess whether the student has
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understood @ (CCSS, 2011)If prospective elementary teachers are ne¢i
opportunities to learn about and develop their Mathematical Practices, they will not be

prepared for entering the field and developing the Practices in their students.

Limitations

The population of this study was confined to prospective elemeet@ciiers
from one university in the Mountain West and so did not display a diverse background of
participants.The instructors for the studied courses varied, and although | as the
researcher found these variations to be minimal, the variations will desdesd in
chapter 4 so the reader can decide the degree to which the instructor variation may have
had an effectFinally, the act of being in the study could have had an effect on the
participants. This is especially true of those participantswéreinvolved with

interviews as this provided a place and setting for further reflection on the coursework.

Conclusion

This study will examine how prospective elementary teachers learn and grow
throughout their experience in specialized mathematics corderdes. This includes
taking a closer look at their procedural knowledge, conceptual knowledge, use of
mathematical practices, and attitudes toward mathematics along with the reipionsh
that exist between these competencies. foh@wving review of tre literature will first
provide definitions of procedural and conceptual knowledge and the path to uncovering
what specialized content knowledge may be required for teachers beyond that of pure

content knowledge. Thergsuls from studief additional ontent courses and different



12

types of courses on prospective el eihent ary
be shaed A discussion oftsitudes toward mathematics and their relationship wit
cognition will follow, focusing onhe impact of spealized content courses on
prospective el ementary teachersodéd attitudes

This research will also scrutinize in more detail how prospective teachers progress
in their use of mathematical practices. In particular, to examine how they grow in their
enactment btwo of the Common Core Standards for Mathematical PraclifMake
sense of problems and persevere in solving tla@a2) Construct viable arguments.
Theend of thenext section will be dedicateéd a description oévents that led to the
writing of the CCSSMand will include a discussion of what the education community is

saying about them and how they should be implemented.
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2. LITERATURE REVIEW

Introduction

The literature review will begin with a discussion of the differences between
procediral and conceptual knowledg&hen, the discussion moves into the increased
attention to the specialized knowledge needed for teaching and instruments developed for
measuing this specialized knowledgen particular content knowledge for teaching
matrematic(CKT-M). Studieghat have incorporatdtie use of this measure will be
discussed next. These studtex a mi ned wh et hMwastelataddoseidestd CKT
achievementwhethempr o s pect i v e-Miwasaetateceto atitudeStiwiard
matheméics, and what effect different types of mathematics content courses on
prospect i ve-MtNeatshdscussion @& Kerelationship between affect and
cognition which moves into the effect of specialized content courses on prospective
elementary e a ¢ h e des towaal mathematics. Thehe literature review will
discuss the arrival of the Common Core State Standards for Mathematics and what
practitioners are suggesting for implementing the Standards for Mathematical Practice,
including theuse of mathematical task¥he final section will be dedicated to a
discussion of the context of where we are in the history of mathematics education and the

theoretical framework used in this study.
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Mathematical Knowledge

Pure Content Knowledge
Procedural and Conceptuahkwledge

The most widely recognized label for conceptual vs. procedural knowledge is skill
vs. understanding (Hiebert & Lefevre, 1986). Both of these types of knowledge are
important to consider given the reform movement in etilucdaowards understanding
and away from skill aloneAs a disclaimer before defining procedural and conceptual
knowledge, Hiebert and Lefevre (1986) statéd/e do not believe, however, that the
distinction provides a classification scheme into whitkr@dwledge can or should be
stored. Not all knowledge can be usefully described as either conceptual or procedural.
Some knowledge seems to be a little of both, and some knowledge seems to b& neither
(p. 3).

According to Hiebert and Lefevre (1986hnceptual knowledge is based on the
connections and relationships within the discipline. This knowledge is achieved through
both constructing relationships between pieces of information and creating new
relationships between existing knowledge and newarimétion. There are two levels at
which relationships can be establishgatimary, wherethe relationship and content are at
the same level adibstractnessind reflectivewhereconnections are at a more abstract
level than the contefitone has to spback and see the big pictyigiebert & Lefevre,

1986). Skemp (1987) believed that forming conceptual understanding involves
abstracting (finding similarities via experiences), classifying (putting together
experiences by similarities), and forming astadction (recognizing a new experience as

similar to prior experiencdsconnecting).
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Hiebert and Lefevre (1988}atedprocedural knowledge consists of language and
symbols along with the algorithms and rules for completing tasks. Symbol manipulation
ard problem solving strategies are included hétebert and Lefevre (1986) describe
the main relationshipf procedural knowledge d@&ftero or thinking aboutwhatis the
next step to solve the problenWith conceptual knowledgéowever, the relationgys
are not linear but more like a web. Without a connection being made between conceptual
and procedural knowledge, one cannot be fully competent in mathematics. The
relationship between procedural and conceptual knowledge is important in uncovering
progressions and problems associated with how people learn and practice mathematics
(Hiebert & Lefevre, 1986). Deep understanding arises when connections are made
between procedural and conceptual knowledge (Beckmann et al., 2004).

This study aimed to exane this relationship between procedural knowledge and
conceptual knowledge in prospective elementary teachers. Because of the unique
population of prospective elementary teachers, a unique conceptual knowledge was used
T a construct that arose from theed to define the knowledge necessary for teachers,

mathematical knowledge for teaching. This construct will be discussed next.

Knowledge for Baching

Part of theshift in research and increased attention to teacher knowledge was due
to Shulmais (1986)presidential address to the American Educational Research
Association in which he shared a new conceptualization of content knowledge. Shulman
(1986) categorized three different types of content knowledge needed for teaching:

subject matter content knéedge, pedagogical content knowledge, and curricular
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knowledge. Subject matter content knowledge included knowledge of facts and content
along with an understanding of the underlying structure of the subject. This requires
holding an understanding of Iotvhat is true and why it is true. Pedagogical content
knowledge is the content knowledge needed for teaching which includes knowing how to
make the content understandable for others and being aware of common preconceptions
and misconceptions. Curriculanowledge involves being aware of alternative curricular
materials along with both the lateral and vertical curricujwithin and across grade
levels) Shulman (1986) made the argument there needed to be a combination of types of
knowledge assessed metcompetence of teachers.

The 1990s marked the beginning of a focus on teathethematical knowledge,
rather than general knowledge, in relation to student achievement. Researchers began to
study this specialized knowledge needed for teaching in dete&, mainly through a
close examinion of teachers and teachingn other words, by examining the work of a
teacher (Hill Dean,& Goffney, 2007). An earlystudy using tasks and interviews was
conducted by Ball (1990) who studied the mathematical understanafimgsample of
prospective teachers, both elementary (n=217) and secondary (f*&5nathematical
contextwas division, which the participants examined from the perspective of stiidents
knowingthey will one day approadhe contextsteachers. P gective teachers were
asked to answer a multiptdhoice questioon the topic of division During the interview
they were asked how they learned to gmdiculardivision problem and then asked to
represent thadivision problem. Questionnaies and irgrviews were usefibr data
collection. Frequencies of questionnaire responses were calcatatetibstantive

analyses were condect to find categories withithheresponses to interview questions.
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Questions were crosmalyzed with respect to subjectttea understanding; ideas about
teaching, learning, and the teadisaole; and feelings or attitudes about mathematics,
pupils, or self. Results indicakall prospective teachehad considerable difficultin
understanding the meaning of divisionlitactions while almost all were able to
compute a fraction division problem. Other questionnaire items @skédipants
whether certain mathematical ideas could be explained, must be memorized, or whether
they were not sure. Marparticipantghoughtideas could not be explained and during
interviews it became apparent that those who thought explanations could be offered
turned out to cite rules rather than offer a true explanation (Ball, 1990).

With the awareness of mathematical knowledge for tegatame some attention
to creating instruments to measure this knowledgtarting in 1999, th8tudy of
Instructional Improvement/Learning Mathematics for Teaching Project (SlI/Lid@an
to create quantitative measures to assess the knowledge necastzagHing
elementary school mathematics. Although the importance of mathematical knowledge
for teaching was recognized and studies had shown student achievement gains related to
teacher8mathematical knowledge, little was known or agreed upon as ttethis and
scope of this knowledge (Ball et al., 2005; H8chilling, & Ball,2004). In order to
create questions pertaining to this specialized knowledge for teactsegrcheraimed
to examinghe actual work involved with teaching elementaryostimathematicgBall,
Thames, & Phelp2008). This produced a picture of what mathematical knowledge for
teaching was necessary beyond that of basic skills and understanding. For example,
teachers must: deal with studesdternative methods and ersaand determine how to

respond appropriately; be able to explain why; use appropriate representations; make
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connections; use strategic examples; and use appropriate mathematical language and
symbols (Ball et al., 2005). These tasks involve mathematiitbhs# are in the context
of student interaction yet do not require knowledge of students and pedagogy aoid are
typically taught in regular universitjmathematicgourses (Ball et al., 2008).

The measure create@ontent Khowledgefor Teaching Mithenatics (CKT-M),
was thought to incorporate both the early visions of Shulman and colleagues as well as
the qualitative research thatltawed in the1990s (Hill Rowan, &Ball, 2005). The
focus was on numbers and operations (as this is most of the elementahycaatadum
focus) and patterns, functions, and algetith the later addition of geometryhe two
categories of content knowledge which arose out of this study of mathematical
knowledge for teaching were denoted common content knowledge (CCK) analizpd
content knowledge (SCK) (Ball et al., 2005). Ball et al. (20D§pothesized that
Shulmairis content knowledge could be subdivided into common content knowledge and
specialized content knowledyép. 399).

Since the creation of the CKW, many stidies have incorporated its usewo
studiesin particularhighlight the important relationships between a teastaerd
pr ospect i mathematcakiotvledgedfa teaching aredudent achievement
gains and attitudgoward mathematics, specificabiyxiety, respectively In 2005, Hill
et al.aimed to examinteacheréscores on the CK'M which included items related to
fiexplaining terms and concepts to students, interpreting stédéatesments and
solutions, judging and correcting textbook treamts of particular topics, using
representations accurately in the classroom, and providing students with examples of

mathematical concepts, algorithms, or progfs 373). The scores on this assessment
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were used as a predictor for student achievemems gamathematics. First and third
grade stdent achievement gains we@mpared to the previous yeareacher6 CKT-M
was apredictor in student achievement gains, more so than experience and prior
coursework. This held true even after controllingdertain variables such as student
SES and absence rates, teaatredentials, and experiengtill et al., 2005).

Examining prospective elementary teacbatstudes, Gleasdn (2007) study
focused on two component$ attitudes toward mathematics mathematicsted anxiety
and numerical anxietly andtheir relationship with prospective elementary teadhers
mathematical content knowledge for teaching. To test this relationship, participants in
this study took a shortened version of the Mathematics AnRiating Scale (MARS 30
item) and the CKIM. Correlations betweescores on th#athematics Test Anxiety,
Numerical Anxiety, Number and Operations Content Knowledge, Geometry Content
Knowledge, and Patterns, Functions, and Algebra Content Knowsedtgswvere
computed using twaailed Pearson correlations. There were strong correlations between
anxiety measures and knowledge meastmatscorrelations between knowledge
measures were weak enough to support the distinctness of the constructs as Hill et al.
(2006) reported. Mathematics test anxiety was negativedyrelatedvith mathematical
knowledge for teaching indicating a higher anxiety level would correspond to a lower
mathematical knowledge for teaching levethile a negativeorrelation between
numerical anxiety and mathematical knowledge for teaching existed but was much
weaker (Gleason, 2007).

Hill (2010) took a different approach and wanted to learn more about the nature

and predictors of elementary teaclienmthematical knowledge for teachinThis study
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used data from a national sample of elementary mathematics teachers. Their
performance on items measuring mathematical knowledge for teachingN Kas

examined and data on both teactwed student characteristics walso gathered.The

CKT-M measure incorporated both CCK and SCK items and was focused on number and

operations. Item response theory (IRT) was used to standardize the scores and
descriptive analyses were used to examine the relationship between teacher
characteristics an@KT-M scores. No differences item difficulty by content (whole
numbers, integers, and rational numbers) were found which was in contrast to prior
research which showed difficulties with rational numbers. CCK items were found to be

easier than SCK itesp especially those that focused on explanation. Taking more

mathematics content and methods courses was indicative of a slightly higher MKT score

and teachetself-concept was correlated with MKT score. In the regression analysis,
teacher participatiom additional matheatics courses wamsitivelyassociated with

MKT score (Hill, 2010).

The special mathematical knowledge needed for teaching was discovered and an

assessment was made to measure this. Rese

predicbr of student achievement (Hill et al., 2005), and negatively associated with
attitudes toward mathematics in particular text anxiety (Gleason, 2007he
importance for teachers to have this knowledge is evident and so prospective teachers
must develoghis in their teacher preparation programs.

This studyaimed toexamine the MKT scores of prospective elementary teachers
as they were at the very beginning of the program in the first two of three mathematics

content coursegsing an inquirsbased cuir c u | u m. Prospective

teac
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tested in other research studies with their own unique curriculum changes, as are

described in the next section.

Content Courses for Prospective Teachers

In the past, many prospective elementary teachersamyeequired to take
generaimathematicgourses. Now, there are recommendations made by organizations
such as the Conference Board of Mathematical Sciences (CBMS), the National Research
Council, and the Mathematics Learning Study Committee that prospetementary
teachers enroll in courses specializing in the mathematics taught at the elementary school
(Matthews& Seaman, 2007). The CBMS (201lieve teachers should learn the
content they will teach at a deeper level and from the perspectivieadteer. Even with
these recommendations, there are many inconsistencies between teacher education
programs across the nati®all & Forzani, 2010; Goodwi& Oyler, 2008; Hill, Sleep,

Lewis, & Ball, 2007; Matthews et al., 2010CNIS, 2000; NCTQ, 2008). Due to this
discrepancy, there have been several studies which have considered the impact of
specialized content courses vs. general content courses, additional content courses, and
blending content with a methods course on the attitudes and content knowledge of
prospective elementary teachers.

Matthews and Seaman (20@ned to examinghe effects of different
undergraduate mathematics courses on the content knowledge andsdtiitaads
mathematics of prospective elementary teachers. This study consisted of two groups of
prospective elementary teachers, an experimental group who took a course called Logic

of Arithmetic (LOA) and a control group who took a general mathematiagseotach
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group took aMathematical Content Knowledge for Elementary TeachergN&3K) i
designed by a group of expertand he Aikerts Revised Mathematics Attitude Scale.
Independentwo-sample itests were used to compare groups. Linear regresasismlso
used in order to control for ability levels between groups (ACT comprehensive score and
cumulative university GPA). There was a significant difference betthegroup®
average mathematical content knowledgeresandaverageattitudes toward
mathematics scosewith the experimental group performing better than the control group
on both scalesThis indicated their LOA course, whiébcusedon conceptual
understandingand used a combination of lecture andi@pth group discussionsas
effective at improving pspective elementary teach@&sowledge and attitudes.

Matthews, Rech, and Grandgenett (2010) completed a similar study at a school
changing the requirements of prospective elementary teachers from completing a general
mathematics antent course to completing a specialized mathematics camtgrse. In
this study, data werenllected over a two year period. The control group consisted of
those students who never enrolled in a rathticscontent course designed for
elementary tedwers while the experimental group consisted of those who enrolled in at
least one of the two matmaticscontent courses offered for elementary teachers, either
Number and Operations oe@metry. Groups were shown to be the same in terms of
demographic v@ables. The Content Knowledge for Teaching Mathematics measure
(CKT-M) was used to measure the content knowledge of both elementary number
concepts and operations and elementary geometry. To measure attitudes toward
mathematics, the Aikéa Revised Mathmatics Attitude Scale was useéifter

conducting ndependentwo-sample {tests the researchers foutite experimental group
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scored significantly better on ti@KT-M; however no significant differences were found
between theiattitudes.On average, dth groups showed an overall neutral attitude
toward mathematics.

Burton, Daane, and Giesen (2008) showed concern with the lack of mathematical
knowledge of elementary teachers and wanted to find out how to better prepare
elementary mathematics teacherfis studyaimed toexamine how an intervention of
an additional 20 minutes of mathematics content instruatiemwoveninto a methods
course affected the mathematics content knowledge for teaching of prospective
elementary teachers. The experimentalig received the intervention while the control
group did not. The CK'M was used for a priest and postest (2 different forms)The
changes in the experimental gr@sipre- and postest scores were significafur the
experimental group, bilhey were notfor the control group. Differences between GKT
M scores of the experimentgdoupandthe control group were not significant on the pre
test buttheywere significant on the postst. Overall, the experimental group
outperformed the control gup.

The studies of Matthews and Seaman (2007) and Matthews, Rech, and
Grandgenett (201®Ghowedprospective elementary teachers taking a specialized
mathematics content course sebigher on the CK'M thanprospective teachers not
taking a specialized atent courseBurton, Daane, and Giesen (2008) found a difference
in mathematical knowledge for teaching scdresveen prospective elementary teachers
who received 20 minutes of content knowledge coverage in a methods course compared

to those who did notThese studies highlight the importance of specialized content

courses to help increase prospective el eme
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teaching. This study did not compare results from two groups in different curricula, but
aimedtoexamine he evol ution of prospective el emen
knowledge for teaching as they move throagbarticular type of curriculurfinquiry-
based) It also took this approach for examining the relationship between mathematical

knowledge for teadhg and attitude, a competency that will be explored next.

Attitudes Toward Mathematics

Many agree upon the importance of considering affect when examining cognition.
In their Curriculum and Evaluation Standards (1989), NCTM empha@ieesming
corfident n onés own ability (p. 6). Skemp (1987) believéthe separation of
cognitive from affective processes is an artificial one which does not accurately reflect
human experiencégp. 189). This statement was based upon his interaction with
studentsand what the students repodetheir learning was affected blgdir emotions.
Ball (1990) wrotefiPeoples understandingsf mathematics are interrelated with how
theyfeelabout themselves and abouttheamatice (p. 461) and Chambéain (2010)
clamedfAf f ect éi s arguably the single gre&atest
(p- 169). An analysis of research on affect in mathematics educatised McLeod
(1992) to conclude thabathematics education research would be better if attention was
pad to the relationship between affect and cognition (as cited in Philip, 2007). Many
researchers have found, either through their own studies or reviews of literature, a link
between attitudes and achievement in mathematios & Chapman, 2010; Ma &
Kishor, 1997; Matthews et al., 2010; Randhawa, Beamer, & Lundberg, 1993; Tapia &

Marsh, 2004). In their meta analysis, Ma & Kishnor (1997) investigated the relationship
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between attitude towards mathematics and achievement in mathematics in giddes K
From113 studies chosen, the overall relationgbid between attitude and
achievementvas positive and reliable, boot strong

It is important to studthis relatiorship between affect and cognitionteachers
andprospective teachersoving througheacter education programsiTeacher beliefs,
behaviors, and attitudes are invaluable to student lear(ipite-Clark et al., 2008, p.

40), and the mathematical content knowledge of elementary teachers seems to be
intertwined with their mathematical attittsl@Matthews et al., 2010). In her research
regarding prospective teachers, Ball (1990) foundfibetspective teachditeelings are
part ofthe way they participate in and understand mathematits, separate affective
dimension calledhattituded, andare a critical area of focus for teacher educat{pn

462). Balfs quote not only highlights the importance of the relationship between affect
and cognition, but points to the difficulties that arise when trying to define affective
domains.

Existingliterature contains much ambiguitly constructs and discrepancies in
definitions when it comes to affect (Gleason, 2007; Philip, 2007). Chamberlain (2010)
arguedthataffect is a complex construct with masiycomponents with nen
measuable attributesakingit difficult to assess affectHe wenton to say this
difficulty can be overcome by creating definitions and using statistical methods to justify
appropriate assessments (Chamberlain, 2010).

In his review of the literature, Philip (2007) usedtidicary definitions and
distinctions in the literature to describe and capture the essence of certairetataasto

affect
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Affect T a disposition or tendency or an emotion or feeling attached to a

certain idea or object. Affect is comprised of emadjoattitudes, and

beliefs.

Attitudes T manners of acting, feeling, or thinking that show @ne

disposition or opinion. Attitudes change more slowly than emotions, but

they change more quickly than beliefs. Attitudes, like emotions, may

involve positiveor negative feelings, and they are felt with less intensity

than emotions. Attitudes are more cognitive than emotion but less

cognitive than beliefs (p. 259).
Many studies involving attitudes also involve beliefs, anxiety, anee$ithicy as these
ternms are intertwined and dependent upon one another (Matthews & Seaman, 2007).
AAttitude toward mathematics is no doubt a complex idea that interacts with other
important belief structures of a teachévlatthews et al., 2010, p. 3put regardless of
the anbiguity or lack of agreement when it comes to defining affect or attitude, many
studies examine and assess them in their participants.

Mathematics Content Courses and
Attitudes of Prospective Elementargdchers

Whetherby examiningcurrent mathematiasontent courses or comparing the
impacts of new and/or additional courses, many researchers examine the beliefs and
attitudes toward mathematics of prospective elementary teachieedollowing two
studies are examples of how changes in the mathensatigsulum for prospective
elementary teachers improved the prospective teaudidtades toward mathematics.

The first study incorporated standatuissed mathematics pedagogy into a content course
for elementary teacherand the seond study createdreew coursespecifically eesigned

for elementary teachens lieu of a general mathematics cour3de final study offers an
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example of when a specialized content course for elementary teachers had no effect on
their attitudes toward mathematics.

Lubinskiand Otto (2004aimed to examinthe effects of preparing prospective
elementary teachers in ardent course focusing atandarddased mathematics
pedagogy.They believed thabtrealize the vision of NCTM and their standabdsed
curriculum, the teesherfimust not only have a conceptual understanding of the
mathematics, byalsoe e mpl oy a pedagogy wutilizing prob
verifying, using different strategies, making connections, and communicating ideas
(Lubinski & Otto, 2004 p. 336). Based on the belief that teachers will teach how they
were taught, the authors designed a course for prospective elementary teachers that would
incorporate standardsased curriculum. This included opportunities for active learning,
investigating, conjdaring, reflecting, reasoning, and developing a deep understanding of
a fewer number of topics. Their underlying pedagogical theory was that of
constructivism. The course did not have a textbook but was problem,dmathe
instructor was facilitatingnd asking questions while emphasizing quantitative reasoning.
Surveys and interviews wensedto collectdatafrom students in the newly designed
course. Overall, studerdtseliefs, attitudes, and perceptions of mathematics were
positively influencedy the course.

Matthews and Seaman (20Gined to examinghe effects of taking a specialized
content course on prospective elementary teaghtitides towards mathematics by
comparing thento otherstaking a general mathematics course. Each group of
prospective elementary teachers took the Aikdérevised Mathematics Attitude Scale

and through independent samplests and linear regression to confoolability levels,
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adifference between groups in attitude toward mathematics was fqined.
experimental group, who took the specialized course, scored higher than the control
group, who took the general mathematics course.

This positive impact of specialized mathematics courses on prospective
elementary teachers is not always seen, howeMatthews et al. (2010) also studied the
impact of specialized content courses on prospective elementary téatftacke
towards mathematicdndependentwo-sample #testson scores from thAikenés
Revised Mathematics Attitude Scaliel not indicate aifference in attitudesetween
students who took the speciad coursendthose who did no Both groups showed an
overall neutral attitude toward mathematidhese mixed results indicate more research
needs to be done in this ateaunderstand what aht the specialized content courses has
an effect on attitude

These examples show mixed results in terms of the effect a specialized content
course has on prospective el a@ametoexamng t each
attitudes of prospectivdaamentary teachers moving through a curriculum similar to that
i n Lubinski and Ottobs (2004) study, which
teachersé wer e hythsdodrsewm additjon, hisstudy wenhbeyord
investigatingh e evol uti on of prospective el ement ar
an inquirybased curriculum by also exploritiie relationships between attitude and
other competenciesuch as enactment of mathematical practices, which will be

discussed next.
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Mathematical Practices

The Common Core State Standards for Mathematics (CCSSM) include both
content standards and Standards for Mathematical PraC@sMP). TheCCSMP,
which are intended for use with all grade levels, represent ways in which studerds sho
engage in anéidod mathematics and are especially useful in connection with content
standards involving student undanding (CCSS, 20)1 TheCCSMPwere derived
from both NCTMs process standards and the mathematical proficiencies of the National
Research Counais (NCR) report,Adding It Up(Kilpatrick, Swafford,Findell& NRC,
2001). NCTMGs process standards include: problem solving, reasoning and proof,
communication, connections, and representatitm&dding it Up there ardive strands
of mathematical proficiency: conceptual understanding, procedural fluency, strategic
competence, adaptive reasugiand productive dispositiorThese processes and
proficiencies came together to form the eiGSMP: 1) Make sense of problems and
perseverén solving them; 2) Reason abstractly and quantitatively; 3) Construct viable
arguments and critique the reasoning of others; 4) Model with mathematics; 5) Use
appropriate tools strategically; 6) Attend to precision; 7) Look for and make use of
structureand 8) Look for and express regularityrepeated reasoning (CCSS, 2011
There is someoncerrthatthe CCSMP will be brushed aside or ignoredlf the
Standards for Mathematical Practice are taken seriously, we musbfottwem in the
same way wéocus on any other standaédsvith targeted, intentional, planned
instructioro (Russell, 2012, p. 52)iThey are, as a group, the foundational skills for

working in any of the domaingp. 39) and as such, they should penetrate every facet of
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classroomnstruction (Strom, 2013). The practices need to be embedded in content, so
once a particular area or topic is chqgbe teacher should determine which practice
standards work best with the topic (Russell, 2012) as not all of the standards need to be
addessed in every lesson (Burns, 2013). In an interview with Strom (2013), Burns
advised teachers they should not be teaching the practices but rather using them to do
mathematics. Buri@snantra for a classroom lesson is thitf: kids could be successful
without having to think or reason, then the lesson is not gonodglo (Strom, 2013, p.
41).

Reasoning and sense making was a focbWdmMG&s process standardadaligns
with the CCSMP of constructing viable argumengscompetency examined in this
stud y . Because of NCTMO6s f ocBeskmam(202 nse mak
decided it was importab teachprospective elementary teachers to make sense through
fiexplaining whyd Getting prospective teachers to become comfortable explaining
mathematicss not only important for their own benefit, but for the benefit of their future
students. Beckmann (2002) discussed how teacher educators need to be sensitive to
explanations by prospective teacheshe noted thatitthough rigorous proofs do offer an
explanation ofvhythrough reasoning and senmaking, they probably do tnoenefit the
understanding of the prospective teacbiraire studentsShe suggeststzetter
approach may be to develop reasoning through a common sense approach, a combination
of logical reasoning and sense making. Beckmann (2002) listed the following desirable
features of explanations: 1) The explanation is logical; 2) The explanation explains in a
commonsense way (convincing to both the person explaining and the intended

audence); and 3) If possible, there are several coordinated explanationar{eguation
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and a picture). Itis important for educators of prospective elementary teachers to not
assume their students know what a proper explanation is. It is common for an
explanation showing how (describing procedures) to be confused with explaining why.
Time and experience need to be offered for prospective teachersetomtheir
reasoning and senggaking skills. This is especially important with the new focus ef th
CCSSM on understanding rather than procedure albiealso relevant to this study as
thisi dea of f e xalghsaviththe goas ofahe gudriculum in this study; the

text ugdwas written by Beckmann (2@)L

Mathematical Tasks

Anotherimportantpart of the curriculum in this study mathematical tasks and
activities Because th€ CSMP describe how one shouidoo mathematics, students
need opportunities @dod mathematics. Rich, cognitively demanding mathematical
tasks are at the coré getting students to actively engage in doing mathematics (Barlow
& Harmon, 2012; Graves, 2011; Polly & Orrill, 2012; Russell, 2012). To support
students in meeting tH@CSMP, the tasks should be designed to engage students in
exploring matlematicsthrough problem solving with contextying the content and
practice standards together (Barlow & Harmon, 2012: Polly & Orrill, 2012; Russell,
2012). Before the studergtarton the problems, the teacher should go over expectations
and make sure everyone urgtands the task (Barlow & Harmon, 2012). This
introduction could include a group reading of the task where initial examinations of
assumptions are made and students are asked to think about key ideas and important

information (Billings Coffey, Golden, &Vells, 2013; Graves, 2011). Once everyone is
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on the same page, students shouldllmved to start on anghgage in the activity or task
at hand.

While the students are working on the task, teachers need to listen to their
studentéreasoning and pay atition to the strategies they are employing toward the task
(Burns, 2013; Strom, 2013; WenridBehrend, & Mohs2013). In this way, teachers can
start to recognize strengths and weaknesses or understandings and misunderstandings
their students are having (Burn§13; Strom, 2013). They can then use this information
to further guide their instruction (Burns, 2013; Graves, 20Th)s could include
determininghow to approach the upcoming discussion, which studemased on
strategies usédwill share, and what qeé&ons to ask in order to strengthen stud&nts
arguments and understanding (Barl@wiarmon 2012; Burns, 2013; Graves, 2011;

Polly & Orrill, 2012; Wenrick et al., 2013). All of these decisions will lead into the next
important feature of implementing rh@matical tasks which is examining student
generated solutions.

An overall debriefing should occur where different strategies are shown by
students purposefully selected by the teacher (Polly & Orrill, 2012). Students should be
allowed to share their workhile offering an explanation of what they did, why they did
it, and why it makes sense (BarlédHarmon 2012; Polly & Orrill, 2012). Students
should be encouraged to discuss their solutions and describe any difficulties they may
have had (Graves, 2011There should also be opportunity for students to analyze the
work of other students through discussion (Bar&Warmon 2012). Communication is
the key for students to develop their own reasoning and learn from others. Teachers

should make sure thedus of the discussion is on mathematics agnever
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appropriateshould ask supporting questions to help students strengthen their arguments
and make connections to key mathematics (Ba&ddarmon 2012; Polly & Orrill,
2012). Students should be askednake connections between different strategies,
approaches, and representations, perhaps leading towards generalizations&Barlow
Harmon 2012; Wenrick et al., 2013).

The following are the two Common Core Standards for Mathematical Practice
that wereafocus in this study.

Make Sense of Problems
and Persevere in Solvirithem

Mathematically proficient students start by explaining to themselves the meaning
of a problem and looking for entry points to its solution. They analyze givens,
constraints, retionships, and goals. They make conjectures about the form and meaning
of the solution and plan a solution pathway rather than simply jumping into a solution
attempt. They consider analogous problems, and try special cases and simpler forms of
the origind problem in order to gain insight into its solution. They monitor and evaluate
their progress and change course if necessary. Older students might, depending on the
context of the problem, transform algebraic expressions or change the viewing window
on their graphing calculator to get the information they need. Mathematically proficient
students can explain correspondences between equations, verbal descriptions, tables, and
graphs or draw diagrams of important features and relationships, graph datarehd se
for regularity or trends. Younger students might rely on using concrete objects or pictures
to help conceptualize and solve a problem. Mathematically proficient students check their

answers to problems using a different method, and they continukltieaaselves,
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fiDoes this make sensEePhey can understand the approaches of others to solving
complex problems and identify correspondenbetween different approaches (CCSS,
2010).

Construct Viable Arguments
and Critique the Reasoning off@rs

Mathematically proficient students understand and use stated assumptions,
definitions, and previously established results in constructing arguments. They make
conjectures and build a logical progression of statements to explore the truth of their
conjectures. Tay are able to analyze situations by breaking them into cases, and can
recognize and use counterexamples. They justify their conclusions, communicate them to
others, and respond to the arguments of others. They reason inductively about data,
making plausike arguments that take into account the context from which the data arose.
Mathematically proficient students are also able to compare the effectiveness of two
plausible arguments, distinguish correct logic or reasoning from that which is flawed,
and if there is a flaw in an argumeéniexplain what it is. Elementary students can
construct arguments using concrete referents such as objects, drawings, diagrams, and
actions. Such arguments can make sense and be correct, even though they are not
generalized or e formal until later grades. Later, students learn to determine domains
to which an argument applies. Students at all grades can listen or read the arguments of
others, decide whether they make sense, and ask useful questianigytocimprove
the argiments (CCSS, 2010) his studyfocuseson constructing viable arguments and

not on critquing the reasoning of others.
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Historical Context and heoretical Framework

This research study was designed around
Practices as id out by the Common Core State Standards for Mathematics addhes
theoretical framework of constructivisnThis section will discuss the history of
mathematics curriculum in the U.S. and how this influenced the development of the
standard$ased refon movement itmathematics educati@ndthe constructivist
revolution in research and practice.

The New Math movement of the 1960s was brought abouttye Sovi et 6s | .
of Sputnikand the resulting pubic doubt that the U.S. mathematics and sciencalaurr
were rigorous enough. The New Math movement brought about a focus on
understanding rather than basic skills and pushed for discovery learning. The New Math
movement never gained enough public and teacher support so with the 1970s began
public outcy and the beginning of a Bat&-Basics movement. This Bat&-Basics
movement pushed for a focus on procedural skills and direct instryesg& Graeber
2003. According to Steffe and Kieren (1994), though the reform movement from New
Math to Backto-Basics was felt at the teaching level, it was not felt at the researcher
level as this movement did not conflict with the empiricist assumption that was used in
research. AMore than any other single fac
teachig and the practice of research paved the way for the emergence of constructivism
i n mat hematics educationo (p. 72).

With the 1980s camessbatisfaction with te Backto-Basicsmovementnd there

wasa push towards standardsa s e d e d u ¢ a Ademdaor ActioN(TCOBOYI 6 s
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called for more problem solving and a broader definition of basic skills. The National
Commission on Excellence in Education called for both an increase in and adoption of
more rigorous and measurable standards in their 1983 rép¥eijon at Riskwhich was
written in response to the Cold Wamd low student achievement. It was this same year
in which the first article with Aconstruct
& Kieren, 1994). The standardbased movement, alomgth construtivism, once again
called for afocus onconceptual understandirfgyhy) rather tharproceduwal skill alone
(whaf). NCTM published Curriculum and Evaluation Standards in 1989, followed by the
revisions in their 1990 Principles and StandaoisSthool Mathematics. Issues with the
standard offeringai mi | e wi d ecurriculumand a deedefqr consistency across
the nation led to the creation and implementation of the Common Core State Standards
(Cobb & Jackson, 2011)

According to Ste# and Kieren (1994), the constructivist revolution occurred first
in research and then in practice. When researching from a constructivist assumption,
Aone i s studying the construction of mathe
of their exper e n ¢ e 0 Tlie@ssumpt®n of constructivism is that students create
their own knowledge based on their histories of interactions and reflections on these
interactions. This ideaof studying students as they construct knowledge in the classroom
environment through interactions led to a problem centered instructional approach where
tasks, group work, and discussion were a part of the curriciiu@b s er vi ng and
listening to the mathematical activities of students is a powerful source and guide for
teading, for curriculum, and for ways in which growth in student understanding could be

evaluatedo (p. 75).
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As this research study involvedx ami ni ng prospective el eme
competencies in an inquityased curriculum where students wetaking on
mathematicatasks in small groups, it lefiself to the use of construeism as a
theoretical frameworkStudying a curriculum with the goflr studentgo buildan
understandingvhyrather thajustwhat, this study offers the potential to bé g e@nful
source and guideo for teacher education pr

Common Core Standards for Mathematical Practice.

Conclusion

This literature revievexamined a variety of mathematics teacher competencies
There is an impadant distinction between procedural knowledge and conceptual
knowledge. With the adoption of the CCSSM, more emphasis has been placed on
conceptual knowledge. Also, for the past two decades, particular attention has been paid
to the mathematical knowledgeeded for teaching. Instrument depenent has helped
to measureseparate domains between common content knowledge, specialized content
knowledge, and knowledge of content related to students. Another important
competency foteachers is attitude. definite linkhas been shown between cognition
and attitude. Where there is currently a gap in the research is in relation to the Common
Core Standards for Mathematical Practice and how they are linked to other competencies
such as procedural knowledgeattmematical knowledge for teachirand attitudes. This
studywill explore these associations amgugspective elementatgacherd

competenciesandthe methodology to do saeill be discussed in the next chapter.
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3. METHODOLOGY

Introduction

This stidywasdesigned to provide evidence about the evolution of prospective
elementary teach@sfsompetencies. Theompetencieaddressed in this studyclude
procedural knowledge, mathematical knowledge for teachitigydes toward
mathematicsandenactnent of the mathematical practices of persevering in problem
solving and constructing viable arguments. The evarutif these competencies was
examined in the first twof threemathematics content courses for teaclées university
in the Mountain Wesin a prograndesigned to foster growth in these specific
competenciesThe questions that guided this research were:

1. How doprospectiveelementary teachemogress in their enactment of the
mathematical practices of persevering in problem solving anstructing
viable argumentas they move through inquiyased mathematics content
course®

2. What relationship (if any) exists between prospective elementary te@dchers
procedural knowledge and mathematical knowledge for teachingoand h
does this relatioship developver timeas they move through inquiyased
mathematics content cour8es

3. How do prospective elementary teachatsitudes tavard mathematics
interactwith their procedural knowledge and their mathematical knowledge
for teaching, anddw does this relationship develaprer timeas they move

through inquirybased mathematics content coufses
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The Researcher

This section is to share with the reader my background, highlight what biases |
bring to the study, and describe what action | tooky@nd limit this bias.| received a
Bachelor of Science in Education degvath a Held Endorsement in Mathematics
(Grade 712) in May 2007.Immediately &er this, | enrolled in a Master of Arts in
Education(MAE) program with an Emphasis in Mathenaeati As a part of this program,
| was able tact as &Supplemental Instruction leader for College Algebra students and
taught two different courses, Mathematics for the Elementary TeacheMahd opics
for the Elementar Teacher. After | completede¢tMAE degree in May 2009, | eolted
in a Mathematic®hD. programwith a mathematics education optiomhrough my
graduate teaching assistantship for this degregve taughthe following courses:

College AlgebraMathematicgor the Liberal Arts, @lculus I, Calculus Il, Intrduction

to Statistics, Number and Operations feBR eachers, and Geometry and Measurement
for K-8 Teachers. As part of this degree pamgrl also completé an internship at a

local dementary school where | spent a semdstenefirst gradeandonefourth grade
classroom.This was my only experience in a8<setting.

My history and experiencésarning about and working in the field of
mathematicgducaibn present a potential for biastios research studyHaving taght
several differentnathematicgoursesver six years, | havereconceived notions die
types of students who take these courses and how they behave and perform in the class. |
did my best to set aside my teacher hat in place of my researcher fsameBmt not

analyzing the participants actions as what | would like to see as a teacher, but analyzing
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them through the eyes of a researcher where 1 strictly take things for what they are, no
added valuel treated and analyzed all of the participanesghme, regardless of their
behavior and ability levels.

As a mathematics educator, | have a vested interestlia ikathematics
education and have taken note of the widespread adoption of the Common Core State
Standards for Mathematics (CCSSM). | fe@rthneeds to be a great focus on the
implementation of these standards for botsenvice and prservice teacherd. believe
the curriculunmof the mathematics content courses for elementary teachers at the
university in this study lends itself to helgineverse the problems of poor attiteded
performancef elementary education majarsmathematicand incorporates some
importantcomponents othe CCSSM Even though | believed the curriculum was
structured to help foster growth in prospective elehear y t eacher sé compe
this belief aside antbok care tonot insert any false growth or achievement in the

participants that | felt should have occurred as a result of the curriculum.

Backgroundand Settind The Case

Course Offerings an@®bjectives

Participants in this study wertugents majoring it-8 Elementary Education
and they wee required to éake three3-credithourmathematics content cmaes for
teachers. Thialigns withone ofthe recommendations of the ConfereBoard ofthe
Mathematial Sciences (CBMS) in tH2001report The Mathematics Education of
TeacherdCBMS, 200). Recently, however, this recommendation has beaeased to

at least 12 semesthours (CBMS, 2012). The three mathematics content coursesdor K
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teacherst this universityare Numbers and Operations, Geometry Mehsurement, and
Advanced Topics

These arenathematics content cousder students preparing to becoided
elementary teachers. They designed t@rovide experiences to help statebroaden
and deepen theawn understanding of mathematicBhis course sequence aims to
providemathematical knowledge that widlepare these students pmefessiona, to
help children become confident problem solvers and powerful matreaithirkers.
Thecourse focus ormaking £nse of the mathematics that childdenand being able to
explain thewhyquestions.Studentsn these coursespend coriderable time
communicating theimathematical ideas, both orally and in wrii

To gain the masfrom theclass activities, iis critically important that the
studentkeep up with all of the assigd work and attend every class. Course objectives
include the following four items: Bxplain, through writing and speaking, fundamental
concepts angrocesses important in {8) mathematics, particularly those related
number operations; Representquantity and relationships between quantities in
problem situations using symbols, words, and diagrad3hSolveproblems through
guantitative reasang; 4) Construct viable mathematical arguments and evaluate the
reasoning of othersinstruction in this coursesiintended to be consistent with the vision
of the Common Core State Standards (CCSS) for Mathematics including the eight
Standards for Ma@matical Practice Although thehree k8 mathematics content
coursegM1001, M1002, M110Pare not methods courses on how to teach elementary
school mathematics, the variety of teaching metlisdsl in the course helps students

build a sold pedagogicalramework for theifuture teaching.
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Number and @erations for K8 Teachers (M100\is the study of numbeand
operations at thelementary and middle school legglincluding whole numbers,
decimals, fractions, percents, integers, operations, numesgstems, and problem
solving. Geometry and Masurement floK-8 Teachers (M1002s the study of geometry
and geometric measurementtheelenmentary and middle school legelincluding
synthetic, transfornenal, and coordinate geometry; constructiomsigruence and
similarity; 2-dimensionhand 3dimensional measuremed problem solving.
Advanced Dpics for K-8 teachersNI1100) isthe study of algebra, number theory,
probability, and statistics, largely at tmeiddle schoolevel. Topicsinclude proportional
reasoning, functions, elementary number theory, statistical modeling and inference, and
elementary probability theoryThe reason this study focused only on the first two
mathematics content courses was because the third course was imiténigesfiages of

being implemented and many other universities only offer a two course sequence.

Curriculum Text

The curriculum for these courses is based/lathematics for Elementary
Teachers with &tivity Manual(3™ Edition) authored by Sybill®eckmann(2012). This
particulr text with class activitiesses an inquirybased approach to learning, allowing
students to engage with and explore the material while gaining a deeper understanding of
the mathematics involvedBeckmann believesis deepeunderstanding comes from
knowing more than justow; students must aldze able to explaiwhy. It is more about
understanding concepts and less about rote memorizatiom@redtlpres alone. The

material & related to the content teachers will be dedifo teach and includes some
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focus oncommon studennisconceptions According to BeckmanriProspective
elementary school teachers will learn to explain why the standard procedures and
formulas of elementary mathematics are valid, why nonstandard dsetha also be
valid, and why other seemingly plausible ways of reasoning are not eqpext).
Beckmanrwas a member of the writing eonittee for the @GmmonCore State Standards
of Mathematics and realizéiseimportance of incorporating these stardkinto teacher
education.Shebelievesin order to develop a deep understanding of mathematics,
students and teachers alike must actively engage in mathematical practices.

Unlike many othemathematicsexts for elementary teacheBeckmanigs book
is organized around operations etthan number type. Thisvgs students
opportunities to revisit typical weaknesses (fractions) and to unify their understanding of
operations. Ezh section in a chapter includesummary section to help focus students
on the keyideas of the chapter. Thenmealsopractice problems thatcludesolutions
for students to see what appriate explanations look like, apdoblems without
solutions for students to check their comprehensfsubset of these problems is
highlightedascore problems that cover the crucial concepts of the seclioese core
problems represeadithe majority of homework assigned to students at the university in
this study. Finally, each chapter enggth a summary tying together all dfd important
concepts from each sectiBeckmann, 2012)

This text not only includethe regular chapters typidal most books, but also
includesa section ofn-class activities.Throughouthe regular chapters, students a
guided to related class aaties in the actrities section. Here studenteaxpected to

first work alone oiin small groups, anthendiscuss as a class. These activities provide
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an opportunity for students to develop a deeper understanding in that they have to explain
their olutions to someone else. The activities include practice with common
misconceptions and examination of calculation methods that are not standard but correct.
The following ispart ofclass activity 2C, relating fractions to wholes:
1. At a neighborhood pkr 1/3 of the area of the park is to be used for a
new playground. Swings will be placed on ¥ of the area of the
playground. What fraction of the neighborhood park will the swing
area be?
a. Make amathematicgdrawing to help you solve the problem
and explan your solution. Use our definition of fraction in
your explanation and attend to the whole (unit amount) that
each fraction i®f.
b. Describe the different wholes that occur in part (a). Discuss
how one amount can be described with two different frastion

depending on what the whole is taken to (pe CA-26,
Beckmann, 2014).

Setting

In this study, alkections of M1001 and M1002 vecoffered in the same
classroom.The classroom wsasetup with pairs of desks togetherwhich fourstudents
couldsiti two facing twa Altogether there we seven pairs of desks making
accommodations for 28 ttstudents in the roonOn thefirst day of class, students
couldsit wherever they waatl Then after each chapter, studentsrgvasked to change
things up byswitching groups and mving seats. In this way they give benefit of
working on mathematics witmany different people and hde opportunity to learn new
perspectivesThe classroom vgset up with several white boards, a SMART Board, a
document camra a set of laptops, and several bookcases full of materials and
manipulatives All of these provide easy opportunigésfor exploration and fostudent

work to be shared.
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Students in these classes usually wedik small groups (upo four), explorirg
and discussing the material in the class activity section of the Beckuse rany of the
activities include thoughtful questions where the students are asked to expjaind
justify theirresponsesxplaining whybecanea classroom normit wasalsoan
expectatiorfor all assignments and assessmeifitse intentiorof these classasas for
students to learn and discoveathematical ideas and concepistheir ownand with
peerghrough guided activitiesThe role of thenstructor wa that of adcilitator, rather
than lecturer The instructor wa there not to give answers, but to ask more questions of
the students, guiding them in the right direction for discovBigcussions as a wle
class wee orchestrated so students coegblain and disuss with each other, rather than
looking to the teacher as the definitive voice of authomtyfocus of the clasduilt into
the curricular materialsyas bringing attention to and working on developing the
Common Core&Content Standards a®landards ér MathematicaPractice

On a typical day of class, the instructor would wrap up the previous day
materials if necessaryand introduce thaew topic of the day. This couidclude
summaries and thoughts from the students. Students would thendoegirktin groups
on the class activities. Durinfgis time, the instructor walkemround the room, paying
attention to group discussions and facilitatingatessary. If several groupsree
struggling or if everygroup appearetb be done with an aeity, the instructor usually
hadstudents share their work with the class as a whole anddtedilthediscussion.
Students wee expected to be itharge of their own leaimg and thus the instructor did
not give out answers but Ikedfor students to lehmost of the diagssion. Several

activities wereexplored during class with this process repeated throughewuidss
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period. If time alloweda wrap up discisson of the da§s materials would take place. If
there wa not enougliime, the wrap up wodlbegin the next class period.

These coursegatypically taught by graduate teaching assistants majoring in
mathematics edutian, although on occasion theyeataught by méiematics education
professors or theeachefin-residencewho has extensive @erience as middle school
teacher. Each semester, there are ustiaie or four sections of M1001 offered and
two or three sections of M1002. Duritigespring 2014 semester there wéree

sections of M100]and durirg thefall 2014 semester theveere threesections of M1002.

Assignments and @ding

Students inolved in this studyvere expected to attend class regularly, participate
in classroom activities and discussions, complete homework (usually all of the core
problems from each section imet chapter), have regular pen pal correspondence with
local elementary students, take chapter exams, and take a comprehensive final at the end
of the semesterBecause clss participation in activities 8aso important,tadens wee
penalized in particigtion pants if they misedclass. They we still expected to make
up the activities from the day they missed andedémg on the instructor, weable to
earn some of the lost points badka student missethore than fouclasses in a
semester, thewould berequired to retake the coursA.few times throughout the
semester the studes wee required to fill out a participation rubric indicating the level of
participation they felt they gave and also how many classeh#uyissed. Te
instructa then either agreed or disagreeith their selfassessment and gafeedback, if

necessaryon how to improve.
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Students wee alsoexpected to complete homework for each section in a chapter.
During the studyM1001 studentshadaccess to aivescribePencast (an online post
made via &martpep with the solutions to hoawork problems Students were expected
to independently complete the homework problems andahlkeancedheir solutions
with correctionsor additionsbased on the Pencast. As londhesstudents completed the
homework and made the enhancements, they would receive full dretittL002
studentled discussion boards were used for homework problems. Students were
assigned specific homework problearglwere expected to post solutioos the
discussion board. Another student would then be assigned to critique the work of the
student who initially posted, who would then respond to the critique. Other students were
welcome to join the discussion and all were expected to at least readtthhe
discussion.

At the end of ach chapter studiedtudents we expected to take an exam over
the chaptematerial. The exam questionsn@eset up in a similar fashion to the questions
in the texttakeneither from the problems at the end of ajter section or from the
classroom activities. They almost always incilideections tqustify or explainwhy.

For example, the following ian exam question from a previous semestéd1001

3. Consider the story problem:

One fourth of the beads Alex& collection are red. One fifth of the beads

in Alex& collection are oblong. What fraction of the beads in @&lex
collection are either red or oblong?

Can the problem be solved by adding -? If yes, explain why. If no,
explain why not.

A geometryguestion from a M1002 exafuollows:
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7. Use a compass and straightedge to divide the angle BAC (below) in
half. Then, show a rhombus that arises naturally from your
construction. Use the definition of rhombus, and the way you carried
out your conguction, to explain why your shape really is a rhombus.

Ak + 13

Students wee expected to problem solve and reason to arrive at an appropriate
explanation.On each problem, students woudgteive ascore of4 - Expert, 3-

Practitioner, R Apprentice (Redp 1- Novice, or Gi No credit. Usually, if the student
attempted the problem but was off the mark, they woeddive an R and be required

redo the problem. Theyere givena certain amount of time, usually before the next
exam,to getall of theirredos done If the students completed a redo, Bheasreplaced

by ascore of3. Students were expected to correct the solution to the problem and also
write a reflectioraboutwhy ther original soution was wrong and how they knew the
revised solutiorwas correct Students wee expected to complete all redd$éthey failed

to complée more than two redpthey wouldnot pasghe course.

CBMS Recommendations

With all of the variation acrogeacher education programs,stimportant to note
how the mathematics content courses feB keachers at thigarticular university follow
researchbased and professiom@mmmendations fonigh qualityteachereducation

programs.The CBMS (2012) recommentsachers should learn the content they will
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teachat a deeper level and from the perspective of a teaétoerteacher prepaian, the
CBMS (2012) recommendbatprospective teachers need mathematics courses that
develop a solid understandingtbe mathematics they will teaatgurseworkshould
allow time to engage in reasoning, explaining, and making sense of the mathematics that
prospective teachers will tegandall courses and professional development experiences
for mathematics teachers should develop the habits of mind of ammatibal thinker
and problensolver, such as reasoning and explaining, modeling, seeing structure, and
generalizing. Thesereammendationsra all goals ofthe curriculum of the courses in
this study. As described above, the curriculum goes into understanding rather tha
procedure alone and includes components focused on student misconception. This is also

in line with the goals of the CCSSMthat of aiming towards understanding.

Research DesighEmbedded Case Study

According to Yin (1994), case studies are appiate forhowandwhyquestions.
The first research question,

1. How doprospectiveelementary teachemogress in their enactment of the
mathematical practices of persevering in problem solvikgcanstructing viable
argumentsas they move through ingiy-based mathematics content couses

lends itself to a case study approach. In particulaenabedded case studgproach
wasused forthe researh design of this study. Yin (199dgfines an embedded case
study as one in which more than one unidwélysis is involved, or when attention is
given to a subunit or subunit¥he mathematics content course sequence at the

university in this study was designed to

f
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competenciesThe twomathematics contémourses were the unit of analysithe case
T for this study as they offered a boundary for which the research question could be
answered.In other words,he students taking these courses could be distinguished from
those that were not. This studg@lpaidattention to individuastudentswithin these
coursed the subunit®f analysis, or participants of the study

Both qualitative and quaitdtive data were collected teelp illuminate the case
Quantitative data wergathered where valid and raileinstruments havbeen
developed namely forprocedural knowledge, mathematical knowledge for teaching,
and attitudetoward mathematics andassocations between variables were examined.
There wa noexisting instrument to validly and reliably meeas the enactment of the
Common Corestandards foMathematicaPractice(CCSMP) and @cording to Mertens
(1998),/Qual i t ati ve met hods mayébe chosen when
for the desired outcomes of a progtap. 163). Also, qualitaive research affords one to
take a deeper look at peofdehoughts and behaviors and allows the researcher to ask
them why they responded the way they did (Creswell, 200/dh qualitative analysis
there is opportunity for rich descriptioaad deepeunderstandinghat go beyond what a
guantitative measure cditell uso For theseeasos, a qualitative approach wased to
gain a better understandinghadw prospective elementary teachirsathematical
practices develops they progress through tlveotmathematics content courses
described in the previous sectiohe quantitative datservel to aid in the selection of
the participants for the qualitative analysis.

| collectedquantitative data frorthe entire cohort adtudens moving through the

two courses | selected a smaller subunitgifidentdrom the cohort from which to



51
gather qualitative datéaking a deeper look #teir mathematical practiceRepending
on prospective elementary teachérs b e g protedural knowledge and mathematical
knowledge for teachingcoresthere coulde differences in where they bagnd
develop intheir mathematical practice&lnderstanding thdevelopments different
prospective elementary teachrsahematical practices as they madteough two
mathenatics content coursesuldoffer greater insight into whether developmeht
mathematical practices lookgnilar or different for a variety adtudents moving through
the same courseA.description ofhowthe participants for the qualitative portion wer

selectedvill be discussed in the next section.

Participants

| collecteddata fromstudents enrolled in M10Qduringthe $ring 2014 sermster
and those enrolled in M10@Riring the fall 2014 semester at a ragize university in the
Mountain West.There were three sections of M1001tle spring 2014 semester and
three sections of M1002 the fall 2014 semester with enrollment feach section
capped at 28All students enrolled in M1001 in spring 2014 and M1002 in fall 2014
were asked to completerd multiple choice exams and a likextale survey at the
beginning and end of the semester as part of the curriculum for these courses. The
second multiplechoice exam assessing procedural knowledge was required to be taken
by the students in the mathetica testing center on campuBarticipants for the
guantitativeportion ofthis research were all enrollstudents who gee permissiorior
their data to be used. During the first wegklassgeach student receivedshort consent

form that providedijn writing, a short descrijpon of the studypf how there wer@o
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foreseen risks or benefits them, anaf how their data wouldemainsecure and
confidential. | waslsothere to address concerns andegthem a quick description
orally. Students wee asked to sign the form if they were willing to participakbe data
from those students who sigghthe consent form wased for quantitative analysis.

Participants for the qualitative portion of this research project were selected from
the studentenrolled in M1001 in spring 2014 who planned to enroll in M1002 in fall
2014. | emploedstratifiedpurposeful samplingased on the results of the quantitative
outcomesat the beginning of thepsing 2014 semster for consentingtudents in M1001
Mertens (1998) describesdratified purposeful sampling & combination of sampling
strategies such that subgroups are chosen based on sp&dified, and a sample of
casess then selected within those sti@fp. 263). | usedthe quantitative dati identify
potential informatiorrich subunisto highlight the casel wanedto select suburstthat
represerdgdthe full spectrum of procedural knowledge and mathematical knowledge for
teaching among studts in these classes. Thislpedilluminateanydifferences in how
prospective elementary teachers progress in their enactment of certain mathematical
practices defined by hCommon Core. These subsmitovided an opportunity to learn
more about and inform a better understanding of the researdemraimportant aspects
of case selection (Creswell, 20@&take, 2005). The intention wasprovide a detailed
description of the different subunitscluding their beginning procedural knowledge and
mathematical knowledge for teaching, both individpalhd related to the group.

Once the quartttive data wergatheredthe pair-wise associatiobetween
procedural knowledge scoraadmathematical knowledge for teachisgpresvas

examined That is,ascatter plot of procedural knowledge vs. matherabknowledge
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for teachingwascreated | believed there woulchot be as much variability within the
mathematical knowledge for teaching scoresamspared to thprocedural knowledge
scores adhiese prepective elementary teachers wgrs beginningheir coursework and
probably hadaot taken any teaching aeses. For this reason, | stratifitud
mathematical knowledge for teaching scores at the mediastatifiedthe procedural
knowledge scominto thirds. Thissplit thescatter plot of procedurhowledge vs.
mathematical knowlegk for eaching into sixegions The choice oflividing the scatter
plot into six regions rather than fowas toachieve more variation aratcount for
possible attrition of participants.

Once the satter plot wa dvided into the sixegions, a exanination was made
to see if there werstudentsepresented in each region. Itsv@asonable tassume
most of the regions would contain students as there mvere than fifty stdents
represented. If there wenet stulents represented in each regiowould havefocused
on splitting the procedural knowledge scords thirds. Becauskwantedvariation,the
matrematical knowledge for teaching scovesuld have therbeenused toselect
participantsoward the high amlow end of what wa representedithin each of those
three groupsIf there wa not much variation within mathematiéalowledge for
teaching (naelativdy low or high scores) within procedural knowledwges, then
would have examinedittitude scoresThis process wato ensur@ wide variety of
participants in relation to procedural knowledge, mathematical knowledge for teaching,
and possibly attitugstoward mathematics.

A total of twelvestudents were tbe chosemnd contactedlf there werestudents

represented in each of the six regions, tiwemfrom each regiomvould be contacted If
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division into just three regions wanecessary (procedural knowledge thirds), then fou
stucents from each region woule contactedThere wee a Bw additional
considerations that wereade. First, | didnot want to select any students whoreve
repeating the course as theyravprobably more likely to drop out of the study or the
class. Second, for ease of later being able to observe the stndietshssroom, an
equal numbeof students froneach course section werelteselected. Finally, if there
wereany unsual or interesting cases who diot fall in line with the trenaf the other
students, they woullde selected as well. An example of timeresting case would be a
student scoring low in procedural knowledge but high in mathematical knowledge for
teaching (relative to the other students in the stadythis wasot expected or
consideredypical. | planned to contaall twelve of these gidentsask for their
participation in the researcand ask whether they plaed to take M1002 in thalf 2014
semester Based on their responsésvould select six participants for the studl.six
participants @l not agree to participateéplanred togo back through the data and choose

more cases based on g@mne selection process.

Quantitative Data Collection

This study used quantitative measures to examine prospective elementary
t e a c pracedsrd knowledge, conceptual knowledge, belais practices.
Quantitative data gatheredtims study measwd prospective elementary teachiers
procedural knowledge, mathematical knowledge for teaching, and adtitwekerd
mathematics. The reason for examining mathematical knowledge for teeathi@gthan

conceptual knowledge wgahe lack of a specific conceptual knowledge instrument in the
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literature and the increased importance of the new domain of matb@nkaowledge
for teaching, fomwhich valid and reliable measurements exist. A disonssf the

instruments chosdior each measumgill follow.

Procedural Knowledge Measure

The Mathematical Asgiation of America (MAA) offersolleges and universities
a webbased suite of mathematics placement téBtese tests weidevelopedy a pael
of college mathematics teachers involved weitlirses requiring placemerftinal
approvalof the tests was madey t h e Thika #estsraintended to quickly and
efficiently helpschools place students irappropriateanathematicgoursesn which
they will be successfulAccording to Maplesoft (2011), before an MAA placement test
is approved, it must undergo piloting where the results are carefully analyzed and
necessary adjustments are made. Although every version of the exam cannot undergo
detailed analysis, the algorithmic tests are based on the original algorithms to create
parallel forms. The placement tests have high content validity, according to college
instructors, and have been found valid and reliable for mathematics departments placi
students for three decades. The placement tests have been used by hundreds of schools in
the U.S. since 1977 (Maplesoft, 2011).

At the university in this study, these placement tests have been used since 2010.
There are foulevels of calculair-basedests offeredArithmetic and Skills (Level 11),
Basic Algebra (Level Ill), Algebra (Level IV), and Calculus Readiness (Level V)
(Maplesoft, 2011) In order to meet the prerequesitequirements to enroll in M10@the

first mathematics content course fiospective elementary teachestydents must meet
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one of the following requirement$ass the Level Iilnathematicplacement exar65%
or bettej, passCollege Algebra (€or better) achievean ACT mathematicscoreof 23
or better or achievean SAT mathematicscore of 58 or better
The Level llimathematicplacement exarmwasused to measure prospective
elementary teachdyprocedural kowledgeandprovide a baseline level of prerequisite
knowledge held at the beginning of the semest&e Level 1l mathematicplacement
examhas 25 multiple choice questions measursitgple computational skills and
manipulationof basic algebréMaplesoft, 2011) A raw score (percentage) wased to
report the scoreof the prospective elementary teachdtrsvasreasonabléo think that
the percentage scores from the M1001 students in spring 2014 vemgd from 50% to
100%, consideringhata score of 65%sione of the preredgite requirements for the
M1001course.
| comparedhe itemsat Level Ill tothe CCSSM All items were found to align
with the CCSSM. Fourteenf the questions aligned with grad&&tandardsand the
remainingeleven questionaligned with high school algebra standarBxample items
include:
1. Which of the following points lig on the line 2x + 3y + 4 = 0?
a. (0, 4/3)
b. (-3, 5/2)
c. (-3,2/3)
d. (3, 10/3)

e. (3,-13/2)
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2. 4[5i 2(67 7)] =

e. -12
As is illustrated, these items meashasic procedural knowledge through a multiple
choiceformat. The first sample itera aligned wih an eighth grade Common Core
Function standard wte the second sample item aligmish a skth grade Number
Systemstandard. All itemsra alighed with the following Dmans of standards: high
school Agebraand Number and @antity, eighth gradéunctiors andExpressions and
Equations, seventh grade Expressions aquhfonsandGeometry,andsixth grade

Number §stem Ratios and Proportional Relationships, and Expressions gunatigns.

MathematicaKnowledge forTeaching Measure

The Learning Mathemiss for Teaching/Study for Instructional Improvement
projectat the University of Michigadevelopedest items that measunet only
mathematical knowledge, balsomathematical knowledgeeededor teaching.iThese
items probe whether teachers can seghathematical problems, evaluate unusual solution
methods, use mathematical definitions, and identify adequate mathematical explanations
(Hill & Ball, 2006). These measures can be used to examine how a gneagbhematical
knowledge for teachingayelogs over time and how this knowledge relates to other

competencies (Hill & Ball, 2006)This purposealignedwell with the goals of this study
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which wee to examine the relationships between prospective elementary téachers
mathematical knowledge for teangjiand other competencies as well as how this
knowledge and the relationships change over the course of two semesters of mathematics
content courses.
| found nospecificinstruments measuringpnceptual knowledgeThe MKT
provideda reasnable substitutas it measurethathematical knowledge for teachiimg
prospective elementary teachassng items that address$conceptual mathematics
Hill, Dean, and Goffney (2007) wrote thatalysisof this instrumenfihas allowed us to
rule out common problems awodtiquesof multiple-choice items. It does not appear, for
instance, that CKcontent knowledgeltems drawmainly on responderisbility to
recall rules or algorithms. Instead, mathematieakoning and in some cases,
justificationd are required to coemtoan appropriate answefp. 92) This indicates the
measurexamiresmorethan just procedural knowledgéealso assessesathematics
content knowledge at a deeperd more conceptubdvel.
The following ae examples of released MKT items.
4. Ms. Harris was working with her class on divisibility rules. She told her
class that a numbes divisible by 4 if and only if the last two digits of the
number are divisible by 4. One of ludents asked her why the rule for 4
worked. She asked the otheudnts if they couldome up with a reason,
and several possible reasons were proposed. Which of the following
statements comes closest to explaining the reason for the divisibility rule
for 4? (Mark ONEanswer.)
a) Four is an even number, and odd numlaeesnot divisible by
even numbers.
b) The number 100 is divisible by 4 (and also 1000, 10,000, etc.).
c) Every other even number is divisible by 4, for example, 24 and
28 but not 26.

d) It only works when the sum of the last two digits is an even
number.
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7. Which of the following story prdéms could be used to illustrgte

divided by-? (Mark YES, NO, ord NOT SURE for each possibility.)
Yes No 1dn notsure
a) You want to splip- pies evenly 1 2 3

betweentwo families. How much should
eachfamily get?

b) You have $1.25 and may soon double 1 2 3
your money. How much money would you

endup with?

c) You are making some homemade taffy 1 2 3

andthe recipe calls fop- cups of butter. How

many sticks of butter (each stick-zup)
will you need?

Hill et al.(2007) validated this measure by providifigpsitive evidence on a key
assumption in oumeasures development: that teachgecsres predict mathematical
characteristicsf their classroom instruction and studkrarning from that instructian
(p. 117). If this measurés truly indicative ofteaching performace and student gains,
then it s important to apply it tthe prospective teacher population as well.

Several forms ofhis assessmermxist measuring content kmdedge in number
and operations; geonmgt and patterns, functionand algebraNumber concepts and
operationsare the most dominant topics inKeducationThese are fundamental topics
in M100land related to the contgmtospective elementary teachers will se#110Q
Prospective elemésry teachers in this study weassessedsing Form 2001 Awhich
has26 multiple choice items and hbsenshown to be both valid and reliabl&his form
was piloted with California teaeins who had participated in statede professional

development.With a sample of 411 teacheretreliability for this form was found to be
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0.72 Hill & Ball, 2006). Scores wergeported as Item Response Theory (IRT)
standardized scor€s-scores)with possble outcomes ranging fror2.976 to 2.450IRT
scale scoregepresent standard deviation units for a standardized distribution with a mean
of 0 and standard deviation of 1. This distribution follows th®%89.7 rule where
approximately 68% of participants will fall within one standard deviation of the mean,
95% within 2 standard deviations, elithe reason for reporting IRT scores sviaecause
the itemson this assessmeate not criterio-referenced or normeferencedut instead
are intended to measure average teacher abifityhich means deliberately making
about half of the items more difficult than most teachaidityo (Hill & Ball, 2006).
For this study, it is reasonable to think student MKT scores will be below zero as this

measure was created famracticing teachers.

AttitudesTowardMathematicgnventory

Many instrumentsra available that measure studettitudes toward
mathematics Chamberlin(2010) conducted a review of existing instruments. thhee
criteriausedto seled¢ the instruments for review werd) Statistical datahowing
validity and reliability of the instrument, 2) Innovation in regard to new facets of affect,
and3) Amount of use as seen in follawp studies and literature reviewShamberlin
(2010) found thenost widely used attitude scale across discipliodse the Femema
Sherman Mathematics Attitude Scadlefbecause it so oldthe reliability and validity
areless stable. The Attitudes Towlavlathanatics Inventory (ATMI) $ more recent,

created in 1996, and also considensiltiple components of affect. Althouglot as
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widely used as the FennefSBaerman instrument, Chamberl§2®10) supported its
potential to become the most widely used

The ATMI is shortethan the Fennem&herman Mathematics Attitude Scalih
a simple four factor structurather than ninéactors(Tapia & Marsh, 2004) The ATMI
consists of 40 items based on a fpant Likert scalgsee ApendixA). There are
fifteen items associated thiselfconfidence (anxiety), ten for value, ten for enjoyment,
and fivefor motivation. The five reponses to each item are:i/Strongly Disagree, B
Disagree, @ Neutral, Di Agree, and B Strongly Agree There are 29 regular items
and 11 reversed items. The regular item responses are given a humerical value from one
to five, with one being asgigd to a response of A and five being assigned to a response
of E. The reversed item values are found by subtracting the regular value from six.
Therefore an A would be scored as one less than six, ofTima, 1996) Higher scores
are associated witpositive attitudes! used the composite ATMI scorésum total)i
which canrange from 4Qo 2007 alongwith the overalimean and standard deviatioh
scores.

Reliability and validity of the ATMI was initially examined on a sample of 544
high schooktudents in Mexico CityA maximum Cronbach alpha of .9667 was found
after deleting nine of the original 49 itemBhis indicateda good reliability and internal
consistency of the instruent. Content validity was deterneith by having blueprints of
thefactors to be measured and having experientathematicteachers check items and
give feedback. Construct validity was achieved becausetdeatal correlation was
higher than .8 for all items. This indicated only one construcswaing measured

(Tapia, 1996). Tapia and Marsh (2002) conédthe use of the instrumentaits four
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factor structuravith U.S. college students. The sample of college students was 80%
Caucasian and 20% Africeamerican who ranged in age from-34 years old.
Confirmaory factor analysis was used and showed justification for using thédciar
assessment on older studeatsdreliability estimatesemainedyood.

The reasoning for reporting the overall sum rather than focusing on the four factor
structure was infleanced by the results of a pilot study conducted the semester prior to the
study. The ATMI was given to prospective elementary teachers in M1001 and M1002.
A factor analysis conducted with the data from this pilot study did not show the same
four factor sructure. This is probably due to the fact that prospective elementary

teachers are a unique population of mathematics students.

Qualitative Data Collection

In qualitative data collectiorfinstead of using a test or questionnaire to collect
data, he researcher is the instrument that collects data by observing, interviewing,
examining records and documents in the research setting, or using some combination of
these methodgMertens, 1998p. 317). In thease studyportion of this research
obsenations interviews, and documentsntributel to the body of dataHaving
multiple data sourceslowedfor triangulaton, strengtheimg the validity of results. This
waspartially due tobeing able tdill in thegaps that coultde seerfrom one sourcef
data but not another. This idea will be illustratethmdata matrices at the end of this
section. The documentsxaminedwverechapter exams from M1001 and M100Rhese
documents antheobservations weresed to guide the interviews. Defallouteach of

these qualitative data sowasfollows.
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Exam Questions

The qualiaitive portion of this researdbcused on gaining a better understanding
of how prospective elementary teachers develop in their mathematical practices of
persevering in problenos/ing and constructing viable arguments. Chapkam
guestions werased as form of documentation data because they efferuch insight
into the problem solvingnd argumentatioprocessesf the studentsThe exam
guestions in M1001 and M100@&xe designed to test studeatsmderstanding of the
material and almost always requr@n explanation or justificationAll of the students
acrosscourse sectiaitooka common examChapter 2 andhapters examswere
collected in M100Muringspring 2014 viile chapter 1landchapterl3 examsvere
collected in M1002luringfall 2014. Thesechapters were selected becatlssy wee in
the middle of the semester rathithan at the very beginning or the very end. Alse,
practice standard of constructing i@ arguments or making sense of problems and
persevering in solving them was a highlighted Common Core standéelselected
chapters

As soon as thparticipantscompleted their chapter exanpdotocopiesvere
made to analyze and use in the intemge Theirwritten work on eaclguestion was
analyzedusing the same protocol as foetbbservatiomnd guidéd the questioning in the
interview. The protocol was a matrix whialsed the language tife Common Core
Standards for Mathematical Practice efgevering in problem solving and constructing
viable arguments. For example, themmon Core practice standdrddking sense of
problems and persevegnn problem solving statesfiMathematically proficient students

can explain correspondences betweguagions, verbal descriptions, tables, and graphs
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or draw diagrams of important features and relationships, graph data, and search for
regularity or trend3(CCSS, 201l Thereforein theprotocolthere wa asectionfor
evidence ofelating multiple repesentations. Another example is from @@mmon
Core practice standard of constructing viable argnts. The standard states,
fiMathematically proficient students understand and use stated assumptions, definitions,
and previously established results anstructing argumemgCCSS, 2011).Therefore
the protocol contained section for evidence ohderstanding and use of prior

knowledge and/or stated assumptions (see Figures 2 and 3).

Observatios

Qualitative observation should take place in a radistic setting (Mertaes, 1998).
Case study participaswereobservedn their mahematics classroom where theyreje
on a regular basis, working together in groups on solving problems and answering
guestions. Thesabservationgllowedme to see how #y problem solveé and mad
arguments ira group setting. Because this was a group setting, iimastantfor
several observations to be made these classes, the students are often asked to switch
groups, usually at the beginning of a new chapBtudents may behave differently
depending upon the groupwhichthey are workingand their comfort level may change
throughout the chapter as they get used to their group membetess &bout group
dynamicswereincludedin the observation protocol

Case study participants weobserved throughotihe chapter 2 materiéix
days)and chapter 5 materiédour days)during the pring 2014 semester in M1001

positiored myself near the student | was observing, but did not lomgertheir shoulder.
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| constructed mobservation protocokée ApendixB) to guide me in looking for
evidence of students meeting the guidelines ofitmamon Core Mathematical Practices
of making sense of problems and persevering in solving them and constructing viable
argumeits Because th problem solving standards sstydents shoul@imonitor and
evaluate their progress and change course if neceg€%S, 2011 )the observation
protocol included sectiodooking for evidence of tliin the student. Notes weeken
if the student demonstrated this or discugbed progressvithin their group. For
example, if multiple attempts were made because no progress was being made, this was
evidence and notes wetaken about the situation and how it came to fruition.

Resarcher observation notes wesapplemented bgn audio recording of the
group interactions through the use @martpen Use of theSmartperwasdiscussed
with the cae study participants when they reecontacted about participation in the
study. As soon ashe observation wadone,| madereflecionsandtook additional notes
| reflected and analyzetie overall clasperiod and what happeneglg, what activities
took place, what material wamveredhow the group interacted togethtre extent to
which the participant was engaged (or natilthe degree gbroblem solvingand
argumentation. | wrote personal reflections alvay | think things transpéed the way
they did as well agleas for better future observationgranscribed khaudio fromthe
Smartpen. Once this wa done] madea comparison between the transcriptidhs,
observation protocol notesd the marginalotes andmade furtheadditionsand

analysis
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Interviews

Interviewing allows one to find out about things tliayinot dserve ando learn
about the perspective of others (Patton, 2002ithout the interaction of the interview
process, there would be a lot left unsaid and unlearned fronotikenénts and
observations. nispecting the chapter exams and conducting the\aigens before the
interviews providedime and material to develop relevaptestions to uncovevhat
remanedhidden from view.l used acombination of what Patton (2002) calls an
interview guide approach and a standardized forratinterview guideapproach is
wherethe interviewer has a checklist of topics to caather than a list of several
guestions A standardized format is one in which all of the key questions are written out
ahead of time Using a combined approaaliowed more flexibility for the incorporation
of chapter examandobservation material into ¢hinterview. The checklist seryéo
make sureverything that neexl to be covered vgacovered

The inteviewing process in this study waneant to tie togethemy observations
of paticipants with their written work on exams and to gain perspective directly from the
participant. Participants werasked about occurrences in the classroom where they were
problem solving or arguing. They were alasked about their solutisio exam
guestions. The goal wao better understand their thought process as theydiork
through and solaproblems and creadearguments and justificationg.he interviews
were intended to uncover the thought process and gmobblving processes that could
not be seen on the written exam d@uas and better understand the particip@nts
viewpoints ofclassroom group workroblem solvingand discussionThe interviews

wereclosely based around the observations and exams.



67

Theinterview protocol $ee ApendixC) included two figet to know yoo
guestions in order to builpportwith the studenand guide them in the direction of
offering descriptive answers, two important components of inteimvgelaid out by
Patton (2002) Participants were also asked how\ttielt they wergrogressing with
regard to problem solving and justifying aledwhat they attributgthis. | included two
overarching questionajmed at gaining perspective into the problem solving and
argumentation processes as the students exyped them on the exanThe interview
checklistsconsisted oEomponent$rom theprotocolto ensurea holistic picture of
evidence othe Standard for Mathematical Practicef persevering in problem solving
andconstructing viable arguments svgained In anticipationthat some students would
not offer much verbal description, supplemeniatstions werereated to provide
evidence fothe items in the checklist. The interview questimnelation to the
observation wee less structuredub wererefinedbased on each observatidparticipants
werealso asked tdescribeheir perception ofhe dyramics of their group which was
compare with theobservatiorprotocol notes.

Following Pattoris (2002) suggestions for writing good intew questionsthe
interview usedpenended questions an effortto avoid a dichotomous responge
closing question asketle participant if they haanything to add.| remairedneutral, not
ever taking theole of instructor(by showing satisfaction or dissatisfaction or
commenting on the correctness of their solutions)remiéhowing signs davor or
disfavor. Probes, reinforcemendnd summarizing transitiongereusedas they wee all

recommendations made by Patton (2002)sed pobingto gain more inght or deail

where needed angsal of statements such @i | | you pl easeol el |

me
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providedhead nodsisareinforcementechniqueduring responsesnd thanked the
participantdor answering the questiottroughouthe interview. | provided
summarking transitiongo inform the participant ongection of the interviewas ending
and another wabeginning. For example, after the participavese asked about their
solutions to exam questigrthey wereasked about classroom observations
Summarizirg transitiors such asiiWedre been talkinglzout your saltions to some exam
guestiors and how you solved the problems and justified your answers. Before | ask you
some questions about the classroom observations, are there any additional strategies you
used or anything else you would like to add®ereused.

In total, Icondudedfour interviews per case. Each of theemnviews were
conducted as soon after the ptea exam as possible so theres\itile time for them to
forget what they di@n the examsr during the chapter material he interviews took
place at a neutral locatiom a confeence room. All interviews weigudiotaped and
videotapedising a hover cam. The hover cams notfocused on the student but rather
onthe exam questions beingiscussed durinthe interview. At the completion of each
interview, lanalyzedhe interviewand the procesand madenyadditional notesThe
interviews werdranscibed and afterwards comparetith my initial notes Then | made

further notes andralysis

Data Collection Matrices

Figure 1 representsdata matridinking research questions to the data sources
that helgdanswer them. Figes?2 and 3focus on question 1 and show wiaglitative

data souro) would most likely show evidence diow specificaspects of the Common
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Core mahematical practice standard$ and #3are enactedl took the two nathematical
practices and brokihem down intespecificcomponentswhich students wer expected
to demonstraten orderto meet the standardrigure 2 relateto the mathematical
practice of persevering in prigin solving and Figur8 relatedo the practice of

constructing viable arguments.

Procedures

A meeting with the instructors of M1001 was scheduled the day before the spring
2014 semester started to discuss scheduling, exam administration, the use of Smartpens in
class, observains, and angonflicts that migharise. Throughout the semester, |
remained in close contact with the instructors, making sure everything was in order.
During the first week of the spring 2014 semester, the procedural knowledge exam,
MKT, and ATMI were administerednd consent forms were given to all students in
M1001. The MKT and ATMI were administered in class and turned in along with the
consent form. The procedural knowledge exam was taken in a testing center outside of

class.
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Figure 1.Data Matrix
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Figure 3.Data sib-matrix for constructing viable arguments

| spent the next week examinidgta from scatter plots and selecting participants.
Originally twelve participants (fauyper course section) were to identified, but thirteen
participants were actually identified. They were each contacted, either via email or a visit
to their classabout potential participation in the study. They were asked whether or not
they planned to take M1002 in the fall 2014 semester, and if they were willing to
participate in four interviews (two per semester) which were to be approximately 30
minutes eda. | planned to choose six willing participants, two participants per section

and wasable to do so as twelve of the thirteen asked agreed to participate
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Once theparticipans weae identified | corducied classroonobservations

throughouthe Chager 2 magrial in M1001 | setup interviews with each cass soon

after their Chapter 2 exam as possibAd. but one of the interviews were conducted the

same day the participants took their chapter exam. The interviews tookmpéace
conference room on camg. Beginning with the first observationistranscribel and
analyzel the data, refleetdon results, and decid®n any necessagdjustments to
improve the dsign and protocols for the observations and interviég cycle of
observations and interwies wasrepeag¢dfor Chapter 5 materialDuring the final week
of classes, administeedthe procedural knowledge exam, MKT, and ATMI to all
studentsagain in the same fashion as beforkhis processvorked very similarly in the

fall 2014semester whethe students were iM1002 (see schedul@ AppendixD).

Data Analysis

Quantitative Analysis

Quantitative analysis wassed to help answer the sadaand third research
guestionswhich explored potentiahssociatios between prospective elementary
teacher§procedural knowledge, mathematical knowledge for teaching, and atitude
toward mathematics. Scores on the measure for procedural kig@vieregiven as raw
scores (overall percentage correct), scores on the mathematical knofeletggehing
instrument wergliven asscaled IRT scoig and scores othe attitude instrument were
given asoverallsuns. Pairwise associations eveexamined through the use of basic

scatter plots Because there appeartedoe a correlatiobetween the patwise
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compailisons, furtheanalysis wagonducted.This includedcalculatingcorrelation
coefficients.

There were total of threeaatter plots for each time period (January, April,
August, and December)One scatter plot represedthe association between peatiral
knowledge scores and attitudesrard mathematics scoresadsumed there woultk a
positive correlation between these variables as there is a tendencynatiiematicsf
you are good at mathAnother scatter platepresergdthe associatiobetween
procedural knowledge scores and mathematical ledyye for teaching scoreswhbs
unsurewhether or not there woulak a relationsipibetween these variablesadsumed
therewould bea positive relationshipeven though these students dad have any
experience with mathematical knowledge for teacipingr to M1001 Therefore] was
thought there woulgrobably be more variation with procedukabwledge scores than
there wouldoe with mathematical knowledge for teaching ssor€he final sdter plot
represerdgdthe association between mathematical knowledge for teaching scores and
attitudes toward mathematics scorésassumed there woultk a positive correlation
between these varialslas it has been shown in previous studies (Gleas@7)20n
addition to the scatter plotspxplotsalso helgd paint apicture ofoverall group
performance ad how this changetthroughout the two course sequence.

| createdha total of foursnapshotgscatter plots comparing competencies at a
specific time)or each paiwise comparison. Ongasat the beginning othie spring
2014 semester for M10Gudents, one at the end of th@iag 2014 semester, one at the
beginning ofthe fall 2014 semester for M10G2udents, and one at the end of tlad! f

2014 seraster. | also createdour boxplotsfor overall group performana each
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measureand four profile plots showing individual student change over.ti@leangen
the associationgver time wasnspected by looking fgpatterndn the sequence of scatter

plotsand comparing the correlation coefficients

Qualitative Analysis

Qualitative analysis wassed to answer the first research question, wivesh
related to the evolution of prospective elementary teaébaestment of the
mathematical practices oégsevering in problem solving and constructing viable
arguments.fiData analysis in qualitative studies is an ongoing process. It does not occur
only at the end of the styds is typical in most quantitative studi¢sertens, 1998, p.
348). By following a set ofprospectie elementary teachetfsroughout the aarse of two
semesters, | waable toconductanalysis as an ongoing, nonlinear procédss is what
Creswell (2007) calls the data analysis spiral, where the researcher moves in analytical
loopsrather than linearlyThe spiral starts with data collection and ends with a narrative.
In betweenthe researcher organizes da&mads everything several times while writing
reflective notesstarts to define initial categories and classificationdenhterpreting
and desching what they see

After each day obbservations, teflecied on the entire deandtook additional
notesof things not written initiallyon the protocols. | analyzedhy things happened the
way they didthat daytook notesof the paticipans 6 b e dndthe igroup dynamics,
and made comparisons between course sectlardoaded he audidrom theSmartpen
tomycomputerand r anscri bed each of tinteecti@sifrom parti c

the dayof observation | thenreadthrougheach transcriptmakingmargin noteslong
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the way. |then read through it again andde omparisons between the transcriptions
and notsfrom the observation protoctnl make sure | had filled the protocol out
completely Finally, | read througheverything again anildoked forinitial codes which
came from the margin notes and items from the protdent example, an initial code
was: Asked questions for clarification, which was an item in the row of Attempting to
Understand the Prédm in the protocol matrixOnce | completed the observations for
the chapter | filled in details in the interview protocol. That is, | created specific
guestions for the interview based upon what happened in the observations.

The next stp of data colletion involvedgatheringhep ar t | chapiea nt s 6
exans. After participants took the chapter exdrobtained a copy from their instructor.
| madetwo photocopies, one for my ngtend one fouse during the interview. The
same protocol used in tlervatiors wasalsoused to analyze the exam questjons
looking for evidence of enactment of the Mathematical Practi€ks allowed me to
look for evidence of the participants meeting specifimponents o€ommon Core
Stanards for Mathematical Practideand3 in their written eam solutions. Oncktook
margin notes on the exam afilted out the protocgllr ef | ect ed on t he
overall performance (in relation to the Mathematical Practices) and took any additional
notes. | also analyzeghich components of the Mathematical Practices | could and
could not see on the written examooked for nitial codeswhich again came from
margin notes and items in the protocol (evidence of meeting the staaddrdade
comparisons between tibedesof observéions andchapterexans. Responses on exam

guestions guidithe inerview process and weuosed as a visual aid in the intervieiv.
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pointed to he actual exam questi®and the studerd responsand asked abotiiemin
the interview.

For the final step of the firstycle of data collection conductedhe interview.
As mentioned above, the obsdrgas and exam responses wesed to guide the
interview and add more detail to the interview protodbl.noticed participants have an
A A h a bntent m class, where they came to the solution to a problem without me seeing
what happened, | would ask them about it in the interviealso asked them about
specific behaviors and attitudes they exhibited in cl&ght after the intariew, | took
notes of things | forgot to ask or what | forgot to wdtevn during the interviewl
recorded my impressions bbw the interview went antbok note ofanything unusual or
interesting that happenedithenuploaded adio and visual recording® my conputer
andstartedtranscribing | read ech transcripseveral timesandtook notesn the
margins. | then read through the transcript and margin notes again and filled out the
protocol. | examined my initial codefsom the margin notes and evidencdhn
protocols,and madeomparisons to theodes from thebservations andhapterexarns.

After thefirst cycle of data collection was complete, | decided the data | was
collecting was adequate enough to be able to answer my research questions. ltaecided
adjustthe protocoby adding more detail and language from the CCSMRis0
rephrased some of the interview questions in order to gain more information from the
participants with regard to their problem solving procédien the first round adata
collection wasomplete | began to lookat refininginitial codes ana@ategoriesith the
ultimate goalof breakng down the many codes and categories into a few themes

(Creswell, 2007).
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This processontinueal for the next round of data collectiénthe secondound of
classroonobservatios, examcollection and interviews. |lookedfor new codesnd
new similarities and diérences within and between participan®ver the summer |
worked toward moving from codes to categories. It seemed naturabtha of the
categories come from the rows of the protocol | created. dasoveredhecategories
of student behavior, characteristics, and attitudes. | analyzed each category and decided
if | was gaining enough information from the participantd haw | could improve in
data collection. For example, | decided | needed more information about what types of
representations participants were using and if they were making appropriate connections
between representations. | also realized the needrtmiespecific in my codes for
participants®d argumentati on. For exampl e,
what makes an argument good or vague.

| went into the next semester with these adjustments made and in mind and
continued the cycle afata colletion two more times. Once this data was transcribed
and analyzed, | decided the need to go through all of the transcriptions and protocols
again. | went through the second time with the refined coding scheme, making sure | did
not miss anythig from the first round of analysis. | also decided to make note cards to
use for building categories from the codes. | made one note card per margin note or item
in the protocol.

Once | had note cards created from the second round of analysis, kdegan
organize all of the note cards intdegories. | ended up wigimilar categories to the
ones | lad come up with over the summer: there were one or two catefyresschrow

of the protocol, one for student characteristics, and one for attitkdeexample, within
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the protocol sectiorof Building Logical Arguments | found the categosi®f using faulty
logic and using inappropriate vocabulary. Upon this further analysis, | also decided the
protocol sectionsf understanding the problem and dewjsa plan were too intertwined
to be considered separate categories. Afteovering these categasid stepped back to
look at the big picture and pick out overarching themes. These themes came from
analyzing patterns within and across participaotess categories. One example of this
was noticing a difference between the arguments offered in class to those offered on the
exam, and how this related to the overall curriculum.

In addition toanalyzing datal, createda detailed descrijan of the paticipants
and any discrepancies betweba intended curriculupas described in the bieging of
this chapterand the enacted curriculum. This includled participan@background
knowledge and attitudes coming into this course, how they pregrtseugh the initial
mathematics content course for elementary teachers in terimsirgbtactices, where
they left the first course and begdwe second course in terms of knowledge and attitudes,
how they progressithrough the second mathematics contentrse in terms of their

practices, and where they Iglie second course in terms of knowledge and attitudes.

Issues oflransferdility and Credibility

It is the job of thejualitativeresearcher to supplyfihick description about each
case and theontexts involved in order for theader to generalize subjectivelyhere is
no statistical inference bdinstead, generalizing from case studies reflects substantive
topics or issues of interest, and the making of logical infereacedytic

generaliation)o (Yin, 2006, p. 114)Thistype of generalization igften referred to as
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transferability (Guba & Lincoln, 1989 as cited in Mertens, 19%)cause the case
involvesthe use of a popular text for mathematics content courses for elementary
teachersthere s opportunity for other universitiés make an analytic generaligat to
their situation. Ensure transferability by providing an tdepth description of the case,
both the intended and enacted curriculum, and all gbainécipans. | chcsea
purposeful sample whichllowedme to describe what makes therticipans different
from one another. | also budhough rapport with these students to build an even better
picture of both the uniqueness amuitarities between participantdHavingbeen a part
of teaching these types of mathematics education courses fonéeynteachers for six
years, | hadigood sense of the curriculum and environta these courses. This
allowedme to provide the thick description necessary forseténginvolved with the
curriculum

According to Stake (2005), credibility of a qualitative study comes from
triangulation. Triangulatiofiserves €t o cl ari fy meaning by iden
the case is being sai(p. 454). In other words, we areigjag fidiversity of perceptioi.
By using the data sources of exam questionsemations, and interviews, | wable to
fise® the participantsandcase in several different way$he exam questionstlee see
how the participarthandledoroblem solving andrgumentation in high stakes
situation, buthe questionslid not allow me to see all of the thought processes involved.
The observationallowedme to see how the participgmbblem solvd and argud in a
group setting. Finallyhte interviewsallowed me to get at the hidden thought processes
involved in answering the exam questions. Theradtions in the interview ga me

insight intoeach participatds perspectiveabout problem solving and arguingan
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mathematicglass These three sources adtdallowedme to see thparticipans from
multiple angles.

Also adding to the credibility of the study are my prolonged and substantial
engagement, peer debriefing, and member ch@tkgens, 1998) | spent time with my
participants over two semestersusedmy peersfellow graduate studentas listeners
and questioners in order to gey thoughts and reflections on the datéhe open antb
gain more insight anguidance orthe processf analyzing data Finally, |used member
checks, mostly bincorporating summarizing transitions in the interviews where |
summarizd what hadeen said in order to check for credibilityn addition, Icreatel a
vignette for each participant after a roundbservations, collecting exam questions, and
interviewing to sendo themvia emailfor review. They werasked to read through the
vignette and then either respond through eoraal meeting time to discuss whether or

not they agredand what they would like added or adjusted.

Conclusions

This chapterdescribed the embedded case study design used in this research. The
case consisted of a two course sequence of intpaised mathematics content courses for
elementary teachers. Quantitative and qualitative data was collected from the students, or
partidpants embedded within the case. This chapter discussed the selection process for
participantan the study The participants who contributed to the quantitative data
consisted of the cohort of students who moved through the two course sequence over the
course of a year. The participants who contributed to the qualitative data were selected

by choosing a wide variety of students based on their initial competency levels relative to
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the rest of the class. This chaptéfiereddescriptions of anglistifications for the use of
the quantitative measures, namely the MKT, ATMI, and procedural knowledge exam.
Next, the qualitative data sources of observations, chapter exams, and interviews were
discussed. The chapter continued with an explanation of my quaetiand qualitative
data analysis processand concluded with a discussion of issues of transferability and
credibility.

Chapter 4 will include a discussiontodw the enacted curriculum compared to
the intended curriculum and the variations founavieen instructors. Descriptions of
each of the participants who contributed to the qualitative data will be offered. Finally,
results from both the qualitative and quantitative data that helped to answer the research

guestions will be shared.
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4. RESULTS

Introduction

This study examined the evolution of prospective elementary teéchers
competencies as they moved through the first two of three mathematics content courses
for elementary teachers using an inqtbased curriculum. These competenciefuhed
Mathematical Knowledge for Teaching (MKT), procedural knowledge, atstioseards
mathematics and enactment @wo of the Common Core Standards for Mathematical
Practice (CCSMRYXhe practices of persevering in problem solving antstracting
viable arguments The data collection for this study was completed in four phases for
both the quantitative and qualitative portions. Quantitative data relating to the students
MKT, procedural knowledge, and attitistewardmathematicsvere collected at th
beginning and end of each semester (in January, April, August, and December). The
gualitative data from classroom observations, exams, and interviews were collected
during the second and secetwdlast chapters covered during each of the two semesters.
These data related to the studéptactices of problem solving and constructing viable
arguments.

The questions that guided this research were:

1. How do certain prospectivee| e me n t a rpyogrése ia thdir enacsnient

of the mathematical practicemersevering in problem solving and
constructing viable argumenrds they move through inquityased

mathematics content cour8es
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2. What relationship (if any) exists between prospective elementary te@chers
procedural knowledge and mathematical knowledgéefaching, and how
does this relationship change over tiasethey move through inquityased
mathematics content cour8es
3. How do prospective elementary teacloattitudes toward mathematics
associate with their procedural knowledge and their matheshltiowledge
for teaching, and how does this relationship change overasntigey move
through inquirybased mathematics content coupses
This chapter will first discuss the qualitet aspects of the study andswes the
first research question and thewve on to the quantitativesultsused to answer the
second two research questions. This first part of the chapter will begin with a review of
the intended curriculum and a discussion ofdh@nges that occurred in teeacted
curriculum. Next, theedection process for the participants (students moving through the
curriculum) will be discussed, followed by a description of each of the participants and
who they were as a member of the class. Finally, the chaptexddiess qualitative
results regating how the students were problem solving and constructing viable
arguments throughout the curriculum. The second part of the chapter will begin with a
discussion of the results from each individual quantitative assessment, then move on to an

examinatiorof the pairwise relationships between the variables of interest.
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The Enacted Curriculum The Case

Review of thdntended
Curriculum Content, Text, andoi®ctives

The case for this study was the first two of three mathematics contentcfaurse
elenmentary teachers at a university in the Mountai@stV The first course, Number and
Operations for K8 teachers (M1001)s the study of number and operations for
prospective elementary and middle school teachers, including whole numbers, decimals,
fractions, percents, integers, operations, numeration systems, and problem solving. The
second course, Geometry and Measurement f8it&chers (M1002)s the study of
geometry and geometric measurement for prospective elementary and middle school
teachers, iduding synthetic, transformational, and coordinate geometry, constructions,
congruence and similarity;@mensional and-8imensional measurement, and problem
solving.

Thetext used in M1001 and M100&Mathematics for Elementary Teachers with
Activity Manual (3% Edition) (Beckmann, 202). This particular text with class activities
uses an inquirpased approach to learning, allowing students to engage with and explore
the material while gaining a deeper understanding of the mathematics invir1801
and M1002 ee intended to provide experiences to help students broaden and deepen their
own understanding of mathematics and to allow students to acquire mathematical
knowledge that will prepare them, as professionals, to help children become confident
problem solvers and powerful mathematitahkers. These coursa#iow students to
make sense of the mathematics that children do and be able to expfaunybe

guestions. Studentseaintended to spend considerable time communicating their
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mathematickideas, both orally and in writing. Course objeet for M1001 and M1002
includethe following four items: 1Explain, through writing and speaking, fundamental
concepts and processes important irBjnathematics, particularly those related to
numberoperations. 2Representquantity and relationships between quantities in
problem situations using symbols, words, and diagramSol8gproblems through
guantitative reasoning. Qonstruct viable mathematical arguments and evaluate the
reasoning obthers. Instruction in thisoarrse § intended to be consistent with the vision
of the Common Core State Standards (CCSS) for Mathematics including the eight

Standards for Mathematical Practice.

The Enacted @riculum

There were three sections of M10@ight by two graduate teaching assistants
and one adjunct instructor in the spring 2014 semesiénf these were included in the
study. Only two of the three sections of M1002 in the fall 2014 semester were a part of
the qualitative portion of thewgdy because the third section did not contain any of the
participants being followed (all sections contributed to the quantitative portion of the
study). The two sections of M1002 that were part of this study were taught by two
graduatedaching assistaés, one of whom wadso aninstructor of M1001 the previous
semester. With the exception of some minor differences due to instructor preference, the
enacted curriculum aligned with the intended curriculum discussed in chapter 3.
Studets worked in smapbroups of two to fouon activities from the text,
exploring thewhyof many mathematical concepts. Students were expected to discuss in

their groups, participate in class discussions, reason with the matedaxplainvhy.
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Each chapter (or so), @aof the instructors would mix up the groups, giving the students
the opportunity to work with new people. The instructors did act as facilitators, not
giving away answers, but asking more questions of students and guiding them in the right
direction. ®me instructors offered more guidance and direction than others. Although
there were often whole class discussions andwwpepof the activities, this was
sometimes a missing component of the class. Sometimes there was ngpwaiiper
because the clageriod endetbo sooror becauséhe instructor would deem it
unnecessary after having visited with all of the groups. When sharing with the class,
students were given the opportunity to use the white board, SmartBoard, and document
camera. There wemdso occasions when the students were given the opportunity to work
with manipulatives to explore activities.

There was a tendency of the instructors to allow group presentations at the
beginning of M1001 in order to ease the students into being comfoeaplaining on
their own. One minor difference in instructors was whether they preferred to ask for
volunteers during classroom discussion or select students to present. One of the
instructors used random selection of students while a couple of thierattnectors
would use purposeful selection in order to sequstregegie®r ensure that several
strategies were presented. For the most part, instrutdedshe activities in the text, but
there were some minor deviations and supplemental matsed! urhere was one
instance when a M1001 instructor deviated from the activity manual for twoatay/g

did cause frustration and confusion with the students.
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The Participants

Selecting Rrticipants

To select the padipants, | made a scatter plaitthe initial scores on the
procedural knowledge exam and the mathematical knowledge for teaching (MKT)
assessment with the data from all studentsliarin M1001 duringhe fall 2014
semester. | identified the median MKT se@nd the thirdef the pocedural knowledge
exam scores. This created six regions, all of which contained multiple data points
(students). As there were existing students in each of the six regions, one was to be
selected from each regiasingthe design laid out in chapter 8vhen thinking about
how to select a participant from each region, | took into consideration patterns found
within the scatter plots, potential attrition of participants, initial attitude scores of
students, and course section.

| noticed a pattern, th#there were rows of students in roughly the middle of the
upper half of the MKT scores and roughly the middle of the low#raf MKT scores
(seeFigure 4. | wanted to make use of this for two reasons. One, | wanted to select
participants toward the whdle of the region rather than the perimed@d two, taking
students in a line would provide groups for comparison based on initial MKT score.
Once the two row of MKT scores were selected, thetedents were selected from each
row (see Figure 4). The were only threstudents in the top row of MKT scores, so |
indentified all of hem for selection. There were sewtndents in the bottom row of
MKT scores, e only a subsewould be identified for possible selection. When looking

at the region of sires that were below the median MKT score and in the lower third of
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procedural knowledge scores, | considered the potential for attrition. | thought these
students would be the most likely to drop or not make it through the first course, so |
identified he student with the highest procedural knowledge in that region for selection.
| identified the only student in the middle of the lower middle and then finally identified
the student with a perfect procedural knowledge score as | thought this wouldeovid
interesting case. Throughout and at the end of this initial process, | paid attention to
which course section each student was in so | could select two students from each course
section. Also, | looked at the six identified participants and whatittigal attitude
scores were relative to the class. There was at least one student from each third
represented so these were determined to be the top six choices for participants in the

study.
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Uncertainof the studen@willingness to participate in the study, | decided to send
an initial emalil to thirteen students in hopes that at least six would be willing to
participate. | identified seven more students, each of whom was close tothae of
original six identified. Oa extra persowas identifiedn the low MKT and procedural
knowledge region relative to the claas | thought there might be more hesitation to
participate from these students. Once these thirteen students wereeidehsiéint an
email to each of them describing my study and what it would require for them to
participate. If | did not hear back from them, | stopped by at the end of class and visited
with them faceto-face to see if they would be willing to participat®f the thirteen
contacted, twelve agreed to participate. The only student not willing to participate was
not one of the top six choices. | sent an email informing the top six choices they had
been selected for the study and the other six that thegdtadnd thanked them for their

willingness to participate.

Attrition

Of the sixparticipants selected to contribute to the qualitative, aetly four
participated throughout the entire study, from the beginning of the spring 2014 semester
to the endf the fall 2014 semester. There were initiaiky/Earticipants choseim
anticipation of some attritigrand it was the goal f@t least four participants remain
through the entirety ahe study. thought that four participants would provide @m
evidence and rich enough data to illuminate the case and answer the researchsquestion
At the end of the spring semester, during our last interview together, | found out Joey

would be transfiging to a new school next year, leaving ofilye participants. During
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administration of the beginning of the semester assessments in the spring, | noticed Ande
had not yet taken the procedural knowledge assessment in the testing center. | sent Ande
a reminder ema#nd found out Ande had changedjors Twoweeks into the fall
semestel was down to four participants, witontinued to the end of the spring
semester. The following is a description of each of the six participants selected to be in
this study and how they acted as a member of the chdksix participants are described
because they all contributed to the analysis of the qualitative Beith, though, are
some tools and information the reader may find helpful to use for reference throughout

the analysis.

Initial Competency_evels

Figures 5 and 6belowareprovided forreference to the readerigbre5
illustrates where each of the participants entered M1001 in terms of their MKT,
procedural knowledge, aradtitude. This was the basis the selection of the
participants and gives theader an idea about how the students compare relative to the
rest of the classThe profile plots in the next figutaghlight the paths of the
participantsdé6 MKT, procedural knowledge, a
These profile plotsfter a glimpse at how the participants progressed in their
competencies and how they compare to the rest of their classmatesthaes in

Figure 9.
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Gender
Both female and male students were participants inubgtative portion of the
study;however,gender and its influence on prospective teacher preparation was not a
focus of this study. In order to better maintain the ickemitiality of the participants, their
gender will not be shared. Gender neutral pseudonyms have been chosen for all of the

participants

Curriculum Observed

| was in the classroom conducting observations during a total of four chapters.
The class mehree days a week for 50 minutdobservel for a total of ten days during
chapters 2 and 5 iM1001. | spent a total of six days observing durimgpter 2wvhich
focused on the meaning of fractions, fraction equivalence, and common misconceptions
heldby students.| spent a total of four days observing duritgpter Svhich focused
on the multiplication of fractions, decimals, and integers, and why the algorithms and
rules work the way they do. | observied a total of ten dayduring chapters 11nal 13
in M1002. | spent a total of four days observing duritgpter 1iwhich focused on
measurement and common misconceptions held by studesgent a total of six days
observing duringltapter 13vhich focused on the surface area and volume oéufit

shapes.

Alex
At the beginning of M1001, Alex had an MKT score in the upper half of the class
and a procedural knowledge score in the upper third of the class. Alex started with an

attitude score in the upper half of the class. This score rethiairiee upper half of the
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class in April, moved into the upper 25% in August, then back to the upper half of the
class in December. Alex started with a procedural knowledge score in the top 25% of the
class, took a 24 percentage point drop from Janoafyptil, but remained in the top half
of the class. From April to August, Alex gained 20 percentage points, jumped back into
the top 25% of the class, and remained there in December.indivates that the April
score was not an accurate measure okAles k n oAlekée initileMKT score began
in the top 25% of the class and the MKT scores in April, August, and December
remained in the top quarter of the class. Alex made no gain in MKT score from January
to April, a slight gain from April to Augustind no gain again from August to December.

Alex was a sophomorenrolled in the firsmathematicgontent course for
elementary teachers. Alex thought of becoming a performer, but was advised by friends
and family to pursue teaching. Initially unsatgout the idea of teaching, Alex soon
identified enjoying spending time with kids and a desire to inspire them and help them
learn as reasons for pursuing teaching. Alex was considering going into special
education, wanting to help these types of studamtisact as a role model. Throughout
the yearsAlex became more invested in majoring in education, especially after having
not done well intie few engineering classescollegeand then participating ia job
shadowing for education.

During the beginimg of M1001, Alexs chapter 2 group generally attacked class
work by quietly working and then discussjmgstead of all discussing a problem and
then moving to individual drawings and writps. The group worked well togethand
Alex was definitely alominant voice in the group. Alex volunteered a couple times

during class discussion, tried to relate class work to future teaching, and did not follow
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the group in participating in negative talk. Alex seemed coatitetwith the material,
even arabstrat question that troubled the rest of the participants. During the chapter 2
interview, Alex reflected on a couple of the exam questions, realizing one of the
explanations could have been written better and admitting that sometimes it is hard to
come up ith the appropriate wording and vocabulary for an explanation. Alex really
liked the setup from the class and fourifinding your own reasonirigvery fivaluableo

Toward the end of M1001, Alex was still very vocal in tlesvgroup. Alex came
in late thevery first day of chapter,%ut caught right up and even shared with the class
when their group was called on. Towards the end of the chapter, there was a lot of
confusion and frustration shown in the group and the class as a whole, but Alex remained
positive and continued to work toward understanding. During the intendlex talked
about how the negative attitude of this group and the last made it difficult to stay positive
and learn, especially when the others would rather complain about ththelas® the
work. Alex sharediil realized how little input we did get from [the instructor] and how
little | was learning from i Alex was nervous about the chapter 5 exam, feeling the
class was growing in difficulty, but ultimately performed well.

During the beginning of the semester in M1002, Alex was in a group with only
one other person. Alex was definitely the more vocal of the two, but both contributed in
discussing the material. Alex started adding to notes based on class discussion and
volunteered in class discussion on several days. At the beginning of chgpiéexi1
showed a good attitude about and confidence in the class, Jalyiegl cool thatdm
getting to see this side ofahd being able to understand ités linterestingd Toward the

end of the chapter, however, Alex was not confident about solutions and explanations,
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even though they were corredtalso sawhis up aa down confidenceuring the
interview, when Alex would go from feeling confident in an answer to feekeglere
might be something missing. Most of the time, it was a matter of not feeling confident in
an explanation as opposed to not understanding the problem itself. Aleesdfied
some explanations @&vonky0 Overall, Alex had a good attitudéaut the class and
doing math, saying M1002 wéene of my favorite classes to godo.

Towards the end of M1002, Alex was still participating in group and class
discussions and would supplement solutions and explanations based on class discussion.
Alex did not show much confidence in some of the solutions and ideas from class work,
saying things likéil don& know if thats rightb andiisometimes | feel like | talk and |
make no senseeven when the ideas and explanations were good. Alex was not
confidert going into the chapter 13 exam, especially about being able to ewbigon
some concepts. On the exam Alex did well and felt better about it overall. Alex felt the
nature of the problems in M1001 called for a mordepth explanation offhyas
compared to the problems this semester, which were more calculation based. ,Overall
Alex showed a good understanding of the formulas used in M1002 and why they make
sense. Alexsaidi woul d have thought | had to | ook
think now from the class, now | could look at any shape and be able to figure out the

volumeo

At the beginning of M1001, Ande MKT score was in the upper half of the class

while Andes procedural knowledge score was in the middle third of the clase&And
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initial attitude score was in the lower half of the class and remained so to the end of the
semester and over the summmeith little change. And& procedural knowledge score
increased 4 percentage points from the beginning to the end of the semndstmained
in the upper 50% of the class. AGE®KT score from the beginning to the end of the
semester increased by just over 0.6 standard deviations and remained in the top 25% of
the class.

Ande was a sophomore who enrolled in the first mathematittent course for
elementary teachers. Ande was originally a social studies broad field education major,
but had now switched to an elementary education major while working toward both
Spanish and History teaching minors. After the first semester 001 JAnde decided to
switch back to majoring in secondary social science education and so dropped out of the
study. When | asked@Why major in elementary educati®ré\nde responded by
recallingthe senior year of high school, which was spent studyingaabm Finland.

Ande spent a lot of time teaching English while there and really enjoyed it. Also
influencing the decision was the fact that Agedieost parents were both practicing
teachers.

During the beginning of the semester of M1001, most of th& vwode did in
class was done independently. Ande would check answers with the other members of the
group and make sure they understood, but most of the work in the group was done
quietly. When reminded by the instructor, Ande had no problem discusgmthei
group and working on explanations, but sometimes more discussion led to less written
work. Ande would occasionally volunteer in class discussions, but ultimately was not big

on sharing ideas. Ande confessi@djsually come to conclusions in vesgd ways, so |
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would have an argument on my hands to try and convince people tiiatibnatwe got
thereo

| found this interesting because on the first day of my observations at the end of
the semester, An@e group mates were asking a lot of questeams$ encouraging much
discussion.Ande showed somfeustration, but ultimately persevered in coming up with
answers and an appropriate explanation to the gsayestions. | asked Ande about this
day during the end of semester interviewd Ande agaispoke about reaching
conclusions in different ways and so not wanting to explain to others. Andéaitk
of the connections | make ddmake sense to some people and then | just end up
confusing themélt gets r eal Urgouthowpekplamat e d
it otherwised The groups switched the next class peraoal | saw more independent
work from Ande at the end of M1001. Ande would still reach out to the group if stuck
and on occasion would volunteer in class discussion. Dthinmterview at the end of
the semestet found out Ande was debating about switching majors back to social
studies. | asked whwnd Ande repliedil like the History and the Political Science more
than the everything, so | decided be better offl@c hi ngéone thing that
than a bunch of things | d@rreally like so mucha After that, Ande confessed to not
being a fan of math, especiafifigher leveb mathematicéike trigonometry. Ande told
me the explanations required in these cesiigre goodlbecause yaie going to have to

be able to explain it to little kids and it makes you look at it in more than oné way.
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Taylor

At the beginning of M1001, Taylé MKT score was in the upper half of the
classandprocedural knowledge scoreaw/in the bottom third. Taylor started out with an
initial attitude score in the top half of the class which jumped to the top 25% of the class
in April, August, and December. The gain in attitude score was 20 points from January
to April. Taylos proedural knowledge score went from being in the lowest 25% of the
class in January to the upper 50% of the class in August and December. This increase
may be attributed to the fact that Taylor was taking athethematicgontent courses for
aconcentrationn mathematicen conjunction with the elementary education courses.
Finally, Taylotis MKT score began at and remained in the top 25% of the class
throughout the entire year. By December, Taylor was one of the two top scoring students
in the class andouild be considered an outlier in relation to the class as a whole.

Taylor was a junior who enrolled in the firsathematicgontent course for
elementary teachers. Taylor was majoring in both elementary and secondary English
education. This decision toajor in elementary education was in part because of job
availability and moving a lot, but a bonus was in not having to narrow down to one age
group only. When | asked Taylor about the decision to go into elementary education,
Taylor sharediil like teaching people things. When they ask maiaggionl will like sit
there and explain to them and | enjoy the proce$aylor also loved English, reading
and writing and discussing books. Taylor felt this route was beneficial too, with reading
and writingbeing the basis of all the subjects and the move of teaohatizematics

more toward theory through the Common Core Standards.
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During the first part of the semester in M1001, Taylor volunteered in class
discussion almost every day and seemed to reglhy érelping and explaining things to
the groupas well ago the instructor, when individual group checks were being made.
The group tended to work independently first and then would come together and discuss
the problem. There were no complaints magléhle groupandTaylor didnot appear to
strugglewith the material Initially, Taylor was not initially confident in the answers
given on the chapter 2 exam, but after discussing the problems in the interview, felt more
confident about them. As a resaf reflecting on this chapter, Taylpfanned tause
more pictures when teaching in the future to help students.

Taylorés chapter 5 group at the end of the semester in M1001 would all work
independently and then come together to discuss. Taylor oatesgpwed a desire to
share explanations to both the group and to the class. | withessed Taylor volunteering to
share with the class several times each day. Taylor reflected on making a conscious
effort to sit back more and trg tet the othergxplainbecause they might not get it as
fast and just end up copyinghat Taylor said. Taylor desceat both a love of
mathematicaind the fact of being an English major and thus being good at explaining
things as possible explanations for success at undeirggeantd explaining quickly. |
found out during the chapter 5 interview that Taylor decided to adatlaematics
concentraiorand so was planning to take Realculus in the summer. This decision was
made in part due to job security and a renewed loveadhematicsound through taking
M1001.

At the beginning of the next semester in M1002, Taylor was still a very vocal

participant in the group, to the instructor, and to the class. Taylor would get done with
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the activities before the rest of the group #imen wait for them to get caught up to
discuss. Taylor almost always stayed on task, even when the others in the group did not.
During the chapter 11 interview, Taylor talked about liking geometry and it making
sense. Compared to last semester in M10@ylor felt the material véamuch easier and
more straighforward. Taylor also added at the end of the interview taloulus and
mathematic$or the elementaryetacherihelp each othed. Taylor made connections
between the two and felt it helped @alning théifundamental thingsfor afideeper
understanding of more complex topid aylor related shapes and angles to
Trigonometry and Pr€alculus and also spoke about algebra skills being useful.

Towards the end of the semesteM1002, Taylor wastill showing a desire to
share with the group, instructor, and class as a whole. Often, Taylor was the first to share
when the instructor would stop by to check on the group. The group mostly did
individual work and then discussed with one anotherloFahose to be quiet in the
growp and explained the reasontgsng not tofidominate the conversatianTaylor was
gone the last two days before the chapter 13 exam and as a result felt a lack of confidence
on the exam. Taylor shardiNormally | justexplain and you have a question and |
answer it really promptly and then we move on to whereas thisdl dave any answers.
| just am not suré. Overall, Taylor performed well on the exam, had a good attitude

about the class, and thought it Wiagteresting to see wlthings are the way they are.

Jordan

Relative to the rest of the class at the beginning of M1001, Jordan scored in the

lower half of the class on the MKT assessment and the upper third of the class on the
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procedural knowledge exam. rdan actually received a perfect score, 100%, on the
procedural knowledge exam both at the beginning and et difst semester and
receivedabovea 90% at the beginning and end of the second semester, staying and
remaining in the top 25% of the claskrdan started with an attitude score in the upper
25% of the class and remained there at the end of the first semester. At the beginning of
the second semester, Jor@aattitude score dropped into the upper 50% of the class, but
then by the end of theecond semester it was back in the top 25% of the class. From the
beginning to the end of the first semester in M1001, Jordan went from being in the
bottom 50% of the class to the cusp of the upper 25% of the class in terms of MKT score.
Over the summefrom April to August, Jordan made a slight improvement in MKT
score and maintained the same score at the end of the semester in December, remaining
in the top 25% of the class in M1002.

Jordan was a sophomore who enrolled in the first mathematics cootesé for
elementary teachers. During our first interview together, Jordan shared about being
valedictorian when graduating high school and about having strengths in music, math,
and science. Jordan started out as an animal science major, then meeioedand
finally decided to switch to elementary education for the variety and planned on
completing anathematic$ocus. Jordan decided to go into elementary education,
growing up wanting to be a teacher and loving kids. Jordan slihjest love fow
children are so, they wantto learnand theg s o mod justealvelally Enpottant
aspect, | think, to be one oflfaelliked®e peopl e
important for schools to have educators who are passionate about wiia tioéyg

and...so for me, going into that, | want to be able to have an impact on our youth
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b e ¢ a u sGe@ot jastia teacher, but yae also a role modél.Jordan was excited at
the potential to have an impact and was enjoying the variety of the ¢tegneducation
curriculum.

During the beginning of the semester in M1001, Jordan definitely acted as the
group motivator and worked hard to get group discussions going. Jordan explained to me
during the chapter 2 interviewi,an just very task orientedl. This definitely showed
when Jordan would be the only one in the group on task. Some work was done
independently, but Jordan would ask for clarification if neededsanttimes try to get
group discussion going. Jordan would always add to and enhantiersohnd
explanations based on relevant class discussions. Jordan worked hard to understand the
problems and tried to relate theenfuture students and teaching. Jordan often
volunteered in class discussion, but would get frustrated when the exphadidtnot
make as much sense as it did inghwllgroup setting and others in the class would start
asking questions. Towards the end of chapter 2, Jordan was showgfraaregative
attitude towardhe tasks, saying things liKihis is so stupidand showing more
frustration with explaining. Jordan admitted in the chapter 2 interview that a lot of this
frustration stemmed from feeling very capable performing in more complicated
mathematicglasses and thinking these more basathematicédeas sbuld be easier.

During the end of the semester in M100never witnessed Jordan tdsk.

Jordan was a vocal member of the group, always enhanced notes based on class
discussion, and once made reference to a homework problem that was completed before
the class. Jordan volunteered in class discussion once at the beginning of chapter 5 and

made a few negative comments about the task at hand throughout chapter 5. Jordan was
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frustrated at the fact they had to explain how and why multiplication of integeks.
In class Jordan commentdio heré my thing. We were all students at one time and
the fact that we have to relearn this is ridiculoués jiist like, stupid because we dbn
remember as students, like why. We d@ven know why This contadicted some of
Jordaris words during the interview, of the importance of this class and the frustration
felt when others do not take it seribusJordan admitted to showing some negative
attitude in class, and attributed the behavior to offrergatie attitudes. Jordan sail,
try not to complain, but | do definitely understand where @teegoming from for some
of these things because it can be a little more challenging to explain the rationale than
um, just to tell the kids this is the way itdsJordan also admitted that just because
mathematicsiclickso does not necessarily mean it is personally enjoyable. Overall,
Jordan felt confident in the performance on the chapter 5 exaduaing our chapter 5
interview, was able to extend on and gealize some of the strategies used and reflect on
other representations that could be incorporated.

During the beginning of the second semester in M1002, Jordan was once again
acting as the group leader and initiating discussions. | never withessed dfttdak
andJordan again madalditions to notes based on class discussions. Jordan volunteered
in class discussions a few times towards the end of chapter 11 but also expressed to the
group a lack of confidence felt in this class, in particular witilaring. During our
interview together, Jordan said the lack of confidence and willingness to volunteer came
from being shy which made being in front of the clagscomfortabled | also found out
during the interview Jordan is a proclainfedimbers person and does not like

geometry. Although Jordan did well on the chapter 10 exam, this did not create
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confidence going into the chapter 11 exam. Overall, Jordan was a veryarddest
driven student and so saw the instructor as the expert andahlehorhands out the
grades. This became very apparent when we were discussing one of the exam problems
during the interview and Jordan admitted to doing the problem in the way the instructor
showed rather than a way that made more personal sense.

Jordards pattern of showing a lack of self confidence in geometry and explaining
as well as having a lack of confidence in group members continued into the end of
M1002. In class, Jordan described explainingfastrating and saigfil dond know if
any of minemake sensé.One day in class, Jordan had volunteered during a class
discussion and had gone to the board. Some of the students did not understaisl Jordan
explanation completely and so were asking some clarifying questions. Jordan tried to
answer thejuestions and then became very apologetic about it, sd@yingsorry if | just
compl etely confused e voeAloggdhese dame lindsiJordan al ge b
told me in the interviewijlam really good at numbers and | think algebraically, but
explanationwise is always a little more difficult to word it iish a way that would
make sensé Jordards group used a combination of independent work and discussion.
Jordan frequently wanted to reference the book and continued to make additions to

solutions and explanations based on class discussion.

Joey

Relative to the rest of the class at the beginning of M1001, Joey scored in the
lower half of the class on the MKT assessment and in the middle third of the class on the

procedural knowledge exam. Jagrted with an attitude score in the upper half of the
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class, but it dropped to the lower 25% of the class by the end of the semester. Overall,
there was a 32 point drop in J@wattitude scoreJoey scored in the bottom 25% of the
class on the MKT ki at the beginning and the end of M1001, though the raw score
change from the beginning to the end of the semesteronghkly +0.2 standard
deviation There was a 20 percentage point drop in @ogsocedural knowledge score
from the beginning to the drof the seraster and relative to the clagsey went from
being in the top 50% of the class to the bottom quarter.

Joey was a typical freshman who enrolled in the first mathematics content course
for elementary teachers. The inspiration to become ameeliary education major came
from Joeys mother, who worked as an Eistlteacher, assistantipcipal, principal, IEP
director for a school district, and an executive director of student support service®& Joey
matherwas told by several employees how grdaey was at teaching in the three years
Joey spent working at the same school. Joey figured this was a sign to go into elementary
education in addition to it being seen as a rewarding and fun job. Joey was also planning
to go into special education gnd particular wanted to teach middle school special
education.

During the beginning of the semester in M1001, Joey was often late to the early
morning class. Joey seemed tired and sick throughout the class periods, coughing,
getting up to leave the om, and one dagven resting on the table. Some days at the
beginning of classloey was too tiretb work through the problems with tigeoup and
so would quietly sit and copy answers in order to stay caught up. Towards the later part
of the hour of @ss, Joey would participate better in group discussions, giving input,

asking questions, and trying hard to understand. Joey never seemed very confident in
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personal explanations and would never volunteer in class discussions. Joey even had a
moment of paic when the group was called on to present one of the problems and ended
up leaving the room and not presenting with the group. Joey was very reliant on the
group members, often copying their explanations verbatim during the beginning of the
semester, ahasking questions to get caught up later in the semester.

During the later part of the semester in M1001, Joey was chronically behind the
other two members in the group and as such was often off task with them when not yet
finished with the problem. Towds the endloey was finally getting more involved and
asking questions to understand and get caught up. During the second interview with
Joey, | asked how the class went during the two chapters | was not observing. Joey
pulled out the old exams and dissed the difficult problems that had to be redone. Joey
could not make sense of one of the problems and so after several attempts at a redo,
finally just memorized the work of another in the class. Joey admitted to still being
confused about the prolote yet never consulted the instructor. | asked if Joey ever
checked with the instructor to understand a problem better and get help on a redo. Joey
did for the first two testsWhen looking over the chapter 4 exarnth me Joeydecided
visiting with theinstructor would be a good idea as Joey did not understand why some of
the questions were wrong. Oveydlbey found receiving so many redos very frustrating
and discouraging. Finally, when discussing group work during the interview, Joey
sharedfifoulave t o want to be thereédmwanttovant t o
learn this, but you have to for education majors so | guess a part of me doesavant to.
This admission of an overall weak investment in the class and into learning the material

alignedwith Joeys behavior in the classroom. When | was wrapping up the interview at
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the end of M1001, Joey informed me about transferring to another school. Joey was not a

part of the study in M1002.

Jamie

At the beginning of M1001, Jamie started out indb#om half of the class for
MKT score and the bottom third for both procedural knowledge and attitude scores.
Jamie improved in MKT score from the beginning of the first semester to the beginning
of the second semester (with a change of +.572 SD) amaimred the same from the
beginning to the end of the fall semester. Jé&adtitude scores followed a similar
pattern of slow and steady growth throughout the two semesters.é&Janoieedural
knowledge score took a big dip from the beginning to theoétitke first semester, falling
by 36 percentage points. The score came back up a little and then leveled off at 36% at
the end of M1002. During our last interview together, Jamie expressed dissatisfaction
with having performance on an exam like thisgserequisite to get into this course as it
did not seem relevant to the material covered in M1001 and M1002. This is interesting to
me as the researcher, knowing algebra will be covered in M1100, the next course in the
sequence, but this is out of thepe of this study. Jamie admitted cramming to pass the
entrance test into M1001 and féfte initial score did not reflect Jan®eretained
knowledge.

Jamie was a typical freshman who enrolled in the first mathematics content course
for elementary teaehrs. Jamie told me right away about being part of a long line of
teachers in the family. This included Ja@itather, grandma, grandpa, aunt, and uncle.

Jamie always liked teaching and working with little kids and discovered this by tutoring
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elementaryschool students one on one and teaching swimming and tennis lessons. Jamie
went on to admit thahathematicsvas not a strong suit and so this class was very
challenging, especially the explanations. Jamie did feel somewhat prepared for this
challengehowever, because some of the tutoring done at the elementary school was with
a troubled student who needed help with math. Jamie learned howldiffcan be to
explain to a young student

Jamie was very outspoken and reminded me of a class clowry toymake class
fun and humorous. Every time | went into the classroom for observations and handed out
the Smartpens, Jamie would get excited and leave messages for me on the pen, signing on
and off each day. At the beginning of the semester in M1Bddie was always a part of
the group discussion, even when it went off on tangents. Sometimes Jamie would act as a
leader, trying to keep the group moving through the problems. Jamie hated it when the
class period ended and there were problems left ghii. Sometimes this desire to
move on quickly would backfire as some of the problems that were worked through
required more thinking and sense making. Frusttand a lack of confidence were
sometimes shown when Janfinderstood a problem but couldot explain it. | asked
Jamie about this lack of confidence in our interview together. Jamie expldigeess |
dond feel comfortable with my knowledge of it. | may know it, and | may know how to
explain it, but | feetlandikreg tdfeyi théawhee rae bmee
a few questions andmh not sure why some mechanics wof, father have [them] go up
there and explain it. It gets hard with me when people start asking questions because
thenbm | i Ke ,néolt s ur e whlgo up to thesboawdl uskadlyehave like a

100% confidence rat@.Jamie did volunteer once during class discussion at the end of
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the chapter 2 material. Jamie worked very hard to understand the problems, asking group
members lots of questions, but wohlardly ever write anything down besides a drawing
or a picture. Jamie was very creative and loved to draw, as shown by the group logos
made in class and doodles made on the exam. Jamie said drawing hélpéedt the
brain in order to maintain fosuand clarity when working through problems.

During the later part of the semester in M1001, Jamie was showing much more
frustration with the class and the instructor. This was reiterated during the interview
when Jamie shared frustration with the amairime necessary for this class, due to the
amount of redos that needed to be completed. Jamie did not like having to be thinking
about three chapters at the same tiwlgich was what happened withe redo system.
Jamie admitted to just finding somelyodho got the answer right on the exam and
copying it to complete the redo. Jamie félteres no standard to wiaatright and
wrong in this clagsand that theyinever got the answeor anyfiguidingd to the answer
in class and never got their questiamswered. Jamie was still very vocal in the group,
but still only did the bare minimum on most of the problems in class rather than putting
in more thought.

During the beginning of the next semester in M1002, Jamie seemed to have lost
the frustration andained bacla sense dfiumor. Jamie said during the interview that it
was easier now knowing the way things work and expectations of the class. Jamie was
again a dominantoice in group discussiontgndedto get off topic several times, and
continued ¢ hardly write anything down, except when reminded by the instructor. A
difference | noticed from last semester to this aasncreasen the amount of times

Jamie volunteered during class discussion. Jamie still had some admitted struggles
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during claswith dimension and conversion. It was also telling how Jamie felt about
personal abilities imathematicsvhen after another student preseha very
mathematical, algebilaased approacliamie followed withfiThat is far beyond my
comprehension abilitg. Jamie felt confident about some of tteapter 11 exam
problems, not abowithers, and admitted to struggling with exam questions that were
unfamiliar. ASeeing something | wadrtotally familiar with kind of hurts me on tests
because | kind of almostave a moment where | freak out and | kind efverything |
know leaves and then that kind of makes it more difficult to come up with the amswer.

Towards the end of the semester in M1002, Jamie was still very vocal in group
discussions, which oftentimegent off topic. During our interview together, Jamie
blamed much of the off topic behavior in class to one group mate in particular, who
Jamie said just wanted to argue about everything. This tension with a group member
escalated on the last day of thepter 13 material and so Jamie ended up moving to
another group. Aside from the difficult group dynamics, Jamie was volunteering and
contributing to class discussionsore than at the beginning of the semester, but still had
some struggles with the matdr In the interview, Jamie described conversions as a
fimental barried and admitted to struggling with mixing2 and 3D within the same
problem. Overall, however, in our finaterview together, Jamie expressed confidence
in M1002 havinga better nderstanding of how the class works and a knowledge base

from M1001 to use.
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Results from the Qualitative DateProblem Solving

Understanding and Devising &R

The first part of the CCSMP1 states thatathematically proficient students start
by exphining to themselves the meaning of a problem and looking for entry points to its
solution. They analyze givens, constraints, relationships, and goals. They make
conjectures about the form and meaning of the solution and plan a solution pathway
rather tharsimply jumping into a solution attempt. They consider analogous problems,
and try special cases and simpler forms of the original problem in order to gairt insigh
into its solutio (CCSS, 201l As the participants in this study moved through the
curriculum, | witnessed all of them actively attempting to understand the problems,
through either individual work, discussing as a group, or a combination tiahe
could not witnesgrappling with understanding the problem and devising a plan of action
if they were working individually in class, howeykcould if they were cussing as a
group. fthey were struggling to understanidey wauld alwaysask their group for help
| was also able to get a better understanding of this process with stmeenadre quiet
participants during my interviews with them.

During the first semester in M1001, all of the participants were reading through
the problems, rereading if necessary, and picking out key information. They were asking
clarifying questions to deat the goal of the problem or what the question was asking,
relating the current problem to similar problems and sometimes personal experience, and
considering constraints of the problem to determine an appropriate strategy. Several of

the participantsvould circle or underline key words in the probléraspecially on
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exams. In a fractions problem about gardening, Joey asked whether the garden sections
contained equal parts in order to get at how to find the correct fraction of corn there was
in total. Jordan and Taylor were able to relate to their personal tipping and shopping
experiences when working on percentage problems involving mental math. &8ordan
prior experience imathematicglasses and strong algebra background was helpful for
understanithg the problems about exponents. For one particular problem, all participants
recognized in the directions that they were not allowed to use multiplication by 1 to
explain and thus chose a different approach for the problem. All participants but Joey
followed the directions of not using decimals, cross multiplication, or common
denominators to compare fractions in a class activity, which ended up hurting Joey on the
chapter exanas Joey did not have an appropriate strategy to use on the &amfew
occasions during chapter five, when Jamie and Alex were really confused about the
problems and were not working out of the activity manual, they referenced the book to
try and understand the problem better.

To examine understanding when analyzing exam munsst was only able to see
if participantscircled or underlined key words, followed the directions and constraints of
the problem, used the given informationdajot the correct answer fopeoblem in an
appropriate way. All the participants drewtpies if asked and used the given examples
in their work. In one instangc@amie initially followed the directions in carefully stating
the whole of each fractigmand then at the end of the problghe final answer was
incorrect because it was not reldtback to the initial whole.

During the interviews, | was able to hear how the participants went about

understanding (or not understanding) the problem at hand. In many insthaces
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participants referred to doing a similar problem in class or in theetwvrk, or in the
case of Alex, additional practice problems in the book done for studying purposes. They
also referred to similar problems done in the chapter summary videos and Pencasts.
There were a few instances in which Joey and Jamie did notdeogl a similar
problem in class even though they did. One of these instances was when Joey was using
a calculator to compare fractisimstead following the directions of not using decimals,
common denominators, or cross multiplicatidrarticipants alo referenced coming to an
understanding by comparittige problem at haniw a similar problem and paying close
attention to the wording. They were careful about following directions and answering
what the problem was asking.

During the second semestar,M1002, the participants were still engaging in
discussion with their groups to try and understand the problems. The participants would
read through the problem and reread if necessary. They would ask their group clarifying
guestions, trying to get ate goal of the problem and what it was asking. These
guestions were mostly aimed at their group mates, but on occasion they would ask the
instructor or reference the book, which vdaseby Jordaron several occasions. |
witnessed the participants reps$ireg the question and pointing out specific key
information and givens more during this semester than last semester. Again, there were a
few occasions where the participants would underline or circle key information, mostly
on the exams. The participastsmpared similar problems their small groupsand
Jamie and Alex were able to relate the conversion and water displacement problems in
chapter 13 to their experienceaphysics class. During the interviewise participants

again related to similgsroblems they had done in class and in the homework.
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The process of understanding the problem and planning what to do to solve the
problem were often intertwined. The plans were often made via group discussion. The
participants would almost always uspieture as a strategy to understand the problem
better and build a base for continuing on towards an explanation. They would either
draw the picture themselves or analyze the picture that was given. Janii tesd to
think better after@ve drawn emethingo and Alex sharedil always do well looking at
or visualizing itd They also used the strategy of compaang contrasting. fley would
compare similar problems apay attention talifferences in their wordingThey
decided whether similar strategycould be used and recognized how the problems built
upon one anotherFor examplegchangng dimensions from-D to 2D or 2-D to 3-D.
On the chapter 11 exam, Jamie knew there needed to be an extension of knowledge from
2-D to 3-D on the last prolem, but was unable to actually make the jump. On this same
problem Jordan realized they neededitmmbine concepdésn order to solve the
problem. Sometimes participants would jdgtowd what the answer was but not why or
how to explain it, so oftdimes they would do the required calculation, create or examine
a picture, and move on to the explanation from there. One strategy that seemed to be
unique to Jamie on the exam was just writing down everything known and then revisiting
the question and rkang sure it was answered. Finally, for the chapter 13 material which
mostly involved equations of volume and surface area, the participants would figure out
what they knew, what they needed to know, and figure out a formula or formulas to use
to find theunknown, sometimes by working backwards. Again, the planning process was
not visible to me when analyzing exam questions, but | was able to see it during group

discussions and the interviews.
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Evaluating Progress
and Changing Plans ifé¢essary

The nextpart of CCSMP1 states thi@nhathematically proficient
student sémonitor anahdobangelcaurad iferecesfg@CIS, pr ogr e
201]). There were occasions when the participants should have modified their strategy
or process but did not. Sormaes they followed along with their group mates without
guestion while other times they went down the wrong path on their own. There were also
times when the participaknew they were going down the wrong path, but could not
think of anything else to doThis was especially true on exams, when the stakes were
high and there was nobody else to cons@ttother timeghe participants were able to
appropriately change strategies or paths when necessary. Sometimes they would do this
with the guidance aheir group mates or instructors, and other times they came to the
understanding by themselves. There were also occasions when the participants would
realize their errors on the exam during the interview with me and reflect on how they
could have done betr.

With the exception of Joey, of the times | withessed where the participants should
have changed strategies or paths, there were only two times a participant went down the
wrong path by just following their group mates without question. These occesren
were at the beginning of the first semester during the chapter 2 material. Several times
participants would either not follow the directions or would not answer the question in
full. For examplein a problem about discovering that a positive nunibess a
negative number is negativénde arrived at the correct solution, but did not use the

distributive property as instructéad the directions. Several of the participants did not
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pay close enough attention to the wording of some of the problensedran
inappropriate strategy on exam questj@msl as sugldid or did not arrive at the correct
answer by using faulty logic. Several of the participants missed questions asking whether
a story problem was able to be solved with fraction multiplicabp not paying close
enough attention to the wordirand Joey and Jamie both used an inappropriate strategy
for the specific pair of fractions they were comparing. Most of these incidents, when the
participants did not choose an appropriate strategyéoproblem, occurred within the
first semester. The exception was Jamie, who continued to proceed with some incorrect
problem solving strategies throughout both semesters. However, by the second semester
Jamie was realizing a need for a change inegiyaon some problems and following
through with a correct strategy for several problems.

This phenomenon of knowing an error is being made yet not knowing how to
proceed correctly was discussed by both Joey and Jamie during my interviews with them.
Both discussed knowing they were going down the wrong path on an exam problem, but
just had to choose a direction and go with it. Joey knew that a number line was not an
accurate and effective way to compare fractions, as was discovered in class, bubtcould n
think of another way to compare without using common denominators, alecion cross
multiplication (thesavere excluded strategies stated in the directiodamie knew it
was necessary to extend the idea of conversion frEMd@3-D on a chapter 1éxam
problem, but ould not make the necessary mathematical connetctiappropriately
calculate the conversion and solve the problem. Jamie was also unsure about a chapter
13 problemunable to makéhe correct interpretation of the given pictudame had the

right overall strategy, to find the surface area of the pyramid, but was not finding the area
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of the appropriate triangle. The exam setting did not allow students to discuss the
problem with anyone, which is sometimes how they would realized to adjust their
strategy during class.

| withessed several occasions where a participant would be either stuck or going
down thewrong path on a problem yet wakle to make the necessary adjustments or
changes to arrive at the correct solution witlptieom their group mate or guidance from
the instructor. Sometimes it was a matter of getting help to make connections between
representations, such as a story problemaaratjuation or a picture and an explanation
why. Other times it was the partiaipt not understanding the necessity of a certain step
or not paying attention to the directions of the problem without prompting from their
group. With their group mates there to discuss with and the instructor there to answer
guestios or provide guidane, the participants were able to make necessary corrections
and agustments to their strategies.

When the participants made the necessary adjustments for problem solving on
their own, | could not see the internal thought process behind it, but still szsvcse®@s
and actions that were a part of the praceBhere were a few times whitre participant
would say something abothe directions or ganation they were writing being
confusing andvould thenrephraset so it would make more sense. Jamie event as
far as to refine the directions 8a student not in thisixathematicglas® could
understad. There were also times whafter rereading the question, the participant
would erase or modify what they were doirBefore making appropriate revisgminde
said fiMy picture doesti make sensé Taylor was trying to use a number line to

compare two fractions, was not getting anywhere, and then crossed out the number line
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and moved on to using the definition of a fraction and what the numerator and
denominator mean.

During the interviews, the participants were able to shed more light on how they
thought they knew they were going down the wrong path and what they did to fix it. In a
couple of instanceshe participargthought they were given certaimformation and later
realized the mistake, such as when Jordan realized the perimeter of the pyramid was
given rather than the area of the base. Taylor knew it was easy to get the inequality
wrong when comparing fractions considering fitaetion with the smaller pieces could
relate to the larger overall fraction, so took extra time to reason and think through those
types of problemsAn example would be when comparing the fractions of 45/47 and
82/84 where both are 2 pieces away from the whole, butid 84aller than 1/47 so
82/84 is closer to the wholéAnde tried to compare fractions using the size of the pieces,
realized it would@ work, and switched to comparing both of the given fractiorig4o
Jordan and Ande both knew one of their answarthe exam was wrong because it was
the same fraction as was given originally in the problem. They both erased what they had
drawn and written, started over, and finally realized the whole changed for the final
answer of the problem. These glimpses thioprocess of evaluating progress and
changing course if nessarywere accompanied by some reflections of mistakes made on
the exam and not caught until the interview.

All participants made at least one reflection during my interviews with them.
Taylor,Jamie and Jordan shared additions they could have made to strengthen their
argumentssuch as adding a number line, multiplication tree, equation, or an array model.

If there was a minor mistake made, such as a calculation error, it was more ofteatthan
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noted during the interview. Taylor, Jamie, and Alex thought their explanations could be
better, Jamie thinking the explanation viig®o vague and Alex thinking if a picture had
been drawn first rather than last, the explanation would have beendoeitected to it.

Using and Making Connections
Between Multiple Rpresentations

The next part of CCSMP1 stat@sathematically proficient students can explain
correspondences between equations, verbal descriptions, tables, and graphs or draw
diagramsof important features and relationships, graph data, and search for regularity or
trends. Younger students might rely on using concrete objects or pictures to help
conceptualizeind solve a problea(CCSS, 2011l Throughout my observations
witnessed grticipants using pictures, equations, diagrams, patterns, manipulatives,
descriptions, and written and verbal explanations. Sometimes several of these were used
together in one problem, sometimes only one ontwce used There were times when
the conections made between the representations were strong and other times when they
were not(examples to follow) The use of multiple representations and connections
made between them was one part of the practice of problem solving that | was able to see
through all forms of my data sourcéglassroom observations, exams, and interviews.

As discussedalier, drawing a picture wasmaethodoften usedy participants in
order to gain an understanding of the problem and work their way towards an
explanation.This was a method encouraged by the instructors and the textbook activities
and was also a persairstrategy of choice by some of the participants. Jamie and Alex
described themselves as visual learrengl Jamie used sketching as a tool to make sense

of the problem and try to move on if stuck. Sometimes the students were asked to
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analyze or modify a given pictyrand other timeghey wereasked to create their own
picture. The participanizaid attention to detail by carefully ldimg their pictures
including units if necessary. There were times, however, when the participants made
errors labeling or drawing pictures involving dimensions in M10B&#dan labeled a
square foot a% ft in class, Jamie represented 4 centimeters squared by a line 16
centimeters long on the exam, and several participants were representing a linear length
with a 2dimensional drawing both in class and on the exam, although Alex was

purposely trying to make it look like a yard stick.

3. (a) Sam is confused why we multiplyby 3 to convert yards to feet. Sam thinks we should
divide by 3 because feet are smaller than yards. Address Sam’s misconception and

explain in a clear, simple, non-technical way why we multiply by 3 to convert yards to
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Figure 7 Alex (above) and Taylaibelow) representing linear measurements with 2
dimension on the Chapter 11 exam

Another aspect ahe picturesvas adding action, or building in a progression of pictures
to represent what was happening in the problés can be seen in the figurelow,

Jordan showed what happens when you multiply a fraction by 4/4 and why it is
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equivalent to the original and Jamie showed the action of multiplying fractions, both
through a sees of pictures. This aspeat action with representations was also calrie

out with equations as will be described next.

Figure8. Jordan (above) and Jamie (below) showed the action of multiplying fractions
with their pictures on the chapteeamandthe chapteb exam respectively

Equations were used as a way to fihd answer to a problem and to build an
explanation. They were used as a check for reasonableness and to make sure the answer
found made sense. Equations were represented with a story problem, used to find
unknowns, and explaingdrough pictures and wds as tavhy the formula for
multiplication of fractions works the way it does. Sometimesthetions involved
action,showing the steps of working out the probleAlex showed the hidden process
of removing decimals and then putting them back in whahiplying decimals through

an equation with action, as seen below.
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Figure 9 Alex showed the process of decimal multiplication through equation actions on
the chapter 5 exam

Participants also used manipulatives and patterns. They were given the
opportunity to use manipulatives in chag@rand 13. In chapter 2, the participants used
pattern blocks to explore fractian¥hey used the pattern blodkssolvefraction
problems involving different wholes aparts of the wholeThey also used thedatks to
build shapes givespecificproportiors of certain colors to useln chapter 13,
participants used toothpicks and marshmallows to build polyhedra and used them to
figure out the number of vertices, edges, and fadé®y also used building blo& to
find a pattern to these numbers based on whether the figure was a prism or a pyramid.
Another time participants examined patterns was in interpreting and explaining a given
table of equations involving integer multiplication. Participants foungahtiern in the
table of equations in order to motivate why a positive times a negative is a negative and a
negative times a negative is a positive.

Much of what was done in class involved verbal descriptions and explanations of

different representationsitiv minimal written words. On the exam, there was more
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written work and explanation than typically seen in claas could be expected on a
written exam. The exceptions to this rule were when the students were reminded by their
instructor to focus on #ir writing or told to write up their explanations as if it were an
exam and with the participants who did mostly independent work, rather than focusing on
discussing as a group. This lack of much written work could be part of the contribution
to theappaentlack of comection between representatiobst there were also times
when the connections made were great.

A majority of the timeparticipants madgood connections between
representations. So good sometimes, that | was unable to understaaglagiation
without seeing the actions of the participants who were either pointing at a picture or
eqguation or referring to the manipulative they were ydikg when | was listening to the
Pencasts from the daypuring an observation, | noticed Tayltwing a great job
connecting a verbal explanation to a picture that was drawn in order to find the surface
area required for the label on a soup can. Taylor was explaining the process using the
picture as a referenceo without seeing the reference, he@the explanationilY ou use
t he ci r cu mdndtheeingoirgddbe 1.5 becausésinot the whole thing up
therad sounded vague, but put into context it was appropriate with the connection being
made to the picture.

On occasion there were multiple representationsgsmnnected to one another
and others notCompaing Taylor, Jamie, and Jord@&work on a homework pbéem in
the figuresdbelow,there aresome differences ithe connections mad@ each one In
Taylorés work, there is almost no connection being maate/éen the picture and the

explanation aside from having looked at the picture to come to the conclusione On th
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same problem, Jamie referendkd picture using the lieels in the description, but does
not tie the equation into the description as well@slan did. Jordan was able to connect

the picture, equation, and description.
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Figure 10 TaylorGs (top left), Jamié (top right), and Jordés (bottom left) work
illustrating participan@varying efforts to make connections between representati
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Jamie labedd pictures well angbaid attention to usinthose labels in an
explanation, both in class and on exams. This connection between the explanation and
picture can be seen in Jai@evork on problem #3b on the chapter 11 exam, but in
comparson, Jamie made no reference to tizéupe in problem #3aHigure 1). On the
same problem, Alex made several references to the picture and aiscatieelxample
(Figure 12).

3. (a) Sam is confused why we multiply by 3 to Sum thinks we should
divide by 3 because feet are smaller than yards. Address Sam’s misconception and
explain in a clear, simple, non-technical way why we multiply by 3 to convert yards to
feet.
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(b) Sam is now trying 10 convert square yards to square feet. His first guess is to multiply
the square yards by 3 to get square feet. Is he correct? Explain in clear terms how you
would convert square yards to square feet and why.
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Figure 11 Jamidés chapter 11 exam solutions, one with good connedtieiasen the
explanation and pictur@b) and the other without (Ba
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3. (a) Sam is confused why we multiply-by 3 to convert yards to feet. Sam thinks we should
divide by 3 because feet are smaller than yards. Address Sam’s misconception and
explain in a clear, simple, non-technical way why we multiply by 3 to convert yards to
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Figure 12 AlexG chapter 11 exam solution with explicit connection made between the
picture and explanation

Sense Mking

The last part of CCSMP1 stat@wathematically proficient stents check their
answers to problems using a different method, and they continually ask themselves,
@does this make sengEPhey can understand the approaches of others to solving
complex problems and identify correspondenbetween different approacb¢8CSS,

2011). During classthe participants would often ask their group maiB®es that make
sense@after giving a verbal explanation of what they did and why. Other sense making
strategies | withessed were reading back through the question antyreate the

problem was answered appropriately, seeing if the answer was reasonable in terms of its
value, double checking calculations, using estimation, and relating to relevant prior

knowledge.
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The participants would also try and make sense of dibgpsoaches during class
activities. If the participants did not understand andshepproach, they would ask
clarifying questions. If there was fault in the approach of another, they would sometimes
correct them. Sometimes they would restate what hewl ®&d in their own words, add
to them, andon occasionuse the othés strategy in a later problem. The participants
would compare the oth@r strategy to their own, noting similarities and differences in the
approacks

| could not see how the paiifi@ants made sense of or checked the reasonableness
of their solution on the exam. | could, however, witness their approach to understanding
others when the exam problem posed was interpreting the incorrect work of a student. |
was able to see how they deasense of or checked the reasonableness of their sslution
during the interviews. When asked during the interview if they were satisfied with their
solutiors anexamquestion participants had several reasons why they were or were not.
Several participnts double checked their calculations, fikstewo the answer was right,
related to what they had done in class, or made sure the question was being answered and
the directions followed in order to feel satisfied with their soliohaylor felt satistd
if the picture, explanation, and solution all aligned with one another. Jordan and Ande
both talked about being satisfied with their explanations because they could be
generalized, or explained with any set of numbers. Finally, participants made a few
reflections about multiple strategies or approaches to a problem. Ande thought a
different approach to solving a problem on the chapter 5 exam should have begen used
and Taylor also thought there was probably a better approach to take on one of the

chaper 13 exam questions. Alex even went as far as to explain a few different






